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Determination of the Hindering Potential* 

ROBERT H. HUNT,t ROBERT A. LEACOCK,t C. WILBUR PETERS, AND KARL T. HECHT 

The Harrison M. Randall Laboratory of Physics, The University of Michigan, Ann Arbor, Michigan 

(Received 29 September 1964) 

The torsional oscillation between the two OH groups of the hydrogen peroxide molecule is investigated 
through a study of the far-infrared absorption spectrum of the molecule. A 1-m-focal-length vacuum grat
ing monochromator was used to scan the region from 15 to 700 cm-I with an average resolution of 0.3 em-I. 
The observed spectrum contains seven perpendicular-type bands of which only the Q branches are resolved. 
The centers of the seven bands are at 11.43, 116.51, 198.57,242.76,370.70,521.68, and 557.84 cm-I. These 
bands result from transitions between different states of the internal rotation and their identification 
makes it possible to construct the internal-rotation energy level scheme through the first five excited states. 
Relative to the torsional ground state, these levels occur at 11.43,254.2,370.7,569.3, and 775.9 cm-I. 

A theory of internal rotation in the hydrogen peroxide molecule is developed for use in the analysis of 
the far-infrared spectra. In this theory, the Hamiltonian is constructed assuming all structural distances 
and angles fixed except the dihedral angle x defining the relative position of the two OH bars. By the use 
of a contact transformation the Hamiltonian is put in the form H (asymmetric top) +H(internal rotation) 
where the interaction between the internal and over-all rotations arises through the x dependence of the 
inertial parameters of H(asymmetric top). It is assumed that the relative position of the two OH bars is 
governed by a potential-energy function of the form V(x) = VI cosx+ V2 cos2x+ Va cos3x. The internal
rotation wave equation [ap~2+ V (x) JM (x) = EM (x) is solved numerically by an electronic-computer 
and the potential function parameters VI =993 em-I, V2=636 cm-I, and Va=44 cm-I are chosen to fit the in
ternal-rotation energy-level scheme. The trans and cis potential barrier heights are 386 and 2460 em-I, respec
tively, and the potential-function minima are located 111.50 from the cis configuration. Diagonalization of 
the matrix of the complete Hamiltonian to second order by the use of perturbation theory is sufficient to 
account for the observed Q-branch shapes in the far infrared region. 

Two microwave frequencies observed by Massey and Bianco at 22054.5 and 27 639.6 Me/sec are identi
fied from their Stark effects as the first excited-state transitions J, K, n, r=8, 6, 1, 1->7, 5, 1,3 and J, K, 
n, r=8, 5, 1,3->9,6,1,1, respectively, where the internal-rotation quantum number n=1 denotes the 
first excited torsional state and where r denotes trans symmetric (r= 1 and 2) or antisymmetric (r=3 
and 4) states. The form of the dipole moment operator is assumed to be J1.o cos (x/2) and J1.0 is found to 
be 3.15 D in agreement with the value obtained from the torsional ground-state transitions. 

Two J =0 microwave series observed by Massey, Beard, and Jen in a mixed sample of the deuterated 
species D202 and HOOD give confirmation of the potential function determined from the H20 2 analysis. 
The K =4->5 series is identified as the D20 2 first excited torsional state transition n= 1->1, r=4->2. The 
K =0->1 series is identified as the HOOD torsional ground-state transition n=O->O, r=4->2. Only very 
small changes in the trans barrier height are necessary to fit the constant terms of these series exactly. 
These changes, which are expected to arise from vibration-internal rotation interactions, show a reasonable 
progression from H20 2 to D20 2: V(trans, HOOH) =386 em-I, V (trans, HOOD) =381 crn-1 and V(trans, 
DOOD) =378 em-I. 

I. INTRODUCTION 

HYDROGEN peroxide is the simplest molecule 
having an internal-rotation motion. As shown 

in Fig. 1 the upper OH bar rotates relative to the 
lower OH bar subject to a hindering potential energy 
function V (x), where x is the dihedral angle defining 
the relative position of the two OH bars. The problem 
attacked in this paper is the quantitative determination 
of the hindering potential function V (x). It is found 
that a three-parameter potential is sufficient to account 
for the observed spectra. The three parameters are the 
height of the trans barrier V (trans), the height of the 
cis barrier V (cis), and the angle Xo giving the position 
of the potential function minima. These numbers are 

* This research was supported in part by the Office of Naval 
Research and the Air Force Cambridge Research Laboratory. 

t National Science Foundation Fellow, 1959-1962. Present 
address: Department of Physics, Florida State University, Talla 
hassee, Florida. 

t Corning Glass Works Foundation Fellow, 1962-1963. Present 
address: CERN, Geneva 23, Switzerland. 

determined by analysis of the far-infrared spectra of 
the vapor. 

Hindered internal-rotation effects are observed in 
all regions of the hydrogen peroxide vapor spectrum. 
However, the hindering potential constants are such 
that the hindered rotation bands occur in the far 
infrared. Portions of these bands have been observed 
by Giguere and his co-workers,l,2 but their prism reso
lution made it difficult to determine the band centers. 

The microwave data of Massey et al.3 ,4 give informa
tion about one internal-rotation energy splitting, but 
one splitting is insufficient to determine the three 
parameter potential function. Hirota5 attempted the 
calculation of the barrier heights through investigation 
of the vibration-hindered-rotation interaction effects 
in the near-infrared spectra. Redington, Olson, and 

10. Bain and P. A. Giguere, Can. J. Chern. 33, 527 (1955). 
2 D. Chin and P. A. Giguere, J. Chern. Phys. 34, 690 (1961). 
3 J. T. Massey and D. R. Bianco, J. Chern. Phys. 22, 442 

(1954). 
4 J. T. Massey and R. W. Hart, J. Chern. Phys. 23,942 (1955). 
fi E. Hirota, J. Chem. Phys. 28, 839 (1958). 
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Fro. 1. The structure and hindering potential of H202. 

Cross6 made a high-resolution study of a vibrational 
band at 2650 cm-l . Through an analysis of this band 
based upon a slightly asymmetric-top model with 
uncoupled internal and over-all rotations they obtained 
accurate ground-state rotational constants. In addition, 
they determined the internal-rotation ground-state 
splitting using their rotational constants and the 
microwave data of Massey, but they were unable to 
completely determine the potential function. 

Presented in this paper are the results of a 0.3-cm-1 

resolution study of the vapor absorption of hydrogen 
peroxide between 15 and 700 cm-l • The present investi
gation contains a theory of internal rotation in the 
molecule in which the internal-rotation-over-all rotation 
interactions are retained. The analysis of the far 
infrared spectra using this theory yields the values 
V (trans) = 386 cm-I, V ( cis) = 2460 cm-I, and Xo = 
111.50 for the hindering potential parameters. Further, 
the origins of two previously unidentified microwave 
lines of the H20 2 vapor spectrum and two llJ=O 
microwave series of the deuterated species spectrum 
are explained. A study of the microwave Stark effect 
leads to a quantitive expression for the electric-dipole
moment function of the molecule. 

The paper is divided into five main sections. Section 
II describes the apparatus and experimental techniques 
used to obtain the far infrared spectra. The theory of 
internal rotation in the molecule is developed in Sec. 
III. In Sec. IV the far-infrared spectra are presented in 
detail and the theory of Sec. III is applied to these 
spectra to determine the hindering potential and the 
internal-rotation energy-level structure. Sections V and 
VI discuss the microwave spectra of H20 2 and the 

6 R. L. Redington, W. B. Olson, and P. C. Cross, J. Chern. 
Phys. 36, 1311 (1962). 

microwave spectra of the deuterated species HOOD 
and D20 2, respectively. 

II. EXPERIMENT 

The present data were taken using a multiple
reflection cell, 40-cm long, of the White type, in con
junction with a modified version of the vacuum grating 
spectrometer built by Randall and Firestone.7 The 
optical path of this instrument is shown in Fig. 2. The 
radiation sources are a 400-W high-pressure mercury 
lamp for the region from 15 to 100 cm-l and an elec
trically heated platinum strip, coated to increase its 
emissivity, for the region from 100 to 700 em-I. G1, G2, 

and Ga are small gratings designed to remove higher
order radiation by dispersing it out of the beam. 
Spectral impurities using these gratings and a glass 
chopper are less than a few percent even when operating 
in the blaze of the main grating, G. The radiation is 
condensed on the Golay cell detector by means of a 
brass cone. 

Water-vapor absorption due to decomposition of the 
hydrogen peroxide vapor within the cell is suppressed 
by (1) constructing the absorption cell of aluminum 
and glass fitting it with polyethylene windows to keep 
the decomposition rate at a minimum and (2) removing 
the decomposition products by pumping slowly on the 
cell which was open to a liquid reservoir of hydrogen 
peroxide maintained at about 25°C. This procedure 
reduces the water absorption to the point where only a 
few of the strongest water lines are visible in the 
spectrum. 

The H 20 2 sample as obtained from the Buffalo 
Electrochemical Corporation was 98% pure. Absorption 
paths ranged from 4.8 m at 700 cm-l to 1.6 m at 30 em-I. 

All spectra were taken in first order using grating 
spacings ranging from 15 to 2400 line/in. and recording 
time constants ranging from 18 to 105 sec. Grating 
calibration was by means of absorption lines of HCN, 
H20, and CO. Estimated accuracies in reporting single 
sharp lines are ±0.05 cm-l between 700 and 400 em-I 

and ±0.03 cm-l between 400 and 15 cm-l • 

III. THEORY OF HINDERED ROTATION 

A. Hamiltonian 

In the hydrogen peroxide molecule the lowest vibra
tional fundamental frequency is the 00 stretching 
vibration at approximately 900 cm-l • The frequencies 
associated with internal-rotation transitions are much 
lower than this and hence, it is a good first approxi
mation to assume no interaction between the vibra
tional and internal-rotation motions. For this reason, 
the molecule is represented by a semirigid model; the 
OH distances, the 00 distance and the OOH angles 
are assumed fixed. The general coordinates of the 
problem are the Eulerian angles 1/1, (J, IjJ describing the 

7 H. M. Randall and F. A. Firestone, Rev. Sci. Instr. 9, 404 
(1938). 
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FIG. 2. Diagram of the 
spectrometer and fore op
tics. 

III 

orientation of the molecule in space and the internal 
angle x describing the relative orientation of the two 
OH bars. 

The Eulerian angle cf> and the internal angle x are 
defined by cf>=![cf>1+cf>2] and X=cf>1-cf>2 where cf>1 and ¢2 
are the azimuthal angles of the upper and lower OH 
bars, respectively. The Eulerian angles 1/1, 8, and cf> 
describe the orientation of the center of mass molecule
fixed system x, y, z relative to the space-fixed coordinate 
system X, Y, Z while x is the instantaneous dihedral 
angle between the two OH bars (see Fig. 3). 

The rotational kinetic energy of the molecule written 
in terms of the coordinates 1/1, 8, cf>, and x and their 
time derivatives is 

2T= A (x) w",2+B (x)wy2+ C(x) w.2+2D(x) WyW. 

+2F(x)w",(Xj2) +G(x) (Xj2) 2, (3.1) 

where x is the time derivative of the internal angle x 
and where W"" W y , and w. are the components of the 
angular velocity of the molecule-fixed coordinate system 
along the molecule-fixed axes x, y, and z. The inertial 
parameters A (x) •• ·G(x) are functions of the internal 
angle x as well as functions of the structural distances 
and angles of the molecule. The form and magnitude 
of these inertial parameters are given in Appendix I. 

The classical Hamiltonian for the semirigid model of 
the hydrogen peroxide molecule is therefore 

H1 G 21 C 2 

=2 AG-F2P", +2 BC-VPy 

+! B p2+ -D P 
2 BC-D2' BC-V yP. 

-2F 1 4A 
+ AG_F2PxPx+2 AG_F2N+V(x), (3.2) 

where 

px=aTjax, p.= aT jaw;, i= 1,2,3. 

It can be shown that the quantities P"" PII, P. represent 
the components of the total angular momentum of the 
molecule along the molecule-fixed axes x, y, z. P"" Py , 

and p. are given in terms of the canonical momenta 
and coordinates p"" pe, p"" 1/1, 8, cf> by the usual formulas. 
The momentum p", is the canonical variable conjugate 
to the internal angle coordinate x. If the classical com
ponents Px, Py , P., and p", are replaced by their quan
tum mechanical operators, the operators obey the 
commutation relations 

[Pi, p",]=O, 

The quantity Vex) is the internal rotation potential 
energy. 

The interaction between the internal rotation and the 
over-all rotation of the molecule appears in two ways in 
the terms of the Hamiltonian (3.2). First, the inertial 
parameters are still functions of the internal angle x 
and second, the third row of the Hamiltonian contains 
the interaction term p",P "'. The x dependence of the 
inertial parameters is a characteristic of the problem, 
but does not lead to strong interaction between internal 
and over-all rotations since it does not give rise to large 
matrix elements off-diagonal in the internal-rotation 
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FIG. 3. The internal angle x. 
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quantum numbers. The momentum cross term pxPx, 
however, gives rise to matrix elements off-diagonal in 
the internal-rotation quantum numbers which may be, 
especially for large values of the barrier heights, of the 
same order of magnitude as internal-rotation energy 
differences and hence, difficult to account for by 
perturbation theory. For this reason, the pxP", term is 
removed by a contact transformation of the Hamil
tonian similar to that used by Hecht and Dennison. 8 

For the hydrogen peroxide molecule the form of the 
transformation is 

px= px'-k(x) Px', x=x', 

(::)=(: OO~(X) 
p. 0 -sinu(x) 

o )(PX') sinu(x) Py', (3.3) 

cosu(x) Po' 

where k(x) and u(x) are functions of the internal 
angle x. k(x) is chosen so that the transformed Hamil
tonian does not contain a momentum-interaction term 
pz' p,.'. u(x) is chosen so that the proper commutation 
relations hold for the transformed components: 

[P/, px']=O, [Pl, x]=O. 

These aims are accomplished with 

k(x) =ou(x)/ox= -![F(x)/ A (x)], 

where F(x) and A (x) are the inertial parameters of 
Eq. (3.1) given in Appendix r. The transformed 
Hamiltonian is9 

H =(3(x) P'2+V(X) p.'2+y(X) [Px'2- Py'2] 

+o(x) [P/ P.'+Po' P lI']+a (x) px'2+ V(x), (3.4) 

where P'2=P",'2+P/2+P/2. In the Hamiltonian (3.4) 
the interaction between the internal and over-all 
rotations appears only because the inertial coefficients 
of P.,', Py', and Po' are functions of the internal angle x. 
The momentum-interaction term p",Px is not present. 

Because the hydrogen nuclear mass is small relative 
to the oxygen nuclear mass, the hydrogen peroxide 
molecule Hamiltonian will be that of a nearly symmetric 
top plus an internal-rotation Hamiltonian. For the same 
reason, the inertial coefficients of Px', P/, Po', and p,/ 
will be "weak" functions of the internal angle x which 
can be expanded in rapidly convergent series of trigono
metric functions of x. The Fourier expansion of these 

8 K. T. Hecht and D. M. Dennison, J. Chern. Phys. 26, 31 
(1957). 

9 The term", (x) p",'2 is not in correct quantum mechanical form 
because the internal angle coordinate x does not commute with 
the operator p",'. The term is written in this form for brevity and 
is, of course, symmetrized before calculations are made. 

inertial coefficients is 

(3(x) =(30+{31 COSX+{32 cos2x+···, 

vex) = VO+V1 COSX+V2 cos2x+· •• , 

'Y(x) ='Y0+'Y1 COSX+'Y2 cos2x+· .. , 

a(x) =aO+a1 cosx+a2 cos2x+·· ., 

o(x) =01 sin3!x+···. (3.5) 

The constants {3i, Vi, 'Yi, ai, and 01 are functions of the 
fixed 00 and OH distances and the fixed OOH angles. 
For the values: 00 distance = 1.475 X, OH distance= 
0.950 X and OOH angle=94.8° (see Ref. 6) these 
constants are, in wavenumbers, 

(3 (x) = 0.859 cm-1+O.0024 7 cosx+0.000842 cos2x+ ••. , 

p(x) =9.158-0.1031 cosx+0.00784 cos2x+···, 

'Y(x) =0.000487+0.0367 cosx+0.000202 cos2x+···, 

a(x) =39.945+0.248 cosx+0.0433 cos2x+···, 

o(x) =0.0902 sin3!x+···. (3.6) 

These expansions show that in lowest order the Hamil
tonian (3.4) separates into a rigid symmetric-top 
Hamiltonian 

plus an internal-rotation Hamiltonian 

Hinoornal rotation =a(x) p",'2+ V (X). 

(3.7) 

(3.8) 

The solutions of the symmetric-top wave equation are 
well known. The study of the internal-rotation Hamil
tonian is undertaken in the next section. The remaining 
internal-rotation-over-all-rotation interaction terms are 
small and their effects on the energy levels are calcu
lated by the use of perturbation theory. It should be 
noted, however, that the asymmetric coefficient 'Y (x), 
though small, is strongly x-dependent so that the small 
asymmetry effects cannot be expected to be given by 
rigid asymmetric-rotator theory. 

B. Internal Rotation Problem 

Penney and Sutherland10 proposed that the two 
dominant effects determining the hindering potential 
energy are (1) the interaction between the two non
bonded pairs of p electrons associated with the oxygen 
atoms and (2) the interaction between the dipole 
moments associated with the OH groups. The inter
action of the two nonbonded electron pairs has a 
periodicity of 11' and its dominant term is expected to 
be of the form V2 cos2x with minima at x=7r/2 and 
x=37r/2 halfway between the cis (x=O) and trans 
(x=7r) positions. The interaction of the dipoles asso
ciated with the two OH groups has a periodicity of 211' 
with a dominant term of the form Vl cosx which gives 

10 W. G. Penney and G. B. B. M. Sutherland, J. Chern. Phys. 
2,492 (1934). 
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preference to the trans position. The precise shape of 
the barriers may be determined by smaller cos3x, 
cos4x, ••• terms. 

In order to have three disposable parameters so that 
V(cis), V(trans), and Xo can be varied independently, 
the following form is chosen for the hindering potential 
function 

Vex) = VI cosx+ V2 cos2x+ Va cos3x, (3.9) 

where Va cos3x must be expected to be a small correc
tion term. The expressions relating VI, V2, and Va to 
V (trans), V (cis), and Xo are given in Appendix II. 

Since a hindering potential function of arbitrary 
shape could be expanded in a Fourier cosine series, the 
potential function (3.9), which contains the first three 
terms of such a series, could be the starting point of 
the investigation of the far-infrared spectrum even 
without any knowledge of the electronic structure of 
the molecule. In this investigation, the final justification 
of the form (3.9) is its success in explaining the far
infrared and microwave spectra of hydrogen peroxide 
vapor. 

The internal-rotation wave equation is now the 
Mathieu-type equation 

[a(x)p,,'2+ VI cosx 

+ V2 cos2x+ Va cos3xJM(x) =EM(x) (3.10) 

with eigenfunctions of the formll M(x) = P(x) exp(iux) 
with P(x+27f) = P(x). Therefore the total zeroth-order 
molecular wavefunctions are 

u= (1/27f) eiK</>' eiMy,'8JKM(0') [eiu" P(x)], (3.11) 

where the (1/27f) exp(iKcP') exp(iMy/)8JKM(0') are 
the symmetric-top wavefunctions '¥JKM(if;, 0, cp) with 
J, K, and M integers. u is determined by the boundary 
conditions on cf/ and x. If either of the two OH groups 
is rotated through an integral multiple of 27f the con
figuration of the molecule is unchanged. Hence, u must 
be invariant under the transformations cPr-~cpI+27fnh 
CP2--7CP2+ 27fn2, where ni and n2 are arbitrary integers. 
In terms of cP and x these transformations are cp--.cp+ 
(nl+n2)7f, X--7x+(nl-n2)27f. In terms of the coordi-

K value 
(even 

or odd) 

e 

0 

0 

e 

T ABLE I. Symmetry of the internal-rotation 
wavefunctions. 

Symmetry 
under T Expansion of 

Quantum internal-rotation 
<TI <T. number wavefunctions 

s s M,(X) =7l'-1~a(n) cosnx 

s a 2 M2(X) =7l'-1~b(n) sin (n+!)X 

a s 3 M3(X) =7l'-1~c(n) cos(n+!)x 

a a 4 M4(X) =7l'-1~d(n) sinnx 

11 E. T. Whittaker and G. N. Watson, Modern Analysis (Cam
bridge University Press, New York, 1958), 4th ed., p. 412. 
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FIG. 4. The internal-rotation energy levels. 

nates cP' and x'=x these transformations again have 
the formS cp'--7cp'+(nl+n2)7f, X'--7X'+(nl-n2)27f. The 
requirement that u be invariant under these transfor
mations12 leads to u= -K/2 and hence to 

M(x) = exp[ -i(K/2)xJP(x) (3.12) 

and M(x+27f) = (-l)KM(x). 
Since the internal-rotation wave equation is un

changed by reflection in either the cis or trans plane, 
that is, by the operations X--7-X and x--727f-x, its 
solutions have four basic symmetries: 

u(cis)M(x) =M( -x) =±M(x), 

u(trans)M(x) =M(27f-x) =±M(x). 

Therefore u(cis)u(trans)M(x) = (-l)KM(x) and it 
follows that internal-rotation levels have the same cis 
and trans symmetry when K is even and opposite cis 
and trans symmetry when K is odd. The four types of 
internal-rotation wavefunctions with their symmetries 
and associated K values are shown in Table I. An 
internal-rotation quantum number T differentiates the 
four symmetry types. The appropriate Fourier series 
used to expand the M, (x) are also shown. 

Figure 4 shows a hindering potential for H20 2 with 
V (cis) > V(trans) and its associated energy levels of 
internal rotation. A second internal-rotation quantum 
number n is introduced. This principal quantum 
number orders the energy levels of a given symmetry T: 
the first quartet of levels is n=O, T= 1, 2, 3, 4, the 
second quartet is n= 1, T= 1, 2,3,4 and so on for higher 
values of n. 

The energy splittings within a quartet are sensitive 
functions of the heights and widths of the cis and trans 
potential hills. In the limit in which V(cis)--7oo levels 
with T= 1 and 2 and the same n become degenerate; 
the same is true for levels with T=3 and 4 and the 
same n. If, in addition, V(trans)--7oo all four levels of 
a given n become degenerate. The T= (1, 2) and (3, 4) 

12 J. S. Koehler and D. M. Dennison, Phys. Rev. 57, 1006 
(1940). 
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splittings, A (cis), are thus associated with tunnelling 
through the cis barrier while the separation of the pair 
r= (1, 2) from the pair r= (3,4), A (trans) ,is associated 
with tunneling through the trans barrier. 

The numerical solution of the internal-rotation wave 
equation (3.10) was performed on the IBM 7090 
computer at the Computing Center of the University 
of Michigan. The Hamiltonian matrices are formed 
using as basis functions, the orthonormal sets of Table 1. 
The energy matrices are diagonalized by the application 
of a series of two by two rotations which successively 
eliminate the largest off-diagonal component.13 The 
result is a set of internal-rotation eigenvalues, EM, and 
eigenvectors, MnT(x), which depend upon the input 
values of Vl, V2, and Va. In this way, a set Vl, V 2, Va 
is found which produces an internal-rotation energy 
level scheme that explains the far-infrared spectrum. 

Matrix elements of the quantities cosx, cos2x, 
sin3(x/2), and cos(x/2) are also computed numerically 
for use in the perturbation-theory calculations. 

C. Matrix Elements of the Hamiltonian 

The eigenfunctions of the synunetric top, q; JKM 

(1/1, 8, cJ», and the eigenfunctions of the internal-rota
tion Hamiltonian, M flT (x), are used to form the basis 
functions for the matrix of the complete Hamiltonian. 
Since the complete Hamiltonian [see Eqs. (3.4) and 
(3.5) ] for the semirigid model of the hydrogen peroxide 
molecule is invariant under the symmetry operations 
C22; and u(trans) use of the basis functions 

(3.13) 

will factor the energy matrix, for a given value of J, 
into four submatrices corresponding to the four possible 
symmetry types given in Table II. This choice of basis 
functions also removes the K degeneracy of the K = ± 1 
states in zeroth approximation since the K = ± 1 states 
are connected by the 'Y (x) [P:£ f2 - P /2J asymmetry term. 

The matrix elements of the Hamiltonian (3.4), diagonal in the quantum number K, are 

HJK+n,JK+nT={JnT"T I( J + 1) +vnTnTK2+ EM, K¢ 1, 

HJ(l±)n/(l±)nT= [ftnTn'±i'Yn,n'JJ( J + 1) +vnTn,+ EnT) 

n'¢n,K¢l, 

n'¢n. (3.14) 

The matrix elements of the Hamiltonian (3.4), off-diagonal in the quantum number K, are 

HJK+nTJ(K+l)+n"'= -On:" T'iH2K+1)[(J -K) (J+K+1) ]1, r'¢r, K?1, 

r'¢r, 

HJK+n,J(K+2)+n'r' ='Ynrn'r'i[(I - K -1) (J - K) (J +K +1) (J+K +2) ]!, 

HJOnrJ2+n'" ='Ynrn"'![ (J -1) e J) (J + 1) (I + 2) ]t. 

K?l, 

(3.15) 

The internal-rotation matrix elements of (Jex), vex), 
'Y (x), and 0 (x) used in the above expressions are 
integrals of the form 

vnr
n"'= f Mnr* (x) v(x)Mn,., (x)dx. 

The matrix elements between the K- states are identical 
to those given above for the K+ states with the excep
tion that the K =0 state is not connected to the K
states (see Table II.) Since the off-diagonal matrix 
elements are small the energy levels of the semirigid 
model of the molecule can be calculated to an accuracy 
of several hundredths of a wavenumber by the use of 
second-order perturbation theory. 

U The actual internal rotation energy matrices are infinite, but 
the lower eigenvalues (n=O, 1, 2, 3) are virtually unaffected by 
states whose diagonal matrix elements are large. Therefore, 
diagonalization of a finite energy matrix gives an extremely good 
approximation to the lower eigenvalues. For example, the differ
ences between the lower eigenvalues of an 18X18 energy matrix 
and the lower eigenvalues of a 30X30 energy matrix are less than 
0.0002 cm-1 when both matrices are diagonalized by the computer. 

The zeroth-order selection rules for the hydrogen 
peroxide molecule follow from the symmetry of the 
molecular wavefunctions given in Table II. The quan
tum number K must change by 1 in a dipole transition 
because the electric dipole moment is perpendicular to 
the molecule-fixed zfaxis. As usual, the quantum 
number J has the dipole selection rules Al = 0, ± 1-
The projection of the dipole moment, ;.t(x), on the 

TABLE II. Symmetry of the basis functions. 

Symmetry under 

Type of basis functions C2.0 u(trans) 

'If JK+ and 'If JO, r=I,2 (-IFa +1 
'If JK- r=1,2 -(_I)J +1 
'If JK+ and 'If JO, r=3,4 (-1) J -1 

'lfJK- r=3, 4 -(_1)J -1 

a The symmetry under e ... follows from the well-known property of the 
symmetric·top eigenfunctions: e,.'If JE,'" (-1)~ J-E,. 



INTERNAL ROTATION IN HYDROGEN PEROXIDE 1937 

c. c. co C, 
A' ..., A2 A4 '\3 Ai Ai 1 'i '\ I " 'j I Aj 'i I D' D. D' 

I I I I I 
lj I.. J. 8' U BO 

I I I I I 

, , , , , , 
20 40 60 80 100 120 140 160 180 200 

(a) 
C2 e, C4 c. c. 

0' I I I DZ I D' I D' D' DS D7 ,1 .. "I "I "I '\' 'I' ~o 
I I I I I I 

, , 
• • • , , , 

220 240 260 280 300 320 340 360 380 CM-' 

D' D6 D7 

'f 
'" "" 

E. E2 E3 E. EO E. E7 

I I I I I I " I I •• I ., 
" I I I I 

(b) 

'I '1 'j 'j or OJ OJ 

, • 
680 700 C .... 

FIG. 5. The absorption spectrum of H20 2 vapor from 15 to 700 cm-I • 

space-fixed Z axis is lJ.o cos(x/2) cos (x', Z) since the 
dipole moment is along x' in the molecule-fixed axis 
system.14 Under the symmetry operations Czx and 
u(trans) the behavior of cos(x/2) and cos(x', Z) is 

u(trans) cos(x/2) = - cos(x/2), 

Czx cos(x', Z) = + cos(x', Z). 

Therefore, states of opposite trans symmetry are con
nected. If t1J = 0, the connections are K +~K' + and 
K-~K'- and if t1J=±1, the connection is K+~ 
K' -. The rules are summarized in Table III. 

IV. FAR-INFRARED SPECTRA AND THE 
DETERMINATION OF THE HINDERING 

POTENTIAL 

A. Results 

The observed far-infrared absorption of hydrogen 
peroxide vapor is plotted versus frequency in Fig. S. 

14 Experimental justification for the form JL(x) =JLo cos (x/2) , 
where JLO is a constant, is presented in the H202 microwave dis
cussion, Sec. V. 

The positions of the principal absorption lines, the 
percent absorption at the line peak, and the half-width 
of the lines including the instrumental half-width are 
listed in Table IV. Because of the uncertainty of the 
HzOz vapor pressure in the absorption cell, the relative 
intensities of the lines are only approximate. 

The anticipated perpendicular character of the 
hindered-rotation bands is evident and several band 
centers, particularly those at 11.43, 198.7, and 370.7 
cm-1, can be found readily from a perpendicular band 
analysis. The remaining band centers present greater 

T ABLE III. Selection rules for hydrogen peroxide. 

D.J =0 transitions D. J = ± 1 transitions 

K+->K'+ K+->K'-

K-->K'- with D.K=±l K-->K'+ with D.K=±l 

n-+n' n-+n' 
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TABLE IV. Frequencies of the principal absorption lines of H20 2 vapor. 

Frequency Percent Half-width Frequency Percent Half-width Frequency Percent Half-width 
absorption (em-I) (em-I) absorption (em-I) (cm-I) absorption (em-I) (em-I) 

34.56 45 0.4 161.98 
51.78 20 179.14 
52.94 55 0.9 180.11 
57.38 60 0.5 196.75 
70.49 40 197.99 
71.36 62 0.7 215.74 
75.67 50 0.5 234.2 
89.69 55 0.8 244.00 
94.08 45 0.5 251.34 
97.57 15 0.4 261. 97 

107.90 38 0.9 267.97 
112.27 42 0.4 269.42 
115.91 24 0.6 279.96 
120.10 20 0.8 286.93 
121.81 20 0.4 288.42 
124.5 30 2.0 297.65 
126.76 30 0.7 305.4 
130.33 40 0.4 307.10 
134.37 35 0.5 308.96 
142.19 20 0.4 315.42 
143.42 17 0.6 322.44 
144.55 28 0.5 324.46 
148.37 26 0.7 339.77 
152.92 40 0.6 343.31 
160.71 31 0.8 357.27 

difficulty in their determination, either because the 
number of Q branches observed for a given band is 
small, or because the Q-branch widths exhibit peculi
arities. 

Seven hindered-rotation bands have been identified. 
The frequencies of their band centers are listed in 
Table V along with the internal-rotation level assign
ments for the transition. Since the same internal
rotation level is usually involved in more than one 
band, the band centers are estimated to be accurate 
to ±0.05 cm-I except for the 11.43 cm-I band which 
is determined to ±0.01 cm-I from the microwave data. 
These seven bands account for nearly all of the stronger 
absorption lines of the spectrum. The justification for 
these assignments is presented later in this section. 

No alternation of the Q-branch spacings in any band 
is observed. This indicates a high cis barrier with 
negligible tunneling through it. The cis barrier splittings 
(En2-EnI and En4-Ens) are estimated to be less than 
0.002 em-I for the lower torsional states (n=O, 1,2), 
so that for a given value of n the r= 1 and 2 levels and 
similarly the r=3 and 4 levels can be considered 
degenerate for purposes of calculation. 

TABLE V. Observed band frequencies and band assignments. 

A 
B 
C 
D 
E 
F 
G 

Band frequency 

11.43 em-I 

116.51 
198.57 
242.76 
370.70 
521.68 
557.84 

Internal rotation transition 
nT-7n'r' 

01-03 and 02-04 
11-->13 and 12-->14 
13->21 and 14->22 
03->11 and 04->12 
01->13 and 02->14 
11-->23 and 12->24 
03->21 and 04->22 

43 0.6 361.94 27 
38 0.7 379.44 27 
52 0.7 399.01 20 
35 1.0 416.11 42 1.0 
45 1.0 434.06 30 1.3 
45 0.5 451. 70 23 1.0 
50 1.9 456.21 26 0.6 
55 0.5 469.20 45 1.2 
50 1.1 475.40 25 0.7 
40 1.0 486.61 33 1.2 
36 0.9 492.5 17 2.0 
47 1.1 503.85 33 0.8 
38 0.7 511.3 17 1.9 
48 1.4 530.4 21 1.3 
43 1.3 549.4 24 1.2 
34 1.2 566.41 30 0.7 
50 2.0 583.80 30 0.7 
32 0.9 601.01 22 0.7 
20 0.5 603.0 20 1.6 
30 0.9 617.8 12 0.9 
30 620.6 17 2.0 
52 0.6 634.9 14 0.7 
23 638.3 17 0.9 
25 655.5 12 0.9 
26 674.5 12 0.6 

The hindering potential function required to fit these 
internal transitions is dependent on the choice of the 
00 bond distance, r(OO), the OR bond distance, 
r(OR) , and the OOR angle. It is necessary to fit both 
the observed internal-rotation energy levels and the 
observed matrix elements of (3(x) , v(x), -r(x) , and o(x) 
(which determine the structure of the bands) with 
the six quantities VI, V2, Vs; r(OO), r(OR), and the 
OOR angle. 

The hindering potential and the matrix elements of 
(3(x) , v(x), -r(x) , and o(x) are calculated using the 
structural parameters of Redington, Olson, and Cross: 
r(OR) =0.950±0.005 A, r(OO) = 1.475±0.004 A and 
the OOR angle = 94.8±2.0°. The present investigation 
confirms these values for the structural parameters well 
within the error limits quoted. Table VI lists some 
internal-rotation matrix elements for n=O, 1,2. 

TABLE VI. Some calculated internal rotation matrix elements 
for n=O, 1, 2. 

nT j3 nT PnT 
nT 

I'nT 
nT 

nT 

01,02 0.8574 em-I 9.204 -0.0168 
03,04 0.8574 9.198 -0.0148 
11, 12 0.8575 9.226 -0.0228 
13, 14 0.8576 9.199 -0.0148 
21,22 0.8578 9.196 -0.0136 
23,24 0.8580 9.186 -0.0100 

00102 = -0.058 em-I 1'0111 = -0.010 1'1323 = 0.013 
00304 = -0.055 1'0212 = 0.010 1'1424 = 0.013 
01112= -0.069 1'03

13 = 0.010 1'2131 = -0.014 
Ilr314 = -0.056 1'04

14 = 0.010 1' •• 32 = 0.014 
02122 = -0.055 1'1121 = -0.012 1'2333 = 0.015 
00a24= -0.050 1'1"'= -0.012 1'2434 = -0.015 
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The hindering potential and internal-rotation energy 
level scheme are shown in Fig. 6. The letters labeling 
the internal-rotation transitions corresponds to the 
letters of Fig. 5 and Table V. The three-term potential 
function Vex) (cm-I) =993 cosx+636 cos2x+44 cos3x 
is sufficient to fit the six experimental levels well. The 
hindering potential may also be characterized by 

V (trans) = 386±4 cm-I, 

V(cis) = 2460±25 em-I, 

Xo= l11.5±0.5°, ( 4.1) 

where the uncertainties are estimated on the basis of 
the semirigid model of this investigation. The true 
uncertainties are larger than those given above because 
the semirigid model of hydrogen peroxide neglects the 
vibration-internal-rotation interactions. This hindering 
potential function is therefore an effective potential 
function and the parameters (4.1) represent average 
values for the vibrational ground state. 

B. Discussion of the Hindered Rotation Bands 

The large amount of band overlap and the moderate 
resolution available combine to prevent any analysis of 
the P and R branch structure of the Q subbands. As 
evidenced by the absorption widths, very few individual 
P and R branch lines are resolved. 

For purposes of analysis the peak absorption fre
quencies of the Q branches are taken as approximate 
Q-subband heads. In the symmetric top approximation 
the frequencies of the Q-subband heads in the nT~n'T' 
hindered rotation band are 

RQK(O) =Vn'T,n'T'(K+1)2_ VnTnTK2 

+ En'T' - EnT-DK [ (K + 1)L K4], 

+En'T,-EnT -DK [(K-1)LK4], (4.2) 

where a distortion coefficient DK has been added to 
correct for vibration-over-all-rotation interactions. 

11.43-cm-I Band 

The two series of Q branches labeled A in Fig. 5 
beginning near the low-frequency end of the spectrum 
and extending to about 150 cm-I with decreasing 
intensity arise from the internal-rotation transitions 
nr=01~3 and 02~04 with band center at 11.43 em-I. 
The absence of any other strong series of Q branches 
beginning at low frequency is evidence that there are 
no lower-energy hindered-rotation states with a conse
quent smaller splitting. Series A are analyzed using 
combination sums and the value of DK is found to be 
4.4X 10-4 em-I. 

Table VII shows observed Q-branch frequencies and 
those calculated using a ground-state splitting E 04 -

E02= 11.43 em-I. (This splitting has been chosen for 
the most accurate fit to the microwave data; see Sec. V.) 
The only significant disagreement occurs for the transi-
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FIG. 6. The hindering potential and internal-rotation energy 
levels of H202. 

tion K = 7~8, nr = 03~O1. This discrepancy is ex
plained by the second-order perturbation correction to 
the final state of the transition, JKnT= J, 8, 0, 1. The 
J, K, n, r= J, 8, 0, 1 energy level is found to be only 
3.2 cm-I above the J, 6, 1, 1 energy level to which it 
is connected by the l' nT nT[ P,/2 - P y'2] term of the 
Hamiltonian. One result of this resonance is to shift 
the position of the Q branch about 0.5 cm-I to higher 
frequency in agreement with the observed position. 

The spectra showed little or no trace of absorption 
by Q branches involving K = 1 for this band. Calcula
tions based on the matrix elements listed in Table VI 
show that these Q branches should be several wave
numbers wide and thus lost in the background. 

The six remaining hindered rotation bands have been 
analyzed in similar fashion using combination differ
ences wherever possible. The average experimental 
values of vnTnT for the n= 0, 1, 2 levels are listed in 
Table VIII along with the value of DK which was 
found to be consisted with all bands. 

Table IX lists the observed and computed Q-branch 
frequencies for the remaining six hindered rotation 
bands. The computed positions are based upon the 
band centers of Table V and the rotational constants 
of Table VIII. Because of the Q-branch widths involved, 
deviations of less than 0.2 cm-I are not significant. 

In the following discussion, all calculations of the 
Q-branch shapes are based on the computed matrix 
elements of Table VI. 

198.57-cm-I Band 

The 198.57 -cm-I band is the least overlapped. There 
is some unexplained alternation in the Q-branch widths 
on the R side of the band, but otherwise this band is 
well behaved. Calculations show that the four central 
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TABLE VII. Calculated and observed Q-branch frequencies 
of the internal rotation ground-state transitions (11.43 cm-l 
band). 

nr = 01->03, 02->04 nr=03->01,04->02 

K Calc. Obs. Calc. Obs. 

0->1 20.63 -2.23 -2.23-
1->2 39.03 16.17 
2->3 57.39 57.38 34.61 34.56 
3->4 75.71 75.67 53.00 52.94 
4->5 94.00 94.08 71.38 71.36 
5->6 112.20 112.27 89.71 89.69 
6->7 130.31 130.33 107.96 107.90 
7->8 148.42 148.37 126.24 126.76 
8->9 166.42 144.41 144.55 

- Based on microwave data of Massey and Bianco. 

Q branches should be sufficiently spread so as to be 
lost in the background. 

370.70-cm-1 Band 

The 370.70-cm-1 band has a clean R side, but several 
of the PQ branches are overlapped, especially PQ4, 
whose identification is uncertain. Spectra taken at 3.2-m 
path length show broad absorptions for the four central 
Q branches. After allowance for the calculated shapes 
of these Q branches, there is additional broad absorp
tion on their low-frequency sides. A plot of the P and 
R structure of these Q sub bands failed to disclose any 
accidental piling up. These additional broad absorp
tions are assigned to the 242.76 cm-l band. 

242.76-cm-1 Band 

RQ2 and PQa for this band are identified and they have 
about the predicted width, but the Q branches for 
larger K values are all several wavenumbers wide, a 
result not predicted by the theory. The computed 
positions of the Q branches of this band are indicated 
in Fig. 5 to show that broad absorptions occur at the 
positions of the higher KQ branches. The frequency 
assignment of the band center has been made using the 
level positions determined from the other bands. Cal-

TABLE VIII. Experimental values of Vnr"' for n=O, 1, 2. 

VOlOI =V0202 =9.209±0.OO5 cm-I 

V0303 = V 0404 = 9. 203±0. 005 
vUll = VI2l2 = 9 .18±0. 01 
Vl3 l3 = V1414 = 9. 142±0.005 
v2l21=v2222=9.11±0.01 
V2323 = V2424 = 9. 05±0. 01 

DK = (4.4±1.0) X 10-4 cm-1 for all bands. 

culations of the shapes of the four central Q branches 
yields an interesting result for PQI' Examination of the 
calculated matrix elements shows that the m= 11, 12 
level (which is the upper level for the 242.76 cm-l 

transition) has a 'YnTnT (or "asymmetry") approxi
mately 40% larger than that for all other levels. As a 
result, the second order asymmetry correction to the 
K = 0 level in the m= 11, 12 state is of sufficient 
magnitude to produce significant opposition to the large 
first-order-(l/2hnTnTJ(J+1) term which ordinarily 
spreads the PQI branch. The calculated J dependence 
of this branch is PQI(J) =233.S6+7.2XlO-3J(J+1)-
6.1X 1O-6J2( J+ 1)2. This calculated Q branch is plotted 
in Fig. 7 along with the observed absorption in this 
region. (Only transitions with nuclear spin weight 3 
are shown.) The computed and observed absorptions 
agree well enough in width and position to assign the 
absorption to PQI. This agreement, along with the well
behaved RQ2 and PQa branches, indicates that only the 
higher KQ branches in this band deviate markedly 
from the theoretical predictions. 

116.51-cm-1 Band 

Although the appearance of the PQI branches of the 
242.76-cm-1 band is satisfying both in the agreement 
with the theory and in the fact that an otherwise 
unexplained absorption is accounted for, the strongest 
proof for the assignment of that band comes from the 
identification of the 116.S1-cm-1 band. Only two PQ 
branches are identifiable as this band suffers from a 
rapid decrease in the PQ-branch intensities as K in-

TABLE IX. Calculated and observed Q-branch frequencies for six hindered-rotation bands. 

370.70 band (E) 198.57 band (C) 116.51 band (B) 521. 68 band (F) 557.84 band (G) 242.76 band (D) 
Q 

Branch Calc. Obs. Calc. Obs. Calc. Obs. Calc. Obs. Calc. Obs. Calc. Obs. 

RQ7 503.80 503.85 cm-l 

RQa 486.64 486.61 315.47 315.42 
RQ6 469.30 469.20 297.77 297.65 215.78 215.74 617.94 617.80 655.54 655.5 342.94 b 
RQ4 451. 75 451. 70 279.95 279.96 197.99 197.98 600.89 601.01 638.26 638.3 324.90 b 
RQ3 434.01 434.06 261.99 261.97 180.06 180.11 583.83 583.80 620.74 620.6 306.76 b 
RQ2 416.11 416.11 243.98 244.00 162.03 161.98 566.41 566.41 603.01 603.0 288.55 288.42 

PQ3 324.42 324.46 152.76 152.92 70.47 70.49 475.28 475.40 511.50 511.3 196.75 196.75 
PQ. 305.77 a 134.38 134.37 51.96 51. 78 456.34 456.21 492.69 492.5 178.26 b 
PQ6 286.91 286.93 115.97 115.91 159.80 b 
PQ6 268.02 267.97 97.55 97.57 

- Obscured by other bands. b Q branches several wavenumbers wide. 
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creases because of the frequency factor 

hv[l- exp( -hv/kT) ] 

in the absorption coefficient. 
The fact that RQ6 cannot be identified is probably a 

consequence of the perturbation of the 1Knr= 1,6,1, 1 
energy level by the resonance discussed for the 11.43-
cm-I band. This would tend to shift RQ6 from its ex
pected position of 233.4 cm-I and cause it to merge with 
the broad absorption centered at 234.2 cm-I . 

The high asymmetry of the nr= 11, 12 internal 
rotation level produces a narrowing of one of the 
central Q branches in the 116.51 cm-I band, as it did 
in the 242.76 band. The computed 1 dependence of RQo 
of this band is; RQO(J) = 125.67-7.2X1o--31(J+1) + 
6.2 X 1Q--6 J2 ( 1 + 1) 2. Therefore much of the absorption 
in the 123 -125 cm-I region is due to RQo as the former 
has approximately the predicted width and position. 

The fact that there are no strong absorptions in the 
near vicinity of 143, 106, and 88 cm-I that are otherwise 
not accounted for supports the 116.51-cm-1 band 
assignment and also, therefore, the 242.76 band 
assignment. 

557.84-cm-1 Band 

The 557.84-cm-1 band is of interest because it 
verifies that the 198.57 -cm-I band arises from the 
transition nr= 13--t21 (and 14--t22). It is characterized 
by fairly broad Q branches (1 to 2 cm-I in half-width) 
of quite low intensity. 

521.68-cm-1 band 

The 521.68-cm-1 band has relatively narrow Q 
branches, but because of its low intensity the P side 
of the band is largely lost in the fine structure of the 
much stronger 370.70-cm-I band. The absorption at 
530.4 cm-I is due to RQo which again is unusually 

9 13 

5 17 

1 

2~ 

233 235 CM-1 

FIG. 7. Observed and calculated shape of PQl of the 242.76 cm-1 

band. 

TABLE X. Calculated relative band intensities. 

Band Intensity 

242.76 cm-1 2.01 
116.51 0.62 
370.70 1.00 
198.57 0.37 
557.84 0.16 
521. 77 0.09 
206.60 0.19 
223.6 0.09 

narrow because the 1Knr= 1,0, 1, 1 level is involved. 
The computed 1 dependence of RQo is RQo(1) = 
530.7 -4.2X 10-31 ( 1 + 1) +6.6X 1Q--6 J2( 1 + 1)2. 

The seven bands discussed above account for nearly 
all major absorptions with the notable exceptions of 
the strong absorptions at 251.3 and 269.4 cm-I . The 
other band assignments demand that the transition 
nr= 21--t23 (22--t24) occur at 206.60 cm-I, and it is 
therefore in a position to contribute to these absorp
tions. 

Table X lists the relative band intensities computed 
from the dipole-moment matrix elements and the 
appropriate frequency and Boltzmann factors. The 
206.60-cm-1 band is predicted to have one-half the 
intensity of the 198.57-cm-1 band, and therefore is 
probably not sufficient to account for all of the absorp
tion at 251.3 and 269.4 cm-I • However, part of the 
absorption at 251.3 cm-I may be due to RQ7 of the 
116.51-cm-1 band which is calculated to occur at 
251.0 cm-I • In regard to the absorption at 269.4 cm-I, 
it is interesting to note that if the transition nr= 23--t31 
(24--t32) occurred at 224.6 cm-I instead of at the 
predicted 223.6 cm-I, then RQ2 of this band would occur 
at 269.4 cm-I • There is a good possibility that this is 
the case since the band observed at 206.60 cm-I is 
predicted at 206.0 cm-I • According to Table X, the 
224.6-cm-1 band should have one-half the intensity of 
the 206.60-cm-1 band. 

V. MICROWAVE SPECTRUM OF H 20 2 

Massey et al.3 ,4 report 10 microwave lines for 
hydrogen peroxide between 11 000 and 40000 Mc/sec, 
four of which have well-observed Stark effects. These 
four frequencies are given in Table XI. 

The Stark field and the microwave electric field are 
both along the space-fixed Z direction in the experiment 
and hence, the selection rule for the quantum number 
M is .6.M = O. The Stark shifts have the form .6.v= 
~2[ A - BM2J, where A and B are constants for a given 
transition and where ~ is the strength of the Stark field. 
The observed Stark-effect coefficients for lines VI, V2, 

Va, and V4 are given in Table XII. To limit decomposi
tion of the hydrogen peroxide vapor, Massey and 
Bianco maintained a pressure of 0.1 rom Hg in the 
absorption cell. At this pressure the microwave line
widths are several megacycles per second, and for this 
reason it was not possible to completely resolve the 
Stark patterns and unambiguously determine the maxi
mum 1 in the transition, 1*, for lines V3 and 1'4' Several 
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TABLE XI. Four microwave lines of H20 2• 

Observed 

Line 
frequency 
(Me/sec) Remarks 

VI 14829.5±0.2 Quadratic Stark effect, 
J*-=1 

V2 37517.6±0.2 Quadratic Stark effect, 
J*=2 

Va 22 054. 5±0. 2 Quadratic Stark effect, 
J*'2:.7, LiJ=1 

v, 27639.6±0.2 Quadratic Stark effect, 
J*'2:.7, LiJ=1 

-'* is the larger of the two values of' involved. 

possible Stark-effect equations for Va and V4 are shown 
with the minimum allowable value of J* corresponding 
to each. 

Massey's identification of lines VI and V2 as internal
rotation ground-state transitions is confirmed by the 
analysis of far-infrared spectrum. In the notation of 
this investigation lines VI and V2 are the transitions VI: 

JKnr= 1, 1-,0, 2-70, 0, 0, 4 and V2: JKnr= 1,0,0, 
4-72, 1-, 0, 2. The internal rotation ground-state 
splitting, Eo4-Eo2, is calculated to be 11.434 cm-I in 
agreement with the far-infrared data. This splitting is 
computed using the values of the internal-rotation 
matrix elements given in Table VI and the experi
mental frequencies VI = 14 829 Mc/sec and v2=37 517 
Mc/sec. 

Because the unknown vibration-internal-rotation 
interactions, which are due to the dependence of the 
inertial constants and the potential parameters VI, 
V2, ••• upon the vibrational degrees of freedom, may 
give contributions of several thousand megacycles per 
second to energy levels with J?,8, it is not possible 
to identify lines Va and V4 by comparing calculated and 
observed frequencies. Since the Stark splittings can be 
predicted with an accuracy of several percent, they 
are used to select lines Va and V4 out of 20 possible 
transitions having about the correct frequencies. The 
Stark-effect Hamiltonian is -J.lo cos(x/2) cos(x', Z) 
since the electric-dipole moment of the molecule, 
J.I(x)=J.lO cos(x/2), is along the molecule-fixed x' axis 
and the Stark field is along the space-fixed Z axis. The 
form of the computed Stark-effect frequency shifts IS 

.6,V=€2J.102[A' -B'M2J. 

T ABLE XII. The Stark effect in H20 2. 

Line Stark effect (Mc/sec) Ratio B/A 

VI Livi = ,229 . 09 X 10-6• J*b=1 

V2 LiV2 = E2[ 6.88 - 4. 25M2] X 10-6 0.618 J* =2 

Va Liva = ,2[5 . 65-0. 0874M2] X 10-6 0.01547 J* '2:.8 
=.2[6.07 -0.0727M2] 0.01198 '2:.9 
=.2[6.47 -0.0623M2] 0.00964 '2:.10 

v, Liv,=~[4.18-0.0537M2]X1O-6 0.01284 J* '2:.8 
= ,2[4.49-0. 0459M2] 0.01022 '2:.9 
=.2[5.10-0.0356M2] 0.00698 '2:.10 

a. E in volts per centimeter. 
b '* is the larger of the two values of , involved. 

As lines VI and V2 are identified, their Stark-effect 
data are used to calculate the value of J.lo. The results 
are J.lo=3.15±0.05 D for Line VI and J.lo=3.24±0.05 D 
for Line V2' In comparing the theoretical Stark effects 
of the possible transitions with the observed Stark 
effects of Va and V4 the value of J.lo as well as the ratio 
B/ A can be used. The only candidates that fit both 
numbers are Va: JKnr=8, 6±, 1, 1-77, 5"F, 1,3 and 
V4: JKnr=8, 5±, 1, 3-79, 6"F, 1, 1. Both transitions 
are effectively degenerate doublets because, for example, 
the asymmetry splitting of the K = 5± levels is esti
mated to be 0.000001 Mc/sec which is unobservable 
even in the microwave region. The relative intensities 
of the four lines are calculated and the H20 2 microwave 
results are summarized in Table XIII. 

Since the Stark-effect matrix element of cos(x/2) 
for the ground state (n=O-?O) lines VI and V2 has a 
value much different than the value for the first 
excited-state (n= 1-71) lines Va and V4, the good agree
ment in J.lo indicates that the hypothesis J.I(x) =J.lo 
cos(x/2) is sound.Is The identification of lines Va and 
V4 as first excited-state transitions is further evidence 
in support of the hindering potential and internal
rotation energy-level structure determined by the 
analysis of the far-infrared spectrum. 

VI. MICROWAVE SPECTRUM OF DEUTERATED 
HYDROGEN PEROXIDE 

Massey, Beard, and Jen16 have observed approxi
mately 130 microwave spectral lines between 11 000 

TABLE XIII. Identification of four H202 microwave lines. 

Observed Initial state Final state 
frequency B/A B/A fJ-o Relative 

Line (Mc/sec) J K n T J K n T observed calculated (D) intensity 

VI 14 829.5 1 1- 0 2 0 0 0 4 3.15 0.035 
V2 37 517.6 1 0 0 4 2 1- 0 2 0.618 0.624 3.24 1.00 
Va 22 054.5 8 6± 1 1 7 5"F 1 3 0.0155 0.0151 3.12 0.041 
II, 27 639.6 8 5± 1 3 9 6"F 1 1 0.0128 0.0130 3.16 0.061 

16 In princi~le, the form fJ-(x) =fJ-O cos (x/2) +fJ-I cos (3x/2) + ••• is possible, however within the limits of this investigation only 
the first term IS needed. 

16 J. T. Massey, C. I. Beard, and C. K. Jen, J. Mol. Spectry. 5, 40S (1960). 
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FIG. 8. The calculated internal-rotation energy levels of D.O. and HOOD based on the H.O. hindering potential function. 

and 40 000 Me/sec in a sample of deuterated hydrogen 
peroxide. This sample was a mixture of D20 2 and 
HOOD, and they were unable to assign any of the lines 
directly to either the D20 2 or HOOD species, nor were 
they able to identify the internal-rotation quantum 
numbers involved in the observed transitions. It was 
known, however, that none of the lines was attributable 
to H 20 2• From observations of the Stark and Zeeman 
effects two series of the I1J = 0 type were recognized. 
The observed frequencies of the individual lines of 
these series could be represented by the following 
empirical equations (in megacycles per second) 

Series I: 

1'[=38 63S-36.72SJ(J+l) -0.3XIo-sJ6, 

J"25, (6.1) 
Series II: 

vn= 15 250-371.2J(J+1) +0.220J2(J+ 1)2, 

J"21. (6.2) 

In addition, Series I showed zero-field doubling of the 
frequencies for J"211. The empirical formula for this 
splitting (in megacycles per second) is 

111'[= 0.46X 10-8 fB. (6.3) 

On the strength of the Stark data and the above 
empirical formulas Massey, Beard, and Jen identified 
Series I as arising from the transitions I1J = 0, K = 4+-+5 
with J"25 and Series II as arising from the transitions 
I1J=O, K=Of-t1 with J"21. Series II changes sign for 
an intermediate value of J when the order of the 
energy levels is reversed. 

The theory of internal rotation in D20 2 is identical 
to that for H20 2 with appropriate changes in the 
inertial parameters. HOOD, however, does not possess 
the symmetry of H20 2 and it is necessary to derive 
separately the HOOD Hamiltonian. The Hamiltonians 

of D20 2 and HOOD are discussed in detail in Appendix 
III. 

The lower symmetry of HOOD makes itself felt in 
two ways. First, the K dependence of the internal
rotation wavefunctions and energies which arises 
through the boundary conditions is, in principle, more 
complicated. Secondly, the full Hamiltonian is no 
longer invariant under either of the symmetry opera
tions C2X or 0" (trans) , so that the full Hamiltonian 
matrix no longer factors into four submatrices corre
sponding to wavefunctions of the K +, or K -, trans 
symmetry "s" or "a" type. 

The internal-rotation wave equation has the same 
form in HOOD as in the symmetrical isotopic species: 
[apx'2+V(x)JM(x)=EM(x), where M(x) still has 
the form M(x) = P(x) exp(iO"x) with P(x) = P(x+21r) 
and where 0"= -K(t-w). In the symmetrical mole
cules, H20 2 and D20 2, w=O; in HOOD the boundary 
conditions give w=0.152, 0"= -K(0.348). It might 
thus be expected that the HOOD internal-rotation 
energy levels are strongly K-dependent as in methyl 
alcohol. Unlike methyl alcohol, however, hydrogen 
peroxide and its isotope species have a large barrier to 
internal rotation which results in unobservable cis 
splitting of the lower internal-rotation energy levels 
and therefore in negligible K dependence for these 
levels. For this reason, it is possible to illustrate the 
n=O, 1, 2 internal-rotation energy levels of HOOD by 
one K -independent diagram similar to those for H20 2 

and D20 2• The internal-rotation wave equations for 
both HOOD and D20 2 have been solved numerically 
under the assumption that the hindering potential is 
mass independent and is exactly the same in the three 
isotopic species.17 The predicted internal-rotation levels 
for D20 2 and HOOD are shown in Fig. 8. 

17 The potential parameters V (trans), V (cis), and Xo are effec· 
tive potential parameters which include small mass dependent 
contributions from the vibration-internal-rotation interactions so 
that small corrections to the H.O. potential parameters for the 
species D.O. and HOOD are expected. 
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The quantum numbers nand r retain their original 
meaning in the case of D20 2, but r no longer refers to 
the symmetry type of the internal-rotation wave
functions in HOOD as it did in H 20 2• For convenience 
of comparison, the internal-rotation energy levels of 
HOOD are nevertheless labeled by Knr where r= 2 
(or 1) now refers to the lower of the two energy levels 
for a given nand K and r=4 (or 3) refers to the 
upper of the two levels for a given nand K. 

The zeroth-order energies of D 20 2 and HOOD are 
E(JKMnr) =(3n~n~ J(J+1) +vMn~K2+EM' where the 
values of IIMn~ for the ground states are II (D20 2) =4.65 
cm-l and II(HOOD) =6.23 cm-l. 

Series I 

Series I is assigned as the D 20 2 transitions JKnr= J, 
4±, 1, ~J, 5±, 1, 2. A first excited-state transition 
in HOOD would fall in the microwave region for a 
change in K of K=6-+7 which would require that 
Series I start with J = 7 contrary to the empirical 
equation (6.1). Further evidence for the assignment 
of Series I to D20 2 transitions comes from the observed 
zero-field splitting due to the asymmetry of the mole
cule. 

The Wang formula for the splitting of the energy 
levels of a slightly asymmetric rigid top may be used 
to estimate the zero-field splitting in the isotopic 
species D20 2 and HOOD if the contributions to the 
splittings by other (n~ 1) internal-rotation energy 
levels are neglected and if the asymmetry parameter b 
is replaced by 

The results are (in megacycles per second) 

.1v[(D20 2, K=4) =0.467X10-8(J+4) !/(J-4)!, 

.1v[(HOOD, K=6) =,.,.,2 X 1Q-2°(J+6) !/(J -6) !, 

which are to be compared with the empirical formula 
(6.3). The D20 2 asymmetry-splitting formula gives 
asymmetry splittings about twenty percent larger than 
those observed by Massey. The J dependence of the 
D20 2 formula is J8 in agreement with the observed 
empirical formula. In contrast, the HOOD splitting 
formula gives no observable asymmetry splittings for 
the observed values of J ( J ~ 21). Furthermore, the J 
dependence of the HOOD formula is JI2 in strong 
disagreement with the empirical equation of Massey. 
On the basis of these comparisons, Series I is identified 
as the JKnr= J, 4±, 1, 4-+J, 5±, 1, 2 D 20 2 

transitions. 
The terms of the empirical formula for the D20 2 

microwave Series I are predicted using the techniques 
of perturbation theory. The empirical terms -DJ J2 
(J+1)2_DJKJ(J+1)K2_DK K4 for D20 2 are esti
mated from the values obtained for H20 2 and are used 
in the theoretical prediction of the coefficients of Series 

1. The result (in megacycles per second) is 

1I[=81000-16.4J(J+1)+0.005J2(J+1)2 

+lX 10-8 J3(J+ 1) 3. 

The discrepancy between the observed and calculated 
constant terms of Series I is about 1.4 cm-1 in the first 
excited-state splitting of 40 em-I. A change in the 
height of the trans hill V(trans) from the H20 2 value 
of 386 to 378 cm-1 for D20 2 adjusts the excited-state 
splitting to fit the constant term of Series I exactly. In 
principle, V (cis) and Xu could also be adjusted, but 
the one piece of information is insufficient to determine 
uniquely the corrections to all three potential param
eters. 

The discrepancy between the observed and calculated 
J ( J + 1) coefficients is expected to arise from the un
known vibration-internal-rotation interaction terms. 
The order of magnitude of these terms could account 
for the 20 Me/sec difference between theory and experi
ment. The J2(J+1)2 and J6 terms are very uncertain 
from the experimental data and are difficult to discuss 
on the basis of the semirigid-model theory of this 
investigation. 

Series II 

By use of the Stark effect, Massey has identified 
Series II as a .1J = 0, K = 0-+ 1 series. As in the case 
of Series I, there are two alternatives for the origin of 
Series II: JKnr= J, 0,0, 4-+J, 1+,0,2 transitions in 
D20 2 and JKnr= J, 0, 0, ~J, 1, 0, 2 transitions in 
HOOD. The predicted constant term of the series for 
D20 2 is approximately 90000 Me/sec while the pre
dicted constant term for HOOD is approximately 
20000 Me/sec. The observed constant term is 15250 
Me/sec. A change of 0.16 cm-l in the predicted 5.55 
cm-1 splitting of the n=O levels of HOOD leads to 
agreement between the predicted and observed values 
of this constant term. On the other hand, a change of 
2.5 cm-1 in the predicted 1.73 cm-l splitting of the 
n= ° levels in D20 2 is required if the series has its 
origin in the D202 isotopic species. Such a large per
centage change in the ground-state internal-rotation 
splittings could be effected only through large per
centage changes in the D20 2 hindering potential 
parameters. Since vibration-internal-rotation effects 
are expected to lead only to minor changes in the effec
tive hindering-potential parameters, the origin of 
Series II is assigned to the HOOD transitions. 

Calculations of the energy levels of HOOD by 
diagonalization of the full Hamiltonian are carried out 
as in H20 2 and D20 2 with the exception that the 
Hamiltonian matrix no longer factors into four sub
matrices corresponding to the symmetries K+, K-, 
trans symmetry s, or a. The K=O level of HOOD is 
nondegenerate. The perturbation corrections to the 
zeroth-order energies include sums over four times as 
many states as in the symmetrical molecular species, 
but those states which were excluded by symmetry in 
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H20 2 and D20 2 give negligible contributions to the K = ° 
energy 

In principle, the two perturbed diagonal matrix 
elements for I K I = 1 could be different for a molecule 
with the symmetry of HOOD. In HOOD, however, the 
difference between the K = + 1 diagonal matrix element 
and the K = -1 diagonal matrix element is negligible 
compared with the off-diagonal element, so that the 
stabilized eigenfunctions are given to very good ap
proximation by 

WK=l±= (1/v'1) [WK=l±WK~lJ, 

that is, the symmetry of these HOOD eigenfunctions 
is for purposes of calculation the same as that required 
in the case of H20 2. The predicted terms of Series II 
(in megacycles per second) are 

vrr=20 3OO-38IJ(J+I) +0.18J2(J+1)2. 

The 5000 Me/sec discrepancy between the observed 
and calculated constant terms of Series II is ascribed 
to small differences in the effective hindering-potential 
parameters of H20 2 and HOOD. A change of V(trans) 
from 386 cm-1 for H20 2 to 381 cm-1 for HOOD leads 
to a fit of this constant term. The agreement of the 
observed and calculated coefficients of the J(J+l) 
term is within 3%. The major contribution to this 
term arises from the asymmetry splitting of the K = ± 1 
levels, and hence the unknown vibration-internal-rota
tion effects give a small percentage contribution to the 
term. Their order of magnitude is expected to be similar 
to that of the analogous term in D20 2 and can therefore 
be estimated from the differences between the observed 
( -36.7 Mc/sec) and theoretical (-16.4 Me/sec) 
coefficients of the J (J + 1) terms of Series I. Since this 
difference of about 20 Mc/sec is of the same order as 
the difference between the predicted and observed 
J (J + 1) coefficients of Series II, the agreement be
tween theory and experiment is satisfactory. The 
predicted J2(J+l)2 term is also in good agreement 
with the observed term giving further confidence in 
the assignment of Series II. 

The assignment of the observed !::..J = ° series to the 
transitions JKnT= J, 4±, 1, ~J, 5±, 1, 2 in D20 2 
(Series I) and JKnT= J, 0, 0, ~J, 1+,0,2 in HOOD 
(Series II) gives further confirmation of the hindering
potential parameters determined by the far infrared 
spectrum analysis. The changes in the value of V (trans) 
necessary to fit the constant terms of Series I and II 
are small as expected and show a reasonable progression 
from H 20 2 to D20 2 : 

H20 2: V(trans) =386 ern-I, 

HOOD: =381, 

=378. 

APPENDIX I. INERTIAL PARAMETERS 

The inertial parameters which appear in the kinetic
energy expression of the hydrogen peroxide molecule 

[Eq. (3.1) J are 

A (x) = Ao+ A' sin2(x/2), 

B(x) = (Ao+Co) -C' sin2(x/2), 

C(x) = Co+C' sin2(x/2), 

D(x) =Do sin(x/2), 

F(x) =Do cos(x/2), 

G(x) =A'-C' sin2(x/2), 

where the constants Ao, A', Co, C', and Do are given 
in terms of the 00 distance rl, the OH distance r2, the 
OOH angle "I, the oxygen nuclear mass M, and the 
hydrogen nuclear mass m by the expressions 

Ao=tMrI2+2m(trl-r2 cos'Y)2, 

A'=2m(r2 sin'Y)2, 

Co= [2mM/(m+M) J(r2 sin'Y)2, 

C' = [2m2/(m+M) J(r2 sin'Y)2, 

Do= -2m(r2 sin'Y) (trl-r2 cos'Y). 

For the values rl = 1.475 X, r2= 0.950 X, and "1= 94.80 

(Ref. 6) the values of the constants are in units of 
10-40 g-cm2: Ao=31.114, A'=2.998, Co=2.820, C'= 
0.178, and Do= -2.587. 

APPENDIX II. HINDERING POTENTIAL 
FUNCTION 

The hindering-potential function is 

Vex) = Vo+ VI cosx+ V2 cos2x+ Va cos3x, 

where the Vi are constants. The relations between Vo, 
VI, V2, and Va and the parameters V (cis) , V (trans) , 
and Xo are 

Vo= G[ (Vc+ V t) (sin2xo+ 2 cos4Xo) + (Vc- V I) 2 cos3XoJ, 

VI=G[(Vc- VI) (!-! cos2xo+2 COS4xo) 

- (Vc+ VI) cosxoJ, 

V2=G[( Vc+ VI) (1-3 COS2XO) - (Vc- V t)2 cosaxoJ, 

Va=G[(Vc+ VI) cosxo+(Vc- VI) (t+t cos2Xo) J, 

where G= [4 sin4xoJ-l. Vo is not spectroscopically ob
servable and is introduced merely for convenience to 
make V(xo) =0. 

APPENDIX III. HAMILTONIANS OF D202 AND 
HOOD 

The semirigid-model assumptions used in the deriva
tion of the H20 2 Hamiltonian are used in the D20 2 and 
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HOOD Hamiltonian derivations. The Hamiltonian of 
D20 2 is identical to that of H20 2 with new inertial 
parameters (in em-I) : 

f3(x) = 0.772+0.00692 cosx+0.OO241 cos2x+· •• , 

I'(x) =4.598-0.135 cosx+0.0134 cos2x+···, 

'Y(x) =0.00184+0.0550 cosx+0.OO0979 cos2x+···, 

a(x) =21.277+0.190 cosx+0.0960 cos2x+···, 

o(x) =0.146 sin3(x/2) + .... 

These numbers are based on the structural distances 
and angle of Redington et al. for the H20 2 molecules. 

The derivation of the HOOD Hamiltonian is similar 
to that for H20 2. The Hamiltonian is 

where x is the internal angle defining the relative 
orientation of the two bars: OH and OD. p", is the 
momentum canonical to x and p"" Py, and P z are the 
components of the total angular momentum along the 
molecule-fixed axes. Repeated indices are summed over 
from 1 to 3. To eliminate the interaction terms pxP. a 
contact transformation of the Hamiltonian is effected. 
The transformation has the form 

px= px' -kOl(x) POI" 

where the a'j satisfy the coupled differential equations 

and where Eijl= 1 for cyclic permutations and -1 for 
noncyclic permutations and 0 if any two indices are 
equal. In terms of the aij the ki(x) are 

The transformed Hamiltonian is 

+P3(X)[P/ Px'+Px' P.'J+a(x) Px'2+ V(x), 

where 

f3(x) =f30+f31 cosx+···, 

I'(x) =1'0+1'1 cosx+···, 

'Y(X) ='YO+'YI cos(1+2w)x+'Y2 cos(1-2w)x+···, 

Pl(X) ='YO+'YI sin(1 +2W)X-'Y2 sin(1-2w)x+···, 

P2(X) =Pl sin(!+w)x+P2 sin(!-w)x+···, 

P3(X) =Pl cos(!+W)X-P2 cos(!-w)x+···, 

a (x) = ao+al cosx+a2 cos2x+ ••• , 

and where w is an angle determined by the contact 
transformation to eliminate the three pxP. interaction 
terms (w=0.152 rad). As w-tO the form of the HOOD 
Hamiltonian returns to that of H20 2 and D20 2. The 
values of the constants based on the Redington struc
tural parameters are (in cm-I ): f30=0.817, f31<0.002, 
1'0=6.179,1'1= -0.108, 'Y0<0.001, 'Yl=0.016, 'Y2=0.032, 
Pl=0.023, P2=0.046, ao=30.605, al=0.228, a2=0.0658. 
The matrix elements of the total Hamiltonian using as 
basis functions the symmetric-top eigenfunctions multi
plied by the internal-rotation eigenfunctions are 

HJKn/KnT=f3oJ(J + 1) 

+[1'0+1'11 dXP*KnT cosXPKnT ]K2+ EnT, 

HJKn/,K+I,n'T' = !(2K + 1) [( J - K) (J + K + 1) J1 

=![(J -K) (J-K-1) (J+K+1) (J+K+2)J1 

x 1 dxPKm[ 'Yle-i2x+'Y2JPK+2,n'T" 

where the quantity PKm(x) is the periodic portion of 
the internal-rotation wavefunction: 

MKm(X) = exp(iO"x) PKnT(X) , PKnT(x) = PKnT (x+ 271-) • 

The value of 0" is determined by the boundary condi
tions on the molecular wavefunctions as in H20 2. For 
H20 2 and D20 2 the value of 0" is - K/2. This value is 
corrected in the case of HOOD to 0"= -K(!-w). It is 
noted that w does not appear in the matrix element of 
the total Hamiltonian because the w dependence of the 
internal-rotation wavefunctions exactly cancels the w 
dependence of the Hamiltonian when the matrix 
elements are formed. 


