THE UNIVERSITY OF MICHIGAN RESEARCH INSTITUTE
ANN ARBOR, MICHIGAN

START-OSCILIATION CONDITIONS IN MODUILATED AND
UNMODULATED O-TYPE OSCILLATORS

TECHNICAL REPORT NO. 35

Electron Physics lLaboratory
Department of Electrical Engineering

By

Joseph E. Rowe
Harold Sobol

Project 2750

CONTRACT NO. AF30(602)-1845
DEPARTMENT OF THE AIR FORCE
PROJECT NO. 5573, TASK NO. 55253
PLACED BY: THE ROME AIR DEVELOPMENT CENTER
GRIFFISS AIR FORCE BASE, NEW YORK

February, 1960






ABSTRACT

The starting conditions for the O-type backward-wave
oscillator are computed for large values of C, QC and d using
both digital and analog methods. A general method of solving
complex polynomials called the "downhill" method is applied both
to the secular equation and then to the r-f voltage equation to
obtain starting conditions. The analog computer is used to solve
simultaneocusly, by trial and error method, the linear circuit and
ballistic differential equations. The analog method is applied to
the modulated BWO in order to determine the effects of modulations
on the starting conditions.
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START -OSCILLATION CONDITIONS IN MODUIATED AND
UNMODULATED O-TYPE OSCILLATORS

INTRODUCTION

The O-type backward-wave oscillator has found wide application
as a tunable signal source where relatively low power levels are accept-
able., The chief limitation in building high-power tunable oscillators
is the lack of a broadband circuit which has a high characteristic im-
pedance for the backward-wave mode. Most O-type oscillators are built
using the helix operated on the minus-one space harmonic and for normal
beam current values have characteristic C values near 0.02 and below,.
Larger values of C have been achieved at S-band by Putz and Iuebke' in
their work on a 100-watt oscillator using a folded-line r-f structure.
Even with values of C between 0.05 and 0.08 the efficiency of their
device was around 8-10 percent. In recent years the interdigital line
has been used in O-type backward-wave oscillators; its higher backward-
wave impedance suggests that oscillators with higher C wvalues will be
possible.

Meny analyses2’324,3

of the O-type oscillator have been made
using various linear theories to compute the starting conditions,
generally assuming small C values. A linear type of analysis can be
used because the oscillator is operating linearly just at start
oscillation.

One of the purposes of this paper is to present a summary of

start-oscillation conditions for the O-type backward oscillator for large
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values of C, QC and d computed using a digital method. It is shown
how they may also be calculated on an analog computer. One of the ad-
vantages of the analog computer method is that the oscillator can be
studied under modulation conditions. This study of the modulated BWO
is the second objective of this papef, wherein a study of the effect

of modulation on the oscillator starting conditions is presented.

BALLISTIC AND CIRCUIT EQUATIONS

The linear theory to be used in calculating the start-oscillation
conditions for large C has been described by Rowe® previously and was de-
veloped following a procedure similar to Johnson's small-C derivation®.
The interaction with the backward-wave mode of the circult is accounted
for by introducing an impedance parameter into the equations which is the
negative of the forward-wave impedance parameter used in traveling-wave
amplifier studies. It is also convenient to definé a passive-mode param-
eter Q which is the negative of that used in the forward-wave equations,
in addition to the change in C noted above.

The linearized equations for the oscillator are easily integrated
to give the propagation constants. The wave amplitudes are determined
from a knowledge of the input boundary conditions at the entrance to the
interaction region. An oscillation condition exists for a given C, QC
and d when the proper combination of b and CNS 1s found such that the am-
plitude of the r-f wave on the structure vanishes for z >0, Ns 1s the
structure length in stream wavelengths. Heffner® and Johnson? used essen-
tially this method in their work except that Heffner used the beam current
as the driving source for the circuit equation whereas Johnson more cor-
rectly used the space derivative of the current. In Bernier's” analysis

of the forward-wave amplifier he also used the current as the driving

gsource in the transmission-line equation.
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The linearized ballistic equations for the BWO are identical to

those for the small-signal traveling-wave amplifier. They may be written

as follows:

NEp + Jov+u %% = 0 (1)
o %%+"uo§1%+jwp = 0 (2)
where
p = magnitude of electron charge-to-mass ratio,
ET = total z-directed electric field intensity acting on the beam
(sum of the circuit and space-charge fields, Ec + ESC),
v = amplitude velocity perturbation,
o = amplitude of charge-density perturbation,
u, = average beam velocity,
p, = average beam charge density,

and all perturbed quantities are assumed to have a time variation of
exp Jwt. It has been assumed that v << U and that p Pye

The circuit equation is the forced transmission line equation.
Note that the righthand side of this equation has the opposite sign to

that of the corresponding TWA equation.

a=v R
=} . — B . (
~ +Bo V. + 3 7BV, oz B, +3IR) e , (3)
4.z o}
where
V= r-f circult potential (potential from which the slow-wave field
B, is derivable),

60 = radian wave number of circuit,
ZO = characteristic impedance of circuit, and

R = sgeries loss of circuit (ohms/meter).
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The above formulation of the interaction equations is convenient for both
the digital and analog methods to be used in solving the equations for
the start-oscillation conditions.

The form of the space-charge field expression used 1s that given

by Pilerce.

-Jr2i
Bye = T%T__ ? (4)
1

where Cl is the capacitance defined by Pierce,

In order to facilitate digital solution of the above equations it
is convenient to assume that all r-f quantities wvary exponentially with
distance as exp -FZ in addition to their exponential time variation.

Since it is expected that the actualbpropagation constant of the system
will be oﬁly slightly different from the system cold propagation constant,

Pierce's® method will be used and the following terms defined

T, = - B, +BSCd, (5)
r 2 ;| iB Cb ca (6
, = -3, -3BLo+pLld , )
where 6n = xn+Jyn, the perturbation propagation constant and the remainder

8 or Rowe®). The T,

of the symbols have the usual meanings (see Pierce
of Eq. 6 is the cold-circuit propagation constant and the Fn are the
actual wave propagation constants with the stream present.

The interaction equations may now be combined as algebraic equations
in 6n using the definitions given in Egs. 5 and 6. The resultant is a

Tourth-degree polynomial with complex coefficients and of course complex

roots. Thigs is given below for the BWO,



5% (%—- echc> - 36%(1 - 8c3qc)

r /
+ 82 (1L +C° - Lc2QC)v + C(C + 10QC) + V2 (?-— 203Q§>}

L 2

+ 38| v(-202 + 8cQC) + v2(4C2QC) - 2(C + EQC)J

- L+ v(kae - C) +v3(ecac) = o, (7)

where
v = b + jd.

The input boundary conditions are applied to the stream convection
cufrent density and stream velocity and to the r-f wave on the circuit at
z = 0 to obtain a ﬁave—amplitude matrix. The solution of this matrix for
the excited wave amplitudes on the circuit is given in reference 6 and
need not be repeated here. Analogously to the TWA, the r-f voltage as a

function of distance in the BWO may be written as

Vt(e) -jg $i VCi 5,6
V-CEO) = e Z‘ <V7C "'Oj e F) (8>
i=1

A
where 0 ==21rCNS = the radian length of the tube. The fourth root has

been eliminated since this wawve does not interact with the electron stream.

DIGITAL CALCULATION OF STARTING CONDITIONS

In order to determine a starting condition for the BWO it is
necessary to search the b - CNS plane for points at which the right-hand
side of Eq. 8 becomes zero for particular values of C, Q and d. A general
method known as the "downhill" method has been worked out to find both the
complex roots of Eq. 7 and the start-oscillation condition from Eq. 8.

The quartic polynomial given in Eq. 7 may be separated into real and
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imaginary parts and written in the following form:

I
P(s) = Z (A; + JB) 5T . (9)
1=0

The following definitions are made to simplify the coefficients of Eq. T.

R = C @ - 202Q0> U

106C + ;2L-<b2 - d2> Y

b - 2QC(b2-d2)

[@5)]
]

hQe

1 - 8c2qc . (10)

=]
|
=
i

1 - 4bQc

In terms of the above definitions the components of Eq. 9 become

A, = - (T+CU) B, = a(v-cT)
A = - 2CB B. = -V + 2CA
1 o) 1 o)
— 2 _ 2
A, = (biC8) -¢C Al B = d(14Cp) - C B
AB = 0 BS = - W
A, = R By = O . (11)

The downhill method for obtaining roots of a polynomial P(5)

consists of gearching the surface over the complex plane generated by

S = |R[P(®)]]| + |T[P(3)]] . (12)
When S becomes O, the value of & is then a root of the polynomial. The
nature of Eq. 12 is such that if a point 61 produces Sl, there is a point
5, where Sz < Sl unless Sl is zero, Thus for a continuous path from 61
to 82 there 1s a point &5 on this path such that 8, < 85 < 8;. Hence it
is clear that during the search for roots, one always pfoceeds downhill
to the roots. Mechanization of this method requires a systematic scheme

for searching the surface S,



_7_

A wheel of points is selected with a center point and the poly-
nomial is evaluated at each of these points and the point for which S
is a minimum becomes the center point for the next wheel. This process

is repeated until the value of S reaches some minimum limit, usually

of the order of 10”°, The value of & giving this minimum is considered
to be the root.

After the roots of the polynomial are determined for a given set
of C, QC and 4 then the same technique is applied to the r-f voltage
equation and the solution of

i(;%%—)— eaie = 0 (13)

i1 ©

is sought. ‘The initial center point of the wheel and the initial spacing
of the endpoints are arbitrarily selected. Of course, there is more than
one combination of b and CNS which will satisfy Eq. 13, as was shown in
reference 6. The minimum b-CNS combination is the desired one and two
typical plots of these are shown in Figs. 1 and 2%, The parameter
(B—ﬁe)L is proportional to the product of CNS and b, The results indicate
that the wvalue of CNS at start oscillation becomes relatively independent
of QC as C is increased beyond 0.l. The effect of both loss and space
charge 1s to increase the required starting length at constant C. As
expected the required CNS decreases with increasing C while the required

b increases,

ANALOG CAICUIATION OF STARTING CONDITIONS

An alternate method for determining the start-oscillation condi-

tions is to program the differential equations on an analog computer

* Starting conditions for a wide range of parameters are tabulated in
Appendix A. Plots of the starting conditions are given in Appendix B.
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and obtain the solutions by a trial and error procedure. The advantage

of using an analog computer is that one can easily vary parameters merely
by changing a potentiometer setting. Grow® has previously determined

the start-oscillation conditions for the unmodulated BWO using an analog
cdm@uter._ He found the r-f circuit voltage by using a fourth-order

linear differential equation obtained by combining the circuit and ballis-
tic equations and eliminating the beam charge density, electron velocity
and current from the resulting expressions.

The method used in this paper is to program the circuit and
ballistic equations as simultaneous linear differential equations. The
advantage of this program is that one can study the wvariation of current,
charge density and velocity in addition to the circuit voltage. This
leads to a better appreciation oflthe entire phenomenon of start-oscil-
lation. The program is also applied to the determination of the start-
oscillation conditions of a modulated BWO.

The interaction equations were given in Eqgs. 1 through 3. An
alternate form for the space-charge field expression is used in the
analog computation. It can be shown that for a beam of finite radius

the space-charge field is given by *

ui c EEE 2 '
e i @E )

where
Qp = the plasma radian frequency,
V. = phase velocity of the circuit wave,
R = plasma frequency reduction factor, and
I = average beam current.

Equation 14 is more amenable to analog computation than is Eq. 4. These

different forms for the space-charge field result in different starting
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conditions for the cases of large C and large QC, as will be noted
later. This was pointed out previously by Grow®.

It is found convenient to introduce several normalizations before
programming. A normalized distance variable is introduced according to

the following definition.
y = Becz ) (15)

where Be is the stream phase constant. The normalized interaction

equations then become

1 He . hoqe o dv v
S T+ = = +Jz (16)
2 dy (1-2cQC)2  14Cb dy c ’
dv. . do . . p _
and
d2V ' 2
c . %*311) Vo425 $(1400) v = [40(1-}0‘0) + 3802d} o .
dy2 C C

(18)
Equations 16 through 18 are solved on an analog computer after

separating into real and imaginary parts. This is accomplished by assuming

the following forms for the dependent variables.

VC = VR + JVI s
Vo= Ve o+ v 5
P = pg * g . (19)

The magnitude of any of the above variables may be found by using a
standard analog computer resolver for converting cartesian coordinates
into cylindrical coordinates, The boundary conditions must be specified

before Egs. 1€ through 19 may be integrated., These are the usual
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conditions that the beam enters the interaction region carrying no

r-f information other than noise, the amplitude of the r-f circuit wave
at this position is arbitrary*, and the r-f output is matched. Noise on
the beam is neglected in determining the circuit wave ampliitudes. The

boundary conditions are

v(0) = p(0) = 0o ,
and
VC(O) = -Z b (20>
I (0) ©
which lead to av
c . 14Cb
dy_>o =‘ - vc\(o) [3 = - 2d] . (21)

The problem can be scaled by using the following approximate

maximum values, assuming a unit voltage

0.4
lo] = — , (22)
Co
L 0.625 (23)
lv| = C ’
o
and a time scale of
d
P = Cz - (2k)

The procedure to find an oscillating point for a given C, QC
and d is to vary b and plot the circuit voltage Vc as a function of y
for each value of b, A typical set of plots is shown in Fig. 3. The
b that forces the r-f circuit voltage to go to zero represents a start-
oscillation condition. The'starting length is determined from the wvalue

of y at which the line voltage vanishes.

* This is true owing to the linearity of the problem.
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A set of oscillating points as determined from the analog com-
puter is shown below in Table I. A comparison is made with digital
computer calculations in which the aforementioned implicit relation is
solved. Note that good agreement is obtained between the two methods
for all cases except for simultaneously large C and QC. This discrepancy
at large QC for large C values is a result of the different space-charge
expressions used. These results do disagree with those of Grow®. Since
the results of Table I were found using two indepepdent methods it is

the authors' opinion that there may be some errors in Grow's work.

TABLE I

Comparison of Start-Oscillation Conditions Determined
by Analog and Digital Methods

b at CN
c Qc d Start-Oscillation for Osc?llation

Analog Digital Analog Digital
0.05 0 0 1.57 1.559 0.3000 0.3013
0.05 0.10 0 1.61 1.575 0.3096 0.3099
0.05 0.20 0 1.62 1.593 0.3167 0.3202
0.05 0.50 0 1.71 1.690 0.3748 0.3691
0.05 0 0.25 1.48 1.467 0.333k4 0.331k
0.05 0.10 0.25 1.51 1.484 0.3406 0.343%3
0.05 0.20 0.25 1.52 1.503 0.3581 0.3579
0.05 0.50 0.25 1.67 1.652 0.kL6h 0.4351
0.10 0 0 1.62 1.594 0.2898 0.2891
0.10 0.5 0 1.83 1.872 0.3614 0.3399
0.20 0 0 1.67 1.664 0.2675 0.2662
0.20 0.5 0 2.17 2.329 0.3153 0.2826

MODULATION OF A BWO

A detailed modulation study of the BWO would involve determining
the change in frequency and power level of the operating oscillator as

its average beam potential and current are varied by the modulating signal.
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The characteristics of the operating* or unmodulated BWO can be deter-
mined only from a nonlinear analysis of the device, since it is thé non-
linearities that ultimately determine the operating levels and the
frequency. Nonlinear analyses of the unmodulated BWO have been carried

out by Sedin*?t

and by Rowe® using the Lagrangian or particle approach.
Sedin modified Nordsieck's'® TWA equations by changing the sign of the
circuit impedance, while Rowe developed more general interaction equations
and also changed the sign of the impedance. In each of these papers the
authors experienced considerable difficulty and expense in determining
operating points. The major difficulty was that the boundary conditions
at the beam entrance have to be found by a trial and error procedure.
This, just as in the small-signal case, involves integrating the BWO
equations for a series of trial boundary conditions until a zero line
voltage is found to exist.

In a low-frequency beam-modulation study of the BWO, it is
necessary to include, in addition to the variable average beam parameters,
a variable frequency as a function of the average beam conditions.
Allowing the frequency to vary means that dispersion and impedance varia-
tion effects must be accounted for; this implies that an r-f structure
must be specified. After selecting an r-f backward-wave structure, a set
of quasi-stationary equations can be derived to describe the modulation
characteristics. The solution of these equations would involve a difficult
trial and error procedure which not only entails guessing the boundary
conditions, but would further require guessing the new frequency.

In view of the difficulties that would be encountered, it was

decided not to attempt to solve the modulation problem using the Lagrangian

* Operating refers to operation at current levels above the start-oscilla-
tion point.
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approach. Due to the severe bunching effects shown theoretically by
Sedin and experimentally by Gewartowski*®, it was decided that a
hydrodynamical model using nonlinear equations would not be valid. The
study presented below will discuss only the effect of modulation on the

start -oscillation conditions.

THE EFFECT OF MODULATION ON THE START-OSCILLATTON CONDITIONS

The equations developed above for the start-oscillation conditions
of a BWO can easily be adapted to study the effect of low-frequency beam
modulations on the start-oscillation conditions. A low-frequency beam
modulation can be introduced by postulating that the beam average

potential and current wvary as

N

v, o= V. <1 +V—> , (25)
Ol
AT

I, = I, (1 + T , (26)
o1l

I

the unmodulated quantities, and

where V_, T
o1 o1

&N, AT = the variations caused by the modulation.
It is convenient to introduce'some additional modulation param-

eters. Therefore, define:

1/2 |
F (1+$V—> , (272)
N o1
AT
£, = ("‘_‘——l +3T5:>l/f (270)
2 M
LA
M = l—'—&gl— ; (27¢c)
+-I'——

o1



C = B ? =1 J (27d)
O

Tz (27e)

(- A4 (27%)

and

F (1) EﬂLf—. (27)

M = 1 indicates no modulation.

When the interaction equations are revised to allow for the
variations of Egs. 25 and 26, the frequency is included as a function
of the modulation, and the terms introduced in Egs. 27 are used the

following set of normalized equations results.

a :
Gt At = 0 (28)
1 ch MCOQCO 0 F(M) av .V
2 & 7 Too 12 =t gy tdg (29)
(1-200 QCO) 4C b, g o
and
AW, L4C b 2 s 2 d €.5,
+<c )(—-l—>v+2j—(1+0b) v
dy2 ° Ca c w oo . c
[l (a0 b ) o 5 g ol (50)
= 4 b ) +— + ] } o, 30
L o oo ngg gs

where CO, QCO, bo and do refer to the unmodulated parameters.



-18-

The boundary conditions now become

v(0) = p(0) = o0
\j 1+ Db
<%> RO [a cch—E—Z—O-edo gzcs} . (3.1)

As mentioned above, in order to solve this set of equations it
is necessary to specify a structure. The r-f circuit selected is the
bifilar helix., The important properties of the bifilar helix as a

14,15 gnd are shown

backward-wave structure are given in the literature
in Fig. 4. The normalized frequency parameters Ql, §2, §8 may be cal-
culated using Fig. 4. Cl and Qz as a function of Ca are shown in Fig. 5.
F as a function of QS is shown in Fig. 6. The reduction factor for a
hollow beamlé was used and the unmodulated ka for all plots was taken

as 0.3%0.

The program to solve Eqs. 28 through 30 is only slightly different
from the one for the unmodulated BWO. The procedure for finding the
effect of modulation on the start-oscillation conditions (i.e., the new
frequency and the new starting length) is to determine first the unmodu-
lated operating point using the method given in the previous section.

The frequency as a function of voltage modulation can then be estimated

from the w-B diagram for the bifilar helix. Such an estimate is shown

in Fig. 7. The problem is run on the computer first using the Qs deter-

mined from Fig. 7 for a specific AV/VOl; §3 is then varied according to

the data for Figs. 5 and 6 as well as the other parameters until an

oscillating point is found. This procedure is 1llustrated in Fig. 8.
The effect of a beam-voltage modulation on the required normalized

start-oscillation length and normalized starting frequency of a typical

BWO is shown in Figs. 9 through 11. It can be seen that the initial values

are quite accurate at low modulation amplitudes, but are in error as
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AIV'/VOl increases. This particular method of calculating the start-
oscillafion conditions is recommended when the vériation of starting
frequency and redquired 1engths‘is desired once an unmodulated operating
point has been chosen. This method has the advantage of using only one
set of parameter values.

As the current or the tube length is increased beyond the start-
oscillation conditions nonlinearities rapidly set in to limit the power
output for a specific d-c beam input. As mentioned above, the Eulerian
model must be abandoned in a nonlinear description of the BWO because
of the severe bunching that takes place. The Lagrangian equations for
the modulated BWO can be derived in a manner similar to the derivation

of the nonlinear TWA equations.

CONCLUSIONS

The start-oscillation conditions for the O-type backward-wave
oscillator have been computed for large values of C, QC, and 4, first
using a digital technique and then an analog technique. The digital
program involves the downhill method of finding the‘complex roots of
the secular equation and this method is also applied to find points in
the b - CNg plane which correspond to the first-order oscillation con-
ditions, i.e., values of z > O where the r-f voltage is zero. The ana-
log computer method involves the solution of the circuit and ballistic
equations as simultaneous linear differential equations. Specific
results of the digital calculation are given and a comparison between
digital and analog results indicates excellent agreement.

The analog computer technique is also applied to a study of the
effect of beam-potential modulation on the starting conditions of the

backward-wave oscillator. The unmodulated starting conditions are used



-28-

as initial estimates in a trial and error procedure. These results

are summarized in several graphs.



APPENDIX A: O-TYPE BWO STARTING CONDITIONS

Parameter Range
C 107° to 0.2
QC 0 to 1.0
d 0O tol.0
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APPENDIX B: GRAPHS OF THE O-TYPE BWO STARTING CONDITIONS

Parameter Range
c 107° to 0.2
QC 0 ‘to 1.0
d 0 to l.0
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FIG. B.I O-TYPE BWO STARTING CONDITIONS. d=0
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