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Suspension-spring force-vs. -displacement function for the n-th wheel

Shock-absorber force-vs. -velocity function for the n-th wheel
Shock-absorber force-vs. -displacement function for the n-th wheel
Tire spring force-vs. -displacement function for the n-th wheel
Tire damping force-vs. -velocity function for the n-th wheel

Tire damping force-vs. -displacement function for the n-th wheel

Acceleration

Direction cosine between the 1 and m axes where l=1i, j, kand m =
i'y j', k'

Center of gravity

Force

Vector of force acting on the body from the n-th wheel

i, j, and k components of Fn

Gravity vector

Magnitude of g

Vector of the ground-reaction force on the n-th wheel

i, j, and k components of .Gn

Angular momentum vector of the n-th wheel

Angular momentum vector of the body

Moment of inertia

Pitch moment of inertia of the body about the axle
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SYMBOLS (Continued)
Moments of inertia of the n-th wheel about the i, j, and k axes'through
the wheel hub
Moments of inertia of the body ahout the i, j, and k axes through the CG

L
Factor by which the roll moment of inertia is increased (see Equation 1)
Mass

Mass of the q-th particle

‘Mass of the n-th wheel

Mass of the body

Vector of moments acting on the n-th wheel

Vector of moments acting on the body

i, j, and k components of ﬁo

Products of inertia of the body

Distance from the rear axle to the CG

Position vector of the q-th particle from the body's CG

Position vector of the n-th wheal from the origin of the earth-based
coordinate system

i, j, and k components of ;n

Position vector of the n-th wheel's ground-contact point {from the
origin of the earth-based coordinate system

i component of ;ng
i', j', and k' components of ;ng

Position vector of the n-th wheel's ground-contact point from the
wheel hub

Magnitude of T ow

Position vector of the body's CG fram the origin of the earth-based
coordinate system

i, {, and k components of ;o

i'y, j', and k' components of r

Radius of the wheel from hub to tire tread

Torque

Vector of torque acting on the n-th wheel

i, j, and k components of Tn

Coordinate transformation matrix (see Section A.7)
Forward velocity of the vehicle

Velocity
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COMPUTER SIMULATION OF VEHICLE MOTION
IN THREE DIMENSIONS

ABSTRACT

This report describes the results of a research program to develop techniques
of simulating three-dimensional motion of a vehicle by means of eleetronic com-
puters. In order to provide the basis for vehicle-motion simulation, a complete
set of equations for a wheeled vehicle was developed, which permitted the analysis
of motion in pitch, yaw, roll, bounce, surge, and sideslip. The derivation and
summary of these equations is presented in this report. As a means of reducing
the time and cost of computer solutions for certain restricted cases of vehicle
motion, an investigation was made to determine to what extent simplifying assump-
tions could be made in these equations. A simplified set of equations is contained
in the report for cases in which surge can be neglected and angular motions in
pitch and roll do not exceed 10°. A second simplified set of equations contains the
further restriction that only pitch, bounce, and roll occur.

In order to establish justification for the simplified equations, an experimental
program was carried out on an XM-151 military truck to determine its motion when
traveling over certain road obstacles under specified conditions. The results Wei‘e
compared with those of corresponding runs in an analog-computer simulation. It
was concluded that the simplified equations allowing only for pitch, bounce, and roll
motion gave a satisfactory representation of the fi.eld-test data, but that improved
correlation could be obtained by the simplified set of equations which accounted for

lateral motion as well.

1
INTRODUCTION'

This report describes the results of a research program, undertaken by Willow Run Lab-

uratories of The University of Michigan, to develop techniques of éimulating three-dimensional

'The authors wish to acknowledge the work of B. Herzog-and D. Y. Liang in connrection
with this research program. Mr. Herzog assisted in the derivation of the completé set of
equations of vehicle motion, as presented in Appendix A. Mr. Liang was responsible for pre-
paring, checking, and operating the analog-computer setup discussed in Section 3.
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motion of a vehicle by means of an analog computer. The work described here is a direct out-
growth of previous research projects, sponsored by the Ordnance Tank-Automotive Command,
in which methods of simulating vehicle motion in two dimensions were developed {Referedce.1).
The application of these original studies is confined to analyses involving angular motion. of the
body of the vehicle about its transverse axis (piteh), translational motion in a vertical direction
(bounce), and translational motion in a longitudinal divection (surge).

The simulation of vehicle motion by means of electronic computers provides an {important
method of analyzing certain types of vehicle-design problems. Examples of such pi{pblemsa
which occur in connection with military-vehicle design are investigations of the effect of
suspension-system design on ride characteristics, and of the stabillty of the vehicle in the
presence of gun-recoil forces.

The specific objectives of this program were:

(1) To develop a generalized mathematical model which can be used for the investigation
of design problems involving vehicle motion. \T‘he equations comp_osihg this model
should represent both angular motion of the ;éhicle (including pitch, roll, -and yaw)
and translational motion (including bdunce, sideslip, and surge).

(2) From this general mathematical model, to obtain simplified versions of the equations
suitable for design studies involving motion ouly in pitch, bounce, roll, and sideslip.

(3) To establish the validity of these simplified equatiohs by comparing data obtained
from field tests on a real vehicle with results obtained by the use of the equations in

a corresponding analog-computer simulation.

The investigation described in this report has been based on a field-test program and com-
puter simulation of a four-wheeled vehicle. However, the mathematical model has been pre-
pared for vehicles having any number of wheels and can be applied, with some modification,
to articulated vehicles. The model is also adaptable to track-laying vehicles. For certain
types of problems, forces applied to the hull by the track (for example, due to accelerating or
braking) significantly affect the motion; in such cases, the equations must be modifiéd to in--

clude the effect of these forces.

2
DERIVATION of THREE-DIMENSIONAL EQUATIONS
2.1. COMPLETE SOLUTION OF EQUATIONS OF MOTION
As the basis for the development of the three-dimensional simulation of a vehicle, the

equations of motion were derived for a wheeled vehicle whoge body i8 free to move: in three
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degrees of angular freedom and three degrees of translational freedom. The three quantities
representing translational displacement are designated sideslip (xo'), surge (yo'), and bounce
(zo'); the three quantities representing rotational displacement are designated azimuth (A),
elevation (E), and bank (B). Corresponding angular velocities are designated yaw (udk ,- pitch
(“‘bi)’ and roll (woj), respectively. The equations define the motion of the body of the vehicle
and of each wheel as affected by the force of gravity, the interactions between the body and the
wheels, and the reactions of the ground (including the effect of longitudinal forces produced by
the engine and brakes).

The complete solution of the equations of motion can provide the displacement, veloeity;
and acceleration as a function of time of the body and of each wheel in each of the six degrees
of freedom. It can also provide a time record of the forces acting on each of these objects.

The motion of an object subject to a combination of forces and torques is governed by
Newton's laws of motion. For each part of the vehicle (such as the body or each wheei), an
equation can be written to determine linear acceleration along each of three coordinate axes
which are fixed with respect to the earth. These three equations are of the form:

LZF=ma
where LF = sum of all forces acting on the object along a given axis
m = mass of the object
a = acceleration of the object along the given axis
Similarly, for each part of the vehicle, an equation can be written to determine angular
acceleration along each coordinate axis. These equations are of the form:
LT=Jo
where 2T
J

sum of all torques acting on the object around a given axis

moment of inertia of the object around the axis
@= angular acceleration around the axis
In order to derive velocity and position information from the above equitions which define

acceleration, integral equations are required of the general form:

v=J‘_adt and x = J'vdt

The body is acted on by two types of force. One is the force of gravity; the other is the
summation of forces applied to the body by the suspension components of each wheel, that.is,
by the spring and shock absorber. In the case of a track-laying vebicle, additional forces on
the body would be produced by the tracks themselves.. I the present analysis, however, a

wheeled vehicle is assumed.






The University of Michigan Willow Run Laboratories

-

In addition to equations describing the motion of the body, equations are required for the
motion of each wheel. It may be assumed without appreciable error that the motion of the wheel
with respect to the hull is confined to a straight line parallel to the yaw axis. The motion of edeh
wheel is the result of the force of gravity, the reaction from the ground acting through the tire,
and forces exerted by the suspension spring and shock absorber.

It is convenient to write the equations of motion of the hull and of eac_h wheel in terms of
body-fixed axes, that is, a set of axes parallel to the pitch, yaw, and roll axes of the body.

On the other hand, the output quantities representing translation and rotation of the body, and
the profile data on the road over which the vehicle travels are best represented in terms of a
set of earth-based axes. Consequently, a number of coordinate-transformation equations are
required which relate displacement, velocity, and acceleration in terms of earth-based axes

to corresponding quantities in terms of the body-fixed axes.

In general terms, then, it ig possible to say that the simulation of vehicle motion in three
dimensions involves the solution of a set of equations consisting of the following types:

(1) Equations representing Newton's laws of motion for both rotational and translational

effects of the body and of each wheel.

(2) Equations representing forces transmitted by springs, shock absorbers, and tires as

functions of wheel displacement and velocity with respect to the body or to the greund.

(3) Coordinate-transformation equations relating displacements, velocities, or accel-

erations in body axes to those in earth-based axes.

The detailed derivation of the complete equations of motion of a wheeled vehicle in three
dimensions is presented in Appendix A. In the derivation, the following simplifying assumptions
were made:

(1) The vehicle is assumed to be symmetrical about the plane of the yaw and roll axes.

(2) Motion of each wheel with respect to the body is assumed to follow a straight line

parallel to the yaw axis of the vehicle.

(3) Each tire is assumed to make contact with the ground at a point on the straight line of

travel of the wheel hub,
(4) Reaction on the body of the vehicle and due to engine rotation is neglected.

Using the set of equations as derived in Appendix A, rough estimates were made -of the
amount of analog-computer equipment which would be required to represent these equations.
It was determined that, to represent the motion of a fodr-wbeeled vehicle, the total analog
equipment required would consist of ﬁpproximately 160 operational amplifiers, 17 multipliers,
and 16 function generators. For an eight-wheeled vehicle the amount of equipment required
increases to 275 operational amplifiers, 23 multipliers, and 32 function geferators. S$ince
the time, cost, and complexity of a computer solution increase with the quantty of equipment
required, it was considered desirable to determine to what extent simplifying sssumptions
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could be made which would reduce the complexity of the equations and minimize the equipment
required. There are numerous possibilities for making such simplifications, but it is im-

portant to avoid incurring excessive error in doing so.

2.2. SIMPLIFICATION OF EQUATIONS

In Appendix B, the equations developed in Appendix A are rewritten utilizing certain sim-
plfying assumptions. Several simplifications are made to write the equations of Section B.1;
and then one additional simplification is made to write the equations of Section B. 2. The

simplifications used for the equations of Section B.1 are as follows:

(1) The results of field tests show that the forward velocity of a vehicle is very nearly
constant even when the vehicle is travelling over a fairly rough road (Figure 21).
Hence the equations pertaining to the forward motion of the vehicle are replaced by
the proposition that the vehicle's forward velocity is constant.

(2) When only Small angles of motion of the body need be considered, it is possible to set
the direction cosines between corresponding directions in the earth-based and body-
fixed coordinate systems equal to 1 and all other direction cosines equal to 0. Since
many practical cases of vehicle motion are those 'in which pitch, roll, and yaw angular
deviation from a mean value do not exceed 5% or 10°, such a simplifying assdmptiOn
appears to be reasonable.

(3) Certain of the mathematical terms that appear in the equations as a result of working
in body axes represent gyroscopic effects and centrifugal-force effects, which result
from rotations of the body. It is possible by inserting typical values of these rotational

velocities to establish the validity of omitting these terms.

In the equations given in Section B. 2, one additional simplification is made: sidewise
motion, sideslip, is omitted. This set of equations restricts the motion of the body to only
three of the six degrees of freedom, specifically, to pitch, bounce, and roll. This restriction
naturally limits the scope of the problems which can be investigated by means of the simplified
simulation; however, many problems of interest Cap be studied in this manner without serious
\oss of realism. For example, studies of the ride characteristics of automotive vehicles can
be confined to the interpretation of pitch, bounce, and roll motion, since these components of
the totul motion tend to be the most pronounced.

In order to determine the feasibility of developing simplified versions of the complete sys-
tem of equations, the set of equations of Section B. 2 waé iovestigated in detail. By restri'cting
the problem in this manner it was possible to make a computer setup requiring only 52 op-

erational amplifiers and 16 function generators. No multipliers were required. The functions
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to be represented are those of the nonlinear force-vs. -motion characteristics of the suspensian
components. By making the additional assumption that each of these characteristics {8 compoadd
of two or three linear segments, it is possible to accomplish the function-generation pracess in

a simple manner, that is, by the use of additional operational amplifiers with nonlinear feed-
back rather than by the use of conventional function generators. The details of this computer

setup are discussed in Section 3. 2.

FIELD-TEST and SlMSLATION PROGRAMS

In order to establish justification for the simplified version of the vehicle-motion equations
developed in Section B. 2 as well as to gain experience in their use, an experimental program
was carried out involving both a computer study and a series of field tests. Data were ob-
tained from a computer set up for a number of runs of a Ford Motor Company XM-151 military
utility transport truck (an experimental four-wheeled vehicle similar to a jeep) when triangular
ra:. s of various sizes and spacings were traversed. In order to check the validity of this com-
puter setup, a field-test program was conducted in which an XM-151 was instrumented by means
of accelerometers, gyroscopes, and wheel-position-measuring potentiometers. Runs were
made over road obstacles consisting of triangular ramps at speeds corresponding to those used
in the computer tests. The field test and computer data could then be compared for what
should be identical conditions to determine the accuracy of the simulation and to establish

permissible simplifying assumptions.
3.1. DESCRIPTION OF THE FIELD-TEST PROGRAM

The XM-151 was selected for the field-test program for the following reasons:

(1) The use of a four-wheeled vehicle would require the least complication in terms of
the total instrumentation required, and the magnitude of the corresponding computer
setup, without limiting the validity of the results.

(2) Since the Ford Motor Company had used this same type of vehicle for certain analog-
computer studies, some data concerning vehicle sy$tem parameters were available
which would be useful in carrying out the program described here.

The vehicle, whether real or simulated, traveled at identical speeds over a road comtaining
identical road irregularities, and the corresponding réal and simulated data in pitch, bounce,
and roll motion were to be compared in order to determine haw accurately the real’ motion was
simulated on the computer. In order to make this compartson, it was decided to meaknre and’
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record the following quantities:

) Pitch, bounce, and roll velocities

) Bounce and sideslip . ccelerations

) Pitch, roll, and yaw angles

) Position and velocity of each wheel with respect to the body

The test runs consisted of running the vehicle at various speeds along a concrete road on
which were located a number of triangular obstacles., The dimensions of the obstacles and the
particular arrangement of obstacles along the'path are shown in Figure 1. Eacl{arrangement
is designated by a case number. Table I shows the speeds and indicates 4obst‘a‘cle arrangements
for the field tests.

The yaw, pitch, and roll angles were most easily measured by the use of motion-picture
camera techniques. A camera was set up at a distance of about 100 feet from the side of the
road and approximately in line with the road obstacles. Another camera was set up looking
along the road. In order to permit measurement of the angular and translational motion of the
body of the vehicle, markers were attached to it and a fexicé was cqnstructéd along the side-of
the road to provide reference positions against which the vehicle position coyld be measured

from frame to frame of the motion-picture record. This technique has been discussed in

FIGURE 1. ROAD CONFIGURATION
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TABLE I. FIELD-TEST CONDITIONS

Run Case Speed
Number Number (fps)
1 I 12.1
2 I 16.1
3 II 10. 7
4 I 15.2
5 i 22.1
8 01 16.1
7 oI 23.8

greater detail in Reference 1. Figure 2 shows the setup used for the tield tests. 'The vértica}l
poles on the jeep were used to measure pitch, roll, and yaw.angles, and thé fence ih the fore~
ground was used as a horizontal reference for measurements. The obstacles are showh in
pos{tion for a Case III run.

Angular velocities of the body were measired by means of three rate-gyros rigidly attacted
to the body. The sensitive axes of these three gyros were 8D aligned with respeci o the vehicle

body axes as to give a continuous indication ofypi'téh, yaw, and roll velocities.

FIGURE 2. FIELD-TEST SETUP, GENERAL HEW
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Acvelerations were measured by means of two accelerometers which were mouated on the
frame of the vehicle with their sensitive axes aligned along the vertical and longitudinel véhi'cle
axcs. These accelerometers were located at the center of gravity of the body so that the a@cel-
erations measured were always those occurring at this point. Figure 3 shows the g'yros i;nd
accelerometers mounted in the jeep. The accelerometers are ghown mounted on the'CG marker
which is above the transmission, and the gyros are mounted on the platform behind the Mfoat
seat. This platform also served as a distribution center for the electrical cablés to the, ﬁriovs
instruments.

The motion of each wheel with respect to the body was measured by means of an:assembly;
shown 11 Figure 4, attached to the body frame. The assembly contained a potentiometér and 3
tachometer for measuring wheel extension and wheel velocity, respectively. Thésefdédces
could be rotated by means of a small steel cable attached to their shafts by means ol ajwﬂgy
arrangement. The end of the cable was attached to the upper wishbone of the suspénsfon. - Down-
ward motion of the wheel extended the cable, and upward motion of the wheel permited 2 rewiad
spring to retract the cable. This motion transmitted to the potentiometer and tachométer pro-.
duced the desired electrical outputs.

In order to provide permanent records of the field-test data, the outpgts of all rate gyros,
accelerometers, and wheel-measuring devices were routed throuéh amplifie:a toa recerding
oscillograph that had provisions for up to 14 channelg of data. Synchronization between'the
uscillographic data and the motion-picture data was obta"tned by means of an event-marker

o gr— e —r— T ]

gy -

FIGURE 3. FIELD-TEST SETUP, VEHICLE FIGURE 4.  WHES POy
INTERIOR VELOGTTY» MEASURING umcz
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system. This started the timing lines on the oscillograph at the same instant that a flash bulb:
was set off in view of the camera.

During the test runs, the amplifiers, recording oscillograph, and power supplies were
carried aboard an M4 ambulance which ran alongside the jeep (Figure 5). Interconnections be-
tween the ambulance and jeep were made by a set of electrical cables which are shown eatering
the ambulance from behind the front seat in Figure § and are shown on the far gide of the jeep
in Figure 3. Electric power was supplied by an engine-driven a-c generator mounted on;be

front of the ambulance (Figure 2).
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FIGURE 5. . FIELD-TEST SETUP, INSTRUMENT-TRUCK INTERIOR

3.2. ANALOG-COMPUTER INVESTIGATION

The analog computer at Willow Run Laboratories was set up, using the equatiohs in Séction
B. 2. to simulate the XM-151 military truck. This setup included 56 operational amplifiers of which
8used nonlinear feedback to represent the suspension springs and the effects of the tites leaving
the ground. The computer diagram for the simulation, \which:was run in one-tenth real time,
is shown in Figure 6. The main component of the road-function geher’ator is a ganged stepping
switch, each gang being used for the road input to one particular wheel. The output of each
step is a voltage which represents the slope of the road; each step represents 1 foot of travel
along the road. The stepping rate, which is controlled by a_n audio-oscillator, then répresents
the speed of the vehicle.” The vehicle speeds and road coufigurations simulated are the same

as those under which field tests were run.

10
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In order to make the series of analog-computer runs, it was necessary to determjne the
mugnitudes of the vehicle-design constants which are used ‘as parameters of the equati_{)n‘s;

Table II shows the constants used and their values. The methods used to determine thése values
follow.

To obtain the spring rate of the front suspension springs, the wheels and ghock ahsorbers
were removed and the body was blocked up so that it was free to pivot about the rear agc__le. A
known weight was placed directly over the front axle, and the displacement of the frdnt;'ivpeel
hubs with respect to the body was measured. Since the two f.r'ont springs are in parfallél, the
rate of each spring is equal to one-half this computed value. .The‘procedure was repeated with
the rear wheels to determine the constant of their suspension springs. The force-vs. -deflection
curves for the front and rear springs are shown in Figures 7 and 8. The static position and
positions of metal-to-metal contact in jounce and rebound were found by removing the suspension
spring and measuring the wheel displacement when it was at the various positions. This was
also done with the rear wheels to determine the point of contact with the rubber bump stop-

In order to determine the unsprung mass of each wheel, the body was blocked up so that
the wheel hung free. The shock absorber and suspension spring were removed, and a different
spring of known spring rate was installed. The wheel was lifted and released, and its trdnsient
motion was recorded by means of the wheel-measuring potentfometer described in Se&ibn 3.1.
Assuming the system to be governed by a second-ordefdﬂferential equation, the measurement
of the period of oscillation permitted the calculation of the unsprung mass.

A set of measurements was made to determine the distribution of the total vehicle weight
among the four wheels. The sum of the individual weights on each wheel gives the total thi{éle
weight. By subtracting the sum of the unsprung masses at each wheel, the sprung mass waﬁi;p-
tained. The weight distribution in conjunction with the va.lqes of ﬁheelbase and traék widt'_h
could then be used to calculate the location of the center of gravity of the sprung mé§8‘1§n a
horizontal plane. Thus, the values of Y1, Yz, 'Y3, Y4, Xl, xz, XS’ and X4 could be computed.

The vertical position of the CG was not measured, but was available from measuréments
previously made by the Ford Motor Company. This particular value is not used iﬁ‘thé‘timpl“b'ﬂ
equations studied on the computer.

The moment of inertia of the body in pitch was dater;mned by a test for which the vehi’cle
was blocked up in the same manner that was used to memre the front spring rate (iré., :
body was pivoted about the rear axle with the front suspanslon springs in place). Gseﬁlaﬁons
were induced by dropping the front end of the vehicle, forcing it to rotate about an axis parallel
to the pitch axis, with springing supplied by the front suipenﬂon spriugs. Based on the kno\!n
spring rate and the observed period of oscillation, the pitch momant of inertia around the rea.r

11
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TABLE II.

Symbol

oi

CONSTANTS USED FOR SIMULATION*

Value

2

461.1 lb-ft-sec
2

84. 0 lb-ft-sec

59.1 slugs

2. 58 slugs

1. 87 slugs

3.07 ft

-4, 01 ft

-1. 07 ft

1.07 ft

1697 b/ ft

1557 1b/ ft

119 lb/ ft/ sec

163 b/ ft/ sec

8100 Ib/ ft

11, 000 1b/ ft

7.9 lb/ ft/ sec

8.3 lb/ ft/ sec

Description

Pitch moment of inertia
Roll moment of inertia

Mass of the body

~Mass of front wheel

Mass of rear wheel

Fore and aft distance of
wheel from CG

Transverse distance of
wheel from CG

Spring constant of
suspension springs

Shock absorber
force vs. rate

Pire spring rate

Tire force vs. rate

*Wheel number convention: 1, left froat; 2, left rear;3, right {ront;

4, right rear.
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DEFLECTION. Front spring viewed at hub. FLECTION. Rear spring viewed from bub.

axle could be computed. The moment of inettia around thq pitch axis through the center of

gravity could then be computed by means of the equation

2
Joi *Ja = BT

where J,i = measured moment of inertia about the axle

r = distance from the pitch axis through the axle to the pitch axis through the CG

To serve as a check, this type of measurement was repeated for motion pivoting dhout
the front axle, and it was found that the two computed values of Joi were tlose to agreeraent.
For the measurement of roll moment of inertia Joj’ the same type of measurement was per-
formed with the vehicle blocked up on one side.

To check the analog-computer setup, the tests performed on the vehicle to determine the
moments of inertia were simulated on the computer. The blocked wheels of the vehiclé were
simulated by taking a very high value for the spriﬁg constaﬁts of these wheels. Table I shows
the periods of oscillation which were observed on the vehicle tests and the corresponding periods
observed for the computer simulation of these tests.

The damping constant of the system due td the. preserice of shock absorbers and of other
sources of friction was found in a test similar to that deseribed for the moments of inertia,

Willow Run 1loborataries
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TABLE IIl. COMPARISON OF ACTUAL AND
SIMULATED PERIODS OF QSCILLATION

Test Period of Oscillation Deviation
(sec) (%)
XM-151  Computer '
Roll 0.525 0.520 0.95
Pitch _
Front Blocked 0.525 0. 511 3.0
Rear Blocked 0.587 0..5717 1.7

but with the shock absorbers in place. The front or rear axle of the vehicle was pliged.on
blocks, caused to oscillate, and its motion recorded by.the wheel-measuring potentiometery.
Because of the high degree of démping, it was imposs{bl'e'to determmeba. rate of osttllation
decrement. However, by means of a technique deocr.tbed in Rgféfenﬁé 2, the&mplﬂgconmm.
could be determined from the shape of the overdamped ;ransiat;t. The shock-absorber force-
vs. -velocity curves determined by this method_are shoM) in Figures 8 and 10. Since the
damping constants for the shock absorbers are ne:arly the same for both pbsmvé am negative
velocities, linear shock absorbers with the dambing»‘ccﬁsfant shown in the first qutdnnt of the
figures were used in the simulation.

The spring and damping characteristics of the tire were taken from data syppliad by the
Ford Motor Company.

3.3. COMPARISON OF FIELD-TEST AND SIMULATION RESULTS

As the basis for evaluating the adequacy of the computer simulation using thg equations of
Section B. 2, the results' ofjthé XM-151 field tests were compared with the computer simulation
for the seven runs listed in Table L The evaluation of this comparison is distussed in this
section.

In reviewing the results; the determination of cause of any discrepancies bel"}vcen.ual'-m
simulated data will be attempted. One possible source of discrepancy is u\é‘aprégebéa of errors
in the field-test data, due to limitations in the aqéura,cy of the data?:ol_!éet‘xon dcvu:eeand
methods. In addition, there were difficulties in control!ing‘bome"o( the conditions under, which
the field tests were run (e.g., smooth road, constant speed, and nb‘""‘eidesup) so'fhat.they cor-
respond to the conditions agssumed in the computer simuliitém Dtsérepaades 'duevt.lo these
causes do not indicate any »li‘mttétion of the compiitér néprgientatlon_- " On the other band, any
discrepancy which is due to aversimplification of the_equatmi‘au must be taken as n\ {ndication

16
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166.4 b/ 1 /sec FIGURE 10. REAR-SHOCK-ABSORBER

FORCE VS. VELOCITY. Rear shockab-
sorber viewed from hub.

FIGURE 9. FRONT-SHOCK-ABSORBER
FORCE VS, VELOCITY. Front shock ab-
sorber viewed from hub.

of the need to include additional features in the simulation. In the following discussion, some
estimates of the source of discrepancies can be given, but ‘due to limitations of time avallable
for the analysis it has not been possible to indicate the exact reason for all.d:ﬂerence& between
real and simulated data.

Some general observations can be made concerning sources of discrepa.ncieu, before the
individual runs are reviewed. It is believed that erfors in the field-test data may range up to
0.1 ft for bounce (z and 21)’ and 0. 02 rad for pitch angle (9 ) and roll angle (6 ) Con‘e-
quently, dxscrepancles of less than these amounts may be due to experimental error and afe

not significant.
The assumption that the jeep moved at constant velocity was checked by using the n}ovle

data to plot distance vs. time. The data for Ruas No. 1,2 5, and 7 are shown in Figure 1}:
The fact that the slape.of each curve is substantially constant indicates that this is a gbod as-

sumption.
The importance of centrifugal and gyroscopic terms in the equations was lnvesti‘gal'e'd by

reading out of one of the ¢computer runs certain products of aag\xlar velocities which. enter into
such terms. The magmtude of these products is shown in Fl,gure 12 in companson with the
angular acceleration terms, woi and uoj' 1t cap be oenn tha‘. the velocity- product terms ‘art in

17
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FIGURE 11. CALCULATED FORWARD VELOCITY 2.5 rad/sec

FIGURE 12, COMPARISON OF GYROSCOPIC
AND CENTRIPETAL ACCELERATION TERMS

general much smaller than the acceleration terms, indicating that the error introduced into the
equations by neglecting these terms is correspondingly small.

In most of the runs, the pitch angle of the vehicle throughout the run has an increasingly
negative bias and the height of the body CG drifts downward slightly. This may indicate that
the concrete road was not perfectly level. If the field-test data were modified to remove the
bias noted, the comparison with the simulated data would be somewhat improved.

The comparison for \Runs Number 1 and 2 are shown in Figures 13 and 14, respectively.
These runs are for Case I, in which motion occurred ohly in pitch and bounce. In both runsg
the computer data compare closely with the field-test data in terms of both magmtude and
timing. For the most part, differences are within the limits of experimental error clted above.

The comparison for Run Numbers 3, 4, and 5 are shown in Figux'ea 13, 14, and'1§, re-.
spectively. These runs are for Case II, in which one ramp wau usbd, and motion was not
restricted to pitch and bounce. In general, the comparison is almost aa ¢lose as for the runs
of Case I, particularly with respect to displacements (zo Bsp and ¢ ). A‘lthough the comp\npr
data compare well with the field-test data, it was of {nterest tdml;ze the data further in orde?
to determine, if possible, the source of the differences noted.
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The first step was to determine whether the di}!ereﬁbéd Vé'ére due to static or to dyna,mk':
inaccuracies in the equations used for the simulation. Static errors would be preaent fn the
equations if they did not correctly represent the sprmg ¢haraetertstics or the geometry of the
vehicle or the road. These errors would show up as eprors in pitch and roil angm ;nd CG
height when the vehicle was standing motionless on the rm&;?f‘l‘a determine ﬁhet_h,é'x‘ auch static
errors were present, the vehicle was allowed to stand onthq path over the road obstacles,
while angles and distances were scaled off. It was then mbved; and the measurements were
repeated at 1-foot intervals. (In this case, the use of dixject;:ither than phologi'aphic méta{:aure-
ments increased the aceuracy of the data.) This test was then. ;stmulated'on thogoémput‘er 'by
running the simulation at a very low speed. The resnﬂ.s u(r..uib test made on the- vehicle for
the obstacle configuration of Case II are shown in Fig!xe 181 The computer run is not’ Mn,
because it was a nearly perfect match with the vehiclg dat:.‘ _'l'hls demonstrates that iha &b~

ulation inaccuracies are hot caused by the static errors.

Figures 13, 14, and 15 indicate that there were tppeeubhmoumx of yaw. velocity( )
during the runs. Direct observation of the movmg-pwrmm indtczlec that sidgsup
amounting to several inches also occurred during the Cade ﬁ*ﬂms Because of the omisswn
of the lateral forces and aceelerations in the equations usmil themimuhud vehicle rolls aboﬁt"
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FIGURE 18. STATIC RUN. Case I
obstacle configuration.

its CG while the actual vehicle in fact rolls about some ot.her point. In the Case II runs, for
example, the vehicle wheels on one side go over the obsiacle while the off- mde Wheels remain
on level ground. Neglecting the additional effect of sideslip, the vehicle then essen,tull:ly rolls
about the point where the offside wheels contact the groﬂnd {Figure 19). Since the équztions
used for the computer simulation do not include lateral acceleration, the simuhted roll will

contain inaccuracies.

It is possible to allow partially for the effect of lateral motion and still utilize the simpli-
fied equations of Section B. 2 considering that this lateral motion modifies the value of roll
moment of inertia which should be used in the equations. This can be done by the eqimtion:'

J = Joj + mox'2
where r is the distance from the CG to the point about which the vehicle rolls, whioh ig es-
sentially fixed in the case under consideration. To. cheek the validity of this avprqach.ﬁun
Number 3 was repeated on the computer with a roll moment of igertia of twicgithe:original
vaiue, and then four times the original value (Fig\ire 2_0). With a factor of 4, fhe computer
roll data check very well with the field-test data.
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If it can be shown that for a Case II run the roll equation (Equation 35b, which "i{lc‘ludés the
effects of lateral motion) has the effect of increasing the roll moment of inertia by"a._ ,factp'g'_ of
about 4, then it can be concluded that Equation 35b will accurately represent the vehicle roll
for the more complicated cases (such as a Case III run) when the vehicle does not roll about
a fixed point. Equation 35¢, which was used in the original simulation, gave the correct roll

acceleration when an increased value was used for Joj’ which shall be designated here as woj:

woj KT Z XnFnk )

Substitutions will be made in Equation 35b so that it can be written in terms of mvj' The value
of K obtained from Equation 85b can then be compared with the correct value of K = 4. To begin
with, the quantity zn in Equation 35b can be ignored since it is small; this then permlt's"t'hé con-

stant Zn to be brought to the outside of the summation sign:

. 1 ¥
“oj = S‘Oj [zn Zn: Fi- }; annk] 2
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oA

Equation (18b) gives an expression for the term Z Fni:

ZFni = moi:oi {3)

The acceleration i"o can in turn be given by:

i

Fo=zo +Xw 2 (4)
In this equation, the centripetal acceleration term X nwojz‘ is small compared with.Z o&?;'(ﬁﬁhj*
Figure 12); hence it will be ignored. Thus, if Equations 3 and 4 are used, Eqration 2 ean be

rewritten:

d’oj T [anozoG,Oj B {-:annk]” G)

1
0,

-—.

Now Equations 1 and 5 can be combined to eliminate the term Z ?(nF nk*"
o

) 1 . .
Gy = 3 [anozo‘-"oj + KI 0}] (6)

From Equation 6, it is now possible to obtain an expression for Kde,:

KJoj= Joj -2 mz i}
The factor of increase to be used for Joj is then:
Zm 2
K=1- 200 (@
, Oi )

The values of the constants in Equation 8 are:

Zn = -1.46 feet
m = 59.1 slugs

Z = 2.00 feet

. o 2
J . = 84 lb-ft-sec

0)

24
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Using these values, in Equation 8, a value of K = 3. 06 is obtained. This is not quite the
factor of 4 desired. However, in computing i"oi only the acceleration caused by rotatiph was
considered and the lateral acceleration of the whole vehicle caused by sideslip was neglected.
This sideslip acceleration will increase K. In the equations of Section B.1, sideslip is ac-
counted for, so that Equation 35b will give a true representation of the vehicle roll. This sub-
stantially confirms the conclusion that the accuracy of the.simulation can be improved by
accounting for lateral motion.

The computer pitch data would probably more accurately match the field-test data if surge
acceleration, 'r'oj, were added to the equations. However, to do fhis, the simplifying as-
sumption that the vehicle has a constant forward velocity could not be used.

The comparison for Run Numbers 6 and 7 are shown in Figures 21 and 22, regpetfiivéif.
These runs are for Case III, in which two ramps were used on each side, and motloh)ﬁs not
restricted to pitch and bounce. Note that, because of the presence of ramps under each wheel
track, the maximum values of roll are about 0.05 rad as compared with 0. 36 rad for Case'ﬂ
runs. The difference in scales between Case Il and Case III graphs should be allowéfﬁéx:?tn
considering how well the data compare. In general, the comparison is less satisfaéjo’tf_fg;ﬁ
Case III runs than for Case I and Case II runs.

In Run Number 6, the real and simulated data are in fatrly good agreement for tl*x‘;;,(irlt
0.6 second. After this time, the real and simulated curves diverge noticeably. -Disc‘:qnqmctéq-
in some of the curves at 0.65 second indicate that both the real and simulated vehicles aTre.
hitting the road on the left front wheel, but the effects on the motion are different, prewmbly»
because of differences in body position and velocity at the instant of contact.

In Run Number 7, the field-test run for roll velocity is not conﬁﬂeixi with that (or roll.
angle; that is, integration of the roll-velocity curve does not give the roll-angle curve. Rolt-—
velocity data were obtained from rate-gyro meaSurementa, whereas roll-angle data yere
obtained from moving-picture records. This discrepancy within the ﬁe{d-test.__‘data mhes iﬁ
difficult to arrive at conclusipns regarding the run. It appears, ho&mr, that the pitqi;—aﬁglé
data tend to follow the same trend as that for Run Number 8.

4
CONCLUSIONS and RECOMMENDATIONS
The experimental and analytic'i_l program described in this report leads to the" m'ing
conclusions:

(1) A complete set of equations of vehicle motion for'a wheélld velrk‘.le has been de-
veloped and is summarized in Appendix A. These équaﬁons permit the mlym ot
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motion in pitch, yaw, roll, bounce, surge, and sideslip. Simplifying assumptions
are kept to a minimum.

(2) For many purposes, the equations of Appendix A can be reduced in complex{ty by
making further simplifying assumptions and by restricting the number of degxees of
freedom. The equations of Appendix B represent such a sxmplmcatmn for vehicle
studies in which pitch, roll, bounce, and sideslip are representéd.

(3) An experimental program involving the comparison of field-test data and the analog-
computer simulation of an XM-151 military truck indicates that the equations of
Section B. 2 give satisfactory results under the conditions for which tlxey were pre-.
pared. However, the equations of Section B.1 result in improved a.ccuracy of com-
putation and are recommended for use in computer studies.

(4) Further improvements in the accuracy with which vehicle motion can be simulated by
computer techniques are believed to be possible. This could be a;:c()mplished by the
use of improved instrumentation methods for field testing, for exampte, the _ﬁbe of
magnetic tape recorders and the adaptation of gyros, accelerometers, and other
measurement devices of greater accuracy and versatility. There are possibllit'ieé for
simplifying the analysis of field-test data by feeding the recorded data from the mag-
netic tape reproducer directly into a computer setup.

(5) Additional sets of simplified equations might be developed for other restricted types
of studies. The equations of Appendix A might, for example, be reduced &d-a two-
dimensional set suitable for pitch, bdunce, and surge studies. Studies 6! sfeeﬂ_n,g
and handling characteristics would require the use of equations whiéh'inclade yav_v,
roll, and sideslip. For studies of this type, accurate representationbf the forces
induced by slipping of the tires would be required.
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Appendix A
EQUATIONS of MOTION
The steps given in Section 3 for developing the eomplete equations of motion of a wheeled

vehicle are outlined below.

(1) Equations are written representing Newton's laws of motion for both rotational and
translational effects of the body and of each wheel.

(2) Relations are written which represent forcea transmitted by springs, shock abserbers,:
and tires as functions of wheel displacement and Vvelocity with respect to the body o:'*to
the ground.

(8) Coordinate-transformation equations are written relating displacements, velocities,
and accelerations in body-fixed coordiantes to those in earth-based coordinates.

A.1. METHODS OF NOTATION

The reader should be familiar with the use of vectors to dqécribe the position of points in
space and should be familiar with the vector-product operation (Reference 3, Chapter I and’-rlx).
Appropriate sections of References 3 or 4 are cited when it is believed they would be uselﬁl;
The vector product is used to describe the moments on & body, and velocities and accelera-"
tions when a moving coordinate system is involved. |

The equations are written for a vehicle with a total of N wheels individual wheels being

designated by n. The summation notation, Z used in the equatlons in a condensation of the

N

more complete notation, Z .
n=1

To explain the subscript notation one can use as an example the position vector,i’n shown in
Figure 23. The bar indicates a vector quantity. The subscript n indicates that the vector
quantity is associated with the n-th wheel; the subscript o tndicabes that it is the position vector
of the body CG. The vector ¥_ has components in i', j', and k' mrectlons which are denoted

nl" r i and rnk" respectwely

The two coordinate systems used are also shown in Figure 22. The lower-case letters,
X, Yy, z denote coordinates in the body?iixed coo'rdinate systerii’,” and i, j, and k are unit vectors
in this coordinate system. The primed symbols are the cormtmnd.lng quantities in the ea.rﬂx—.
based coordinate system. The capital letters X, Y, and 2 m fixed dimensions of the-
vehicle. X _ is the lateral distance of the n-th whee_l from tbe body CG, and Z_is the ‘distance
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Position of Wheel n'when . ..
Spring Is at Free Length

FIGURE 23. COORDINATE SYSTEMS

of the n-th wheel below the CG when the suspension spring is at its free length (i.e., in its
neutral position). Since the wheels are below the CQ, the Zn are negative quantities.

The quantity z in Figure 22 is the distancé that the n-th wheel has moved from ?ts neutral
position. In the equations developed here the wheels are constrained to move only in the z
direction so that the terms X, and Y, do not appear. If it were desired to describe the suspen-
sion in more detail, it would be necessary to write an equation in L and z which would

define the path of the wheel as it moved with respect to the body.

A. 2. POSITION VECTORS
In this section, equations are derived relating wheel and body pesitions, velocities, and
accelerations. The vector ¥ shown in Figure 22 is the position of the body CG in the earth-

based coordinate system. We have
- - - . ) (2 e}
Fomr i T * rok'E = x 0« yo.f‘ + ZOE (8)
Differentiating Equation 9:

r =x T+y ' +2z 'k (10)
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and again differentiating:

L AN (11

The vector Fn is the position of the n-th wheel from the origin of the earth-based system. It
can be written as the sum of Fo plus the position of the wheel with respect to the body CG:

»rn = ro + Xni + Ynj + (Zn + Zn)k (12)

It should be noted that the first term on the right-hand sidé of Equation 12 has been given in the'

earth-based coordinate system by Equation 9, while the remaining terms are in the body-ﬁ)ié_dﬁ'
A

coordinate system. If the components of ?n are desired in the bady-fixed coordinates it wil,lh&

necessary to apply the coordinate transformation of Section A.7 to Equation 9 to express ?0 in

the body-fixed coordinates.
three terms of Equation 12 must be transformed into the earth-based coordinates.

Conversely, to express i"n in earth-based coordinates, the last"

In differentiating Equation 12, the unit vectors i, j, and k have derivatives since they are
not constant with respect to time. The procedure for diiferentiating a time-varying unit vector

is developed in Reference 3, Section 12.3, with the resulting equations:

a - -
‘az = WOXI
R
at " Yo
dk - -
T oxk (13)
where w_ is the angular velocity vector of the body,
] k (14)

The symbol x in Equation 13 is the vector-product operation which is explained in Reference 3,
Chapter IX. Differentiating Equation 12 by the use of Equations 13 and 14:

Pt l_woj(zn '1 zn) - wol;Yn]i + [wokxn - %i(zn + znﬂj- +[zn + woiYn - wonn] k (15)

;
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32

and
¥ =T +lw(Z +2)-a0, Y +w.w.Y +w.w,(Z +zi-(w2+w2 X +20.2z
n o (o) n “n ok'n o0iojn “oioki'n “n oj ok/“n o} nj
. . ' ' 2 2 A
* [“’okxn - woi(zn * 2=n) * c"’ojwok(zn ! zn) ! woiwojxn B (woi * wok)Yn - 2“"’oizn]j
. . 2 2 ) . 1= 1
* [woiYn B wojxn * i %kXn * wojwokYn il (woi * o5, (Z +2 )+ zn}k (18a)

A.3. BODY TRANSLATIONAL AND ROTATIONAL EQUATIONS
The translational and rotational motions of the body may now be derived using Newton's
laws of motion as a basis. The vector equation for the body translation is

m ¥ = 2; Fn +mg (17)
where m = mass of the body
?n = vector force acting on the body from the n-th wheel
g = gravity vector

Equation 17 in scalar form is

m¥ . =mX = Zn: F .+ m g0, (183)
moroj = Mo¥e = Zﬁ“ I;‘nj * mogcjk' ‘1"9‘)
m ¥ =mZ, = F nk * 88 (20a)

The ik term in Equation {18a) is the direction cosine of the angle between the i and k' axes.
The evaluation of the direction cosine comes directly out of ‘the coordinate-transformation
matrix which is developed in Section A. 7.

The vector equation for the body rotation is

dH = _
@ = Mo (21)
where T{O = angular momentum vector
T\io = the vector of the moments acting on the body

'All equation numbers followed by the letter a are the final equations used in the simula-
tion; other equations are presentéd only for development purposes.
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In Equations 22 through 29, an expressjon is derived for the lelt hand side of Equatioa 21
in terms of the moments of inertia and angular velocities of the body Equations 30 through 33
which follow, express the right-hand side of Equation 21 in terms of the torques and forces
acting on the body from the wheels. The corresponding &, §, and k components of tlk left-hand
and right-hand sides of Equation21 are then combined in Equations 34a through 36a ta obtain the
desired rotational equations.

The angular momentum can be expressed in the form

H, = 2;_ m (F X% (23)

where mq = mass of the q~th parucle of the body

Vq = velocity vector of the q-® particle

Fq = position vector of q-’tl; particle from the body CG o
Equation 22 i6 a standard definition of the angular momentum and is derived in Reference 4,
Section 5.1, along with _'the relﬁti@n

— = — x,r_ d 'v<
AR (23)

Substituting Equation 23 into Equation 22:
H = % mq[rqx(woxrq)] (24)

When the triple vector-product operation indicated in the brackets is p’e'rformed, Equatioh 24

becomes:
H, = {“’oi :qu(": - X ) 032 ququ _ uk'%: v,xqzé' i
+E"Oi Zq:mq(ri ) “ok qu q'q " “i Z‘mq q ‘;}
+E"ok é? mq(rt?; T A ) “oi qu g~ “op ?mq’qzq] (25}

The indicated summations-are merely the definitions of the momsntd;ogmema and products of

inertia.

P! '2) 4 i
.= 7 - v o= ). .m X
Toi § "q ( a" %) Poij §°‘q a’q
2 2)
Toj %:"‘qﬁ‘»‘m Ya /! Poi™ qu q q

(2.2
szé:mdz(’q".'q)’ Pojk™ Z 'd' d -
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For example, the term Joi is the moment of inertia of the body about the i axis and'Poij i8 the .
product of inertia of the body about the plane defined by the 1 and } axes. For most vehicles we
can assume that the body is symmetrical about the (j, k) plane, giving

Poij = Poix = © (20
since for every mass particle in the positive x position there is a similar particle in the neg-

ative x direction making the corresponding summations equal to zero. SubStitpﬁhg Wﬂoni
26 and 27 into Equation 25:

Ho = E’oiwoij i+ IEIijOj - Pojkwok]j *[Jokwok - Pojkwoi]k (28)

Differentiating Equation 28 and remembering that the I, J, ‘and K vectors must also be differen-

tiated as in Equation 13, the rate of change of angular momentum is

dH
[o] alg ( ) ( 2 N 2) -
dt l:oiwoi 01 “ (e}] “ok * ojk “ok woj 1
[meo; ojk Sk * Yo J ok o1 ok o;kwoi“’o‘i]j
*[Jokwok ) Pojkwoj * (Joj i Joi)woiwoj ojk oi ok]k 29

The J& terms in Equation 29 are the ones usually associated with the change in angular momen~
tum, and the terms involving the squares and pr.oductsbf ware centrifugal and g'yroscop&¢_‘§ermé
resulting from the use of a moving coordinate system. v‘

Working now with the right-hand side of Equatxon 81: the veetor moment acting on the body
is the sum of the torques plus the sum of the moments hctlng on the body trom the Wheels In

vector form,

M-I, Z[ -?o)?cfn] (30)

n

where Tn = the vector of the torque on the body {from the n-th ‘wgieel. The quantity ;(rn -F O') is
the position vector of the n-th wheel from the body CG and can be obtained Iro‘m"Equ‘a'tionv i3.
The term (Fn - Fo)x?"n is the vector representation of the moment about the body CG'"cauae¢fhy,

34






The University of Michigan Willow Run Laboratories

the force of the n-th wheel. This vector representation of a moment is developed in Re,te'reficé

3, Section 10.1. Equation 30 in scalar form is

M, = 2}; T+ ; YF, - z? (Z_ + zn)Fnj (31)
Moj - Zn: Tnj + ; (2, +z)F . - ;xnrnk (32)
M, = Zn: T . * Zn‘xnrnj - n Y F (33)

Equating Equation 29 with Equations 31 through 33, the rotational equations for the body are

. 3 2 )
- - - -
‘n T 0t En YnF | _S_n (Zn + zn)Fnj Joiwoi +(J ] Joj)wojw o Pojk (wok woj (3@8‘.)

Poj KYoi% i (35a)

LT (2 v2)F -VXF . =J
n ) n n n’ ni = n nk

0j woj B pojkwok ! (Joi ) Joli:)“’oimok *
? Tk 21; XnFnj - ; Yo Fni " T ox“ok - Pojkwoj * (Joj " Joik 0i%0j ~ IJ‘ojkwoj“u(;k (36a)

A.4. WHEEL TRANSLATIONAL AND ROTATIONAL EQUATIONS

The translational and rotational equations for the wheels are written in the same manner as
they were for the body. The forces acting on a wheel are gravity, g; the force from tﬂe body
through the suspension, Fn; and the ground-reaction force on the wheel, Gn' The trmlatioﬁal
vector equation for the n-th wheel is

mr =G -F +mg (37)

and when written in scalar form it becomes:

m T T Cni ™ Foi 7 M8 (38a)
mnrnj = an - Fm. + mngcjk, {39a)
mnrnk = G'nk -Fnk * mngckk' (40a)
The vector equation for the n-th wheel rotation is
o
o Mn (41)
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e

which i8 similar to Equation 21. By developing the right-hand side of Equation 41 in thé same
manner that the right-hah& side of Equation 21 was developed,

dH
n . pe. . . - i
ok [J niwni] ! *[’ ni%j * Uni =7 nk)“’ni“’ok]r* [Jnkwok * W Jni)wniwoj]k {42)
Several substitutions have been made in Equation 42. It has been assumed that.the wheel is a
disc so that the products of inertia are equal to zero:

Pnij = Pnik = l:'njk =0 and Juj = Jnk

Also, since the wheels rotate with the body about the j‘and k axes,

wnj =w0j and @k = Yok
The suspension, connecting the wheel to the body, is nheither wholly a part of the wheel nor of -
the body. A true representation of the suspension would lead to a system with distributed
parameters. A good approximation for a conventional suspension i8 to lump one-third of its
mass with the body and two-thirds with the wheel. As a further approximation, the wheel is
assumed to be a disk in the model used here. This lén'ds simplicity to the equations and is not
considered to produce noticeable errors in the simulation, particularly when the wheel mass
is large compared to that of the suspension.
The moment equation for the n-th wheel is developed in a manner similar to that for
Equation 30 for the body:
Mn = -Tn + rnwxGn (43)
The vector ;nw’ shown in Figure 24, is the vector from thg wheel center to the g.rour'xd-contact
point so that the term T Gn gives the moment around the wheel center caused by the ground-
reaction force, En. In the mathematical model dgveloped here it is assumed that the tire con-
tacts the ground at a point which lies on the k axis when this axis is extended through the wheel
center (Figure 24). Since the vector r__ has a cbmponent only in the k direction, it can be

nw
written

Foo=r K (44)

nw r

For the purposes of Equation 43, one can make the further stmplification that

rn\v = - Rw {(45)
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Ground - Contaot /r(

Point ngk’

L
e

FIGURE 24. SYMBOLS FOR THE WHEEL AND THE GROUND

The quantity Rw (Figure 24) is the radius of the wheel, including the tire. The minus sign
appears in Equation 45 because rw is defined a8 the digtance from the wheel center down to
the ground-contact point, g negative quantity, \frhereas Rw is a radius, which {8 a positive
quantity. Substituting Equations 44 and 45 into Equation 43 and writing in scalar form:

Mni = Jr’n_i * Ry (49)
My Toy - Ry «
M nk - -T nk ¢48)

Equating Equation 42 with Equations 46 through 48,

‘Tni * chnj = Jniwni (48a)
-Tnj -R.G,;= Jnj“’tt;j * (Jni - Jnk)w at? ok (502)
“Tox " Ink®ok * (Jnj - Jm)"’ni“"oj (51a)
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The torque Tni consists mainly of the driving, braking, and bearing friction torques applied
to the wheel.

An equation can be written for the wheel angular veloctty. W if it is assumoi)f that the
wheel rolls along the ground without slipping. Neglecting the effect of rotations of tbe budy
about the i axis, the angular velocity of the wheel is the linear velocity of the wheel cente,r.

» divided by the distance from the wheel center to the ground-contact point:

=1 -
“ni °T (52);
nw
Differentiating Equation 52:
r F. .- l.' b
. _ _hw nj nw n§ , N
wm rr M
nw

A.5. GROUND-CONTACT POINT

In order to develop equations for the ground- reaction-forces, it is necessary to write
equations which describe the point at which the tire <ontacts the ground, As shown in Flgure
24, the vector rng is the position vector of the ground-contact potnt with respect to thsorlgin
of the earth-based coordinate systém. I can be se®h that
=T +T (54¢)

r
ng n nw

An expression for the wheel position vector, rn’ is given by Eguation 12, and r is gived by
Equation 44. Considering the i’ component of Equation 54,

(%)

l.ngi' = ottt Tawkir
Similarly, for the j' compouent,
(56a)

r ., ,=r ., +r

ngj nj nwekj'
Because the vehicle can travel in the three dimensions, the ppunﬂ over which the vehicle
travels must be described by a surface, as shown in ﬂgure 24. The equation for a surface

is of the form

z=1f(x, y) (87)

Equations 55a and 56a are expressions for the x and y of Bquation, 57, so0 that the ¢levation &f
the ground at the wheel contact point is given by

= {(r ff’ﬁa)

rmv ngi" rmv)
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which can be determined by a survey of the land over which the vehicle travels. I the vebitle
is to travel over a prescribed path, Equation 57 reduces to a two-dimensional equation of the

form
z = f(x)

To have a complete set of equations, it is necessary to write an equation which expresses
oW in terms of previously defined quantities. From the geomeétry of Figure 24, it cin bé

seen that
ngk' ~ T k!

(59e)

A.6. FORCE EQUATIONS

The equations previously derived have included terms repregenting the various forces
acting on the vehicle. These forces can be described in terms of wheel displacement and
velocity with respect to the body or the ground. The force Fnk is the force on the body or
wheel caused by the suspension spring and shock absorber:

F, =K (z)+ Cns(zn)ztns(zn) (60a)

The first term on the right-hand side of Equation 60a is the force on the body caused by the
suspension spring. It is the spring force-vs. -displacement function which has the spring dis-
placement 2z as the independent variable. The functiqn Cm&h) is the suspension shock-
absorber force-vs. -velocity characteristic. The shock-absorber force may depend not only
on its velocity but also on displacement; hence the term ¢ns(zn).

The tire exhibits spring and damping characteristics in much the same manner as the

suspension. Thus,

Gnk = an(Rw N rnw) * nw nw n\v(aw tr w (613)

The independent variable (Rw + rnw) and its derivative (x"nw) are, respectively, the amount
the tire is deflected (Figure 24), and its deflection rate.

Expressions will now be derived for Gni’ the sideward force exerted on the wheel by the
ground. Two conditions will be considered, one in which the tire does not slip sidewise, the
other in which it does.

The vector ?ng is the position vector of the ground-contact point ffom the origin of the
earth-based coordinate system. The i component of the corresponding acceleration vector,
i:ngi’ will be derived as a function of forces acting on the wheel. From Figure 24,

-—

- - -3 6
rng = I'n + l'“w rn + rnwi (,2;)
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Sl

Differentiating this equation gives

T =% +f kK+r XK (68)
dt
and since

= (-:) XE (13)

&g

then

e T}
"t

-
= +

rng n - nw k o+ T nw (wo“‘) (64)

Differentiating Equation 64, multiplying both sides by m , and taking the i component:

mnrngi =m .+ mn(wojrnk W Tt zwojrnk) (85)

Substituting for mn.l:ni from Equation 38:

mnrngi N Gni il Fni T Mgy T mn(wojrmk " woiwokrnk * 2wojrnk) (66)

Two cases may be distinguished. In Case 1, iGnii remains less than lank’, where L

is the coefficient of friction and G _, is the k component of ground reaction. Under this con-

nk
dition, the wheel will not slip sidewise. For Case 1, the following conditions apply:

me‘ < f“cnki (67)
and
ingﬂ = i:gni =0 (68)

so that Equation 66 becomes

Gni = Fni - mn(gcik. + wojrnk RO Zwojrnk) (Case 1; 6%9a)
For Case 2, the wheel may slip sideways. Under this condition, assuming that the plane

of the ground at the ground-contact point is normal to the k axis, the sideward ground-reaction

force is equal to the vertical ground-reaction force times the coefficient of friction. Ex-

pressed in equation form,

i'ngi#o

and

IG"il = i“Gﬂk‘ (Case 2: 70a)
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To compute Gm, then, Equation 69a {s used when the condition of Equation 67‘ applies.
When ’Gnij from Equation 69a becomes greater than '“Gn.k!’ the magnitude of G, ; is given by
Equation 70a. The sign of Gni for the condition of Case 2 is the same as that given by Equation
69a, since Gni cannot change sign without going through zero under Case 1 conditions.

It has been assumed either that there is no slideslip of the wheel or that, if there is side-
slip, the coefficient of friction u is a constant. It should be recognized that these assumptions
are approximate only. In steering and handling studies a more detailed analysis would be re-

quired, one which uses either an analytical or empirical representation of the tire-slip angle.

A.7. COORDINATE TRANSFORMATION

In the preceding equations, vectors have been given in terms of one of two different co-
ordinate systems. It is necessary to be able to convert a vector given in one set of coordinates
to its representation in the other set. For example, ;o is expressed by Equation 9 in the
earth-fixed coordinate system; expressed in the body-fixed coordinates:

T = |[XC., +y C,+2ZC.,|1
0 [01'1 yO]'l Ock'l]

+ [xoci'j + yocj 'j +'zock,j])

+ iixoci'k + yocj w* zock'k]k (71a)

where the ¢'s are the direction cosines between the axes indicated in the subscript. The di-
rection cosines are obtained through the use of Euler angles, a method which is thoroyghly

discussed in Reference 4, Sections 4.1-4. 4.
The Euler angles used here are Azimuth A, Elevation E, and Bank B, as shown in

Figure 25. The resulting transformation matrix is:

cos Acos B-sinAsinEsinB cos AsinE sinB +sinAcos B -cos E sin BsinE
(1]= - sin A cos E cos A cos E
cos AsinB+sinAsinEcosB cos AsinEcosB-sinAsinB cos Ecos B

(72a}
and
i i’
i=iTHY {78a)
k k'

4
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42

FIGURE 25. EULER ANGLES

Each of the elements of the matrix of Equation 72a is a direction cosine between an axis ‘of
one coordinate system and an axis of the other. For example, the upper left-hand element is

the direction cosine between the i and i'axes, namely c The complete transformation matrix

it"
may therefore be represented as

i Sy S
c.., ¢., ¢

i i} ik’
“hi' k' ki

The rates of change of the Euler angles with respect to time are given by the following:

A=uw e

0i ik * “oi%jk’ * “ok ki
E = Wi cos B t O 8in B (T4a)
B-= w

)i
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and the Euler angles are:

A=[ Aat
E=J Edt (75a)
B={ Bdt

A.8. SIMULATION EQUATIONS
The equations to be used in the simulation (the equations with numbers foliowed by the

letter a) are rewritten here as explicit expressions in the dependent variable.
. 1 : . .
Doi ™ 3;; [2; Tt 2;_: YF - Zn: (z, + :r.n)x-"nj +Poik¥ok ° (Jok - Joj)wojwok

* Po‘kaolwoj} (34a)

. 1
Yoj = 3;. [; Tni * 2; (Zn * zn)Fni - §an~nk i (Joi ) Jok)woiwok

2 2 ‘
N (woi B wok)Poik] (35)
. 1 . ’ :
“ok TT [Z Tt 2 %aFny = 2 YoFo * Poucai - Uy - Jox)“’oi“’oj] (36a)
ok | n n n
- 1
X m (Z Fi® mogcik'> (18a)
o\n
¥ =__1_ ZF +m _ge¢ (19a).
Yo *m nj * ok’ 92)
o\n
. 1 P )
i =L (Z F o+ mogckk> (20a)
o \'n
z = i:nk -F - ‘(Yn - wokX )+ woj(xn - wokYn)
2 2
+ (“’oi *, woj) (Zn + zn) (k componext of 16a)
r =='-i-(G -F_, +m gc )‘ (40a)
nk m nk ok n~ kk' ‘
Fnk = Kns (zn) * Cns(zn”ns(zn) (60a)
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-
1

r .,+7T

C,.
ni nw ki'

rngk' f(rngl" rn&v)
r R S
- ngk
nw ckk'

Gnk ® an(Rw * rnw) * an( nw)¢nw(Rw * rnw)

Tnl; = -Jnkwok ) (Jn] Jnl)wnwaJ

r ¢ .-r 1.
nw' nj nw nj

.=
ni 2
r
nw
J w . +T.
ni ni ni
, T
nj R

[}

Tnj ® Yo ¥ “ok

2 2
woiwojxn B (woi * wok) Y, - ok,

Fnj = an + mn(gcjk, - rnj)

w w. +R G

J o - -
T = 70i%; ™ Yor * Jou“ni%k * ByCny-
T =x +w (2 +z)-® Y+wa

ni 0 0j'n n’ ~ “Yok’n * “oi oj n

o)
"

ni = Gni * mpl8Cy - Toy)

Xn - wm(Zn + zn) +w wok(Z +Z )

(55a)
(56a)
(58a)
(38a)
(61a)

(51a)

(5§a)

(49)

(j component of 16a)
(39a)
(50a)

(i component of 16a)

(38a)
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Gm= Fn‘l - mn(gcik' j rkt R ji' ) (Case 1: 69a)
Gyl = (G (Case 2: 70a)
Xo = Xoligr *Y cjx cki'

y =X cd,+yo Jj,+z ckj (71a)

2, =X Chn* yocjk' Y2 O

cos Acos B-sinAsinEsinB cos AsinEsinB+sinA cos B - cos E 8in Bsin E
(T]=| - sin A cos E cos A cos E
cos AsinB+sinAsinEcos B cos AsinEcoe B-~-sinAsinB cos Ecos B

(12a)

il={T] |5 (75a)

A= “oi%ik’ * “0j k' * “ok%kk'

E= w,; €os B +w, 8inB (74&)

B= W
0)

E= /[ Ed (75a)

Appendix B,
SIMPLIFIED EQUATIONS of MOTION
The equations of Appendix A were dertved ina itralgworm manner from a mathematical
model of the vehicle. For many applications, the equtions of Append'b( A can be cimpwwd
without noticeable degradation of results. In Section B t, m equatlons of Appendix A are fee
written using several simplifying assumptions. - Phege mﬁom Biould be auﬁlcwnﬂy accurate
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to simulate a vehicle which is not being turned through large angles and which is moving dt
constant speed over cross- country terrain which is not excessively rugged

In Section B. 2, additional simplifications are made to the equattons of Secfioh B.1 by
eliminating the factors of eideslip forces and motion to cierive the equaitiohé that were used 10
perform the analog-computer simulation of the XM-ISI. R was shown in Section 3. 8, when
the XM-151 field-test results were compared with tha sithulated results, that a bettcr ltm-
ulation could be obtained if lateral motion factoras were added to the equations used.

B.1. RECOMMENDED EQUATIONS
The equations of Section A.B are rewritten to inelude the follawing assumptions:

(1) Since the vehicle does not roll, pitch, or yaw more than about 10°, the éqmponents-
of a vector are almost the same in both coordinate systems. Using a two-dimensi,odil
example: a force of magnitude F in the k direction has components in the j’ and k"

deviations of:
Fk = F sin 0]"+ F ces 6k = Fk'

This concept can be used to simplify the equations of Appendix A, and the coordﬁ;au
transformation matrix, Equation 72a, can be written:

100
[T]:[OIO}
001

The equations in Appendix B are written with unprimed cogrdinates because‘there'-is_’.
no longer a distinction between the primed and unprime.dl coordinates.

(2) Figure 11 shows that in the field tests the vehicle had a nearly constant forward veloc-
ity. Therefore, it is assumed here that the vehicle's forward velocity isvconztar‘\tzy

roj:v

This implies that the forces in the forward direction aeting on the vehicle are zerd>

G.=F =0
nj = Fry
(3) It is assumed that the torques caused by the sngujir ascedlarations of the 'wheels are

small:

Tni'BTnjonk'?o
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Part of the torque, Tni’ is the driving torque, which ts zero from the conditions of
the preceding assumption.

(4) The products and squares of the angular velocities are aagumed to be negligibly amall
compared with the angular accelerations. Also, it is a;éu;hed that the Coriolia’ ac~
celerations are small. Expressed mathematically,

W, w2, sz'n £< W

Figure 12 shows the relative magnitude of some of these terms as obtained from tbe
computer simulation discussed in Section 3. 2. Sing¢e the results of any simulation
will give the angular velocities, w, and angular rates, w, itisa simblé matter td :
check the approximate magnitudes of the uz and ww terms to see whether. appreciable
error can occur by neglecting them in the simulation.

(5) All products of inertia are assumed to be zero.

The equations of Section A. 8 are rewritten here with the above &ssumptions having been
made. To distinguish this set of equations the letter a in the equation number has beaen re«
placed by the letter b.

. 1
“oi "7 & YnFrk (34b)
0l
. 1
Soy =T~ [Z(zn <2 )F_ - anpnk] (35b)
0j tn n
. -1
by =T ) Y F . {36b)
ok n
¥o=x =_LZ F (180)
oi 0O m ni
on
¥o=% = [YF +mg (200)
ok (o} mo Z; nk o
R IR A woiYn +w XN (k component of 16b)

. 1
Tk "nT;[Gnk " Pt mng]

Fnk = Kns(zn) * Cns(énwns(zn)

(40b)

(60b)
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frek ! <t . ‘VE\/ (58b)
LT rngk - T (59n)
Gk = KnwlRy * T * Cpy <fnw)¢nw(Rw * Ty (61b)
i-'ni = 3('0 + woj(zn + zn) - ".’okYn (i component of 16b)
Foi = Gni - Maly (385)
G,*= Fni - mn&ojrnk (Case 1: 68b)
fG"i’z !“Gnkl (Case 2: TOb)

B.2. EQUATIONS USED FOR COMPARISON TESTING
The equations used for the analog-computer simuhtion of the XM-151 (Section 3. 2) can
be obtained from the equations of Section B.1 if lateral forces and acceleration are dropped

out, that is, if

Under these conditions the vehicle yaw, Equation 36b, also drops out, leaving only pitch,
bounce, and roll. The letter ¢ is used in the equation numbers below to distinguish this par-

ticular set. As a guide, a brief description is giiren for each equation.

Body Pitch
. 1
. = 4
“)oi J . Z:YnFnk (34c)
oi n
Body Roll
S ‘
“"oj “J L-'XnFnk (33¢)
0j n
Body Bounce
X __1_ [_—1
Z =+ ‘L Fo* mog] (20c)
oLn

Acceleration of Wheel with Respect to Body

Z =F -2 -0 Y wojxn (18¢)
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Wheel Bouiice

.. 1
r, = —
m

nk n Gnk B Fnk * mng] (40c)

r— "

Suspension Force

Fnk=Kns( ) Cns(zn)¢ns(zn) (60c)

Terrain-Elevation Function

Yn
rngx = I<t ‘v (58¢c)

Tire Deflection

T rngk -r (59¢)
Ground-Reaction Force
Gnk = an(Rw * rnw) * an( nw)¢nw( \' rnw) (61c)
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