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ABSTRACT

This report summarizes briefly the methods and procedures used
by this project in obtaining a complete photogrammetric reduction of an
aerial photograph. A complete reduction must contain all six coordinates
necessary to orient a rigid body (the camera) in space. The method of
obtaining each of these six coordinates is given along with an example.

A discussion of photogrammetric errors and their effect on the above six
elements is given with actual values as found in practice. The working
procedures used at this project and the application of automatic computers
to these procedures are also given,
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SOME METHODS IN PHOTOGRAMMETRIC
REDUCTION FOR EXTERIOR ORIENTATION

INTRODUCTION

The purpose of this report is to outline the photogrammetric reduc-
tion process as developed and used at this project for Wright Air Develop-
mert Center. During the past two years both Wright Air Development Center

~and this project have received requests from other governmental agencies and
industrial groups working on government contracts for information on the
reduction process. It is our hope that the following report will be suffi-
ciently complete to enable those interested to determine the value of this
method and the application with respect to their problem.

To keep this report from becoming too cumbersome complete deri-
vations will be omitted and a knowledge of standard photogrammetric terms
will be assumed. Such information if desired can be obtained from the re-
ferences in the bibliography. An excellent standard reference in the gen-
eral field of photogrammetry is the Manual of Photogrammetry published by
the American Society of Photogrammetry. No attempt will be made here to
duplicat information available in such sources.

The specific problem being dealt with here is that of finding the
position and orientation of an aerial camera in space at the time of expo-
sure with highest possible accuracy. This is to be done by using metrical
data obtaired from the photograph and from the object space of the area
included in that photograph.

In this report the position of the camera and that of the air-
craft will be used interchangeably. This is done with the assumptior that
the defining point of location for the aircraft is the lens of the camera
and that the fiducial axes of the camera are parallel to the longitudizal
apd transverse axes of the aircraft. The physical achieving of the latter
situation is a problem irn instrumentation and will not be dealt with here.

The equipment needed for this evaluation consists of: an accu-
rately calibrated precision aerial camera with development facilities, a
precision linear measuring device with accuracy of at least 0.005 mm such
as a comparator, a photogrammetric range suitable for all flight patterzs
desired, and computation facilities. The above are of course only the prin-
cipal items.
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THE POSITION OF AN ATRCRAFT IN SPACE

In order to define completely the position of an aircraft in space,
six independent coordinates are needed. Of these three are linear coordinates
and three are angular coordinates.

The linear coordinates are called the space coordinates and con-
sist of the east-west coordinate, the north-south coordinate, and the alti-
tude coordinate. They will be referred to hence as Xy, Yy, and H, respec-
tively. All three are referred to a fixed origin in the ground datum plaze.

The angular coordinates will be called pitch, roll, and azimuth
of the heading or P, R, and ay, respectively. Taken in the order, Oy, Pand k,
these angles form an Euler-type set of coordinates. The angle Oy is meas-~
ured clockwise, as seen from above, about the true vertical axis from North
to the vertical plane of the longitudinal axis of the aircraft in the direc-
tion of heading. Thus, for an aircraft heading East, ag = 90°; South,
ag = 180°; West, ag = 270°; North, ag = 0°; etc. The angle P is meas-
ured in the vertical plane through the heading axis, from the true horizontal
to the nose end of the longitudinal axis of the aircraft. The sigrn of P is
positive nose up and negative nose down. Thus for level flight P = 0%, for
a b5° climb P = L45°, for a 45° dive P = -U5°, etc. The angle R is meas-
ured about the longitudinal axis of the aircraft in the plane perpeudicular
to that axis, from the horizontal to the transverse axis of the aircraft,
The sign of R is positive left wing up and negative left wing dowr. It should
be noted that the plane in which R is measured is inclined to the vertical by
the angle P.

The angles Oy and P can be considered as spherical angles, azimuth
and altitude, defining the position of the longitudinal axis of the aircraft.
The angle R specifies a rotation about that axis. (See Fig. 1.)

These six coordinates Xy, YN, H, P, R, and Qg specify completely
the position of the aircraft. The following will describe the methods used

to solve for these coordinates using photogrammetric procedures.

The Calculation of P, R, and H

Ideally, the photograph should be considered as an exact reproduc-
tion of a truly flat terrain. This is, of course, not the case., However, iz
the following the above condition will be assumed and the deviations will be
discussed later.
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Consider four photogrammetric targets in the datum plane forming
the corners of a quadrilateral such that no one target lies within the tri-
angle formed by the other three. Designate them in cyclic rotation as A, B,
C, and D with datum plane coordinates X, Yp, X, Y, etc. These four tar-
gets will be reproduced on the photograph in approximately the same coanfig-
uration. They shall be called a, b, ¢, and d with photographic coordinates
referred to the fiducial axes of Xa, ya, Xb, yb, etc. The areas inclosed by
triangles ABC and abc are

H e

1/2 | (Xp-Xp) (Ya-Yo) - (Xa-Xo)(Ya-Yp) | (1)

and

A?abc

Similarly for triangles acd, bcd, abd, ACD, BCD, and ABD. (Note: All areas
are to be taken as positive.)

1]

1/2 '(Xa’xb)(Ya‘yc) = (Xa'xc)(Ya‘Yb)l . (2)

The constants K, " and K, are defined

K, - fAbve x Hacp (%)
/}acd:x/;ABC
Ko = cd x [JABD ) (4)

Habdx D

If x, and y, are designated as the photographic coordinates of the
nadir point on the photograph, two equations follow with f being the calibra-
ted focal length of the camera:

(%Ki xq) 2+ (yp-K1¥4)vn. £2(Ky-1) (3)

£2(Kz-1) ()

(Xc'sza )Xn+ (YQ'K2Ya )Yn

These equations can be solved easily for x, and yy. If the x axis
on the photograph is assumed to be the transverse axis of the aircraft, then

R = tan-lkég) , (7)
- Y
P = tan (,?2:§§> . (8)
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These last two equations are written without regard to sign as
this depends on the choice of axes on the photograph and their relation to
the aircraft axes. If the positive y axis were toward the nose and the po-
sitive x axis toward the left wing ther the equations are correct with res-
pect to sign.

Ir Na is defined as

X Xp#Vg¥ptt? = N, (9)
similarly
XX tVpyptf2 = Ny (10)

and the same for Nc and Nd'

Also defining f' as

JByaee = T ) (11)

then
2 NpNpNe HABC
H = —=a (12)
££1% Hape
and
N NN.H
d )
B2 - a c ACD (15)
£ 3 Hyeg

the same for bed and abd.

These four equations in H? serve as a check on the formaticn and
solution of Equations 5 and 6, as well as solving for the altitude H,

In order to give this solution the greatest possible strength the
areas should be as large as possible. An ideal situation is to have the
four target images in the extreme corners of the photograph. More practical
arrangements will be discussed under Photogrammetric Range.

The forgoing was merely the statement of the solution for P, R,
and H, A more complete discussion and derivations of all formulae can be
found in references 1, 2, and 3.
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The Calculation of Xp and Yy

The method is that of position circles. Knowing the distance on
the ground from each control point to the nadir point, an equation may be
written for the circle with center at that control point and passing through
the nadir point on the ground

(xa-xy)% + (1a-¥yp)® = Ry (14)
(xg-xy)% + (Yp¥y)~ = By (15)
(Xe-Xy)® + (Yo-¥y)® = Ray (16)
(Xp-Xy)® + (YD-YN)Z - Ry (17)

These circles intersect at the nadir point. Squaring and subtrac-
ting equation 14 from 16 and 15 from 17, respectively,

(Xo=Xp )&y + (Yo-Yp)Yy =  1/2(REy-REp+X&+YE-XE-Y7) (18)
(Xp-Xp)Xy + (Yp=Yp)Yy =  1/2(Rgy-RoptXat¥o-Xa-ve) (19)

Equations 18 and 19 may be solved directly for Xy and YN the de-
sired coordinates.

There remains to be found only the radii of the circles in order
to be able to form Equations 18 and 19. Considering a cross section of the
geometry in plane LNA (see Fig. 2), at once from analytic geometry the fol-
lowing is obtained,

cos My = vy s (26)
a

where Ny and f' are defined in Equations 9 and 11; respectively, and

qx§+y§+f2 = La s (21)
also ’
RAN = H tan Ma . (22)

Repeating this for Rpy,RcN, and Rpy, Equations 18 arnd 19 may be
formed and solved.
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The Calculation of ay

As mentioned previously this angle is measured about the true ver-
tical, or equivalent, in a horizontal plane. To achieve this, project the
photograph orthogonally to the ground datum plane which is of course hori-
zontal. This projection might appear as in Fig. 3.

Before proceeding with the analysis there are several points that
should be mentioned. First, if the projection is considered from a physical
point of view, it is equivalent, ignoring tilt, to a contact print of the
negative. Therefore, it is necessary analytically to reverse the direction
of one of the photographic axes in as much as these axes are conventionally
chosen on the negative with the emulsion up. This is also equivalent to
viewing the negative with the emulsion down; Fig. 3 represents such a config-
uration. Second, the effect such a projection has on angles is as follows:
Equivalent argles such that the vertex lies on the principal line and one
leg of which is the principal line are related by

tan ¥y = tan ¥' sec t , (23)

where ¥' is the angle on thephotograph and ¥ is the equivalent angle as pro-
Jected. Sec t is defined

1
sect = f . {24)
f

In Fig. 3 angles ¢ and ep satisfy the conditions of Equation 23.

Now referring to Fig. 3, the azimuth ay, is the basis for the
calculation. Knowing the coordinates of the nadir point and the coantrol
point A, it can be easily found

X, Xy >

o = tan'l(——:‘-
NA YA YN

(25)

Now employing the formula for the tangent of the angle between
two lines ing plane and using relation 23,

- tagl [VaXp=%a¥n| '
°a - an (f'z-N )
a

*
’ (26)

* Note that the sign of o) is determined by the denominator.
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also
. an' *
¢ = tan-1(~m—> . (27)
Now from Fig. 3,
OCH = OLNA + eA - ¢ . (28)

In practice the siges used in Equation 28 might not be known. Therefore, it
is simpler to first find ayg by

[aNé]A = Oy, j_eA . (29)

If this is repeated for points B, C, and D, eight possible soly=
tions for ayp can be obtained. However, four of these will be carrect and
the other four extraneous. Thus, selecting the four that give the closest
agreement ,** '

(30)

oo = [O‘No]‘A + [ogs * o) o+ el

I
Then

+
ap = a - g . (31)

The sign to be used in FEquation 31 can be found by physical examir-
ation of the photograph in comparison with the known configuration of the
ground control points.

This completes the solution for position in space.

¥ The assumption is made here that the positive y axis is the heading axis.
** In the ideal case these four angles will agree exactly. However, in a
practical case they will differ by a slight amount. Ian this case only the
mean as given in Equation 30 is s1gn1flcant The reason for this situation
is that using four control points for a solution is an overdetermination as
three points are actually sufficient. The differences are the residuals of
a meaning out process for the four point solution. Hence, the mean result
is significant.
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THE DEVIATICNS

Previously, the ideal situation was considered where all rays from
the object space were straight lines and registered on the photograph ir the
corresponding position., Actually the rays are deviated by two effects. One
of these is the lens distortion. This is a physical property of the lens
which causes it to distort the angular field of the object space. The other
effect is refraction in the atmosphere which has the same effect, but on a
smaller scale. The lens distortion amounts to a maximum of about 0.150 mm
on the photograph for a six-inch metrogon lens., The refraction amounts to
a maximum of about 0.024 mm on the photograph for the same focal length and
altitude of 30,000 feet.

In addition there is a deviation caused by the fact that the ac-
tual terrain is on a curved surface. This arises due to the fact that the
ground points are considered to be on a plane surface with the same spacing
as on the actual curved surface. The effect of this is to compress the
field on the photograph. This causes a systematic displacement with a max-
imum value of about 0.110 mm on the photograph for a six-inch lers at 3C,000
feet.

The relief of the control point also causes a displacement on the
photograph, but this will be discussed under a separate heading.

The effects of the lens, atmosphere, curvature, ard relief all
cause displacements from the ideal position on the photograph. Their more
precise effects will be discussed in the appendix or urder separate headings.
These effects are systematic and can be eliminated if the proper parameters
are known, '

Other types of deviationare caused by the film itself, the camera,
and the methods of measuring the photographic coordinates. These deviaticus,
although they also can be considered as displacemeunts on the film, are 2ot in
the nature of systematic aagular deviations. (The most serious of these isg
called residual film distortion.) They are caused by physical changes iz
the film base and emulsion due to changes in temperature and lumidity as well
as effects caused by the development and drying processes. Imasmuch as this
is uniform expansion or contraction it can be eliminated by ratioing all mea~
sured distances back to the size of the frame at the time of exposure. Due
to local stresses and irregularities, these effects cannot be entirely ratioed
out. The remaining displacemeunts are called residual film distortion. in
carefully handled and processed film this effect can be held to an average of

10
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about 0.015 mm on the film. For the purpose of raticing aerial cameras are
provided with fixed markers at a known separation. By measuring this separa-
tion as registered on the film ir conjunction with measuring the coatrol
points, the magnitude of the coefficient of linear expansion car be fouxnd.
Most films have a different ratio across the film from the ratio along the
strip. Thus, it is necessary to ratio each coordinate direction separately.
The camera is provided.with markers in both directions for this purpose.
Therefore, the major portion of the film distortion can be ratioced out;
leaving only the residual film distortion. The residual film distortion
will be regarded as random in nature. The correct procedures for process-
ing and handling .the film should be' obtained from the manufacturer of the
type of film used.

Most of these film effects could be eliminated by the use of ‘glass
plates instead of film. However, in most cases this is not practical with
present equipment, though not completely excluded.

The camera itself causes displacements on the photograph in addi-
tion to the effect of the lens. By far the most serious of these effects is
caused by vacuum failure, This causes the film to bulge and distort as it
is not held flat on the platen of the camera, which is the function of the
vacuum system. This failure has a serious effect on the accuracy of the
entire solution and every precaution should be taken to insure the proper
function of the vacuum system.

There is a possibility that the platen itself is not sufficiently
flat. The use of a well-calibrated modern camera will eliminate this source
of error.

A type of displacement might be caused by poorly defined or inaccu-
rately located fiducial marks in the camera. A well-made modern camera will
have sharply defined fiducial marks forming orthogonal axes to a very few
seconds of arc. These axes should intersect at the principal point to within
a few microns on the photograph. Failure to do so has the effect of trans-
lating the measured coordinates. This translation has negligible effect on
P, R, oy, and H, but does shift the ground nadir point (XN,YN) slightly. Thais
shift amounts to MpH/f feet on the ground, where Ap is the linear shift of
the fiducial axes origin from the principal point on the photograph. The
value of Ap is given with the camera calibration and is usually less than
0.050 mm. If necessary the correction for this effect can be applied by
using geometrical considerations. In general the effects caused by these con-
siderations are much below the effects of the film itself and may be neglected
if the camera calibration indicates that the camera meets these requirements.

11
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Finally, the camera is subject to the effects of temperature and
pressure. This is a somewhat incompletely investigated topic. The effect
is appearantly very small and may contribute & very slight systematic error
to the solution, principally to the altitude H. To actually eliminate this
slight error it would be necessary to calibrate the camera at some standard
temperature (already & practice) and pressure and then maintain these con-
ditions for some time prior to and during exposure. This is not now a prac-
tical procedure. Fortunately this is almost a negligible effect.

In measuring the photograph there are several sources of deviation,

The greatest contribution to this is operator error. This human element is
naturally very complex (see reference 4), However, this error can be held
to satisfactory limits by a slight amount of practice and experience. The
measuring equipment should be of considerable precision with a linear accu-
racy of at least 0.005 mm. The Geartner Scientific Corporation, Chicago,
I1linois and Mr. David W. Mann of Lincoln, Massachusetts both produce very
excellent comparators for this purpose. '

The measuring device should be equipped with glass flats between
which the frame of film is rigidly clamped. The measurements should be made
as parallel to the glass surfaces as possible, Both of the above companies
provide such equipment. While measuring, the film fiducial axes should be
as nearly perpendicular to the line of measurement as possible. Failure ta
meet the above conditions produces systematic deviétions,some of which could
have serious effects on the results. However, with good equipment and rea-
sonably experienced operators the measuring error can easily be held to less
than 0.005 mm providing the photogrammetric targets are sharply defined on
the photograph. On a film base this error is much less than the residual
film error and will have no serious effect on the overall accuracy. Target
definitions will be discussed under Photogrammetric Range.

Before leaving the subject of deviation the effect of the focal
length should be discussed. An actual camera has no fixed focal length,
but does have a range of focal lengths varying with position in the focsal
plane., ZEach focal length is associated with one or more differential annu-
lar rings in the focal plane centered at the principal point. The scale of
all distances between points on that ring is constant and equal to E/f for
a vertical photograph. Because of the lens distortion, the scale and con-
sequently f changes with each annular region. Alsc each focal length has
an associated distortion curve. By displacing each point on the photograph
as indicated by that distortion curve the scale is made constant over the
photograph for that focal length. The normal practice is to use what is
called the calibrated focal length and its corresponding distortion curve,
The calibrated focal length might be selected in several ways. The most
common way is to select that focal length which makes the maximum positive

12
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distortion equal to the negative distortion at 45°, or a radial distance of
f from the principal point. This method of selecting a focal length is used
with the metrogon lens. The focal length selected in this way is thought to
give a good average scale over the photographic frame for purposes where
accuracy requirements do not require the use of the distortion curve. The
only reason the calibrated focal length is used for our purposes is that it
is the only focal length for which we have a distortion curve available,

Now any source of deviation whose first order effect is to cause
a linear expansion or contraction in the photograph, the camera, or even
the comparator has the same effect as changing the focal length used in the
solution. The systematic deviations in general have such an effect. It
also can be shown that small variations in the focal length have only second
order effects on P, R, Xy, Yy, and Oy, but first order effects on H. XHence,
if H is a critical value in the solution, all known systematic deviations
should be removed as accurately as possible,

The effect of random deviations on the solution is to give a nor-
mal error distribution in all six elements. Here H and Oy are less sensi-
tive to random deviations, and hence, give relatively stronger values than

P, R, Xy, and Yy. There is relation between errcs in the latter four ele-
ments. If the photographic nadir point is in error by As or

and the ground nadir point in error by AS or

Vaxgearg
then

AS = HAs/f . (32)
This is only an approximate relation.

Tilt is the angle between the normal to the photograph and the
normal to the ground datum plane or analytically

[ ==
_ -1 NERFyE
t = tan K———ET__. s (33)
or in terms of P and R
t = tan"Wtan®R + tan2P sec®R . {3h)

Errors in tilt also follow the normal error distribution.

13
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The tilt components are defined with the positive y axis, the head-
ing axis, and the positive x axis for the left wing

tx

tan™! xp/f = R (35)

ty tan™! y,/f = tan"'(tan P sec R) (36)

It has been found by this project that the error in tilt components
in practice for film negatives is about 15 seconds of arc. This assumes that
all precautions are taken and systematic errors eliminated within reason.
Noting the relations in Equations 35 and 36, this yields the following errors
in the six elements.

AR ¥ 15 seconds

AP ¥ 15 seconds

AaH < 15 seconds
VAX§+AYﬁ = AS ¥  0,00010 H feet
AH < 0.00010 H feet

For glass plates the tilt error is considerably less with corres-
ponding elements as above. This indicates about what accuracies can be ex-
pected from this method.

To sum the deviations that can be expected:

sttematic

Lens distortion

Earth curvature

Atmospheric refraction

Relief

Linear effects of temperature, humidity, and pressure on
the film, camera, and comparator systems.

Random
Regidual film distortion
Human and mechanical errors in measurement
Residual effects in the sbove systematic deviations
Errors in the ground survey and reduction

The last item will be discussed under Photogrammetric Range and
Relief will be discussed as the next topic.

1h
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RELIEF

There are two approaches to the incorporation of this element into
the four point solution given earlier. The choice of these two methods de-
pends on several factors, such as proposed altitudes, magnitudes of the
reliefs, computation facilities, and overall accuracy desired.

Relief means the elevation of the centrol point target over the

datum plane elevation used in the photogrammetric range. The physical effect
effect is illustrated in Fig. k4.

Method A Vector Relief

This is an approximation method and does not give an exact solu-
tion. To apply this method the tilt problem is worked ignoring the reliefs.
This gives values tx, ty, and H'. Now the assumption is made that these
values apply most nearly to a false datum plane that passes as closely as
possible through the four control targets in space. As four points are
used, no such true plane exists., This false datum plane is called the sub-
stitute slant plane and is found as follows: Consider two of the problem
targets at opposite corners of the ground quadrilateral. Fig. 5 is a ver-
tical cross section through those two targets (A and C in Fig. 5). Now the
substitute slant plane is parallel to the space line Eg.’ In the same way
this plane is also parallel to the space line BD,and AC and BD are skew
lines in space not parallel. Such lines can always be Jjoined by a mutual
perpendicular. The substitute slant plane is perpendicular to this line
and passes through its midpoint. This completely determines the substitute
slant plane in space.

Now if the tilt caomputed is with respect to this plane and the
angle between the substitute slant plane and the ground datum plane is
added, the correct tilt should be obtained. This is done as follows: Con-
sider Fig. 4 which is a cross section in the plane LAC,

In this plane clearly

h,-h
Mge = l'%#ﬁgl ’ (37)
similarly
h-h
My, = |-B | (38)
B'D'
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Inasmuch as Atge and Atyy are small angles they may be summed as vectors
Atge @long line ATC' and Atpg along line B'D'., This sum At is the angle
between the substitute slant plane and the ground datum plane.

It is now necessary to project this vector into the component
planes of the photographic coordinates in order to apply the corrections
to tx and t&. To do this consider Fig. 7 which represents the traces of
planes LAC and LBD on the photograph., The projection on the x component
plane is

Atx =. Mg, cos & + Atpg cos q (39)
and on the y plane

Aty

]

Aty; sinnm - At , sin & . (40)

Now assume the following conventions: vectors Atg. and Aty are
directed toward the lower of the two reliefs in question and Atge. and Ay,
are positive if they are directed toward increasing x and y values respec-
tively. Then

ty = oty t Aty (k1)
ty = ty+ bty , (42)
h,+hp+h~+h
i
now define
Xn = f tan tx , (4h)
Yyp = £ tan ty (45)

then proceed with the calculation for Xy, Yy, and ay using the above corrected
values with only one change. Equation 22 becomes

Ray = (H-hy) tan My . (46)

The reader might note that in the foregoing several approximations
were used, All these contribute to the error in the method. The author is
not able to place a rigorous upper limit on the flight, terrain conditions
for a given error in this method. However, it can be safely stated from
experience that if the reliefs are less than about 25 feet the error of the
method is appreciably less than the random error of 15 seconds in ty and ty
for altitudes over 10,000 feet, This forms a somewhat serious limitation on
this method, although the above restrictions could probably be relaxed some-
what with no Serious effect on results.

17
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The method of vector relief was adopted basically from a method
developed by Dr. Traenkle of the Wright Field Air Development Center.

Method B Iterative Procedure

Unlike the vector relief method there are no approximations used
with this method. The solution obtained is precise. Hence, there are no
restrictions as with the vector relief method. As will be seen the compu-
tations are more complex.

Refer back to Fig.)+ which shows geometrically the displacement
on the photograph due to relief when the position in space of the photo-
graph is known. Analytically this displacement can be expressed component-
wise as ‘

X, -X (47)

' V=Y
A = - a_n 48
Va (Bny )72 (48)

1+
hANa

where all symbols used have been previously identified. From Fig. 4 it is
obvious that if Ax and Ay were known, point a could be displaced to its
ideal position and the relief hA ignored. In Equations 47 and 48 the un-
knowns are H, x,, and Yp- Thus, by guessing at H by rough scale or alti-
meter reading as a starting point and assuming that X, = ¥ = 0O,
Equations 47 and 48 become

As
A = - Iy
Xa H s ( 9)

by = - (50)

Repeating this for points b, c,and 4 the photographic coordinates
can be corrected by these values and xp, y,, and H can bedetermined. Now dis-
carding the first solution, start over applying Equations 47 and 48 with our
new values for Xn,¥p» @nd H and repeat the entire procedure until the values
of Xn»¥n, 8nd H no longer vary to the accuracy desired. It should be empha-
sized here that in Equations 47 and 48 the coordinates x4 and y, (they also
appear in Ng) refer always to the original values and not to any values ob-
tained during the previous iteration.
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Now taking the final corrected coordinates as used in the final
solution in the iterative procedure (not those used in Equations 47 and 48)
with the final values for xp, Yn» 8nd H the remainder of the sclution pro-
ceeds as previously indicated.

This method involes more complicated computational techniques
andisnotef all suited to hand computation. However, in the more recently
developed electronic computers the method causes no difficulties, This
project has had the vector-relief method programmed cn an IBM punch card
computer (CPC-2) and the iterative procedure programmed on an electronic
computer (MIDAC). MIDAC (Michigan Digital Autometic Computer) is the pro-
perty of the University of Michigen. Results have been very successful
with both of these computers.

The iteration closes with great rapidity and in general the first
trial is as good as the vector-relief method itself. The second iteration
is usually sufficicent to exceed the random elements by & large amount which
is, of course, sufficient. Tests made during this project show that for
reliefs as great as 0,2 H the iteration closes to less than 3 seccnds of
arc in only five iterations. Hence, with automatic computers available this
method is much superior to the vector method.
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THE PHOTOGRAMMETRIC RANGE

The types of target, their distribution, extent of the range, relief
considerations, and the calculation of horizontal control will be discussed
under this topic,

In general the photogrammetric range is an array of clearly marked
points on the ground, the geodetic coordinates of which have been located
with high accuracy by triangulation or traverse.

There are two types of photogrammetric targets. One is the spe-
cially constructed panel and the other is the natural terrain feature., The
latter type consists mainly of road intersections, building features, hill
tops, and even foot-path crossings. Examples of the use of this type of
target are the ranges at Brookville, Ohio and Phoenix, Arizons, although
the latter range does contain some panel targets. This type of target though
usable is not efficient. Many of these targets are very difficult to find
and measure in the comparator. Some of them may be altered by construction
or even obliterated by the property owner. As each target is different in
nature it is virtually impossible to set a uniform altitude limit for range
use. Thus, while a road intersection may be fine at 30,000 feet a neighbor-
ing foot-path crossing would be completely useless. These same points at
10,000 feet might be reversed as while the foot-path crossing may be sharply
defined, the roadway would probably appear broad and hazy. This is the type
of difficulty to be expected with this type of target.

- The other type of target is the panel. These panels are uniform
in size and appearance in one range. XHowever, they may take several forms.
One form is that of a circular disk; another is a nine square checker ‘tuard
pattern, and a third is that of a cross. The function of these panels is
to form a clearly defined image on the photograph. In order to do this the
panel must have dimensions that will overcome the attermating factors such
as halation, resolution, and image motion. If the target has a pattern
such as & checker board then each segment must meet the above requirements,
In addition these panels must contrast well with the surrounding terrair.

The circular disk,providing contrast is obtained; best satisfies
all these conditions as none of the above effects vary the symmetry of the
target outline. The range at McClure, Ohio is of this type. It consists
of 6-foot concrete disks in the center of the range and 12-foot disks alcng
the outer edge., The reascn for the two different sizes of targets in this
range has no relation to the problem at hand. This range is excellent up
to 15,000 feet and usable up to at least 20,000 feet, '
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The cross satisfies all the conditions that the disk does and is
correspondingly useful. It is not quite as easy to measure on the comparator
as the symmetry is not as easily distinguished as that of a disk. The range
at Phoenix, Arizona, contains a few cross panels which are 48 feet long and
about 10 feet wide. These crosses are excellent up to at least 20,000 feet
and usable probably to 30,000 feet.

The checker-board pattern satisfies all the conditions of the
cross except the possibility of image motion effects. This pattern appears
as & cross on the photograph. The most useful aspect of this pattern is
that contrast is always achieved as the target contains both dark and light
elements, However, these targets must be physically large as each segment
of the pattern must have the same dimensional requirements as that of the
entire disk target. Also if the image motion is large enough to superimpose
one segment on the next the entire pattern might well disappear. The range
at Eglin Air Force Base, Florida, is of this type and the targets are 3uU
feet square with 10-foot checkers. At 10,000 feet image motion difficulty
has been encountered. At 20,000 feet the range is excellent and probably
usable to 30,000 feet.

In conclusion it is recommended that the panel target be used in
this type of reduction. Tke disk type is probably the best but the other
types are completely usable. The panel should have such contrast and di-
mensions as to form & clear image at the highest altitude desired. Unfor-
tunately, due to varying resolutions of different lens systems, it is not
possible here to fix target dimensions that will cover all siuations. it
can be said, however, that for the metrogon lens the target elements should
subtend an angle of about 0.0003 radians or greater at the highest altitude
to be used. It is best to determine the target dimensions experimentally
with the equipment to be used to insure the best results.

The distribution of targets must be such that sufficlent images
fall in one photographic frame to provide data for a predetermined number
of solutions. On this project it has been a practice to work three inde-
pendent solutions requiring twelve separate control targets on the photo-
graph. In order to get strong solutions these targets must be well spread
or distributed around the outer edges of the frame.

Most photogrammetric ranges are laid out in a rectangular grid.
The ranges at Eglin Air Force Base, Florida, Phoenix, Arizons, and Brook-
ville, Ohio, are such ranges. The first is & 10,000-foot grid and the
other two 5,000-foot grids. The McClure, Ohio range contains a 5,000-foot
grid, but in addition there are many targets interspersed in this pattern,
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A typical serial camera records a ground area of approximately BH/E
feet square. This assumes a six-inch lens and a nine by nine-inch frame.
Assuming a grid pattern of targets an idesal minimum arrangment on the photo-
graph would appear as in Fig. 8. To insure the appearance of at least the
arrangement of Fig. 8 on the photograph, the ground area must obviously be
at least 4S square where S is the grid separation. This corresponds to an
altitude of 8S/3 feet. Also from Fig. 8 it can be seen that if the position
of the gircraft can be controlled accurately an area of only 3S feet square
or an altitude of 25 feet would be sufficient. Thus, the minimum altitude
for range use lies between 88/5 and 25 feet, For S equal to 10,000 feet
this corresponds to a range of from about 20,000 to 26,666 feet. This is
merely an example of the type of reasoning that can be applied and it, of
course, must be modified to fit the cemera-range combination that is to be
used as well as the experimental conditions.

The distribution of the targets gives a minimum working altitude.
The meximum working altitude is found from a consideration of the target
dimensions and the extent of the range.

The extent of the range, providing the targets are usable, deter-
mines the upper limit of the working altitude as well as restricting the
pattern of flight. Using the same reasoning as before (six-inch lens and
nine by nine-inch frame), a range whose minimum dimension is K feet should
not be used ataltitudes over 8K/9 feet, This assures that the range covers
at least 3/4 of the frame width. Much less then this weakens the solution
too much., The maximum dimension of the range is also the maximum length of
usable flight path in one pass over the range.

All the above assumed that the tilt of the camera was low, say
less that 10°. If the tilt is high, then the ground area included in cne
frame increases gregtly and the targets may be much farther from the camera
than before at a given altitude. This much morecomplex problem will not be
discussed here as this is essentially a low tilt reduction.

The foregoing also assumed & six-inch lens and nine by nine-inch
frame. There are of course a wide range of cameras available with different
dimensions. Each could be considered in the same manner with the ground
area covered being WH/f feet square, where f is the focal length, W frame
width, and H altitude.

If the vector-relief method in calculation is desired, then the
target reliefs must be considered. These should be of the order of about
25 feet or less from the datum plane. Only the McClure, Ohioc, range is
completely satisfactory in this respect. With the iteration procedure the
reliefs are of no special interest,
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To sum the data for the three principal ranges now in use that are
known to the suthor:

Phoenix, Arizona. This range has external dimensions of 150,00C by
170,000 feet. The targets are terrain features in a 5,000-foot grid. The
lower altitude limit is from 14,000 to 10,000 feet. The upper limit is diffi-
cult to fix with this type of target, but is probably around 30,000 feet in
most sections of the range. There are unfortunately many gaps in the control
points which would restrict the flight patterns somewhat. However, this
range permits much more maneuvering than the other three. The reliefs are
quite high and the iteration prccedure should be used with this range.

Eglin Air Force Base, Florida. This range has external dimensions
of 30,000 by 90,000 feet, The targets are panels in a 10,000-fuot grid,
These panels are checker board and are 30 feet square with 10-foot checkers,
The lower altitude limit is from 27,000 to 20,000 feet and the upper limit
is about 27,000 feet. This range is highly restricted as to altitude and
flight patterns. The reliefs are moderate and lie on the borderline for
the vector relief method.

McClure, Ohio. This range has external dimensions of 25,000 by
25,000 feet. The targets are panels in & 5,000-foot grid with many more in-
terspersed in this pattern. These panels are six and twelve-foot disks.
The lower altitude limit is about 7,000 feet and the upper limit is about
20,000 feet. This lower altitude range permits s sliight amount <f maneu-
vering.

The above altitude considerations assumed a six-inch lens with a
nine by nine-inch frame and the inclusion of sufficient targets for three
independent sclutions. The altitudes should, of course, be modified for
other conditions.

The method and the necessary parameters for tue calculaticn of the
horizontal control are given in references 5 and 6. <nly the accuracy will
te discussed here.

Most ranges are surveyed by intersections from first order tri-
angulation stations. The position accurascy of such points varies slightly
with the distances involved. At the McClure, Ohiu, range this error is
about four inches and probably is of this order of magnitude in most such
photcgrammetric ranges. The calculation procedures give an accuracy of une
part in a hundred thousand, providing the origin for calculation is within
18.6 miles of the point in question., These errors are much smaller then the

film errors menticned before, and hence, have negligable effect cn the over-
| a11 accuracy of the soluticn.
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The target elevations are surveyed from sea level to a very high
degree of accuracy. Errors in elevation have even less effect on the overall
accuracy than horizontal erraors and may also be neglected.

In discussing the ground datum plane there are several points that
should be mentioned briefly. In effect the computation locates the control
point on a flat surface such that planar distances equal the equivalent
geodetic values with an accuracy of one part in one hundred thousand within
18.6 miles of the origin. This means that this plane can be considered tan-
gent to the earths surface anywhere within 18.6 miles of the origin without
appreciable error in horizontal position. As such an area includes all pre-
sent ranges it 1s a valid assumption that the ground planar ccordinates lie
in a plane that is tangent to the earths surface at the ground nadir point
for each photograph considered.  The actual determination of such & plane
is done by the curvature correction which will be considered in the appendix.
Although distances in the plane are true, azimuths are not unless corrected.
This correction is

Ax = M sin g . (51)

Hence, if it is desired to determine the true azimuth about some
point in the plane, the correction is found by Equation 51, where AR" is
the difference in seconds in longitude between the point in questicn and
the origin of calculation and ¢m is their mean latitude. A 1s in se-
conds and is positive east and negative west of the origin.

Also the coordinates as computed in reference 6 are at sea level
scale and should be corrected to some mean elevation for the range. This
correction factor is 1 + h/R, where h is the elevation desired and R is
20,906,000 feet. The only reason for this is to keep the reliefs as small
as possible and to reduce the computed altitude to the datum plane reference,
On this project the mean elevation of all the control points was used.

The origin of the calculation is usually chosen as some point near
the center of the range to hold the calculation error as low as possitle.
It is commcn practice to later translate the origin s¢ that all ccordinates
are positive. The elevations are from sea level and shculd be translated
also tc the mean elevation. This gives both positive and negative values
for elevation from the ground plane.

Tn conclusion it can be said that the random errors introduced by
" the ground control points are dominated by the film errars to such a degree
that they may be considered as second order.

In order to insure this situation great care should be taken toth
in the survey and in computing the ground coordinate system.
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PROCEDURE

Following are the procedures used on this project. Inasmuch as
this project has no direct experience beyond this point it will be assumed
that the procedure starts with the exposed and developed film., It will be
assumed also that automatic computation is available. If hand computation
is used much of the procedure is best developed by the computers themselves.

First, the frames are identified and cut to fit the measuring
apparatus. The identification is usually done by flight and run numbers in
conjunction with the film-counter number which ordinarily appears on each
frame, '

Next, the control points on the photograph are identified and
marked on the frame. This identification is most easily done with a map
or mosaic of the range for comparison. At this point the most desirable
configurations for solutions are selected and only the control points to
be used are selected. These points are recorded on the data sheet for mea-
suring in groups of four for each solution desired. For example, in Fig.
8 the points might be grouped 1-4-7-10,2-5-8-11, and 3-6-9-12. This gives
three well-spread configurations made up of four independent control points
in each case. Here points 13-14-15-16 are not used. On a less ideal photo-
graph this gystem has to be compromised as such symmetric groupings msy not
be possible. It may be necessary to include one or more control points in
one solution, however, thisshould be avoided as much as possible. Un this
project the following guides are used for each frame when three solutions
are desired: Only one point is to be used more than once and then in two,
but never three solutions. Thus, there must be a minimum of eleven usable
control points. The areas inclosed by each group are held as equal and as
large as possible. Each group is selected to be as close to a parallelo-
grem as possible. Any grouplng that has one or more triangular areas that
is very much smsller than the others is to be avoided. 1If a frame that does
not meet these conditions is evaluated, the solution should be expected to
be accordingly weaker,

Following the group selection the frame is placed in the ccmpara-

tor for measuring. The frame should always be placed in a consistent manner,
- On this project the frame is placed emulsion up so that the positive y axis

is to the right. The "y" coordinates are then read and the frame rotated
"90° so that the positive x axis is to the right for the "x" cocrdinates.,

The reason for such a consistent orientation is that from frame-to-frame

the coordinate sign as determined by the computer will be consistent. Thre

frame 1s now measured as follows: First the frame is adjusted until the
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comparator reads the same at both the upper and lower fiducial marks, This
assures that the reference axis is normal to the line of measurement and
this reading is recorded as the axis reading. Next, the reading is taken
at each of the control points desired and recorded in the appropriate posi-
tion on the data sheet. Also, the reading is taken on the two ratioing
markers and the ratio recorded. This ratio is the known distance tetween
these markers divided by the measured distance. The frame is then rotated
to the other axis and the procedure repeated. An experienced operator can
get sufficient accuracy‘(0.005 mm) with one set of readings with clear con-
trol points.

The data sheet used for measuring should provide space for two
coordinates for each control point. In addition space is required for the
two axes and the two ratios. If the sheet is alsc used to code the compu-
ter it should provide space for three datum plane coordinates for each con-
trol point.

The frame is now ready for computation. The computer then forms
and solves the necessary equations for P, R, O, Xy, Yy, and H. In doing
this the computer must also remove the systematic deviations in order to
get the necessary photographic coordinates for the solution., The detaills
of the operation of the computer in getting a sclution from the phctographic
coordinates will not be discussed here. They are very straight forward and
can be developed as needed. The method in getting the photograrhic cocrdi-
nates from the comparator data will be discussed next.

With reasonably experienced persomnel the entire procedure including
one set of measurements takes about fifteen minutes exclusive of computer time,
For efficiency these operations can done on a mass producticn hasis if a
large number of phcteographs is to be evaluated.
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OBTAINING PHOTOGRAPHIC COORDINATES FROM THE COMPARATOR DATA

This is actually part of the operation of the automatic ccmputer.
With automatic computation the following should be programmed on the computen

In order.to get the photographic coordinates it is first necessary
to remove the gystematic deviations. Any thermal-pressure effects on the
camera-measuring system that are known can be removed by ratioing the focal
length of the camera. In general, these will not be known and no provision
can therefore be made. However, as mentioned before this is of no signifi-
cance unless H is a critical value. The other deviations to be removed are
lens distortion, earth curvature, and atmospheric refraction. Each of these
are considered to be functions of the distance on the photograph from the
principal point to the control point in question., This will be called tre
radial distance r. Also each of these deviations is considered. to te along
this radial line. The magnitudes of these deviations are a known empirical
or analytical function of r with f and H parameters. The three deviations
if summed can be tabulated or plotted with r as argument and f and H para-
meters. The three deviations are discussed in more detail in the appendix.
It has been our experience that the simplest way to express the deviation
as a function of r is with a polynomial in r. This polynomial is found by
the method of least squares fromtwbulated data. It has also been focund that
a cublc gives sufficient accuracy for our purposes.

Therefore, if f and H are known the deviation as a function of

D = C1r3+ Cor2 + Car + Cq4 5 (52)

where D is the deviation in millimeters along the radial lire and C,;, Co,
Ca, and C4 are known constants.

Now the step-by-step procedure taken by the computer for one of
four contrcl points is:

1. Obtain the raticed, measured coordinates (xﬁ,yﬁ) 5

i

xﬁ (xA'xB)Rx (5%)

Yo = (yp-yp)By (54)

where (xg,yg) are the comparator readings of the control point, (x,y,) are
the corresponding axes readings, and Ry and Ry are the ratios in x and y,
respectively.
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2. Find the radial distance rp 5

r = \/xp§+ypé . (55)

p

3. Form and solve Equation 52 for D.

4, Find the coordinate components for D or Dx and D

3”
Dy = D (X-E')/rp) (56)
Dy = D (yp/rp) . (57)
5. Obtain photographic coordinates (xp,yp),
X = xﬁ + Dy (58)
Yp = ¥p + 1Dy . (59)

This is of course repeated for the other three control points in
the solution. Atthispointﬁnemain part of the solution is done by the com-
puter. The constants C,, C5, C3, and C4 along with f may be considered as
parameters of the solution.
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INITTAL DATA FOR COMPUTATION

Parameters

For a given camera f is fixed and if H is known then C,, C,, Csg,
and C4 can be found. As these values are not at 8ll critical in H it is
usually possible to use one average value for the entire series of flights,
For example, if H is taken as 25,000 feet then the computed constants are
sufficiently accurate (within the film errors) from 22,500 to 27,500 feet
or a 5,000-foot range. Thus, if C,,C5,C5 and C4 are found for 5,000-foot
intervals in the range of altitudes to be used, sufficient accuracy will be
obtained. These parameters are best stored in the computer and applied as
long as the altitude does not vary beyond the above limits. For this pur-
pose the altimeter reading is accurate enough for H.

Frame Data

the point of view of the programmer of the computer.

Problem Data

For each problem there are twenty input items consisting of eight
photographic coordinates and twelve ground coordinates. If an electronic
computer is used, it is possible with the large storage available to store
the entire system of ground coordinates and refer to them by code numbers.
This would save considerable transcription.

There are in addition to these input items a guessed value for H
in the case of the iteration procedure. Some example data sheets are in-
cluded in the appendix.
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For each frame there are four input items for the computer., These
are the two ratios and the two axes readings. There is no point in repeating
these for each problem in the frame, although it may be simpler to do so from
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CONCLUSION

It is hoped that the foregoing will answer the maJjor questions
that might arise in the consideration or application of these procedures.
There are of course many questions left unanswered, but it is hoped that
these are of secondary importance and that most of them can be worked out
independently.

The procedures given are based on those in present use on this
project and naturally depend on the equipment possessed by this project.
It should be reemphasized that much of the text refers to specific con-
ditions and the use of certaln equipment. In these cases it is meant
merely to give examples and modification may well be necessary.

It should also be mentioned that this reduction process is essen-
tially a low-tilt method (10° or less). By slight extensions of reasoning
it can be made applicable to low-obligque photography by reviewing all con-
ditions that depend on & low-tilt consideration.

In all, over 500 frames have been subject toc this analysis in
one form or another by this project wlth success in almost every case.
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APPENDIX

The inclusions in this appendix are first brief discussions and
examples of the three deviations, curvature, refraction, and lens distor-
tion., This is followed by an example of a composite or sum curve of these
deviations along with a sample cubic equivalent.

Next, 1s a typical frame taken from & run over the McClure, Ohic,
area. Then follows a sample reduction using this frame by both the vector-
relief and iterative process.

Curvature

The curvature correction is probably the least understood of the
three systematic deviations and will be discussed here in more detail. Con-
sider Fig. 9. As noted under Photogrammetric Range the plane of the horizon-
tal control may be considered tangent to the earth (approximated by a sphere
in Fig. 9) at the ground nadir point O. The point P on the spheric%; sur-
Tace is computed to be at P' in the tangent plane such that OP' = 0P, In-
asmuch as ¥ will not exceed five minutes under any practical circumstance,
tnls 1s certainly true to a very high degree of accuracy. The physical
effect of the point P actually being on the spherical surface is to compress
tire photograph in that region by the amount pp' as is obvious from Fig. 9.
Now the distance PP' is

PP' = OP'Z/eR (69)
and as PC is practically parallel to OC

PP" = OP'3/2RH . (1)
ratioing this value to the photograph gives

Hr3/2RFZ . A2)

pp’
For a six-inch lens with R equal to 20,906,000 feet this becomes

pp’ = 1,051408 10712 Hr3 mm . (63)
Now the tangent plane and spherical surface in Fig. 9 are at the elevation
of the target in question. The correction for a different elevation would

change pp' very slightly. However, for normal reliefs in a photogrammetric
range this difference is small enough to neglect. Also, Fig. 9
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assumes no tilt which can only be neglected for low tilt such as less than

10°. A plot of Equation 63 appears in Fig. 10 for varying altitudes. This

plot is a radial correcﬁoncnthephotograph against radial distance from the
principal point. The correetion is outward from the principal point.

Refraction

This effect is discussed thoroughly in reference 7. The plot in
Fig. 11 for a six-inch lens shows the radial correction against radial dis-
tance from the principal point for varying altitudes. This correction is
toward the principal‘point. :

Lens Distortion

This effect is discussed in any good reference on photogrammetry.
A typical distortion curve is shown in Fig. 12. This is for a six-inch
metrogon lens. The distortion correction is negative above the axis and
positive below. The curve is for T-11 51-193.

Composite Curve and Cubic

The following curves (fig. 13) are the sum of the preceding three
for H = 10,000 feet and the corresponding cubic curve. This curve is
positive beneath the axis and negative above it. The solid curve is the
tabulated sum curve and the dashed line curve is the cubic computed to fit
this curve by least squares., These curves are the ones to be used in the
elimination of the systematic deviations as discussed under Obtaining the
Photographic Coordinates. ‘It can be seen from the curve that for radial
distances less than about 30 mm the cubic curve deviated badly. This curve
is to be applied for radial distances greater than 30 mm only. However,

a radial distance this small is never found and for ordinary use this de-
viation is of no serious consequence, It should of course be kept in mind
for exceptional circumstances. The cubic otherwise never deviates from
the composite curve by more than 0,010 mm. This is sufficient accuracy
for most purposes. If a better fit is desired it can of course be cttained
by the use of a higher order polynomial. The cubic illustrated has the fol-
lowing coefficients:

C, 7.523% x 10~ 7
-1.6253 x 107¢
Cs = 9.0578 x 1072
-1.5699 x 10 *
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It should be noted that in this curve and the ones for lens dis-
tortion and refraction a positive correction is towards the principal point.
The curvature curve has the opposite sense.

A Typical Frame

Fig.l illustrates a typical frame taken from a run over the McClure,
Ohio, area. This gives a practical illustration of the selection of control
points on a frame, as well as showing e portion of one of the photogrammetric
ranges in present use., Here the problems are grouped as follows: 14-4O-47-
9, 13-52-50-15, and 12-34-51-30, There are in addition to the twelve control
points selected thirty more on this frame. This shows the very dense control
in this area. These targets are all six-foot disks which in general are very
sharp on this frame at about 10,000 feet. The east-north arrows shown are for
the purpose of facilitating the location of control by the comparator operstor.
The following numerical examples are from data taken from this frame.

Numerical Example

Vector Relief. This problem is 14-49-47-9 from the frame illustra-
ted. The initial data are given on the following data sheet. This sheet is
for IBM computation with the CPC-2. This machine program is only set up to
solve for ty and ty. However, here the entire solution will be obtained.

The symbols used in the text will be followed as closely as possible and
appropriate equation numbers will be referred to,

The first step is to obtain the photographic coordinates., This is
done as follows: For point & using Equations 53 and 54

_ *
xé = 112,483
yé = 99,247 .
From Equation 55,
r, = 150.008 .

From Equation 52 using the given coefficients

D = 0.084

*¥ In all cases photographic distances are given in millimeters and ground
distances in feet. The solution will have corresponding units.
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From Equations 56 and 57,

D

Il

M 0.063

D

. 0.056

i

and the desired coordinates from Equations 58 and 59 are

X = 112,546
Yo =  99.303

Repeating for points b, ¢, and 4, the coordinates are

X%, = 97.518
o= -88.531
X, = -66.329 |
Yo = ~80.656
Xg = -59.505
g = 107.921

Now using Equations 1 and 2, solve for the eight areas necessary
to find K; and K, in Equations 3 and 4. For this purpose, use the photo-
graphic coordinates and the datum plane coordinates given on the data sheet.

Hape = 15,447.19145
Haca = 16,251.83533
Hped = 15,475.75736
Hepa = 16,223,26942
Hape =  62,844,210.85
Hacp = 63,526,498.33
Heep = 63,101,514.95
Hagp = 63,269,194,23
K, = 0.960808321
Ko = 0.956458319

Using f from the data sheet, form Equations 5 and 6

154.6908991 x, - 192.2223948 y,
~173.9745580 x, - 175.6351805 y,

-1,022.06T119

non




Xn
Yn

Now from Equations 9, 10, and 11

H 942025972

Using these values, find the four

This agreement indicates that the
data. From this H is found to be

H

From Equations 37 and 38,

Mtga
Atyg

From Equations 39 and L0,

Aty

Aty

tX
ty
i
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Solving for x, and y, the following is obtained.

0.575591594
5.249112525

= 24,059.33725
= 23,064.72546
= 23,011.75327
= 24,005.54299
= 153.3009739

check numbers H from Equations 12 and 13.

= 94,118,620.%1
= 94,118,620.36
= 94,118,620.33
= 94,118,620,33

solution is consistent with the initial

= 9,70L.475

Now refering to the topic Method A Vector Relief,

0.215%3°
1.9622°
9,701.475 ft.

0.0007040
0.0006822 .

-0.0040°
-0.0591° .

- 0.0000704
- 0,0010322

From Equations 41, 42, and 43, noting datum plane elevation 686,87 ft,

1

0.2113°
1.9031°
9,70k, 71 ft.

Ly
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This is as far as the CPC-2 was programmed, but the solution pro-
ceeds as follows From Equations 44 and 45,

0.5650232
5.0908006

Xp
In

Using these values and Equations 20 and 21, find tan Mg which is

tan My = 0.9328033 .

Now apply Equation 46 and not Equation 22 to find Rpy. Noting again that
the elevation of the McClure range datum plane is 686.87 feet, find that
hp is 9.25 feet above the datum plane. Using this value from Equation 46,

Ray = 9,043.96. In the same way
Rgy = 8,689.37
Roy = T,025.31
Rpy =  7,376.91

Now Equations 18 and 19 can be formed,

- 16,892,765.2

'10,597.07 XN + 11;959-52 YN
- 246,885,127.4 .

-10,647.88 Xy - 11,833.26 Yy

[}

Solving for Xy, Yy

= 12,473.32
)ch 9,639.8k4

]

Before proceeding with the solution for azimuth, we note the po-
siton of the photograph in the aircraft. The positive y axis is in the ncse
and the positive x axis is toward the left wing. Hence, due to the reversal
in the lens system the negative y axis becomes the heading axis in an ortho-
gonal projection, Now for point A find the azimuth qp. This is done with
Equation 25.

It

aNA 133.2292°

From Equation 26,

_N 136.3920° .

b 4

From Equation 29,

269.6212° or 356.8372° .

k5
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In the same way

101.5434° or 356.8430°

356.8330° or 293.5530°
356.8382° or 70,1196°

od 5
Pg ¢
g D

i

From Equation 30,

356.8379° .

o

From Equation 27,

g

Finally, from Equation 31 and by examining the photograph to determine sign

6.3368° .

ay = 3ATATC .

Now noting Equations 7 and 8, write the final solution.

P = 1.9031°

R = 0.2113°

H = 9,70k, 71 ft
Xy = 12,473.%2 ft
Yy = 9,639.84 ft
oy = 3.,1747° .

Numerical Example Iteration

This is the same problem as in the previous example. The initial
data is given on the following data sheet, This sheet is for MIDAC and in-
cludes some additional input items. Hy is the starting value for the itera-
tion in altitude, the item titled No. of solutions merely indicates the
amcunt of the solution to be printed out, i.e., all six items or Jjust t,
and ty and the item No. of iterations .27 %% tells the computer how many
iterations to make. The second column locates the decimal and the third
is a binary scale factor used by the computer. With MIDAC the parameters
Cy, Cp, Cs, C4, and f are listed separately.

The first step is to compute the photographic coordinates which
is identical to the preceding example and will not be repeated. WNext the
iteration is started by applying Equations 49 and 50 to the photographic

L6
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Photo 16 Prob 1
Run 1 Control Point 14-49-47-9
CONTROL
COMBINATION - EXPLANATION

.17961 24 -9b Xg
. 34097 2d -9b Ya
.130116 3d -9b X0
.133051 3d -9b Yo
.32836 2d -9b Xp
.221364 34 -9b Vb
.10029271 1d -1b Ry
.10029572 14 -1b Ry
196332 3d -9b Xe
213567 zd -9b Ve
d 54 -16b HG
1 ld  -4bo no. of solutions
.189496 3d -9b X3
2536 2d -9b Y4
.925 1lda -1bb hp
.1906159 54 -16b X
. 3hh6T2 hka  -1éb Y,
.1906122 54 -16b Xg
.319 1a -14p hB
153191 5d -16b Y
.8L6k52 4ka  -16éb X
. 1540624 54  ~16b Yo

-.2 1lda -1kb he
84033k ha  -16b Xp
. 348584 ha  -16b Yp
.3 14 -kbp no. of iterations .2~ %%
LT67 1da -1hb hy

b7
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coordinates. The corrected coordinates become

Xg = 112,42
Yo = 99.2il
= 97.549
;% = -88.503
X, = -66.342
Yo = =-80.672
Xd = '59-459
yqg = 107.838 .

IIsing these coordinates, solve for Xns¥p» and H as before getting

X, = 0.5647140
yn = 5.1088577
H = 9,70%.13 .,

The second iteration can now be started using the above values along with
the original photographic coordinates and getting the new corrected coordi-
nates by epplying Equations 47 and 48.

X = 112,437
Ya = 99.211
X, = 97.549
v, = -88.561
Xe = -66.5#3
Ye = =80.673
Xg = -59.457

_ ya = 107.838

Solving for xp,yn, and H,
Xxn = 0.5649228
Yo = 5.1029126
H = 9,70k.17 .

Starting the third iteration, it is found that the new corrected
coordinates are identical to the last ones to the accuracy being carried,
Hence, no new results will be obtained by reworking the solution and tte
iteration is closed. To proceed with the rest of the solution, use the
last set of corrected coordinates with the last solution. The only change
is in Equation 46 with Equation 22 being substituted. Otherwise the calcu-
lation is the same as before so the results will be given directly.

P = 1.9076°

R = 0.2113°

H = 9,704.17 ft
Xy = 12,k73.h2 ft

L8




Yy = 9,638.55 ft.
Qg 3.174k4°

1]

It is of interest to compare the results between the two methods
for this type of relief. Note the following differences:

AP = 0.0045° = 16.2"
AR = 0.0000°
M = 0.5h ft.
AXy = 0.10 ft.
My = 1.29 ft.
by = 0.0003° = 1.08"

The mean difference in tilt components is about eight seccnds which
is within the specified error of this method. The other differences are ex-
tremely small and of no special significance.

There are two other problems on the frame illustrated and to give
some idea of what might be expected from such a frame these problems have
been worked. The mean result of all three problems followed by the probable
errars of the mean are given below. For these other two problems the method
of iteration was used.

P = 1.9067° PEM = 0.0007°
R = 0.2075° PEM = 0.0085°
il 9,703.86 ft PEM = 0.28 ft
Xy = 12,473.11 £t PEM = 1.7k ft
Yy = 9,639.09 ft PEM = 0.38 ft
o = 3.1734° PEM = 0.0014°

Here the mean error in tilt component is 0.0046° or 16.56 seconds
which is about what was to be expected. The error in ground position is
1.76 ft. Checking relation 32, As/f = 0.000149 which in Equation 32 gives
AS = 1.45 ft this is a fair agreement. The relatively higher accuracy of
H and Oy should be noted. This is also in agreement with the text.

4o
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