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Chapter 12
Cubic family packings

Construct clusters with ‘cubic’ symmetry

Let A,B,C,D ∈ {∗,±B1,±B5,±B17,±B41,±B57,±V20}

Construct the packing 〈A,B,C,D〉 with ‘cubic’ symmetry, for all values of A,B,C,D

Calculate the spacings between all pairs of clusters, in all directions

in the 2-directions: A→ A, B→ B, C →C, D→ D

in the +3-directions: A→ B, B→C, C → D, D→ A

in the 1-directions: A→C, B→ D, C → A, D→ B

in the −3-directions: A→ D, B→ A, C → B, D→C

Evaluate the lattice vector a, which is the maximum of all calculated spacings

Note: a is the minimum spacing between neighboring clusters

The lattice basis is {〈0,2a,2a〉,〈2a,0,2a〉,〈2a,2a,0〉}

The fundamental domain ABCD is the convex hull of A = 〈0,0,0〉,B = 〈a,a,+a〉,C = 〈2a,0,0〉,D =
〈a,a,−a〉

Evaluate the lattice volume V = det
[ 0 2a 2a

2a 0 2a
2a 2a 0

]
= 16a3

Evaluate the packing density D = 1
6 n/a3, where n is the total number of tetrahedra from the 4 cosets

{A,B,C,D}

Note: Each tetrahedron has volume 8
3

Note: The following packings are congruent to {A,B,C,D} (via the following isometries)

{A,B,C,D} 〈x,y,z〉 →+〈x,y,z〉+ 〈0,0,0〉
{D,A,B,C} 〈x,y,z〉 →+〈x,y,z〉+ 〈a,a,+a〉
{C,D,A,B} 〈x,y,z〉 →+〈x,y,z〉+ 〈2a,0,0〉
{B,C,D,A} 〈x,y,z〉 →+〈x,y,z〉+ 〈a,a,−a〉

{−A,−D,−C,−B} 〈x,y,z〉 → −〈x,y,z〉+ 〈0,0,0〉
{−B,−A,−D,−C} 〈x,y,z〉 → −〈x,y,z〉+ 〈a,a,+a〉
{−C,−B,−A,−D} 〈x,y,z〉 → −〈x,y,z〉+ 〈2a,0,0〉
{−D,−C,−B,−A} 〈x,y,z〉 → −〈x,y,z〉+ 〈a,a,−a〉

Note: The offsets are the vertices of the fundamental domain ABCD

We give all packings with packing density D≥ 4
7

We also give the packing with minimum packing density
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Guthrie: Aristotle. On heavenly bodies. Leob Classical Library, vol. 338. Harvard University Press,
vol. 6 (1986)

2. U Betke, M Henk: (FORTRAN computer program) lattice packing.f (1999)

3. U Betke, M Henk: Densest lattice packings of 3-polytopes. Comput. Geom. 16(3), 157-186
(2000)

4. ER Chen: A dense packing of regular tetrahedra. Disc. Comp. Geom. 40, 214-240 (2008)

5. JH Conway, S Torquato: Packing, tiling, and covering with tetrahedra. Proc. Natl. Acad. Sci.
U.S.A. 103, 10612-10617 (2006)
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12. H Minkowski: Dichteste gitterförmige Lagerung kongruenter Körper. Nachr. K. Ges. Wiss.
Göttingen, 311-355 (1904), in Gesammelte Abhandlungen. Vol. II, Teubner, Berlin, 3-42 (1911)

13. H Minkowski: Geometrie der Zahlen. Teubner, Leipzig (1896). Reprint: Minkowski, H.: Ge-
ometrie der Zahlen. Chelsea (1953)

14. M Senechal: Which tetrahedra fill space? Math. Mag. 54(5), 227-243 (1981)

15. DJ Struik: De impletione loci. Nieuw Arch. Wiskd. 15, 121-134 (1925)

16. S Torquato, Y Jiao: Dense packings of the Platonic and Archimedean solids. Nature. 460,
876-879 (2009)

377


