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.
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{-B4;,-By}

_ 120
a=¢7

{-B4;,—Bs}

™~
L~

(aa,—a)

2.000000000000

.

™~
L~

(aa,—a)

1.791044776119

.

™~
L~

(aa,—a)

2.000000000000

.

™~
L~

(aa,—a)

2.666666666667

=
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{-B4;,-By}

_ 120
a=¢7

{-B4;,—Bs}

™~
L~

(aa,—a)

2.000000000000

.

™~
L~

(aa,—a)

1.791044776119

.

™~
L~

(aa,—a)

2.000000000000

.

™~
L~

(aa,—a)

2.666666666667

=

314



{-B4;,-By}

_ 120
a=¢7

{-B4;,—Bs}

™~
L~

(aa,—a)

2.000000000000

.

™~
L~

(aa,—a)

1.791044776119

.

™~
L~

(aa,—a)

2.000000000000

.

™~
L~

(aa,—a)

2.666666666667

=

315



{+Bs7,+B;}

Q
Il
woo

o

{+Bs;,—B;}

_ 190
a= 93

{+Bs7,+Bs}

{+Bs;,—Bs}

—
ws

o

™~
L~

(aa,—a)

2.666666666667

™~
L~

(aa,—a)

2.043010752688

L

™~
L~

(aa,—a)

2.666666666667

o

™~
L~

(aa,—a)

3.333333333333
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{+Bs;,+By7}

_ 80
a=y

{+Bs;,-By7}

_ 10
a=3

{+Bs7,+B4;}

_ 7084
a = 2025

{+Bs;,—By;}

_ 10
a=3

™~
L~

(aa,—a)

2.962962962963

.

™~
L~

(aa,—a)

3.333333333333

.

™~
L~

(aa,—a)

3.498271604938

.

™~
L~

(aa,—a)

3.333333333333

.
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{+Bs;,+Bs;} /‘ (\
(a.a,~a)
a3y
4043010752688 ‘
{+Bs;,-Bs;} /‘ (\
(a.a,~a)
a=Yy

3.333333333333

.

{+Bs7,+Vy}

™~
L~

(a.a,—a)
a=3+32vV2-210
3.047553602722

.

{+Bs7,—Va}

™~
L~

(aa,—a)

a=3+2V2-2V10
3.047553602722

.
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{-Bs7,+B;}

{-Bs7;,—B,}

{-Bs7,+Bs}

™
L~

(aa,—a)

3.333333333333

I

™
L~

(aa,—a)

2.666666666667

o

™
L~

(aa,—a)

3.333333333333

I

N
L~

(aa,—a)

4.000000000000

I
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{-Bs;,+By7}

_s8
a=7i

{-Bs7,-By7}

a=4

{-Bs;,+By;}

_8
a=y

{-Bs7,-By}

_ 376
a=93

™~
L~

(aa,—a)

3411764705882

.

™~
L~

(aa,—a)

4.000000000000

.

™~
L~

(aa,—a)

3.904761904762

.

™~
L~

(aa,—a)

4.043010752688

.
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{-Bs;,+Bs;}

=t

{-Bs;,-Bs;}

_ 376
a=93

{-Bs7,+Vy}

—_
=

o

{=Bs7,=Va}

—_
=

o

™~
L~

(aa,—a)

4.666666666667

I

™~
L~

(aa,—a)

4.043010752688

.

™~
L~

(aa,—a)

3.666666666667

™~
L~

(aa,—a)

3.666666666667
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{+Vy,+B;}

w

I

{+V5,-B;}

wu

o

{+Vy,+Bs}

w

D

™~
L~

(aa,—a)

2.333333333333

™~
L~

(aa,—a)

1.666666666667

™~
L~

(aa,—a)

2.333333333333

™~
L~

(aa,—a)

3.000000000000

I

322



{+Va,+By7}

™~
L~

(aa,—a)

a=J1looV2 +335,V10
2.390199192745

.

T
s
8
=

™~

7

(aa,—a)

3.000000000000

.

{+Va0,+Byy} /‘ (\
(a.a,-a)
0= TVE T+ VIO
2.971237490621
{+V20,~Byy}

™~
L~

(aa,—a)

a=3+2V2-2V10
3.047553602722

.

323




{+Va9,+Bs7}

(aa,—a)

—_
=

.

3.666666666667

{+Vy,-Bs;}
(aa,—a)
a=3+2V2-ZV10
3.047553602722

{+V20,+ V)
(a.a,—a)
a=3
2.666666666667
{+V20,— Vol
(a.a,—a)
a=3

2.666666666667

™~
L~

™~
L~

.

™~
L~

.

™~
L~

.
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{=Vy.+B;}

w

o

{=Vy,-By}

wu

Jo

{=Vy,+Bs}

w

I

™~
L~

(aa,—a)

2.333333333333

™~
L~

(aa,—a)

1.666666666667

™~
L~

(aa,—a)

2.333333333333

™~
L~

(aa,—a)

3.000000000000

o
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{=Va0,+By7}

™~
L~

(aa,—a)

a=J1looV2 +335,V10
2.390199192745

.

:
S
&
e
7

(aa,—a)

3.000000000000

.

{=Va0,+Byy} /‘ (\
(a.a,-a)
PETEN RN T
2.971237490621 . ‘
{=V20,-Byy}

™~
L~

(aa,—a)

a=3+2V2-2V10
3.047553602722

.
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{=V20,+Bs7}
(a.a,~a)
a=1}
3.666666666667
{=Vz,-Bs7}

(a.a,—a)
a=3+2V2-2V10
3.047553602722

{=V20,+Vy}
(a.a,—a)
a=}
2.666666666667
{=V20,-Vy}
(a.a,—a)
a=}

2.666666666667

™~
L~

.

™~
L~

.

™~
L~

.

™~
L~

.
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Chapter 12
Cubic family packings

Construct clusters with ‘cubic’ symmetry
LetA,B,C,D € {*,+B,,+B5,+B;, B, ,£Bs,,+V,,}
Construct the packing (A, B,C, D) with ‘cubic’ symmetry, for all values of A,B,C,D
Calculate the spacings between all pairs of clusters, in all directions
in the 2-directions: A - A,B—B,C—C,D — D
in the +3-directions: A - B,B—C,C— D, D — A
in the 1-directions: A - C,B—D,C —A,D — B
in the —3-directions: A —D,B—A,C—B,D —C
Evaluate the lattice vector a, which is the maximum of all calculated spacings
Note: a is the minimum spacing between neighboring clusters

The lattice basis is {(0,2a,24), (2a,0,2a),(2a,2a,0)}

The fundamental domain ABCD is the convex hull of A = (0,0,0), B = (a,a,+a),C =
<a7 a, 7Cl>
0 2a 2a
Evaluate the lattice volume V = det {Za 0 Za} = 1643
2a 2a 0

<2a7070>7D:

Evaluate the packing density D = %n /a®, where n is the total number of tetrahedra from the 4 cosets

{A,B.C.D}

Note: Each tetrahedron has volume %

Note: The following packings are congruent to {A,B,C,D} (via the following isometries)

{A.B,C.D} (x,y,2) = +(x,5,2) +(0,0,0)
{D,A,B,C} <X,y,z> H+<x,y,z)+(a,a,+a>
{C,D,A,B} (x,y,2) = +(x,y,2) +(2a,0,0)
{B7C7D7A} (x,y,z) —>+<x,y,z)+(a,a,—a)
{7A57D7 7Ca 73} (x,y,z> - 7<xvyv > <0 0 0>
{_37 —A,—D, _C} <X,y,Z> - —<X,y, >+ <a a, +a>
{_C7 _B7 _Aa_D} (x,y,z) - —<X,y, >+<2a 0 0>
{7D77C77337A} (X,y,z>H*<x,y, >+< >

Note: The offsets are the vertices of the fundamental domain ABCD
We give all packings with packing density D > %

We also give the packing with minimum packing density

328



{-Bi7%%,+B 7}

2 cosets
34 tetrahedra
U= 2372
90.666666666667
a=2
2.000000000000
V=128
128.000000000000
p-1

708333333333

{+B17,—By7 %%}

{#,+B17,~By7,%}

{x,%,+B17,~ By}

— 7
Z ~
>
&
Y/ V
Y N
S~ B
S~
~
A \}

™~

L~

329




{+V50,+ V20,4V, +Vq}

4 cosets
80 tetrahedra
U=%
213.333333333333
a=!
2.666666666667
v-ur
303.407407407407
D=4

.703125000000
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{+B4;,~B4;,+B4;,—By;}

4 cosets
164 tetrahedra
U= 1212
437.333333333333
a=28
3.464788732394
V= 238190976
= 357911
665.503368155771
p =301
= 544644

657146686643

{-By4;,+B4;,-By; ,+By )

/‘ e
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{+Vy,%,+Bs %}

2 cosets

25 tetrahedra

U=%°
66.666666666667

a=1+5V5 -3V2 +V10
1.857023431638
V=T VT VD

102.464195271793
_ 224728886700800 _97932582976000 /5 _341050262704000 /5, 152370804534400
D = 93428886883~ 8093428886883 V O ~ 8093428886883 Y 2 T 2093428886883 V 10
650633779827

{#,+V,0,%,+Bs} /‘ (\

{+Bs5%,4+Vy,}

{#,+Bs,%,+Vy} /‘ (\
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{+ V%

»#,—Bs}

{#,+Vyq

{=Bsx,+ V%)

{#,—Bs,#,+Vy}
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{+V5,+B; +,—B;}

3 cosets
22 tetrahedra
U= 1376
58.666666666667
a=%5
1.788854382000
V=125
91.589344358391
D= 15952\/5_

640540306055

{-B1,+Vy,+B; x}

{#,~B1,+ V5, +B;}

{+B#,—B,+Vy}
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{+V0,+B,+B }

3 cosets
22 tetrahedra
U= 1376
58.666666666667
a=%5
1.788854382000
V=125
91.589344358391
D= 15952\/5_

640540306055

{#,+V,,+B1,+B;}

{+B#,+Vy0,+B;}

{+B,+B; *,+Vy}
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{+Va0.%

#,—B}

{-B1,+Vy

{=B1,—B;,+Vy %}

{,—B1,—B,+Vy)
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{+By41,+B4,+B41,+By;}

4 cosets
164 tetrahedra
U= 1212
437.333333333333
o= B
3.498271604938
V= 5687948209264
= 78303765625
684.984205495805
D — 113484796875
= 177748384352

638457543728
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{_B41 ’_B41 ’_B41 ’_B41 }
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{+B4;,+B4;,-By;,—By;}

4 cosets
164 tetrahedra
U= 1212
437.333333333333
o= B
3.498271604938
V= 5687948209264
= 78303765625
684.984205495805
D — 113484796875
= 177748384352

638457543728

{-By4;,+B4;,+By;,—By )

{-B4;,~By;,+By; ,+By )

{+B4;,-B4;,-By; +By;}

/‘ e
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{-By4;,+B4;,+By; ,+By )
4 cosets
164 tetrahedra

_ 1312
U= 3

437.333333333333

_ 7084
a = 2025

3.498271604938

V= 5687948299264
~ 8303765625

684.984205495805

D= 113484796875
177748384352

638457543728

{+B4;,~By;,+By; ,+By ) /‘

{+By4;,+B4;,-By; ,+By;} /‘

{+B4;,+B4;,+By;,—Byi} /‘
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{+B4;,-B4;,-By;,—By;}

{-By4;,+B4;,-By;,—Byi}

{-B4;,~By;,+By;,—Byi}

{-B4;,-B4;,~By;+By;}
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{-Bs7,+B4;,~By;,+By7}

4 cosets
156 tetrahedra
U =416
416.000000000000
_ 246
a=7

3.464788732394

_ 238190976
V= 357911

665.503368155771

_ 4652843
D= 7443468

1625090750709

{+B17,~Bs7,+By4;,— By}

{-By4;,+B17,-Bs;,+By;}

{+B4;,-B4;,+B17;,-Bs;}

/|

342




{+Bs7,~B17,+B4;,—By;}

{-B4;,+Bs;,-B17,+By;}

{+B4;,-By;,+Bs;,-By7}

) [
A ey, 8
SR

=<

{-B17,+B4;,-By; ,+Bs;}
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{+Bs;,-B17,+B1;,-Bs;}

4 cosets
148 tetrahedra
U= 1;84
394.666666666667
a=%
3.428571428571
V=
644.851311953353
D-38

612027391975

{-Bs;,+Bs;,-B17,+By7}

{+B17,-Bs;,+Bs;,-By;}

{-B17,+B17,-Bs;,+Bs;}
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{+Bs;,-B17,+Bs;,-By;}

4 cosets
148 tetrahedra
U= 1;84
394.666666666667
a=?%
3.428571428571
V=
644.851311953353
D-38
612027391975

{-B17,+Bs;,-B17,+Bs;}
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{-Bs;,+B17,-Bs;,+By;}

{+B17,-Bs;,+B1;,-Bs;}
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{+Voo.%,+By %}

a=4V5
V=

D=5

{#,+Vyg,%,+B}

{+B #,+Vyg.%}

{#,4B1%,+Vy0}

56.000000000000

1.788854382000

91.589344358391

611424837598

347




{+ V%

ok ,—Bl}

{#,+Vyq

{=By#,+Vy0,%}

{#,~B1,#,+Vy}
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{+ Vo0, +B %%}

a=4V5
V=

D=5

{#,+Vy0,+By %}

{#,%,+Vy,+B}

{+B % %,+Vy}

2 cosets
21 tetrahedra

56.000000000000

1.788854382000

91.589344358391

611424837598
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{=B1,+ Vo %,%}

{*,—Bl ,+Vzo,*}

{* ,*,—Bl ,+V20}

™~
L~
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{-Bs7,—By;,+By;,+By7}

4 cosets
156 tetrahedra
U =416
416.000000000000
o= B
3.498271604938
V= 5687948209264
= 78303765625
684.984205495805
D = 107948953125
= 177748384352

607313273302

{+B17,~Bs7,~ By, +By}

{+B4;,+B17,-Bs;,—By;}

{-By4;,+B4;,+B17,-Bs;}

/|
N

/|
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{+Bs7,~B17,-By;,+By;}

PO

{+B4;,+Bs;,-B1;,-By;}

{-By4;,+B4;,+Bs;,-By7}

{-B17,-B4;,+By; ,+Bs7}
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{-Bs7,+B4;,+By;,+By7}

4 cosets
156 tetrahedra
U =416
416.000000000000
o= B
3.498271604938
V= 5687948209264
= 78303765625
684.984205495805
D = 107948953125
= 177748384352

607313273302

{+B17,~Bs;,+B4;,+By;}

{+By4;,+B17,-Bs;,+By;}

{+B4;,+B4;,+B17,-Bs;}

/|
N

/|

/‘ S
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{+Bs7,-B17,-B4;,—By;}

{-By4;,+Bs;,-B1;,-By;} /‘

{-B4;,-By;,+Bs;,-By7} /‘

{-B17,-B4;,-By; ,+Bs;}
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{-Bs;,—B4;,—By;,+By7}

4 cosets
156 tetrahedra
U =416
416.000000000000
o= B
3.498271604938
V= 5687948209264
= 78303765625
684.984205495805
D = 107948953125
= 177748384352

607313273302

{+B17,-Bs;,-B4;,—By;}

{-By4;,+B17,-Bs;,—By;}

{-B41,~ B4y, +B7,~Bs;}

/|
N

i
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{+Bs7,~B17,+B4;,+By;}

PO

{+By4;,+Bs;,-B17,+By;}

{+B4;,+B4;,+Bs;,-By7}

{-B17,+B4;,+By; ,+Bs7}
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{+B41,+V30,+ Vo0, +By7}
4 cosets - " o
98 tetrahedra 4"4%(‘7}@‘)7,
i w
261.333333333333 ‘L/>
a=3 A o Y §
%, YAV VAN
3.000000000000 | | ‘%g\\h%!ﬂ ¥
V=432 =&
432.000000000000
D=%
81

604938271605

{+B17,4B4;,+V50,+ V)

{+V30,+B17,+B41,+ Vo)

{+V20,+ V0, +B17,+By;}
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{=By41,~B17,+V30,+Voo}

{+V20,—By1,—B17,+ Vo)

{+V20,+Vp,~By;,-By7}

{=B17,+V0,+Vy,~Byy}
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{+B41,+V50,+Vog,+ Vo)
4 cosets
101 tetrahedra
U= sgs
269.333333333333
a=3+2V2-ZV10
3.047553602722

V= 47750704 _ 172032 , 5 +4550373600 2 119555336
= 109561 109561 108794073 979146657

452.870510636688

D= 463158693784537197520: 33 _ 1678409195030769213347328 5 _2 2 +8 5341
- 884526482 7 364873961828196414442263241 364873961828196414442263241 36487396182819641444:

729747923656392828:

.594724820909

{+V50,4+B41,+ V50,4 V!

{+V20,+V0,+B41,+ Vo)

{+V50,+ V0,4V, +By;}
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{=By1,+V30,+Vp0,+ V!

{+V20,~B41,+Vag,+ Vool

{+V20,+V30,~Byy,+ V! /‘

{+V30,+ Vo0, +V50,— By} /‘
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{—Bs7,+By4; ,+Bs7,+Vy}

4 cosets
175 tetrahedra

U= 1‘;00
466.666666666667

a=t

3.666666666667

V= 2;%96
788.740740740741

D53
591660405710

{+V20,~Bs7,+By; +Bs;}

{+Bs7,+V30,—Bs7,+By; }

{+B4;,+Bs7,+V39,—Bs;}

/|

/|
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{+Bs7,+V30,—Bs7,—By;}

{-By4;,+Bs7,+V39,—Bs;}

{-Bs7,~By;,+Bs7,+Vy}

{+V20,—Bs7,—By; +Bs;} /‘ (\
P N YN e =
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{-Bs7,~B17,+V3,—By}

4 cosets

95 tetrahedra

_ 760
U_3

253.333333333333

_ 7,135
a=p+pVs

3.005740308958

_ 452 324 [
V="347V5

434.484561461456

7732620, 5513040, / 5

D = —7830599 7880599

.583066363696

{-B1,—Bs;,-B7,+Vy}

{+V29,—B,—Bs;,—By7}

{-B17,+V3,~B;,—Bs;}

[N

9

/N
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{+Bs57,+B;,+ V., +B 7}

{+B7,+Bs7,+B{,+Vy}

{+Vy9,+B7,+Bs7,+B}

{+B1,+Vy,+B17,+Bs;}
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{+ V0, 5 5}

U=
a=%5
V=125

D=%V5

{4+ Vo0 %}

%, 4+ V0,5

{5, Voo

53.333333333333

1.788854382000

91.589344358391

.582309369141

™~

™~

™~
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{-Bs57,+V5,+V5,—B}
4 cosets

98 tetrahedra
U="8
261.333333333333
a=3+2V2-ZV10
3.047553602722

V= 47750704 _ 172032 , 5 +4550373600 2 119555336
= 109561 109561 108794073 979146657

452.870510636688

D= 224700752430122006717882217 _ 1628555456564508741663744
= 364873961828196414442263241  364873961828196414442263241

577059727219

{=B1,—Bs7,+Va,+Vy}

{+V20,—B,—Bs7,+Vy0}

{+V20,+Vy,-B;,-Bs;}

21679351228310447861048160
364873961828196414442263241

J

/|

AN

366

6373289082739527099357948
364873961828196414442263241




{+B57,+B1,+ V0, + Vol

{+V20,+B57,+B1,+ V)

{+V20,+Vy,+Bs7,+B;}

{+B1,+Vy0,+Vy,+Bs;} /‘ (\
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{-Bs7,+B4;,~By;,+Bs}

4 cosets
144 tetrahedra
U =384
384.000000000000
a=28
3.464788732394
V= 238190976
= 357911
665.503368155771
p =301
= 620289

.577006846809

{+Bs,—Bs;,+B4;,-By;}

{-By4;,+Bs,—Bs;,+By;}

A
é

5=
P57\

{+B41,~B4;,+B5,~Bs;}
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{+Bs7,~Bs,+B4;,-By;}

{-B4;,+Bs;,~Bs,+By;}

{+By4;,-By4;,+Bs;,—Bs}

{-Bs,+B,;,~B,;,+Bs7}
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{-Bs7,~By7,+Va ¢}

4 cosets
94 tetrahedra
U= 7352
250.666666666667
a=hpVs
3.005740308958
V=BT
434.484561461456
D= e trinosm V3
576928823025

{#,-Bs7,~B17,+Vy}

{+Va.%,~Bs;,-By7}

{-B17,+Vy.%,~Bs7}
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{+Bs7,%,+V,+B7}

IR
=z 79¢ 7

N

{+B7,+Bs7#,+Vy}

{+V0,+B7,+Bs7 %}

{#,+V59,+B17,+Bs7}
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1 L%NA, ¥

*

.

{+Bs7,+Bs;,+Bs;,+Bs;}

4 cosets
228 tetrahedra

U =608

608.000000000000

_ 376
a=93

4.043010752688

850518016
— 804357

V=

1057.388716701664

15282783
~ 26578688

D=

575001407142
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*
-~

N\

{-Bs;,~Bs;,-Bs;,—Bs;}
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{+V20,+By1,—Byy +Byy }

4 cosets
143 tetrahedra
U=
381.333333333333
a=28
3.464788732394
V= 238190976
= 357911
665.503368155771
D = 51181273
= 89321616

572999854817

{+By41,+V30,+By1,—Byy}

{=By;,+By;,+ Vo, +Byy }

{+B41,—By41 ,+B41,+ Vol

/‘ e

/|
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{+V20,—By1,+By1,~Byy }

{=By41,+V30,— By +Byy}

{+By4;,~By;,+V30,— By}

{=By1,+B4;,~By;,+ V!
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{-By#.#,+B}

V=128

{+B1,—B %%}

{#,+B1,—By %}

{#,%,+B;,~B4}

2 cosets
2 tetrahedra

5.333333333333

2.000000000000

128.000000000000

041666666667
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