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Abstract  

Grxi icn t - type  methods  which cmploy  pcn-  
a l ly  functions typically have r i i f f icul t ies  in solving 
optimal cont ro l  p rob lems  wit11 variable final t i m e .  
 method^ for improvinz thc rat.c of con\ crgcncc 
arc prcsentcd .  The first  Approach  involves sin>- 
ply guavautccing that (he  init ial  iterati: f i n a l  time 
is l e s s  L1ii.n the optitnnl f ina l  t imc.  I k u r i s t i c  
seasons for this approach  arc  presentod  a l o n g  
with a siniplc cxanrplc w h i c h  i l l u s t r a t c s  why such 
a n  approach i s  cflcctive.  
involvcs tlrc i i ic of  a tvo-d i rncns ionz l  ::e.irch m u -  
t ine ,  i v i i h  a final time pa rame te r  and tt,c con t ro l  
vcc to r  co r rc r t ion  length as the parameters .  
number of functiun evalai.t.ions is rcan~mablc  b c -  
cause o j  the availabil i ty of J ( 0 ,  0),  J (0, 0 ) ,  and 
J, (0, O j ,  wherc J ( n ,  T)  is thc two-pa rame te r  
function to 1 ) ~  minimized ,  and since a rccurs ivc  
quadratic surface fitting p raccdure  
?'he a p p v m c h  i s  illus1r;ted on two ac rosp ;~co  
t r a j c c t o r y  optimizatiuri problems,  

Thc second approach  

Thc 

N 

f .  

i o  crriployad. 

1. INTRCi1IIC:TION 

Whcn n gradient-type tcchniqur  i s  e m  - 
ployed t u  solve ai oiititr>al c m i t r o l  p ~ o b l c m ,  one 
n i u s t  coi:tiiiunlly confront thc problems associzlcd 
wi th  t c r m i n a l  equality cons!r;iints and va r i ab le  
f ina l  t ime.  
p r o g r a m m i n g ,  a ponnlty fimclion approach is ;>re - 
f e r r e d . t a  ii projectcd gradii.iit app roach ,  r s p -  
c i a l l y  if  a n  i:cceleratcd gradicnt tcchniquc such as 
thc coiijcfiatc gradient  m c U ~ o d  i s  cmployed .  I 1 . o ~ ~ -  
c1-C: r , niii i i(:  reus inve s t iga to r s  '~ravc found thaf. 
acccle  ra ted  gradicn t  ~ n c t h o d i  which ciriploy p u n  - 
a l ty  functions have serioits difficliltics with t ightly 
constrained problcms,  c specially thos r  involving 
var iab lc  f i n a l  t irnc.  In Ref. 1 it w a s  n o t c d  that  
problciris involving tilrce or m o r c  tcrlriillal 
q u a l i t y  cons t ra in ts  w r  TC c r t r e m c l y  cliIiic.ult t o  
solve with thc ctmjugato grailicn! method. In Rcf .  
2 ,  which i n v d v c d  a conipc.rison of va r ious  opt i -  
~ n i z a t i o n  tv.cliniqurs, it wa!; shown that t h r  s t and-  
ard conju:;ati: jiradicn: i:-icthod was thc only m c t h -  
od of thosc coinimrcrl  vihicb cou1.d not s o l v e  2. 

minimuni tirnc orb i ta l  trnnsfcr problom w i l h t h r c e  
tcrmin;il cquality cons l rn in ts .  

- 
lisoa\!y for f!cxihility and c a s e  of  

A n u r n l x r  of appsoachrs havc hcrn em 
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ploycd to improve the rate of convergence of 
methods which involve variah1.c f ina l  t imc and /o r  
pcrialty functions. ~ c s t c n c s '  proposed tllc mul- -  
t ip l ic r  method to  overcome the ill-conditioning 
associated with large penalty funct ion coefficients. 
and a time-optimrrl pyohlem v:as solved success- 
f u l l y  with this rncthod in R e f .  4 .  
and 6 t r e a t  var iab lc  f ina l - t in i r  problems by e m -  

7 ployin thc t ransformat ion  introd,.tccd by Long . 
M o y c J  employs  tliis idca a l o n ~  with a modificd 
gi.adient.proccdurc to sacccss lu l ly  s o l v e  a t ime-  
optimal a tmospheric  f l ight  p roblem.  . 

Rcfe rences  5 

In th i s  p p c r  two approaches  for improv-  
ing  thc convergencc of f r r e  final Lime prohlcms 
which utilize grad icn l - type  rnelliods with pcnalty 
f u n c t i o n s  arc presented .  In Scc t iun  2 a relativcly 
siinplc approach  involviug the init ial  f inal  t ime 
e s t ima te  and 1,ong's t ransformat ion  is prcscnted. 
I icur i s t ic  reasons f u r  this approzch a r c  p r c -  
sentcd ; c l o n ~  with a s imple  example which i l l u s -  
t r a t e s  why s u c h  an approach  is effcctive.  In 
Scctinn 3 t.hc a p p r o ~ c l i  of Scction 2 is augmented  
by an  cificicn: two-rlirncnsionsl s c a r c ! ~  proccdurc .  
Tlic resu l tan t  p r o c e d ~ ~ r c  typically r cqu i r c s  only 
a few m o r c  function evaluations pes  i t e rn tc  than 
the s tandard  onc-dimensional sesrcl i ,  while in, - 
provin;; thc op::ralioiiiil r s t r  of  c o n v c r g e n c c  con-  
sidcrnbly.  Scct.iiiii .% prescn t s  simulations of ihr 
method on a n  orb i t a l  t r a n a f c r  prohlcrn and a:? 
ati i iosphrric flight: prohlcrn, both involving frcc 
final tirnc and p c n d t y  funclions.  

7.. TEIXMINAL TIME CONSIIIERATICNS 

Cons idcr  Lhc optimal cont ro l  problcm 

' V J  t f  N 
Minitnizc: J = +(ti, xf)  t L ( t ,x ,  u) d t  (1)  

t. 
dx 
d t  0 0  

Y 

SuLjrct to:- = f ( t , x , u )  , x ( t  ) = Y ( 2 )  

uc u ( 3 )  

wherc x i s  a n  n-.vcctor,  u is an m - v e c t o r ,  and U 
is Llir s e t  o f  adinissible cont ro ls .  If t e rmina l  
constraints a r c  prcscnt,  it is assuzl:ed that they 
hi>:c Lccn incorimratcd into thc functio?) + ( t  x ) 
by the nicthod ai p c n d t y  functions.  

f '  i 

Sincc var iab le  -t problcins arc of p r i -  f m a  r y  i n to rc s t  h c r c ,  the following p a r a m c t c r i z a -  
tinn riuc to I~~~~~~ is employc<i to a l lcv ia tc  some  

f '  of thc difficultics involved with v a r i n h l c  1 
cspeci;rlly cxtral,ol.ition pro!,l~-ms. (References 
4 ,  5, and 7 discuss tlicsc aspects). Let 5 be thc 
nc:w indcpcndcnt var i ah lc  dcfincd by 
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Usually t = 0 and  1,;q. (4 )  bccoincs 
o 

t = 'r S ,  T :: t f ,  s c [ 0 ,1 ] .  (5 )  

Witlrr,ut l o s s  of gcncral i ty ,  t 
in tiw fol lowing dcvcliipmcnts. 
(1) and ( 2 )  a rc  t r ans fo rmed  into 

= 0 will bi: assumcd 
In this c a s e  Eqs. o 

/ 

1 

0 
J = 4, ( T , X f )  t J 'T L ('I- s ,  X,U) d s ( 6 )  

(7 1 X = T f ('r s , X ,  u). x ( 0 )  =,xo 

(Th i s  is a ;Icnally functioir approximation to thc 

T2  is used in the pc r fo rmimcc  indcx bccausc with 
T-linear in lhc per formance  indcx alonz with 
penalty functions,  T -* - m is a possibil i ty 
whicli is  to be avoided).  

t i m e  optiiiiiil t r a n s f e r  !O x = 4, y = 3 p I.ol,lem; f 

This problcm was solved noincrically w i t h  
a boundrd control vers ion of the conjugitte zra- 
dient mc thod5 .8  for various i n i t i a l  e s t ima tes  of 
T(O). It w a s  found that a iiseful way of slitdying 
thc convergence c h a r a c t r r i s t i c s  fo r  t l ic var ious  
initial. estin:at<.5 is to plot tlic gradicnt with r e -  

(whcrc  N e i t e r a t e  number). Such a plot is 
shown in F i z u r c  1 f o r  a given sct  of penalty cocf- 
f ic ien ts .  ( Thrcc  init ial  control. estir i iates,  i .  e .  , 
u(0) (s i ,  ' w c r c  employed so  tiiat points in a11 fou r  
regions of thc plane could bc gcncratcr i .  
jectories 1 , 2 ,  5 ,  and 6 e m p l o y  ulO) ( s )  = 0. 5 ( 1 - s ) ,  
Tra jcc to r i c s  7 arid 4 employ u fo )  ( s )  = 0. 5 ,  and ,  
Trajcctorie.s 7 a n d  8 crnploy u") ( s )  = 0 .  05 i. 
0 .  4 5 s .  ) 

spcct  t<> T(N)  versus T(N) - ~ " ' f n r  N = n.1,2, 

Tra- 

Tra jec to r i c s  with initial points in Kcgions 
I and I V h n v c  th s  tendency t o  "lock-id a t  points 
nslierc T(") - T*: > o and rionoptinial t ra jcctor ics  
a r c  oblaincrl. 113 Rcgion 11, Hie t ra jec tor ics  do 
not co:?vcrgc di rcctly;  hoxcve r ,  they move to 
Region Ill and ccnvcrge rzbpiiily :hereaft<. r .  In 
Ilc::ion III !l;c t ra jec tor ies  converve  r a p i d l y  (even  
wi th  a physically unrcasonablc T(') < T", such  
as Tra jcc to ry  No. 6) .  l l i ~ . ~ e ,  F igu re  1 shows (at 
~ c r r : : !  f c r  t h i s  c s a m p l c )  11)ai t h s  value of ' ~ ( 0 )  is 
opcraliumI'Ly c i r l i ca l  to t h e  rz tc  of convergeuce 
u i  tlic schcnic .  Such a choicc appea r s  to a l l o w  
one to srt !!IC pcnalty cucfiicicnts relnl.ivclg !iigii 
init ially,  which :<voids t lw  pro!,lcxns aisoci;;tcd 
with Ta i s ing  the i>en;:l.ty tcrmr- durin:, thc i!oi.a- 
tivc p r o c c s s .  

3 .  A T W O - D I M I ~ ~ N S I O N A I ~  SEARCH AI~GOl<ITIIM 

Thc u s c  of Long ' s t ransformat ion  and  rc- 
q u i r i n g  ,do) < ?.** are siinplr  proccdurcs wh:c.h 
improvc  thc convcrgence of variable f ina l  time 
gradient a1 go B-i thw s . Fiow\.cvc: r , c o n w  ~ .g r t i cc  is 
smiletimes still slow bccaiisc of the scnsit iuity 
of thc z rad icn l  3J/BT, wliiclr is  R d i r c c l  fmiction 
of  thr pcn;rlty. cocf f ic i rn ls .  Thus, fusthcr itn - 
provc:mcnts m i g h t  bc pos4il,!c by optiinizing the 
pari.inetcr T d i rcc i ly  a i  opposcd to u s i n g  thc 
possibly s c n s i t i v c  o r  mislcadinj: gradient &T/aT.  
A i  firs! g l m c e  thjs docs  n o t  a p p c ~ r  to bc n 
promis ing  id1.a Lcc;rnse Llic a lgor i thm t h e n  con- 
ta.i:is two f r c r  pa ramc tc r s .  i . e . ,  T and the 
l ength  of t h r  i o n t r o l  ( 1 1 )  r:rarch d i rcc l ion .  
ever,  it will  br shown in this scction that a f t c r  
l lw lir<;t itcr;%tc therc exist.; cnough inforn,a- 
tion a!mnt ti;c function of two parraunctcrs lo  make 
a two-dimcnsionnl s c a ~ c l i  fcasiblc. E'urthcr- 
morc ,  in thc si tr iuhtions of Scction 1 the ta.o- 
dinirn.~ional  ncarrh rcquircs only n f~,.w m u r c  
functio:i rvnluations p c r  i tc i .nlc than a corre- 
spon?ing o:ic-dimcnsional srzircli ~ v h i l e  i m p r o v  ~ 

I Iow- 



ing cansidcrably thc conyergencr: rite, 

For  the problcrn defirwd b y  Eqs, (6)  - (8) .  
dcfinc 

P ( s , x , u , T ) - T  L ( T s . x , u )  (11) 

F ( s , x , u . T ) ; - T f  (T  s , x , u )  (12 ) 

'r 
I-I ( s , x ,  ~1, T,A) 2 P ( s .x .  u ,  T )  i. X F ' (s ,x ,  u, T) (13 )  

Thc bas ic  s teps  f o r  a gradicnt-lypc a lgor i thm with 
a two-dimensional search a rc  R S  follows: 

BASIC ALGORITT~M: Specify u(O) (s), s s [ O,l] , 
T ( 0 ) .  

1, Given \ f iN)  ( s ) ,  T ' ~ ) ,  intngratc ~ q .  ( 7 )  f o r -  

-._. e-_I 

ward f rom s = 0 to s = 1. Defiric 

and  integrate 

6 .  = - a n k .  1 (i = 1 , .  , . , n )  (15) 

bachmards with A ( N ) ( l )  to fo rm h ( N ) ( s ; ) .  
and s t o r e  the g r n d k n t  aa / au l ( " ) .  

2 .  Two-Dimensional Search: YJi t l i  

Calculate 

perform a tu.o-dimensiona1 s ra rch  to d e t c r -  
mine  the va luos  of a(") > 0 and T("'.l) urliich 
minini ize 

3 .  Check coiiver ,ence c r i t e r ion ,  e .  g., 
I J ( N + ~ )  - J ( N ~  I < . If Y e $ .  s t o n .  if no.  s c t  . _  , .  . .  
N = N t 1 and rettii.n to Step 1. 

In the  a1gorit)im above the search di rec t ion  
p(")(s) de te rmices  which kind of method is em-  
ployed, e . g . ,  gradien t ,  conjugate gradient, etc. 
The  uniquc fcaturr:  of the a lgor i thm is Step 2 ,  
and this stcp requires a separate subrout inc .  
Before  l i s t ing  thc two-.dimcnsional sea.rch a!p,o- 
ri thrn,  tlrc approxch  to i t s  devcloprncnt wi l l  bc 
di.scusserl. 

Consider the problem of dcl-crniining R 

s a y  minimiim of a function, of two p t r a m c t c r s ,  
J ( n ,  A T ) ,  \r.hen only function and dcr ioa t ive  data 
arc avail.ahle, e .  g . ,  3 = J(al ,  AT1), J2,=J(u2,AT7,1 

1 
OJ/Do? ( n  A T  ), c t c .  In such a case.  c r thc r  ;I 
d i r e c t  search or cu.vvl:-fitting procedure is ncccs-  
9171-y t o  approximate the rninimcm. 

1' 1 

If a c i i r v ~ .  

f i t t ing pi-ocednrr is crnploycd. thcn niic must 
assume a t  l c j s t  a qmdlratic funcl:ion i:i the pnra-  
rne tc r :i : 

2 2 - 
J = c ~ ~ + c ~ ~ ~  - I - C ~ ~ A ' I ' ~ I C  2 0 o? + ,c  11 o ATi~c 0 2  &T (18) 

To dctcrmine ttin coef i ic ien ts  c . . ,  :;is data  points 
concaming J(n, A T )  a r e  ne.cr:ss?ry. i iowevcr ,  in 
thc t r a j ec to ry  optirniv..ntion pruh1r.m thrco  6 3  ia 
points are  readi ly  ~ v ~ t i l z h l c  aftcr the  f i r s t  i t e r a t e  

The proofs of Eqs. (7 .0)  and (21) . r ~  prescz ted  i n  
Appendix A .  

With the infarn>:ition su;q>li?<! b y  Eqs. (19) - 
(21), only th rcc  functlon rvali iatioza rirc neccsr;iry 
to obtain lhc t i irec renmining cocff ic icnts  in 1,:q. 
( I $ ) ,  i . e . ,  c 
one-d imcns iona l  scnrch rout ines  s r r o c d  as a gulc?e 
for  tlrc choice  of parameter valu,:s to u s c  for the 
t h r e e  evaluations.  

and c Exryc-;riencc w i t h  
20' cll' 02' .  

First  function cvnluation: .- .__- C o m p ~ t c  

with 

i. e., use the converged values of thc t w o  para-  
n ich- rs  frorzl thc p rev ious  i t c r a t c .  

s a m e  'order of ma~,vi:orlc. o f  tho 

('l'hc val.uo o f  

ious  i t c r a l c ) .  
. the correction lcn$li o is in m a n y  c a s e s  of thc 

Second f,,l,Ct< 0:i eva11,ntion: Cornput': -__.I.-..- 

with 

whc TC 

That  i s ,  s c l c c t  thc sccond point alon:; the T d i r c c -  
tion in C h r :  di rec t ion  of ZL cos t  decrease.  



3 J = J [ a (N), . 3 

If the f i t  i s  not succcss fu l  o r  a more 
acc.urate fit. i s  rcquircd, then m o r e  than t h r e c  

1 function cvalualions are nccessa ry .  In s u c h  a 
c i rcumstance .  the points as shown in F i g .  2 wil l  
serve, respec t ivo ly ,  as the I t h ,  5th and 6th 
additional function cvaluations ( a s suming  sgn 
( a J / a A T ( o , o ) )  4 0). 

It should be noted tha t ,  for  each  addit.ipna.1 
function evaluation, thc value uf a J / a A T  at the 
point where  the function is evaloatcd i s  readi ly  
oblaincd (without additional in tegra t ion)  and can 
be cmployed ai; snpplemental in format ion  in the 
search s c h c m e .  Thc proposed two di.inensiona1 
s e a r c h  ~ c h c m e  i s  p rcscnted  hcl~ow, and a coin- 
plctc flow c h a r t  of th i s  proccdurc is given in 
Fig. 3 .  

SURFACE FlTTlXG SEARCH METHOD (SFSX - 

1) E w l u a t c  thc f i r s :  lhrce fruictiqn:: in thc m a n n e r  
notecl above 
D J / O A T [ a p ) ,  AT,'")], i =1,7.,3. 

2)  F i t  Eq. (18); if good, go to 3) ;  if not, for  
i = 1, 2 ,  3 replacc c a.nd f i t  %8);  if good, 

1 4 T .  go i n  3) ;  if not; i;cp~i:L 4th poinl. (a I (  1, 0) and  go 
to 3 ) .  

3 )  Evalua te  J , a.nil r o p ~ a c c  J 
fiL,(18); if good, g o  to  4); i f  not,  o r  1 = 1, 2 ,  3, 4 ,  
r ep lacc  J (0 ,  0 )  by J and f i t  (18); if good, 
to 4 ) :  if nni, s e l ec t  ATthc firth pair.1 (O,ATZ( '  ) / L )  
and go to  4 ) .  

4) >:salute J x r i d  f i t  E l .  (18) with six data 
points;  if good,, go lo 5 ) ;  if not, go t.o 6 )  

Jj, j 2 6,  compute and s e l r c t  tlii' h 
points wi ih  thc l ca s t  co r t s  o,i t h r  j t l ,da l ; r  pointr:; 
f i t  (18); if not good o r  if I(Jl--J]-l)/JJ-lI < L go lo 
6 ) .  otherwise  rcpca t  5 )  for highnr j .  

6 )  S r l c c t  the pninl wi th  the l c a s t  cost and stop. 

and r icnolc  by J', Oj ' /DAT = 

by J' 

**: 4 
( 0  0) by J ~ ;  y :  4 

?fo. n 

5 =2::< 

At l e a s t  threc function cvr:lu.i!ions a r c  
nccoi-sary fo r  rl coilbplute s e a r c h .  Tlw nornher of 
poiiits for  thc f i t  dcpcnrln upon tlrc nccnracy  t!tal 
i s  1-equircrl f o r  .i specific prohlcm, and t y p i c d l y  
this c e a r r h  rcquircs six to cigiit fnnction cvalua-- 
t i ons .  ~~I~.t l~emaLic:i l ly,  Eq. (18) is a quadra t i c  
aorfacc  which appxoxinmtcs J [ e ,  'r] 
neigliboi-liood o f  tho iiiii-ial poinl J [ 0 ,  T(N-l)]  , 
TJx fitting procc : ;~  .s!ioi;lrl tend to i w  mort ron- 
s i s tcn t  nea r  tlic oi'liinmn, a d  this has becii thc 
exprr icnrc  in our simulations.  In addition to  tile 
ccarcli mcntioncd nbovc, a rclntiv<.l.y stahln ~ Y C P  

cedurcl' has bccn dcvcloped for  i1,,i'leincnta.tir,;: 
a.s a hecl\u;> routiric. It can  ds io  I)<: ape ra t ed  in- 

i";l Kote that whc;i the surfncc f i t  i s  good, ;m 

in thr. 

v 
approximation of thc  minimum of J is obta.iur~d 
and uscd as tirc n c x t  poinl to  hc cva lua tod .  

dcpcndilrrtiy, hnt expcyicnce h a s  indicated that i t  
h a s  slowcr convcrgcnce a n d  r equ i r e s  m o r e  func- 
tion evaluations than lhc method ahore .  

With r e s p c c t  to convergence a spec t s  of thc 
algoritltni, notr  that  since J i.s minimized  with 
r e spec t  to T o n  each  i t e r a t e ,  thc sequence of 

i t e r a t c s  posscssos the proper ty  that -- I 
(Nd, 2,. . . ) (whereas  with B one-dimcnsional 

s e a r c h  - I -* 0 as N-bm). This means that one 
of thr t r i insvcrsa l i ty  conditions fo r  khc opt imal  
cont ro l  problem i s  sa t i s f ied  by cach i t e r a t e ,  i . c . ,  

PROPERTY: Assumin,? t tins ecificil in  thc prob-  
lcni duiincd by Eqs. (1) - ( 3 ) ,  Q t  
..d r., T-. f . .  f H = I~.  .t- A f )  is a n e c e s s a r y  condition of opti-  
mality.' ' If t!ic t w o ~ l i m c n s i o n a l  s c a r c h  is c m  - 
ployod, then + i- I1 = Oon e a c h  i l c r a t c .  f 
P r o o f :  The optimir..ation i s  per formed on thc t r a n s  
forrncd problem defined by Eqs.  (5 )  - ( 8 ) .  and on 
each  i t c r a t e  BJ/RT = 0. U n t ,  f rom Eq. (A-8) in 
Apprndix A 8,7/3T = + -  t Ef = 0 . S incc  + =+ 
thc  propcr ty  is p iovcd t  

a i  ( N ) = ~  
8 T .  

8s  (N) 
a T  

r E .  t% = 0 (whcrc 

N 

tf . 
~. 

r /  

T tf' 

4. SIMULATJOX RESULTS 

In th i s  section cxainplcs are sc l c r t ed  to 
demonstrate the performance of lhc a lgor i thm.  
Gmo of the cxsmples ,  an  orh i ta l  t r ans fc r  problcin 
which could not be solvcd by lhc conjugate grad ien t  
mcthod in Ref.  2 ,  i s  i n l v c d  succcssfu l ly  with thc  
proposeii mc!liod. 

ProhLcln I . )  O,~hi!al.Transfc r i'rohlem 

Minii-nizc J 2 I 

Suhject t o  

(2 3) f 

d x .  
I -- = 

d t  x 2  

. s in  u (24 )  
rn - 4  n, t 

4 



~ c t i i ~ d  No. 2 convcvged in ninc i t c r a t e s  with 
crrurt: of less lhlin 0. 2 percnnt  ( v h i l c  the stan- 
dard mc!hod, No. 1, did not convcrge).  Thc  n in th  
i t c rn t e  control is vc ry  c losc  t o  op t imal  ( s e r  Fig .  
4), ;)nd the deviation f r o m  optinla1 i s  typical o f  
function space g n d i e n t - t y p e  tcchniques.  Method 
No. 1 pcrformccl smoothly in tlic f i r s t  s i x  i t r r a -  
t i o n s ,  however diffic,uliicn occur red  in' the i m -  
p r c v c m c n t  of thc f ina l  l imc a f l c r  the s ix th i tu ra l e .  
A numbcr  of s e i s  of penally funi-lions wcrc  t c s t c d  
in an ;rttrmpt t o  n i o i t :  thc fiiiitl t ime  toward t f . '  
but no significant improvcmrnt  in t was  oblaincd. 
F r o m  the dzrta ol,tiincd here  and in Rcf. 2 ,  i t  i s  
evir1r:nl that  thc s tandard  conjugntc gradicrit n i c th -  
od h a s  opera t iona l  difficulty in converging to  thc 
op1 imurn. 

- 

I* 

1 

Probleni  2 )  Mini,h:nnTiincTuniiilg R i g h t  
Vfith Spccified R m g e .  

(7.7) f Minimii-e J = t 

Subject to: x' = u c o s  41 

y' = u s in  qr 

E X ' =  -q 'T  

.., l h c  cqriationn rcpvcsent  t hc  tu rn ing  fli:{hl 
I-lcre, x and y of a vchicle in n horizontal  plarii.. 

a h  the longitudinnl and latci?.l r anges ,  r c s p c c -  
tively. 
velocity magnitudc u, the licading angle 4,. and 
the mass m. " h c  cont ro l  variables are l if t  con- 
t r o l  A = C I C  ':', where C: i s  t h c l i f t  coe l f ic icn l  
atid C ' is thc l i f l  coeflicicnt for max imum l i f t -  

L 
to-dTng ra t io ,  2nd a r,undimcnsionalized t.hrust 
varixhlc, T. colh controls a r c  fou:ided as follows 

The rcrnaining s l a t e  va r i ab le s  arc the 

L I. . I.. 

0 5 X 5 3.066 

0 5  ~5 9 . 0 5 9  

The constant p a r a m c t c r  q i s  dcfincd as 
q = C I C  * ( 181), where C is thc Z P T O -  
lift drag cocfficicnt (lor more  deE?ls scc  Rcf .  1.1). 
Thr  ~ > r o b l e n i  is to find thc t ime-op t ima l  con t ro l s  

I)0 L . _- ' 

froin t 'x =y = 4 . 0, u = 2 6 4 ,  m = 03914 lo  
X = O.yf= .OJL., m = . 01473.' 

0 0 .05 0 0 .  
f f 

With thc init ial  con t ro l  shown in F i g .  5(a), 
(b),  and init ial  final tiinc cstimatt. t f (0)  =0. 1 , a  
n > a  xiin u m  -va rinhle ->I> inirnum thr ii c, t p rof  i1.c wa:i 
obtai:icd fo r  thc optimal t r a j ec to ry  a f t e r  twcnty 
i t e r a t ions .  It also appea r s  th+t the l i f t  contrOl 
i s  !ending to ii rr!~izi::~unl-vari:.l,lc-n,inimum typc. 
T h r  optinr;rl l i m c  obtained i s  

CTI'OVS rcduccd to  thc rnngc of 0.1 pcrccnt.  
bank angle cont ro l  corrcspondiiig to !lie optimal 

= , 122 
v (z 30. 5 sccond:i) v;ilh tho relalivc t e r m i n a l  

Thc 

l if t  cout ro l  and  the optimal t r a j ec to ry  a r e  shown in 
Fig. b ( a ) , (  h), and relevant data of thc computa-  
tions a r c  prcsentcd  in Table 2 .  

A subopt imal  solution with the thrnst  m a g -  

Such a subopliinal might 
nitude cont ro l  of a maximum-minimum type was 
notcd in the s imula t ions .  
be a m o r r  eas i ly  implemcnlcd cont ro l  pol.icy even 
though its  pcx-formancc is not  as good a s  thc opti-  
mal solution prescnted  abovc(i .  e . ,  tf 2 34 seconds 
on thc subopt imal  as opposcd to t f e 3 0 .  5 scconds  
on the opt imal ) .  The lift control fo r  thc suhopti - 
mal  c a s e  i s  a ,naxinium-minimum-n,aximmn type. 

5. CONCLDSIONS 

-. -Methods f o r  the improvcd convergence of 
gradient-type a lgor i thms on p roh lemi  involving 
f r c e  final t imc  and penally functions arc prcsentcd .  
A molhod involving thc estihnatc and cha ruc te r i za -  
tion of the final t ime  p a r a m c t e r  along with an  
efficient two--dimensional search  procedure  
appears  to improve  the opera t iona l  r a t e  of cor>- 
vergcncc  of grad ien t - typc  a1,oorithms cons iderably .  
The method i s  coupled wi th  t h e  conjugatc gradicn t  
algorit lun to solve efficiently two aerospace 
t r a j ec to ry  optimizabioii p rublcms,  one of which 
was  ro t  prcviously solvnhlc with a conjugatc 
grad ien t  typc a lgo r i thm.  

APPENDIX A 

PROOFS 01.' EOUATIONS ( 2 0 )  ANI) (21) 

Given 

T .  1 
J = + ( T , x f )  4. / [ T L ( T s , x , u ) i A  (Tf-x)]  d s ( A - 1 )  

,; 0, 
H = T(JAA f )  = T H (A-2)  

I€ = T ( L U t f U  A )  (A-3 )  

I, (N4.l) u(N) ( N )  ,(N) ( A - 4 )  

Subsitute (A-2) ,  ( A - 4 )  into (.4-1), and take the 
der iva t ivc  of (A-1) with r e s p e c t  to 3 

T 
U 

which is I k .  (20 ) .  

T o  devclop Eq. (21), f i r s t  d i f fcmt ia tc  Eq. 
(A-1): 

- x i .  ,./ 
But, t IT ,  + :: + = Xi, a n d  x - which upon 

sul,stilution in E q ,  (A-6) i i n p l x s  "f .f T 
f 



Since t = 1' and t = T s: 
4 f 

f 
N 

w h c r c  f -dx ld t  = 0 at e v c r y  point on thc t r a j ec to ry .  
I J D o ~  su1xtituI.ion into En. (A-7): . .  

T-. N N 

aT  1 f f f f f f ,f T f ( A - 8 )  
_ -  OJ . - + , ~ t A  f ( t  , x  , u  ) I  L(1 . x  , u  I:+ iII 

N 
and thc des i r ed  result i s  obta.ined s ince  FI =€I IT 
by  Eq. (A-2 ) .  f f  
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0.766 
.I500 

__ 
0.997 

% 
Penal ty  cacf1icic.nts wcre adjnstcd on 7th, ].Ith, 14th 
i t c r a t c s  in an  a t t empt  to improve  convergcncc: 
P =P =P = 1000 on all i t c r a t c s  in Method 2 .  

1 2 3  

Table 1.. Orbi ta l  T r a n s f e r  P rob lcm Resul t s  
( tfW = 2 .5 ,  t *: = 3.32)  

ayf  

f 

I t e r .  Relative tcrminal  errors(%) Cost Final 
t ime  f A", no. AXf 

0 ::: 18. 4 87 .2  38.9 21.80 .0960 
1 7 . 1  12 .2  16. 3 5.119 .0976 
2 12.9 38.1 16. r 4.307 .no76 
3 18. 5 24.7 4.05 1.887 .@995 
4 34.6 6.67 15.6 0.647 . loo1 

2.67 13.1 0. 355 ,1101 5 2'1. 0 
9 3 .03 0.47 6.13 0.136 .lU35 

0.99 2 .66  0. 37 0.146 ,1212 

15 0.14 0.22 2 .28  0.124 ,1220 
12 0. 2n 0.09  3 .  2n 0.125 . I Z M  

18 0.11 n. 51 1.77 0.123 .1220 
19 i. n. 43 0 . 5 3  1.67 0.123 ,1219 
20 0.12 0.22 0.17 0.123 ,1219 

Tablc 2. Computational Results f o r  Problarii 
xo. 2 
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Figure  1. Convergence of T ra j ec to ry  Sequenccs for 
Zerrnelo'  s Problem. 

- , Note: Assuming sgn(8JlOAT 

F igure  2.  Configuralioii of Funct ion Evaluations 
for  Two-Dimensional Search Algorithm. 

F igu re  3 .  Floli D iag ram of rl.'wo-I>imensional Scarch Algorithm 
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Figa re  4. Control vs T i m e  for  Orb i t a l  Transfer  Problem 
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(b) J X t  Control T ie to ry  
L 

Figurc 5 .  Optimal Controls f o r  Atmosphcric F i g u r c  6 .  Hank Anglc and Tra jcc to ry  f o r  
Abvosphe r i c  F l i g h t  Problem. Flight P ~ ~ o b l e i t i .  
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