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Abstract 

The exact equations of motion a r e  derived f o r  a 
point mass spinning i n  the o r b i t a l  plane a t  the end 
of a l i nea r  e l a s t i c ,  massless spring. 
i s  attached t o  a heavy point  mass which moves i n  an 
undisturbed Keplerian o rb i t .  These nonlinear equa- 
t ions  are l inear ized  and solved on a computer. The 
l i nea r  equations a r e  shown to  be ordinary, forced 
d i f f e r e n t i a l  equations with t i m e  var iant  coeffi-  
c ients .  Results  for  a one hour spin period and 
both c i r cu la r  and e l l i p t i c  o r b i t s  are presented for  
r ad ia l  and tangential  motion of both the l inear ized  
and nonlinear equations. 
the va l id i ty  of the l inear iza t ion .  S t a b i l i t y  of the 
l inear ized  system of equations i s  shown fo r  speci f ic  
o r b i t s  and spin periods of one hour and 1/10 hour by 
numerically applying Floquet theory modified t o  
handle forced equations. 
nique i s  shown to  adequately bound the s t a b i l i t y  
mul t ip l i e r s  without the  necessi ty of ca lcula t ing  
them. Preliminary r e s u l t s  are presented for the 
above analysis  applied to  a 3 mass model which has 
two lumped masses which approximate the mass of the 
connecting cable. Both s table  and unstable motions 
are found. 

The spring 

These r e s u l t s  indica te  

A matrix squaring tech- 

Nomenclature 

Gravitat ional  constant t i m e s  Earth’s mass 
Spring constant fo r  s ingle  mass model 
Spring constant fo r  three mass model 
Length of spring i n  s ingle  mass model 
Lengths of springs i n  three  mass model 
Unstretched spring length of spring 
Free space equilibrium length of spring 
Mass for  s ingle  mass model 
Masses fo r  three  mass model 
Number of equations 
Deviation from f s  
Deviation from go 
Orbi ta l  radius  
Kinetic energy 
Potent ia l  energy 
Weight of  three masses i n  three  mass model 
Dunnny variable 
Implies deviat ion of enclosed var iable  from 
f r ee  space value 
Orbi ta l  angle 
S t a b i l i t y  mul t ip l i e r s  which are the roo t s  
of  matrix [MI 
Relative angle 
I n i t i a l  r e l a t i v e  angle 
Free space reference angle 

Matrices 
.[A(t)] 

(b(t)} Matrix of forcing terms 

Matrix of coe f f i c i en t s  of system of d i f -  
f e r e n t i a l  equations 

[F ( t ) ]  Fundamental matrix 
[I] Iden t i ty  matrix 
[MI Monodromy matrix 

Introduction 

In t e re s t  i n  masses connected by cables o r  wires 
and spinning i n ’ a  gravi ty  f i e l d  stemned from a 
desire t o  provide an a r t i f i c i a l  gravity for  as t ro-  
nauts by spinning t h e i r  capsule about t h e i r  booster 
vehicle a t  the end of a cable. Several papers 
resu1ted.l-5 A l l  but  the paper by Austin4 con- 
sidered the cable t o  have mass and assumed the 
tension t o  be constant o r  s l i g h t l y  perturbed.5 
These papers deal  with a continuous cable whose 
analys is  y i e lds  p a r t i a l  d i f f e r e n t i a l  equations. 
Assumptions such as uncoupling of r ad ia l  and trans- 
verse motion and constant  tension are made which 
enable solutions t o  be obtained. Garbed d id  a 
preliminary inves t iga t ion  of the  re la ted  problem of 
a long f l ex ib l e  wire i n  o r b i t  by lumping ax%sses and 
assuming r i g i d  rods as connectors while Austin5 has 
assumed two point  masses connected by a l i nea r  mass- 
less spring spinning i n  f r ee  space. 

Current i n t e r e s t  i n  building a large,  orb i t ing ,  
slowly spinning antenna for  radio astronomy obser- 
vation has pressed the need f o r  ana lys i s  of  wire 
connected systems where the  tension i s  not constant 
and the motions are not uncoupled. For a system 
such as the  Kilometer Wave Orbit ing Telescope7 
(KWT) shown i n  Figure 1 an analys is  capable of 
predict ing both the motion and s t a b i l i t y  of  the 
system i n  o r b i t  i s  necessary. 

4 
Subsa te l l i t e s  

Figure 1. KWOT System i n  Orbi t  

Analysis 

Simple Model 

subsa te l l i t e  i n  o r b i t  can be obtained by studvinn 
The gross passive motion and s t a b i l i t y  of a 

a -  _ _ ~  
the  model shown i n  Figure 2. Namely, two masses 
connected by massless, l i n e a r  e l a s t i c ,  undamped 
springs. 

*The author wishes t o  thank Prof. J. G. Eisley and Nessrs. J. W. Greene and C. E. Schensted fo r  their 
invuluable suggestions and advice concerning t h i s  work, Research supported by NASA Grant NGR-23-005-’%. 
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Earth Center 

Figure 2. Spring-Mass Model of Subsa te l l i t e s  and 
Wire 

The equations of motion fo r  the simple model 
can be derived using the Lagrangian method, The 
gravity and e l a s t i c  potent ia l  are defined i n  the 
usual manner. The contributions t o  the Lagrangian 
are  a s  follows: 

Kinetic energy 

The f i r s t  two terms are fo r  the center  of  mass and 
the second two f o r  the r e l a t i v e  motion. 

Potent ia l  energy 

V = -GM { [R2 + l2 + 2Rl  COS(^-$)]-'/^ 
+ [R2 + l2 - 2Rl  COS(@-@)]-^/^) + k(L-1,) 2 

I 

O r b i t a l  radius  

Orbi ta l  angle 

Relative angle 

Spring hal f  length 

(3) 

- k  
(&-lo) 

where 

(4) 

and 
B = (R2 + l2 - 2Rl cos(+@) )3/2 

G =  

k =  

gravi ta t ional  constant t i m e s  mass of 
Earth 

spring constant 

and 

Io = unstretched spring length 

Following the development of Goldstein8 fo r  a 
point mass i n  o r b i t  one can show fo r  a spinning 
f i n i t e  body tha t  the  o r b i t  of the center  of  mass i s  
perturbed but stable.  I n  o ther  words, s ince the 
r e l a t i v e  and o r b i t a l  motion are coupled a s  can be 
seen from equations (1)-(4), it could happen tha t  
the r e l a t i v e  motion would gain energy while the 
o r b i t a l  motion lo ses  energy, t h i s  occurrence how- 
ever i s  shown t o  be bounded. 

To show i t ,  one uses conservation of energy and 
angular momentum. If the conservation of angular 
momentum equation i s  solved for  h2 and t h i s  put i n to  
the t o t a l  energy equation and a l l  terms which a re  
pos i t ive  de f in i t e  col lec ted  in to  a s ingle  term, the 
remaining 80 cal led  " f i c t i t i o u s  potential"  i s  a 
function of R, I, and (e-$). 
i n  terms of the r a t i o  1/R which i s  qui te  small for  a 
s a t e l l i t e  i n  o rb i t .  I f  t h i s  f i c t i t i o u s  potent ia l  i s  
p lo t ted  on a three  dimensional p lo t  versus R and 
(e-$) one f inds  that the surface i s  a w e l l  s imilar  
t o  the  one fo r  a point mass. However, the addi- 
t iona l  axis,  (e-@), gives the  surface a "ripple" a s  
one increases (e-$), 
of local  wells corresponding t o  the gravity gradient 
s tabi l ized ,  o r  "captured" configuration. I f  the 
system i s  spinning, it i n  e f f ec t  m v e s  through t h i s  
r ippled trough with i t s  spin r a t e  changing. The 
o r b i t  i s  s t i l l  l imited by the t o t a l  energy which 
d i f f e r s  from tha t  of  an equivalent point mass by 
only the r e l a t i v e  k i n e t i c  energy and e l a s t i c  poten- 
t i a l  energy both of which are small compared t o  the 
energy of the  o r b i t .  From t h i s  i t  can be concluded 
tha t  l i t t l e  e r r o r  w i l l  be introduced i f  the center 
of  mass i s  assumed to  mve i n  a Keplerian o r b i t .  

This can be expanded 

There a re  an i n f i n i t e  number 

I f  the equations for only one mass assumed to  be 
attached by a spring t o  a point  moving i n  a 
Keplerian o r b i t  a r e  derived and the potent ia l  energy 
expanded i n  terms of L/R, the following equations 
r e s u l t  when only terms of order 1/R are retained: 

Orbit  .. 

Rela t ive  motion 

and .. .. 
pi = - - % s in  2 (@-e) 

2x3 

It i s  in t e re s t ing  to  note tha t  these a r e  
exactly the same equations one would obtain i f  
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equations (1)-(4) were expanded and the  same order 
terms retained.  
l inear ized ,  however, t he re  i s  no s ta t ionary  point  
about which t o  l i n e a r i z e  because the  system i s  spin- 
ning i n  a gravi ty  gradient. 
s t a t i ona ry  point  i s  used as the  reference motion, 

The nonlinear equations may be 

I f  the f r e e  space 

k 

5. Floquet theory a s  reported by CeasarilO may be 
used to  determine s t a b i l i t y  of equations (11) when 
[A(t)]  and {b(t)} have a common l a rges t  period. 
This method i s  applied i n  t he  remainder of the 
paper. 

S t a b i l i t v  Analysis 

Floquet theory may be aeplied by defining an arti- 
f i c i a l  var iable  z with z = 0 so t h a t  equations (11) 
become 

Equations (11) a r e  put i n  proper form so tha t  

The r e su l t i ng  l i n e a r  equations f o r  the  deviat ions 
from f r e e  space motion of I and $ a r e  

. r  .. 
q1 E - [ t - - - 3k cos 2(pb-e)] q1 Briefly,  the  fundamental matrix of  (12) a t  time 

t i s  r e l a t ed  t o  i t s e l f  a t  t i m e  t + T where T i s  the 
l a rges t  period of [A( t ) ]  and {b(t)} by the equation 

2R3 2R3 

3Gls 
+ 21,$,q2 - - s i n  2(ldO-e)q2 [F ( t  + TI] = [ F ( t ) l  [MI 

R3 

G1 s 
2 ~ 3  

+ -  1 [1+3 COS 2(g0-0) 

and 

where [MI is the  so cal led  monodromy matrix.l' 
[F(O)] E [I] then [MI i s  found t o  be 

I f  

( 9 )  
[ F ( T ) l  [I] [MI. 

The roo t s  of  [MI, A Is, cal led  mul t ip l ie rs ,  deter-  
mine s t a b i l i t y  i n  t he  following way. 

IAil > 1.0 asymptotically unstable 

respectively.  

The following observations can be made: 

The equations a r e  of the  form 1. 

{:I = [A(t) l  (4) + {W} (11) 

where q1 and q a r e  defined as two new var iables  
thereby changigg the  system of equations ( 9 )  and 
(10) i n t o  four f i r s t  order  equations. [A 
periodic f o r  c i r c u l a r  o r b i t s  where R and 
cons tants  and f o r  spec i f i c  e l l i p t i c  o r b i t s  where 
the o r b i t a l  period i s  an in teger  mult iple of the  
relative spin period. 

2. The na tura l  frequency of the system i s  

,/- fo r  R = o 

as noted by Pittman and Hall8 and hence the  ro ta-  
t iona l  rate "s t i f fens"  the  system. 

3. The t r ace  of [A(t)]  i s  zero f o r  all t 

( i e .  aii = 0). 
15 

4. Since the  periodic terms are a l l  mult ipl ied by 
1/R3, a perturbation technique could be applied i n  
t he  same manner t h a t  Targoff5 did f o r  a r i g i d  mass- 
rod i n  o r b i t .  However, t h i s  was not done i n  the  
present  study. 

lhi\ < 1.0 asymptotically s tab le  

Ini! = 1.0 and not  repeated 

L 1.0 and repeated 

neu t r a l l y  s tab le  

e i t h e r  neut ra l ly  
s t ab l e  o r  poly- 
nomial type growth 
with time, depend- 
ing on the Jordan 
normal form of [MI. 

To apply the  Floquet theory, modified to  handle 
forced equations, t o  equations (12), they must be 
in tegra ted  n + 1 t i m e s  with i n i t i a l  conditions so 
t h a t  [P(O)] = [I]. 

This was car r ied  out  on an IBM 7090 using a 
four th  order Runge Kutta technique. 
shown that about 20 s t eps  per shor tes t  cycle will 
give adequate accuracy from the  standpoint of both 
truncation and round o f f  e r rors .  
matrix which resul ted  fo r  a l l  cases run had 
repeated m o t s  of value 1.0. 
form of [MI indicated a l i nea r  growth with time of 
a solution. This is  however a " t r i v i a l "  ins tabi l i tY-  
It only means t h a t  the system can be given an i n i -  
t i a l  angular m e n t u m  d i f f e r en t  from the reference 
value and a l i nea r  growth i n  the  angular posi t ion 
from the  nOmiM1 pos i t ion  r e su l t s .  
periods of  one hour and one ten th  hour, a range of 
e l a s t i c  cons tants  and most o r b i t a l  r ad i i ,  the 
spring-mass model w a s  neu t r a l l y  s t ab l e  except fo r  
the  t r i v i a l  i n s t a b i l i t y  mentioned. 
trivial i n s t a b i l i t y  resul ted  when the  o r b i t a l  
rad ius  was too low 80 that the  subsa t e l l i t e  was 
captured by the  gravi ty  f i e l d  and merely o sc i l l a t ed  
about the v e r t i c a l  d i rec t ion .  

Experience has 

The monodromy 

The Jordan normal 

For spin 

The only non 
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In most cases, the  roo t s  were not ac tua l ly  
calculated. 
f ac t s  

They were merely bounded using three  

n 

1. hmxI I 1 bijI 1 = 1 , * * * , n  
i n 1  
max 

2. The roo t s  of [MIn are h: 

and 

3. 
power of [MI increases. 

The bound i n  (1) becomes b e t t e r  a s  the  

This matrix squaring technique proved highly 
ea t i s fac tory  from the standpoint of accuracy and 
computer t i m e  required. For example, 15 squarings 
of a 5 x 

pr in t ing  a l l  intermediate bounds. 
pointed out  t ha t  15 squarings g ives  [MI t o  the 
32,768th power. To apply t h i s  technique to  l a rge  
matrices, some type of repeated sca l ing  w i l l  have 
to be car r ied  out  t o  prevent over and underflows. 

The method used to  determine s t a b i l i t y  may be 
applied t o  any number of masses. 
factor  w i l l  probably be computer time required t o  
generate the  monodromy matrix. 
increases as (n + 1)2 f o r  a forced system qince 
n + 1 equations must be in tegra ted  over one, period, 
n + 1 times. There is a fu r the r  r e s t r i c t i o n  t h a t  
en t e r s  as masses a r e  added f o r  a b e t t e r  approxima- 
tion, the shor ter  spring segments and smaller mass 
points  cause the  highest  frequency (which d i c t a t e s  
step s i ze )  t o  increase. 
between the number of lumped masses used f o r  each 
wire and round o f f  e r r o r s  due t o  a la rge  number of  
steps. 

Motion of Spring-Mass System 

the l inear ized  equations were solved on an analog 
computer f o r  ease of solut ion,  secondly, t he  non- 
l inea r  equations were numerically integrated,  again 
using a fourth order Runge Kutta technique. 

Figure 3 shows a plo t  of the  ax i a l  s t r e t ch ing  

matrix reduced the  upper bound from 1.75 x 10 ? t o  1.0007 i n  2.0 seconds, including 
It should be 

The l imi t i ng  

The time required, 

Hence there  i s  a t r ade  o f f  

The motion was invest igated i n  two ways; f i r s t  

due t o  gravi ty  gradient  vs. e f f ec t ive  spring s t i f f -  
ness f o r  var ous c i r cu l a r  o r b i t s  and a spring length 
of 1.64 x 10 t f t .  

An empirical formula given below may be used t o  
obtain the a x i a l  def lec t ion  fo r  a given set of 
condi t i ons  : 

This equation has been ver i f ied  by comparison with 
Figure 3 but i t s  va l id i t y  f o r  sp in  rates o the r  than 
one revolution per hour has not  been demonstrated. 

Figure 4 gives the  devia t ion  i n  spin rate f o r  
various o rb i t s .  The e f f ec t ive  spring s t i f f n e s s  had 
no noticeable e f f e c t  on these deviat ions ( a t  least 
for  the  range of s t i f f n e s s e s  noted i n  Figure 3). 
The spin rate deviat ion changed as I / R ~  f o r  various 
orb i t s .  This i s  to  be expected since the coeff i-  
c i en t s  of the forcing term of the l i nea r  equations 
also change as 1/R3. 

h 
4J 
L v 

a 

Rev 
? 0 = %  

,to = 1.64 x 10 4 P t  

Figure 3. Axial Deviation vs. Effec t ive  Spring 
S t i f f  ne ss 
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Dig i t a l  Result 

D ig i t a l  Result 

Rev 

,to = 1.64 x 4 10 F t  

, . , ,  

I 20 40 60 loo 
Orb i t a l  Radius x (Nautical Miles) 

Spin Rate Deviation VS. Orb i t a l  Radius Figure 4. 

The angular devia t ion  converted t o  f e e t  and 
ca l led  the t ransverse  devia t ion  i s  shown i n  Figure 
5. This deviat ion a l s o  changes as 1 / ~ 3  and i s  
periodic down t o  an o r b i t  which captures it. When 
t h i s  happens, damping w i l l  cause it t o  become 
gravi ty  gradient  s t ab i l i zed  i n  one of the  l oca l  
potent ia l  walls mentioned above. 

Note i n  Figure 3-5 that the "Digital-nonlinear 
Results" are i n  very good agreement with the  analog- 
l inear ized  equation r e su l t s .  
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4 Io = 1.64 x 10 F t  
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JJ 
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\ 

\.x D i g i t a l  Resul t  

1 ~ - - .  +I 

i o  ii+ 18 22 26 30 34 38 42 46 

O r b i t a l  Radius x (Nautical  Miles)  

Transverse Deviat ion VS. O r b i t a l  Radius Figure 5. 

The r e s u l t s  shown i n  Figure 4 and t h e  angular  
dev ia t ion  d a t a  which w a s  used t o  generate  Figure 5 
can be shown t o  be independent of t h e  l eng th  of  t h e  
springs.  
def ined as 

I f  a new non-dimensional v a r i a b l e  i s  

q,(t> 
m ( t )  = - 
1 1 s  

then equat ions (9) and (10) can be made t o  be inde-  
pendent of t h e  l eng th  of t h e  spring.  

As w a s  mentioned i n  t h e  preceding sec t ion ,  t h e  
simple spring-mass model w a s  n e u t r a l l y  s t a b l e  even 
f o r  c e r t a i n  e l l i p t i c  o r b i t s  as  determined by Floquet 
theory,  
t h e  f u l l ,  non l inear  equat ions.  Figure 6 shows t h e  
dev ia t ion  o f  t h e  p o s i t i o n  angle  @ from t h e  f r e e  
space, l i n e a r l y  increas ing  re fe rence  angle. There 
i s  a p e r i o d i c  dev ia t ion  superimposed on a l i n e a r  
growth ( t h e  so-called t r iv ia l  growth). The ampli- 
tude of  t h e  per iod ic  motion v a r i e s  l i k e  1 / ~ 3 ,  inde- 
pendent o f  the  e c c e n t r i c i t y  of  t h e  o r b i t .  The 
l i n e a r  growth decreases wi th  e c c e n t r i c i t y  because 
the r a d i u s  a t  t i m e  o f  r e l e a s e  increases .  

Rev 4 

This can be  shown a l s o  f o r  t h e  s o l u t i o n  of  

@ 0 = 1 H r .  Io = 1.64 x 10 F t  

- k = 7.4 M 10-3 5 
sec 

Figure 7 shows t h e  e f f e c t s  of  a low per igee  and 
I n  t h i s  case  t h e  o r b i t  i s  highly a s l o w  sp in  rate. 

eccen t r ic  (5,000 x 60,000 N.M.) and t h e  s p i n  r a t e  i s  
a l t e r e d  a s  much as 5O$ during per igee  passing. 
can be seen t h a t  t h e  system can e i t h e r  gain o r  l o s e  
energy depending on t h e  i n i t i a l  condit ions,  i n  t h i s  
:ase, angular  pos i t ion .  A s  pointed o u t  previously,  
the  equat ions which were solved a r e  v a l i d  f o r  e i t h e r  
a dumbbell conf igura t ion  (Figure 2) o r  a s i n g l e  mass 
constrained a t  t h e  c e n t e r  o f  r o t a t i o n .  For a dumb- 
b e l l ,  with i t s  c e n t e r  of  mass f r e e  t o  move, t o t a l  
energy i s  conserved and hence a ga in  o r  loss i n  spin 
rate must show up as  a loss o r  ga in  i n  o r b i t a l  s e m i -  
major a x i s  measured t o  the  c e n t e r  o f  mass. 
s i n g l e  mass wi th  a constrained c e n t e r  of  r o t a t i o n ,  
t o t a l  energy i s  not  conserved, nor  i s  angular  
momentum. 

It 

For a 

"P" Denotes Perigee 

10,000 x 10,000 10,000 14,000 

r /  10,000 x 20,000 
Nautical  Miles 

( c i r c u l a r )  

j p! 10,ooo x 60,000 
I *e- 100,000 

I I . I  I , I 

0 2 4 6 8 10 12 14 16 
T i m e  (Sec. x 10-3) 

Figure 6. Angular Deviation from Free Space Motion 
vs. Time 

Slower 

# o = l -  Rev 
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% @ = O  
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-n - 
2 
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Figure 7. Angular Rate Deviat ion VS. Time (5,000 
x 60,ooo N.M.) 

Equations ( l ) - ( h )  were i n t e g r a t e d  using double 
p r e c i s i o n  a r i t h m e t i c  on the  7090. 
r a d i u s  and angular  rate d id  indeed a d j u s t  a s  the  
r e l a t i v e  motion gained o r  lost energy. However, 
t h e  c a l c u l a t i o n s  f o r  t h e , r e l a t i v e  motion (such a s  
shown i n  Figure 7)  where t h e  c e n t e r  of  r o t a t i o n  o r  
c e n t e r  of  mass were assumed t o  b e  constrained t o  a 
Keplerian o r b i t ,  agreed wi th  s o l u t i o n  of  t h e  exact  
equat ions where t h e  c e n t e r  of  mass was f r e e  t o  move, 
t o  a t  l e a s t  5 s i g n i f i c a n t  f igures .  
with t h e  f a c t  t ha t  a n  i n d e f i n i t e  t r a n s f e r  of  energy 
cannot t ake  p lace  ( a s  pointed o u t  e a r l i e r )  j u s t i f i e s  
neg lec t ing  t h e  o r b i t a l  per tu rba t ions .  

The o r b i t a l  

This coupled 

Multi-mass Model 

any number o f  masses. 
lumped mass model can be used t o  study t h e  motion 
and s t a b i l i t y  of  a complex system. 
w e l l  be used t o  study t h e  problems of t h r u s t i n g ,  
deployment, and spin-up o r  spin-down. 
f o r  t h e  t h r e e  mass model shown i n  Figure 8 w e r e  
der ived and l i n e a r i z e d  about a f r e e  space motion. 

The method of  a n a l y s i s  above can be appl ied t o  
As discussed before, a 

It can equal ly 

The equations 

The masses are coupled only through t h e  e l a s t i c  
p o t e n t i a l  terms. 
on each mass must be approximately independent of 
i t s  d i s t a n c e  from t h e  c e n t e r  o f  r o t a t i o n  as w a s  
found previously f o r  t h e  l i n e a r  equat ions of  a 
s i n g l e  mass. Hence, i f  no parametr ic  e x c i t a t i o n  
occurs  one would expect no t ransverse  o s c i l l a t i o n s  
t o  bu i ld  up s ince  each mass would speed up and slow 
down a t  t h e  same rate a s  i t s  neighbor. This  was 
indeed t h e  case. Both a n  a p p l i c a t i o n  of Floquet 

The e f f e c t  of  the g r a v i t y  gradient  
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- 
theory t o  t h e  l i n e a r  set o f  equat ions and t h e  
a c t u a l  numerical i n t e g r a t i o n  o f  t h e  nonl inear  set 
showed t ransverse  d e f l e c t i o n s  of  less than a few 
f e e t  o u t  o f  a length,  13, o f  1.54 x 10' f t .  f o r  
most cases. 

-1 
j 

Cent ra l  Bodv 7 I . 

m 

& 
L 

Center of  Earth 

Figure 8. Three Mass Model i n  O r b i t  

One numerical in tegra t ion ,  d id  revea l  what 
appeared t o  be an i n s t a b i l i t y ,  t h a t  is, the  t r a n s-  
verse dev ia t ion  began t o  g e t  l a rge .  This  occurred 
when t h e  ax ia1 , f requency  o f  t h e  t h i r d  mass ( subsa te l-  
l i t e )  was  c l o s e  t o  t h e  lowest t ransverse  frequency 
of the  two s m a l l  masses. In t h i s  case  the  def lec-  
t i o n s  became as high as 300 f t .  Figure 9 shows t h e  
t i m e  h i s t o r y  o f  the  f i r s t  mass' devia t ion  from a 
l i n e  passing through the  c e n t e r  o f  r o t a t i o n  and the  
end mass (13 i n  Figure 8). 

k = 7.4 x l b s / f t  

60,000 x 10,000 Nautical  Miles 
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U 1.185 l b s  I w1,2 = 

" 1  2 -200 
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= 100 l b s  

. I  
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1000 2000 

A nni 

Time (Sec) ' U  

Conclusions 

1. 
system i n  o r b i t  i s  a convenient way t o  analyze the  
system because: 

Lumping a continuous complex c a b l e  connected 

a. 
mat ica l ly  derived using t h e  Lagrangian method. 

The exac t  equat ions of  motion can be syste-  

b. A four th  o rder  Runge-Kutta can e f f e c t i v e l y  
be used t o  numerical ly  i n t e g r a t e  the  nonl inear  
equat ions when t h e  motion i s  d e s i r e d ,  

C. Floquet theory can be appl ied  t o  t h e  
l i n e a r i z e d  equat ions when the c o e f f i c i e n t s  a r e  
per iod ic  with commensurate periods.  

d. Computer experiments can be conducted t o  
examine sp in  up, deployment, e t c .  

2. The o r b i t  of  a n  e l a s t i c  dumbbell i s  bounded and 
the  c e n t e r  of mass may be assumed t o  follow a 
Keplerian o r b i t  when c a l c u l a t i n g  the  r e l a t i v e  motion 
o f  a l a r g e  cable  connected system i n  o r b i t .  

3. Neutral  s t a b i l i t y  was shown i n  a l l  cases  
examined f o r  t h e  l inear equat ions o f  motion f o r  the 
simple spring-mass system a s  long as  the  o r b i t  was 
high enough and/or t h e  sp in  rate f a s t  enough t o  
avoid g r a v i t y  g rad ien t  s t a b i l i z a t i o n .  

4. The t h r e e  mass model showed s t a b i l i t y  f o r  some 
cases. 
t i o n s )  was found from n m e r i c a l  i n t e g r a t i o n  o f  the  
nonl inear  equations. 
met r ic  e x c i t a t i o n  of  t h e  t ransverse  modes due t o  
a x i a l  motion. 
g r a v i t y  g rad ien t  e f f e c t s  a lone.  

An i n s t a b i l i t y  ( l a r g e  but f i n i t e  def lec-  

The motion suggests  a para- 

It does no t  appear t o  be caused by 
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