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PREFACE

The Department of Electrical Engineering, Space Physics Research Labo-
ratory of The University of Michigan has been for many years actively en-
gaged in various aspects of atmospheric research by rocket-borne techniques.
As a result of this work much has been added to our present day knowledge
of the earth's upper atmosphere. Because of this ever increasing knowledge
and understanding of the upper atmosphere, more and more emphasis is being
placed upon accuracy, basic understanding, and speed of processing of exper-
imental data obtained from atmospheric measurements.

Thus, the purpose of this paper shall be twofold. First, it will serve
to briefly introduce those persons involved in the data-reduction effort of
the research program of this laboratory to the terminology and nature of the
upper atmosphere as it is known today. Second, it shall develop in detail
the theory, equations, conversions, and transformation required in the data-
processing effort for this research program.

Thus, it is hoped that this paper will bridge the gap between the vary-
ing technical backgrounds of those persons involved in this most important
work and the technical background required, thereby increasing the speed and
accuracy of the data processing of any subsequent flights of rocket-borne

upper-atmosphere probes.
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CHAPTER I

THE UPPER ATMOSPHERE AS IT APPEARS TODAY

1.1 BASIS OF OUR KNOWLEDGE OF THE UPPER ATMOSPHERE

Although research on the upper atmosphere does antedate the Twentieth
Century, current knowledge about the upper air comes primarily from work done
during the past 50 years. Within this relatively short period of time the
atmosphere has revealed itself as a very complex and stimulating object of
study, and calls upon an impressive number and variety of techniques in its
investigation. Modern high-altitude research is a major field of endeavor
claiming the attention of many well-known scientists throughout the world.

One of the most challenging features of the upper atmosphere has been,
and is, its inaccessability. This challenge has brought about two lines of
éttack. First, there have been devised a great many indirect* methods of
studying the atmosphere and associated phenomena in terms of observations made
at the earth's surface. Second, means have been sought to make the upper re-
gions accessible, such as balloon, rocket, and satellite-borne probes. The
latter two approaches, in which we are most interested, have met with a great
deal of success in recent yeaurs.5—5

Before the advent of the rocket-borne probe, most upper atmosphere meas-

urements were obtained by earth-bound observation of atmospheric-spectra,

meteor trails, sound propagation, and by investigation of aurorae and the

*¥Indirect shall refer to measurements made entirely by earth-bound observation.



earth's magnetic field. From the above and various theoretical studies, many
inferences have been drawn about the structure, composition, and electrical
properties of the high atmosphere. These early indirect attacks upon the
problem have long been supplemented by the direct approach of making measure-
ments with balloon-borne instruments, and most recently (within the past 20
years) rocket-borne instruments have extended the direct approach much beyond

the balloon ceiling of about 30 km to over 1,000 km.

1.2 THE REGIONS OF THE ATMOSPHERE

The lowest portion of the atmosphere is referred to as the troposphere.
It is in this region that the ordinary meteorological processes occur (rain,
snow, hurricanes, tornadoes, monsoons, etc.). One might say it is the "weather
sphere." Starting at the ground, the temperature and pressure decreases with
height until a minimum temperature is reached at what is called the tropo-
pause.u’5 The height of the tropopause is, of course, variable and ranges
from approximately 6 km above the poles of the earth to approximately 18 km
above the equator. In the middle latitudes (Central United States) its height
is roughly 12 km.

Above the troposphere and the tropopause lies the so-called stratosphere,
so-called because in the early part of this century this region was thought to
be isothermal (constant temperature) and quiet, and hence stratified (sepa-
rated into distinct layers). In the higher latitudes (over Northern Canada)
there does exist an almost isothermal region of 10 or more km in thickness,
but it is found that over the equator there is a very sharp temperature inver-

sion at the tropopause. In recent times, the stratosphere has come to be that



portion of the atmosphere between 18 and 50 km with a stratopause occurring
at approximately 50 km.

Continuing beyond the stratosphere there is the upper atmosphere. In the
not too distant past this phrase has been used to denote the region of the
atmosphere above 30 km (in general, the maximum attainable altitude of bal-
loon-borne probes). It is most common today, however, to denote a middle at-
mosphere or mesosphere which extends above the stratopause from 50 to approx-
imately 85 km with a mesopause occurring at about 85 km, and an exosphere or
more recently named the thermosphere, at the very top where the most signifi-
cant heating of the atmosphere occurs. Here the atmospheric density is so
low that atmospheric particles rise and fall without collision in elliptic
paths under the influence of gravity or following parabolic and hyperbolic
trajectories, they will escape from the earth entirely. Thus, the thermosphere
(exosphere) is accordingly the fringe region between the atmosphere and inter-
planetary space. The precise location of the upper edge of the thermosphere
is of considerable interest and is at present not well-known by virtue of its

very nature, but it is believed to extend well above 400 km.

1.3 SOME PROPERTIES OF THE ATMOSPHERE
1.3.1 Sea Level
At the surface of the earth, the following observations of the atmosphere

have been made. The average composition of dry air at sea level is given in

Table I.!



TABLE T

PERCENTAGE BY VOLUME OF ATMOSPHERIC GASES AT SEA LEVEL

(Dry Air)
Molecular Nitrogen (No) 78.084%
Molecular Oxygen (02) 20.94T76%
Ozone (03) 0-0.000007%
Argon (Ar) 0.934%
Carbon Dioxide (COs) 0.0%14%
Molecular Hydrogen (Ha) 0.00005%
Neon (Ne) 0.001818%
Helium (He) 0.000524%
Krypton (Kr) 0.000114%
Nitrous Oxide (N20) 0.0005%
Xenon (Xe) 0.0000087%
Methane (CHy ) 0.0002%

The actual composition at ground level is observed to vary slightly from
the above with both position on the surface of the earth and time, and vari-
able amounts of water vapor are always present. The sea level values of

pressure, temperature, and density adopted in Ref. T are as follows:

P, - 1.01325 x 10° nt/nf

760 mm Hg
0o - 1.2250 kg/m®

Ty - 288.150°K

The temperature, pressure, and density at the earth's surface are also
variable with position and time but the extremes of variation about a mean

value are quite limited on an absolute scale. The extreme variation in ground-



level temperature is of the order of 15% of the mean in the middle latitudes
and the deviation of atmospheric pressure and density are limited to a very

small percent of the mean.

1.%.2 Temperature Variation With Altitude

Starting at sea level, temperature and pressure decrease almost, but not
quite adiabatically with height through the troposphere until the temperature
minimum of between approximately 200 and 23%0°K is reached at the tropopause,
whose exact altitude and temperature value is variable with time and position
over the earth.

The stratosphere exhibits a nearly constant temperature over an altitude
region which is also variable with time and position.

Immediately above the stratosphere the atmospheric gases are heated by
solar ultraviolet energy absorbed in the atmospheric ozone which is formed
from atmospheric molecular oxygen by photochemical processes at the top of a
layer sometimes called the ozonosphere which lies between 20 and 50 km. This
heating causes a rise in temperature from the cold stratospheric value to a
maximum of about 270°K at an altitude of approximately 50 km (the stratopause).
Thereafter, the temperature falls again to a low value of the order of 200°K
in the neighborhood of 80 km (mesopause). At still higher altitudes in the
thermosphere the temperature rises again until it reaches an isothermal value
of as low as 800°K at an altitude of approximately 200 km8 during the quiet
sun and as high as 1200-13%00°K during the maximum solar activity. The exact
nature of this heating process is not well known at present. However, several

theoretical and experimental studies of the various physicochemical processes



of this part of the atmosphere are being carried out with hopes that a proper
explanation of the heating process will be determined. Figure I.1 graphically

illustrates the various regions and temperature values of the atmosphere.

1.3.3 Variation of Atmospheric Pressure and Density With Altitude
Pressures and densities fall off roughly exponentially with altitude from
sea level up to an altitude of approximately 110 km. This fact may by ex-

pressed mathematically by

p - po2B(T)el

o = poe‘QB(T)gH . (1.2)

Equations (I.1) and (I.2) are strictly correct if B(T) is considered constant
for a small range in altitude where the atmospheric temperature may be con-
sidered constant. An approximate value at sea level of 2B(T)go is 1/9.6 km-l
for which Egs. (I.1) and (I.2) shows that all but approximately 35% of. the
total mass of the atmosphere lies below 9.6 km. Above 110 km the decrease of
pressure and density is still exponential; however, the rates of decrease of
these parameters is observed to be much less than at the lower altitudes.

A good mnemonic is that up to 110 km both pressure and density are di-
vided by 10 for every 10-mile increase in altitude. Also, if pressure is ex-
pressed in millimeters of mercury (mm Hg) and density in grams per cubic

meter, the numerical values of the two at a given altitude are about the same.

1.3.4 FElectrical Properties of the Upper Atmosphere

The atmosphere may also be subdivided according to its electrical proper-
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ties. From this point of view, the ionosphere is that portion of the atmos-
phere in which significant numbers of the constituent particles are charged.
The total ionization in the ilonosphere varies from altitude to altitude and
several well-pronounced maxima are found. The first, or lowest altitude, of
these layers which is sometimes found in the neighborhood of 60 km is the D-
region. This region is often associated with strong radio fadeouts. Next in
altitude are the E- and F-regions which are the most familiar and most im-
portant parts of the ionosphere.9 During the day the F-region contains two
layers designated by F; and Fo, which at night coalesce. The E-region di-
minishes at night and during the day may sometimes exhibit two layers, E; and
E>. From ground-based radio propagation studies and ejectable electrostatic-
probe experiments the approximate height of the maximum ionization in the E-
region is placed somewhere between 90 and 120 km, that of F; appears at about
175 km, with that of Fo at approximately 300 km. Sudden intense clouds of
ionization often appear within the E-region and are referred to as sporadic

E. Their cause is not well-known, but it is believed that meteors may be one
cause of the ionization of the sporadic E. The direct measurement of the prop-
erties of the ionosphere is relatively young and is the subject of an intense
research effort by many laboratories including the Space Physics Research Lab-

oratory.

1.%.5 Winds in the Upper Atmosphere
Many observations by various techniques (long-enduring meteor trains,
radar-chaff, sodium vapor trails, etc.) indicate the existence of winds in the

upper atmosphere. These observations show that adjacent layers in the high

8



atmosphere often have winds of quite different speeds and directions. Verti-
cal components are alsc observed in some of the winds. These high-altitude
winds sometimes exhibit velocities of several hundred kilometers per hour with
average values between 100 gnd 200 km/hr. Radar studies of meteor trails con-
firm and supplement visual observations and extend the results to much higher
altitudes.lo Rocket-borne techniques for measuring wind are presently being
worked out but results are still fragmentary. One notable characteristic of
high-altitude winds 1s their seeming correspondence to and dependence on the
atmospheric temperature profile.ll It is found that at points of temperature
inversion wind shears between adjacent layers are usually present and of a

very violent nature.

1.4 CONCLUDING REMARKS

It is realized that the foregoing descriptive treatment of the atmosphere
has been very general and has offered little in the way of explanation as to
the cause of the observed phenomena. It i1s hoped, however, that it has served
to stimulate the interest of the reader in the subject and give some basis for
further study. To pursue this study, the interested reader is referred to

the references at the end of this chapter.
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CHAPTER II

A COMPARISON AND BRIEF DESCRIPTION OF UPPER
ATMOSPHERE NEUTRAL PARTICLE MEASUREMENTS

2.1 CLASSIFICATION OF NEUTRAL UPPER ATMOSPHERE MEASUREMENTS

In the investigation of the neutral upper atmosphere the parameters of
interest to the experimenter are ambient pressure, temperature, density, and
mass motion or wind in the atmosphere. Thus, the study of the upper atmos-
phere by rocket-borne techniques has brought about many different approaches
to the design and implementation of neutral particle measurements. Among the
more common theoretical approaches taken in the problem of experiment design
are those involving the theory of sound propagation, the theory of gaseous
diffusion and dispersion, and basic aerodynamic theory. Thus, experiments
which yield measurements of the parameters of the neutral upper atmosphere
may be classified according to the theoretical concepts upon which they are
based. As will be seen, these experiments involve straightforward applica-
tions of well-known thecretical concepts or simple extensions of these well-

known ideas and will fall into the categories mentioned above.

2.2 COMMON NEUTRAL PARTICLE EXPERIMENTS

As indicated, several rocket-borne techniques have proved very useful in
the direct measurement of the upper atmosphere above balloon altitudes. Among
the more successful of these is the rocket-grenade experiment which is based

on the theory of sound propagation in a gaseous media such as the atmosphere

11



and is well suited to determining an average temperature profile in the upper
atmosphere.

A second technique, which has been highly successful and is well adapted
to the measurement of winds, is the sodium release experiment which is based
on gaseous diffusion and dispersion of a sodium vapor trail left by an as-
cending rocket under the influence of atmospheric wind.

A third experiment which is based on aerodynamic theory involves the meas-
urement of the atmospheric drag on a sphere which is ejected from an ascending
rocket and allowed to fall freely back to earth. The measurement of the drag
encountered by the falling sphere leads to the determination of atmospheric
density.

A fourth technique, the pitot-static probe, also based on aerodynamic
theory, uses pressure measurements made at suitable points on a rocket sur-
face to obtain the ambient pressure, temperature, and density in the upper
stratosphere, mesosphere, and lower thermosphere.

A fifth experimental approach based on aerodynamic theory and particu-
larly well suited to determination of ambient pressure, temperature, and
density at very high altitudes is the thermosphere probe. This device makes
use of a cyclic pressure measurement at a suitable point on a tumbling cylin-

drical probe ejected from an ascending rocket vehicle.

2.% DESCRIPTION OF COMMON NEUTRAL PARTICLE EXPERIMENT
2.%.1 The Rocket Grenade Experiment

In this experiment,l which is based on the speed of propagation of sound

12



through the atmosphere, it is assumed that the ratio of specific heat at con-
stant pressure to that at constant volume, and the average molecular mass or
composition of the atmosphere remains essentially unchanged with altitude up
to approximately 90 km. Under these conditions it is well-known that the
speed of a sound wave traveling through the atmosphere is a function only of
the atmospheric temperature.2 This functional relationship forms the theo-
retical basis of the rocket-grenade experiment which leads to a determination
of an average upper atmosphere temperature profile.

The implementation of this experiment requires that grenades be ejected
from a flying rocket and exploded at high altitude. Both the times and loca-
tions in space of the explosions are accurately measured. The time of ar-
rival of the sound from each grenade at the earth's surface 1s also measured
accurately at each of several listening stations arranged on the ground di-
rectly below the rocket.

In the ideal case, all grenades would be exploded directly above a listen-
ing station, the sound traveling vertically downward tc the recording point
or listening station. Thus, if A is a listening station on the ground, B a
point of explosion vertically above A, and C the position of a second explo-
sion vertically above B, then the sound path from C to A would overlap that
of B to A along BA. The transit time of the sound wave from the second explo-
sion minus that of the wave from the first, would then give the transit time
from B to C. This ftransit time could then be used along with the known dis-
tance between B and C to calculate the average velocity of sound on the path

BC, from which, through the theoretical relation between speed of sound and

13



temperature, and average temperature between B and C can be derived.

The practical implementation of the experiment, however, departs from
the above idealized situation. The explosion points may be displaced by sev-
eral degrees away from the vertical over the listening stations. In this real
case, the sound wave undergoes continuous refraction (turning) on its way
downward toward the recording point, and accordingly follows a curved rather
than straight path from the point of explosion to the listening point. In
such a case, the various sound paths do not overlap thus making the use of
other more limiting assumptions necessary in the derivation of the average
temperature profile from this technique.

There is, in addition to the above practical limitation, still another
effect which must be considered. It is known that appreciable atmospheric
winds exist at various altitudes along the sound path. Wind components along
the path change the apparent velocity of sound, whereas components of wind
perpendicular to the path alter its curvature. Thus, if not corrected for,
winds can introduce errors into the determination of air temperatures.

Since winds have a directional effect, their influence on the sound path
can be separated from that of temperature by measuring not only the times but
also angles of arrival of the sound at the various listening stations. With
such data and balloon determination of wind and temperature to as high an al-
titude as possible, the still higher altitude winds can be estimated and taken
into account as a correction factor in the determination of temperature by the
rocket grenade technique.

This experiment has been flown many times by various experimenters with

1k



great success in determining average atmospheric temperature profiles to an
altitude of approximately 90 km where it becomes very difficult to receive
the sound from the grenade burst because of atmospheric attenuation of the
sound wave. Also, the experiment has, with some degree of success, given an

estimate of atmospheric winds in the upper regions to approximately 90 km.

2.%.2 The Sodium Release Experiment

As mentioned earlier, this experiment is used in determining upper at-
mosphere wind profiles.

The implementation of this technique requires that a rocket nose cone be
equipped with a canister containing sodium metal and a remotely controlled re-
lease valve. As the ascending rocket reaches the altitude at which measure-
ment is to commence, the valve in the canister is opened, thus allowing the
sodium to escape into the rare atmosphere where the sodium vaporizes pro-
ducing a continuous trail of sodium vapor behind the rocket vehicle. This
trail is then very accurately photographed from the ground by several pre-
cision motion picture cameras from several different locations. Thus, by
comparison of the various films a triangulation scheme is used to determine
the rate and direction of the dispersion of the sodium vapor trail which
yields a direct determination of the upper atmosphere wind which caused the
dispersion.

A great number of these experiments have been used and have added much
to our present-day knowledge of the upper atmosphere winds to altitudes well
in excess of 200 km.

This technique, because of its dependence upon ground based photography

15



for data acquisition is severely limited for a number of reasons. First, a
very accurately surveyed launch area is required for the triangulation pro-
cedure used in data analysis. Second, in order to assure data acquisition,
very severe limits are placed upon allowable cloud cover. Finally, to assure
adequate and proper illumination of the vapor trail, launchings must be sched-

uled for either sunset or sunrise.

2.%3.%3 The Falling Sphere Experiment

The theoretical basis for this experiment is found in basic aerodynamics;
for it is well known that the drag force encountered by a body moving through
a fluid media is a direct function of the fluid density, the square of the
relative velocity, and the shape of the body. Mathematically this expression

would be
D = 1/2 p V° Cp8 (I11.1)

where
D is the drag force
p is the fluid density
V is the relative velocity

Cp is a dimensionless drag coefficient (a function primarily of the body
shape)

S i1s the cross-sectional area of the body.
In addition to this, Newton's second law of motion states that the sum
of the forces acting on a body is equal to the product of the mass of the

body and its net acceleration, or:

16



D-mg = md¥ (I1.2)

dt
where
D is the drag force
m is the mass of the body
g is the acceleration due to gravity
%% is the rate of change of velocity with respect to time or acceleration.

Now combining Eqs. (II.1) and (II.2) and solving

2m»<' .> (II.3)

vECps

Thus, Eq. (II.3) gives a precise mathematical statement of atmospheric density
in terms of known quantities m, g, Cp, and 5, and quantities to be measured,
V, and 4V/dt.

The implementation of the experiment is carried out by ejecting a spherical
body, whose drag coefficients, cross-sectional area, and mass is known, from
an ascending rocket and allowed to fall freely back to earth. During the
period of fres fall the velocity altitude and acceleration of the sphere
are carefully determined. The velocity and altitude are determined by ground-
based radar tracking and the acceleration is determined by an on-board accel-
arometer in the case of the active falling sphere, or by differentiation of
the velocity time profile from radar in the case of the passive falling sphere.

Through the use of Fg. (II.3) and the velocity-acceleration profile, the
atmospheric density as a function of altitude may be deduced.

It is easily seen that the falling sphere experiment is very modest in
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its requirement of ground support equipment and thus highly portable.

This experiment has been used extensively with good results and is pres-
ently limited to a maximum altitude of approximately 100 km where, owing to
the insensitivity of the device to extremely small drag forces, and inade-
quate understanding of the very low density drag coefficients, the derived

densities are apparently meaningless.

2.4 PURELY AERODYNAMIC UPPER ATMOSPHERIC MEASUREMENTS

As with the development of any physical science the need for ever in-
creasing range of measurement and basic accuracy imposes itself on those in-
volved in the science. The pitot-static probe and the thermosphere probe
have been developed,5’u to this end, through the pioneering efforts of the
Naval Research Laboratories, NASA, and The University of Michigan.

The pitot-static probe and thermosphere probe techniques are based upon
a purely aerodynamic approach to the measurement of pressure, temperature,
and density in the upper atmosphere, and is the subject of subsequent chap-
ters of this report. In these following chapters a detailed development of
the theory, implementation, and subsequent data analysis for the pitot-

static probe will be given.
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CHAPTER III

THEORY OF AERODYNAMIC UPPER ATMOSPHERE
NEUTRAL PARTICLE MEASUREMENT

3.1 INTRODUCTION

In this chapter the theoretical basis for the interpretation of aerody-
namic pressure measurements made at suitable points on a rocket-borne probe
surface in terms of the ambient properties of fhe upper atmosphere will be
discussed and the governing equations developed. These equations will be de-
veloped in detail starting with well-known aerodynamic and gas dynamical con-
cepts, with this development leading to general equations which are readily
specialized to the interpretation of a measured quantity in terms of one or
more of the desired properties of the atmosphere.

In light of the above, certain models of the gaseous media which is known
as the upper atmosphere must be presented, and a mathematical analysis of this
model made. The results of such analysis leads then to the desired concepts
and governing equations.

To facilitate the readers' understanding of the next few sections, the
following definitions of important terms are presented.

1. Density.—The total mass of the molecules in a unit volume is defined
as the density of the gas. Mass is defined as weight divided by the local
acceleration of gravity.

2. Pressure.—When molecules strike a surface, they rebound; and, by

Newton's law, the surface experiences a force equal and opposite to the time
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rate of change of momentum of the rebounding molezules. Pressure is defined
as the force per unit area exerted on a surface immersed in the fluid. Be-
cause the molecular bombardment of the surface is considered perfectly ¢las-
tic we have a first important result: fluid pressurs acts normal to a sur-
face. As will be shown in a later section a second important result concern-
ing fluid pressure is: the pressure 1is proportional to the kinetic energy of
the random motion per unit volume.

3. Temperature.-——According to the kinetic theory of gases, the absolute
temperature is defined to be proportional to the mean kinetic energy of the
molecules. It will also be shown to be interpreted in terms of the Equation

of State for an ideal gas as

P = pRT

where P and p are the pressure and density, R is the gas constant per unit
mass, and T is the absolute temperature. Thus, for systems in which the
density remains constant, such as the addition of heat, that increase in
kinetic energy of random motion will increase the temperature and pressure

by proportional amounts.

3.2 THE EQUATION OF STATE AND MEAN FREE PATH
3.2.1 The Maxwell-Boltzmann Velocity Distribution Law

As has been shown the earth's atmosphere consists of a gasecus mixture
of several constituents and exhibits certain measurable properties such as
pressure, temperature, density, etc. In order to further understand these

properties, a theoretical model has been postulated and several of these
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known properties have been linked together on the basis of this theoretical
model. In order to set down a concrete theory for aerodynamic atmospheric
measurements, these concepts must be called upon. The first of these shall
be the concept of a molecular velocity distribution function.

As a good approximation to the actual gaseous atmosphere let us con-
sider a finite volume of an ideal gas. A finite volume of an ideal gas con-
sists of a huge number of individual molecules of negligible size. These
molecules are in random motion and collide with each other and the walls of
the containing vessel all the time and at a very high rate. In order to rep-
resent mathematically the behavior of this gas we must adopt a molecular point
of view where the individual molecule is the important physical quantity. A
method of representing this molecular motion is to use a velocity phase space
rather than the physical space and use a velocity distribution function which
gives the density of the gas molecular velocities through the spectrum of all
possible velocities.

Consider the velocity space of Fig. III.la where
7l = NErgeE

If at a given time the velocities of all of the molecules could be found,
then the behavior of the gas would be known. This leads to the determination
of a velocity distribution function f(vx,vy,vz) which gives the density of the
molecular velocities through the spectrum. Again let us consider the above
velocity space with several velocities of individual molecules shown, as in

Fig. III.1b, and further we see that
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Fig. IITI.1. Velocity space retangular coordinates.

2k



dv = dvxdvydvz

Now f(vx,vy,vz)dvxdvydvZ equals the fraction of the number of molecules per

unit volume whose velocity lies in the range
v and v + dv
or

Vyr Vi + dv,

X

vy,vy + dvy

v_,v_ + dv
7’z Z

Further, if we let n be the number density of the molecules or the number of
molecules per unit volume then nf(vx,vy,vz)dvxdvydvZ equals the number of
molecules per unit volume whose velocity lies in the range v and v+dv. It
is easily seen that f(v), the distribution function, represents the proba-
bility of the velocity of a molecule lying between v and v+dv.

To determine f(v) we will follow the approach of Maxwell,l’2 which em-

ploys the following postulate:

f(v) = f(vxyvyyvz) = fl<Vx)fl(Vy)fl(Vz) (III-l)

where fl(vx) represents the distribution function of the x component of molec-
ular velocity. Physically this postulate implies; (1) the velocity compo-

nents, vy, vy, and v,, are statistically independent; and (2) the distribu-

y
tion function, f(v), is isotropic (spherically symmetric).

Working now with Eq. (III.1) after taking the logarithm of both sides we
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see

In £f(v) = 1n fi(vy) +

T
In l(Vy

) +1n £1(vy,)

Taking the derivative of the above equation with respect to vy where

Vo= v+ v§ + V2
gives
£'(v) ov £1(vx)
f(v) vy £1(vy)
but
v . vx
vy v
thus
10(v) _ 1 filvy)
v £(v) vy f1(vy)
Introducing the notation
11 (v)
olv) = v (v
1
1 fl(Vx)
o1 (Vv = —
a vy f1(vy)
we see that
o(v) = o1(v)

(I1I.2)

Now taking the derivative of Eq. (III.2) with respect to vy or vz leads to
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Integrating

where B is a constant. From Eq. (III.2)

_L falvy) - IIT
olrg - LAl - e (111.3)
Integrating Eq. (III.3)
2
In fi(vy) = a - Bvy

where & and B are constants. Finally

a-Bvk a_-Bvi

f1(vg) = e = ee
or
f1(vy) = A e-BVi (III.4)
where
A = ea

Now from Eq. (III.1) the form of the distribution function f(v) becomes

2 2, 2
3 =B(vytv v
e B( Xx"Vy z)

f(v) = A (III.5)

To normalize Eq. (III.5) we must determine A = e¥. We know that
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where dn is the fraction of the number of molecules per unit volume whose
velocity lies between v and v+dv. Now integrating over the entire range of

values of Vs Vy’ and v,

{Zf nf(v)av = {ZI o 4% P Z)dvxdvydvz - n
we find that
"
Thus,
f(v) = <§>3/2e’5"2 ﬂ (111.6)

Equation (III.6) represents the basic form of the Maxwellian velocity distri-
bution function, but because the use of this function often involves rather
complicated integrals, it 1s more convenient to express it in a slightly dif-
ferent form which simplifies the usual integration problem. To facilitate
this change we shall define the spherical polar coordinate system shown in

Fig. III.2. The volume element in this velocity space is then given by
dv. = v® sin © d0 d¢ dv

and

2
f(v)dv = (%) B2 a6 a0 af dv
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Velocity space polar coordinates.
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define

T 21 3 /2 2
F(v)dv = fo sin © do J da¢ 5—) / e PV Pay
o :

carrying out the integration
3/2 .
f(v)dv = bLn (g) / e Bvavadv (111.7)

Equation (ITII.7) now represents the fraction of the molecules per unit
volume whose gspeed lies between v and v+dv.

Equations (III.6) or (III.7) may now be used to calculate some average
quantities of the gas we are dealing with such as the mean kinetic energy

of the molecules:
1/ m? = 1/2 m®

which is the mathematical expression of mean kinetic energy, where m is the

molecular mass. Thus, we see that the problem reduces to that of obtaining

an expression for v2 (the mean square velocity) in terms of the distribution
functions.

Recalling that

v = 7 vCF(v)dv

0O

which upon substitution of Eq. (IIL.7) becomes

_ 00 2
v = fo vl <é >3/2e_BV dv

7

Integrating we obtain

Z -

STV
Wi

Thus, the mean kinetic energy of a molecule 1s given by
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2

1
= I11.8
3 ( )

O |
PO

At this time it is convenient to introduce the concept of absolute tem-
perature and relate this quantity to the mean kinetic energy. This relation-

ship stated mathematically is:

where
m is the molecular mass
kX is Boltzmann's constant or, the gas constant per molecule
T is the absolute temperature.
This theoretical relationship along with Eq. (III.8) leads to the de-

termination of the constant B.

TR
%
I
MN[H
B
PO
Wi

Thus,
m
B = G - (III.9)

Substituting Eq. (III.9) into Egs. (III.6) and (III.7) we obtain the
Maxwell-Boltzmann velocity and speed distribution function in terms of the

absolute temperature, T.

. w2
Plv) = <2—I§-ﬁ>3/2e 2kT (IT1.10)

and

31



_m®
F(v) = bhnr <2§kT>3/2e okT 2 | (IIT.11)

These equations represent the most frequently encountered forms of the Max-
wellian distribution law, and have been verified experimentally to very ac-

curately represent the actual velocity distribution for a real gas.

3.2.2 Equation of State

The results of the previous derivation may now be utilized to develop
an equation of state for an ideal gas. To facilitate this development let
the physical model, illustrated by Fig. III.3, be considered.

To calculate the pressure exerted on the walls of the container we must
calculate the force applied to the wall through momentum exchange from the
colliding molecules. That is, an expression must be obtained for the momen-
tum transfer to area, S5, per unit time.

Now, the condition on the molecule at time, t = 0, to insure collision
with the wall at S in time increment, 3%, is that it have velocity component,

Vi such that

h < Vi ot

or another way of saying this is that at time, t = o, the molecule with ve-

locity component, vy, must be with a volume

S < vy 8t 8

Further, the number of molecules, Nyy, in the volume V, of the container

having a component of velocity, vy, between vy and vytdvy is given by
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/L

Molecule of mass m at time
t=0 with velocity component
vy, which will collide with
area S on the positive x wall

Fig. III.3 The ideal gas law model.
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Ny, = nfi(vy)dvg

X

And the number of molecules hitting surface, S, in time, 8%, NVX, S is given

by

N vy Ot S nfi(vy)dvy

Vg5
The momentum transferred to S by the individual molecules specified by NVX,S

is

Ay 5 = 2m vy Ve S 8t nfi(vy)dvy

The total momentum transferred to S in &t is found by integrating the above

over the positive range of values of vy.

[ee]

MVX,S = g 2mv§ S 8t nfa(vy)dvy
My 5 = 2m 8 Bt Z Ve £1(fy )dvy
but
[ nlvav, - 39
Therefore,
MVX,S = 2n S &t % m;i

Recalling that pressure is given by force per unit area and force is given by
total exchange of momentum per unit time, we see that the pressure, P, ex-

erted on the walls of the container can be expressed by
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p = <X
S 8t
or
P = 2n %-mvi

From the previous expression of the absolute temperature and the theory

of equipartition of energy we also have that if

1 - D
Em? = % KT
then
1 B 1
L = kT
ngX 5

Substituting this in the above expression for P
P = nkT

Now if we define
nm = p the mass density
and

% = R the gas coustant per unit mass.

We have as the final form of the equation of state for an ideal gas:

P = pRT
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where

P is the pressure (force per unit area)

o is the mass density of the gas

R is the constant per unit mass

T is the absolute temperature.
Thus, we have a very simple equation which links the three properties of a
gas to each other. Experiments with real gases show that this equation ac-
curately predicts the behavior of the gas to within a very minute percent

error over a large range of conditions of temperature, pressure, and density.

3.,2.3 Mean Free Path

Up to now, it has been apparent that molecular collisions must take
place, but the details of such collisions have been neglected. Let us now
consider the molecular model in which the following assumptions are made:
(1) all molecules are spherically symmetric and undeformable; and (2) the
force of interaction is in the direction of the line of centers of the two
molecules, and its magnitude depends on the distance between the two (i.e.,
a central force system).

Under the conditions of the above assumptions and following the further

1,2

development of the Kinetic Theory of Gases, ’~ one is lead to the following

results:

T = ——F= (III.13)
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where
T 1is the mean free time between intermolecular collisions in an ideal
gas consisting of spherical elastic molecules
n 1is the number density of the gas

d 1s the mean molecular diameter

v is the mean velocity of the molecules given by §5@
m
and
< . v !
J2 n(ﬁdZ)V Jo nng?
or
N o= (IIT.14)
NQE pnd2

where

A 1is the mean free path length between intermolecular collisions in an

ideal gas consisting of spherical elastic molecules
P 1s the mass density of the gas
m 1is the molecular mass
d 1is the mean molecular diameter
v 1is mean molecular velocity.
The above results are obtained under the influence of some rather re-
strictive assumptions, but are found to be very good first-order approxi-

mations to the phenomena observed in real gases.

3.3 THE HYDROSTATIC LAW

Considering the atmosphere surrounding the earth and the effects of the
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gravity field of the earth on the atmospheric gases, a very important physi-
cal result is obtained. Namely, that known as the hydrostatic law.

Now, except for mass motions, such as winds and convection, the atmos-
pheric pressure, as defined previously, is in equilibrium with the forces of
gravity. That is, in an atmosphere at rest the pressure at a specific point
is equal to the weight of the gas in a vertical column of unit cross-sectional
area above that point. Thus, the difference between two altitude levels is
due to the weight of the air contained between those levels.

To mathematically show the above, consider Fig. III.4t in which a unit
cross-sectional cylinder of atmospheric gas between the geometric altitudes
H and H+dH above the surface of the earth where the acceleration due to{gravitw
g, is shown. The weight of gas contained in the incremental volume 1 dH be-
tween H; and Ho is 1 pg dH, acting at the center of the elementary volume.

Equating these forces, which is required by equilibrium, we obtain

P = (P + %% dH | + pg dH

Cancelling common terms and rearranging

P

Eﬁ = pg
and since we will assume

P = P(H)
then

3P 4P

OH  dH



Altitude H + dH N w— !

dH @

Altitude H 1

P
Fig. III.L. The hydrostatic law model.
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and knowing that

thus, we have

dP

= - oel®) (I11.15)

which is the elementary form of the hydrostatic law, and is valid for all

real gases which are under the influence of a central gravity field.

3.4 AERODYNAMIC FLOW REGIONS

In the previous sections we have devoted the discussion to the general
equation resulting from the consideration of a gas from the molecular point
of view. We must now make use of a previously obfained result which becomes
important when one considers the measurement of atmospheric parameters by
means of a supersonic rocket-borne probe. That is, we must now make use of
the mean-free path concept in the determination of aerodynamic flow regions
encountered by a supersonic rocket vehicle on a high-altitude mission.

In this section, three aerodynamic flow regions will be defined in terms
of the mean-free path of the atmospheric particles and pertinent character-

istics of each stated.

3.4.1 The Continuum Region
The continuum region of the atmosphere is defined as that portion of the
atmosphere where the mean-free path of the molecules is much less than a char-

acteristic dimension defined by the dimensions of the instrument used in mak-
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ing physical measurements of the atmospheric parameters. For example, the
flow region is considered continuous if the mean-free path 1s less than the
orifice diameter of a pressure gauge used to make aerodynamic measurements.
It is found that when this condition exists, with respect to the pressure
sensor, there are many more intermolecular collisions than collisions with
the walls of the sensor, and thus, to the sensor the gas appears to be a con-
tinuous media.

Mathematically (III.14) may be used as a first approximation to deter-

mine the density for the flow-region to be classified as continuous.

R
Vgg pnd

where
m 1is the molecular mass considered constant
o 1s the mass density
d is the mean molecular diameter considered constant
I is a characteristic dimension of the measuring instrument

The above may be written in the following form:

m

—_— <o . (ITI.16)
N2 pnd®

Equation (ITII.16) thus gives a lower limit of the magnitude of the density
for which continuum flow exists, and further shows that the continuum flow
region exists in the portion of the atmosphere directly adjacent to the sur-

face of the earth where the density is the highest.
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3.4.1.1 The Rayleigh Pitot Tube Equation

In the continuum region the gas dynamics of a compressible fluid dic-
tates the theoretical interpretation of aerodynamic pressure measurements
made at points on a supersonic vehicle.

Let us now consider a rocket-borne probe flying at supersonic speed at
zero angle of attack in the continuum region. Further, let this probe as-
sume a configuration similar to that shown in Fig. III.5. The probe is mov-
ing forward with x directed velocity Vy which is greater than the local speed
of sound and thus is accompanied by the shock front shown in the figure.
This implies that the incoming flow Mach M is greater than one. Further,
let the undisturbed atmospheric parameters in front of the shock wave be P,
pgs» Ty (ambient pressure, ambient density, and ambient temperature). Also,
let the pressure directly behind the shock front be Pg and the pressure ap-
pearing at the orifice of the impact pressure sensor be Pj.

Now, following the development of Ref. 3 we see that

Pi_ (R} (Es
Pg, Ps/) \Pa

Now

where
v 1s ratio of the specific heat of air at constant pressure to that

at constant volume

Lo



a @ Detached Shock

Impact pressure chamber

Fig. IIT.5. The Rayleigh pitot tube equation model.
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Mg 1is the Mach number directly behind the normal shock position of the

shock front

and

2

2
N )

52 e,
-1

E%

‘Q

where M is the incoming flow Mach number. Thus, substituting

IVF 2 7/7']—

Pi 1+ 2L

P 2 A
S 7 IF
-1

which after some manipulation becomes

-1
p [ 7/7
Pg LyM2 -2y +2

Ps - 22 2 (22
Py 7+l 7+1

We now need
which may be written

Combining these results

<P1>< > 27M2-7+1‘J [(7+1)2M2 }7/ 7=t
y+1 LyME -2y +2

Now, by multiplying and dividing the above by the term

o | L)
LyMB -2y+2

Ly



we achieve the final desired form

" <?%;£> we | (o Y (TIT.17)

"Uli_J

o Lym2-2y+2
Where

P; 1is the measured stagnation pressure or impact pressure
Py 1is the undisturbed ambient atmospheric pressure
M is the incoming flow Mach number

v 1is the ratio of specific heats.

Equation (III.17) represents a most useful form of the Rayleigh super-
sonic pitot-tube equation. In a later chapter it will be shown that this
equation allows one to interpret the measured impact pressure in terms of
the ambient atmospheric density provided the condition of continuum flow is

met.

3.4.2 Free Molecule Flow

The free molecule flow region, or FMF as we shall refer to it, is de-
finet as that region of the atmosphere where the ambient density is suf-
ficiently iow so that the fluld media ceases to act as a continuum. Unlike
continuum flow, where the important physical phenomena is intermolecular
collision, in FMF, the importance is placed upon molecular collision with
the walls of an intruding measuring device. In FMF the mean-free path, be-
cause of the low density, is sufficiently long compared to the dimensions
of the measuring device, that with respect to the sensor, the fluid appears

to be a collection of a large number of individual molecules in random mo-
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tion. In other words, the sensor sees the molecules of the gas as essentially
independent entities obeying the laws of physics as individuals rather than
as individual groups of molecules as is the case with continuum flow.

In terms of our mean-free path analysis, the condition for the exist-

ence of FMF is:

- m
N o= = >
\@5 pﬂdg

which may be written

m
p < —— (I11.18)
V2 tna?

where

m 1is the mean molecular mass
p 1s the mass density
d 1is the mean molecular diameter

I 1s a characteristic dimension of the measuring instrument.

Equation (III.18) thus gives an upper limit on the magnitude of the ambient
density for which FMF exists, and also shows that FMF can exist only at al-
titudes above a certain critical altitude where Eq. (III.18) is satisfied.
Because of the nature of FMF, it is noted that the aerodynamics of the
rocket-borne probes are considerably different than that found in continuum
flow. In FMF, the familiar shock wave associated with continuum flow dis-
appears and the term "speed of sound" becomes physically meaningless. There-
fore, a theoretical analysis based upon the Kinetic Theory of Gases is again

called for. The next section will present such an analysis which will lead
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to a result analogous to the Rayleigh supersonic pitot-tube equation which

will, in a later chapter, be specialized to the interpretation of measured

pressures in terms of the desired ambient properties of the atmosphere.

3.4.2.1 The Equations for Gas Flow Equilibrium at the Entrance to a

Measuring Chamber in Free Molecule Flow

Following the analysis given in Refs. 1,2,6, and 12, we shall direct

our attention to a chamber with an opening in one face. The situation is

illustrated in Fig. III.6 where

ot

Ng

nj

is

is

is

is

the ambient pressure outside the chamber
the ambient absolute temperature outside the chamber
the measured impact pressure inside the chamber

the measured absolute temperature inside the chamber

is the x component of relative velocity between the chamber and
the gas
is the x component of random particle veloclty of the ambient gas

is

is

The chamber

velocity is

opening.

the time increment under consideration

th

(@

number density of the ambient gas

the number density of the gas within the chamber.

shown has a velocity relative to the ambient atmosphere, which

assumed to have component V, normal to the face of the chamber

The gas molecules external to the chamber are assumed to have in-

stantaneous thermal velocities v which vary from particle to particle and are

a function of time and temperature for a single molecule. The x directed

component of v is vx. The absolute temperature and pressure within the chamber
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Unit cross sectional area

Fig. III1.6. Free molecule flow across an orifice.
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will be T4 and P, respectively, and those of the ambient atmosphere will
be T, and Py.

Further assumptions required by this analysis are that the molecules
both inside and outside the chamber obey the previously derived Maxwell-
Boltzmann velocity distribution law and that the particles in the chamber
are in thermodynamic equilibrium with the walls of the chamber. Also, Py,
T,, P;, Ty, and V4 must be assumed independent of time for a period time Bt
where dt is an increment of time long enough to assure that an equilibrium
state exists and short enough so that Py, Ty, Pi, Ty, and Vx may be con-
sidered time independent.

Now, for equilibrium the number of particles entering the chamber
through the orifice must be equal to the number leaving. We shall first
consider striking the surface area of the orifice per unit time, assuming
that there is no relative velocity between the chamber and the atmosphere.
In this case Vy is zero.

Consider the imaginary cylinder vxdt long of unit cross-sectional area
showz in the previous figure. Any particle within this cylinder that has a
velocity with an % component of at least vy will reach the orifice in the
time increment ®t, provided it does not suffer an intermolecular collision
before entering the chamber. Because we are considering FMF we will assume
that the number of such collisions is negligible.

Now, let us 1ift the restriction on Vy and assume that a relative drift
velocity V does exist whose x directed component is Vy. Thus, it is neces-

sary to change the length of the imaginary cylinder from v, .5t to (VX+VX)6t
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as shown in the previous figure in order to insure that a molecule whose x
directed component of thermal velocity vy will enter the chamber. Either vy
or Vx may be negative, as long as their sum is positive, otherwise no mole-
cules will enter the chamber volume.

Now, let dNg be defined as the number of external molecules with x com-
ponent of thermal velocity in the range between vy and vy+dvy that strike
the surface area of the orifice in time increment &t. The number dNp may be
determined by multiplying the volume of the imaginary cylinder by dng, which
is the number of external molecules per unit volume whose x directed thermal

velocity is between vy and vytdvy. This may be stated mathematically:

dNg = (vytVy)l Bt dng

Now, vy may vary from large negative values to large positive values so,
in order to find the total number Ny of particles entering the chamber is dt,
it is necessary to integrate the above expression over all possible values

of (vytVy), recalling that dng is a function only of vy. Thus:

(VX+VX ) = o
Ny = (vytVy )0t dng
(vetVyg) = O
recalling that
dng = ngfi(vy)dvy

which may be written in terms of the most probable x directed thermal velocity
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which we shall call Cmg, which is given by

where

cmg 1s the most probable thermal velocity of the ambient atmospheric

molecules
k is Beltzmann's constant

Tq is the absolute ambient temperature

m is the mean molecular mass.
Introducing the expression for cp, into Eq. (III.4) with appropriate

value of A inserted, we find

2
Vx
vy \ L m 1/2 B <§H;> .
. <Cma> ) Q“kTQ )
2T, \ 1/2
dvy = <jm i:) a <§§i:> .
Mg,
- (&
dng = j%% e Ta/ g <§%%{> .
a

Similarly

Thus

Introducing the above equation into the expression for Ny with the appro-

priate change of limits, one finds

VX
X L.
Cma 5
ng -\c VX
N, = (vytVy) Bt 7= e e, d<gm—a
e S
Cma Cma
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which can also be written as

R v
X
+ ot ng Vx e- <;H%i>d<jx
c

Jr g,
e
Cmg,
Let us introduce the notation
\i v
S = X and s = =
Cma Cma

Then

ot ng cp R 2
N, = a | g e'szds + Mf e™® 3s
T -S

a
Ve Jg Ve
which may be separated as follows

o)
6t ng cma -s2 8t ng Vy )

a —_— — | e
Vi X oo g

2
+ Bt Da Vx ?——-k/1 e”® ds
2 Any

Carrying out the integration with the aid of Refs. 9 and 10 we see that

oo

ot Ng, Cmafs e_szds _ B3t Ng, Cma e_SE

oo o alx

And



But

[
m
2
2_ / ™% de = erf O
N0

¢
5t ng V A v, V ,
J~— - / e 7 ds = @E{%g__x erf S
T ‘-_S "
Now, finally
. [e¢]
8t ng Vx| 2 [ g2 Bt ng Vx
. NP e 7 ds: = >
il A T \O ”J <

Therefore, our expression for Na becomes after some manipulation

St na Cm ~ - :
Ng = —— e'sc-+{ﬁyz~erf S +V%&X
N g, g,
Recall that
5 = X
My,
S50
Btng om0 o — M
3} G '
Ne 5 —emmeee o [0'” + 5N (Ltert SEJ . (IT1.19)
D“Vﬂf L-

Equation (IIT.19) represents the rmber of ambient atmospheric molecules en-
tering the ~hamber orifice in time increment Af per unit area of orifice open-
ing.

Mow, we must consider the nunber of particles leaving the chamber through
the orifice in time ®t per unit area of orifice. Let this number be Nj. This

number may be calculated in a manner similar to that used to calculate Ng, re-
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membering that Vy is equal to zero and that we must use values of n, dn, and
¢y for the interior of the chamber.

Thus,

where

Substituting into the above integral gives

5t ;X_ = o v VX 2
nj Cm. mj “\ o v
Ny = ——— T X o \M/ g 1x
\/"— Cm Cm.
i v 1 1
b SIS
Cmi
After integration we find
- _ 5t nij Cmi
i = — . (I11.20)

Recalling now that equilibrium exists when the number of particles enter-

ing the chamber is equal to the number leaving. That is to say

or
0t ng c > 5t ni cm.
%‘E*S-qu(lmnfSﬂ = —
ol ol
Rearranging
nsCpy. 2
kil E'S + sNn (1+ert s)] . (III.21)
naCma
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In terms of pressure, we know from the equation of state

Py = mny kT4
and
P, = n, kT, .
Now
2kT
2 o &=
Cp- = o .
Therefore,
T o= mCmE |
2k

P . = :‘.. sMm.C =
j 5 M Cm,
and
= .2
Boo = mamyty
we will now assume that
mi = Wy .
With fthis assumption the ratio
5 NiCy; -
Py  ngg
a Azl

that



or

nicm;  CppPi

nec c, P
a mg m;-a

Substituting this expression into Eq. (III.21) and rearranging, we find

P Corprs
1 m 2 ;
= - —= [e's + sx (1+erf Si]
Pq Cmg,
But
g, T,
So
. . 2
Pi o |4 Ee*s + sNx (1+ert s)]
P Ty,

Let us now define
-g2
F(s) = Ba +SVn(LmrfSﬂ

Finally

Pi - L pe) (1T1.22)
P, T,

P. 1is a measured impact pressure
Py, 1is the ambient atmospheric pressure
; 1s the measured absolute temperature interior to the chamber

T, 1is the absolute ambient atmospheric temperature
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[e'82 + o7 (1+erf S‘)]

!
—~
wn
~—
il

X VX

) = _— = ——m——
Sy, DKTg
m

Equation (III.22) now gives the desired relationship between the meas-

ured impact pressure and the ambient atmospheric pressure. This expression
will be speclalized in a later chapter to allow the interpretation of meas-
ured impact pressure in terms of the ambient atmospheric density.

It is interesting to note the behavior of F(S), (see Appendix) and
the fact thatfur Sequal to zero, (corresponding to V4 equal to zero) the

value of F(S) is unity, that is

(I111.23)

Hd l_."U
o)

when there is no relative drift velocity between the chamber orifice and the

gas (V, = 0).

3.4.3 The Transition Region

As a logical conclusion, in light of the previous two sections, there
must exist a flow region intermediate to continuum and free molecule flow
regions. This is the region known as transition. In this region, the flow
exhibits pfopertiés of both continuum and free molecule flow, and because
of the rather wide separation between the theoretical approaches used in
analyzing the two flow regions, it does not lend itself readily to theo-
retical analysis. Considerable effort along the line has been given by

several individuals. One very promising effort is given in Ref. 11.
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Again using the mean-free path approach, the transition region is that

region where

or

o ~ —=& X (III.24)

N2 nay

Here we see that the mean-free path is approximately equal to the char-
acteristic dimension, so that both intermolecular and molecular-wall collision
become important.

Let us then conclude that, to date, no satisfactory theory exists by
which one may interpret measured aerodynamics pressures in terms of ambient

atmospheric properties in the transition region.

5.5 SUMMARY OF THEORETICAL RESULTS
By way of summary, let us simply restate the important final equations
developed in the previous sections of this chapter and the appropriate as-

sumptions and restriction on the use of each.

Maxwell-Boltzmann Velocity Distribution Law

(w2
f(v) = <m >3/2 e \KT (I11.10)
21kT

where

58



m 1s the mean molecular mass
k 1is the Boltzmann constant or gas constant per molecule

v 1s the random thermal velocity

Assumptions:
(1) The velocity components of vy, vy and vy, of v are statisti-
cally independent.
(2) The distribution function f(v) is isotropic.
Validity:
Several direct experimental verifications of the law for several
common gases and vapors have been made and may be found in the literature. On
the basis of this experiment we shall consider the law valid for the atmos-

pheric gas and thus the atmosphere.

Th= Bquation of State for an ldeal Gas

P = pRT (I1T.12)

a5 pressurse exovbed normal to a surface immersed in the fluild

lae]
i
Ui
-
)
1
i)

5 the gas mass donsity

T
[N
fee]

R is the gas constant per unit mass

T 1is the absolute temperature of the gas.

Assumptions:

(1) Ideal gas
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Validity:

Even though the law applies strictly to an ideal gas, it has been
shown experimentally to accurately predict the properties of a real gas at
the value pressures and densities encountered in the atmosphere. It does
not hold for extremely high densities and pressure approaching those of the
critical values for the gas. This is because the extremely strong inter-
molecular forces are not accounted for in the ideal gas analysis.

Thus, because a real gas approaches the behavior of an ideal gas at and
below the values of pressure and density on the surface of the earth, we

shall consider the law valid for the properties of the earth's atmosphere.

The Hydrostatic Law

= - pg8 (I11.15)

Qo
mL;U

dPa g the rate of change of ambient atmospheric pressure with altitude
H is the altitude in the atmosphere above the surface of the earth
P_  is the ambient atmospheric pressure
o) is the ambient atmosphere gas mass density
g 1s the local acceleration due to gravity
Assumptions:
(1) No mass motion
(2) Equilibrium between atmospheric pressure and the forces of

gravity.
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Validity:
It is known that over a large altitude interval, very violent mass
motion of the atmosphere occurs. However, if the altitude increment 44 is
chosen arbitrarily small, then the mass motion occurring within the inzrement

may be neglected and again only equilibrium considered.

The Rayleigh Supersonic Pitot-Tube Equation

1
2 —
P; _ (L v (y+1) M= yoT (T71.17)
Py 2 LyM2 -2y +2 '

where
P; 1is the measured impact pressure
P, 1is the ambient atmospheric pressure
M 1is the incoming flow Mach number

7 1is the ratio of specific heats.

Assumptions:
(1) M>1
{2) CZontinuum flow
(3) Normal shock exists in front of measuring senscor orifice
(4) Zero angle of attack.
Validity:
In all upper atmosphere rocket-borne probes the first three condi-
tions above are met for at least the low-altitude portion of the flight.

Condition four, however, fis rarely satisfied. However, wind-tunnel tests of
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devices similar to the one to be considered”™ show that negligible error is

introduced by angles of attack up to at least 10°.

Gas Flow Equilibrium at an Orifice in Free Molecule Flow
. Ti

= =L F(8) (II1.22)
a Tq

P; 1is a measured impact pressure

"dl"d
'._J

where

is the ambient atmospheric pressure
T; 1is the measured absolute temperature interior to the measuring
chamber
F(S) = [e'82+\/; S(1+erf s)]
S 1is the ratio of the x directed component of relative drift

velocity to the most probable thermal velocity.

Assumptions:
(1) Free molecule flow
(2) Thermodynamic equilibrium between particles within the
measuring chamber and the chamber walls.
Validity:

Provided that a high enough altitude is reached by the rocket-borne
probe, the conditions for FMF will be met. Thermodynamics equilibrium can
be assured if at least three collisions with the interior of the wall take
place before the processes of measurement occur. For the third assumption,

it is realized that there is some disassociation of atmospheric oxygen mole-
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cules above the altitude where transition to FMF occurs for the probe to be
considered. It is therefore, entirely possible that there may be some re=~
combination within the chamber, where the gas is not subject to the strong
radiation fields which originally caused disassociation, and bercause the prob-
ability of recombination within the chamber is much greater than that outside.
The magnitude of this effect can be a source of errcr in any measurement made;
however, from past experience it is believed that this error is negligible
when compared to other errors which may be present.

In view of this then, we shall consider Eg. (ITI.22) valid for all meas-

urements made by the device in gquestion in the free molecule flow region.
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CHAPTER IV

THE PITOT-STATIC PROBE

L.1 INTRODUCTION

Following Refs. 1 and 2, the pitot-static technique 1s an aerodynamic ap-
proach to the measurement of pressure, temperature, and density in the upper
atmosphere through a simple implementation of the basic theories presented
in Chapter III. "Pitot-static" implies the two primary measurements which
are inherent to the method: (1) the pitot or impact pressure; and (2) the
static or ambient pressure. The pitot-static probe design presented here is
extended to include a spin pressure measurement which, after further study
and development, may lead to a determinaticon of upper atmosphere winds.

The pitot-static technique has been extensively studied and develcped
by the scientists and engineers of the Space Physics Research Laboratory
(SPRL) of The University of Michigan. It is this design and instrumentation

which will be discussed in this chapter.

4.2 THE PITOT-STATIC PROBE CONFIGURATION

The configuration of the SPRL pitot-static probe is shcwn in Fig. IV.1.

As can be seen, the probe is a cylindrical tube, 3.5 in. in diameter,
approximately 37 in. long, with a hemispherical nose tip and a cylinder-cone-
cylinder afterbody.

The figure shows the single orifice of the impact and spin pressure cham-

bers and the many orifices of the manifold ambient pressure chamber.
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This particular configuration was chosen for two reasons: first, it
meets the requirements of good supersonic aerodynamic design of a rocket-
borne probe; and second, this configuration readily lends itself to theo-

retical analysis and, in particular, to the theories presented in Chapter III.

4.3 INSTRUMENTATION

The raw data from the experiment consists of the continuous measurement
of pressure in the three chambers by electronic pressure senscors which are
connected directly to the three chambers. These pressure sensors convert the
pressure information received from the chambers into their electrical analog.
This analog or electric voltage, as is the exact case, is then transferred by
internal cable to the instrumentation section whereit is further acted upon
and combined with other analog information and finally transmitted via UHF
FM radio to recelvers and data recorders located on the ground.

In this section we will discuss in detail the pressure sensors and as-

sociated rocket-borne support equipment.

4.3.1 The Radioactive Ionization-Gauge Densatron

The pressure sensors called densatrons utilized with the SPRL pitot-
static probe combine a radiocactive ionization chamber with a multirange
electrometer amplifier to form an instrument capable of detecting with good
resolution the pressures found in the region of the earth's atmospthere from
30 to 120 km.

As with other ionization gauges, neutral gas ionization results in a cur-

rent which may be measured with a suitable ammeter, and through laboratory cal-
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ibration, interpreted in terms of gauge pressure. In view of this, it is to
be noted that in an ionization gauge the important factor in deriving a cur-
rent to be measured is the number of gas molecules present in the gauge, or
the gas density, rather than gas pressure. However, if the temperature is
known, the gas density is proportional to the pressure. So, in effect, all
ionization gauges are density sensing units which are calibrated in terms of
pressure.

The actual configuration of the densatron ilonization chamber or gauge is
shown in Fig. IV.2. The figure shows the important features of this ioniza-
tion qhamber. In operation, the neutral gas enters the chamber through the
gas admittance port in the top seal plate. Upon entering the chamber it is
bombarded by primary beta particles emitted by the radioactive source mater-
ial (tritium) which is contained on the inside surface of the top seal plate.
This process causes the neutral gas to become ionized. The ions and elec-
trons are then acted upon by the electric field existing in the chamber be-
tween the polarization cylinder which is maintained at a positive potential
with respect to ground and the central collector wire which is negative. Un-
der the influence of this field the positive ions move to the collector where
they are collected to form the ion current which 1s then measured and con-
verted to an output voltage from the electrometer amplifier.

Now, because the densatron is a density sensor which is calibrated in
terms of pressure at a constant gauge temperature, we must determine what ef-
fect a change in gauge temperature will have on the pressure measurement.

This is easily done through use of the equation of state. Here we assume
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that during the calibration the gauge temperature and gas temperature are iden-

tical and constant at a wvalue Tcal‘ In this case

Pog1 = PR Teay

where
Pcal is the pressure corresponding to p and Tcal
p 1is the gas density
Tog1 1s the absolute gauge temperature during calibration

R 1s the gas constant per unit mass.

Now, let us maintain the density p in the gauge constant (which will give the

same densatron output voltage as in the previous case) but vary the gauge

temperature, and thus the gas temperature, to a value T

Pgauge = PR Tgauge

where

is the pressure corresponding to p and T

gauge gauge

p 1s the gas density
Tgauge is the new absolute gauge temperature
R is the gas constant per unit mass.

Now, since p remained constant, we have

Pgauge = Peal
R Tgauge R Teay
which gives
P _ p . lgauge
gauge cal Teal

gauge”

We now have

(Iv.1)



where
Pgauge is the real gas pressure for a given densatron output voltage

at any gauge temperature T, -

Tgauge is the absolute gauge temperature during actual operation as
measured by the glass bead thermistor in the densatron gauge unit.
cal is the pressure obtained during calibration at gauge temperature

T , and 1s the pressure indicated by the gauge calibration for

cal
a given output voltage.

T is the absolute gauge temperature during calibration.

cal
Equation (IV.1) must be used whenever the gauge temperature during operation

is different from that at which gauge calibration toock place.

4.%.2 Supporting Rocket-Borne Equipment

In addition to the various pressure measurements, the pltot-static pay-
load includes a four-channel FM/FM telemetry system, a DOVAP (Doppler-Veloc-
ity-And-Position) transponder for velocity and altitude (trajectory) deter-
mination, and an optical aspect system for angle of attack determination.
This equipment 1s housed along with the battery power supply in the lower
cylindrical portion of the probe called the instrumentation section.

The FM/FM telemetry system consists of a UHF FM radio transmitter and
associated electronics which serve as the data transmission link for the
analog data from the probe during flight to the ground.

The DOVAP transponder enables a supporting agency to determine the pre-
cise altitude and velocity versus time history of the probe during flight.

The data from the optical aspect sensor allows the determination of the
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probe in-flight angle of attack. This information, as will be seen later, is
of prime importance in subsequent data reduction of primary probe measure-~

ments.
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CHAPTER V

TYPICAL DATA OBTAINED FROM THE SPRL PITOT-STATIC
PROBE AND PRELIMINARY PROCESSING

5.1 INTRODUCTION

As stated earlier, all primary (pressure) and secondary (gauge tempera-
ture, etc.) data from the pitot-static probe are transmitted via radic from
the probe in flight to ground based receivers. The analog data 1s then trans-
ferred from the receiver on to magnetic tape for storage and to a "real time"
oscillograph paper record for immediate use. For the present, we shall be
primarily concerned with the "real time" oscillograph record.

This chapter will explain in detail, the process by which the pressure
and gauge temperature information is obtained from the "real time" record and
combined with the appropriate trajectory informaticn to give final raw data,
which may then be interpreted in terms of the three desired atmospheric param-

eters.

5.2 THE ANALOG DATA

The analog data from a typical SPRL pitot-static probe flight is received
at SPRL in the form of a '"real time" paper oscillograph record. This record
is nothing more than a graph of analog voltages versus time, where the voltage
is given as the vertical axis and time as the horizontal. The time axis in=-
crements are spaced 0.001 sec apart with the actual time given by a binary

code in days, hours, minutes, and seconds with respect to the solar cbserva-~



tory at Greenwich, England, or Greenwich Mean Time (GMT). The voltages pre-
sented on the vertical axis in general lie somewhere on an arbitrary linear
scale whose end points are zero volts and five volts respectively. A portion
of the flight record, Fig. V.l of NASA 14.21 SPRL pitot-static probe, is given
for reference. On this sample of record is shown the 0-5 volt vertical scale,
and the horizontal binary time coded scale, in addition, this sample shows 30
actual commutated data segments which are repeated cyclically throughout the
entire flight. BHEach data segment represents cne analog data point. That is,
each data segment gives one vcltage output which occurred at the time given
on the horizontal axis. An example of this is shown for segment no. 28.

With the aid of the inflight voltage calibrate points, which are usually
Jocated in the first few segments of each cycle, and the various oscillograph
reading devices available in the laboratory, each data point voltage is read
and recorded along with time (GMT) at which each occurred. This procedure
usually involves the reading of approximately 7,500 data point voltages,

7,500 segment numbers, and 250 reference times for each pitot-static probe
flight. From the 250 reference times, the time of each individual data seg-
ment is computed and recorded. Thus, for each pitot-static flight approxi-
mately 22,500 bits of information are obtained, 7,500 voltage points, 7,500
times, and 7,500 commutator segment numbers. For proper handling of this in-
formation, it must be recorded as ordered triples of numbers, a segment number,
an output voltage, and the time of the data segment.

Having completed the reading and recording of the flight data as de-

scribed above, the flight information is subjected to a sorting procedure.
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The sorting is carried out according to segment number and time sequence.
That is, the flight information is sorted according to experiment by segment
number in increasing time sequence. This sorting process has now eliminated
the segment or bit number from the triplet and replaced it with a title or
experiment name. The primary experiment titles are Impact Densatron Output,
Ambient Densatron Output, Impact Densatron Range, Ambient Densatron Range,
etc. Some secondary experiment titles are Impact Densatron Gauge Thermistor
Output, Impact Densatron Amplifier Thermistor Output, etc.

Having completed the sorting process, the preliminary data "condition-

ing" is complete and the actual data reduction process may proceed.

5.3 CONVERSION OF THE ANALOG DATA TO "GAUGE PRESSURE"

In this section, we shall determine the process by which the previously
obtained analog voltages are converted into actual "gauge pressures' through
the use of the densatron pressure calibration curves obtained in the laboratory

preceding , each flight.

5.3.1 Densatron Calibration Curves

Each densatron to be flown must, prior to flight, be placed on a labora-
tory vacuum system where a pressure-voltage characteristic is determined.
This procedure is known as "calibration." During the calibration, the pres-
sure in each densatron unit is varied over a range that best simulates the
pressure range that will be experienced by the unit during flight. While
this procedure is being carried out a particular pressure level in the pres-

sure range i1s set in each densatron unit and is carefully measured by means of
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a precision pressure standard. This pressure is then recorded along with the
individual densatron output voltages and densatron gauge temperaturss. Upon
completing the measurement of this pressure-voltage-temperature point, the
pressure in the densatron units is changed to a new value and the above meas-
urements are again made and recorded. This procedure is continued unitl the
entire pressure range of the densatron units has been covered.

In order to assure proper pressure sensitivity throughout its entire
pressure measuring region, the densatron is so designed that this region is
divided into five separate ranges with each successive range six times as
sensitive as the preceding. To facilitate the interpretation of the voltage
data in terms of pressure, the above recorded pressure-voltage information
is presented in the form of five separate graphs of Calibration Pressure
versus Densatron Output Voltage at constant calibraticn temperature. Each
graph then represents the voltage-pressure characteristic of a particular
densatron over one of its five ranges. In addition tc the actual graph of
Calibration Pressure versus Densatron Output Voltage, there will alsn ap-
pear on each curve a constant calibration temperature and Densatron Ampli-
fier Calibration Voltage. The use of these numbers will be demonstrated
later.

It must be remembered that each densatron has one set of five pressure
calibration curves. Thus, for each pitot-static probe in which there are
three densatrons, there must be 15 such separate calibration curves, one for
each range of each densatron.

It is now a simple matter to use the calibration curves tc determine the
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measured pressure corresponding tc each analog point tabulated in the manner

described in the last section.

5.3.2 Thermistor Calibration Curves

A thermistor is simply a semiconductor resistance element that exhibits
a negative thermal coefficient cf resistance. The thermistor may, therefore,
when employed in a proper circuit, be used to determine an analog temperature.
This analog is again electrical voltage. Similarly, a temperature-voltage
calibration of the thermistor circuit must be made. Such a calibration re-
sults in a graph of temperature versus thermistor voltage output.

In the SPRL pitot-static porbe, all thermistors are uniform and there-
fore require only one such calibration curve.

With the thermistor calibration curve, the inflight thermistor output

voltages may easily be converted to temperature.

5.3.5 Measured Pressures and Temperatures

Assuming that all of the necessary calibration curves are available along
with the recorded densatron flight data mentioned in Section 5.2 we may ncw
proceed with the preliminary data processing. Our goal is tc cenvert the tab=-
ulated data to pressures and temperatures.

To accomplish this, we must first make use of the Amplifier Calibration
Voltage. This voltage gives a direct measure of the performance of the Densa-
tron Amplifier during flight, and allows us to correct any error in the Densa-
tron Output Veoltage caused by amplifier drift. This correction will be il-

Justrated below.
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Assume for example that

Impact
Densatron Output = 1.22 volts
Voltage
and
Impact
Densatron Amplifier | = 2.54 volts

Calibration /////
Voltage .

Now we shall assume for the sake of illustration that Impact Densatron Ampli-
fier Calibration Voltage given on the Range 1 Impact Densatron Pressure Cali-
bration curve is equal to 2.56 volts. Comparing this with flight data we see
a difference of 0.020 volts. This means that a correction of 0.020 volts must

be made to the output voltage given above. Or simply

Amplifier Drif
Densatron Impact
= 1.22 volts + 0.020 volts

Densatron Output

Voltage

This correction must be made to all densatron output voltages as long as the
inflight Densatron Amplifier Calibration Voltage remains different from that

given on the individual densatron calibration curves.
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As a general rule for making this correction to the analog data let us
state the following:
Let
DACVC be a Densatron Amplifier Calibration Voltage
obtained during pressure calibration
and
DACVy be the Densatron Amplifier Calibration Voltage
obtained from flight data.
Further, take the absolute magnitude of the difference of DACV, and DACV¢

which is

|DACV, - DACVe| = X

Now is X = O then a correction to the Densatron Output Voltage is required,
and may be applied as follows:

Ir

DACV, > DACV

then add X to all Densatron Output Voltages to obtain the corrected values,
that is
Amplifier Drift Densatron
+ X

Corrected Densatron| = \Output Voltage

Output Voltage

8l



If
DACV, < DACV

then subtract X from Densatron Output Voltages to obtain the correct values,

that is
Amplifier Drift
Output Voltage

Corrected Densatron| = (?ensatron - X

Output Voltage

At this time, the analog data for each pressure experiment has seen re-
corded in time sequence along with the appropriate thermistor output data.
The amplifier drift correction may now be applied to the Densatron Output
Voltage as previcusly described.

Having completed the above correction for each of the densatrons we may
now make use of the densatron and thermistor calibration curves to find the
pressure and temperature data corresponding to each output voltage. This is
easily done by simply looking up the pressure or temperature corresponding
to the given voltage. In the case of the densatron, be sure to use the Ampli-
fier Drift Corrected Value in obtaining the pressure.

This procedure must be carried out through the entire measurement range
of each densatron pressure experiment. This data now represents the measured

pressures and temperatures with respect to time.

5.3.4 Gauge Pressure

To complete the preliminary data processing, it is now necessary to util-
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ize Eq. (IV.1) and the measured gauge temperature along with the constant cal-
ibration temperature to compute the actual pressures (Pgayge) experienced by
the densatrons during flight.

Recalling Eq. (IV.1) we see,

T
guage
Pouage = FPeal T1__, (Iv.1)
where

Pgauge is the actual densatron pressure
Peal is the pressure obtained for a given densatron output from the

densatron calibration curve
Tgauge is the absolute temperature existing in the densatron gauge

during flight as measured by the densatron thermistor
Tcal is the absolute temperature of the densatron gauge and gas

temperature during calibration.
Equation (IV.1) may be used directly to compute the actual gauge pressures from
the previously obtained measured pressure as follows:
For each measured densatron pressure and densatron thermistor tempera-

ture, compute the ratio T cal using the value of T, 7 given on the par-

guage/"
ticular densatron calibration curve, multiply the measured pressure by this
ratio, thus obtaining the desired value of actual densatron gauge pressure.
Such a procedure must be completed for each of the flight densatron experi-
ments (Impact, Ambient, and Spin).

This completes all but one final step in processing and organizing the

raw flight data.
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5.4 THE TRAJECTORY

The trajectory, which is given as the position and velocity of the pitot-
static probe in space versus time, is received by SPRL from an outside agency.
It is received in the form of punched IBM cards and a set of tabulated in-
formation printed from the IBM cards. The information contained on the cards
is a time history of total probe velocity, Cartesian total velocity components,
probe range, and the Cartesian range components.

A computer program has been written which uses the information on the
punched IBM cards as input data whose output consists of a tabulaticn of probe
total velocity and altitude at the exact time from launch of each of the flight
data points.

As a final step in the organization of the raw data, the above trajectory
information (total velocity, V, and altitude, H) is included in the tabula-

tion given below.

5.5 EXAMPLE OF RAW FLIGHT DATA IN FINAL FORM
The data presented in this section is actual flight data from SPRL NASA
14.21 flown from Wallops Island, Virginia on 7 Dec. 1963. It is given as il-

lustration of the final form of raw flight data.
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CHAPTER VI

DETERMINATION OF AMBIENT ATMOSPHERIC DENSITY
FROM IMPACT GAUGE PRESSURE

6.1 INTRODUCTION

In this chapter, the technique by which the impact gauge pressure is in-
terpreted in terms of the ambient density of the atmosphere will be developed.
The technique will be based on the theory presented in Chapter III.

As mentioned earlier, the aerodynamics of the probe vehicle depend on the
flow region. The flow regions being defined by the dimensions of the probe
relative to the mean-free path of the atmospheric particles. Because the mean-
free path is a function of the density, and the density a function of altitude,
the flow regions may be specified as ranges in altitude for any given probe.

In light of the abo?e, the derivation of ambient density will be carried
out using continuum theory at altitudes below approximately 85 km (continuum
flow region for the present SPRL pitot-static probe), and free molecular flow
theory at altitudes above approximately 90 km. The transition region for
the present probe exists between 85 and 90 km.

The system of units to be used in this, and following chapters will be a

modified MKS system.

6.2 AMBIENT DENSITY DETERMINATION BELOW 85 KM
In the continuum region, the equations employed to deduce the ambient den-

sity from impact gauge pressure are the Rayleigh Supersonic Pitot-Tube Equa-
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tion, Eq. (III.17) and the equation of state, Eq. (III.12) which are

1

Py 7+l p2e 71
Pa <i ~> [;7MF-27+2J (LLL27)

and
P, = pgRTy (III.12)

where the symbols have the meanings assigned in Chapter III. Equation (III.12)

can be rearranged into the form
Ba | gp,
Pa,

To obtain an expression for the ambient density, the above equation is multi-

plied with Eq. (III.17) with the following result
1
Pi <?L_;>NFRT (r+1)° J(7—l>
Pg, )-l’)’Me —27+2

Recalling from gas dynamics that

where
a is the speed of sound in the atmosphere at temperature Tg
Y is the ratio of specific heats for air
R is the gas constant per unit mass

T, 1is the ambient atmospheric -temperature
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and that the definition of Mach number is

where
V is the total velocity of the vehicle to which the Mach number
M refers
M is the Mach number

a 1s the local speed of sound.

Substituting these equations into the expression for Pi/pa

7+:L - ky-l-:l) (r-1)
7RTa a yM Ly ME-D7+0

which after simplification becomes

-1
P 1 (1) (7-1)
0 E*M2-27+2

Solving for the ambient density, pg we have

Py

Pg = 1

7-1
v2 7+1>[(7+1>2M2 ](/ )
2y J LbyM® -2y +2

Let us define the function

1
(7+1)2M2 }(7'1)
uyM oy+2

K(M) is found to be a very weak function of Mach number (see Appendix) which
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converges very rapidly to its asymptotic value of

Because of this weak dependence upon M and its rapid convergence, it can be
approximated to within less than 1% error over a small range of Mach number
by a known constant. Let this constant be K(M; ) where M; is the approximate
Mach number of the probe based on its known velocity and altitude and the
standard speed of sound at that altitude taken from a standard reference
atmosphere.

Using the value of K(M;) and the proper units conversion factor for our

modified MKS system we see that

1
b

Og e (VI.1)

where
1s the ambient atmospheric density (kg/mg) for altitudes

less than 85 km

V  is the probe total velocity (ft/sec)

K(My)** 1is the approximate probe Mach number.

Equation (VI.1l) represents a very simple and very close approximation to

*For derivation of the constant A, see the Appendix.
**For tabulated values of K(M) versus M, see the Appendix.
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the ambient atmospheric density in terms of the impact gauge pressure for the
continuum flow region. The degree of approximation in Eq. (VI.1) may be made
closer through an itterative technique. This, however, is usually not neces-
sary. The results using the first approximation are to within l% when M; is

properly chosen and at the angles of attack experienced in flight.

6.3 AMBIENT DENSITY DETERMINATION ABOVE 90 KM

In the free molecule flow region, the interpretation of impact gauge
pressure is modified due to the change in flow conditions, related to the
change in mean-free path of the ambient atmospheric particles relative to

the probe dimensions. In this region the governing equation is Eq. (III.22)

which is
i ‘T_l
5. = \T, F(8) (III.22)
where
2
F(S) = e + S'J;-[l+erf S]

A careful study of the behavior of F(3) (see Appendix for plot of F(S)
versus S) shows that F(S) becomes linear in S for S sufficiently large. That

is with negligible error
F(s) = 2+ns s>1.5
It is easily shown that the condition that S be greater than one implies

that the Mach number M of the probe must satisfy the following condition
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M>S5

Q]hﬂ
n
|_l
l's
S

for

y = 1.4

This condition is easily satisfied by the SPRL pitot-static probe throughout
its entire measurement region from 20 to 120 km.

Under this minor restriction, then, Eq. (III.22) may be rewritten

_L = _L
5 = o4 s B
Recalling that
S——E{'—‘
VERTa
The above statement becomes
Pi _ 2Vxvx [Tg
Pg, a'\;QR

Making use of the equation of state, Eq. (III.12) in the above, we have that

and

Pi = oVnry, |14
N \I 2R

O

Now, solving for the ambient atmospheric density, pg, and simplifying

Py = — i

N 2T[RTi VX
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We also know that

Vy = Vcos Q

where
V 1is the total velocity of the probe
& 1s the probe angle of attack.

Making this substitution, the expression for p, becomes

Pa

=~ Pi
N2rRNT; V cos @

Let us now define

where

A is the same constant given in Eq. (VI.2)

with this, we have finally

~ B Ps
pa = e -l

VTi V cos O

where

Og, is the ambient atmosphere density (kg/mS) for altitudes greater
than 90 km

> ft kg NK°

B*¥ 1is a dimensional constant equal to 10.257

based on the
sec m>[mm Hg]

assumed value of molecular weight for air of 28.72 which is valid

for the atmosphere between 90 and 120 km

*The constant B is derived in the Appendix.
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is the impact gauge pressure (mm Hg)
Tj 1is the measured impact densatron gauge absolute temperature (°K)
V  is the probe total velocity (ft/sec)

& 1s the probe angle of attack (degrees).

Through the use of Eq. (VI.2) we are now in the position to interpret
the impact gauge pressure in terms of the ambient atmospheric density at
altitudes above 90 km for the present SPRL pitot-static probe. This equa-
tion, it must be remembered, is an approximation dependent not only upon the
simplifying assumptions made in its derivation, but on the mean molecular mass
of the atmospheric particle. The error involved in the assumption that F(S)
is linear in S for M > 1.5 introduces negligible error in the final density
expression. The error introduced by assuming a constant molecular weight
for the entire FMF measurement (90-120 km) may be further minimized by as-
suming a variable composition. This, however, based on our present knowledge
of the composition of the Upper Atmosphere, is not necessary, for the error
introduced by the assumption is of the order of 0.5% at the end points of the

region.

6.4 SUMMARY OF DENSITY FORMULAE
To summarize the results of the two previous sections, we will simply

restate the final expressions and the applicable flow region.
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Continuum Flow

where
Oa is the
Pi is the
v is the

K(My) is the
My is the
Equation (VI.1) is

Free Molecule

where

~ 1435.064 P4

Pa K(M;)Vv2

ambient atmospheric density (kg/m3)
impact gauge pressure (mm Hg)

probe total velocity (ft/sec)

value of K(M) at M; (see the Appendix)
approximate probe Mach number.
applicable for altitudes below 85 km.

Flow

~

~ _10.257 Py
pa -

NT{ V cos O

pg 1s the ambient atmospheric density (kg/m®)

P. 1is the impact gauge pressure (mm Hg)

T; 1s the impact densatron gauge temperature (°K)

V  is the probe total velocity (ft/sec)

a 1s the probe angle of attack (degrees)

Equation (VI.2) is

applicable for altitudes between 90 and 120 km.
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CHAPTER VII

DETERMINATION OF AMBIENT ATMOSPHERIC PRESSURE

7.1 INTRODUCTION

The determination of the ambient atmospheric pressure from the raw data
of the pitot-static probe is considerably easier than either of the other
two desired parameters. The reason for this is, in accordance with Refs.
1 and 2, that the SPRL pitot-static probe is designed such that the ambient
densatron gauge pressure is very close to the ambient atmospheric pressure
in the continuum flow region (below approximately 85 km). In addition to
this direct measurement of the ambient atmospheric pressure, the Hydrostatic
Law may be used in a straightforward manner to deduce the ambient atmospheric

pressure from the previously determined ambient density.

7.2 DIRECTLY MEASURED AMBIENT PRESSURE
In the continuum-flow region, the ambient pressure is measured directly
at the manifold ambient chamber located as shown in Fig. IV.1l. Wind tunnel

investigations by Iaurmannt

show that the surface pressure at this location
on the cylindrical body of the probe is within less than 1% of ambient, and
that the manifold chamber minimizes deviations from the ambient pressure
caused by bow-shock perturbations, boundary layer interference due to the ex-
pansion at the flare, and nonaxial flow about the probe. Recent flight test-

data from two SPRL pitot-static probes indicates, contrary to wind tunnel in-

formation, that surface pressure at the ambient chamber is approximately h%
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lower than actual ambient pressure.

Expressed mathematically, the above statement becomes

Po = 1.0 (VII.1)
Pgauge

where

Pgauge is the ambient densatron gauge pressure

Pg is the ambient atmospheric pressure.
Equation (VII.1l) is valid in the continuum flow region only.

As discussed in Chapter III the pressure measured in the ambient chamber
in the free molecule flow region will differ in magnitude from the actual

ambient pressure due to the thermal transpiration effect as given by Eq.

(111.23)
P T
gauge _ gauge (111.23)
Pa Tq,
where
Pgauge is the ambient densatron gauge pressure
Py is the ambient atmospheric pressure
Tgauge is the ambient densatron gauge temperature
Tg is the amblent atmospheric temperature.

Thus, according to Eq. (III.23), the ambient pressure cannot be found by using
the menifold chamber pressure until the ambient atmospheric temperature is

known. This problem is circumvented by the consideration of the next section.
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7.3 AMBIENT PRESSURE DETERMINATION THROUGH THE USE OF THE HYDROSTATIC LAW
An alternate approach, which is independent of the flow region, to the
determination of the ambient atmospheric pressure utilizes the previously

determined ambient density and the Hydrostatic Law as given by Eq. (III.15)

Qe
tnkv

= - pge(l) . (II1.15)

Equation (III.15) may be integrated with respect to H as follows

Hy
Pa]Hl = pgg AH + Pa]Href (vir.o)
Href
where
Hy is an arbitrary altitude at which the value of Py is desired
H.er 1s an arbitrary reference altitude greater than H;.

The integral indicated by Eq. (VII.2) must be evaluated numerically. To il-
lustrate the use of this technique in determining the ambient pressure pro-

file, let us rewrite Eq. (VII.2) in a slightly different but equivalent form.

Pa,Hj = Pa)Href + APa)l + APa)g + ... + APa}J.
or
J
P = P + I
a,Hj a,Hper jiz APa,n (VIL.3)
n=1
where
Pa,H- is the ambient atmospheric pressure at an altitude Hj
J

Pa,H ¢ is the ambient atmospheric pressure at an arbitrary high ref-
re

erence altitude.
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APa,n = JF pg dH
H(n-1)
H(n-1) > Hn,H, = Hper

To evaluate the integral in Eq. (VIIQB), we first plot, using linear scales,

the ambient atmospheric density in kilograms per cubic meter versus altitude

in kilometers. On this plot subdivide the altitude range into one-half

kilometer increments and integrate graphically, using the value of g cor-

responding to the altitude in question. The value of APa would then be

given as

where

SF

[ye!

AP = 8,(sF) & D (VII.4)

Hn

H

pg dH (mm Hg)
H(n-1)

is the total area under the density profile as determined by
graphical integration between H(n-1) and Hn

is the scale factor of the plot of ambient density versus
altitude (kg/m® in.%)

is the acceleration due to gravity at an altitude midway between
H(n-1) and H(n). (m/sec®)

is the acceleration due to gravity at the surface of the earth.

(m/sec®)
2
is a units conversion factor equal to 0.07%56 <?E@;E§j§_:> .
kg
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The value of Pa>Href or reference pressure may be determined in either
of two ways, the latter being preferred. First, Pa’Href may be assumed to
be the value of Py obtained from a Standard Reference Atmosphere correspond-
ing to the altitude Hrefo Second, Pa’Href may be computed by substituting
the previously determined density at H.or and an assumed value of atmospheric
temperature obtained from the Standard Atmosphere corresponding to the alti-
tude H..r into the equation of state.

Since the actual integration process described here takes place start-
ing at a high altitude (Hpoy) and proceeds to a low altitude, the error in-

curred because of an improper choice of P is minimized. It can be

a,Hper

shown that the choice of Pa,H is relatively unimportant and Eq. (VII.?)

ref

will rapidly converge to within less than 1% of the true ambient pressure

when the difference between the altitude in question and the altitude Href

is equal to approximately 15 km. A poor choice of Pa Hper is readily ap-
)

parent by its complete incompatability with the resulting pressure profile,

and another value whice gives more rapid convergence should be selected.

7.4 CONCLUSION

As is readily seen, the ambient atmospheric pressure is measured di-
rectly at the manifold chamber in the continuum flow region, and is found
through the use of the Hydrostatic Law in both the free molecule and con-
tinuum flow regions. This redundency of measurement is inherent in the mul-
tiple sensing system employed by the pitot-static probe. It is important
to maintain a rather high degree of measurement redundency in the design of

upper atmosphere experiments for several reasons. Two of which are: (1)
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if self-consistency exists among the data resulting from the various methods
of determining an atmospheric parameter, increased confidence can be had in
the measured values of these parameters; and (2) redundency also helps main-

tain minimum data loss in the event of failure or improper operation of inde-

pendent parts of the overall system.
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CHAPTER VIII

DETERMINATION OF AMBIENT ATMOSPHERIC TEMPERATURE

8.1 INTRODUCTION

Ambient temperature in the upper atmosphere is perhaps the most signif-
icant of the three parameters yet discussed. It is this parameter which is
most closely related to the important physiochemical reactions which result
in the heating and cooling of the upper atmosphere. These heating and cool-
ing processes then determine the basic meteorology of the upper atmosphere.
Thus, a need for a knowledge of the ambient temperature is readily apparent.

In addition to being the more basic and important of the parameters of
the atmosphere it is also the most difficult to obtain. At present, there
is no simple method by which the ambient temperature may be measured directly
with the degree of accuracy required. Thus, the experimenter must rely on
techniques for interpreting directly measured quantities in terms of the

ambient temperature.

8.2 AMBIENT TEMPERATURE THROUGH THE USE OF THE STATE EQUATION
A first method for deducing the ambient atmospheric temperature in terms
of the ambient density and pressure is a straightforward substituting of the

known quantities into the equation of state which may be stated

T, = Pa_ (VIII.1)
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where
T, 1s the ambient atmospheric temperature at an altitude H{°K)
P, 1is the ambient atmospheric pressure at the altitude H
P, 1s the ambient [mm Hg] atmospheric density at the altitude H.
(kg/m®)
: . : : [mm Hg Jm>
R is the gas constant per unit mass whose value is 2.153 —_—

kg
based on a molecular weight for air of 28.96LL.

This equation may easily be set up in tabular form and the required cal-
culation carried out for each altitude at which a value of ambient density
and pressure exists.

Equation (VIII.1) represents an extremely simple method for determing
the ambient temperature from the primary data obtained from the pitot-static
probe. Because the primary data from the pitot-static is continuous with re-

spect to altitude, a continuous temperature profile is readily obtained.

8.3 AMBIENT TEMPERATURE THROUGH USE OF THE HYDROSTATIC LAW IN COMBINATION
WITH THE EQUATION OF STATE

Still a second technique which is based on the so called pressure scale

height may be derived from the Hydrostatic Law as given by Eq. (III.15)

= - pye(H) (I11.15)

Tet
=2 L;u

and Eq. (III.12)
P, = pgRT, . (I11.12)

Equations (III.15) and (III.12) may be combined as follows
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dPa - _8 g4g
Py RT

which, upon integration between the limits of Pal’ and Pa2’ and H; and Ho re-

spectively,

- = 8 -
1n Pa2 1in Pal N (Hz-H,)

Here it should be noted that g, R, and T5 have been considered constant with
respect to the integrand dH on the right hand side of the equation. This as-
sumption is valid as long as the altitude increment Hpo-H; is kept very small.

The above expression may now be solved for T,, and after some manipula-

tion the expression for T, becomes

g g AH
Ty = — — (VIII.2)
R & In 5
P2
where
T, is the ambient atmospheric temperature (°K)
g is the acceleration due to gravity at altitude H(m/secz)
g0 is the acceleration due to gravity at the surface of the

earth (m/sec2)
gO/R is the ratio of the acceleration due to gravity at the earth's
surface to the gas constant per unit mass whose value is 34.15k

(°K/km) based on a molecular weight of 28.964k4k for air

AH is the small altitude increment (Hz-H;) under consideration {km)
Py is the ambient atmospheric pressure at altitude Hy (mm Hg)
Po is the ambient atmospheric pressure at altitude Hz (mm Hg).
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Equation (VIII.2) is readily adapted to tabular computation using the
values of g/go given in the Appendix. The value of AH should be the order-
of one kilometer to avoid the possibility of "toc much averaging" in the
final resulting temperature. This calculation should be carried out using
all ambient pressure data obtained, thus yielding a continuous temperature
profile for the entire measurements region of the pitot-static probe.

8.4 AMBIENT TEMPERATURE IN THE CONTINUUM FLOW REGION FROM THE RAYLEIGH-

PITOT-TUBE EQUATION

Still another technique for deducing the ambient atmocspheric tempera-
ture in the continuum flow region from the primary pressure data of the
pitot probe may be derived from the Rayleigh Supersonic Pitot-Tube Equation,

Eq. (I1I.17)

1
Pi 7+1 ve | (p+1)°M= 22 | 7=
P LyME-2+2
which may be put in the form of Eq. (VI.1)

;/ KP-;

O KM, V2 (vi.1)
Recall the equation of state
P, = pgRT, (1I1.12)
or
oa=%;

This expression may be substituted into Eq. (VI.1) to give
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P _ AP

RT, K{M; )vZ

which may now be solved for the ambient temperature as

1, - K(M)VE P (VIII.3)
AR Py
where
T, is the ambient atmospheric temperature (°“K)

K(M;) is the value of K(M) at M; dimensionless

My is the approximate probe Mach number

v is the probe total velocity

P is the impact densatron gauge pressure (mm Hg)

P, is the ambient atmospheric pressure (mm Hg)

N : : . . ftZkg

A is a unit conversion factor equal to 1L35.06k4 3 -

m> [mm Hg |sec®

. , i [mm Hg m”

R is the gas constant per unit mass equal to 2.153 (——"—

kg °K

Equation (VIII.3) may be used on a point by point basis in the continuum
flow region to obtain a continuous ambient temperature profile over the entire
flow region.

It is important to remember that Eq. (VIII.?) is not valid in the free

molecule flow regilon.

8.5 AMBIENT TEMPERATURE IN THE FREE MOLECULE FLOW REGION
An expression for the ambient atmospheric temperature in the free mole-
cule flow region may be developed in a manner similar to that for Eq. {VIII.3).

~

For this development we make use of Eq. (VI.2)
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~ B Pj
Py = ————b— (vi.2)
NT; V cos Q
and the equation of state
Pa = pgRTg - (111.12)

Combining Eq. (VI.2) and (III.12) and solving for T, we have

= VIV cos dfg (VIII.h)
BR Py

Ta

where
T is the ambient atmospheric temperature (°k)
T. 1is the measured impact densatron gauge temperature (°K)
V  isthe probe total velocity (ft/sec)
a 1s the probe angle of attack (degrees)
P, 1s the ambient atmospheric pressure (mm Hg)

is the impact densatron gauge pressure (mm Hg)

ft kg K°

g is a units conversion factor equal to 10.257
sec m>[mm Hg]

based on the assumed value of molecular weight for air of 28.72
for altitudes between 90 and 120 km
R is the gas constant per unit mass equal to 2.172 IE%—£§%?E
g
based on molecular weight of 28.72.
Equation (VIII.4) thus gives the ambient temperature in terms of the pri-
mary pressure measurements made by the pitot-static probe in the free mole~-

cule flow region.

Another interesting approach to the determination of ambient temperature
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in the free molecule flow region which has not yet been employed with the
pitot-static probe data is based on the previously mentioned thermal trans-
piration effect. This technique requires an accurate determination of am-

bient gauge pressure and gauge temperature. To illustrate, recall Eq.

(I11.23)
P auge Tgau e
_gauge _|_gauge (111.23)
Pa Ta
where

Pgauge 1s the ambient gauge pressure in free molecule flow
P, 1s the ambient atmospheric pressure
Tgauge is the ambient gauge temperature

Tq, 1s the ambient atmospheric temperature.

Writing Eq. (III.23) in terms of ambient temperature, we have

P 2 S
T = Tgauge 5——&—- : (VII1.5)
gauge

Equation (VIII.5) shows that if the three parameters, Pa, and P

Tgauge’ gauge

can be accurately determined in the free molecule flow region, then the am-
bient temperature may easily be deduced.

This method shows much promise for the near future, for it is now be-
coming possible, with increased sensitivity of the densatron, to obtain an
accurate measure of the ambient gauge pressure in free molecule flow. The
gauge temperature is directly measured, and the ambient atmospheric pressure

is easily obtained from the impact pressure measurement.
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8.6 AMBIENT TEMPERATURE FROM DIRECT INTEGRATION OF AMBIENT DENSITY
In addition to the method of determining developed above, one may de-
velop an expression for atmospheric temperature at altitude "H" in terms of

the temperature at a reference altitude "Hpo¢" and the ambient density pro-

file.
This development again makes use of the theory presented in Chapter III.

To begin, we maske use of Eq. (III.15) which is the Hydrostatic Law,

AT
n:kv

= - pgg(H) (III1.15)

and the equation of state

P, = pgRT . (111.12)

Equation (III.12) may be differentiated to yield

dP, = Rd(p

3 T)

a

which may be substituted into Eq. (III1.15) and written as

dH
d(pTy) = - pai . (VIII.6)

Equation (VIII.6) may be integrated between the limits H and Hpef giving the

desired result

H
Ty, ,H H 1
Ta,H - tasfiref Pa,iref - p,g dH (VIII.T7)
Pa,H "a, 1" " Hper
Hper > H
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where
Ta,H is the ambient atmospheric temperature at altitude H (°K)
is the ambient atmospheric temperature at altitude Hygp

Pg Hper 1s the ambient atmospheric density at altitude Hyer

Pa,H is the ambient atmospheric density at altitude H
R is the gas constant per unit mass

Href is an arbitrary high reference altitude

H is a general altitude

g is the acceleration due to gravity.

In the above, Eq. (VIII.T), Hpep 1s specified to be greater than H for the
following reason: If the computation of temperature is begun at a high al-
titude and continued downward, the error incurred in the integration becomes
progressively more independent of the error in Tg,Hper and of the error in
the density profile in the vicinity of p,,H.cp, but becomes almost entirely

dependent upon the error in the density profile in the region just prior to
Pa H"

8.7 CONCLUSION

An important conclusion to be drawn at this time is based on the fact
that even though we have present four formulae for determining the ambient
atmospheric temperature, there is in reality only two basic approaches used.
Careful study of Eqs. (VIII.1), (VIII.3) and (VIII.4) show that these are
actually the equation of state written in a form which utilizes the pitot-
static probe data directly. Equations (VIII.2) and (VIII.7) on the other

hand are simply forms of the Hydrostatic Law. There are of course several
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other expressions of ambient temperature in terms of the primary pitot-
static data but they must all be based either on the equation of state or

the Hydrostatic Law.
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APPENDIX

PHYSICAL CONSTANTS AND CONVERSION FACTORS

A.1 INTRODUCTION

To facilitate the data reduction procedures presented in the body of
this report, the following sections containing necessary constants, conver-
sion factors, and tabulated data are presented.

In these sections, the following information will be found: (1) Often
used physical constants and units conversion factors; (2) Derivation of the
constants A and B found in Chapter VI; (%) Tabulation and plot of the function
K(M) found in Chapter VI; (4) Tabulation and plot of the function F(S) also
found in Chapter VI; Tabulation of the wvalues of the ratio g/go for an alti-

tude range of 0 to 100 km.

A.2 PHYSICAL CONSTANTS AND CONVERSION FACTORS
A.2.1 Physical Constants and Formulae
The following is a list of the most often used physical constants:

(1) Avogadro's Number (number of molecules in one mole)

A = 6.0247 x 10733 molecules
' mole

(2) Boltzmann's Constant

k = 1.3804 x 1072° joules/°K
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(3) Density of Mercury at 273.15°K

k
Pyg = 13,595.0 =

{4) Acceleration due to Gravity at Sea Level

9.8066

m
sec?2
(5) Molecular Weight of Air at Sea Level

MW, = 28.9644 x 1073 X8
mole

(6) Gas Constant per Unit Mass of Air at Sea Level
R = 287.108 Joule
kg K

R = 2.153 m® [mm_Hg ]
kg °K

(7) The Ratio gy/R for Air at Sea Level

go/R = 3h.15k x 1073 K
m

A.2.2 Conversion Factors
The following important, often used, conversions are presented for ref-

erence.

1l nt = l.hﬁ_ﬁ

sec?2
2
l joule = 1ntm = 1 K%mgg
ec
1k - 9.8066 Y
8FORCE = 7- -
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1 mm Hg

k
13.595 —-LORCE

ke
1 _§EgBQE = 0.07356 [mm Hg]
m

A.2.3 Conversion Formulae

In general, the physical constants presented in A.2.1 are valid for use
in the data reduction formulae in the altitude range of O to 90 km. In the
event, that it is necessary to reduce data for altitudes above 90 km, the fol-
lowing formulae may be used to recompute the values of the necessary constants
taking into account the change in molecular weight of air which occurs above

this altitude.

R = KA joule _ 8.3165 joule

MW kg °K (MW) kg °K
_ kA m>[mm Hg] _ 0.06237 m>[mm Hg]
Ro= gy X 00000 ==~ = —w) ks °K
e /R = &0 7K _ 0 00 ) K
kA om m

A.3 DERIVATION OF THE CONSTANTS A AND E
As stated in Chapter VI, the constants A and B are units conversion fac-
tors. To determine the value for each of these constants, it 1s necessary

to make a dimensional analysis of the formulae in which they are found.

The Constant K

This constant is found in Eq. (VI.1)

APi k
o, = —2+—2=% . (VI.1)
a K(My )V2 13
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If P; is given in [mm Hg] and V& in (ft/sec)2 then:

kg _ A[mm Hg ]sec?
m3 ft=
Thus, the units of A are:
2
kg £t 1

m3 sec2 [mm Hg]

or

- 2 kg
A o= 10.764 L& x 15505 —TORCE 5 8066 L kg
me m? [mm Hg ] sec? K&roRCE

Carrying out the operations

kg ft2 1
m3 sec® [mm Hg]

A = 1435.06k4

The Constant B

Similarly, this constant is found in Eq. (VI.2)

o - __BP k&
@ NT; V cos a m®

where B is given by

A rt kg N°K
N2nR sec m® [mm Hg]

o |

or
) AN
Vo VKA 3.2808

1435064 NV
7.2283% x 3.2808

B
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B = 6050k~ ke N K

sec m® [mm Hg ]

which is the general equation for g,
If the molecular weight of air in the altitude range 90 to 120 km is

taken as

MW = 28.72 x 1073 K&
mole

Then E becomes

10.257 £t k& J°x

sec m3 [mm Hg]

W |
It
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A.L  TABLE AND GRAPH OF K(M) VS. M FOR AIR (pps. 123-126)
y = 1.4

GRAPH: K(M) vs. M
y = 1.4
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2Ly
1L°%
oLy
694
8G°4H
L9 %
9y
S99y
%9y
€9y
29°%
19°%
09°*%
6y
86° Y
LG
9G* %
GGy
hG*y
€G*h
5%y
1¢*%
6 Y
67y
gy vy
Ly
9y
Gh*th
Yty
€ty
Y
iv°hH
0824
X2
BE* Y
LE* Y
¢ H
ceETYy
LA
ceEy
2E*Y
1€y
o€y
6y
82° %
L2°%
GZ*y
G2y

W
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28%26°
»8%26°
84926 °
98426 °
88%26°
68%26°
06%26°
26%26°
€64%26°
26426 °
96%26°
L6%26"°
86426
00626°
10626°
20s26°
%0526 °
s0626°
906¢6°
80626 °

(W)Y

60626°
11626°
21626°
£€1526°
s1626°
91626°
81626°
61626°
1¢s26°
22s626°
£2s26°
G266 ”
92626°
826¢26°
62G26°
1€6¢26°
2e626°
beG626°
6eGl6°
LeEGZ6"

(WM

18°L
[62: 0y
6L°L
8L°1
L1l
9L L
Lt
Y.L
€Ll
Ll
11°1
0L°L
69°L
89°L
L9*%2
99°L
G9°L
3L
€9°2
29°L

8€G6Z6"
ov¥626°
1%G626°
€vG626°
Y9626
94vGZ6"
1%626°
6v626°
066276°
26626°
Y6676
GGGZh"
16G626°
86626°
09626°
19626°
£9626°
59626*
99626
89626"

(W)

19°L
09°L
6G6°L
8G* L
Ls*L
96°L
6G° 2L
¥G6°1
€6
26°L
162
0s6°L
6%° 1L
8%°L
Lyl
9%°1
Gy L
YH L
€H°L
rA A

69626°
11626°
€L626"
%1626°
9L626°
8LG26"
6L6726°
18626°
£€86726°
%8626°
98626 °
886¢26°
06626°
16626°
£66G26°
G6926°
96626°
86626°
00%26°
209¢26°
€09¢26°

(W

609¢26°
L09¢26°
6£09¢26°
119¢26°
Z19¢26°
#1926°
919¢26°
819¢26°
029¢26°
22926°
£2926°
62926°
L29¢26"
62926°
1€926°
€e9c6°
6¢e926°
Le926°
8E9Z6°
0%926°
cy926°

(W)

02°L
6T L
81°*L
L1°L
91°L
s1°L
1L
€1 L
21°L
11°2
012
60°L
80°L
LC°L
0L
s0°L
0L
£€0°L
20°L
10°L
00°L
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A.5 TABLE AND GRAPH OF F(S) VS. S (pps. 128-132)

GRAPH: F(S) vs. S
F(s) vs. -8
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S F(S)

-3.00 .00001
-2.90 .C0001
-2.80 .00002
-2.70 .00004
-2.60 .00007
-2.50 .00013
-2.40 .00022
-2.30 .00038
-2.20 .00064
-2.10 .00107
-2.00 .00173
-1.90 .00277
-1.80 .00436
-1.70 .00674
~1.60 .01023
-1.50 .C1529
-1.40 .02246
-1.30 .03247
-1.20 .C4618
-1.10 .C6464
-1.00 .08908
-.90 .12089
-.80 16161
-.70 .21288
-.60 .27640
-.50 .35387
-.40 <44690
-.30 .55695
-.20 .68525
-.10 .83274
.00 1.00000
.10 1.18722
.20 1.39421
.30 1.62039
A 1.86482
.50 2.12627
.60 2.40328
.70 2.69424
.80 2.99745
.90 3.31121
1.00 3.63388
1.10 3.96392
1.20 4.29994
1.30 4.64071
1.40 4.98518
1.50 5.33249
1.60 5.68191
1.70 6.03290
1.80 6.38500
1.90 6.73789
2.00 7.09133
2.10 7.44515
2.20 7.79920
2.30 8.15342
2.40 8.50774
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2.50
2.60
2.70
2.80
2.90
3.00
3.10
3.20
3.30
3.40
3.50
3.60
3.70
3.80
3.90
4,00
4.10
4.20
4.30
4.40
4.50
4.60
4.70
4.80
4.90
5.00
5.10
5.20
5.30
5.40
5.50
5.60
5.70
5.80
5.90
6.00
6.10
6.20
6.30
6.40
6.50
6.60
6.70
6.80
6.90
7.00
7.10
7.20
7.30
7.40
7.50
7.60
7.70
7.80
7.90

F(S)

B.86213
3.21655
3.57100
9.92546
L0.27993
10.63441
10.98888
11.34336
11.69784
12.05232
12.40680
12.76128
13.11576
13.47024
13.82472
14.17920
14.53368
14.88816
15.24264
15.59712
15.95160
16.30608
16.66056
17.C1504
17.36952
17.72400
18.07848
18.43296
18.78744
19.14192
19.49640
19.85088
20.20536
20.55984
20.91432
21.26880
21.62328
21.97776
22.33224
22.68672
23.04120
23.39568
23.75016
24.10464
24 .45912
24.81360
25.16808
25.52256
25.87704
26.23152
26.5860C
26.94048
27.29496
2T7.64944
28.00392
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8.00
8.10
8.20
8.30
8.40
8.50
8.60
8.70
8.80
8.90
9.00

F(S)

28.35840
28.71288
29.06736
29.42184
29.77632
30.13080
30.48528
30.83976
31.19424
31.54872
31.90320

sxs#% ALL INPUT DATA HAVE BEEN PROCESSED.

AT LOC 26650

150



f(s)
o

Hs)= ¢S+ Jr(1+erfs)
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A.6 TABLE OF g, g/go, AND (g/gy)(g,/R) VS. ALTITUDE
FOR AIR FROM O TO 100 km (pp. 134-135)

133



AL

~OovdDeN -0

<

G

9,80606
9.83035
3.8005
9. 7974
9,7943
9.7912
9.7882
9.7851
9.7820
9.7789
9.7759
9.7728
9.7697
9.7666
9.7636

9.7605

9.7575
9.7544
9.7513
9.7482
9.7452
9.7421
9.7391
9.7360
9.7330
9.7299
9.7269
9.7238
9.7208
9.7177
9.7147
9.7116
9.7086
9.7056
9.7026
9.6995
9.6965
9.6934
9.6904
9.6874
9.6844
9.6813
9.6783
9.6753
9.6723
9.6693
9.6663
9.6632
9.6602
9.6557
9.6512
9.6497
9.64R2
9.6451
9.6421

134

G/GC

1.000C
«9997
<9994
«5991
<9987
«9984
.9981
«9978
<9975
«9972
«9969
« 9966
«9962
. 9959
. 9956
«9953
« 93950
<9947
« 9944
« 9940
« 9937
«9934
«9931
«9928
«9925
«992¢
<9919
.9916
.9913
<9909
«3906
«9903
.9900
<9897
9894
«IR91
.9888
. 9885
<9882
<9874
«9875
<9872
<9869
. 9866
«9863
«9860
<9857
« 9854
.9851
. 9846
9342
« 9840
«9E38
.9835
«9532

(G/GO)Y(GO/R)

34.1540
3441434
5441328
3441220
3441112
34,1005
34.0899
34.0791
34.0683
34.0577
34.0471
34.0363
34,0255
34.C0149
34.0042
33.9936
33.9830
33.9722
33.9614
33.95C3
33.9402
33.9295
33.9189
33.9083
33.8977
33.8870
33.8764
33.8658
33.8552
33.8446
33.6339
33.8233
33.8127
33.8022
33.7918
33.7812
33.7705
33.7599
33.7493
33.7389
33.7284
33.7178
33.7072
33.6967
33.6863
33.61758
33.6654
33.6547
33.6441
33.6285
53.6123
33.6076
33.6023
33.5917
33.54811



ALT G G/GO (G/GO) (GO/R)

55 9.6391 «5829 33.5706
56 9.6361 «9826 33.5602
57 9.6331 .9823 33.5497
58 9.6301 .9820 33.5393
59 3.6271 <9817 33.5288
60 9.6241 .9814 33.5184
61 9.6211 9811 33.5079
62 9.6181 «9808 33.4975
63 9.6151 . 9805 33.4871
64 9.6121 «9802 33.4766
65 9.6091 «9799 33.4662
66 9.6061 «9796 33.4557
67 9.6031 «9793 33.4454
68 3.6002 «9790 33.4352
69 9.5972 <9786 33.4247
70 9.5942 9783 33.4143
71 9.5912 .9780 33.4038
72 9.5882 <9777 33.3934
73 9.5852 « 9774 33.3831
T4 9.5823 9771 33.3728
75 3.5793 . 9768 33.3624
16 9.5763 <9765 33.3519
77 9.5733 <9762 33.3415
78 9.5703 «9759 33.3310
79 9.5673 « 9756 33.3207
80 9.5644 «9753 33.31C5
81 9.5614 <9750 33.30C2
82 9.5585 «9747 33.2899
83 9.5555 <9744 33.2795
R4 9.5525 «9741 33.2690
85 9.5495 «9738 33.2588
86 9.5466 <9735 33.2485
87 9.5436 <9732 33.2382
88 9.5407 9729 33.2279
89 9.5377 « 9726 33.2177
90 9.5348 «9723 33.2074
91 9.5318 <9720 33.1970
92 9.5288 9717 33.1867
93 9.5259 <9714 33.1763
94 9.5229 9711 33.1659
95 3.5199 «9708 33.1557
96 9.5170 9705 33.1454
97 9.5140 «9702 33.1351
98 9.5111 +9699 33.1248
99 3.5081 «9696 33.1146
1CO 9.5052 «9693 33.1043

#reae ERROR RETURN TGO SYSTEM
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