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ABSTRACT

A new two-dimensional approximate Riemann solver has been developed that obtains fluxes on grid faces via
wave decomposition. By utilizing information propagating in the velocity-difference directions rather than in the
grid-normal directions, this flux function more appropriately interprets and hence more sharply resolves shock and
shear waves when they lie oblique to the grid. The model uses five waves to describe the difference in states at a
grid face. Two acoustic waves, one shear wave, and one entropy wave propagate in the direction defined by the local
velocity difference vector, while the fifth wave is a shear wave that propagates at a right angle to the other four.
Test cases presented include a shock reflecting off a wall, a pure shear wave, supersonic flow over an airfoil, and
viscous separated airfoil flow. Results using the new model give significantly sharper shock and shear contours than
a grid-aligned solver. Navier-Stokes computations over an airfoil show reduced pressure distortions in the separated

region as a result of the grid-independent upwinding.

INTRODUCTION

In one space dimension, upwind flow solvers have
reached a highly sophisticated stage of development.
Significant among these is the approximate Riemann
solver of Roe!, a flux function that is derived by find-
ing an exact solution to the system of Euler equations,
linearized about an averaged state. The eigenvectors
of the averaged flux Jacobian matrix represent acous-
tic, shear, and entropy waves that propagate in the grid
direction with speeds equal to the corresponding eigen-
values. These waves describe the difference in states
across each cell face and are used to determine the flux
on each face.

Since most current multidimensional flow solvers
that employ an approximate Riemann solver imple-
ment it by solving the one-dimensional problem in each
grid direction separately, the full advantages of this
method are lost. In reality, the waves can travel in in-
finitely many directions. Constraining them to the grid
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directions is inconsistent with the physics of the situa-
tion and can result in improper interpretation of waves
that are not aligned with the grid.

In recent years, several researchers have attempted
to develop multidimensional upwind methods for the
Euler equations. Davis? uses the velocity field to de-
termine the orientation of a hypothetical shock wave
at each grid face and then determines flux components
normal and tangential to this direction. This idea of
a rotated Riemann solver has been further investigated
by Levy et al.® Levy uses the pressure gradient to con-
struct the dominant-direction angle, then employs two-
dimensional interpolation of data from surrounding cells
to determine left and right states both perpendicular
and normal to this direction at each cell face. Two
Roe-type Riemann solvers are then used in the rotated
frames, and their results are combined to obtain the
grid-direction flux.

Roe* has proposed a method in which the number
and type of waves to represent the data are chosen in
advance. Then angles and strengths of the waves are
calculated using gradients in the data. For example, one
type of decomposition consists of four acoustic waves,
a shear wave, and an entropy wave. Eight unknowns
need to be solved at each face.

A different method for upwinding in two dimen-
sions is due to Hirsch et al’ and Deconinck et al.® They
employ a local diagonalization of the Euler equations
based on two characteristic directions. This diagonal-
ization can be exact, but is in general a “best” approx-
imation in that directions are chosen to minimize off-




diagonal terms. Two acoustic waves, one shear wave,
and one entropy wave are used in the decomposition:
the shear wave propagates parallel to the local pressure
gradient and the acoustic waves propagate in the direc-
tion defined by the local strain rate tensor.

Powell and van Leer” have developed a cell-vertex
scheme based on downwind distribution. At the distri-
bution step in the scheme, the cell-centered residuals
are distributed to the surrounding nodes with weights
determined by the local convection directions. This
is similar to ideas developed by other researchers, in-
cluding Giles et al.® An excellent review of most of the
multidimensional methods mentioned above is given by
Powell.°

The grid-independent approximate Riemann solver
described in this paper uses five waves to describe the
difference in states at a grid face. Two acoustic waves, a
shear wave, and an entropy wave are assumed to prop-
agate in a direction defined by the local velocity field,
while a second shear wave propagates at a right angle
to the other four waves. This paper first outlines the
equations of motion and the finite volume formulation,
then describes in detail the derivation of the 5-wave
model. A stability analysis of an explicit time-stepping
scheme is included, followed by numerical examples and
conclusions.

NOMENCLATURE
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Jacobian matrices

speed of sound
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viscous fluxes
specific total enthalpy
heat transfer coefficient

Mach number
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eigenvectors

pressure

velocity in 6, direction
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velocity in 8’ direction
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Reynolds number

velocity normal to §,
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velocity normal to 8’
length along cell face
temperature

time

conserved variables

v velocity components in z and y directions
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cell volume

velocity vector

S'ﬁ‘l

primitive variables

w used to define averages in (24)

z,y Cartesian coordinates

a angle-of-attack

Jé) free parameter in 5-wave model

r Fourier footprint matrix

¥ ratio of specific heats, taken as 1.4

A difference operator

é differential change

8ij Kronecker delta

¢ wavelength of perturbation

n time-stepping parameter

) angular direction

¢ frozen angular direction

A eigenvalue; also second coefficient of viscosity,
taken as —(2/3)p (Stokes’ hypothesis)

n coeflicient of viscosity

v CFL number
density

Tij viscous shear stress terms

1 vector of wavestrengths

w maximum wavespeed

Subscripts:

d velocity-difference direction

f flow direction

g grid direction

i,7 grid indices

LR from the left, right

Superscripts:
A Roe-averaged
~ nondimensional

— cell-averaged

TWO-DIMENSIONAL EQUATIONS

The two-dimensional Navier-Stokes equations can
be written as

at dr Oy Oz dy ' )
where the conserved variables are U = [p, pu, pv,pE]T
and the inviscid flux vectors are

pu pv
2
pu“+p puv
F = = .
- =l @

puH pvH




The viscous fluxes are

0 0
T11 T12
F, = G, = 1 (3)
T
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where
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The ideal gas equation-of-state closes the set of equa-

tions: ) )
u +v
p=(r—1)p [E - ---*5%] : (5)
Since the flux function developed in this paper is only
applied to the inviscid fluxes (viscous terms are always
centrally differenced), the viscous terms are ignored
throughout the remainder of the derivation.

The resultant Euler equations can be written in
quasilinear form:

oW oW W
= 6
i + A 3 +B 5y 0, {(6)

where W is the vector of primitive variables, W =
[p, u, u,p]T, and A and B are the Jacobian matrices

1/
o (7)
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Traveling wave solutions to (6) are of the form
W(z,y,t) = W(zcosb + ysinf — At) (9)

where @ is the angle that defines the direction of wave
propagation. Substitution of (9) into (6) results in the
eigenvalue problem

{Acosd + Bsinf)§W = A6W, (10)
where §W is the amplitude of the traveling wave. The
four eigenvalues and corresponding right eigenvectors of
(10) are:
A1 = ucosf + vsinf + a
Az = ucosf + vs?ne —a (11)
Az = ucosf + vsiné

A4 = ucosd + vsinf

T
P, = (1, % cosd, “sing, az]
e P
[ a a T
P2 = |1, ——cosf, ——sind az]
P p (12)
[ a a T
P3 = |0, ——sinf, —cosé, 0]
[ e
P,=[1,0,0,0.

These eigenvectors represent: (1) a positive acoustic
disturbance, (2) a negative acoustic disturbance, (3) a
shear wave, and (4) an entropy wave. The eigenvalues
represent their corresponding propagation speeds.

FINITE VOLUME FORMULATION

The finite volume form of the Euler equations can
be written as
0u;; 1

ot Vi

> (FAy - GAs),

=1

o (13)
i

where U, ; represents the vector of cell-averaged con-
served quantities for the (%, j)th grid cell, V;; is the
area of cell (i, j), and (Az), and (Ay), are the changes
of = and y along the fth cell face. For a guadrilateral
grid, m = 4. The cell face length is defined as

As = /Az? + Ay?
and the outward velocity normal to the cell face is
q = (uAy — vAz)/As

= ucosé, + vsiné,,

(14)

(15)

while a velocity parallel to the grid face is given by

(vAz + vAy)/As
= —usinfy + vcosf,.

r

(16)
With these definitions, equation (13) can be written

[i §1Ast
=1

where the flux vector & is the flux normal to each face
of the control volume and is given by

0I—J‘~_J~ -
at

124

1
Vij

rq
pqu + pcosé,
pqv + psind,
paH

Numerically, the fluxes on the faces are determined
through the use of a flux function

Bpi12= B [(Woksry2 (WRks1/2) 5

where k represents the grid index 7 or j. The primitive
variables are obtained on the cell faces via one-point

(18)

(19)




extrapolation for first-order spatial differencing and via
standard MUSCL-type!® extrapolation for higher order.
The subscripts L and R denote the directional bias of
the extrapolation. The exact form of the numerical flux
function (19) is discussed in the next section.

FLUX FUNCTIONS
A. Grid-Aligned Approximate Riemann Solver

The grid-aligned flux function of Roe! is briefly
outlined in this section. The flux at a face is

4

(§L+<rn — —Z

k=

%R (20)

The eigenvectors are given by

R, = [1,4+ deosf,,  + asind,, H + ag]”

E A ~ o P 0 ~ T
R, = [l,u—— dcosfy, v — asinéy, H — ag

(21)

3 a s ” T
Ry = [0, —dsinéy, dcosf,, ar]

1
R+ 0]

Ry = [1,4,9,

for the equations written in conserved variable form.
The kth wave of this system has a strength i, evalu-
ated as the kth component of the vector §2, where

537 (Ap — pan
~ | 7as (AP — padq) (22)

and A() = ()r — ()

. The wavespeeds are

M=d+a

da=i-a (23)
/\szé

5\4:‘i

The Roe-averaged values (denoted by hats) are defined
as 7

=pLPR

urw+ up(l — w)

i

vpw + vp(l — w)
HLw+HR(1 — w)

where w = \/pr/(\/pL + +/pr) and ¢ and 7 are defined
by (15) and (16), using @ and 4.

One can interpret this model in a geometric sense
by looking at the effects of the acoustic and shear waves

m’ @ 2
il

in (Au, Av, Ap)-space, as shown in figure 1. (The en-
tropy wave only causes a change in the density, so it is
not representable in this space.) L, the representation
of the state to the left of the cell face, is placed at the
origin and the right state R is located at (Au, Av, Ap),
as determined by the differences between L and R. All
waves propagate in the §, direction, represented by the
vertical plane in the ﬁgure The acoustic and shear
waves have the following properties:

) ép bu bv
+acoustic : —s = = A
pa acosf,  asinf,
6 6 6
—acoustic : 132 =" ,,,_ff,, (25)
pa acosd, asiné,
bu Sv

shear : e I e
asinf,  acosf,

Hence, in addition to the entropy wave, the difference in
states is decomposed into: (1) a +acoustic wave in the
8, direction, which gives a positive change in pressure
along with a positive change in velocity along 8,, (2) a
—acoustic wave in the 8, direction, which gives a posi-
tive change in pressure along with a negative change in
velocity along 8,, and (3) a shear wave in the 8, direc-
tion, which gives no change in pressure and a change
in velocity normal to 8,. These waves are sketched in

figure 1.

B. Grid-Independent Approximate Riemann Solver

The motivation behind the development of the
present grid-independent Riemann solver is the desire
to be able to recognize and appropriately model both
shock and shear waves regardless of their orientation
with respect to the grid. The method for accomplish-
ing this goal is the following: (1) choose a direction of
wave propagation more physically appropriate than the
directions defined by the grid, (2) represent the differ-
ence in L and R states with a combination of acoustic,
shear, and entropy waves, and (3) form a flux in the
grid direction from the information propagating in the
physically-relevant grid-independent direction.

Step 1. The wave propagation direction chosen for
step 1 is the velocity difference direction

A
94 = tan~! (A—D , (26)

defined from —7 to 7. In this direction, the differences
between the two states can be interpreted either as a
compression normal to 6; or a shear aligned with J,.
Figure 2 is a graphical representation of the angle 6.

Step 2. In this step, the difference in states is mod-
eled by a combination of two acoustic waves and an
entropy wave propagating in the 6; direction, as well as
a shear wave propagating in the (64 7) direction. This
shear wave causes a change in velocity parallelto 8; with
no change in pressure, so it allows for sharp capturing



of oblique shear waves in a computation. The represen-
tation in primitive variable form of this (62 + %) shear
wave is
i 0
- %sin (94 + 12')
%cos (04 + %)

0
- 27
S (27)
- %cosed
- b %sin&d
L 0

P(04+7r/2)ahcar =

The two acoustic waves and the entropy wave are rep-
resented by Py, P3, and Py in (12), with 6 = 64.

There is not a unique way to determine the combi-
nation of these waves such that

4
AW = "0, Py (28)
k=1

is satisfied. The entropy wave is always present with
a strength given by 4 in (22), but there is some free-
dom in picking the strengths of the other three. One
strategy is to choose them such that the pathlength in
(Au, Av, Ap)-space is minimized. This minimum path-
length model is accomplished by using either two acous-
tic waves and an entropy wave or one acoustic, a (64+ %)
shear, and an entropy wave. (Recall that the entropy
wave is not representable in (Au, Av, Ap)-space.) The
choice depends on the location in phase space of the
right state R relative to the cone defined by all acoustic
waves emanating from L. By definition, R lies in the 8,
plane. If R resides inside the “acoustic cone,” as is the
case with R, in figure 3(a), then two acoustic waves de-
scribe the shortest path. If R resides outside the cone,
as represented by R; in the figure, then one acoustic
and a (63 + 7) shear wave describe the shortest path.
The mathematical conditions for R inside or outside the
acoustic cone are:

Inside : (Ap)? > [pa(Aucosfy + Avsindy)]* (29)

Outside : (Ap)? < [pa(Aucosfy + Avsind,))>. (30)

A second strategy is to choose the strengths of the
acoustic and shear waves such that the path is in some
sense closest to the straight line connecting L and R
in phase space. More specifically, the area between the
waves (taken in a certain order) and the direct path L—-
R is minimized. This minimum area model is due to
Parpia.!! A geometric representation is given in figure
3(b), where again the entropy wave, although present,
is not pictured. If R lies inside the acoustic cone, like
R, in the figure, then the path that minimizes the area
(shaded region) is accomplished by two acoustic waves.
if R lies outside the cone, as represented by R, then

some combination of two acoustic waves and a (04 + '2-')
shear wave gives the minimum area. The exact expres-
sion will be given below.

Numerical experiments indicate that the minimum
area model tends to give somewhat better results than
the minimum pathlength model for a wide range of test
cases, so it is used for all the computations in this paper.
Numerical experiments also show that these models can
produce nonlinear feedback that results in oscillatory
flowfields and nonconvergence. The problem arises as
a result of small changes in the computed values of §,
which feed back into the solution, thus producing fur-
ther changes in 64. An easy way to inhibit this feedback
is to freeze the computed values of §; at each face at
some point in the computation, calling them 8. This
freezing process results in the requirement of at least
one additional wave to describe the differences between
the left and right states at each face, since the state R
does not necessarily lie in the 8}, plane. A shear wave
propagating in the 8, direction produces a change in
velocity normal to 8, and can therefore be used as the
additional wave.

Step 3. Finally, the flux on each grid face is calcu-
lated. The combination of the four waves from (28) plus
the 0; shear wave from freezing 64 results in a 5-wave
model, which can be written as a family of schemes with
a free parameter 8. This family includes both the min-
imum pathlength and minimum area models discussed
above. The flux is written as

1 1 q
®=7(8+%r)-; kZ=1|’\k|Q’°R’“ (31)

where the five waves are given by

R, = [1, %+ dcosd), d + asindl, H + ag']”
R, = [1,4 — dcosbly, b — asindly, H — ag']"

R:} = [0, —&COSG;, _‘&Sinazia _an]T (32)
R, = [0, —dsind}, deosd), &‘F']T

. 1

Rs = [1,'&,‘5, é(ﬁ’z + ﬁz)]T'

These represent, respectively: +6), acoustic, —6/; acous-
tic, (6; + %) shear, 6 shear, and ) entropy waves.
Also,

§' = 7Gcosf, + Dsind’
q d d (33)

~

# = ~dsing), + Gcosdl,

and hatted values are defined by (24). The wavestren-
gths are defined as

A2 4+ BL (Aucosf); + Avsind))
%1’5 — ﬁfa (Aucosf; + Avsing})
Q= | (8-1)2 (Aucost + Avsindy) |.  (34)
£ (—Ausiné), + Avcos6})
% (a2Ap - Ap)

(=3



The minimum pathlength model is obtained when g is
taken as

p = min | s 250

Aucosd; + Avsing)

,1] . (35)

It can also be shown that the minimum area model,
used for all computations in this paper, results when

. Ap/(pa) ’
- . 6
f = min [{ |Aucosf;| + |Avsind}| | ' 1 (36)

In practice, a small number is added to the denomina-
tors in (35) and (36) to avoid division by zero in re-
gions of null gradient. Also, 3 is generally limited to be
greater than 0.05 and is frozen along with 8, as an aid
to convergence.

The wavespeed associated with each of the waves
in (32) is the average flowspeed in the direction of wave
propagation, plus or minus the average speed of sound
for the acoustic waves. Since the flux (31) is in the
grid direction, however, it is necessary to take the com-
ponents of these wavespeeds in the 6, direction. They
are:

p i

1= (¢’ + da)cos(f; — 8,)

Az = (' — @)cos(6) — 6,)
A3 = #'{—sin(8}; — 6,)} (37)
;\4 = 4’605(9:1 - gg)

ds = g'cos(8); — 6,).
Notice that this 5-wave model reduces to the grid-

aligned approximate Riemann solver when 8 = 1 and
6, =6,.

TIME INTEGRATION AND
STABILITY ANALYSIS

The time integration and stability analysis of an
explicit time-marching scheme with the 5-wave model
are discussed in this section. The stability analysis re-
quires the eigenvalues of the Fourier transform of the
right-hand side of

m

> (FAy - GAz),

(=1

‘,' ; At
a9 _ A

Gt Vi, (38)

£
For first-order spatial differencing, this Fourier trans-
form is the matrix

r¢®, ¢y =
P B9y cost®
{w(eé")w(e&”)}[ ) —eos B
% (pli) 39
ia§~(9y )sinc(i)+ﬁ(9§,-7))(1—cos((j)) (39)

ou
5 (pl1) ‘
+1 6~————§8(f; )si11C(~’ )] ,

where 05,‘) and G;j ) are the directions normal to the grid
faces in the 7 and j directions, respectively, and D is
the matrix that satisfies

pau=3%" (ik‘nkﬁk.

(40)
k=1
The variable v is the CFL number, defined as
i . At
v = {w(6) +w(6y)} v (41)

and w(G_S,')) and w(af,])) are the maximum wave speeds
|g| + a in each of the grid directions. For this analy-
sis, everything is linearized about the cell-centers, and
the grid faces are assumed to be of unit length. The
parameters ((*) and () are the wavelengths of the per-
turbations in the 7 and j directions, respectively.

For stability, the locus of the eigenvalues of the
Fourier transform, often called the “Fourier footprint,”
must lie inside the stability boundary of the marching
scheme. In general, the Fourier footprint of the 5-wave
model is a function of p, v, M, 85, 3, 6, and §,, as
well as the perturbation wavelengths. The density is
taken as the freestream value. Since the Fourier foot-
print is a function of so many variables, it is difficult
to perform a thorough numerical analysis. However, an
extensive number of variations in the independent vari-
ables have been tested. Based on the results obtained
the following trends are noted. (1) The relative magni-
tudes of the eigenvalues are strongly dependent on the
Mach number. In general, increasing M increases the
magnitudes, but at larger and larger M an asymptotic
limit is reached. (2) At low to moderate Mach num-
bers, 8 has a significant effect on the eigenvalues, while
at very high Mach numbers 8 has very little effect. (3)
Many of the modes of the Fourier footprint can have
eigenvalues that lie on the imaginary axis. In particu-
lar, this occurs when 6; and @/, differ by 90°.

From this analysis, it is clear that the explicit
forward-Euler time stepping scheme would be unsta-
ble for many of the modes, since the stability boundary
for forward-Euler is a unit circle centered at {(~1,0) and
does not include any part of the imaginary axis except
the origin. However, 2-stage or higher schemes can be
designed which satisfy this requirement. For example,
the 4-stage scheme

U™ = U" 4+ nAtRes(U")
- _ .
U™ =uU"+4 gAtRes(U )

1 (42)
Ut =uUm + EAtRes(U”)

U1L+1 — Un, + AtRes(U***)



has a stability region including a finite part of the imag-
inary axis whenever 1 < 0.6756.

An attempt was made to devise a “worst case”
Fourier footprint for this scheme by choosing indepen-
dent variables that yield the largest eigenvalue extent
in the Real-Imaginary plane. This was accomplished
by choosing M = 100, §; = 90°, 3 = 0, §, = 0°,
and #) = 22.5°. Given this footprint, an 7 of about
0.15 is “optimum” for the 4-stage scheme in the sense
that it allows for the largest v for stability. A plot of
the Fourier footprint at its maximum v = 1.75, along
with the corresponding time stepping stability bound-
ary using 7 = 0.15 is shown in figure 4. In the present
paper, this 4-stage scheme is used for all Euler compu-
tations. Note that since the Fourier footprint is highly
dependent on Mach number, the maximum allowable v
is actually higher than 1.75 for M lower than 100. For
example, at M — 3 the maximum CFL number is 2.2,
while at M = 1 it is 2.5, according to this linearized
stability analysis.

The 5-wave model has also been incorporated
into an implicit approximate factorization scheme,
CFL2D,'? which is used for the Navier-Stokes computa-
tions in this paper. The stability analysis of the implicit
scheme is not given here. However, it has been found
in practice to converge for v less than 4 with first-order
spatial differencing and less than 2 with second-order
differencing for both Euler and Navier-Stokes when the
left-hand side flux Jacobians are approximated by:

%) =il(ZE) . 0%
ou Lk+1_2LaUk ou| |
’ 2 k+
- : (43)
() i) -|#
ou Rk+4 2 L U/ k41 ou k4l ,

where k represents the grid index 7 or j.

RESULTS
A. Shock Reflection

The M = 2.9 inviscid shock reflection case is com-
puted on a 49 x 17 Cartesian mesh 4.8 units wide
by 1.6 units high. An oblique shock enters the do-
main from the upper left corner, reflects oftf the bottom
wall, and exits out the right end. The flow is turned
through an angle of 10°. The nondimensional bound-
ary conditions (nondimensionalized by combinations of
Poo 8nd a) are: at inflow 5 = 1, g = 2.9, 5 = 0,
and pF = 5.9907; at the top boundary 5 = 1.6328,
pi = 4.3272, pv = —0.7630, and pE = 9.5091; at
the back boundary, outflow conditions are extrapolated
via second-order extrapolation from the interior; at the
body, simple reflection boundary conditions are used.

Computations are initiated from freestream condi-
tions and are run until the £;-norm of the residual of
all four equations drops below 1 x 10712, A first-order
computation using the grid-aligned solver, run at a v of
2.2, converges in 158 iterations using about 2.53 CPU
seconds on the Cray 2 computer. Figure 5(a) shows
pressure contours, nondimensionslized by p.,, while fig-
ure 5(b) shows nondimensional pressure values along
three j = constant cuts through the mesh. Figures 6(a)
and (b) show first-order results using the 5-wave model.
Again, v is taken as 2.2. 64 is computed every iteration
for the first 20 iterations, then only once every 20 iter-
ations until the log of the £;-norm of the residual drops
to below —3.5. After this, §; remains frozen. This 5-
wave model solution converges in 245 iterations, using
about 4.80 CPU seconds. It yields much sharper shocks
than the grid-aligned method, although there are oscil-
lations in the computed flowfield as well. The removal
of these oscillations will be the subject of a forthcoming
paper.’®> A comparison of the residual histories is given
in figure 7.

B. Oblique Shear Wave

The oblique shear wave case is computed on a 61 x
21 Cartesian mesh 3 units wide by 1 unit high. Fluid
enters the domain from the lower face at a 45° angle and
exits out the top face. To the right of the shear wave
M = 1.51, while to the left M = 1.812. There is one
transition cell where M = 1.661. The nondimensional
boundary conditions are: to the left of the shear 5 =
1, pi = 1.282, pv = 1.282, and SF = 3.427; to the
right of the shear 5 = 1, i = 1.068, 3% = 1.068, and
pE = 2.926; at the transition zone g = 1, jii = 1.175,
pi = 1.175, and pE = 3.165; on the top and right
boundaries, outflow conditions are extrapolated from
the cells 45° upstream.

A first-order Euler computation using the grid-
aligned method smears the shear wave significantly, as
shown in figures 8(a) and (b). The 5-wave model, ns-
ing the same strategy for freezing 8, as for the shock
reflection case, converges to the results shown in fig-
ures 9(a) and (b). The Mach contours are now very
sharp, although oscillations are also present near the
shear wave.

C. Supersonic Flow About an Airfoil

An Euler computation is performed for the NACA
0012 airfoil at M = 1.2, @ = 0° on a 65 x 41 O-mesh
with an outer boundary extent of 15 chords and an av-
erage minimum spacing of 0.005 chords. Simple reflec-
tion boundary conditions are applied at the airfoil sur-
face and freestream conditions are prescribed in ghost
cells at the outer boundary. At these conditions, the
NACA 0012 airfoil has a flowfield with a curved bow
shock located in front of the airfoil and oblique shocks
emanating from the trailing edge.



Figures 10(a) and (b) show pressure contours for
first-order computations using the grid-aligned model
and the 5-wave model, respectively. (The 5-wave model
result was obtained by restarting the grid-aligned solu-
tion with 6, frozen the entire time. 2021 iterations be-
yond the restart are required to converge the £;-norm
of the residual to 1 x 10712 at a v of 2.2.) The 5-wave
model gives significantly sharper shocks than the grid-
aligned method. Second-order results, using v = 1.1,
are shown in figures 11(a) and (b). Again, the 5-wave
model resolves the shocks better, although it shows lit-
tle difference with the results of the first-order 5-wave
model on this grid.

D. Viscous Flow About an Airfoil With Separation

Figure 12(a) shows pressure contours over a NACA
0012 airfoil at M = 0.5, « = 3°, Re = 5000 using CFL2D
with the grid-aligned scheme and second-order spatial
accuracy on a 129 x 49 C-mesh. The grid has an outer
boundary extent of 14 chords and an average minimum
spacing at the body of 0.0004 chords. This test case
is taken from Venkatakrishnan.'* The results show a
distorted pressure field over the rear half of the air-
foil upper surface. Venkatakrishnan suggests a possible
explanation for this numerical phenomenon: after flow
separation, the detached shear layer is not oriented with
the grid. Hence the grid-aligned solver misinterprets
shear as a combination of shear and compression, re-
sulting in a distortion of the computed pressure within
the shear layer.

When the 5-wave model is employed, the distor-
tions in the pressure contours essentially disappear, as
shown in figure 12(b). Here, the model was restarted
from the grid-aligned solution with 6 frozen and v =
2. Both the grid-aligned and 5-wave model solutions
are converged to 1 x 1076, It should be noted that
for Navier-Stokes solutions the 5-wave model can give
nearly zero dissipation on grid faces aligned with the
flow in the boundary layer, resulting in odd-even point
decoupling there. This decoupling is alleviated by off-
setting 6/, by a small amount whenever §; ~ 65 ~ 6,+75.

CONCLUSIONS

A new two-dimensional approximate Riemann
solver has been developed that obtains fluxes on grid
faces via wave decomposition. By utilizing information
propagating in the velocity difference directions rather
than in the grid normal directions, this flux function
more appropriately interprets and hence more sharply
resolves shock and shear waves when they lie oblique
to the grid. Five waves are used to model the differ-
ence in states at the faces. Four of these propagate in
the velocity-difference direction and one, a shear wave,
propagates 90° to this.

Some modes of the Fourier footprint of this scheme
possess eigenvalues that lie on the imaginary axis, so it
is necessary that the stability boundary of an explicit
time-stepping scheme includes a finite portion of the
imaginary axis. A 4-stage scheme has been chosen to
satisfy this requirement. It is stable up to a CFL num-
ber of at least 1.75.

Discontinuities that lie obligue to the grid are re-
solved significantly better using the 5-wave model than
using a grid-aligned model, although the results can
show oscillations in the flowfield. Computations of vis-
cous separated flow over an airfoil indicate reduced pres-
sure distortions in the separated region as a result of the
grid-independent upwinding.
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Figure 6 Shock reflection, 5-wave model, 1st order ac-
curacy
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. Figure 7 Shock reflection residual histories, 1st order
Figure 5 Shock reflection, grid-aligned wave model, 1st accuracy

order accuracy
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== =9 b) Mach number along j = constant lines

Figure 9 Continued

b) Mach number along j = constant lines

Figure 8 Oblique shear wave, grid-aligned wave model,
1st order accuracy

Figure 9 Obligue shear wave, 5-wave model, 1st order

accuracy

a) Mach contours

b) 5-wave model

Figure 10 NACA 0012, M = 1.2, o = 0°, pressure con-
tours, 1st order accuracy
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b) 5-wave model

Figure 11 NACA 0012, M = 1.2, o = 0°, pressure con-
tours, 2nd order accuracy
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b) 5-wave model

Figure 12 NACA 0012, M = 0.5, o = 3°, Re = 5000,

pressure contours, 2nd order accuracy



