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Abstract  

Cr1niputi:r experiments may be defiiied as the- 
iirc~tic:il :in:ilyses i n  which the computer plays the 
ccntr:il I-iilc in evaluating the consequences of the 
iir;ithi'matical modcl ,if the p r o c r s s  or phenomenon 
utidi~r investigatioii. 
i c x p ~ r t n ~ c n t s "  to study problems related to chemi- 
c : i l  prq)ulsicm f o r m s  the subject of the present  
su rv ry .  Several  different types of experiment are 
c i i~~s idc~rrd .  
well lmuwn hut the mathematical  equations a r e  in- 
tractable. 
t o  evaluate the consequences of the equations. In 
a second c l a s s  of problems the detailed physics i s  
uiiknnwir and computer experiments are used to 
idcBntify the most  important physical factors.  A 
third typc of experiment cons is t s  of a n  extended 
paramr,tric study of numerical  solutions leading, 
Sinally, t u  a correlation formula for  the numeri-  
ca l  rrsiilts. Computer experiments can a l s o  be 
c lass i f i rd  according to  computational technique, 
or according to subject area. 
fications i n  mind the present  survey begins with a 
brief discussion of computational methods. Then, 
cwnputer (cxperinients ca r r i ed  out in var ious  sub- 
ject  a r e a s  rekited to chemical propulsion such a s  
rhcinical k i i r t i c s ,  fluid dynamics,  t ranspor t  

' e s ,  shock and detonatiorr phrnomena, c o n -  
hustion, r tc.  , arc> surveyed. 

T h r  use  of such "computer 

In cer ta in  problems tlie physics is 

Then high speed computers  a r e  used 

With th r se  c lass i -  

1. 1lltl.lldul:tioll - 
The use of high spccd computers  has playrd 

a n  increasingly imimrtant rule i i i  the ana lys i s  of 
problems relating to chemical propulsion. 
m a n y  cases t h c  computer is merely used fur the 
straightfrirward evaluation of t h r  analytical ex- 
pressioiis resulting f r o m  theoreticnl ana lys i s ;  
howevcr, in an  increasing number of problems 
the computer has  played a cent ra l  and itidispens- 
able role being used a s  an appara tus  to tes t  tlic- 
o re t ica l  models of the phenomenon under study. 
'The use of such "computer rxperiments" to  study 
problenis related to  chemical propulsion fo rms  
the suhjrct  of the present survry .  

l i t  

It is proposed that a computer experiment be 
deiitied as  a theoretical  analysis in which t h r  iisr 
of the computer plays the cent ra l  ro l r  in evaluat- 
ing the consequences uf tho matht:niatic;ll snodri 
of t h r  physical phenomenon or p rocess  undrr  iii- 
yestigatioii. A l l  sucln experiments  involve f i r s t  a 
frirmiilation of tlic prohlem; second the clevelop- 
ment OS a numerical  s cheme  for solving the rqna- 
t ions describing t h e  process i n  qurstion; then, the 
actual computations, whicli would grnera l ly  he 

impossible without modern high speed computers ;  
and finally a n  evaluation and interpretation of the 
results.  The boundary between what can he c l a s s -  
ed as a computer experiment and a straightforward 
calculation will he  somewhat a rb i t r a ry .  

forms. 
lem is completely understood; however, the mathe- 
matical  equations descr ib ing  the phenomenon in 
question are intractable to analytical solution 
without the u s e  of s e v e r e  assumptions.  Then high 
speed computers  a r e  used to  iiumerically evaluate 
the consequences of the equations. The calcula- 
t ions of viscous flows over obstacles made by 
Fromm(1) and others,  and result ing in movies of 
the computed [low solutions provide an outstanding 
example of th i s  type of expcr imrnt .  

In other problems t h r  detailed physics under- 
lying a given phenomenon a r e  unknown, or the 
value of key physical constants may he  uncertain. 
Thus,  f o r  example, reaction rate constant va lues  
needed to compute nonequilibrium g a s  flows may 
be known only to  an  accuracy of seve ra l  o r d c r s  of 
magnitude. 
proached by developing a mathematical  model in- 
cluding a l l  possible f ac to r s  of importance. Com- 
puter  experiments  or extensive calculations are  
then made to  establish which fac tors  a r e  important 
and which can he ignored. Duff's(2) calculationsof 
detonation s t ruc tu re  which were  c a r r i r d  out f o r  
s eve ra l  possible values of the key reaction rate 
constant provides an ear ly  examplr  of th i s  type of 
exprrimerit.  

Computer experiments  take seve ra l  different 
In cer ta in  c a s e s  the physics of t h r  prob- 

Such problems a r e  somet imes  a p -  

A th i rd  type of experimpnt can also he distin- 
quishcd, and cons is t s  of ii paramet r i c  study of iiu- 
mer i ca l  solutions that finally leads  t o  an empir ica l  
corre1:ition formula describing the numerical  re- 
sults. 
t ions of Fay and Ridd12ll(~) may be considered :in 
cxample of th i s  type of experiment.  
cation of computer experiments  into th ree  ca te -  
gor ies ,  while convenient for discussion, i s  highly 
a rh i t r a ry .  
of computer experinieiits whirh f i t  into none of the 
ahove categorics.  

The stagnation point heat t r ans fe r  calcula- 

This  c l a s s i f i -  

It i s  no doubt possible to r i t e  examples  

Computer experiments  cannot replace e i ther  
lahoratory experiments  or  analytical solutions, 
r a the r  these  th ree  approaches to  tlie study of p h y s  
ical  phenomena supplement each otlirr. 
lytical solution, where available, i s  usually f a r  
m o r e  valuable than computer solutions f o r  analyt-  
ical solutions contain extensive information about 
any given phenomenon i n  a ve ry  condensed form 

A n  ana-  
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and show exactly how var ious  f ac to r s  affect  the 
phenomenon under study. Analytical solutions can 
be used to  calibrate a par t icu lar  numericalscheme 

Extensive and sophisticated mathematical  develop- 
ment will be requi red  to place numerical  ana lys i s  
011 more  rational basis. 

Computer experiments  can a l s o  be classified 

With these c lass i f ica-  

which then can be applied to more  complicated 
problems f o r  which analytical  solutions cannot be 
found. 

lytical theory, for example,  in indicatiug what 
simplifying assumptions can reasonably be made 
in a given situation. 
computer experiments may suggest meaningful 
laboratorv exDeriments. 

W according to the computational technique used or 
according to  subject area. 

description of computational methods followed by a 
discussion of specific computer experiments car-  
r ied  out in  var ious  subject a r e a s  related to  chemi-  
ca l  propulsion. 

Often the r e su l t s  of a computer experiment 
will provide a guide to the development of an  ana- in the survey begins with 

Both analytical solutions and 

Since a ComDuter exper-  " .  
iment is only a s  good as the physical model on 
which it is based it must be emphasized that the 
study of new physical phenomena will always re- 
qui re  experimentation in  the laboratory,  though 
computer r e su l t s  can provide a powerful guide to  
the f o r m  such experimentation should take and can 
resu l t  in a d ra s t i c  dec rease  in the number of ex- 
pe r imen t s  required. 

Although the present  ful l  blown use  of com- 
puter experiments  has  had to await the develop- 
meut of the modern high speed computer,  t h e  u s e  
of computer or Computational experiments  i s  a 
technique which has  been in use  for some  time. 
Thus f o r  example the  resu l t  that  the recovery fac- 
tor for a laminar boundary layer on f la t  plate is 
given by Pr1/2 r ep resen t s  the cor re la t ion  of nu- 
mer i ca l  computations of rccovery fac tors  over  a 
rangc of Prandt l  numbers(4),  (5), 
back t o  Polliausen's 1921 
layer  l imt  t ransfer .  
putations of flat plate compressible  boundary lay- 
e r  skin friction coefficient and the variation of 
enthalpy wi th  velocity, fo r  different relations he- 
tween viscosity and temperature ,  although the 
computations were made by hand, is certainly a 
relatively ea r ly  example of a computational ex- 
periment.  While the computational experiment is 
thus not a iiew technique a completely new element 
h a s  been iutroduced by the evolution of the modern 
computer with i t s  high speed, la rge  s torage  capac- 
ity and versatility. Thus the computational expcr- 
iment has changed from a laborious brute force  
procedure to  a powerful tool for  the theoretical  
ana lys i s  of complex problems and phenomena. 

As mentioned above, a key s tep  in a l l  com- 
puter experiments  i s  the development of a suitable 
numerical  scheme for  solving the equations des -  
cribing the  phenomenon of interest .  Par t icu lar ly  
iii the case  of par t ia l  differential equations numer- 
ical  ana lys i s  is s t i l l  essentially a n  a r t  ra ther  than 
a Bcience. Thc stability and convergence of finite 
differelice schemes  can only he rigorously es tab-  
lished in a few special  cases .  The choice of the 
best  fiuite difference scheme  for  a par t icu lar  prob- 
lem i s  very much a matter  of intuition and t r i a l  
and e r r o r .  Thus, for instance, changiug f rom 
forward t o  cent ra l  finite differences or v i seve r sa  
may change a completely unstable finite differ- 
eucc scheme  to a stable one. 

This work da te s  
on bouudary 

~ r o c c o ' s ( 7 )  laborious com- 
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11. Numerical Methods 

A complete t r ea t i s e  on numerical  methods is 
c lear ly  beyond the scope of the present  survey and 
a n  extensive discussion of th i s  subject may be found 
in  books such a s  those of Fox(8) R i ~ h t m e y e r ( ~ ) ,  
Ralston and Wilf('O), and Todd(i1) to  name only a 
few. flowever,  some  of the main methods which 
have been used in computer experiments  will be 
outlined below. 

Many problems r equ i r e  the numerical  integra- 
tion of one or  a se t  of ordinary differeutial  equa- 
t ions with initial conditions or two point boundary 
conditions. The Runge-Kutta procedure with the 
modification by Gill(10) or  pred ic tor  co r rec to r  
methods such a s  those descr ibed by Milue(l2) and 
FOX@),  f o r  example,  are  frequently used for  ttiis 
purpose. 

In the c a s e  of par t ia l  differential equations the .d' 

numerical  procedure employed depends on whether 
the equations a r e  elliptic, parabolic,  o r  hyperbolic. 
The boundary conditions f o r  elliptic equations must 
be specified about a closed contour surrounding the 
domain of interest .  Consequently, when elliptic 
par t ia l  differential  equations are replaced by finite 
difference equations it is in effect  necessary to 
solve a s e t  of simultaneous a lgebra ic  equations, 
equal in number to the number of mesh points in 
the domain of interest .  
of equations is prac t ica l  only if the number of 
mesh points i s  relatively smal l ,  say  l e s s  than 
about 100. Usually i terative methods a r e  used to 
solve the finite difference equations represent ing  
an  elliptic system. 
scheme  is a variation of Liebmann's method, a s  
used for example by Fromm(l3) .  
readily i l lustrated in the c a s e  of the L a p l a c e  equa- 
tion, V2+ = 0, f o r  which a commonly used finite 
difference scheme is 

Direc t  solution of th i s  s e t  

Pe rhaps  the s imples t  i teration 

This  method i s  

\-/ If supe r sc r ip t s  are used to indicate the o rde r  of 
i teration then Liebmann's method cons is t s  in using 



t h e k t h  i t e r a t e s t o  compute the values of the 
(k + 1) tli i t e ra te  a t  each point so  that 

while tlie modification used by F r o m m ( l 3 )  and 
o the r s  is to use  tlir most recent i t e r a t r s  at neigh- 
boring points (io that, for example, if the net of 
points is scamlrtl f rom top to  bottom and lrft to  
right 

Important consiclerations in the choice of an i te ra -  
tion m r t l i d  ;ire the r a t e  of convcrgencc and the 
ciimputational complexity of each step. Generally 
the simple i teration method described above coli- 
vergrs  toward the actual solution very slnwly; 
howevrr, tlie romputations arc? w r y  simple. 
number nf mui:h morc  rapidly convrrgilig iteral ion 
s c h e m r s  such as, for example, the under and over 
relaxation methods and the Pr:iceninii-Racliford 
alternating direc.tion procrdure( l1)  arc also avail-  
able,  hut of c o u r s r  each iteration step i s  more  
compiicatrd. As  indicated by Frourm(13) i n  c e r -  
tain c a s e s  a s lowrr  but s imple r  iteration scheme 
may hr prcfcmblc?. 
scheme to  elliptic finite d i f fe rence  equations or  to, 
what i s  in effect thc s a m e  thing, the inversion of 
a l a rge  mat r ix ,  t he re  is no guarantee that the iter- 
ation will c v e r  converge to the solution of t h r  
f inite diffrrcncc equation; however, i i i  ce r ta in  
c a s e s  convrrgencc can he proved. An extensive 
t reatment  of the convergence of i teration lnetlrods 
of solving finite difference equations is, 
i~xampl r ,  given by v : 1 ~ ~ : ~ ( 1 4 ) .  

A 

In applying any i tciation 

for 

In the case of paraholii: equatiuns the situ:i- 
tinil i s  somewhat s impler .  
x r y  <.unditinns a r e  requi red  and therefor? it is 
possible to use forward marching techniques t o  
solve the parabolic finite differencr equations. 
1,:xplicit finite differcncc mcthods a r r  pt-rliaps the 
s implcs t  t o  iisr. 'Thus ,  for cxamplr ,  t h e  hcat 
equation hx - t$t 7 0 can be written in tlir finite 
differr~nce forin 

Only initial and hound- 

f o r  the nlrsll 

(i-1, j )  ( i j )  ( i+ l ,  j )  

'Thtii  kilnwing the! solutinn on line j the values on 
line j i l  can br found f r o m  the explicit formula 
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This  explicit f inite difference scheme  will only be 
stable if k/h2 '' 1/2, a condition whicli often r e su l t s  
in exceedingly small  t imewise s tep  s izes .  Implicit 
f initr  differencc schemes,  though morc  complicatrd,  
avoid th i s  difficulty. Thus, for example,  the heat 
conduction equation can be rep lacrd  by thr finite 
d i f fe rence  equation 

and in th i s  c a s e  values of lb on the new line j i  1 oc 
c u r  implicitly in a s e t  of simultaneous a lg rb ra i c  
equations for  all the unknown values of I,$ on the 
j i  1 linc. With a = 1/2 equation (6 )  reduces t o  the 
well known Crank-Nicolsmi and the 
forward marching procedure will be unconditiou- 
ally stable for a11 va lues  of k/ii2. 

merical ly  using the method of charac te r i s t ics .  
When c a r r i e d  out by hand, charac te r i s t ic  calcula- 
tions tend to be long and laborious: however, r e -  
cently it has  become possible to  program t l icsr  cnl- 
c.ulatinns for digital computers.  
tions can also be solved employin both explicit and 
implicit f inite difference methodsY8), (9). 

Hyperbolic equations have long been solved nil- 

Hyperbolic equa- 

While the above are  perhaps the c l a s s i ca l  ap-  
prodclies to the numerical  integration of par t ia l  
differential  equations many other schemes,  some  
of which a r e  descr ibed helow, liiive been used. 

A tecli~,iquc~ nften used in two dimrnsioiial prob- 
l e m s  is to use fiiiitc d i f fe rences  in ouly OIK! clirec- 
tion o r  in elfect t o  break th? field of interest  into $1 

f in i t r  numbrr  of s t r ips .  
the par t ia l  d i f fe r rn t ia l  equation to ii sct of ord inary  
d i f f e r rn t i a l  equations for  each o f  the s t r ips .  
s imple example of this method is provided by the 
lieat conduction equation, bm - tb = 0. 
finitr differences only wi th  rrsgrct to  x th i s  equa- 
t ion becomes 

This procedure reduces 

A 

Taking t 

or cnnsidering b a s  ii function t for m c h  strii, cor- 
responding to  a par t icu lar  x i  

so that the heat equation reduces to  a set of s imul-  
taneous ord inary  differential equations for  the bi 
with initial conditions applied at  t - 0. Analogue 
computers  c:in be usrd to integrate this system of 
cquatioiis if ex t r eme  accuracy i s  not requirrd.  The 



method of integral  relations(15), whicli h a s  been 
used extensively in the Soviet Union and i s  coming 
into increas ing  u s e  in the United States, i sanother  
example of th i s  teclinique. 111 obtaining numerical  
solutions of the boundary layer  equations Smith 
and Clutter(16) used finite differences along the 
boundary and ordinary differential equations 
across  the boundary layers. Two point boundary 
conditions made it necessary to solve the resu l t -  
ant set of ordin:iry differentin1 equiitioiis i t c ra -  
tively. 

M a n y  p rob lems  of steady fluid mechanics r e -  
qu i re  the numerical  solution of elliptic par t ia l  
differential equations with a l l  thr rliffi<’ulti(!s th?t 

stc>ady flows m a y  be considered tlir asymptotic. 
l imi t  of soiiie t ime  unsteady flow, atid taking ad- 
vantage of th i s  I;ic:t steady p rob lems  can  b t  ai)- 
proached by studying t he  long t i m e  behavior of i i  

suitable unsteady flow. Since the equation for u t i -  

strady flow a r e  usually of parabolic or liylierbolic 
chamcter tlic mucli s imp lc r  finite diffcrencc 
marching procedures ,  descr ibed abovr, can tlicn 
be applied t o  the investigation (if steady problems. 
C r o c c ~ i ( ~ ~ )  used th i s  tccl inique in the study of  
shock wave development in convcrgin T divrrging 
nozzles while Buhaclievsky and Rubintlx) investi- 
gated blunt body flow using th i s  t i inr unstc:idy 

th i s  entails .  IIowever, iis pointed ou? by C r i ~ c u  67, , 

approach. 

In cer ta in  problems,  par t i< :u la r ly  w h e n  large 
d is tor t ions  of a fluid or solid arc  involved, ap -  
pro:ic:hes which combine the adv:intnges uf the 
Euler ian  and Lagrangian points u i  view a r e  v e r y  
effective. The Pa r t i c l e  in Cel l  o r  PIC inctliod 
clrveloprd by Evans aiid IIarlow(19)~ (20) i s  one 
example of such a method. The fluid field is d i -  
vidcd into a number of Eulerinn ce l l s  with mean 
properties ascribed t o  each. 
I.;igrangian mesh of par t i c l r s  i s  cst;iblislied. 
computation proceeds i n  two steps. 
pa r t i c l e s  are  presumed fixed and the conserva- 
tion equations a r c  used to compute new cell wise 
quantities, a procedure wliicli is equiv:ileiit to 
neglecting tlic convective terms. Tlicii, using 
suitably interpolated va lues  o f  the  velocity tlic 
par t ic le  motioii i s  determined a f t e r  which iiew 
average c r l l  p roper t ies  are  computed. 
put cons is t s  of the motion of tlir par t ic les  a s  a 
iunction of time. 
th i s  method to :I s tudy  of the interaction hetween 
a shock wavc and a bubble. 

In addition a 
The 

F i r s t  the 

The uut- 

E V ~ M  and ~ a r i o w ( 2 1 1  :ipplied 

The difficulty of trc;iting u n s t r a d y  flriws with 
shock ~ a v e ~  has  led to  methods in which ar t i f i -  
c i a l  viscosity terms a r e  introduced into Ilic equa- 
t ions cif motion(8) eitiier explicitiy(22) or  by t ~ i e  
choice of i i  suitable finite differeiice r n e t l ~ o d ( ~ ~ ) .  
Tlien shock wavrs,  or  r a the r  shock layers a c r o s s  
which the Rankine-Hugoniot conditions hr,ld occur 
naturally i n  the solution. The artif icial  viscosity 
t e r m s  a re  proportional to the gradients of the 
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var ious  flow p a r a m e t e r s  and so  have a negligible 
cffect  on the regions outside the shock layers ;  how- 
ever ,  these methods do not provide an  accura te  
description of the actual shock structure.  

The computation of cer ta in  complex p rocesses ,  
a s  for  exaniple tlie determination of molecular dis-  
sociation r a t e s  f r o m  tlie detailed motion of the 
a toms  constituting the molecules, can be reduced 
to t ractable  proportions by using a statist ical  metli- 
od depending upon the random sampling of the re -  
su l t s  oi ii pa r t icu lar  mathematical  model. These 
statist ical  methods, which va ry  widely with the 
p;irticul;ir application a r e  collectively known a s  
the Miiiite Ca r lo  method. 
ed b y  and extensive re ferences  a r e  given 
b y  T ~ i d c I ( ~ ~ ) .  The use  of tlie Monte C a r l o  method 
t o  evaluate a multiple integral  provides a simple 
illuslr:itioii of liow th is  method works(24). Coii- 
s ide r  Itit! rvaluation of tlie integral  

d 

This method i s  d i scuss-  

= I/> (x) dv (9 I 
wlirrr x is t h r  vector (ti, (2. , . <J, aiid dv i 
v o l u m t ~  c~lcnicnt i n  S i  space. It is supposed tha 
the integral(9) i s  normalized suck that 0 C h(x) - C 1, 
:ind 0 < :i L 1. 
IiyprriGlume in an (n+ 1) dimensional space defined 
by thr coordinates [ I ,  . . , E , , ,  11. I i  points a r c  
drawn a t  random f rom th is  ( n i  1) dimensional spacf, 
then i s  the probability that a n y  otic of the raudom 

E 14 points hiis 
a r c  the other 11 c o o r d i n a t ~ s  of th i s  point. If N 
drawings :ire made and N’ points satisfy the above 
inequ;rlity then N’,” provides an estiiiiite of a. 

The integral  (9) r e p r e s e z s  a 

sxtisfying 7, < +(x) where x=([1, .  . , 

d 

Finiti’ d i f fe rence  equations for  i n i t i a l  value 
problems are sometimes unstable, that i s ,  given 
ce r t a  in initial conditions, values begin oscillating 
wildly :il some stage of the calculation ;und bear  no 
rcl:itioli tu  the solutioii of the par t ia l  differential  
equatioii of interest. In a l l  finite difference calcu- 
Iati i ins tlir USE of finite intervals a l so  leads to a 
certain trunc;ition e r ro r  a s  compared to the solu- 
tion of t h r  contiiiiious equation. Questions of s ta -  
bility i i i id  truncation error are  discussed in sonie 
dctnil by ~ o x ( 8 )  mid ~ ic1 i tmegcr (91 .  A simple 
method 1)i  d r v c l ~ ~ p i n g  stability c r i t e r i a  i s  to study 
llic prop;ig;ilion of a single row of e r ro r s  of the 
forin 1iitix. 
niesli will propngnte a s  e q k  etjiin  here h ;ind k 
ari’ t l i r  Y :ind y xrid spacings respectively. The 
rrqii irrnirnt  for stability, obtained b y  substituting 

t i l l  i n  the finite difference equation, i s  then 
lliat cak ’ 1. 
cast of l incar iinitc dificrencr equations. In dcal-  
iiig with riuii l iiirar Fquatioiis a common proce- 
durc(13) i s  to s t u d y  a l inearized version 01 thr 
equ:itiuns i n  o rde r  tc  ubtairi ;it lcast  a guide as l o  
tlic rcqoirciiieiits i1)r  stability, 

Theii the e r ror  at m y  point of the 

This scheme will only work in the 

Tlir difficult ies iiiherent i n  some difirrential  

the prolilrni in question into an integral  equation, 
cqu:rtirins can sometimes be rcnioved by recasting 

\-, 



:ind the numerical  solution of integral  equations is 
discussed by Fox(8). 

techniques which d i rec t ly  convert digital computer 
r e su l t s  into graphs o r  maps have played a key ro le  
in increasing the effectiveness of modern comput- 

It must a l s o  be mentioned that various output 

ers.  

111. Survey of Some Typical Coniputer Experiments 

Computer experiments ca r r i ed  out in various 
subject areas related to  chemical propulsion a r e  
discussed below. Chemical propulsion is such a 
broad field that it has not been possible to include 
:ill related computer experiments.  However, it 
is not the  objective of the prcseiit survey to  p ro -  
vide a complete catalog of computer studies, but 
r a the r  to show how var ious  computational methods 
liavc been applied in  a number of a r e a s  related to 
clremical propulsioii and, perhaps,  to provide a 
guide to the future usr [if such computer rxpe r i -  
ments. 

5 

Nozilcs  ___ 
Convergii ig~diverging nozzles a r c  used to coil- 

vcrt  t hc~rma l  io  d i r rc ted  kinetic energy in rocke ts  
and air  breathing propulsion devices a s  well as in 
supersonic and hyprrsonic wind tunnels. With the 
high rncrgy flows encountered in rocket and hyper- 
soiiic wind tunnel nozzles the e f fec t  of chemical 
reactions occurr ing  wi th in  the nozzle has  become 
increasingly important. While r e su l t s  for  the ex- 
t r e m e  cases o S  f rozen  and equilibrium chemistry 
iiave been available f o r  some  t ime these are not 
adequate in many cases .  In the c a s e  of rocketand 
SCRAM (Supersonic Combustion Ram J e t )  nozzles 
it is important t o  know the  extent of recombination 
of dissociated spec ies  a s  th i s  can have a n  impor-  
tant e f fec t  011 the specific impulse attained. 
hypersonic nozzles the f r e e  s t r e a m  velocity and 
ci~nipositinn must he known for  the proper  in t r r -  
p r c t a t i o i i  c is  test  data,  
rcquires an analysis of iionequilihrium nozzle flow. 

In 

Solution of t h e w  problems 

For iiozzle Jlows involving only one reaction 
;il,proxini;ite noncquilibriunr flow solutions based 
1111 the sudden freezing approximation dcvclopcd by 
fkay(25) and Pemier(26) and discussed extensively 
by C h c 1 1 g ( ~ ~ )  can bc used. 

For mor6 complex reaction sys t ems  numcri-  
1x1 nonequilibrium computations are required,  
;itid due 111 their complexity the high spced c o n -  
puter plays a cent ra i  rolr in  t hes r  computations. 
It iz tliereforc felt that such romputations can l i e  
i : i ins idcr i~ l  t o  bc! "i'omputcr experiments" in the 
sotisc of the definition given above. 
t h r s ~  romputations ase expensive axid t ime con- 
suming a few carefully selected equilibrium com- 
putations or "computer experiments" have often 
heen used to develop Empirical equations for  use 
in air approximate ana lys i s  of not~equilibrium flow. 

Since even 

In these  computations the flow is generally 
assumed to be one dimensional and inviscid. The 
resultant sys t em of ord inary  d i f fe ren t ia l  equations 
is usually solved by marching fo rward  f r o m  s o m e  
point ups t r eam or downstream of the nozzle throat 
using the Runge-Kutta procedure for example. 
r a t e  equations become singular at the combustion 
chamber  or nozzle r e s e r v o i r  where the sys t em is 
in chemical equilibrium; therefore,  spec ia l  p e r t u r -  
bation expansioirs a s  developed by Hall and R u s s d W  
and Vinccnti(29) and E n i a n ~ e l ( 3 ~ )  must be used in 
th i s  singular region. 
Fred in  continuing the  solution through the saddle 
point singularity at the throat. This  problem has  
becn discussed by Emanuel(31). An indirect ap- 
proach to  th i s  difficult 
Eschcnroeder  e t  a1.(32q who specifird r iozz1~ m a s s  
flow and then computed the nozzle a r e a  variation 
A(x) to  s o m e  point beyond th r  throat while Sar l i  
e t  a1.(33) used  extrapolatioii t o  c a r r y  the i r  compu- 
tations through the throat region. In nonequilib- 
r ium flow calculations, par t icu lar ly  near  equilib- 
r i um,  very sma l l  step s i z e s  must be used i n  the 
numerical  iiitcgration i n  o r d e r  to  avoid instability. 
A niimerical technique based upon local l inear iza-  
tion of the r a t e  equations which overcomes th i s  dif-  
ficulty tias been proposed by M ~ r e t t i ( ~ ~ )  and r e s u l t -  
ed in appreciable reduction in computation t ime  for  
the t e s t  c a s e s  considered. 

The 

Another problem is encount- 

has been used by 

Extensive computations of the nouequilibrium 
nozzle flow of air  have been c a r r i e d  out by 
Eschenroeder  et al.(32), V i n ~ e n t i ( ~ ~ ) ,  Lord i  and 
Mates(36), (37), and Emanuel and V i i ~ c e n t i ( ~ ~ ) .  
Eschenroeder  e t  al. considered the spec ies  0 2 ,  N2, 
Ar ,  0, N, and NO governed by fourteen reactions.  
Notiequilibrium expansions were  compared to infi- 
trite reaction r a t e  expansions in o r d e r  t o  a s s e s s t h e  
influence of nonequiiibrium on var ious  flow p a r a m -  
e t e r s  and spec ies  concentrations. 
result  OS these computations is that N a t o m s  do not 
f r c c z e  out as rapidly as 0 a t o m s  because of the 
shuffle reaction N + 0 4 NO + 0, 0 + N2 = N O  + N. 
Lordi  and Mates(36), (h extended these  nozzle 
computations to  r e s e r v o i r  t empcra tu res  up to  
15, OOO'K and r e se rvo i r  deus i t ies  up t o  100 t i m e s  
atmospheric.  
upon nonequilibrium effects was c lear ly  shown by 
these  ccimputations. 
t ions were used t o  determinr. cmpir ical  relations 
f o r  noncquilibrium effects. 

An interesting 

The ef fec t  of r e s e r v o i r  conditions 

The r e su l t s  of the calcula- 

Uy studying the r e su l t s  of exact calculations 
lor the tionequilibrium expansion of 0 2  Hall and 
Russo(38) developed a f r eez ing  length cri terion 
l iascd on the local value of t he  chemical  relaxation 
length. This freezing c r i t r r ion  was then applied to  
tli? approximate computation of inonequilibrium H2 
rxpansions. In par t icu lar  the effect of the r ecom-  
hination rate constant upon the vacuum specific 
impulse was explored. 
?xlended by Hall, Eschcnroeder ,  and and 

These calculations were 



provide an excelleut illustration of how computer 
experiments  can be used to  develop rapid approxi- 
mate  methods to dea l  with complex problems. 
The possibility of iisiiig carbon to catalyze atomic 
H recombination in nozzles was l a t e r  explored by 
Eschenroedcr and Lordi(40) who made an  exten- 
sive numerical  study of the effects of r a t e  c o ~ i -  
stants,  carbon hydrogen ra t ios  and r e se rvo i r  
conditions upon recombination. 

products was investigated by Sa r l i  e t  a1.(33) since 
the degree of recombination at  the exit of SCRAM 
je t  nozzle wili Iiave an  important influence upon 
the thrust. Equilibrium, frozen and nonequilib- 
r ium solutions were compared, typical r e su l t s  
being shcnvtr i n  Fig. 1. Westenberg and F a ~ i n ( ~ ~ )  
cas r i ed  out extensive investigations (if nonequilib- 
r ium expatisions involving tlie spec ies  combina- 
t ions I I ~ , H Z O ,  CO, COz,II, OH and H2,H2O, 0 2 ,  €I, 
OH, 0. 
var ious  approximation schemes  somet imes  used 
in nozzle calculations were a s ses sed ,  and the c f -  
f ec t s  of changes in some  of t h r  c r i t i ca l  r a t c  con- 
s tan ts  w e  e examined. 
experimcnt a l s o  made it possihlc to i i s se s s  the 
importance of the var ious  rcactioirs occurr ing in 
thc no7,zlc. 
imate nonequilibriuiii nozzle flow theor ies  and 
exact computations was ca r r i ed  out by  wild^(^^) 
f o r  t h r  chemical sys t ems  U D M H / N Z I I ~ - N ~ O ~  and 
CH2-02.  With increasing length nonequilibrium 
losses in a rockct or rani jrt nozzle should de- 
c r e a s e ;  however, frictional l o s ses  will increase.  
On tile bas i s  of nunrerical calculations (or  a coin- 
puter experiment) %r l i  et  a1.(43) established that 
the increase  in friction will gcncrally outweigh 
any effetTs of incr rased  recombination. 

The conihustion products of many solid pro-  
pellants contain solid par t ic les ;  hence, it  is ex- 
trenrely importatit to determine thc cffect (if the 
par t ic les  upmi nozzle sptxcific impulse. A s  indi- 
cated in the review by lloglund :in:rlytical r e su l t s  
f o r  gas-par t ic le  flow through nozzles have been 
obtainrd o n l y  for very special  casrs  as for  ex- 
ample f o r  zero  particle lag, o r  f o r  a fixed ra t io  
of particle to fluid velocity. Inclusion of realist ic 
i jart ir le d r a g  and heat t r ans fe r  l n w s  :is well a s  
r e a l  a i r  p roper t ies  has  requircd computer solit- 
tioils so t h t  computer rapi~i-inicnis tieve played a 
key role in  the study of gas-p;irticlr flows. One 
dimensional flows with par t ic les  of uniform s ize  
have, f o r  example, been investigated by Kliegel 
and Nickerson(4s) and Bailey et  a1.(4'3) who have 
computed par t ic le  velocity and temperature  lags  
as well a s  nozzle specific impulse for d i f fe ren t  
p:ii:ticle s i z e s  and different nozzlc, contours. A s  
i n  the noncquilibrium computations, considerable 
f inesse  is required to  continue the calculations 
through the nozzle K l i ~ g e l ( ~ ~ )  has  
a l so  computed nozzle flows with nonuniform pa r -  
t i c les  lxiviiig a logarithmic s i ze  distribution and 

The expansion of hydrogen air  combustion 

On the bas is  of the exact coniputntions 

This typical computer 

A s imi l a r  comparison between approx- 

with d r a g  coefficients and Nusselt numbers  includ- 
ing rarcfaction corrections.  The method of cha r -  
ac t e r i s t i c s  was used to  compute axially symmet r i c  
gas-par t ic le  nozzle flows taking the inability of the 
par t ic les  to follow the s t r eaml ines  into account. 
Resul t s  were compared to  the analytical constant 
fractional velocity and temperature  lag predictions. 
Extensive pa rame t r i c  computer studies of gas-  
par t ic le  nozzle flow to  study the effects of nozzle 
coue anglr,  expansion ratio, throat radius,  p a r -  
ticle s ize  and par t ic le  flow ra t e  ra t io  upon specific 
impulse wEre made by Hoffman and Lore i r (48 )  f o r  
aluminum oxide par t ic les  and a combustion cham- 
ber  temperature  ranging f rom 5500 R to 6500 R. 

Coiidensation phenomena a r e  of considerable 
importance in hypersonic wind tunnels and in cx- 
pansions of metallic: vapors  involved io var ious  
niiclrar space  propulsion devices. 
Sherman(49) used a computer experiment to study 
the expansions of pure vapor s  in two dimensional 
nozzles. The equations of spontaneous nucleation 
tIit!ory were combined with the equations of steady 
one dimensional adiabatic flow in o rde r  to study 
the onset and r a t e  of condensation. These compu- 
t;itjoits made it possible to  follow in detail  nuclea- 
t ion ra tes  and par t ic le  s i z e s  in the condensation 
rt.gion. 
about thc nucleation theory,  t he  excellent ag ree -  
ment between the computed r e su l t s  and measure-  
ments  f o r  pure nitrogen were  quite encouraging. 
Uy varying t h e  accomodation coefficient, heat of 
vaporization and sur face  tension it was possible to 
assess th r  importance of these pa rame te r s ,  at 
leas t  wi th  respec t  to the nucleation model employ- 
ed. 
tension could have a la rge  effect upon the onset of 
condensation. 
tlie lack of accuracy in the value of sur face  tension 
leads  to the la rges t  source of e r r o r  in the calcula- 
tions. 
t l i r  nozzle expansioit r a t e  upon the condensation 
p r o c ~ s s .  

Cliemical Kinetics 

w 

0 0 

Griffin and 

Although the re  is considerable uncertainty 

-, 

It was found that sma l l  variations in sur face  

An important conclusion was that 

It was a l s o  possible to study the e f f r c t  of 

A key source of uncertainty in nonequilibrium 
flow ciiniputations such as those descr ibed above 
a r c  the values of tlie reaction rate constants. Often 
thcst. ronstauts a r e  known only to air o r d e r  of mag- 
nitude. An interesting recent development in the 
study of reaction r a t e s  has  been the use  of com- 
puter experiments  to compute rate constants and 
to  evaluate var ious  reaction r a t e  theories(49). 

n i o l e c u l e s ~ ~ 0 )  is a typical example of sucll an  ex- 
periment.  
energy will dissociate when one of the bonds gains 
sufficient energy to  b r e a k  When and whether or  
not th i s  Iiappens will depend on the initial config- 
uration of the molecule, the total  energy and the 
nature of the interatomic forces.  By studyiug the .i 

detailed atomic motions f o r  many initial 

Runkc ' s  study of the dissociation of t r ia tomic  

A triatomic molecule with sufficient 



configurations Bunker('O) w a s  able t r i  statistic;rlly 
compute a normalized distribution of molecular 
l i fe t imes  f o r  molecules in a n  equilibrium d i s t r -  
bution a s  a function of energy. The f i r s t  step in 
th i s  ana lys i s  is to der ive  the equ:itions of motion 
of the s y s t r m  consisting of the three  a toms  coii- 
iiected by the two bonds '1 and r 2  a t  angle a to  
each other as  sketched below: * 
It is of cour se  possible to use  var ious  interatomic 
potential functions in specifying the nature of these 
bonds. Bunker for cxample investigated harmon- 
ic and Morse type potential functions. For given 
initial miidition and a totai energy H these equa- 
t ions a r c  integrated using a Runge-Kutta proce-  
dure  and llie atomic motions a r e  followed to see 
whether c i ther  of tho two bonds is stretched suf- 
ficiently t o  consider the molecule dissociated. 
A key p;irt of the aiialysis i s  the choice of the 
initial conditions used i n  tliesr calcnl;itions, and 
:I Monte Car lo  prucedure is employed in that 
iiiitRl distributions are  chosen at random f rom the 
hypersurfacc H = coiistaiit in tlir phase spacr. A 
Monte C;irlo procedure i s  a lso used to determitie 
S(H), the relative volume of the phase space  be- 
tween H and H i dH. The r a t e  constants obtaiiicd 
by determining what proportion of the initial 1'011- 

ditions used resu l t  in dissociation wcre averaged 
over the phase space  by using tlii! ener 'y weight- 
ing fac tor  S(H) exp (-H/kT), Runko1~(~0? integrated 
90, 026 initial c.onfigurations of wl i i rh  10, 559 re- 
sulted in dissociation. On the bas i s  of this  c!xper- 
iment Bunker was able to  d i scuss  h i s  r e su l t s  in 
the light of var ious  reaction rate theor ies  aridalso 
was able to determine how various assumptions 
regarding the molecular bonds affected the results.  
The c rux  of Bunker 's  experiment and othrrs nieti- 
tioned below is  to obtain statist ical  ave rages  from 
tlir study R l a rge  number of randomly chosen pat-  
t e r n s  of a tomic motion. Bunker 's  calcu1;itions 
wcre c a r r i e d  out on the Los Alamos STRETCH 
(,iimputcr which i s  extremely fast ,  but even then 
required lengthy computation t imes .  

th i s  type was the study of dissociation of W doe 
to  collisions with €1 a t o m s  by Wall  c t  The 
coll inear N + H 2  system was investigated under a 
g rea t  variety of conditions both with and without 
collisions. Thiele and Wilson(52) studied the d i s -  
sociatioii of tr iatomic l inear  molecules cons ider -  
ing the e f f ec t s  various mod 1s of the bond-stretch- 
itig potential. Rcnson e t  a1$53) investigated co l i~ i -  
ear coll isions of diatomic molecules with a t o m s  
ove r  a broad range of dynamical p a r a m e t e r s  a s  a 
miidel of the collisional excitation of molecular 
vibrations. Two dimensional kinematic compu- 
tations have been ca r r i ed  out for exothermic 
reac t ions  by Kuiitz et 

I'erliaps the ea r l i e s t  computer experiment of 

Computer experiments  have also been applied 
t o  the difficult problem of par t ic le -sur face  in t e r -  
action. Rogers(55) studied a s imple model of the 
interaction between a g a s  par t ic lc  atid a sur face  
atom. The criupled su r fac r  atom-g:is par t ic le  equ- 
ations of motion wcrp integrated on an  analogue 
computer for many different va lurs  of t h c x  incoming 
par t ic le  velocity. 
rliange in each c a s e  and using an  avcragr weighted 
with the Boltzmann distribution it was possiblc to  
compute accomodation coefficients for th i s  s implr  
interaction modrl. Pa r t i c l e - su r fa re  interaction 
experiments a r e  also discussed by Gentry et al.(5G) 

By determining the energy 

The study of various rear t ion  kinetic s chemes  
i s   nothe her area where computer experiments havr  
been extremely useful. Some of th i s  work i s  d i s -  
cussed in the section on Combustion below. 

Combustion 

The H 2 - 0 2  reaction i s  of interest  both i n  rock-  
et propuision and rec.ently with r r spec t  t o  s u p r r -  
sonic combustion i n  SCRAM jets.  
delay wliich occur s  wlicii mixtures  of hydrogen and 
oxygen a r e  suddenly heated beyond the i r  ignition 
temperature  is of par t icu lar  importance iii SCRAM 
jets where excess ive  delays may make snpi?rsonic 
combustion impossible. 
equilibrium nozzle flow the complexity of tlir rc:ic- 
tion equations h a s  necessitated considerable c o n -  
putcr  experimentation. Thus I k l l e s a n d  l.;uivrr(57), 
for  example, integrated the €12-02 r a t e  equations 
immerically to determine the ignition delay period. 
The r e su l t s  of these computations (or computer 
experiment) were used by Brok~nw(~*)  to develop 
approximate analytical expressions for the ignition 
delay t ime, thus providing :I,> example of how coni- 
puter experiments can providr support f o r  Ihrore t -  
ical analyses.  

Momtchiloffe '  al.(59) c:rrried out a detailed 
computer study of ignition delays i n  hydrogen air  
flow sys t ems  in one dimensional supersonic flow. 
The reaction r a t e  equations coupled with the one 
dimensional g a s  dynamic equations were integrated 
using the Run '.e-Kutta procedure with the modifica- 

specified initial tempprature ,  equivalence ra t io  
:und flow velocity. The s p r c i r s  0, I I , 0 2 , H 2 ,  OH, 
H 2 0 ,  N2, N, and 0 governed by ten reaction rate 
equations wcre considered. 
iiamic equations, f if teen simultaneous ord inary  
differential equations had to be integrated. Double 
precision computations were  used i n  order t o  avoid 
instability near  chemical equilibrium. Detailed 
sppcies concentration profilcs were obtained. 
Computed ignition delays wrre  compared to meas -  
ured values and the e f fec ts  of initial temperature ,  
p r e s s u r e ,  equivalence ratio,  and velocity upon 
ignition delay t ime and ignition delay length were  
determined. It is doubtful whether Monitchiloff 
et al.(59) could liavr obtained the above information 

The ignition 

A s  in the c a s e  (if iioii- 

t ions by Gill( P O),  s ta r t ing  from a n  a rb i t r a r i l y  

Including the g a s  dy-  
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without extensive computer experimentat  ion, and 
t k i r  r e su l t s  have a l s o  provided a guide to the 
c!n:vel.opment of approximate expressions f o r  igni- 
tion delay. 

Slutsky et  a1J6O) c a r r i e d  out an  even more  
ambitious supersonic  combustion computer ex- 
per iment  f o r  they studied the supersonic mixing 
and combustion of a n  axisymmetr ic  premixed 
hydrogen-air  mixture ignited by a pilot flame. 
The rate equation had to  be solved simultaneously 
with boundary layer  type equations for  the species,  
momentum, and energy conservation within the jet. 
Empi r i ca l  values were  used fo r  the turbulent v i s -  
cosity. Detailed temperature ,  concentration, and 
velocity prof i les  were obtained for  the axisym- 
me t r i c  combustion region. Experimental  and 
computed total  t empera tu re  prof i les  were found 
to  be i n  good agreement ,  a resu l t  which provides 
ground fo r  some  confidence in the computed r e -  
sults.  This  complicated computer experiment 
was made possible b using thr local l ineariz a t '  ion 
technique of MorcttiY34) to  integrate the ra te  equ- 
ations. Use of the more  usual Runge-Kutta tech- 
nique would undoubtedly have resu l ted  in excessive 
computation t ime. 

Computer experiments  a l s o  have made ad -  
vances pvssible in the understanding of solid p ro -  
pellant combustion. Hermance e t  a1.(61) studied 
the g a s  phase ignition of a condensed fue l  by hot 
oxidizing gases .  
e l  using a single overa l l  reaction rate and neglect- 
ing non l inear  convective t e r m s  in the conservation 
equation w a s  used. The three  simultaneous heat 
conduction type equations were  integrated using a 
forward difference method s imi l a r  to those des -  
cribed in the section on numerical  methods above. 
The effects of fuel heat re lease ,  fue l  oxidizer 
ratip and initial gas t empera tu re  on ignition t ime 
delay w e r e  examined and simplified solutions of 
the governing equations were compar rd  to  the 
exact uum r i c a l  results.  In another paper 
Hermance 762) c a r r i e d  out a computer study of the 
combustion of composite solid propellants. 
mathematical  model employed considerrd fuel 
pyrolysis,  oxidizer decomposition, hetcrogenrous 
reaction between the fuel and the oxidizer i n  sniall  
f i s s u r e s  surrounding the oxidizer par t ic les  and 
g a s  phase combustion of the final decomposition 
products. , T h e  resultant s e t  of implicit algebraic 
expressions were solved numerically for  propel-  
lant burning r a t e  for  a wide range of pa rame te r s .  

A simplified mathematical  mod- 

The 

The overa l l  performauce of a solid propellant 
rocket during the  s ta r t ing  p r o c e s s  was investigat- 
ed by DeSoto and Friedman(73). 
ence calculation using the Peaceman-raocilford(ll) 
al ternating direction method was used to compute 
the two dimensional heat coiiduction within the 
propellant grain,  and by introducing an  ignition 
temperature  it w a s  possible to  determine the r a t e  
of increase  of the burning sur face .  

A finite differ-  

These 

propellant gra in  calculations were  coupled to  a 
quas i  analytical solution of the g a s  flow within the 
propellant g ra in  and in the combustion chamber  in 
o r d e r  to  determine the chamber  p r e s s u r e  va r i a -  
tion. E f fec t s  of varying heat t r ans fe r  r a t e s  a c r o s s  
the boundary l aye r  at the gra in  sur face ,  and of 
var ious  values of the rad ia l  and axial  t he rma l  coli- 
ductivity of the nonisotropic propellant grain upon 
the r a t e  of p r e s s u r e  increase  were investigated. 
The e f fec t  of a burs t  diaphragm in the nozzle 
throat a l so  was determined. 
solid propellant rocket can be "operated" oil the 
computer subject t o  varying mater ia l  p roper t ies  
and external conditions. 

Gilbert and Scala@3) have made an extcuded 

L/ 

In e f fec t  the idealized 

numerical  study of t h e  combustion and sublimation 
of graphite cones,  spheres ,  and wedges. The 
boundary layer equations including the effects of 
chemical  reactions and gas-solid interactions were 
iutegrated over a range of conditions subject to  the 
assumption of local s imi la r i ty  and local thermo- 
chemical equilibrium. Empir ical  cor re la t ion  
fo rmulas  were then derived to  descr ibe  the numer-  
ical r r su l t s .  Gilbert and Scala 's  study i s  a typical 
;ind advanced example of a parametr ic  computer 
experiment yielding "empirical" cor re la t ions  of 
exact numerical  results.  

Computer experiments have yielded some r e -  
mark ib l e  r e su l t s  in the study of detonations in 
gases  and so l ids ;  therefore,  even though detona- 
tion theory may not have d i rec t  application to 
chemical propulsion it is fel t  that the interesting 
nature of these  experiments war ran t s  their  d i scus-  
sion below. 
o the r s  showing that self supported detonations tend 
to be turbulent has  led to  studies of the stability of 
detonations such a s  that of Erpenbeck(Rs). 
o rde r  to  tes t  th i s  theory Fickett and Wood(66) used 
a computer experiment to study the initiation of a 
detonation due to  the motion of a piston through :I 
combustible gas. 
t ime  dependent one dimensional reactive flow equa- 
t ions was obtained using the method of cha rac t e r -  
i s t ics  and treating shock waves a s  Rankine- 
Wugoniot discontinuities. 
tion of t h r  form A - B, with activation energy E 
w a s  considered. 
driven detonations was studied for  different values 
of E corresponding to  unstable, neutrally stable,  
and stable r eg imes  in the Erpenbeck theory(6s). 
Typical shock p res su re  v a r B  tions correspiinding 
to  a stable and an  unstable detonation a r e  S I I O W I I  in  
Fig. 2. The r e su l t s  of this experiment were in 
good ag r rcmen t  with Erpenbeck's theory, tliough 
of c o u r s r  the applicability of one dimeiisiolial r a l -  
culatioirs such a s  these  to  r e a l  detonations, where 
t r ansve r se  waves may be quite important, i s  sub- 
ject t o  question. Numerical computation of two 
dimensional instabilities i s  sure ly  a sub.cct f o r  

the initiation of detonations behind reflected shock 

4' 

The experiments of White(64) and 

In 

The numerical solution of the 

Only a single s tep  r eac -  

The long t ime  behavior of ovcr- 

fu ture  research .  Gilbert and Sirehlow(d7)'studied --, 

8 



4 

waves numerically using severa l  models based on 
different laws of induction t ime and heat addition. 
This  computer experiment was used to evaluate 
the ability of various models of the initiation 
wrocess to reoresent  exoerimental  results.  

ignition delay to be extremely sensit ive to  the 
chain branching reaction 0 2  + H =OH + 0. 
ical density prof i les  found by Duff are shown in 
Fig. 4. Duff's numerical  r e s u l t s  have been a n  
imoortant touchstone fo r  numerous theoret ical  and 

Typ- 

Initiation of detonations in solid explosives 

The one dimensional un- 
due to a n  incident shock wave was studied numer-  
ically by Warner(68). 
steady flow equations were  integrated using Lax's 
finite difference scheme(23). 
type equation of s ta te  and a p r e s s u r e  dependent 
burning law were used. 
var ious strengths were considered and were 
found ei ther  to decelerate  o r  to accelerate  to 
f o r m  a Chapman-Jouguet detonation. Typical 
p r e s s u r e  profile development as a function of 
t ime is shown in Fig. 3. Warner  concluded f rom 
h i s  experiment that use of a p r e s s u r e  dependent 
burning law was important in obtaining a n  ade- 
auate reuresentation of exvlosive behavior. 

A modified Abel 

Incident shock waves of 

Shock waves interacting with bubbles or inhomo- 
geneities in  explosives give rise to  hot spots  
which, if of sufficient s ize ,  can a l so  initiate det-  
onation. MadedBg)  used a computer experiment 
to study both shock and hot spot initiation of det-  
onation in solid explosives. 
were performed by writing the equations of mo- 
tion in a Lagrangian finite difference form.  
hot spot model which is i n  par t  based on the com- 
puter experiment of Evans et al.(70) on shock- 
bubble interactions was  idealized a s  a spherically 
disturbed region with uniform temperature  and 
density. Mader's computations made it possible 
to  follow the complex p rocesses  which occur d u r -  
ing hot spot initiation in detail. The c r i t i ca l  hot 
spot radi i  determined by M ~ i d e r ( ~ ~ )  were in re- 
markable agreement with experimentally de te r -  
mined values. 
Mader(71) used the par t ic le  i n  ce l l  method to 
simultaneously determine the interaction of a 
shock with a bubble and a n  aluminum cylinder in 
nitromethane and the  accompanying initiation of 
detonation in  the explosive. Hot spot initi tion 
was a l so  studied numerically be Friedmana(72) i n  
o r d e r  t o  determine explosive impact sensitivity. 

t u r e  has a l s o  been a subject of extensive theoret-  
ical and experimental  investigations s ince the 
coupling of theory with experiment can yield ex- 
tensive chemical kinetic information. Duff 's  
numerical  calculation of detonation strueture(2) 
is an ear ly  and c lass ic  example of a computer 
experiment. The Von Neumann Zeldovich model 
of a shock followed by a n  inviscid reaction zone 
was chosen and the reaction ra te  equations were  
integrated using a Runge-Kutta procedure.  The 
effect  of various possible values of the rate  con- 
s tants  f o r  the key react ions H 2 0  + M rH + OH 
+ M and 0 2  + H =OH + 0 upon the density and 
species  prof i les  through the detonation was in- 
vestigated. Thus, f o r  example, Duff found the 

The computations 

The 

d 

In a more  ambitious study 

The study of steady s ta te  detonation s t ruc-  

L' 
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experimental  studies of H2-02  detonation Struc- 
ture. Numerical experimentation has  also been 
used to investigate the coupling between the shock 
s t ruc ture  and the reaction zone by using the full 
Navier-Stokes equations to  compute the detonation 
s t ructure .  
Hirschfelder and curt is^(^^), (76) fo r  i r revers ib le  
unimolecular reactions,  and the i r  resu l t s  are ex- 
tended to the thermal  decomposition of Ozone by 
Oppenheim and R o ~ c i s z e w s k i ( ~ ~ ) .  Complex singu- 
larities make integration of the ordinary differen-  
t i a l  equation descr ibing coupled detonation s t r u c -  
t u r e  quite difficult. 

to study the effects of var ious reaction schemes ,  
rate constants,  and diffusion coefficients on the 
mass flow eigenvalue of a laminar  f l ame  and com- 
pared the i r  results to var ious laminar  flame 
theories.  
by K ~ e h l ( ~ ' )  in a n  analysis  of the burning of a lumi-  
num and beryll ium droplets.  
sumed vapor phase burning a t  a diffusion f lame 
front  some distance f r o m  the par t ic le  surface.  One 
of the resu l t s  of the computations was to define the 
domain of oxidizer concentration and par t ic le  d iam-  
e t e r  in which the vapor phase burning model was 
valid. Burning r a t e s  over a wide range of ambient 
t empera tu re  oxidizer mole fractions,  and par t ic le  
diameter  were obtained. Kuehl's resul ts ,  which 
could not have been obtained without high speed 
computation, should provide a valuable guide for  
experiments  designed to validate .the vapor phase 
combustion model. 

Fluid Dynamics 

A close interaction between chemical and fluid 
dynamic p r o c e s s e s  is an essent ia l  element of many 
problems related to chemical propulsion, and it is 
in the field of fluid mechanics that some of the 
most exciting computer experiments  have been de-  
veloped. The study of the vortex development be- 
hind a blunt obstacle by Fromm and Harlow(80h(81) 
is perhaps one of the most remarkable  of these 
computer experiments.  
tion of the incompressible Navier-Stokes equations 
in the fo rm 

This  problem was first studied by 

Campbell e t  a l J7@ used numerical  experimerts  

A computer experiment was a l s o  used 

The model used as- 

A f ini te  difference solu- 

Wt + (uw) + (vw) = v (wxx + w ) 
X Y YZ 

dJm + dJyz - w  - - (10) 

v =  - dJ w = v  - u  x '  x z  u = *  
Y '  

was obtained f o r  the two dimensional viscous flow 
over  a rectangular obstacle. A forward marching 
procedure was used to  solve thevorticity equation' 
f o r  each succeeding t ime interval, but a t  each 



t ime interval  the variation of the Liebmann meth- 
od descr ibed in Section I1 above was used to i te r -  
atively solve the Poisson equation for the s t r e a m  

dis turbances at the s l ip  interface between two vis-  
cous fluids moving with different velocit ies a l s o  
b e a r s  some relation to the flame holder problem. 

function. The fact  that  the computer  output was 
converted directly into graphical f o r m  is a n  ex-  
t r eme ly  important fea ture  of this  experiment and 
others  like it, f o r  detailed interpretation of the 
numerical  data produced by such a calculation 
would be a hopeless t a s k  In Fig. 5, taken f rom 
Ref. 80, the experimentally observed dye t r a i l s  
behind a c i rcu lar  cylinder are compared to the 
computed s t reakl ines  behind a flat plate. This 
amazing picture might perhaps be considered a 
monument to the computer experiment! The re- 
su l t s  of the computations were a l so  presented in 
the fo rm of a movie fi lm showing the detailed de- 
velopment of the vortex street behind a flat plate. 
By includin t e heat conduction equation Harlow 
and FrommYah were a lso  able to  compute iso- 
t he rms  and the heat t ransfer  f rom a heated cylin- 
d e r  to the  surrounding fluid. Correlatioh curves 
of Nusselt ve r sus  Reynolds number were  obtained 
f r o b  the  calculations. A finite difference solu- 
tion for  the motion of a c i rcu lar  disc  through a n  
incompressible viscous fluid has  been obtained by 
Michael(83) f o r  low Reynolds numbers.  
coefficients determined i n  this  computer experi-  
ment were  in excellent agreement  w ' th  experi-  
mental values. Anrsden and Harlowta4) used the 
Par t ic le  in Cell  method to study the development 
of the wake behind the f la t  base of a projecti le 
moving supersonically through air. 
ments, such as those described above coupled 
with exothermic chemical react ions might shed 
some interesting light on the behavior oi f lame 
holders and might be a n  interesting subject for  
future study. 

the calculation of the interaction of a shock or 
rarefaction with a bubble by Evans et  al.(?O) The 
Particle in Cell  method was used to compute bub- 
ble shapes and temperature  distributions due to 
the interactions between shocks and rarefact ions 
and helium bubbles in neon and neon bubbles in 
helium. The impetus for  this study was in par t  
provided hy a d e s i r e  to study the role  of inhomo- 
geneities in  hot spot formation ,in explosives. 
Typical par t ic le  configurations obtained when a 
shock wave i n  neon hi ts  a helium bubble are 
shown in Fig. 6, and a corresponding tempera-  
tu re  profile i s  shown in Fig. 7. A s  mentioned 
above, the r e s l l t s  of th i s  experiment were used 
by.Mader(69) in his  investigation of hot spot ini- 
tiation of explosives. Computer experiments 
s imi la r  to th i s  one might a l so  shed some light 
on the  mechanism of droplet  breakup, a problem 
of cent ra l  importance in  the formation and com- 
bustion of liquid sp rays  as  well as in the propaga- 
tion of detonations through fields of liquid fuel 
and oxidizer droplets. Amsden and Harlow's(85) 
claculatioirs of the instability and growth of 

Drag 

Wake experi-  

Another significant computer experiment is 
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External f lows with chemical nonequilibrium 
such  as  might be encountered i n  hypersonic inlets 
or external  flow type rocket nozzles have a l s o  been 
the subject of extensive numerical  experimentation. 
Thus f o r  example Spurk et  a1ja6) used the method 
of charac te r i s t ics  as described by Sedneyand Ger-  

to obtain exact solutions for  high tempera-  
ture  air flowing over pointed bodies. A rea l i s t ic  
a i r  model was used including the species  N 2 , 0 2 ,  
NO, N, and 0; however, vibrational,  rotational, 
and translational equilibrium was  assumed. Cal- 
culations were made for  var ious free stream den- 
s i t i es  and it was found that the resu l t s  could be 
correlated with paL, the product of f r e e  stream 
density and charac te r i s t ic  length, as predicted by 
Gibson's nonequilibrium Scaling law(88). The re- 
su l t s  were  also compared to other calculations 
using idealized air hode l s .  South(*g) applied the 
method of integral  solutions to the computation of 
nonequilibrium flow over cones and wedges. The 
method of charac te r i s t ics  was used byLee(90)  to 
study the je t  s t ructure  a t  the exit of a plug nozzle. 
Because the calculations were programmed fo r  a 
computer it was possible to explore the s t ruc ture  
of the je t  for var ious secondary flow p r e s s u r e s  a t  
the base of the nozzle, and f o r  var ious ambient 
pressures .  In effect the plume shapes and shock 
locations could be determined "experimentally" on 
the computer. There  have been, of course,  many 
other numerical  computations of external  flows, 
par t icular ly  in relation to the re-entry problem, 
but these a r e  considered beyond the scope of the  
present  review. 

This  discussion of fluid dynamics experiments 
is by no means complete, though the general  char-  
a c t e r  of these experiments h a s  been illustrated. It 
has  a l so  been possible to compute the free sur face  
behavior of fluids in tanks subject t o  accelerationol). 
Similarly the computer experiments of Brode and 
others  have made possible the effective des i  n of 
high velocity launchers f o r  ball ist ic r a n g e d a ) .  

Boundary Layers 

qui res  the solution of non l inear  ordinary or p a r -  
t i a l  differential  equations so that a lmost  all bound- 
a r y  layer analyfes s tar t ing with the pioneering 
work of B las iushave  required numerical  or com- 
puter experimentation. Generally numerical  pro- 
cedures  must be used to solve the non l i r ea r  
ordinary differential equations which resul t  f rom 
a s imilar i ty  or  momentum integral  theory. 
chemical propulsion boundary layers play an im- 
portant role  in determining inlet and nozzle flows 
and nozzle and combustion chamber heat transfer. 
The subject of boundary layer theory has been d is -  
cussed extensively in a number of reviews and 

The study of boundary layers invariably r e -  

In 
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books(g4), (95) and so wi l l  not be discussed in 
detail  here. 

It does  appear  a ropriate  to mention the 
work of Smith et a l l  it ) who made a d i rec t  numer- 

~4 ical  a t tack upon the par t ia l  differential  boundary 
layer  equations instead of using the more  usual 
and somewhat res t r ic t ive,  s imilar i ty  o r  momen- 
tum integral  approach. In this  numerical  ap-  
proach a r b i t r a r y  initial boundary layer  velocity 
prof i les  as  well as f r e e  stream conditions could 
be specified. In the compressible  case  a Howarth- 
Dorodnitsyn type t ransformation was applied to 
the coordinate normal to the wall. 
ence equations were  taken with respect  to the x 
direction thus reducing the par t ia l  differential  
boundary layer  equations to a sys tem of ordinary 
different ia l  equations. Since these equations had 
two point boundary conditions they had to be solved 
iteratively. 
layer  equations, however, made it possible to 
solve these equations one by one ra ther  than simu- 
taneously. The method was tes ted against  several 
known exact solutions. 
f e r  to a flat nosed cylinder excellent agreement  
with measurements and with calculations based 
on the local s imilar i ty  assumption was found. 
The exact method is able to  t rea t  laminar com- 
press ib le  boundary layers  with nonequilibrium 
chemical react ions and provides a computer ex- 
per iment  which can be used to tes t  various approx- 
imate boundary layer theories. The ea r l i e r  nu- 
mer i ca l  boundary layer  computations of Flggge- 
Lotz e t  a1.(g7), (98) should a l so  be mentioned, in 
r ega rd  to numerical  integration of the ful l  bound- 
a r y  layer  equations. 

Shock Wave Phenomena 

computer experiments has led to considerable 
p r o g r e s s  in the understanding of shock wave 
phenomena. Most of these computations ei ther  
deal  with unsteady problems such as shock tube 
flow or u s e  Crocco's(17) suggestion of changing 
steady flow problems to a study of the asymptotic 
behavior of a n  unstead flow. This procedure 

sional formation of a standing shock wave in a 
diverging duct with initially supersonic flow when 
the back p r e s s u r e  is suddenly increased. An 
explicit finite difference scheme was used to 
solve the Navier-Stokes equations, and the von 
Nenmann procedure was used on a linearized- 
fo rm of the difference equation i n  o r d e r  to es tab-  
l ish approximate stabil i ty cr i ter ia .  It was found 
possible to compute the final steady shock config- 
uration by this  method. An at t ract ive feature  of 
Crocco's scheme is that the detai ls  of the unsteady 
behavior appear  t o  be immaterial t o  the final 
steady flow. Bohachevsky and Rubin(l8) a l so  
used the t ime unsteady technique to compute 

Finite differ-  

The parabolic nature  of the boundary 

In the case  of heat trans- 

/' 

Use of extensive numerical  computation or 

was used by Crocco(ll  'i to study the one dimen- 
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nonequilibrium flows about blunt bodies with de-  
tached shocks. Lax's finite difference scheme, 
which, as discussed in Section 11, implicitly con- 
ta ins  an a r t i f ic ia l  viscosity t e r m ,  was  used. A 
stabil i ty analysis  of the l inearized finite differ-  
ence equations was supplemented by stability and 
convergence tests on the computer. 
and Rubin(18) studied shock reflection at the 
closed end of a shock tube, plane flow over  a 
rectangular step, ax isymmetr ic  flow over a 
sphe re  and supersonic flow in the afterbody re- 
gion. 
ing a Lighthill dissociating gas. 
studied the regular and Mach reflections of 
oblique shock waves using ar t i f ic ia l  viscosity 
and studying asymptotic t - oc behavior of an ini- 
tial unsteady flow. The good agreement  between 
the analytical  and numerical  r e s u l t s  for regular 
reflection rovides a n  excellent check of 
Burstein'sT'OO) resul ts .  

Bohachevsky 

The g a s  chemistry was idealized by a s s u m -  
Burstein(loO) 

Both r e a l  and ar t i f ic ia l  viscosity have been 
used i n  the study of a nu be r  unsteady shock 

to study the t ransient  loading of blunt objects due 
to the passage of a shock wave. 
finite difference technique in  which ar t i f ic ia l  vis- 
cosity is used cannot yield adequate information 
about shock wave s t ructure .  Kurzrock and 
Mates( lol)  used rea l  viscosity i n  their  extensive 
calculation of shock tube flow development. 
These calculations yielded the development of 
both the shock s t ruc ture  and expansion wave. 
The detailed behavior of the shock s t ruc ture  d u r -  
ing reflection f rom the end of a tube has  been 
studied numerica ly using r e a l  viscosit  by 
Scala and G o r d o d l o 2 )  and by Pe t ty ( lo3 f  An 
examination of temperature  and velocity gradients 
within the  shock wave made ji$p?x,ible to assess 
the validity of the continu%i\in 3escr ibing this  
reflection in detail. These calculations are of 
cour se  a l s o  of considerable value in interpreting 
var ious shock tube end wall measurements.  

wave problems. Butler 6 9  ) used this technique 

Of course a 

W.  Discussion 

Since about 1955-58 the high speed computer 
has  in many ways revolutionized the study of the 
complex physical p roblems related to chemical 
propulsion as should be evident from the survey 
above. 
experiments  have been presented though it h a s  
been impossible to take all recent computer ex- 
per iments  into account. 

Although the development of computer experi-  
ments during the last decade has  been remarkable  
many important and difficult p roblems remain  to 
be solved. Thus, f o r  example, a detailed study 
of the important problem of droplet  breakup 
would appear  worthwhile. Computer experiments 
no dcubt will make contributions to the study of 

Essentially typical examples of computer 



turbulence and combustion instability, and im- 
portant advances in the computer determination 
of react ion r a t e  constants are to be expected. 
Many of the present  computer experiments are 
limited in scope by computer speed and s torage 
capacity, so that the numerical  analysis  of some 

of these problems must await the fur ther  develop- 
ment of digital and hybrid digital-analog comput- 
ers. It is fur ther  to be hoped that fur ther  im- 
provements in the numerical  analysis  of par t ia l  
different ia l  equations w i l l  put the use of finite 
difference methods on a l e s s  empir ical  level. 4 
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Fig. 4. Detonation Density P r o f i l e s  for  Various 
Assumed Values of Cri t ical  Reaction Rate Con- 
stants. F r o m  curve 1 to  2 th$$g i s  an increase  
in the chain branching reaction8 . t u r v a c o r r e s -  
ponds to a n  increase  initial dissociation rate 
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Fig. 5.  Measured and Computed Viscous Wake 
Flows (F rom Ref. 80). v 

Fig, 6.  Typical Configurations of Shocked Helium 
Bubbles in Neon ( F r o m  Ref. 70). 

Fig. 7. Typical Computed Tempera ture  Distribu- 
tion in the Vicinity of a Shocked Helium Bubble in 

Neon (From Ref. 70). 
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