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Abstract

The results of an experimental investigation of the effects
of span length disorder on the dynamics of a mono-coupled,
multi-span beam are reported. Two experimental specimen
are considered: a nominally periodic twelve-span beam with
equal spacing between simple supports, and the correspond-
ing disordered beam which features slightly randomly spaced
supports. Experimental results demonstrate that the trans-
mission of vibration which takes place within the frequency
passhands of the periodic beam is greatly hindered when
span length randomness is introduced. The spatial localiza-
tion of both the mode shapes and the steady-state harmonic
response to an end excitation is observed in the disordered
twelve-span beam, especially for frequencies which lie within
the second passband. Very good quantitative agreement is
obtained between experimental results and theoretical find-
ings for both ordered and disordered configurations. Further-
more, an experimental estimation of the localization factor
yields satisfactory agreement with the theoretical result for
an infinite multi-span beam. This work reports one of the
first systematic experiments carried out to demonstrate the
Occurrence of vibration localization in nearly periodic struc-
tures.

1. Introduction

The phenomenon of vibration localization in nominally peri-
odic structures has sparked much interest in the field of dy-
namics recently [1,2). Spatially repetitive engineering struc-
tures are typically assumed to be made of identical substruc-
tures, or bays. While many useful results can be generated
by a dynamics analysis which is based on the perfect peri-
odicity assumption, it is now widely recognized that small,
periodicity-breaking irregularities may cause the (sometimes
severe) confinement of the vibration'al energy to small geo-
metric regions of the structure.

A number of theoretical studies of the localization phe-
nomenon were performed recently for various engineering
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structures (for example, see references {3,4,5]). Both de-
terministic analyses of the spatially localized free modes
of disordered structures and statistical characterizations of
the transmission of forced vibration from a local excitation
source were conducted. These methodologies led to some
general results regarding the effects of disorder. For exam-
ple, localization was found to be most significant in nearly
periodic structures with weak internal coupling, and the
strength of localization was shown to increase with the disor-
der strength and generally with the frequency of excitation.

Strikingly few experiments were conducted in order to ver-
ify the analytical and numerical findings on localization in
engineering structures. Hodges and Woodhouse [6] examined
the dynamics of a taut string with attached masses. They
studied the effect of unequal spacing of the beads by impact-
ing the string near one end and comparing the portion of the
incident energy reaching the other end for ordered and disor-
dered configurations. Although their experiment evidenced
vibration localization, the agreement between the spatial am-
plitude decay rates derived theoretically and experimentally
was mostly qualitative.

Pierre et al. [7] demonstrated experimentally that local-
ization occurs in beams on rigid supports, but only for a
beam with two spans of unequal lengths. They achieved
good quantitative agreement with the theoretically predicted
modes.

Another interesting experiment was reported by Roy and
Plunkett [8,9], one which concerned a supposedly periodic
structure. Roy and Plunkett excited at one end a periodic
beam with 15 cantilevers and, measuring its response, ob-
served much more spatial attenuation experimentally than
predicted by periodic theory. This leads us to believe that
this discrepancy was caused by unaccounted localization ef-
fects which arose from an imperfect experimental specimen.

Finally, Levine-West and Salama [10] recently investigated
experimentally the mode localization phenomenon in a full-
scale 12-rib loosely-coupled antenna. They obtained a good
agreement between numerical and experimental results, and
thus provided strong evidence for the occurrence of localiza-
tion in engineering systems.

Despite the availability of extensive theoretical results con-
solidated with numerical Monte Carlo simulations, we need
experimental evidence of localization to (1) verify that lo-
calization occurs as predicted and (2) clarify our analytical
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and numerical thinking of localization, particularly the ef-
fects of boundary conditions, damping, and individual real-
izations of disorder. As an attempt to meet this goal, the
primary focus of this paper is a quantitative and systematic
experimental verification of the occurrence of localization in
multi-span beams. The experimental specimen examined is
a twelve-span beam resting on simple supports, and disorder
is achieved by altering the spacing between these supports in
arandom fashion. The beam is excited at one end by a sinu-
soidal moment and the steady state deflection is measured at
several points along the beam. The spatial amplitude decay
due to span length disorder is then calculated and compared
to the theoretical predictions.

The paper is organized as follows. In Section 2 the theo-
retical model and the experimental specimen are described.
The design requirements for the experiment, the experimen-
tal apparatus, and the measurement procedure are discussed
in detail. In order to validate the experimental design the
dynamics of three-span beams with equal and unequal sup-
port spacing are investigated experimentally in Section 3.
Since the self-averaging effect of span length disorder on the
amplitude decay rate is not significant over three spans, the
dynamics of ordered and disordered twelve-span beams are
examined in Section 4. Response shapes at resonance and
non-resonance frequencies are measured and vibration lo-
calization is evidenced. In Section 5, the results of a wave
propagation experiment conducted for the twelve-span beam.
An incident wave packet is shown to be prevented from be-
ing transmitted along the disordered beam. In Section 6,
the spatial decay rate is estimated experimentally and com-
pared to the theoretical localization factor derived for infinite
multi-span beams. Section 7 concludes the paper.

2. Experimental Apparatus and Procedure

In this experiment we initially aimed to verify the occurrence
of localization in a multi-span beam with weak interspan cou-
pling. The motivation was that the degree of localization is
known to increase as the coupling between spans is reduced
[5). A classical means of controlling interspan coupling is via
rotational springs at the beam supports. However, although
there are various experimental ways to achieve a restoring
moment at a support, it proved virtually impossible to build
the necessary number of such supports (equal to the number
of spans plus one) with identical torsional rigidities —a criti-
cal design requirement. Therefore, we elected to perform our
experiments on a beam resting on simple supports with zero
nominal torsional rigidity. Although the localization phe-
nomenon is less spectacular for this case of strong interspan
coupling, the resulting experiment is actually conservative in
the sense that if localization is shown to occur in the strong
case then surely it will be stronger for weak interspan cou-
pling.

2.1. The Experimental Setup

The experiment was performed on slender beams rest-
ing on simple supports whose spacing determined the span
lengths. For the nominally ordered beam all span lengths
were as equal as possible, while for the corresponding disor-
dered beam the span lengths constituted a random sample
from a uniform distribution of standard deviation, ¢. The

cross section, mass density, and bending stiffness were nom-
inally uniform throughout the beam.

Designing and building a beam resting on “simple” sup-
ports is not a trivial process, because its dynamics are highly
sensitive to the characteristics of the supports. Consequently,
much care was given to the following requirements:

(a) Each simple‘support had to allow two degrees of free-
dom for the beam motion, namely rotation and longitudinal
translation. Moreover, any torsional stiffness that might have
arisen from the beam-support assembly had to be negligible
compared to the beam stiffness, in order to satisfy the con-
dition of no restoring moment.

(b) All supports had to be identical so that they would not
create another uncontrollable source of disorder in the multi-
span beam. Nonidentical support characteristics could cause
localization in the ordered beam as well as in the beam with
random span lengths.

(c) The beam had to be constrained at the support location
in the transverse and lateral directions and the dynamics of
the beam had to be insensitive to the the support fixtures.
Moreover, in its static equilibrium state, the beam could not
be subject to any residual tension or compression. This was
avoided by eliminating any curvature other than that due to
static defection. The latter was calculated and found to be
negligible.

The experimental apparatus is presented schematically in
Fig. 1and a corresponding photograph is shown in Fig. 2.
The slender beam was made of cold rolled low carbon steel
with Young modulus E = 3010° {f/in* and density o =
0.28 1b/in®. Its width was 0.5in and its thickness 0.125in.
Note that the cold rolling process had the advantage of pro-
ducing good quality finished surfaces. Moreover, the unifor-
mity of the properties was excellent throughout the beam.
The beam dimensions were chosen as a compromise between
a flexible beam, which is very susceptible to mode localiza-
tion but has the inconvenience of being too sensitive to initial
stresses at the supports, and a stiff beam which is less sen-
sitive to those stresses but is unlikely to exhibit significant
vibration-localization in the frequency range of interest.

Several tests were performed on a three-span beam in or-
der to reach a good design of the supports. A support was
manufactured as a thick U-shape that could be fastened to
a heavy base at its bottom surface. A thin pin of %6 in di-
ameter, made of steel with high rigidity, was allowed to go
through the support and the beam simultaneously (see the
photograph in Fig. 2). The beam’s hole diameter was very
slightly larger than the pin’s diameter in order to allow the
rotation of the beam around the pins while constraining the
beam’s vertical movement. The pins were lubricated in order
to decrease friction. All supports were precisely positioned
and fastened on the heavy base, which was designed as to al-
low moving the supports in order to adjust the span lengths.
Note that because the beam deflection was very small, its lon-
gitudinal motion was negligible, and thus the beam-support
assembly simulated simple supports effectively. Moreover,
we avoided undesirable effects by first assembling the sup-
ports and the beam, and then fastening the supports to the
base in such a way that they were all closely aligned, while
checking that the beam rotates freely around the thin pins.

A preliminary experiment was performed on the three-
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span beam prototype. Natural frequencies and modes shapes
were obtained by modal analysis and compared to the the-
oretical ones (see Appendix A). The excellent agreement
reached suggests that the design of the beam supports is sat-
isfactory. The modal damping factors were also estimated
and are given in Appendix A. In addition, the logarithmic
decrement of the free response of the beam to an impulse
force was determined. The damping coefficient extracted
from these measurements averaged to & = 0.5%. Thus the
corresponding equivalent structural damping coefficient (loss
factor) was # =2¢ = 1.0%, which is consistent with the av-
erage value of the three modal damping factors given in A p
pendix A.
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Figure 1, Experimental setup for forced vibration tests of
the multi-span beam.

The

Figure 2.
twelve-span beam, proximity probe, shaker, and electronic
equipment are shown.

Photograph of the experimental bench.

2.2. The Experimental Procedure
Typically the dynamics of a structure are studied exper-

imentally by identifying its natural modes of free vibration.
These modes are obtained using modal analysis packages
that process the measured acceleration, velocity or displace-
ment of some points of the structure. This approach was
found inadequate for the twelve-span beam, because of the
high modal density which made the identification of the vari-
ous modes difficult. (Note that this limitation of experimen-
tal modal analysis applies to dl large periodic structures,
or all structures with high modal densities). Therefore, we
chose to examine the forced response of the beam to a har-
monic excitation by measuring.its deflection at various lo-
cations and then plotting the amplitude and phase of the
deflection versus the position along the beam. Since at a
prescribed frequency, the steady state forced response dom-
inates the beam vibration, the effect of the close natural
frequencies is a lesser problem.

The beam was excited mechanically at one end by a B&K
4809 shaker and the excitation force was measured by a load
cell mounted between the beam and the shaker. The exci-
tation signal was generated by a vibration controller B&K
1050 and amplified by a B&K 2712 amplifier. Deflection of
the steel beam was measured by a non-contacting proximity
probe (8 mm Bently-Nevada), which could be positioned at
several locations along the beam using a sliding device. The
force and deflection signals could be viewed on an oscillo-
scope and recorded by a Computer-Aided Test System 2515
(GenRad).

The deflection-to-force frequency response function (FRF)
of the system was measured directly by performing an incre-
mental sine sweep. In such a sweep, an excitation signal
is imposed at a driving frequency, and the excitation force
and displacement response at that frequency are measured
after a settling period during which the transient is allowed
to decay. In our experiments it was necessary that the dy-
namic displacements remain small in order not to exceed the
+1mm linear range of the probe. Therefore, the excitation
force was fedback to the vibration controller (operating in
closed loop), such that the deflection was kept within the
desired range. Moreover, the sweeps covered the first and
second frequency passbands separately in order to achieve a
better resolution.

The resonance frequencies at which the frequency response
function reaches a peak were precisely located. These are
very close to the damped natural frequencies of the beam.
The beam was then excited at each of these resonance fre-
quencies and the maximum deflection amplitude as well as
the phase at several points on the beam were recorded. The
excitation of the experimental beam and the measurements
were performed as follows:

1. Moment of excitationr The beam was excited by a sinu-
soidal force applied at the tip of a one-inch overhanging por-
tion of the beam (see Fig. 1). This produced a moment
applied to the left end support, M(t) = M, sin(wt), where w
is the frequency of excitation.

2. Deflection measuring device: The beam deflection was
measured at several locations by a non-contacting proximity
probe placed above the beam. Three points in each span were
sufficient to capture the overall deflection shape at frequen-
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cies in the first and second passbands. Since the supports
were rigidly fastened to a heavy base, the beam deflection
at the support locations was measured to be less than 1%
of the maximum amplitude of the beam. This was within
the level of noise and the supports were therefore considered
fixed with zero transverse displacement.

3. Deflection amplitude:  Since the beam was slightly
damped and the deflection amplitude small, steady state vi-
bration was reached in less then one minute (during which
no measurement was taken). The measured gap between the
probe and the beam was divided by a dimensional calibration
factor equal to 144 Volt/in. At a given position z, the time
trace of the gap was recorded and the maximum deflection
amplitude was calculated as:

Y (z) = maximum deflection amplitude

1
= E(Gapmami - Gapmini)

4. Deflection phase : The excitation force was measured by
a load cell and recorded simultaneously with the deflection
amplitude. At a given position z, the time delay 7(z) be-
tween the deflection and the force was measured and the
corresponding phase was calculated as:

& (z) =deflection phase = r(z} X w

The deflection phase was rearranged to be in the interval
[, +#]. In addition, the filter altered the phase by a
frequency-dependent angle. The induced error in the phase
was corrected by referring to the filter’s characteristic chart.

3. Three-span Beam Results

The tests described above were first performed on a labora-
tory three-span beam. Even though strong localization was
not exhibited by this short system, it allowed the verification
of the validity and robustness of the experimental design and
procedure, and particularly of the simple support design.
The ordered three-span beam was of a steel bar resting
on four identical, equally spaced supports, with span length
{ = 12in. For the disordered three-span beam the supports
were moved, the span lengths were 124 in, 1032 in, 133 in,
corresponding to a disorder standard deviation ¢ = 10.2%.

3.1. Resonance Frequencies

Experimental and theoretical frequency responses are dis-
played in Fig. 3 for the ordered beam. The frequency range
comprises the first passband, that is, the lower three natu-
ral frequencies. The frequency response was recorded several
times at various locations on the structure and good repeata-
bility of the test was observed. Note that the experimental
frequency response compares very well with the theoretical
result calculated using the averaged experimental damping
factor # = 1%. The frequency responses were also compared
for the disordered beam, and, similar to the ordered case,
the theoretical calculation predicted the experimental mea-
surements very well.
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Figure 3. Frequency response (amplitude and phase) for an
ordered three-span beam, measured at 4.5¢n from the left
end of the 3rd span. Theoretical results for = 1% (top)
and experimental ones (bottom) are shown.

No. | fiheo (Hz) | fexp (Hz) | error %
1 80.905 79.68 1.51
2 103.681 99.80 3.74
Ordered 3 151.396 143.12 5.47
4 323.621 305.00 5.75
5 368.817 341.50 7.41
6 452.481 417.20 7.80
1 73.109 72.25 1.17
2 93.659 92.43 1.31
Disordered 3 162.084 153.40 5.36
4 282.522 268.60 4.93
5 342.660 341.00 0.48
3 6 487.929 | 460.60 5.60

Table 1. Theoretical and experimental resonance frequen-
cies of an ordered and a disordered three-span beam with
o =10.2% (7 = 1%).

The lower six theoretical and measured resonance frequen-
cies are given in Table 1. They are predicted with a max-
imum error of 7.8% for the ordered beam and 5.6% for the
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disordered beam. We notice that the resonance frequencies
of the disordered beam have shifted from the ordered beam
frequencies by approximately 10%, that is, by about the dis-
order level —a known result [11]. For this particular realiza-
tion of disorder, the first and second resonance frequencies
are lower than for the ordered beam, while the third is higher.
Thisis not general since another realization of disorder would
give a different frequency change.

3.2. Forced Response Shapes

The response shapes at the resonance frequencies are plot-
ted in Fig. 4. Since there is a slight difference between mea-
sured and calculated resonance frequencies, the experimen-
tal and the theoretical deflection shapes correspond to the
measurement and calculated frequencies, respectively. More-
over, the experimental deflection measurements are normal-
ized such that they can be compared to the theoretical val-
ues. Very good agreement is shown for all the responses
in the first two passbands. In some regions of the beam, a
small discrepancy is noticeable between the measured and
the calculated vibration pattern. This is attributed mainly
to errors in measurement and to the small initial curvature
of the beam in the direction normal to the motion.
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Figure 4. Forced response amplitude at the lower six
resonance frequencies of ordered and disordered three-span
beams. Theoretical results with 5 = 1%¢(- - -) and experi-
mental ones (—«—) are shown. The disorder standard devia-
tion is 0 =10.2%.

By comparing the responses of the disordered and ordered
beams in Fig. 4, we notice in the disordered case the oc-
currence of localization and the confinement of vibrational
energy to mostly one of the spans for each resonance fre-
quency. Moreover, it is interesting to note that at the 1st
and 4th resonance frequencies it is the longest (right-end)
span that experiences the largest amplitude, while at the
2nd and 5th resonance frequencies it is the second longest
(left-end) span, and at the 3rd and 6th resonance frequen-
cies it is the shortest (middle) span. This can be explained
by invoking that the longest span has the lowest individual
fundamental natural frequency, and thus attracts most of the
vibrational energy of the first mode. Similarly the shortest
span, having the highest individual fundamental natural fre-
quency, attracts most of the vibrational energy of the third
mode. The same reasoning holds for the higher mode groups.

The above results demonstrate that the experimental mea-
surements are consistent with the theoretical calculations. It
confirms that the theoretical model captures the dynamics
of the specimen beam and that the experimental procedure
is adequate. In particular, the interspan coupling for the
experimental beam is as strong as taken in the theoretical
model and the measured structural damping factor is real-
istic. This preliminary experiment also evidences the occur-
rence of mode localization (albeit not very strongly) for the
three-span beam.

4. Twelve-§pan Beam Results

Although the results in Section 3 reveal the occurrence of
localization effects, the three span beam has too few spans
to allow an estimation of the average rate of amplitude decay,
the localization factor. Next the number of spans is therefore
increased to twelve.

The objective of the twelve-span beam experiment are two-
fold: First, to verify that strong localization occurs by com-
paring the forced response shapes of ordered and disordered
beams and second, to measure the average rate. of spatial
amplitude decay and compare it to the calculated localiza-
tion factor for infinite multi-span beams [3].

4.1. The Ordered Beam

The ordered twelve-span beam rests on thirteen identical
supports equally spaced by 10:n. All supports were posi-
tioned on to and attached to the heavy base by, making sure
not to induce unwanted static stresses in the beam, which
turned out to be a delicate matter. Stepssuch as tuning and
then testing had to be repeated several times until satisfac-
tory results were obtained. When a satisfactory tuning was
obtained, however, the beam dynamics became insensitive to
minor disturbances and the setup was robust. At this point
we were confident that the twelve-span beam was “perfectly”
ordered.
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Figure 5. Frequency response (amplitude and phase) of an
ordered twelve-span beam, measured at the middle of the 9th
span. Theoretical results for = 1% (top) and experimental
ones (bottom) are shown.

Similarly to the three-span beam, the resonance frequen-
cies of the twelve-span beam are obtained by precisely locat-
ing the peaks of the frequency response function in Fig. 5.
These values are compared to the theoretical onesin Table 2.
Note that the error is less than 3.4% for the 12 modes in the
first passband and less than 10.2% for those in the second
passband. If a 10.2%error in the resonance frequencies seems
large, one must bear in mind that in the second band some
of the frequencies are closely spaced. In the first band the
first three theoretical values are lower than the experimen-
tal ones and the other nine are higher. In the second band
the experimental values are always lower than the theoretical
ones. This may be due to the fact that at higher frequencies
the pins which make up the supports become more flexible,
thereby softening the multi-span beam. softer relative to the
beam.

Next, the ordered beam is excited near its first support by
a sinusoidal moment of amplitude chosen such that the beam
deflection remains in the linear range. The frequency of exci-
tation is either in stopbands or in passbands. In a passband,
the frequency can be either a resonance or a non-resonance
frequency. Thus the following three cases are distinguished:

1st Passhand
No. | fiheo (Hz) | fewp (Hz) | error %
1 116.491 116.50 0.01
2 118.500 118.71 0.18
3 125.399 128.88 2.70
4 135.674 135.46 -0.16
5 149.022 147.95 -0.72
6 164.315 163.12 -0.73
7 181.739 177.80 -2.22
8 199.654 192.85 -3.53
9 217.498 210.50 -3.32
10 234.947 227.86 -3.11
11 249.478 240.50 -3.73
12 259.555 251.15 -3.35
2nd  ssband
No. | fireo (Hz) | fecp (Hz) | error %
13 465.251 455.31 -2.18
14 470.245 458.65 -2.53
15 484.198 469.74 -3.08
16 504.896 482.13 -4,72
17 530.226 502.26 -5.57
18 558.603 526.39 -6.12
19 588.833 549.46 -7.17
20 619.859 574.48 -7.90
21 650.506 600.80 -8.27
22 679.198 619.91 -9.56
23 703.631 640.76 -9.81
24 720.624 654.11 -10.17

Table 2.
cies of an

Theoretical and experimental resonance frequen-
ordered twelve-span beam (7 = 1%).

Case 1: The excitation frequency belongs to a stopband. Re-
calling that the first natural frequency of each mode group
constitutes the lower passhand edge and that the 12th (and
last) natural frequency in the group is smaller than the up-
per passhand edge [5], we can use Table 2 to define the fre-
quency stopbands approximately. For the first stopband,
0 < fezp < 116 Hz, and for the second stopband, 265 Hz
< fezp < 450 Hz (accounting for experimental errors). Fig-
ure 6 depicts typical theoretical and experimental response
shapes at selected stopband frequencies near the passband
edges. For dl frequencies a strong spatial decay is observed.
Indeed, the measured deflection amplitude in the last four
spans is of the order of the equipment noise. Note that the
decay is mainly due to the off resonance condition which
characterizes the stopbands, while damping has only a small
contribution to this amplitude attenuation [4,5].

N ;
0.00-% & 3 & ] <y 53 3 'y ) i ) 4

fezp = 105.00 Hz ftheo = 111.254 Hz
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Figure 6. Forced response maximum amplitude at frequen-
cies in the stopbands of a damped ordered twelve-span beam.
Theoretical results with 5 = 1% (- - -) and experimental ones
(—+-) are shown.

Case 2: The excitation frequency is a resonance frequency
of the twelve-span beam (see Table 2). Figure 7-a compares
the theoretical and experimental deflection amplitude and
phase at selected resonance frequencies in the first passband.
The experimental deflections were recorded at three points
on each span. Theoretical values were calculated using the
estimated damping factor 5 = 1%. Note that at the first fun-
damental natural frequency the spatial decay due to damping
is most significant. This is because the effect of damping is
strongest near the edges of the passband and the left pass-
band edge coincides with the first resonance frequency [5].
However, the amplitude decay is much stronger in the ex-
perimental case. Our explanation for this behavior is that
near the passband edges, the rate of decay due to damping is
very sensitive to the frequency position in the passband. In
our experiment it is possible that small errors or very small
defects placed the first resonance frequency very slightly in-
side the stopband, which would explain the strong spatial
decay [4]. At all other resonance frequencies the spatial de-
cay is barely noticeable in the response shape, which means
that damping has little effect on the spatial attenuation of
the response. Note the general very good agreement between
experimental and theoretical deflection amplitudes as well as
phases. Figure 7-b depicts the theoretical and experimental
deflection amplitudes at four resonance frequencies in the
second passband. Experimentally we observed considerable
interactions between the close neighboring modes and the
individual mode resonant responses could not be identified
accurately.
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Figure 7-b. Maximum forced response amplitude at se-
lected resonance frequencies in the second passband of a
damped, ordered, twelve-span beam. Theoretical results
with 7 = 1%(- - -) and experimental ones (-*--) are shown.

Case 3: The excitation frequency lies in a passband, between
two resonance frequencies. This allows us to examine the re-
sponse when more than one natural mode is excited. Recall
that the experimental and theoretical excitation frequencies
need not be equal, but rather account for the discrepancies

listed in Table 2. For a selected theoretical frequency, this
was achieved by using linear interpolation to determine the
corresponding experimental excitation frequency. Figure 8
displays the theoretical and experimental deflection ampli-
tudes at two selected frequencies. Even though the frequency
of excitation is away from a resonance frequency, the influ-
ence of the closer natural modes is exhibited by the overall
response shape.

Jexp = 231.18 Hz ftheo = 239.036 Hz

Figure 8. Forced response maximum amplitude at non-
resonance frequencies in the first passband of a damped, or-
dered, twelve-span beam. Theoretical results with = 1%
(- = -) and experimental (—*-) ones are shown.

For the three above cases, a very good agreement was ob-
tained between the theoretical and experimental deflection
amplitudes. The agreement for the phases was considered
satisfactory since only three experimental data points per
span were used, which was not sufficient to capture accu-
rately the rapid variation of the phase along the spans. We
also noticed that the experimental amplitudes are consis-
tently lower than the theoretical ones for the three spans
closest to the excitation source. This is due to the excitation
device attached near the beam's end, which increases the
stiffness of the first few spans and therefore reduces their de-
flection amplitude. Another source of discrepancy between
theoretical and experimental results may be the light fric-
tional damping at the supports.

4.2. The Disordered Beam

The beam was disordered by moving the inner supports in
a random fashion and keeping the total length constant. This
necessitated drilling small holes at the new support locations
in order to obtain precisely the span lengths desired. The set
of random span lengths is given in Table 3. The new supports
were carefully fastened and aligned, as for the ordered beam.
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Table 3. Set of random span lengths with a mean I = 10.0 in

and ¢ = 8.36%.

Span No.

Length (in)

[ =
N':oLoOO\IQO'I#wNH

9.8
9.35
11.3
10.0
10.9
9.05
10.3

8.7

9.7
111
10.5

9.3

Table 4. Theoretical and experimental resonance frequen-
cies of a disordered twelve-span beam with ¢v = 8.36% and

n = 1%.

The disordered beam was driven at the same location as 1

retical and experimental results is less than 5.3% for the first
group and 9.1% for the second group.

Similarly to the ordered case, the maximum amplitude and
the phase of the forced response were measured and plotted.
They are compared to the theoretical results for selected res-
onance frequencies in the first passband in Fig. 9-a. First, it
is worth observing the very good general agreement between
measurement and theory. The agreement is good even for the
phases, bearing in mind that the deflection was recorded at
only three points on each span and that point interpolation is
not as accurate for the phase as for the amplitude. The maxi-
mum amplitude of the response at four resonance frequencies
from the second mode group are displayed in Fig. 9-b. Figure
10 shows the response shapes at some selected non-resonance
frequencies.

No. [ ftheo (H2) | fesp (Hz) | error %

1 [ 110782 116.16 | 4.85

2 | 112811 | 11738 | 4.05

3 | 128027 | 13170 2.87

4 | 141079 | 143.90 2.00

5 | 148131 | 14748 | -0.44

6 | 156.880 | 156.77 | -0.07

7 | 188218 | 186.00 | -1.18

8 | 203.020 197.97 | -249

9 | 217.934 21225 | -2.61

10 | 238331 | 22580 | -526

11 | 250551 24435 | -2.48

12 | 285167 | 27426 | -382

13 | 429568 | 411.70 | -4.16

14 | 435.969 430.70 | -1.21

15 | 475338 | 46440 | -2.30

16 | 519.792 50310 | -3.21 0004 —F—d——d——— S ———
17 | 529.398 517.40 -2.27 > IR

18 | 538.980 575.30 6.74 1 /A N R iy
19 | 613463 | 581.80 | -516 R e ; 3
20 | 623215 | 61590 | -1.17 SN AR ] \:j LA/
21 | 655637 | 70550 | 7.61 110 Sl ]

22 | 704.169 711,50 1.04

23 | 734.460 769.80 4.81

24 | 814008 | 888.10 9.10

the ordered beam by the exciter and the resonance frequen-
cies were again obtained from the frequency response func-
tion. However, in this disordered case it was difficult to locate
all twelve peaks from a single measurement location, because
the measuring device located in the 9th span was not able
to detect the very small deflection amplitudes of that span
at some resonance frequencies. Therefore, several frequency
response functions recorded at various locations were used
to determine all resonance frequencies in the first two mode
groups. These frequencies are compared to the theoretical
results in Table 4. Note that the discrepancy between theo-

=3. 14 1

fesp = 143.90 Hz ftheo = 141.079 Hz

4.46—

Y 2.23
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3,144

feap = 274.26 Hz

Figure 9-a. Maximum forced response amplitude and phase
at selected resonance frequencies in the first passband of a
damped, disordered twelve-span beam. Theoretical results
with » = 1%(- - -) and experimental ones (—%—) are shown.
The disorder standard deviation is ¢ = 8.36%.

fiheo = 285.167 Hz

feap = 411.70 Hz fiheo = 429.568 Hz

0.22m

fezp = 430.70 Hz ftheo = 435.969 Hz

fexp = 503.10 Hz ftheo = 519.792 Hz

Figure 9-b. Maximum forced response amplitude at the res-
onance frequencies in the second passband of a damped, dis-
ordered twelve-span beam. Theoretical results with # = 1%

(- - -) and experimental ones (—+—) are shown. The disorder
standard deviation is ¢ = 8.36%.

0.52+
Y 0.2@_-
0.opl
0,32+

Y o.18-

0.00-%

[y -

Y o0.004

0.00-&

fewp = 258.158 Hz

ftheo = 267.579 Hz

Figure 10. Forced response maximum amplitude at se-
lected non-resonance frequencies in the first passband of a
damped disordered twelve-span beam. Theoretical results
with 7 == 1% (- - -) and experimental ones (—*—) are shown.
The disorder standard deviation is ¢ = 8.36%.
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In order to depict the disordered twelve-span beam mo-
tion, Figure 11 shows the theoretical and experimental re-
sponse shapes, for selected resonance frequencies, at an in-
stant of time, chosen as to coincide nearly with the maximum
deflection envelope. Note that for this lightly damped beam,
the forced response shapes in Fig. 11 are very similar to the
corresponding mode shapes. Hence they are close to the lo-
calized modes of the disordered twelve-span beam.

fexp = 464.40 Hz, fineo = 475.338 Hz

Figure 11. Localized forced responses at selected res-
onance frequencies for a damped, disordered twelve-span
beam. Theoretical results with n = 1%(- - -) and experimen-
tal ones (——) are shown. The disorder standard deviation
is ¢ = 8.36%.

4.3. Discussion of Experimental Results

The difference between the responses in Fig. 7 for the or-
dered beam, which agree very well with periodic structure
theory, and those in Fig. 9 for the disordered beam, where
vibrations are localized, is striking. Our experiment demon-
strates clearly that when the disordered beam is excited at
one end by a harmonic moment, localization may manifests
itself by greatly reducing the energy transmitted along the
beam to the other end. However, notice that the forced re-
sponse is localized at some frequencies while it remains ex-
tended at others. For example, the forced response shapes
at resonance frequencies 1, 10, and 12 reveal very clear lo-
calization, producing a greatly reduced vibration amplitude
in the last few spans. Furthermore, responses at most res-
onance frequencies in the second group are more strongly
localized than in the first group. For example, at frequencies
13 and 15 almost no vibration energy is transmitted to the
last span. Also note that, the responses of the disordered

beam, at those resonance frequencies which have moved in-
side the stopbands of the associated ordered beam (e.g., 1st
and 13th frequencies) are more strongly localized.

The amplitude of the force of excitation was kept the same
for both ordered and disordered beams and for all frequencies
within each passband. In the second passhand, the force am-
plitude was a little higher in order to obtain a large enough
beam deflection that could be measured accurately. The re-
sults of Figs. 7 and 9 show that when localization occurs,
the amplitude may be greatly reduced in some spans but
increased in others. For example, at the tenth resonance fre-
quency Fig. 7-a shows that the maximum amplitude for the
ordered beam is approximately 0.8 (in displacement units),
while in Fig. 9-a the amplitude in the second span of the
disordered beam is as high as 3.2 —a four-fold increase. On
the other hand, consider the responses at the 14th resonance
frequency in Figs. 7-b and 9-b. The maximum amplitude
for the ordered beam is 0.94 while it is approximately 0.22
in the third span: hence the vibration amplitude has been
reduced by a factor of 4. Moreover, almost no vibration has
been transmitted to the second half of the beam.

We also note in Figs. 7-a and 9-a the phase is practically
the same for both ordered and disordered beams; hence the
phase is not as much affected by the disorder as the ampli-
tude is.

5. Transient Response to a Wave Packet

Perfectly periodic structures have the property of allowing
the propagation of harmonic waves in frequency passbands,
while in disordered structures these waves are scattered and
therefore spatially attenuated. Experimental tests were per-
formed to verify this phenomenon for the twelve-span beam.
The tests consisted of sending a harmonic wave packet from
one end of the beam and measuring the waves transmitted
to the other end before they reflect at the system bound-
ary. The wave packet was generated by exciting the beam
at its left end by a sinusoidal time-varying moment at some
frequency, for a duration of approximately one-half of one
second.

It is appropriate to mention here some experimental as-
pects of recording the wave signals for the twelve-span beam.
In contrast to the vibration tests performed above, only a
short duration of the time trace of the signal needed to be
analyzed. The simple setup chosen to record this transient
event consisted of an oscilloscope with a storage capability.
The traces were stored on the phosphorus screen, from which
a hard copy generated. This recording technique required an
external triggering with a short delay.

The deflection amplitude was measured at the 11th span
(near the right-end) and its time trace recorded on the oscil-
loscope simultaneously with the excitation signal, which was
given by a force transducer mounted between the beam and
the shaker. Illustrative force and deflection signals recorded
on the oscilloscope are displayed in Fig. 12. In order to make
a qualitative comparison, we should point out that the scale
of the graphs (not shown) is the same for all force signals
and, respectively, for all deflection signals. For the ordered
beam, the plots reveal that no wave amplitude is transmit-
ted to the 11th span when the excitation frequency lies in
a stopband (f = 116 Hz and f = 280 Hz). However, for
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frequencies in the passbands (f =172 Hz and f = 225 Hz)
the amplitude at the middle of the 11th span is large, which
reveals that energy is nearly fully transmitted to the end of
the beam.

Ordered beam Disordered beam

(1) l.} “ 1
f‘ll‘!!{i

..Ipz‘.s

e

y(t) y(t)

f =100 Hz, in stopband f=116 Hz

MIIJ@%!;,H W

T
- ﬁﬁ’{‘%“;{j,w,q';ﬂ#x -

f=171Hz

f = 280 Hz, in stopband f =274 Hz

Figure 12. Transient response of the twelve-span beam to a
sinusoidal wave packet. The excitation moment is applied at
the left end and the deflection amplitude is measured at the
11th span. The ordered (left) and disordered (right) beam
responses are shown.

These tests were repeated on the disordered beam for sev-
eral excitation frequencies in the same range. Figure 12
shows that the amplitude of the 11th span is always very
small or zero, that is, the vibration amplitude is not being
transmitted along th beam but confined near the source of
excitation. This is a demonstration of strong wave local-
ization in the disordered beam. We should mention that if
the disordered beam were excited at a frequency for which
localization does not occur, the response would feature a sig-
nificant amplitude at the 11th span.

6. Estimation of the Spatial Decay Rate

We are now ready to quantify the degree of localization in
the experimental beam and compare the result to the theo-
retical prediction. This is made possible by the fact that the
forced response of the multi-span beam is known to decay
exponentially, in an average or asymptotic sense, away from
the excited end (see [4,5] for details).

In order to estimate the spatial decay rate, v, in a finite
N-span beam, we attempt to fit, in a least square sense, an
exponential envelope to the N values of the maximum deflec-
tion amplitudes within each span. If the vibration amplitude
decays away from, say, span m, 1 < m < N, we choose to
fit the exponential envelope over the longest portion of the
beam (the m-span or the (N — m)-span portion) where lo-
calization occurs. For example, for the m-span portion, the
exponential envelope is given by a(n) = Ae= W =m) \yhere
a(n) is the maximum deflection amplitude in span n.

Mode No. 2z | 7 % error
1 0.35 0.298 14.86
f*=124.88 Hz 0.45 0.173 61.56
3 0.39 0,129 66.92
6 0.21 0.071 66.19
f‘ = 171.06 Hz 0.17 0.066 61.18
10 0.22 0.141 35.91
11 0.27 0.177 34.44
f* =258.16 Hz 0.33 0.257 22.12
13 0.58 0.392 32.41
14 0.40 0.361 9.75
15 0.52 0.265 49.04
16 0.30 0.209 30.33

Table 5. Spatial decay rate, vy12, estimated from selected
experimental response shapes that feature localization. The
localization factor v is obtained from Monte Carlo simulation
by averaging over 1000 realizations of randomly disordered
100-span beams (for 7 = 1%and ¢ = 8.36%). The % denotes
a non-resonance frequency.

Table 5 gives the experimental decay rate, 112, estimated
from the response shape of the disordered twelve-span beam
excited at selected resonance frequencies. The results are
compared to the localization factor which is defined as an
asymptotic, or an average rate of decay in an infinite disor-
dered multi-span beam and which is obtained obtained by
performing a numerical Monte Carlo simulation (see {4,5]).
In this simulation the spatial decay rate is estimated by aver-
aging over 1000 realizations of randomly disordered 100-span
beams. Notice that the experimental decay rate is approxi-
mately of the order of the localization factor. The discrep-
ancy is mainly due to the effect of the boundary conditions
and to the fact that 12 spans is not a sufficient number of
bays for the self-averaging of the decay to occur. This is con-
firmed by the better agreement between the estimated decay
rate and the localization factor for frequencies at which the
localization is stronger (see the response shapes in Figs. 7
and 9). Although the agreement between experimental and
theoretical results is only qualitative here, it suggest that
the average localization factor can provide rough but valu-
able information regarding the degree of localization in the
finite disordered twelve-span beam.
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7. Conclusion

In this paper we have evidenced experimentally the oc-
currence of vibration localization in disordered multi-span
beams. Very good quantitative agreement was obtained be-
tween the experimental results and the theoretical findings
presented in references [4,5]. The following conclusions are
reached:

e The spatial localization of the steady-state harmonic
response to an end excitation was observed in the dis-
ordered twelve-span beam. In some cases for the dis
ordered beam, the deflection amplitude in one of the
spans increased by a factor of four as compared to the
ordered beam response, while only vibration amplitude
of the level of noise was transmitted to the span farthest
from the excitation.

e At most frequencies in the passbands, the spatial de-
cay due to damping in the ordered beam was negligible
compared to the spatial decay due to disorder in the
disordered beam.

e Localization was stronger for frequencies which lie in
the second passband than for those in the first passband.
This agrees with the theoretical findings that predict an
increase of the localization strength with the passband
number.

e The spatial decay rate was estimated experimentally by
fitting an exponential envelope to the localized response
shapes. When the region of confinement of the response
is small, fair agreement was observed between the ex-
perimental decay rate and the localization factor for an
infinite disordered multi-span beam. This suggests that
the localization factor calculated for an infinite struc-
ture provides a fair characterization of the degree of
localization for typical realizations of finite multi-span
beams.
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APPENDIX A: Modal Analysis Results

Natural frequencies and modes shapes of an ordered three-
span beam were obtained experimentally. The mode shapes
were estimated using the Multi Degree Of Freedom method
with circle fitting. The experimental results are consistent
with the theoretical predictions, as shown in Table A-1 and
Fig. A-1. The modal damping factor was estimated for each
mode shape.

Mode | ftheo fezp | error % | n%
1 80.05 81.48 1.75 1.75
2 102.62 | 103.45 0.80 0.84
3 149.76 | 147.85 -1.29 0.44

T
% Wv
Mm

Figure A-1. First three mode shapes for an ordered three-
span beam. Both theoretical (- = -) and experimental (—*-)
modes are shown.

1577



