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Abstract  

A procedure is described f o r  the redesiqn of 
undamped s t r u c t u r a l  systems to meet n a t u r a l  f r e -  
quency and/or mode shape ob jec t ives .  The procedure 
can be appl ied to l a r q e  or  small modal chanqes and 
i s  based on a s i n g l e  f i n i t e  element a n a l y s i s  of the 
b a s e l i n e  system. Per tu rba t ion  of the base l ine  sys- 
tem is  used to develop a s e t  of equat ions which 
c h a r a c t e r i z e  the redesign process. Dependinq on 
the  number of modal o b j e c t i v e s  S and desiqn var i -  
a b l e s  o the  problem is  formulated as :  ( 1  ) an un- 
dercons t ra ined  problem i f  S < o, ( 2 )  a properly 
cons t ra ined  problem i f  S = o o r  ( 3 )  an overcon- 
s t r a i n e d  problem i f  S > a.  A l l  t h ree  problems a r e  
solved usinq an incremental  p red ic tor -cor rec tor  
technique within the f e a s i b i l i t y  domain defined by 
t h e  p r a c t i c a l  c o n s t r a i n t s  imposed on the desiqn 
v a r i a b l e s .  The procedure is i l l u s t r a t e d  by two ex- 
amples : ( 1 ) a redesiqn of a c a n t i l e v e r  beam t o  
achieve frequency and mode shape ob jec t ives  and ( 2 )  
a redesign of a 1254 deqree of freedom c a s t i n q  f o r  
a frequency ob jec t ive .  

Nomenclature -- 
P a r t i c i p a t i o n  of the jth mode to 
chanqes i n  the ith mode. 
Index assoc ia ted  with the ith mode. 
Index assoc ia ted  with the jL' mode. 
Generalized s t i f f n e s s  matr ix of the 
b a s e l i n e  s t r u c t u r e .  

d Generalized s t i f f n e s s  matrix of the 
o b j e c t i v e  s t r u c t u r e .  
S t i f f n e s s  matrix of the base l ine  
s t r u c t u r e .  
S t i f f n e s s  matrix of the ob jec t ive  
s t r u c t u r e  . 
S t i f f n e s s  matrix of element e . 
Generalized mass matrix of the base- 
l i n e  s t r u c t u r e .  

E M' J Generalized mass matrix of the objec- 
t i v e  s t r u c t u r e .  

[ml Mass matrix of the base l ine  s t r u c t u r e .  
[m' 1 Mass matrix of the o b j e c t i v e  s t r u c -  

t u r e .  
[me] Mass matrix of element e . 
N Total  number of increments i n  

p red ic tor -cor rec  t o r  so lu t ion .  
n Number of deqrees of freedom i n  the 

s t r u c t u r a l  model. 
S Number of modal ob jec t ives .  
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Number of modes involved i n  the re-  
desiqn process. 
Denotes t ranspose of a matrix and vec- 
tor respec t ive ly .  

Greek Symbols_ 

Frac t iona l  chanqe to element e . 
P r e f i x  denotinq chanqe . 
Chanqe to s t i f f n e s s  matrix. 
Chanqe to mass matrix. 
Matrix of mode shape vector  chanqes. 
Chanqe to the ith base l ine  s t r u c t u r e  
eiqenvalue , w i  2. 
Number of s t r u c t u r a l  chanqes. 
Matrix of mode shape vec tors  of the 
base l ine  system. 
Matrix of mode shape vec tors  of the 
o b j e c t i v e  system. 
ith mode shape vector  of [$I.  
kth deqree of freedom of the ith base- 
l i n e  mode shape. 
ith mode shape vector  of [$ I  1 .  
ith base l ine  s t r u c t u r e  n a t u r a l  f r e -  
quency. 
ith objec t ive  s t r u c t u r e  n a t u r a l  f re -  
quency. 

I. In t roduc t ion  ---- 

In many s t r u c t u r a l  problems the c r i t e r i a  f o r  
an acceptable  desiqn involves c o n s t r a i n t s  on the 
f r e e  v ibra t ion  c h a r a c t e r i s t i c s  of a s t r u c t u r a l  sys- 
tem. m e  c o n s t r a i n t s  may be on one or  more of the 
n a t u r a l  f requencies  and/or mode shapes. Several  
deqrees of freedom may be constrained on any one 
mode. In most cases  the f i r s t  desiqn does not  s a t -  
i s f y  a l l  the f r e e  v i b r a t i o n  ob jec t ives  and/or prac- 
t i c a l  c o n s t r a i n t s .  Therefore reana lys i s  of the 
s t r u c t u r a l  system which requi res  expensive f i n i t e  
element formulation and a n a l y s i s  is necessary. 
Al te rna t ive ly ,  the redesiqn procedure of the base- 
l i n e  system ( f i r s t  d e s i q n ) ,  based on the perturba-  
t i o n  technique proposed i n  t h i s  w r k  can be used. 
'This procedure does not requ i re  a d d i t i o n a l  f i n i t e  
element analyses and can be appl ied to la rqe  or  
small  modal chanqes. The procedure is h e r e a f t e r  
c a l l e d  Inverse Perturbat ion Redesiqn (IPR) proce- 
dure,  because it qives tFle desiqner  the c a p a h i l i t y  
of determininq s t r u c t u r a l  system p a r t i c u l a r s  based 
on system response proper t i es  without usinq i t ~ r a -  
t i v e  methods. 

Let  o be the number of desiqn var iab les  i n  the 
IPR procedure, t h a t  is, the number of s t r u c t u r a l  
system p a r t i c u l a r s  allowed to chanqe durinq the re-  
desiqn,  and S be the number of modal ob jec t ives .  
I f  s is  the number of modes involved i n  the re- 
desiqn procedure and the p r a c t i c a l  c o n s t r a i n t s ,  the 
problem can be reduced to one of the followinq: 

Problem PI: Underconstrained problem i f  
S < a. In t h i s  case the desiqn is not  unique and 
the problem can be formulated a s  an o p t i n i z a t i o n  
problem. For t h i s  purpose an op t imal i ty  c r i t e r i o n  
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is  needed such a s  minimum s t r u c t u r a l  weiqht o r  min- 
i m u m  change from the base l ine  system. l%e o p t i -  
mization var iab les  i n  t h i s  problem a r e  the o design 
v a r i a b l e s  i n  the IPR, plus s - n  where n is the num- 
ber  of s t r u c t u r a l  deqrees of freedom. m e  S re-  
design ob jec t ives  and the s - n  f r e e  v i b r a t i o n  equa- 
t i o n s  become e q u a l i t y  c o n s t r a i n t s  i n  the  optimiza- 
t i o n  problem. Fur ther ,  p r a c t i c a l  c o n s t r a i n t s  i n  
t h e  form of i n e q u a l i t i e s  may be imposed. 

Problem P2: Properly constrained problem i f  
S = o . In t h i s  case there  a r e  S + s - n  equat ions 
which can be s imultaneously solved f o r  the o + s o n  
unknowns y ie ld ing  e i t h e r  a f i n i t e  number of s t r u c -  
t u r a l  designs or  no so lu t ion .  From the  po in t  of 
view of opt imizat ion t h i s  is  a c o n s t r a i n t  bound 
problem which can produce a f i n i t e  number of fed- 
s i b l e  designs or  prove the problem to be in fea-  
s i b l e .  In the l a t t e r  case the problem should be 
t r e a t e d  a s  i n  case P3 below. 

Problem P3: Overconstrained problem i f  S > a.  
In t h i s  case the S + s'n equat ions cannot he s a t -  
i s f i e d  by the o + s - n  unknowns. Consequently a 
minimum e r r o r  c r i t e r i o n  is needed i n  order  to q e t  a 
f i n i t e  number of accep tab le  designs which w i l l  s a t -  
i s f y  the equat ions and p r a c t i c a l  c o n s t r a i n t s  within 
a minimum e r r o r .  

11. L i t e r a t u r e  Review 

H i s t o r i c a l l y  procedures involving n a t u r a l  f r e -  
quency o b j e c t i v e s  were f i r s t  developed. Since the 
f i r s t  procedure developed by Rayleiqh i n  1873, many 
methods have been pr0posed.l Only r e c e n t l y  have 
methods aiming a t  so lv ing  the combined frequency 
and mode shape o b j e c t i v e  problems, such a s  the one 
presented i n  t h i s  paper, been developed. Some of 
the  methods f a l l i n q  i n  both ca teqor ies  a r e  b r i e f l y  
described i n  t h i s  sec t ion .  

Frequency o b j e c t i v e  procedures usua l ly  a r e  of 
type P1 described i n  the in t roduc t ion ,  t h a t  is, 
t h e i r  goal  i s  to  minimize the mass of a s t r u c t u r e  
which has the s p e c i f i e d  frequency values o r  max- 
imize the frequency f o r  a qiven t o t a l  mass. Prac- 
t i c a l  c o n s t r a i n t s  a r e  sometimes placed on design 
v a r i a b l e s  such a s  thickness  of p l a t e s ,  c ross  sec- 
t i o n a l  a r e a  of a x i a l  b a r s  o r  moment of i n e r t i a  of 
beams. Turner proposed one of the f i r s t  methods to 
so lve  t h i s  problem.2 The f r e e  v ibra t ion  equat ions 
were considered a s  e q u a l i t y  c o n s t r a i n t s  and handled 
usinq the Iaqrange m u l t i p l i e r  method. Taylor 
solved the problem f o r  an a x i a l l y  v i b r a t i n q  bar by 
minirnizinq the t o t a l  enerqy of system usinq 
Hamilton's p r i n ~ i p l e . ~  In an extension of his 
work, Taylor introduced i n e q u a l i t y  c o n s t r a i n t s  on 
t h e  c ross -sec t iona l  a rea  of the bar  i n  add i t ion  to 
the  t o t a l  mass ~ o n s t r a i n t . ~  This new c o n s t r a i n t  
was included i n  the problem throuqh a continuous 
Lagrange m u l t i p l i e r .  Sheu extended the w x k  of 
Turner and Taylor to s i t u a t i o n s  where the number of 
c o n s t a n t  s t i f f n e s s  seqments was s p e c i f i e d ,  bu t  the 
boundries and s p e c i f i c  s t i f f n e s s  values of the seq- 
ments were design v a r i a b l e s  i n  the minimum bar 
weight p r ~ b l e m . ~  Sippel  considered s i m i l i a r  prob- 

lems using a v a r i a t i o n a l  method to der ive  the mini- 
m u m  mass o p t i m a l i t y  c r i t e r i o n .  I5 S t r u c t u r a l  systems 
composed of N-element sandwich-type s t r u c t u r e s  sup- 
por t ing  n o n s t r u c t u r a l  mass were considered. McCart 
used an i t e r a t i v e  process  to solve the minimum mass 
problem appl ied  to p o r t a l   frame^.^ The boundary 
value nature of the  f r e e  v i b r a t i o n  equat ions was 

used i n  conjunct ion with a s t e e p e s t  descen t  method. 
Rubin used a two s t e p  process i n  which he assumed 
the optimal desiqn l a i d  on a frequency ~ o n s t r a i n t . ~  
The f i r s t  s t e p  was a frequency modif icat ion mode 
where separa te  q r a d i e n t  equat ions were developed to 
achieve the n a t u r a l  frequency qoal .  I n  the second 
s t e p  he used the  method of s t e e p e s t  descen t  to f ind  
the  minimum weiqht s t r u c t u r e  fo r  the s p e c i f i e d  nat-  
u r a l  frequency. Armand developed the problem a s  an 
opt imal  c o n t r o l  problem with d i s t r i b u t e d  para- 
m e t e r ~ . ~  The method is powerful f o r  simple s t ruc-  
t u r e s  and was demonstrated on a p l a t e - l i k e  s t r u c -  
tu re .  For a more d e t a i l e d  review of many of these 
e a r l i e r  methods the reader  is r e f e r r e d  to the  sur -  
vey by Pierson.1° 

In more r e c e n t  m r k  Taylor inves t iqa ted  the 
frequency only constrained problem i n  t e r m s  of 
model c o r r e l a t i o n .  l  l  A procedure was developed to 
s c a l e  an e x i s t i n q  s t r u c t u r a l  model to meet exper- 
imenta l ly  measured n a t u r a l  f requencies .  'Ihe modi- 
f i c a t i o n  scheme is based on the f i r s t  o rder  terms 
of a Taylor s e r i e s  expansion about the base l ine  
model. Rellaqamba employed a n  e x t e r i o r  penal ty 
funct ion technique based on the f i r s t  d e r i v a t i v e s  
of the v io la ted  cons t ra in t s .12  Pddi t inna l  con- 
s t r a i n t s  e r e  imposed on s t a t i c  displacements and 
element s t r e s s e s .  

The combined n a t u r a l  frequency and mode shape 
constrained problem has l a t e l y  received consid- 
e r a b l e  a t t e n t i o n  i n  terms of per tu rha t ion  based 
s o l u t i o n  techniques. S te t son  proposed a f i r s t  or- 
der  per tu rha t ion  method based on the assumption 
t h a t  the new mode shapes could be expressed a s  ad- 
mixtures of the base l ine  mode shapes. l  In sub- 
sequent  works, the technique was c a s t  i n  t e r m s  of 
f i n i t e  elements and was appl ied to s e v e r a l  prob- 
lems. 14-1 I5 Ste t son1  s procedure, however, used a 
method of specifyinq mode shape c o n s t r a i n t s  hased 
on admixture c o e f f ~ c i e n t s  which had no obvious phy- 
s i c a l  i n t e r p r e t a t i o n .  Sandstrom developed f i r s t  
o rder  equat ions which a r e  s i m i l a r  to S t e t s o n ' s ,  bu t  
provided a method for  spec i fy inq  mode shape con- 
s t r a i n t s  hased on physical  q u a n t i t i e s .  l 7 t  l 8  Kim 
formulated the problem usinq the complete nonl inear  
per tu rha t ion  equat ions.  l  Me employed a pena l ty  
func t ion  method where the ob jec t ive  funct ion was a 
minimum weiqht condit ion and the penal ty t e r m  was a 
s e t  of r e s i d u a l  force e r r o r s .  

111. Mathematical Formulation 

m e  undamped f r e e  v ibra t ion  of a base l ine  d i s -  
c r e t e  s t r u c t u r a l  system is  qoverned by the matrix 
equat ion 

An eiqenvalue a n a l y s i s  produces the eiqenvectors  

IJsinq the c a l c u l a t e d  eiqenvectors  the  qoverninq 



e q u a t i o n s  can be uncoupled and w r i t t e n  a s  

where b K J is t h e  q e n e r a l i z e d  s t i f f n e s s  m a t r i x  

and P M J is t h e  q e n e r a l i n e d  mass ma t r ix  

S i m i l a r i l y ,  t h e  uncoupled e q u a t i o n s  of an o b j e c t i v e  
sys tem a r e  

where E K' J 1s the  o b j e c t i v e  system q e n e r a l i n e d  
s t i f f n e s s  m a t r i x  

and E M' J 1s t h e  co r re spond inq  q e n e r a l i z e d  mass 
m a t r i x  

R e l a t i o n s h i p s  between the  two sys tems can be de- 
f i n e d  i n  t e r m s  of p e r t u r b a t i o n s  of t he  b a s e l i n e  
sys tem,  t h a t  i c ; ,  

Throuqh t h e s e  d e f i n i t i o n s  , t h e  uncoupled e q u a t i o n s  
( 7 )  of the  o b j e c t i v e  system can be r e w r i t t e n  i n  
t e rms  of  the  b a s e l i n e  system a s  

Equat ion ( 1 4 )  is  c a l l e d  the  q e n e r a l  p e r t u r b a t i o n  
e q u a t i o n .  It  is n o n l i n e a r  i n  t e r m s  of  t he  modal 
q u a n t i t i e s ,  [ $ I ]  and [w121, b u t  is  l i n e a r  wi th  re-  
s p e c t  to the  d e s i r e d  s t r u c t u r a l  chanqes,  [Ak] and 
[Am]. To f a c i l i t a t e  t h e  s o l u t i o n  o f  t h e s e  equa- 
t i o n s  we no te  t h a t  ( 1 4 )  is  composed of n2 s c a l a r  
e q u a t i o n s  of  t he  fo l lowinq  form 

f o r  i, j = 1 ,2  ,..., q . Equation ( 1 4 )  o r  (15 )  must 
be  s a t i s f i e d  by t h e  o b j e c t i v e  system. F u r t h e r  it 
shou ld  s a t i s f y  t h e  S  modal o b j e c t i v e s .  

The s t r u c t u r a l  chanqe can be decomposed i n t o  o 
e l emen t  change p r o p e r t i e s ,  a, . I n  s h e e t  me ta l  o r  
d i e  c a s t  sys tems,  many e l emen t s  a r e  r e q u i r e d  to 
chanqe t o g e t h e r  f o r  m a n u f a c t u r a b i l i t y .  I n  this 
c a s e ,  a is  the  number of  groups  of  pe r tu rbed  e l e -  
ments.  

o 
[Aklsystem = I: [Akel ( 1 6 )  

e = l  
o 

[Amlsystem = E [Amel ( 1  7 )  
e = l  

Fur thermore ,  each e lement  chanqe can be expres sed  

a s  a  f r a c t i o n a l  chanqe from the  b a s e l i n e  system ( o r  
a  sum of t e r m s  a s  needed to s e p a r a t e  bendinq,  
s t r e t c h i n q ,  and t o r s i o n )  a s  

These l i n e a r  e q u a t i o n s  of a, a r e  used i n  t h e  IPR 
procedure  developed i n  this paper .  Nonl iqear  re-  
l a t i o n s  can r e a d i l y  be implemented i r l  t h e  a l q o r i t h m  
f o r  o t h e r  a p p l i c a t i o n s .  For example, t h e  e f f e c t  of  
p l a t e  t h i c k n e s s  on s t r e t c h i n q  s t i f f n e s s  is  l i n e a r ,  
whi le  i t s  e f f e c t  on bendinq is of t h i r d  o r d e r .  The 
o chanqe p r o p e r t i e s  % a r e  the  des iqn  v a r i a b l e s  i n  
t h e  IPR. F i n a l l y ,  s e v e r a l  of  t h e  des iqn  variables 
may be s u b j e c t  to p r a c t i c a l  c o n s t r a i n t s .  These may 
be  maximum o r  minimum s i z e  c o n s t r a i n t s  o r  r e l a t i v e  
s i z e  c o n s t r a i n t s  between the  e lements .  

I n  problem PI ,  d e f i n e d  i n  t h e  i n t r o d u c t i o n ,  
e q u a t i o n s  (14 )  o r  ( 1 5 )  and the  S modal o b j e c t i v e s  
c o n s t i t u t e  e q u a l i t y  c o n s t r a i n t s  and t h e  p r a c t i c a l  
c o n s t r a i n t s  c o n s t i t u t e  the  i n e q u a l i t y  c o n s t r a i n t s .  
In  problem P2, e q u a t i o n s  (1 4 )  o r  (1 5 )  and t h e  S 
modal o b j e c t i v e s  can be s imul t aneous ly  so lved  f o r  
t h e  o which must f a l l  i n  t h e  f e a s i b i l i t y  
domain d e f i n e d  by the  p r a c t i c a l  c o n s t r a i n t s .  Tn 
problem P3,  e q u a t i o n s  (14 )  o r  (1 5 )  and t h e  S modal 
o h j e c t i v e s  can he s a t i s f i e d  a lonq  wi th  the  prac-  
t i c a l  c o n s t r a i n t s  w i t h i n  a  s p e c i f i e d  e r r o r  to y i e l d  
t h e  o + I s .  

IV. S o l u t i o n  Technique 

S o l u t i o n  of  e q u a t i o n s  (1 4 )  o r  ( 1 5 )  w i l l  pro- 
v i d e  the  r e q u i r e d  s t r u c t u r a l  chanqes to meet the  
modal o h j e c t i v e s .  D i r e c t  s o l u t i o n ,  however, is us- 
u a l l y  n o t  p o s s i b l e  because of t he  i m p l i c i t  n a t u r e  
and complexi ty  of  t h e s e  equa t ions .  The s o l u t i o n  of 
t h e  q e n e r a l  p e r t u r b a t i o n  e q u a t i o n s  (1 5 )  developed 
i n  t h i s  work is based on a  p r e d i c t o r - c o r r e c t o r  
t echn ique .  The p r e d i c t o r  phase uses  the  s o l u t i o n  
p rocedure  f o r  t h e  f i r s t  o r d e r  equa t ion  to provide  a  
f i r s t  approximat ion to the  e l emen ta l  chanqes [Akl 
and [Am]. rJsinq t h e s e  approximate  e l e m e n t a l  
chanqes  , approximate  o b j e c t i v e  e iqenvectorc ;  a r e  
c a l c u l a t e d .  In  the  c o r r e c t o r  phase t h e s e  e iqen-  
v e c t o r s  a r e  used i n  t h e  q e n e r a l  p e r t u r b a t i o n  equa- 
t i o n s  (1 5 )  to c o r r e c t  t he  e l emen ta l  chanqes.  The 
s o l u t i o n  a lqo r i thm is  d iaq rammat i ca l ly  shown i n  
F iqure  1. I n  t h e  c a s e  of l a r q e  modal c h a r a c t e r -  
i s t i c  chanqes,  t he  a l q o r i t h m  is  a p p l i e d  i n  i n c r e -  
ments.  

P r e d i c t o r  P e  

In  t h e  p r e d i c t o r  phase of t h e  s o l u t i o n  a l -  
gor i thm a  f i r s t  o r d e r  s o l u t i o n  to e q u a t i o n s  ( 1  5 )  is  
r e q u i r e d .  m e  f i r s t  o r d e r  e q u a t i o n s  developed he re  
e r e  o r i q i n a l l y  proposed by S t e t s o n  and extended by 
Sandstr6m.13-l8 In  t h e  f i r s t  o r d e r  p e r t u r b a t i o n  
levelopment  of S t e t s o n ,  t h e  mode shape chanqes e r e  
r e p r e s e n t e d  a s  l i n e a r  comhinat ions  of  t he  mode 
shapes  ob ta ined  i n  t h e  a n a l y s i s  of t he  b a s e l i n e  
c;ystem 

where the  admixture  c o e f f i c i e n t s  c i j ,  i, j = 

1 ,2 ,  ..., n a r e  sma l l  and c i i  = 0. %is rep resen -  
t a t i o n  t r ans fo rms  the  space  spanned by the  e iqen-  
v e c t o r s  {$Ii, i = 1,2 ,  ..., n i n t o  one which is 
n u m e r i c a l l y  more conven ien t .  Any method which uses  



such a t r a n s f o r m a t i o n  is an i n d i r e c t  s e a r c h  method 
s i n c e  it s e a r c h e s  f o r  t he  admixture  c o e f f i c i e n t  
v a l u e s  i n s t e a d  of  t h e  e i q e n v e c t o r  chanqes.  

Applying t h i s  r e l a t i o n s h i p  f o r  t he  e i q e n v e c t o r  
chanqes  and n e q l e c t i n q  t e r m s  of  o r d e r  b2, h3 and A 4  
we g e t  t he  f i r s t  o r d e r  p e r t u r h a t i o n  e q u a t i o n s  i n  
terms of A 

( M i  A ( w i 2 )  f o r  i = j 
(21 

[M, c i j (wi2 - wj2) f o r  i i j 
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P E R T U P B E D  F I G E N V C C I O R S  

GENERAL P T R T U R R A F I O N  - 
A N A L Y S I S  
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F R E O U E N C I E S  FOR r th  S T E P  
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Figure  1 P r e d i c t o r - C o r r e c t o r  S o l u t i o n  'Ikchnique 

S o l u t i o n  of t h e  f i r s t  o r d e r  e q u a t i o n s  r e q u i r e  the  
s p e c i f i c a t i o n  of  the  f r equency  chanqes,  A ( wi2)  , and 
t h e  mode shape chanqes,  A J l c j  , i n  t e r m s  of  t h e  ad- 
mix tu re  c o e f f i c i e n t s ,  c i j ,  where AJlci i s  the  chanqe 
i n  the  kth deqree  of freedom of  the  ith mode. 

I n  o r d e r  to e l i m i n a t e  t h e  admixture  c o e f f i -  
c i e n t s ,  whose p h y s i c a l  i n t e r p r e t a t i o n  is d i f f i c u l t ,  
t h e  fo l lowing  a l q e b r a i c  man ipu la t ions  a r e  per-  
formed. Note t h a t  t h e  chanqe to the  kth deqree  of  
freedom of  t h e  ith mode i n  t e r m s  of  t he  admixture  
c o e f f i c i e n t s  is 

Also no te  t h a t  by r e a r r a n q i n q  equa t ion  (21 ) when 
i f j the  admixture  c o e f f i c i e n t  c i j  can be ex- 
p res sed  a s  

Applyinq equa t ion  ( 2 3 )  to (22)  ws deve lop  an ex- 
p r e s s i o n  which d i r e c t l y  r e l a t e s  the  p h y s i c a l  mode 
shape chanqes to the  s t r u c t u r a l  chanqes  

Usinq t h e  r e l a t i o n s h i p s  f o r  t h e  s t r u c t u r a l  chanqes 
d e f i n e d  by e q u a t i o n s  (18 )  and ( 1 9 ) ,  t h e  fir . ; t  o r d e r  
p e r t u r b a t i o n  e q u a t i o n s  f o r  a n a t u r a l  f requency 
chanqe to the  ith mode can be w r i t t e n  a s  

u 
A ( w i 2 )  = X ( {$ l iT[ke l  { $ I i  - wi2{$IiT[me1 { $ I i ) a e  

e = l  
(25 

and f o r  chanqes to the  kth deqree  of freedom on the  
ith mode a s  

Equat ions  (25 )  and (26 )  a r e  a set of l i n e a r  equa- 
t i o n s  wi th  r e s p e c t  to t he  %'s which, when s o l v e d ,  
w i l l  p rov ide  a f i r s t  o r d e r  approximat ion to the  
s t r u c t u r a l  chanqes.  Should n o n l i n e a r  e x p r e s s i o n s  
he  used i n s t e a d  of  e q u a t i o n s  ( 1 8 )  and (19 )  then  
e q u a t i o n s  (25 )  and ( 26 )  w u l d  he n o n l i n e a r .  

The p r e d i c t o r  phase problem can be of  PI,  P2 
o r  P3 type  dependinq on the  r e l a t i o n  between a and 
S .  In  any case  t h e  problem s o l u t i o n  w i l l  y i e l d  
f i r s t  o r d e r  approximate  va lues  to t he  o element  
chanqe p r o p e r t i e s  a,. 

C o r r e c t o r  Phase - -- 

I n  the  c o r r e c t o r  phase,  t he  f i r s t  o r d e r  ap- 
proximat ions  to t h e  s t r u c t u r a l  chanqes  a r e  used to 
c a l c u l a t e  a f i r s t  o r d e r  approximat ion to the  ob jec -  
t i v e  e i q e n v e c t o r s  . These approximate  e i q e n v e c t o r s  
a r e  used i n  the  q e n e r a l  p e r t u r h a t i o n  e q u a t i o n s  to 
c o r r e c t  t he  e l e m e n t a l  chancres. 

m e  approximate  e i q e n v e c t o r s  a r e  c a l c u l a t e d  
us inq  t h e  l i n e a r  mappinq provided by e q u a t i o n  ( 2 0 ) ,  
where t h e  admixture  c o e f f ~ c i e n t s ,  c i  j ' s, a r e  ca l cu -  
l a t e d  from equa t ion  (23  ) . With the  approximate  
e i q e n v e c t o r s  developed,  t he  q e n e r a l  p e r t u r h a t i o n  
e q u a t i o n s  ( 1 5 )  combined with the  d e f i n i t i o n s  f o r  
s t r u c t u r a l  chanqes ( 1 8 )  and (19)  a r e  used to 



develop equat ion (27)  In order  to demonstate the p t e n t i a l  of the 
method, both a mode shape ob jec t ive  and a frequency 
ob jec t ive  a r e  imposed on the s t r u c t u r e .  m e  objec- 
t i v e  s t r u c t u r e  is  a system where the n a t u r a l  f r e -  
quency of the f i r s t  mode is increased by 12.6% from 
3.551 rad/sec to 4.000 rad/sec.  Fur ther ,  l e t  the 
o b j e c t i v e  value f o r  the node 3 t r a n s l a t i o n  of the 
f i r s t  mode ({$5}1) be increased by 6.1% to 2.100 
from a base l ine  value of 1.979. 

which provides the cor rec ted  s t r u c t u r a l  chanqes . 
This equation is used for  a l l  modes where frequency 
c o n s t r a i n t  is  s p e c i f i e d .  The c o r r e c t o r  phase prob- 
lem can be of type PI ,  P2 or  P3 dependinq on the  
r e l a t i o n  between u and the number of s p e c i f i e d  nat- 
u r a l  f requencies .  A t  the end of the p red ic tor  
phase, however, a l l  the unconstrained modal degrees 
of freedom have been computed to f i r s t  order  and 
a r e  known i n  the  c o r r e c t o r  phase problem. Thus the 
on ly  unknowns a r e  the o s t r u c t u r a l  chanqes, a e l s ,  
and i n  p r a c t i c e  the c o r r e c t o r  phase problem is  
u s u a l l y  type P3. When i = j  equat ion (27)  enforces 
t h e  frequency c o n s t r a i n t  on the ith mode. When i f  j 
equat ion (27)  is  i n t e r p r e t e d  a s  enforcinq orthogon- 
a l i t y  between the ith and jth mode shapes. 

'Two s t r u c t u r a l  p roper t i es  a r e  allowed to  
change (a  = 21, t h a t  is the second a rea  moment of 
c ross  s e c t i o n  of elements 1 and 2 respec t ive ly .  

The procedure is appl ied to the s t r u c t u r e  with 
a s i n q l e  increment which r e s u l t s  i n  the p red ic t ion  
of the followinq base l ine  system modif icat ions,  

I1  - Increased by 40.8% to 1.408 i n 4  
I 2  - Decreased by 67.9% to 0.514 i n 4  

Analysis of the modified system usinq MSC/NASTRAN 
y i e l d s  a f i r s t  mode n a t u r a l  frequency of 4.001 rad/ 
sec  and the node 3 t r a n s l a t i o n  of the f i r s t  mode 
of 2.097. These values represen t  a 0.02% 
e r r o r  i n  the des i red  frequency value and a 0.14% 
e r r o r  i n  the des i red  mode shape value. It  should 
be noted t h a t  i n  t h i s  example the c o n s t r a i n t s  i m -  
posed on the ob jec t ive  system provide a unique sys- 
t e m  of equat ions i n  the p r e d i c t o r  phase (problem 
P2) and an overconstrained system i n  the c o r r e c t o r  
phase (problem P3) . 

V. C a n t i l e v e r  Beam Example 

Vibrat ion of the 2-element c a n t i l e v e r  beam 
shown i n  Figure 2 is  used to i l l u s t r a t e  the pro- 
cedure. Only planar  motion is considered where 
shear  deformation and a x i a l  displacement a r e  ex- 
cluded.  The s t r u c t u r a l  c h a r a c t e r i s t i c s  of the 
base l ine  system a r e  shown i n  Table 1. 

Comparison of the r e s u l t s  with the f i r s t  o rder  
method demonstrates the advantaqes of t h i s  proce- 
dure. m e  f i r s t  o rder  s o l u t i o n  p r e d i c t s  a 36.8% 
increase  of I1 and a 276.7% decrease of 12. A re-  
duct ion of I2 by more than 100.0% is  no t  phys ica l ly  
poss ib le .  Therefore the l i n e a r  method f a i l e d  i n  
t h i s  examole. Element 2 -- . ---+ x 

Node 2 Node 3 

V I .  Disk Drive Aluminum Castinq Redesiqn 

The plrpose of t h i s  example is to redesiqn the 
aluminum c a s t i n q  of the Irwin-Olivet t i  Winchester 
d i s k  d r i v e  to r a i s e  the f i r s t  n a t u r a l  frequency by 
30%. Solut ion of the problem is  considered using 
the  desiqn ob jec t ive  of a l e a s t  chanqe from the 
base l ine  s t r u c t u r e .  

Figure 2 Cant i l ever  Beam Model 

An e igenso lu t ion  of the base l ine  s t r u c t u r e  
using the inverse  power method opt ion i n  MSC/ 
NASTRAN provided the modal c h a r a c t e r i s t i c s  shown i n  
Table 2. The n a t u r a l  modes were normalized by s e t -  
t i n g  the general ized mass of each mode to uni ty.  

MODE I 

I - Second Area Moment 
of Cross Sect ion (1n4)  

A - Area ( i n 2 )  
L - Lenqth ( i n )  
E - Younq' s Modulus 

( l b s / i n 2 )  
v - Poisson 's  Ratio 
p - Density 

( lbs-sec2/ in4)  

Frequency, w i  ( rad / sec)  

Node 1 Translat ion 
Node 1 Rotation 

[$Ii= Node 2 Translat ion 
Node 2 Rotation 
Node 3 Translat ion 
Node 3 Rotation 

Table 1 Baseline Cant i l ever  Beam 

Element Proper t ies  
Table 2 Baseline Cant i l ever  Ream Modal C h a r a c t e r i s t i c s  



of s i m i l a r  qeomet r i c  and s t r u c t u r a l  p r o p e r t i e s .  
M a n u f a c t u r a b i l i t v  and p e r t u r b a t i o n  a n a l y s i s  c o s t  
c o n s i d e r a t i o n s  a r e  primary r easons  f o r  v a r i a b l e  
l i n k i n q .  

F igure  3  Disk Drive Aluminum Cas t inq  

F i n i t e  Element Model 

It  is  d e s i r e d  to c o n s i d e r  t h e  v i b r a t i o n  of  the  
s t r u c t u r e  a s  a  f r e e  body i n  space .  In  o r d e r  to re -  
move t h e  r i q i d  body motions t!e s t r u c t u r e  is sup- 
p o r t e d  by a  s o f t  founda t ion .  

A t o t a l  of  312 s t r u c t u r a l  e l emen t s  were used,  
i n v o l v i n g  209 nodes and 1254 deqrees  of  freedom 
( F i g u r e  3 ) .  There were 144 beam e lemen t s ,  8 s p r i n q  
e l emen t s ,  159 q u a d r i l a t e r a l  p l a t e  e lements  and 1 
t r i a n g u l a r  p l a t e  e lement .  The q u a d r i l a t e r a l  and 
t r i a n q u l a r  p l a t e  e l emen t s  were used to model t h e  
b a s i c  c a s t i n g  geometry whi le  t h e  beam e lemen t s  were 
used f o r  t h e  v a r i o u s  s t i f f e n e r s .  The s p r i n g  e l e -  
ments were used f o r  the  s o f t  foundat ion.  

The e i g e n v a l u e  a n a l y s i s  was performed us inq  
t h e  i n v e r s e  Wwer method o p t i o n  i n  MSC/NASTRAN. 
The n a t u r a l  modes were normal ized by s e t t i n q  the  
maximum va lue  of  each mode to u n i t y .  The f i r s t  
n a t u r a l  f r equency  of t h e  b a s e l i n e  s t r u c t u r e  oc- 
c u r r e d  a t  351 Hz. The motion of  t h e  s t r u c t u r e  co r -  
r e sponds  to a  t w i s t i n g  o f  t h e  main f l o o r  (F iqure  
4 ) .  

Desiqn Var i ab le s  

The d e s i q n  v a r i a b l e s  f o r  t h e  a n a l y s i s  a r e  t h e  
p l a t e  t h i c k n e s s e s  of t h e  s t r u c t u r a l  e l emen t s .  Ream 
and e l a s t i c  s p r i n g  e l emen t s  a r e  h e l d  a t  t h e i r  bse-  
l i n e  va lues .  V a r i a t i o n  of p l a t e  t h i c k n e s s  o n l y  is  
n o t  cons ide red  a  s i g n i f i c a n t  l i m i t a t i o n  on the  an- 
a l y s i s  s i n c e  t h e  p l a t e  e lements  c o n t a i n  ove r  75% of 
t h e  s t r a i n  ene rgy  i n  t h e  lSt mode. Design v a r i a b l e  
l i n k i n g  i s  employed to l i n k  t h e  t h i c k n e s s  of sev-  
e r a l  e l emen t s  to one d e s i g n  parameter .  A t o t a l  of  
16 des iqn  pa ramete r s  remain a f t e r  l i n k i n q  t h e  160 
p l a t e  e lements .  Linkinq is  performed on t h e  b a s i s  

To f u r t h e r  reduce the  number of  s i q n i f i c a n t  
v a r i a b l e s  t!!e s t r a i n  ene rqy  of each one of the  16 
pa ramete r  s e t  was c a l c u l a t e d .  Only s e t  numbers 1  
and 4  throuqh 8 have s i q n i f i c a n t  s t r a i n  ene rqy  va l -  
ues  f o r  t h e  lSt mode. 'Therefore on ly  t h e s e  s e t s  
a r e  inc luded  i n  the  a n a l y s i s .  Due to c o n s t r a i n t s  
d e s c r i b e d  below, however, s e t  numbers 2  and 3  a r e  
a l s o  inc luded  i n  the  a n a l y s i s  (F iqure  5 ) .  

C o n s t r a i n t s  on Cesiqn Var i ab le s  - - 
S e v e r a l  c o n s t r a i n t s  a r e  imposed on t h e  des iqn  

v a r i a b l e s  to ensure  a  p r a c t i c a l  Aesiqn. m e  t h i c k -  
n e s s  of any p l a t e  is  l i m i t e d  to a  minimum of  0.070 
i n c h e s  whi le  the  maximum t h i c k n e s s  is un l imi t ed .  
Fur thermore ,  the  t h i c k n e s s e s  of t h e  p l a t e s  compos- 
i n q  t h e  lower s u r f a c e  a r e  c o n s t r a i n e d  t o  he w i t h i n  
+25% of  o t h e r  p l a t e  t h i c k n e s s e s  on the  lower s u r -  
f a c e .  Th i s  p laced the  f o l l o w ~ n q  i n e q u a l i t y  con- 
s t r a i n t s  on sets 2, 3, 4  and 6, 

where ti and t j  a r e  the  t h i c k n e s s e s  co r re spond inq  
t o  the  ith and jth e l emen t  s e t s .  

R e s u l t s  -- 
The a n a l y s i s  was performed us inq 3  inc remen t s  

o f  t h e  p r e d i c t o r - c o r r e c t o r  technique.  In  the  f i r s t  
i nc remen t  the  o b j e c t i v e  f o r  t he  f i r s t  mode n a t u r a l  
f r equency  was 375.0 Hz., i r l  t he  second 410.0 Hz. 
and i n  the  t h i r d  the  o b j e c t i v e  was E?e f i n a l  va lue  
of  456.0 Yz. These r e p r e s e n t  6.8%, 16.8% and 30.0% 
i n c r e a s e s  over  the  b a s e l i n e  va lue  of  351 Hz. 

In  t h e  p r e d i c t o r  phase the  problem was formu- 
l a t e d  a s  a  type  PI problem with  

u  
(1  ) A minimum chanqe o b j e c t i v e :  min. Z + 2  . 

e= l  

( 2 )  8  o p t i m i z a t i o n  v a r i a b l e s  ( u  = 8 )  . 
( 3 )  1  e q u a l i t y  c o n s t r a i n t ,  t h a t  i s ,  equa t ion  

( 2 5 )  f o r  t he  f i r s t  n a t u r a l  f requency.  

( 4 )  8 i n e q u a l i t y  c o n s t r a i n t s  d e f i n i n q  t h e  
lower bounds f o r  p l a t e  t h i c k n e s s e s  and R 
more d e f i n i n q  t h e  r e l a t i v e  t h i c k n e s s  
bounds. 

This o p t i m i z a t i o n  problem was so lved  u s i n s  t h e  
Nelder and Mead s implex method.20 

In the  c o r r e c t o r  phase the  problem was f o r -  
mulated a s  a  type P2 problem wi th  

( 1 )  8  unknowns ( a  = 8 ) .  

( 2 )  8 e q u a t i o n s  of  type  (27 )  f o r  t h e  f i r s t  8  
modes. 

me s imul t aneous  s o l u t i o n  of the  8 e q u a t i o n s  
y i e l d e d  one s o l u t i o n  which f e l l  o u t s i d e  the  f ea -  
s i b i l i t y  domain. m e  problem was then r e fo rmula ted  
a s  a  type  P3 problem which produced a  s o l u t i o n  t h a t  
minimized t h e  e r r o r  i n  the  e q u a l i t y  and i n e q u a l i t y  
c o n s t r a i n t s .  

F iqu re  4  1 s t  Mode - Floor  Twis t  



Fiqure  5 Alrlminum Cas t inq  Desiqn ParamaLer S e t s  

R e s u l t s  f o r  t he  p r e d i c t o r  and c o r r e c t o r  phases  
o f  each increment ,  a s  w e 1 1  a s  the  t o t a l  chanqes ,  
co r re spond inq  to each  parameter  s e t  a r e  shown i n  
Table  3. In  each increment  the  d i f f e r e n c e  between 
t h e  p r e d i c t e d  chanqes and the  c o r r e c t e d  chanqes is 
s i g n i f i c a n t .  Th i s  is  i n t e r p r e t e d  a s  the  ad jus tmen t  
o f  t he  p r e d i c t o r  phase chanqes to accoun t  f o r  
h i g h e r  o r d e r  e f f e c t s  and enforcement  of  t he  o r tho -  
g o n a l i t y  c o n d i t i o n s  between modes. 

Ana lys i s  of t he  s t r u c t u r e  us inq  the  chanqes 
determined above r e s u l t e d  i n  a f i r s t  mode n a t u r a l  
f r equency  of  434.9 Hz.  This  r e p r e s e n t s  a 24% i n -  
c r e a s e  over  t h e  b a s e l i n e  s t r u c t ~ i r e  ve r sus  the  de- 
s i r e d  i n c r e a s e  of  30%. 'Chis d i f f e r e n c e  i n  t h e  re- 
s u l t s  is due to the  combined e f f e c t  of  t he  reduc- 
t i o n  of the  f e a s i b i l i t y  domain by the  c o n s t r a i n t s  
imposed on t h e  des ign  v a r i a b l e s  and e r r o r  accumu- 
l a t i o n  caused by t h e  l a r g e  number of o p e r a t i o n s  
which a r e  r e q u i r e d  f o r  sys tems of high number of  
d e g r e e s  of freedom. S i q n i f i c a n t l y  b e t t e r  r e s u l t s  
were ob ta ined  f o r  t he  co r re spond inq  uncons t r a ined  
problem. 

Summary 

A n o n l i n e a r  inc remen ta l  i n v e r s e  p e r t u r b a t i o n  
method f o r  s t r u c t u r a l  r edes iqn  has  been developed.  
The method uses  a s i n q l e  f i n i t e  e lement  a n a l y s i s  of 
an  undamped b a s e l i n e  s t r u c t u r a l  sys tem,  and can be 
a p p l i e d  to l a r q e  o r  sma l l  n a t u r a l  f requency and/or  
mode shape chanqes.  The r e d e s i q n  problem is  so lved  
u s i n q  an inc remen ta l  p r e d i c t o r - c o r r e c t o r  technique.  
A c a n t i l e v e r  beam has  been r edes iqned  to ach ieve  
f r equency  and mode shape o b j e c t i v e s  and a 1254 de- 
q rea  of freedom aluminum c a s t i n q  has  been rede-  
s iqned  f o r  a f requency o b j e c t i v e .  

Th i s  r e s e a r c h  has  been suppor t ed  hy the  
Na t iona l  Science  Foundation and the  Sh ip  S t r u c t u ~ - e  
Committee. The r edes iqn  of the  aluminum c a s t i n q  
has  been funded by the  Center  f o r  Research i n  
I n t e q r a t e d  Manufacturinq of  The [ h i v a r s i t y  of  
Michiqan. 'Chis s u p p o r t  is q r a t e f u l l y  acknowledqed. 

I Increment  Number 1 

Table  3 Element S e t  Percentaqe Thickness Chanqes 
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S e t  
Number 

1 
2 
3 
4 
5 
6 
7 
8 

1 

P r e d i c t o r  

9.7 
8.0 

11.7 
9.9 
7.4 
8.9 
9.6 
2.2 

C o r r e c t o r  

9.7 
13.4 
13.4 

6.7 
7.2 
9.4 

11.6 
5.3 

2 

P r e d i c t o r  

15.3 
12.0 
15.9 

9.4 
13.9 
13.3 

9.9 
15.7 

TOTAL 

25.2 
48.9 
57.1 
33.5 

9.8 
48.0 
56.3 
-5.3 

3 

C o r r e c t o r  

6.8 
20.2 
21.5 
14.4 

5.6 
20.3 
11.9 

-14.3 

P r e d i c t o r  

15.0 
13.2 
14.3 
13.8 

9.7 
15.8 
10.4 

7.9 

C o r r e c t o r  

6.8 
9.2 

14.0 
9.4 

-3.0 
12.4 
25.1 

4.9 
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