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Analytical target cascading is a hierarchical multilevel multidisciplinary design methodology. In analytical target
cascading, top-level design targets (i.e., specifications) are propagated to lower-level design problems in a consistent
and efficient manner. In this paper, a modified Lagrangian dual formulation and coordination for analytical target
cascading are developed to enhance a formulation and coordination proposed earlier in the literature. The proposed
approach guarantees all the properties established earlier and additionally offers new significant advantages. As
established previously for the convex case, the proposed analytical target cascading coordination converges to a
global optimal solution with corresponding optimal Lagrange multipliers in the dual space. The Lagrange
multipliers can be viewed as the weights for deviations in analytical target cascading formulations. Thus the
proposed coordination algorithm finds the optimal solution and the optimal weights for the deviation terms
simultaneously. The enhancement allows for target cascading between levels, for the use of augmented Lagrangian to
improve convergence of the coordination algorithm, and for prevention of unboundedness. A guideline to set the step
size for subgradient optimization when solving the Lagrangian dual problem is also proposed.

Nomenclature

Cys = children subproblem set with respect to a system
problem

c = penalty constants for the augmented terms

R = subsystem responses at the subsystem level

R, = subsystem responses at the system level

T, = system targets

yu> = subsystem linking variables at the subsystem level

Yos = sSystem linking variables

yzgg = subsystem linking variables at the system level

o = step size for subsystem k

AR = Lagrange multipliers associated with the deviations of
responses of subsystem k

A} = Lagrange multipliers associated with the deviations of
linking variables of subsystem k

3 = subgradient for subsystem k

1. Introduction

NALYTICAL target cascading (ATC) [1-5] is a hierarchical,
multilevel, multidisciplinary methodology for large-scale
system design. In ATC, a large-scale system is assumed to be
hierarchically decomposed by available decomposition methods:
physics-based, aspect-based, or model-based decomposition [6].
Hierarchical decision-making (i.e., cascading targets) is then
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modeled as individual design optimization problems at each level,
possibly in multiple subproblems. The focus of this paper is on
developing a Lagrangian duality-based coordination algorithm that
improves the convergence of ATC to enforce consistency between
subproblems at multiple levels.

Under the target cascading paradigm, the original large-scale
optimization problem is formulated as follows:

P

original *

min|[R (x) — T/} M

subject to

g(x) <0, h(x) =0

where the objective is to minimize the deviation between the targets
T and overall responses R with respect to design variables x, and the
deviation is measured with the squared L-2 norm denoted by || - ||3,

for example,
Ix3 = x?
i

The inequality and equality design constraints are g and h,
respectively.

With the ATC approach, the original problem is decomposed into
multiple levels (two or more levels),that is, the constraints g and h
and the design variables x are decomposed into multiple levels
(supersystem, system, subsystem, etc.). In the context of
multidisciplinary design optimization (MDO), ATC can be viewed
as a hierarchical multilevel formulation [1,5] as well as a
coordination methodology [7]. Details of the ATC formulations are
presented in Sec. II. Also, Allison et al. [8] compared ATC and
collaborative optimization [9], an MDO approach, to highlight the
similarities and differences in their use and applicability. In ATC,
starting from the top-level targets, an optimization problem at the top
level is solved to find an optimal design and subtargets for the
immediate lower-level subsystems. At the next lower level, the
objective is defined as the minimum deviation from the upper-level
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targets with respect to the current responses and linking variables.
Once the lower-level problem has been solved, the adjusted
responses and linking variables are returned to the upper level so that
the overall responses are adjusted based on the feasibility of lower-
level design. This top-down and bottom-up approach follows the
decision-making process in an organization.

Because the original design problem in Eq. (1) is assumed to be
feasible [i.e., there exists a design satisfying all the constraints of
Eq. (1)], from the computational aspect, one of the objectives of ATC
is to enforce consistency between subproblem designs, indicating
zero deviations in the subproblems. Thus an optimal ATC solution
should enforce all the deviations to be less than the acceptable
tolerance except for the overall response from the target in the top-
level objective. Mathematically, the coordination sequence can have
variations, for example, top-down and bottom-up [6], however, all of
them should converge to the same optimal solution. Michelena et al.
[10] analyzed ATC in the context of hierarchical overlapping
coordination, but the repetition of the inner-loop coordination in case
of multiple levels was a drawback in computational efficiency.
Tosserams et al. [11] proposed to adopt the alternating directions
method [12] to handle the inner loop, and the efficiency has been
improved in their augmented Lagrangian formulation for the ATC.

In general, the weights associated with the deviation terms can be
used to reflect the importance of minimizing the discrepancies
between decomposed design elements. The conventional idea has
been to set the weights for the ATC-introduced deviation terms as
large values so that the deviation terms become smaller within the
acceptable tolerance. However, large weights tend to cause
numerical instability around the optimal solution as the deviation
terms can be viewed as the external penalty terms [13]. Michalek and
Papalambros [14] introduced a scheme to update the weight for each
deviation term in the ATC as the solution process progresses by using
the Karush—Kuhn-Tucker condition with a prespecified tolerance (i.
e., allowable inconsistency). In their approach, as the prespecified
tolerance becomes smaller, the weights become larger.

In this paper, a Lagrangian duality coordination algorithm is
developed to improve the convergence of ATC and to enforce
consistency between subproblems at multiple levels. This work
follows upon the study by Lassiter et al. [15], who placed ATC in the
historical context of Lagrangian decomposition and coordination
methods for large-scale systems [16,17], proposed an ATC-based
decomposition and coordination approach based on Lagrangian
duality theory, and established its convergence. In the current paper,
arevised Lagrangian-based ATC formulation and a solution process
are proposed. Similar to the approach of Lassiter et al., the revised
formulation guarantees that under convexity assumptions for the
original design objective and constraints, the resulting Lagrangian
coordination algorithm finds a unique global optimum as well as
(optimal) weights for the ATC deviation terms. Additionally, the
current study enhances the results in Lassiter et al. in four aspects:

1) A new decomposition scheme is proposed for the Lagrangian
primal and dual problems, which results in the enhanced
coordination algorithm.

2) In the proposed coordination algorithm, the adjacent-level
problems are solved consecutively, which allows for passing targets
between these levels and therefore is faithful to the fundamental ATC
property of target cascading. On the contrary, in the approach of
Lassiter et al. [15], the adjacent-level problems are solved
simultaneously without target cascading.

3) The revised ATC formulation satisfies the Lagrangian
separability property and therefore allows for the use of augmented
Lagrangian, which was not possible before. Consequently,
convergence of the proposed coordination process can be improved.

4) The revised ATC formulation prevents the subproblems from
being unbounded, which, again, is not guaranteed in the approach of
Lassiter et al. [15].

Two demonstration cases show that in the proposed Lagrangian
coordination, the weights do not necessarily need to be large, and that
for a convex ATC-decomposed problem there exists a unique set of
weights to achieve the prespecified tolerance. Two aspects of the
original problem, feasibility and ATC separability, are important

assumptions for the proposed approach. The feasibility assumption is
concerned with the existence of a feasible solution that satisfies the
feasible design space, although the overall responses R may not
achieve the targets T perfectly. The separability assumption is
concerned with the ATC-decomposed problem structure. The design
constraints g and h are ATC-separable if subproblems do not share
the same constraint. Common variables assume the form of
responses and linking variables in ATC. In this paper, the goal is to
find an ATC feasible/optimal solution while identifying the weights
for the deviation terms introduced in the ATC formulation to match
the responses and linking variables, not the weights for meeting the
overall targets [i.e., the original objective in Eq. (1)].

The paper proceeds as follows. The traditional ATC formulation is
revisited in Sec. II, whereas the Lagrangian dual ATC formulation is
presented is Sec. III. In Sec. IV, the revised Lagrangian dual
coordination for ATC is proposed and it is shown that this dual-
solution process produces a solution that is also optimal for the
original problem. The proposed algorithm is implemented in
combination with the augmented Lagrangian and the weight issue is
addressed. In Sec. V, the Lagrangian ATC formulation and
coordination are demonstrated on two examples, convex and
nonconvex, for which a global optimal solution is obtained and the
corresponding weights for the deviation terms are found. The speed
of convergence is also investigated with different step size update
formulas. The paper is summarized in Sec. VI.

II. ATC Formulation

For simplicity, ATC coordination for the bilevel formulation is
considered, however, the proposed algorithm is not limited only to
the bilevel case. In the case where the problem hierarchy is composed
of more than two levels, the proposed algorithm can be repeatedly
applied to any combinations of the two different sublevels of the
overall hierarchy that constitute the entire coordination. Here it is
assumed that under the ATC paradigm the original problem is
decomposed into two levels: system and subsystem subproblems.
The top system-level problem with the deviation terms in the
objective is stated as follows:

PSyS:
min Ry, — Tyl3 + ) [wR o RY, — R I3
Xoys R o Yaun keCyyg
+ Y Iwio v~y )13 ©)
keCys
where
R sys = Rsys(xsys’ Rzisb)

subject to

g sys (Rsysv Xsys) = 0’ hsys (Rsyss Xsys) =0

where the objective is to minimize the deviation between the system
targets Ty, and the system responses Ry that are functions of the
system design variables X, and the subsystem responses R}, The
deviation is measured by the squared L-2 norm. The design
constraints are g, and h, and the deviation constraints are defined
with respect to the values of the subsystem responses R3% and the
subsystem linking variables y3y ., where k is an element of the
children subproblem set Cyy,. Note that R refer to the subsystem
response values at the system level and R refer to the subsystem
response values at the subsystem level, i.e., for the same physical
entity, variables are duplicated at different levels. The deviations are
multiplied by vectors of positive weights wR and w}. The symbol o is
used to define term-by-term multiplication of two vectors, for
example,

,a,)o (b, by,...,b,) = (a\b;,ayb,,...

(a;,as,... ,a,b,)
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(see [14]). In Eq. (2), the responses and linking variables from the
subsystem level are set as parameters with superscript sub. Also, the
subscript k appearing in the responses and linking variables
associates these vectors with subsystem k, with k € Cyy. The bottom
subsystem-level ATC subproblem for the kth element is formulated
as follows:

Psub,k:

min [We o (R3Lx — RS D5 + 1wy o (yon s — Yoo l3 (3)
Xsub.k-Ysub &

where
sub _ Rsub sub
R subk T Rsub,k (XSUb,k’ ysub.k)
subject to

8 sub.k (Rzﬁgkv Xsub, ks y;ﬂg,k) = 0’ hsub.k(Rzﬁg,k’ Xub.k» y;ﬁg,k) =0
where the response and linking variable targets from the system are
set constant with superscript sys.

The all-in-one (AIO) problem obtained by assembling together the
preceding system and subsystem subproblems is stated as follows:

Paro:

— 2
RYS Rsub sys >ubf - ”Rsy“ - TSyS”2
Xsys R Rub Xsub-YsubYsub

+ ) wRo RY, — R VI3

keC,

sys

+ Y Iwio v~y )13 )

keCyys
where

_ sys
R sys — Rsys(xsysv Rsub ’

b _ Rsub b
R« = R i Kok Yain) ¥ k€ Cyg
subject to

g sys(Rsysv Xsys) = 09 hsys(Rsysw Xsys) = 07
gsub,k(stg.Iw Xsub,k» Yiﬁgk) E 0 Vke Csysv

sub sub y
B 1 (R3S 15 Xsubes Yo ) =0V k € Cyy

Note that at optimality of P,jo, the deviation terms for the
subsystem responses and linking variables become zero if the
original problem is feasible, that is, there exists a feasible design for
which

* — RS _ Rsub
R subk T Rsub.k - Rsub.k Vike Csys

and

Sys sub

Yk = Yabk = Ysuok ¥ Kk € Cyys

Hence, solving the P 5o in Eq. (4) is equivalent to solving the original
problem. Because of their behavior at optimality of the P,jo, the
deviation terms can be moved from the objective function down to
the constraints as new (equality) deviation constraints in Eq. (5). At
optimality, the deviation constraints should be satisfied (the
deviations should become zero) regardless of the weights, thus the
weights in the deviation constraints can be eliminated. Note that the
norm for the deviation constraints has been dropped in the P,
which is a departure from the conventional ATC formulation, but it
will be adjusted by the augmented Lagrangian formulation (see

Sec. IV.B).
Pro:

L min =Ry = T3 5)
s RO R Ko 335 V28 o

where

R sys — Rsys (Xsys7 Rf{ﬂb) ’

RZEE,k = R:ﬁg,k(xsub,ks y:ﬂﬂk) V k € Cgy
subject to

g Sys(Rsys, Xsys) <0, hsys(Rsys, xsys) =0,
Zaub.k (RS 1 Xaub oo Vo) S0 ¥ k € Cyys,
hsub.k(R:EE.k’ Xsub, k» y:ﬁﬁ,k) =0 VikeCCy,
RZi;k - R:ﬁgk =0 Vke Csysv

sys

Yook — Yubi =0 V k€ Cy,

Under the feasibility assumption for the original problem, there
should exist a feasible solution of the P ;o With zero deviations and
an ATC solution process should produce that solution even without
assigning large weight values to each of the deviation terms. In this
work, based on Lagrangian duality theory, an ATC solution process
is proposed to find a P,;o optimal solution with zero deviations as
well as optimal weights for the deviation terms.

III. Dual ATC Formulation

The ATC coordination proposed in this paper is based on well-
established theorems on Lagrangian duality [18] that are briefly
reviewed in the Appendix. The local duality theorem presents the
equivalence between solving the primal problem and the Lagrangian
dual problem where local convexity is maintained. Partial duality
states that the dual problem can be defined with respect to any subset
of primal problem’s constraints in the same case. Thus, in the
proposed ATC solution process, a dual problem is formulated with
respect to only the set of deviation constraints. Then the augmented
Lagrangian is introduced by adding in the original objective function
an additional penalty term that tends to “convexity” the Lagrangian.
The penalty term can be viewed as the deviation term in the ATC
formulation. In the proposed ATC coordination based on Lagrangian
duality, the augmented Lagrangian approach is adopted to help
achieve convergence. In this paper, convexity/affinity is assumed for
the original design constraints g and h in the original problem.
According to the Lagrangian duality theory, and in particular, the
partial duality, the AIO problem in Eq. (5) is treated as the primal
problem for which the AIO Lagrangian problem can be formulated
by relaxing the deviation constraints, assigning Lagrangian
multipliers to them and bringing them up to the objective function.
The AIO Lagrangian problem (AIO-LP) is as follows:

AIO-LP:

— 2

sys fAlO - “Rsys - Tsys”Z
X RYS RSUWD x o S¥S ysub
sys 8% b sub Xsub Y b Ysub

+ Y ORI, — R )

keCyyg

+ YOOy, (6)

keCys
where

_ sys
R sys T Rsys (Xsys9 R

sub/?

b b b

R:ﬁb.k - Rzﬂb.k(xsubk’ y:ﬂb,k) Vke Csys
subject to
g sys (Rsysv Xsys) =< 07 hsys(Rsysv Xsys) = 07
sub b

gsub.k(R:‘db,b Xsub.ks yzzbk) = 0 Vke Csys7

b b ) —
hsub,k(Riﬁh,k* xsub,ks yngA) =0 Vke Csys

where AR and N} denote the vectors of Lagrange multipliers
associated with the deviations of responses and linking variables of
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subsystem k, respectively. The Lagrange multipliers are variables of
the Lagrangian dual problem (AIO-DP) of the form:
AIO-DP:

m{qubAIO()‘-) N
where
— — 2
¢AIO()") - &5 msub sy hfAIO - ”Rsys - Tsys”Z
Xsys R G R Xsub-Yeup - Youp
R\T sys sub T (¢SS sub
+ z ()“k ) (Rsub,k - Rsub,k) + 2 : ()"k) (ysub,k — Yaub.k
keCys keCyys
where
— sys
R sys — l{sys(xsys7 Rsub ’
sub _ Rsub sub
Rsub,k - Rsub.k(xsub,k’ ysub.k) Vke C5y5
subject to
g sys(Rsysv Xsys) =0, hsys(Rsysv Xsys) =0,
b b
gsub.k(Rzﬁb_k’ Xsub,k? ygﬁb]\) 5 0 v k € Csysv
sub sub —
Bk (R 45 Xauv Yan) =0V k€ Cy
where

AT =[O )7,
BT =[O" ¥ keCyl
' =[D" VY keCyl

The AIO-LP problem can be decomposed into the system and
subsystems in a different way than that given in Lassiter et al. [15],
who retained the system responses and linking variables as variables
at the system level and kept their copies as variables at the
susbsystem level. On the contrary, we retain the responses and
linking variables as well as their duplicates at each level. We treat one
of the two entities as variables and the other entity as targets of one
level and exchange the roles of the two entities at the other level. The
system and subsystem problems are as follows:
SYS-LP:

min _ fo, =
Xgo Ry

”Rsys - Tsys”% + Z ()"kR)T(R:ﬁ;k - R;EEk)

sub™Ysub keCyys
+ D OD - vy ®)
keCys
where
R sys — Rsys(xsys* R:il:
subject to

g sys(Rsys’ Xsys) = 0’ hsys(Rsys~ Xsys) =0

The kth subsystem problem is stated as follows:
SYS-LB:

b min ) fsub‘k = (ka)T(R:ﬁ;k - R;ﬂg,k)
R bk Xsub.k-Yub «
+ DOk — Yk ©)

where

sub  _ Rsub sub
R subk — Rsub.k (Xsub,lw YSub.k)

subject to
gsub,k(Rsub.kv Xsub, ks YSub.k) = 07
hsub,k (Rsub.k’ Xsub,kﬁ ysub,k) = 0

The corresponding Lagrangian dual problems for the system and
subsystem problems are stated as follows:

SYS-DP:
mflxd)sys (WRY) (10)
where
Psys(MRNY) = ml)n ways
Xys R Youb
= ”Rsys - Tsys”% + Z ()"}\{)T(R:zsbk - Rzﬁgk)
keCys
+ ) O O~ Yabs
keCyyg
where
R sys — Rsys (Xsys7 R:Zﬂ;
subject to

g SyS(RSyS’ XSyS) S 0’

SUB-DR;:

hsys(Rsyss Xsys) =0

HiaX(»bSUB,k ()"kR , k{) (11)
k

where

¢SUB.k()"kR»)"i) = min " Ssubk

5
R ok Xsub.k-Yub «

=(OTRE — RE D) + WD (Yomx — Youbs

where
R0 = RUD: Kav i Yoo
subject to
gsub.k(Rsub.kv Xsuh,k’ ysub,k) S 07
hsub.k (Rsub.kv Xsub,kv ysub,k) = 0
where

A" =[O DT Y ke Cy,

Note that the responses and linking variables with superscript sys
become variable when solving the SYS—LP, whereas those with sub
become constant. Similarly, when solving SUB-LP, those with
superscript sub become variable, whereas those with superscript sys
become constant. In other words, when solving SYS-LP, the values
from the subsystem problems become parameters, and when solving
SUB-LP, the values from the system problem become parameters.

IV. Lagrangian Dual Coordination Algorithm
for ATC

In this section it is first shown that the proposed ATC coordination
is equivalent to solving the AIO problem within a framework of
Lagrangian duality. In this framework, the all-in-one dual problem
(AIO-DP) is solved, which implicitly solves the AIO-LP and also
the AIO problem. In the proposed ATC dual coordination, SYS-DP
and SUB-DPs are solved, which implicitly solves SYS-LP and
SUB-LPs and also the AIO problem. The coordination is achieved as
aresult of an iterative process in which the Lagrange multipliers are
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updated in a systematic way [12,13,19]. As aresult, the coordination
algorithm also finds the optimal weights for the deviation terms.
Subgradient optimization [12] is used for solving SYS-DP and
SUB-DPs. The deviation terms resulted from the Lagrangian
relaxation are augmented to follow the original ATC formulation
while maintaining the convergence of the coordination.

A. Equivalence Between the ATC Dual Coordination and
the AIO Problem

The goal of this section is to show that the proposed ATC dual
coordination is equivalent to solving the ATC-decomposed AIO
problem, that is, the coordination leads to an optimal solution of the
AIO problem due to the partial duality. Following the theorem on
Lagrangian duality, if the AIO problem has a local optimal solution
with the optimal value f*, so does the AIO-DP, that is, there exists
N *, alocal optimal solution of the AIO-DP, whose value ¢ 510 (\*) is
equal to f*. In the case where the objective and constraint functions
are convex/affine, there exists a global optimal solution of the AIO
problem and a corresponding global optimal solution (i.e., optimal
Lagrange multipliers) of the AIO-DP with the same objective values.

A subgradient-based solution process for solving the AIO-DP
starts with choosing an initial Lagrange multiplier vector
A0 = (WRO, AY0), The AIO-LP is then solved with respect to the
design variables x ., R2p RSP x 0, o, and y3i for the fixed A R0
and AY°. To update the Lagrange multiplier, the subgradient of
da10(N) with respect to \ is calculated according to the following:

R.i a0 sys,i sub,i
(E f) =2 |= (Rsﬁs,- - R;Eb-') (12)
S SYs, sub,t
g 3x/\yl? Ysub — Ysub

where the index i denotes the ith iteration. Based on the subgradient
information, the Lagrange multiplier vector is updated as follows:

)“R‘Hl ')\R,i E R.i
=) e(t) @
where o, the step size, is a positive scalar. With a proper step size, the
AJO-DP should converge to an optimal solution A* whose value
daro(N*) is equal to f*, the optimal value of the AIO problem.
Setting a proper step size is investigated in Sec. V.

The proposed dual coordination for bilevel ATC is given by the
following algorithm.

1. Algorithm: Bilevel ATC Dual Coordination

1) Set i = 0. Choose initial Lagrange multipliers XkR'i and X{'i for
the deviation terms, initial subsystem responses, and linking
variables R} and ylipt V k € Cyy,.

2) Solve SYS-LP with respect to xy,, RS}, and 2y} ¥ k € C

3) Pass optimal R2)y}, and y2', to SUB-LP; V k € Cy,.

4) Solve SUB-LP, with respect to xI, ., Rivi and yipi
V k€ Cyy.

5) Calculate the deviations for the optimal responses and linking
variables

RV (R R e g
gy,i = sys.i sub,i Vike Csyslf ”(Ek P Ek )”
k

ysuhk - ysub.k

sys*

< (tolerance), stop

6) Pass optimal R and yluot ¥ k € C
7) Update the Lagrange multipliers

xR,i+1 'kR.i R.i
()»];{'Hl ) = (in'i + oy 2/;{, V k € Cy

where o, > 0 is a step size.

8) Seti =i+ 1 and go to step 2.

The proposed algorithm is different from algorithm 1 proposed by
Lassiter et al. [15]. In the latter, the system and subsystem problems

to SYS-LP.

sys

are solved independently (or in parallel) for the responses and linking
variables without copying their optimal values from one problem to
the other problem. This is equivalent to solving their overall
Lagrangian dual problem with the deviation constraints whose terms
are both of the optimization variables. These constraints cannot be
treated with the augmented Lagrangian approach because squaring
their difference makes the augmented Lagrangian nonseparable. The
newly proposed algorithm eliminates this major difficulty. Because
the system and subsystem problems are solved consecutively and the
optimal values of responses and linking variables are passed from
one system to the other, the deviation constraints in the associated
AIO-DP problem in Eq. (7) have only one term as the optimization
variable and the other term constant. These constraints therefore
produce a separable augmented Lagrangian (see Sec. IV.B).

The next result shows that solving the dual subproblems SYS-DP
and SUB-DP; V k € C, is equivalent to solving the AIO-DP.

2. Proposition: ATC Dual Coordination Solves the AIO Problem

Proof: We first show that solving the system-level Lagrangian
problem and the subsystem-level Lagrangian subproblems with
appropriately updated Lagrange multipliers is equivalent to solving
the AIO-DP problem. In the coordination algorithm, the Lagrange
multipliers for the deviation terms in Eq. (8) are first set as AR and
AY¥0. The system and subsystem Lagrangian subproblems are then
solved sequentially, that is, after solving the system-level problem
SYS-LP with respect to its primal variables, the process proceeds
with solving the subsystem-level subproblems with respect to their
primal variables. In case there exists more than one subproblem, they
can be solved simultaneously as the variables at the subsystem level
are separable. After solving SYS-LP and SUB-LPs for each
susbsystem problem, the subgradient of the associated dual problem
objective function is calculated with respect to the Lagrange
multipliers. In the ith iteration, this subgradient is

. 0Pgub.k . .
R,i L, Sys,i sub,i
k _ m‘kk' _ Rsub,k - Rsuhk (14)
yi [ sub T | O¢gni - Sys,i sub, i

3 e Ysubk — Ysubik
k

where the responses and linking variables from the system level
R>Y, and y2u' are fixed parameters found earlier in the same
iteration as optimal solutions for the SYS—LP. The right-hand side of
Eq. (14), calculated for all subsystems, is identical to the subgradient
of the AIO-DP in Eq. (12) and to the subgradient calculated in step 5
of the algorithm. By solving the system and subsystem problems
sequentially, the subgradient is partially updated for the current
design values at each level, and the calculation in step 5 yields the
subgradient of the AIO-DP problem. Based on the subgradient, the
Lagrange multipliers are updated in step 7 of the algorithm, which is
again equivalent to the update for the AIO-DP in Eq. (13). Thus the
sequence of solving the system-level problem and the subsystem-
level subproblems is equivalent to solving the AIO-DP. Finally, by
Lagrangian duality theory, solving the AIO-DP is equivalent to
solving the AIO-LP and also the AIO, QED

B. Implementation with the Augmented Lagrangian

The ATC-introduced deviation terms for responses and linking
variables in the objective of Eq. (6) are defined without a norm, which
is a departure from the traditional ATC formulation. The type of
norm for the deviation terms can significantly affect the convergence
of the ATC dual coordination algorithm. Conventionally for ATC,
the squared L-2 norm has been used. In this section, it is shown that
the squared L-2 norm may cause numerical instability and at the
same time it is demonstrated that augmented deviation terms
introduced in the proposed ATC dual formulation prevent this
instability.

Itis observed that the coordination algorithm for the AIO problem
avoids numerical instability around the optimal solution when the
norm has been dropped in the deviation terms. For example, the
squared L-2 norm makes the Lagrange multipliers associated with
the relaxed deviation constraints large. Consider a simple case of
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system-level problem with no feasibility constraint written as
follows:

IT}Cinfsys = (xl - T)z + )‘(xl - xlf)z

where x! is the lower system response. The stationarity condition
comes with

0f sys :i(xl —T)% +2A(x; — x) =0,
ox; dx,
1.9 2 Ly-1

)= _Z(a—x,(xl =T)*)(x; —xy

With the zero deviation for the lower-level response, that is, x; = le,
the Lagrange multiplier corresponding to the relaxed deviation
constraint becomes negative infinity assuming that the target 7 is not
attainable. On the other hand, by dropping the squared L-2 norm for
the deviation term, the system-level problem becomes

minfsys = (xl - T)2 + )‘(-xl - X%)
X

The corresponding stationary condition is

af sys
3x1

a

I SV}
ax, (x,=7)

=i(x1—T)2+A=O, A=—
0x,

which prevents the corresponding Lagrange multiplier from
becoming infinity. However, dropping the squared L-2 norm does
not follow the traditional ATC formulation exactly and makes
subsystem-level subproblem objectives in the ATC formulation
unbounded. This difficulty will be resolved with the augmented
Lagrangian.

For the proposed Lagrangian dual coordination, the augmented
Lagrangian formulation is adopted to further convexify the
Lagrangian. The penalty constants ¢ in the augmented terms in
Eq. (16) must be positive. One instance is to define them as

R =(Ri o) = IR AR D

el =(cl el ) = I 1A

where p(k) and r(k) are the numbers of responses and linking
variables for subsystem k, respectively.

and

AIO-LP:
min falo = ||R s — T ”%
Ko RI RS X 325 320 A
+ Y OBDTREG  —RE )+ > MO — Y,
keCyyg keCyy
+ ) R o R, — R )3
keClys
+ Y (@) o (2 — v ol (15)
keCyys
where

R = R (X, ROp),
RZEE.k = R:ﬁg.k(XSub,kaZﬁg,k) V k € Cgy
subject to
£ sys(Ryys Xgy) <0, hg (R, Xgy) = 0,
ook (RD 1> Xu o Youb ) <0V k€ Cyys,

b b\
B (RS 45 Xsuvks Yaunr) =0V k€ Cy

where the symbol || - ||3 indicates the squared L-2 norm.
The modified SYS-LP and SUB-LP are shown as follows:

SYS-LP:
: = ||R —-T 2 (‘xR T(RSYS _ Rsub )
m}yp Sysfsys - ” sys sys||2 + k ) sub,k sub,k
Xsys R Yaun keCyyq
+ > D (b — Vi
keCyys
+ Y le®) o (RE, — R I3
keCyyg
+ D (e o (i — yuRolB (16)
keCys
where
R Sys = RSyS(XSyS5 Rzﬁ;)
subject to

g sys(Rsysa Xsys) = 07
SUB-LP,:

min b fsub,k = ()"ll})T(R:z]S)k - Rgﬁgk)

sub
sub, kX sub.kYgup &

+ (DT 8he — Yaw) + (e} o (RT, — REZ D13
+11(eD) o (Yanx — Y112 a7

hsys(Rsyss Xsys) =0

R

where
sub  _ sub sub
R b x = Rt Xauv.ks Yaun 1)
subject to

€ subk (Rub k> Xsuv s Ysuv k) = 0, B« (Rigub > Xsup s Ysub k) = 0

These additional terms with the norm make the SYS-LP and
SUB-LPs follow the conventional ATC formulation by adding
squared L-2 norm terms and prevent the SUB-LPs from being
unbounded while at the same time they keep the augmented
Lagrangian of Eq. (15) separable. When updating the Lagrange
multipliers by the subgradient calculation in Eq. (14), the augmented
subgradient includes the squared term of the deviation due to the
penalty terms introduced in Egs. (16) and (17):

; 9pa10
kR" FI
vi |7\ a0
k ax{.i

RO, — Ruby Vars([l(€§) o (RE = RER D13)
= +
Vay (€ o (Yo — Yo 0 113)

Sys,i sub, i

Ysubk — Ysubk

~
~

sys,i sub,i

sys,i sub,i
(Rsub.k - Rsub,k
Ysubk — Ysubk

) V ke Cy, (18)

sys sys

Because the deviation terms (R , — RS ) and (yop  — Youb
tend to become very small (i.e., close to zero), the squared terms can
be dropped in Eq. (18) in numerical implementation so that step 5 of
the algorithm remains valid.

V. Demonstration Examples

In this section, two example problems are solved by the proposed
ATC Lagrangian dual coordination: a convex quadratic program-
ming problem and a nonconvex geometric programming problem. It
is demonstrated that for each problem, the solution process
converges to an optimal solution with the corresponding Lagrange
multipliers that are identical to those for the original problem.
Although the proposed method is based on the convexity
assumption, the geometric programming example demonstrates the
efficiency of the proposed method even in nonconvex cases.
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A. Convex Quadratic Programming Problem

The original convex minimization problem with a unique global
optimal solution is stated as follows:
P

original *

min  x7 + x3 (19)

XX
subject to
g1=—X3+x4—x5+2=0, 82 =x5s —Xe—x7+1=0,
g =x3+xo—x;+1=0, ga=—Xxg+x—x; +1=0,
8s=x —Xp—X;3+2=0,
hy=x34+x,+x5—x;,+1=0,

h2=X5+x6+X7_X2+1=0,

8 =X txXp,—x4+1=0,

hy =xg —x9—x;0+x;; —x3 + 1 =0,

hy = X1 + xp2 + X3 + x4 —x6 =0, 0 =< x3,x4,...,X18

For ATC demonstration, copies of variables x3, x4, and x;; are
introduced in the equality constraints ks, ..., hg. A global optimal
solution to the preceding problem is found at

x*=(5,10,4,0,0,9,0,1,0,0,2,0,4,3,.4,2,9,2)

and the corresponding Lagrange multipliers for the deviation
constraints hs, ..., hg are N* = (10,20, 60, 60). Following the

AIO-LP in Eq. (15), the deviation constraints hs, ..., hg can be
relaxed and moved to the objective function as follows:
Pro-rp:
min  x} + x5 + A s + Ayhg + Ashy + Aghg
X{ X2, X]8
+ [M11(hs)* + A2l (he)? + [A3](h7)* + |Aal (hg)? (20)

subject to
g1=—X3+x;,—x5+2=0, & =x5s—xs—x;+1=0,
g3=xXg+xg—x; +1=0, 8a=—Xg+x0—x; +1=0,
8s =Xy —Xp—x3+2=0,
hy=x34+x,4+x5—x;,+1=0,
hy=x5s+ x5 +x;,—x,+1=0,

8e=xn +xp—x3+1=0,

hy =xg —x9—x10+ % —x3 +1=0,

hy=x; + X+ X3 +x4—% =0, 0<2x3,%4,....%38
Following ATC formulations in Eqgs. (16) and (17), the original
problem is decomposed into one system-level subproblem and two
subsystem-level subproblems as shown in Fig. 1. Two subsystems
share a linking variable that is denoted as x4 in subsystem 1 and x
in subsystem 2, that is, x; = x,5. The linking variable is coordinated
at the system level and denoted as x;; at that level, that is, x;; =
X16 = X;g at optimality. The linking variable is duplicated in each of
the element design problems: the subsystem linking variable
coordinated at the system level takes yop = xj;, the subsystem

SYS-LP:Min x,%+ x5 + Ayhs + Aghg + Axhy + Aghs,
+Ml‘(h5)z + ‘42‘(}‘6)2 + ‘/13‘(”7)2 + ‘/14‘(]18)2
WL X3,..,X7,X))
subject to

210, 8,50, h=0, hy=0

A3 X1 15416 X6, X1 M718

SUB-LP;: Min Ayl +|24|(5)* + Ashs + || (7 )] SUB-LP, : Min Ayhg +|Ao)(It6)* + Aghs + |Ag|(hs)]
W.IL X, Xg,Xj0, X]5 X} 1= e WLl Xy, X3 X4 X1 7, X8
subject to «-————

2350, g4<0, hy=0

subject to
8550, g6<0, hy=0

Fig. 1 The ATC-decomposed problem of the original problem.

linking variable in subproblem 1 takes y$'8! = x|, and the subsystem
linking variable in subproblem 2 takes y$'t2 = x 4. Similarly, the
subsystem responses at the system level are denoted as x; and x¢ and
those at the subsystem level are denoted as x5 and x,;, respectively.
In other words, for the same subsystem response, a duplicate variable
is created at the system level: RYy, = x5, R = x5, ROy, = X6, and
R = xi7.

Following the dual ATC formulation, the equality constraints
hs, ..., hg are relaxed and moved to the objective function at the
system-level primal problem SYS-LP. The squared L-2 norm
deviation terms are also added in the objective function of each
subproblem according to formulations in Egs. (16) and (17).
According to the proposed coordination algorithm, the SYS-LP is
solved with the initial values of the Lagrange multipliers. After
solving SYS-LP in Eq. (16), the values for x3,xq, and x;; are
cascaded to SUB-LP, and SUB-LP, in Eq. (17). The two subsystem
problems are solved to achieve the minimum deviations from the
target values from the system-level problem and the values for
X15, X164, X17, and x5, as well as for the local variables, are obtained.
After solving the subproblems at the system and subsystem levels,
the Lagrange multipliers are updated based on the subgradient
obtained according to Eq. (18).

The optimal solution obtained by the ATC Lagrangian dual
coordination is shown in Tables 1-4. The coordination algorithm
converges to the global optimal solution with the corresponding
Lagrange multipliers that are assigned as weights to the deviation
terms in the objective functions. The algorithm starts with
Ao =[5, 15,50,50], x, =10,0,...,0], m =25 with the step size
update following Eq. (21).

The proposed coordination algorithm is tested for several cases
with different initial Lagrange multipliers and step sizes. Each of the
cases shows different convergence history, however, they all
converge to the same optimal solution. The step size for updating the
Lagrange multipliers in step 7 of the algorithm is updated as follows
[12]:

1+m 1
i+m [|E]

i —
o =

YkeC @1

sys

where i is the iteration number and m is a positive integer. In
implementing ||} ||, the L-2 norm was used. The preceding step size
update is simple and, in contrast to other update methods, does not
require prior knowledge of the final optimal objective value
daro(M*) of the dual problem. When the final optimal objective

Table 1 Summary of the ATC Lagrangian dual coordination for the system-level subproblem

ATC level ATC variable/parameter Type (variable: V; parameter: P) Variable/parameter ATC optimal solution Global optimal solution
System Ry, Response (V) X1, Xp (5.0,9.99) (5.0,10.0)
Xys Local variable (V) X4, X5, X7 (0,0,0) (0,0,0)
R3 = (Roni- R Subsystem responses (V) X3, Xg (4.0,8.99) (4.0,9.0)
o Subsystem linking variable (V) X1 2.0 2.0
R = (R, R, Subsystem response (P) Xis» X17 (4.0,8.99) (4.0,9.0)
yb = (ysb, ySe, Subsystem linking variable (P) Xi6 X18 (2.0,2.0) (2.0,2.0)
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Table 2 Summary of the ATC Lagrangian dual coordination for the subsystem-level subproblem 1
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ATC level ATC variable/parameter Type (variable: V; parameter: P) Variable/parameter ~ ATC optimal solution ~ Global optimal solution
Subsystem 1 R Subsystem response target (P) X3 4.0 4.0

R Subsystem 1 response (V) X5 4.0 4.0

Yoo Subsystem 1 linking variable target (P) X1 2.0 2.0

yuo, Subsystem 1 linking variable (V) X16 2.0 2.0

Xeubl Subsystem 1 local variable (V) Xg, X9, X0 (1.0,0,0) (1.0,0,0)

Table 3 Summary of the ATC Lagrangian dual coordination for the subsystem-level subproblem 2

ATC level ATC variable/parameter Type (variable: V; parameter: P) Variable/parameter ~ ATC optimal solution ~ Global optimal solution
Subsystem 2 R, Subsystem 2 response target (P) X6 8.99 9.0

RS, Subsystem 2 response (V) X17 8.99 9.0

Yora Subsystem 2 linking variable target (P) X 2.0 2.0

o, Subsystem 2 linking variable (V) X8 2.0 2.0

Xqub2 Subsystem 2 local variable (V) X125 X135 X14 (4,0,3.0) (0,4.0,3.0)

Table 4 Optimal Lagrange multipliers for the deviation terms

Lagrange multiplier

ATC optimal solution

Global optimal solution

n 9.98 10.0
A 20.0 20.0
A 60.0 60.0
A 60.0 60.0

value is known (or can be estimated), an alternative step size update
method in Eq. (22) can be used [12].

1

. 22
B 22)

o = [paro(M)) — daro(M)] - vV keC;

ys

Figure 2 plots the deviation vs primal objective function for the AIO—
LP problem in Eq. (15), that is, it plots the sum of all deviations in the
objective function of Eq. (15) against the objective value of the
primal problem given in Eq. (5). During the iteration process, the
deviation becomes smaller until it reaches the zero value, that is,
system and subsystem designs are consistent with zero deviation for
which the corresponding primal and dual objective value of 125 is
obtained.

Minimization of the primal objective value and the deviation can
be modeled as a biobjective minimization problem for which Eq. (15)
represents the related weighted-sum formulation in which the weight
of the first (primal) objective is always equal to one and the weight of
the other objective (the sum of all four deviation terms) is related to
the values of Lagrange multipliers A with k € Cyy and N} with
k € Cgy,. Because all the Lagrange multipliers are positive, so are the
weights used when solving the weighted-sum problem in every
iteration of the proposed algorithm. Hence, during the execution of
the algorithm, the Pareto curve of the biobjective problem is
generated (Fig. 2) and each iteration point corresponds to one of the
Pareto solutions related to the AIO-LP problem. Additionally, as the
iterations progress, the primal optimal solution with zero deviation is
obtained as a result of the proposed algorithm. The initial values are
A0 =[1,1,1,1], x° =[0,0,...,0], m = 100.

B. Nonconvex Geometric Programming Problem

In the second example, the proposed Lagrangian coordination
based on the convexity assumption of the objective function and
constraints is expanded to a nonconvex case. Although being
nonconvex, the example has a unique solution. The original
geometric programming problem is stated as follows:

P

original *

min x? + x? (23)

X1.X2 0 X18

Deviation vs Primal objective
140 T T T T

1201

100+

Primal objective
o [nn]
=0 =0
T T

.
o
T

[}
o
T

D 1 1 1 1
-5 0 5 10 15 20

Deviation
Fig. 2 Deviation vs primal objective Pareto curve for the AIO-LP in
Eq. (15) of the example problem.
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Table 5 Optimal design with the weight update scheme and with the dual coordination

Weight update scheme [14]

Lagrangian dual coordination

Design variables Optimal design Final design Error (%) Final design Error (%)
Xy 2.84 2.75 —2.93 2.84 0.12
X, 3.09 2.58 —16.66 3.07 —0.49
X3 2.36 2.25 —4.43 2.36 0.19
Xy 0.76 0.76 0.01 0.76 0.04
X5 0.87 0.88 1.11 0.87 —0.02
X¢ 2.81 2.21 —21.46 2.80 —0.60
X7 0.94 0.99 5.28 0.94 0.07
Xg 0.97 0.97 —0.55 0.97 0.05
Xg 0.87 0.90 4.02 0.86 —0.46
X10 0.80 0.82 3.05 0.79 —0.39
X1 1.30 1.14 —12.73 1.29 —0.68
Xio 0.84 0.84 —0.08 0.84 0.00
X3 1.76 1.52 —13.59 1.75 —0.52
X4 2.84 2.75 —2.93 2.84 0.12
subject to subject to
(32 +23) (2 + x2)
_ _ = < = <
:M<1 :M<1 ! x2 =1 2 x3 =1
1 xz — 5 82 xz — 5 5 7
5 7 2 2 -2 2
(g + x5 (52 + x1p)
2 2 —2 2 =28 9% < =28 707 <
Xg + X Xg“ +x 83 =1, 84 =1,
g3=(8xf9)§1, g4=(%fw)§1’ 2, 2,
11 11 2 -2 2 2
(1) +x13) (1) + 1))
5=()‘%1‘*')51_22)<1 =(x%1+x%2)<1 5= X2 =1, 86 = X, =1,
X1 - X1y - 2, 2 2 2 2 2
(x5 +x3° +x3) (x5 4+ xg + x3)
2 -2 2 2 2 2 h, =3 "4 57 hy=— "0 77—
x5 +x;”+x X+ x4+ x 1 ; 2 >
p= ST+ ) - D_q, p=mtNtY) £ Do, x X
1 2 o
2 2.2 2 B = (g + x5%x35 + x7) -1
(g + x97x35 + x7)) 3= 3 =1,
hy = 5 =1, X3
X3
2 2 2 2 h _x%l—{—x%z—kx%—l—xﬁ_l
h4=x“+x12+x,3+x14=l 4= Xe -

X6

Notice that polynomial functions in the objective and constraints
are represented in the posynomial form, which indicates that the
original problem has a unique global minimum [20]. A global
optimal solution is found at

x = (2.84,3.09,2.36,0.76,0.87,2.81,0.94,0.97,
0.87,0.80, 1.30,0.84, 1.76, 1.55)

Following the two-level decomposition [1], the same as the one
depicted in Fig. 1, the original problem is decomposed after
introducing the following additional equality constraints:

hs = x5 —x3 =0, he = x17 —x =0,

(24)

hy = —x1; + x16 =0, hy =x3—x;; =0

The optimal Lagrangian multipliers associated with these equality
constraints are 4.25, 5.53, 7.68, and 7.68.

According to the AIO-LP in Eq. (15), the deviation constraints
hs, ..., hg can be relaxed and moved to the objective function as
follows:

P p10-Lp:

min  x} + x3 + A hs + Ayhg + Ashy + Aghg

X[ X X8

+ (A1l (hs)* + (21 (he)* + |31 (h7)? + |Aal (hg)? (25)

The coordination process starts at the system level by solving the
Lagrangian primal problem, followed by solving two subsystem
Lagrangian primal problems. First, the SYS-LP is solved for the
initial values of the Lagrange multipliers. As shown in Fig. 1, after
solving SYS-LP in Eq. (23), the values for x3,xq, and x;; are
cascaded to SUB-LP; and SUB-LP,. The two subsystem problems
are solved to achieve the minimum deviations from the target values
from the system-level problem and the values for x5, x;¢, x;7, and
X3, as well as for the local variables, are obtained. After solving the
subproblems at the system and subsystem levels, the Lagrange
multipliers are updated based on the subgradient obtained following
Eq. (18).

Performance of the dual coordination was compared with two
other approaches in the literature to validate the proposed method
with respect to two criteria: accuracy of the solution and efficiency of

Function evaluations

10000

1000 -

100 —e— Current method

---0--- Augmented Lagrangian by Tosserams, et al. [11]

Function evaluations

0.1 005 0.04 003 002 001 0005 0.003 0.001
Solution errors
Fig. 3 Comparison of function evaluations.
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the coordination process. For the accuracy comparison, the method
was compared with the weight update scheme of Michalek and
Papalambros [14]. Table 5 reports the optimal solution of this
example obtained with the scheme of Michalek and Papalambros and
the dual coordination, for which the tolerance for termination of the
coordination process was set to 0.01. Notice that the proposed
coordination outperforms the weight update scheme and that the
higher errors from the scheme are due to the discrepancy between the
weights (27.72, 14.61, 16.64, and 16.64) and the Lagrangian
multipliers (4.25, 5.53, 7.68, and 7.68) for the deviation constraints
hs, ..., hg. These results confirm that the current coordination
algorithm finds the optimal solution as well as the optimal weights,
which correspond to the Lagrange multipliers, with a higher accuracy
than the weight update scheme of Michalek and Papalambros.

For the efficiency comparison, the current coordination process
was compared with that recently proposed by Tosserams et al. [11]
and based on the augmented Lagrangian relaxation. They showed
that their relaxation outperforms the weight update scheme [14] with
respect to the computational effort (i.e., number of function
evaluations) by order of 10 to 100. The current coordination
algorithm presented in this paper is compared with that in Tosserams
et al. to validate the efficiency. Figure 3 shows that the numbers of
function evaluations are similar in the order of magnitude, when
using the current method as well as the augmented Lagrangian
relaxation by Tosserams et al., However, more numerical studies are
needed to compare the two approaches in more detail. Furthermore,
for an extended hierarchy of more than two levels, Tosserams et al.
proposed adopting the alternating direction method [11] to reduce the
inner-loop computational effort. This alternating direction method
can also be incorporated with the current coordination to maintain
computational efficiency in multilevel cases.

VI. Conclusion

In this paper, an ATC formulation and coordination earlier
proposed in the literature are conceptually and computationally
enhanced. The enhanced ATC formulation also employs Lagrange
multipliers associated with the deviation constraints as the weights
for the deviation terms whereas the Lagrangian duality theory
guarantees that the proposed algorithm successfully converges to an
optimal solution of the original convex/affine design problem.
Similarly, the coordination algorithm finds the optimal weights for
the deviation terms, which, contrary to the conventionally large
weight values for the deviation terms, need not necessarily be large.
The algorithm uses subgradient optimization to solve the Lagrangian
dual problem and also the ATC-decomposed primal problem whose
solution is proven to be identical with the all-in-one solution. Thus
the proposed algorithm encompasses two desirable features: it is
specialized for ATC-decomposed problems and maintains the
convergence characteristics of the Lagrangian dual problem.

The conceptual enhancement involves a different decomposition
scheme of the primal and dual problems, which results in target
cascading between levels and, in turn, allows for the use of
augmented Lagrangian. The latter improves computational
efficiency of the coordination algorithm as well as makes the
method suitable for nonconvex problems. A guideline to impose a
norm for the ATC-introduced deviation terms is proposed, using the
augmented Lagrangian dual formulation. The use of norm prevents
the algorithm from numerical instability around the optimal solution
due to large weights for the deviation terms.

Subgradient optimization is used to update the Lagrange
multipliers (i.e, weights for the deviation terms) as the solution
process progresses. There can be variations in the convergence
behavior depending on the step size update formula, the initial
starting values for the design variables, and the Lagrange multipliers.
However, two demonstration cases show that the proposed algorithm
consistently converges to the optimal solution of the original
problem and either outperforms or performs at least as well as other
methods. Although the algorithm assumes convexity/affinity of the
responses and constraint functions, it can be extended to solving
realistic engineering problems in nonconvex feasible spaces as

shown in the geometric programming example problem.
Furthermore, in one of the demonstration examples, the analogy is
drawn between the coordination algorithm and generation of Pareto
optimal solutions of the biobjective problem implied by the ATC
formulation.

Future work may involve adopting different dual optimization
schemes such as cutting plane methods [12] for improving efficiency
and robustness of the algorithm.

Appendix: Local Duality and Augmented Lagrangian
I. Local Duality Theorem

Suppose that the problem
Minimize

f(x) (A1)
subject to
hxx)=0

has a local solution at x* with corresponding value r* and Lagrange
multiplier 'N*. Suppose also that x* is a regular point of the
constraints and that the corresponding Hessian of the Lagrangian
L* = L(x*) is positive definite and the dual function ¢ is defined by
the equation

$) = minl/(x) + MTh(x)] (A2)

Then the dual problem
Maximize

d(\) (A3)

has a local solution at N * with corresponding value r* and x* as the
point corresponding to \* in the definition of ¢.

II. Augmented Lagrangian Function

The augmented dual Lagrangian function for the equality
constrained problem given by Eq. (8) is defined as the function

(%, N) = f(x) + XTh(x) + Jc[h(x)]? (A4)

for some positive constant c. From the view of duality theory, the
augmented Lagrangian is simply the standard Lagrangian for the
problem

minimize

f(x) + 3e[h(x)? (A5)

subject to h(x) = 0.

This problem is equivalent to the original problem, because the
addition of the term %c|h(x)|2 to the objective does not change the
optimal solution point or the optimal Lagrange multiplier.
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