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ABSTRACT

The optimal placement of statistical control maneuvers
are analyzed for maintaining position near an unstable
equilibrium point. We develop thisideafor the libration
points in the Hill 3-body problem, but the analysis can
be generalized to other unstable systems, and is applied
to the restricted 3-body problem as well. This paper first
reviews the basics of statistical fuel usage in the context
of orbit determination errors and their mapping in time.
Using linear theory we derive several explicit targeting
formulae for driving a spacecraft back to a fixed point.
The mean and standard deviation of these schemes are
analyzed for our special case, and explicit solutions for
them are found. Using these results we can derive the
fuel-optimal spacing of the maneuversin timein order to
control a spacecraft to the vicinity of an unstable libra-
tion point.

Statistical maneuver design

To plan for the navigation of a spacecraft, it is nec-
essary to develop a statistical model for the amount of
fuel that will be needed to keep the spacecraft on course.
This problem has been considered in the standard 2-Body
Problem by Battin [3], and has been applied to analy-
sis of motion in unstable libration point orbits by Far-
guhar [4] and Gomez et.a [5]. In this paper we recon-
sider the question of optimal timing of control maneu-
vers given statistical errorsin orbit determination [1]. In
its most general form, the problem can be stated as fol-
lows. Given an error in position and velocity relative to
the nominal trgjectory at time ¢, of the form ér,, dv,,
what is the mean and variance in the cost of the maneu-
vers to reduce the system back to or = dv = 0 at some
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futuretime. Generally, the errorsin position and velocity
arise from the previous maneuver and can be thought of
aserrorsin knowledge of the spacecraft state. Practically,
maneuver execution errors must al so beincorporated, but
we ignore these in this paper.

For ageneral trgjectory, a minimum of two maneuvers
are required to get back on track. One maneuver to tar-
get back to the trajectory at some future time, and a sec-
ond maneuver to reduce the relative velocity to zero at
that crossing. Of course, at the time when the tragjectory
crossing occurs, errors from the epoch of the last ma-
neuver manifest themselves in a new set of dispersions,
which must themselves be corrected. By considering the
new dispersions to be uncorrelated with the initial dis-
persions (a conservative assumption in general), we can
isolate these effects from each other and perform an anal-
ysis on the two maneuvers alone. For the design of these
maneuvers, we have two free parameters, the time at
which we perform the first correction maneuver, ¢, and
the time at which the trgjectory crossing (and the second
maneuver) will occur, to. For a more general approach,
we also derive a discrete linear quadratic controller and
apply it to our problem, where now the control sequence
consists of a maneuver of the same form after a charac-
teristic timeinterval.

The cost of a general correction maneuver can always
be expressed as a formula of the form:

AV; = [U;x,| D

where ¥; isatime varying matrix in general and x,, rep-
resents the state deviation measured at someinitial epoch
t,. To compute the statistical cost of these maneuversre-
quires us to compute the mean and variance:

AV = /AVf(xo)dxo 2
Av = [ (AV-BV) fexx, @3
_ AvE A @

Assuming that the measurement noise has zero mean
and a gaussian distribution, the probability density func-
tion of theinitia conditions can be written as:

1
T@0) = v T

1,7
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where N is the total dimension of the system phase
space and A istheinitial information matrix.

If we implement a series of M such maneuvers, each
with the same assumed statistical and dynamical repre-
sentation, the total mean maneuver costis M AV and the
total varianceis M o3 ,. Thus, if wewish to estimate the
statistical cost of performing this sequence of maneuvers
to within an n-sigma probability value (1-D Gaussian),
we find:

- n

AV = M|AV + — 6
tat { \/MUAV} (6)
Thus, as the number of maneuvers becomes large we see
that the total (predicted) statistical cost can be approxi-

mated as;

AViyar ~ MAV (7)

Assume we wish to control a trajectory over an ex-
tended period of time T, and that we perform a ma-
neuver (or repeat a maneuver sequence) after every time
T, resulting in atotal of M = T, /T maneuvers. Then
the total statistical cost of this sequence of maneuversis:

AV

Too )
and for an arbitrary length of time 7., we see that to
optimize fuel usage we need to choose the time interval
between maneuvers 7' to minimize AV /T. In the fol-
lowing discussion we will use aset definition for 7" equal
to the time between the determination of the state error
X,, to, @nd the first maneuver of our sequence, ¢, .

A‘/stat ~

Hill Model and M otion
about the Libration Points

Scaling of the equations

Let us introduce the 3-dimensional equations for the
Hill 3-Body problem [6]:

i — 2wy = ——/;:U—&—Bwa 9
r
r

Z = ——/éz 1y
r

where w is the rotation rate of the secondary around the
primary, u = GM, M isthe mass of the secondary and
x,1,2z denote the position of the spacecraft in the vicinity
of the secondary.

Transforming these equations into nondimensional form

gives usthelength scale: | = (ﬁ)l/3 and thetime scale
% (for the Restricted 3-Body Problem, the length scaleis
instead the distance between the two primaries). Let Ag
be the information matrix corresponding to these nondi-
mensional equations, then:

2
Ay { 1/gr 1/2)2 } (12)

with 0, = %4 and o, = 34, 0,4 and 0,4 correspond
to the variance of the error in position and velocity, re-
spectively, due to orbit determination errors. In the fol-
lowing, we will take o,.4/0,q = 10°. All the following
computations have been made using a nondimensional

information matrix A = o2 A:

1 0

Bo =10 w2(0,0/000)?

(13
Theresults of the nondimensional sttistical analysiswill
be the mean maneuver cost rate with units of length over
time sguared, represented as %, where Av isthe mean
maneuver cost and A7 isthe time interval between ma-
neuvers. Even though the normalized Hill problem has
no parameter, thereis a parameter in theinformation ma-
trix, w? (Z—j) , Which varies according to the ratio of
position to velocity accuracy and with the rotation rate of
the secondary about the primary. An additional parame-

ter is o, = o,q/1. Unless otherwise specified, the plots
show the value %. To transform these to dimensional

costsin km/s”, we use:

Avd 2 Av

AT A, s
To get the maneuver rate in (km/s)/secondary period:

Avg Av

Tt = 27T0'waA—T (15)

Libration Paoints of the Hill Problem

The general nondimensional equations of motion for
the Hill 3-Body Problem are:

-2 = —— 43 (16)
T

j+2i = -2 17)
T
.. z

This system has two equilibrium points: z = +371/3,
y = z = 0. As the linear motion along the z
axis is decoupled from linearized motion in the x-y



plane, the following analysis will only consider mo-
tion in the x-y plane. Let us linearize the system

around the equilibrium points z = +3~1/3, using
sz=1[0ox oy 6 oy
0 O 1 0
. lo 0o o0 1

oxr = 9 0 0 2 ox (19
0 -3 -2 0

Let us cal the above matrix U. Integrating this equation
giVGS ox = (I)(t, to, iL'o)(SiL‘o with:

(I)(tvt()?m()) = eU(titO) (20)

The eigenvalues of U are £\, = +v/1+ 27 and

+jXo = +jv/2V7 — 1. The eigenvectors correspond-
ing to these eigenval ues define the direction of the stable
and unstable manifolds in phase space.

Writing eVt = a1U3 4+ aeU? + a3U + a4l, for each
eigenvalue A we find:

M = ag A3 4+ ao\? + as\ + ay (21

Solving this system leads to:
sinh (Alt)/)\l — sinh ()\215)/)\2

22
“ N2 2
h (A1t) — cosh (Aot
S cosh (A\q 3 C(;S (Aat) (23)
AT+ A5
2 2
0y — A5 sinh (Alt)/)\é + /\; sinh (Aat) /A2 (24)
AT+ A5
A2 cosh (A1) + A2 cosh (Aat
o = 5 COS (13 ;cos (Aat) (25
AL+ A3

Computing U2 and U? and replacing the a; by their val-
ues glveS (I)(t, to, .’130) = [‘131 @2]:

V7a + 4b —3c
o — RN —9¢ VTa — 2b
Yo7 | 92+ VTd) —3b
—9b 3(4c —\/7d)
(26)
2¢ +/7d b
oo — L —b —(4c — V/7d)
*T o/t VTa+2b c+2V7d
—(c+2V7d)  /Ta—4b
(27)
where:

a = cosh(A1t) + cos(Aat)

b = cosh(\t) — cos(Aat)
_ sinh(A\if)  sin(Aot)

T TN X2
_sinh(A\t) | sin(Aqt)
L VIR v

As this gives us the genera expression of ®(t,tg, xo),
the computation of the matrix exponential is not needed.

Control Strategies

2-maneuver control sequence

In this section, the statistical cost of two maneuvers per-
formed at different times is computed. A maneuver is
made at ¢; = nAr based on asolution at time ¢, to null
the error in position at time ¢, and a maneuver is made
at to = nAT + (t2 — t1) to null the error in velocity.

Let us give the general formulato compute the first cor-
rection maneuver AV; to null the spacecraft position er-
ror at ¢», and the second correction maneuver AV to null
the relative speed of the spacecraft at ¢o. Let:

_ ¢rr ¢rv
(I) B [ ¢'U7’ ¢7J'U } (28)
O1(t2,t1) = @y (b2, 1) Prr(t2, t1) (29)
Po(ta,t1) = buu(tastr)dy, (ta,t1) e (t2, t1)
_¢UT'(t27 tl) (30)
Then
AV = —[p1(ta, t1)Prr(t1,t0) + Pur(t1,t0)]0T0

7[(7751 (t27 t1)¢rv (tla tO) + (ybvv (tla tO)](SUO
(D)

AVy = ¢a(ta, t1)[drr(t1,t0)0T0 + dro(t1, to)dv0)
(32)

Using the notation of the Appendix, the computation of
|AV| is made using:

K=A

For |A‘/1| U=, (A‘/l = \1’1(5.’1,‘0).

For |A‘/2| U ="V, (A‘/g = \112(5.130).

The general formulaused is:

3 )
AV =/ 2\ p EllipticE( A—“)
T

+p

(33



with:

A= (@K lay + @57 K a3)/2 (34)

= \/ (af K~'ay — @ K~'a3)? /4 + (af K~'a3)?

(35)

a
- { il } (36)
where EllipticE is the complete élliptic integral of the
second kind.

Figure [1] shows the variation of the minimum of the
costs when theinterval ¢, — ¢, isvarying. For each value
of to—t1, thetotal cost (JAV;|+|AVa])/(t1—to) iscom-
puted for arange of values of ¢; — ¢ to find the minimum
cost. This plot shows that the influence of this period is
only important when ¢ — ¢ is such that the matrix ¢,.,,
issingular. At t, — ¢, constant, the minimum occurs for
AT = 0.4, quite closeto the characteristic time of the un-
stable mode, 1/\;. Then, the minimum of the cost vary-
ing to — t1 isthe samein each interval, about 46.2. The
cost has been computed taking the nondimensional norm
of the velocity needed to correct the position divided by
the nondimensional period between the mancauvers Ar.

Optimal cost varying t,-t,

JUU

Figure 1: Separated maneuvers: optimal cost

Overlaid 2-maneuver control sequences

The maneuvers to null the position at t2 + A7 and to
null the velocity at ¢, can be performed simultaneously.
As only the magnitude of the velocity is important for
computing the optimal cost, we hopeto find a better min-
imum for |AV; + AVs| than for |[AV4| + |AVs|. More
generadly, the case to — t1 = k(t1 — to) where k is an
integer will also be investigated.

Correction in the computation of the mean
and the variance

At time to = n7 two maneuvers are performed simul-
taneously: one maneuver to null the position at atime 7
later and one to null the velocity due to the previous cor-
rection. The new correctionis AV = AV; + AV, where
AV; = U0z isthecorrection to null the state error 6
determined 7 before and AV, = Uydxq isthe correction
to null the velocity due to the error 5z determined 27
before. Therefore, the new correction AV depends on
two independant gaussian variables 1 and .

Using the notation of the appendix, the computation is

made using (33):

U = [\1/1\1/2] 8 X 2 matrix
A O

E=10 a

Note that we have the freedom to introduce different er-
ror statistics for dx¢ and §z; but we keep them equal for
simplicity.

Optimization of |[AV| = |AV; + AV,| when
ta —t1 = k(t1 — to)

Let us now plot the cost of the maneuvers when the

maneuver to null the position and the maneuver to null
the velocity are made at the same time. Figure [2] shows
the curves corresponding to the cost of the simultane-
ous maneuvers, the cost of the maneuver to null the posi-
tion alone, AV, the cost to null the velocity aone, AV,
and the sum of these two maneuvers if they were done
separately. As expected, the cost of the maneuvers done
separately is higher than the cost of the maneuvers done
simultaneously.
A minimum of 53.3 is achieved when the maneuvers are
made separately and t, — t; = t; — to = 0.54 (thisis
worse than the minimum obtained by varying to — 7).
When the maneuvers are made simultaneously, the new
optimal timeinterval isT = 0.54 and the new minimum
is45.1, reducing the cost of the maneuvers by 2.4%.

Let us now compare the values of the period and of

the minimum when ¢ — t; = k(t; — tp). In this case,
maneuvers are made every time interval 7 targeting the
equilibrium point atime k later. Figure [3] shows that
a new problem arises when k varies. When ¢, — ¢y is
such that ¢,., is singular, the linear corrections become
infinite.
For £ = 3, the new optimal cost is 37.5 for a period
T = 0.4. Evaluating higher values of k give other min-
ima around 38, not better than the previous one. As a
consequence, a new optimal cost is found for simulta-
neous maneuvers and £ = 3. In comparison with the
separated maneuvers, it improves the cost by 18.8%.



Simultaneous manoeuvers: t,-t, =t,~t;
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Figure 2: Comparison of simultaneous and separated ma-
neuvers; k=1

Simultaneous manoeuvers: t,t,=k(t, -t;)
T T

.
P
TIrLT
LEpL

T

651

601 ! \
N
551\
50
N N [
45 N N /
40t S ~.l , -

351

Figure 3: Simultaneous Maneuvers. Optimal Cost

Stable Manifold Targeting

Another approach to control is to make corrections
to target the spacecraft to a state vector corresponding
to the stable manifold of the equilibrium point. We
hope to decrease the cost of the manoeuvers by target-
ing a point in state space closer than the origin. Let
us write the new AV, and AV, using u, as the stan-
dard direction on which we want to target the spacecraft,
where [us  — A\us] is the eigenvector corresponding
to the stable manifold. As aresult, the final position of
the spacecraft at to, after the second maneuver, will be
nlus  — Aus] and the spacecraft should approach the
equilibrium point along the stable manifold. Then with
t =ty — tq, if 0x1 and dv; specify the position and ve-
locity at thetime¢; of the first maneuver:

AVvl = ¢T’U (t)_l(nlus - (brr (t)(sxl) - 501 (37)

AV = (_>\1[ - ¢vv¢;u1)772us + ((bv’uﬁb;ulérr - ¢’U7‘)6x1

(38)

Using the stable manifold targeting method, wetried sev-
eral strategies to minimize the cost. The minimization of
|AV1| + |AV;| gives similar results to the minimization
of |[AV4]2 + |AVz |2, which has the advantage of having
an analytical solution for n. This approach removes the
singularities found above, but does not reduce the mini-
mal cost.

L QR Control Algorithm
L QR method

Now let us formulate the problem in terms of digital

control:
x(k+1) = Gz(k) + Hu(k) + w(k)

yu(k) = AV (k), and w

0 0
0 0
whereG = ®, H = 1 0
0 1

is a gaussian noise representing the orbit determination
error such that:
Elw(k)] = 0, Blw(j)w” (k)] = A~ 65 = Qudj

Using this equation, let us find the optima control
law u (k) that will minimize:

N-1

J=E|Sxy+ Y «"(k)Qu(k) + u” (k) Ru(k)
o (39)
with: Sy = 2T (N)P(N)z(N)
Let:
P(k) = Q+G"P(k+1)G-G'P(k+1)H

[R+H"P(k+1)H|'"H"P(k+1)G
(40)

K(k)=[R+H"P(k+1)H|""H"P(k+ 1)G
(41)

Using these parameters, it can be shown [2] that the con-
trol vector that minimizes J is given by the equation:
u(k) = —K(k)x(k).

Finally:
Jmin = " (0)P(0)z(0)
N—-1
+E | ) trace[P(k + 1)Qu)] (42)
k=0

Let us now consider the steady-state quadratic optimal



control. Taking the limit N — oo, the optimal con-
trol solution becomes a steady state solution and thetime
varying gain matrix K (k) becomes a constant gain ma-
trix K.

For N = oo, the performance index may be modified to:

J=E i 2T (B)Qx(k) + uT (k)Ru(k)|  (43)
k=0

Where the steady state matrix, P is solution of the Alge-
braic Riccati Equation:
P=Q+GT'PG—-GT'PHIR+ HTPH| 'HTPG

K =[R+HTPH|'HTPG

A problem arises with the cost function J because as
trace[PQ,,] is finite and not necessarily equa to zero,
J isinfinite. However, asit is shown in the following, if:

J = lim B (2" (k)Qz(k) + u” (k)Ru(k)]  (44)

Then: J = trace[PQ.]
Taking R = I, we have:

AV = lim u” (k) Ru(k) (45)
And:
J=]AV|2 + klim =T (k)Qx(k) (46)

Let usnow find |AV|2:

Let Px(k+1) = E[z(k + 1)2T (k + 1)], then:
Px(k+1)= (G- HK)Px(k)(G— HK)T + Q.
Asthe characteristic roots of G — H K areinside the unit
circle, the effects of the initial condition Px (0) gradu-
ally diminish and Px approachesastationary value. This
value is given by the solution of the Lyapunov equation:

Px = (G- HK)Px(G-HEK)T +Q,  (47)
Finally:

klim E[zT (k)Qx(k)] = trace[ Px Q] (48)

Jim E[u” (k)Ru(k)] = trace[K Px K] (49)

Asaresult:

|AV |2 = trace[PQ,] — trace[Px Q)]
= trace[K Px KT (50)

The parameter studied in the previous sectionsis |AV/].
As a conseguence, we need to estimate this parameter
with the LQR method in order to have a comparison
between the two controls. First of all:

[AV]2 — |AV] >

oAy = 0 implies that

|AV| < /trace[K Px KT].

Then, using:
z(k+1)= Zk:(G — HK) w(k — j) (51)
=0
we find:
AV(k+1) = ioqﬁ(j)w(k - J) (52)

with: ¢(j) = —K(G — HK)?
Still using the method of computation of | AV| described
in the appendix, this gives:

—— 2 .. 2u
AV (k)| =1/ = EllipticE —
AV = 2vaia mpies (/)

(53)

where \ and . arefinite series which converge rapidly to
asolution that does not depend on k, which is consistent
with the existence of alimit for Px (k).

Using this method, it becomes necessary to check
the average spacecraft distance from the origin. Indeed
if the spacecraft driftstoo far from the equilibrium point,
the linearization approximation cannot be kept. The
average distance from the origin can aso be studied
using the same method as above with a series for A and

L

With S — diag(1,1,0,0), T — { (1) (1) 8 8 } and
¢a(j) =T(G — HK)”:
k
Ak +1) = > ¢a(i)w(k — 5) (54)
§=0
lem d(k)? = trace[Px S| (55)

Implementation of LQR Method

In this part, the performance of the methods are com-
pared (Figure[4]). For the average distance from the ori-
gin using the first method (labeled d,, in Figure [4]), we
compute the average distance in the case wheret; —ty =
to —t1. Threedifferent matrices Q have been considered.
Q@ = 0.05S impliesthat thereisnearly no requirement on
the position of the spacecraft. As can be seen in the next
graph, the achievement in the cost is good, 30.6 instead
of the previous 37.5, but the tradeoff is that the position
is more than twice as far from the origin. @ = 500 im-
plies that the requirement on the position is strong and
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Figure 4: LQR Method: Optimal Cost

therefore the spacecraft will stay close to the origin. As
expected, the best cost is now worse than 37.5: 44.5.
Considering the case Q = 55, we find that the average
distances from the origin are nearly the same for the two
control methods. However, a new optimal cost is ob-
tained of about 35.3. It seems that the LQR method im-
proves the optimal cost without deterioring the average
distance from the equilibrium point of the spacecraft.

Note that if we take the ratio 0./, = w/0ouq With w

equal to the rotation rate of the Moon around the Earth,
we find that targeting the origin gives the optimal cost of
19.9 for k = 3 whereas the optimal costs for the LOR
method are 16.5, 18 and 22.4 for Q = 0.05S, Q = 58
and @Q = 5005 respectively. Therefore, we can conclude
that the LQR method gives better results than the method
of targeting the equilibrium point in this case as well.



Comparison and Discussion of
Optimal Approach

Testing the validity of the model

Our linear control has also been implemented using
the non-linear model. One must be careful in the
implementation of the controller to take into account the
fact that the LQR method uses the previous state error to
correct the trgjectory whereas the method targeting the
origin uses the previous state error minus what the state
would be if the model was behaving linearly.

Procedure of computation: LQR method

- from z(k), the non-linear equations are integrated
over the period T to obtain z(k + 1)'.

-zxk+1)=a(k+1) — HK(x(k) — zeq) + w(k)

Procedure of computation: Targeting the Equilibrium
Point to — t; = k(tl — to)

- from z(k), the non-linear equations are integrated
over the period 7" to obtain z(k + 1)’.

- The case of the k first maneuvers, where only the
correction AV; is performed, has to be considered
separately. As aresult, in thiscase: z(n + 1) =
z(n+ 1) + ¢12corr(n) + w(n) whereas after kT,
r(n+1) =z(n+1) + ¢17corr (1) + P2Tcor (n —
k) +w(n)

- the computation of z..,.(n) requires us to compute
what the state would be if the model were behaving
linearly, using K7 = —¢1: Teorr(n) = x(k) —Zeq—
> i1 GG — HEK))zeon(j — 1) for the & first
stepsand weor (n) = o (k) —aeg— Y1 G¥ (G-
HEK1)Zcore(n+j — k — 1) for the following steps.

Once these models were implemented, we tested them
to find what the maximum allowable varianceis. For the
LQR method, taking the values of variance computed
before, we find that these values can be multiplied by
40000. This means that the model can correct position
errors of 40000 km and velocity errors of 40ms~—! in
velocity! For the method of targeting the equilibrium,
the values can be respectively multiplied by 32000,
32000, 24000 and 900 for k equal to 1, 2, 3and 4. The
lower value of 900 corresponds to the period 7' = 0.4
for k = 4. Indeed for this particular value, we have seen
that the cost increases very rapidly due to the fact that
the matrix ¢,., isbecoming singular.

Comparison between the results of the
simulations and the analytical conclusions

To compare the results of the simulations and the re-
sults of the analytical conclusions, we took the scaling
values of the Earth-Sun system. Figures [5] and [6] give
the accelerations necessary to control the spacecraft in
the Earth-Sun system in km/s/year, Figure [5] for the
LQOR method with @ = 5005, Q = 55 and @ = 0.055
and Figure [6] for the method of targeting the equilib-
riumwithk =1,k =2, k = 3 and k = 4. These figures
have been generated with N = 400 maneuvers for the
non linear model. As can be seen, the comparisons give
good results, indicating that the nonlinear model will be
close to the analytical computations made using the lin-
ear model. The non-linear model seems to deviate more
from the analytical solution for the LQR method, mainly
dueto the different scaling of the plots.

Application tothe
Restricted 3-Body Problem

Now let us write the nondimensional equations of the
Restricted 3 Body Problem in two dimensions:

(1 —p)(z+p)
(@ +p)* + 9?7
G D)

[(z =1+ p)? +92]3/2

(1-py
(@ +p)* + 9?72
1y

T T 0

i-2) = z—

(56)

J+2& = y-—

There are five equilibrium points for this system. Two
of them, called L1 and L2, correspond to the two
equilibrium points of the Hill problem, p corresponds
to the mass ratio of the smallest body mass to the the
sum of the two masses. For the Earth-Sun system,
is small and the problem can be approximated by the
Hill problem. However, for the Earth-Moon system,
¢ = 0.0122, and the Hill approximation gives quite
different results from the Restricted 3-Body Problem, as
will be shown.

The linearization around the equilibrium points
[x12 0 0], where z; = 0.99, zo = 1.01 for the
Earth-Sun system and z; = 0.837, 2 = 1.156 for the
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Figure 5: LQR Method: Cost of the Nonlinear Model vs Cost of the Linear Model

Earth-Moon system, gives:

0 0 1 0
. 0 0 0 1
i — % 0 0 9 ox (58)
0 l-a -2 0
e 1—p 23
with: a; = =i + =P

Solving the charateristic polynomia of this new
matrix for these libration points gives two opposite
real eigenvalues +); and two complex conjugate
eigenvalues +j\, as in the Hill problem. To compute
®(t,tg, xo), the polynomial decomposition of part one
can still be used with the «; (22).

Let us compare the characteristic exponent A\, given by
the two problems for the Earth-Moon system:

For 1 = 0.837: A\ = 2.93

For x5 = 1.156: \; = 2.15

Whereas for the Hill problem: A; = 2.51

Using the results from the previous part, these values
imply that the optimal control period will be smaller for
x1 = 0.837 than the optimal period given by the Hill

problem and greater for zo = 1.156.

Tables (1) and (2) compare the results given by the
Restricted Three Body Problem with the results of the
Hill Problem. They show that the values predicted using
the Hill problem are close to the values predicted by the
Restricted 3-Body Problem for the Earth-Sun system.
For the Earth-Moon system, the values predicted by the
two models are quite different, however the results of
the Hill problem are close to the average of the L1 and
L2 results and thus can be used to estimate results. The
errors made in the two methods are proportional, and the
Hill Problem gives an expected cost between 22% and
26% higher than the real cost for x5 = 1.156 and gives
an expected cost between 20% and 23% lower than the
real cost for z; = 0.837. The optimal maneuver periods
also change, as discussed above.

Figures (7) and (8) show a comparison of these costs for
the two systems and the two methods, taking z; = 0.99
for the Earth-Sun system and z; 0.837 for the
Earth-Moon system. The results in the Earth-Moon
system are contracted in time because of the error made
in the eigenvalues.
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Figure 6: Targeting the Eq.: Cost of the Nonlinear Model vs Cost of the Linear Model

Main bodies | Problem cost km/s/period period
Earth-Sun Hill S=100 5.35e-5 28.5 days
S=0.01 3.78e-5 18.6 days
3-Body S=100 5.30e-5 28.5 days
ro=1.01 | S=0.01 3.74e-5 19.2 days
3-Body S=100 5.3%e-5 27.9 days
xo=10.99 | S=0.01 3.82e-5 18.6 days
Earth-Moon | Hill S=100 3.60e-4 45.42 hours
S=0.01 2.75e-4 33.03 hours
3-Body S=100 2.95e-4 52.6 hours
zo = 1.156 | S=0.01 2.17e-4 38.2 hours
3-Body S=100 4.8%e-4 39.2 hours
zo = 0.837 | S=0.01 3.53e4 27.9 hours

Table 1: LQR method

Conclusions/Future Wor k

This paper compares different control strategies that
can be implemented to control a spacecraft about an un-
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Main bodies | Problem cost km/s/period period

Earth-Sun Hill 4.70e-5 22.9 days
3-Body a9 =1.01 4.65e-5 23.1 days
3-Body x9=0.99 4.75e-5 22.7 days

Earth-Moon | Hill 3.36e-4 38.2 hours
3-Body 1z = 1.156 2.66e-4 44.4 hours
3-Body x9 = 0.837 4.32e-4 32.8 hours

Table 2: Targeting the equilibrium

X107 Earth-Sun - Targeting the Eq. - k=1,2
T T T T

T T
— Hill Problem: k=1
— - 3-Body Problem: k=1
— - Hill Problem: k=2
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Figure 7: Targeting the Eq.: Comparison Hill Problem vs Restricted 3-Body Problem

stable equilibrium point. First an optimal statistical cost
has been found for simultaneous maneuvers targeting the
equilibrium point. This first control approach has been
extended to the more general method of targeting the sta-
ble manifold. We have shown that targeting the stable
manifold does not improve the results. The LQR method
and its tradeoff has been investigated, leading to an im-
provements of the statistical cost. All these results have
been checked by non-linear smulations. Finally the opti-
mal costs of the two controls have been compared for the
Hill problem and the Restricted 3 Body problem and are
very similar for the Earth-Sun system. We have found

11

that a maneuver spacing close to the characteristic time
of the unstable eigenvalue is optimal in all cases.
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Appendix

Procedureto compute
the mean and variance of |AV/|

The aim of this appendix is to give a general method for
the computation of the mean and variance of |AV|:
Themeanisgivenby [AV] = [ |AV|f(z)dz

where f is the probability density function of a gaus-
san distribution. The variance is given by 03, =
[ AV f(x)da

More explicitly, one can write:

E— JVIK
|AV|:/ Uz K] et re g, (59)

(2m)N/2

12



The main problem comes from the integration of the
norm of Ux. Let uswrite:

U a,{
U Clg
u = ) = ) = Az (60)
UN a%
T
a
where: [ l=w
a3

AlisaN x N matrix. Let usassume rank(¥) = 2in
order that A can be chosen to be nonsingular. Using u as
the new variable, introdLljt/:g H = A"TKA-! with:

de = ‘dﬁ = <%> du, where |.| stands for the
determinant of a matrix.

It is possible to write the new expression of theintegral:

A— /\/u1 +u2 Y N/2 e~ 3u Hugy,

(61)

Then if H is a diagona matrix of the foom H =
diag(awe B 1 1), integrating over us,...,uy, thein-
tegral takes the new form:

_ 1 auq2+Buqy?
AV = %/ Vu2 +uge” 7 y/aBduydug

(62)

Let us now examine the hypothesis of H =

diag(a B 1 1)moreclosely, ATHA = K isequiv-
dent to:
aaral + Bagal +azal 4+ ... +analy = K
(63)
Therefore taking the orthogonal z to (as, . . ., an ) gives:

asjatz =Kz <  alafz)a; = Kz

Asaresult, z = K~ 'a; must be orthogonal to a,. This
isonly true for a particular matrix K. Astheintegration
must be performed for every K, achoice other than as is
needed in A. Let usintroduce the new notation:

xp{‘“} (64)

az

al K—1

—_— 65
alf K—a; (65)

’y =
The last equality is possible for every a; # 0 as our
information matrix and its inverse are positive definite.
Let:

ag = ag — Yyay (66)

Then: af K—'a; =0
Finally, as we assumed rank(¥) = 2, a; and a, are
independent.

Now let us prove that if ay, & < N, is orthogonal

to (K1 ., K tay_), then a; is independent of

(al,...,ak_l):

Let A,...,A\x_1 not al equal to 0 such that:
k—1

ak = ;-1 Aja;

Thenforalli € [1,k—1]: Njal K~ ta; =0. AsK~tis
positive definite, it gives A; = 0. Contradiction.

Finally taking a3 in the orthogonal of (K~
normalizing a3 such that al K—taz = 1, ..., ay inthe
orthogona of (K~ tay,...,K tay_1), normalizing
ay suchthat o, K=tay = 1, (ay,...,ay) isabasis.
Asaresult, A isnonsingular and:

1 —1—
a1, K~ 'ay),

AK AT =H7' & H=ATKA™' (67)

« and g3 are given by:

at=dTK~ (68)

(af K~ 'a)?

Bl =as K tay =" K™ 'ag — —p————
a; K—lay

It gives: |Vz| = [(aT2)? + (adx + vaT x)?]' /2.

|Pxo| = (1 +72)u,? + uy? + 2yugug With uy =
atz, uy = al'x.

As a consequence,

— |bzole " \JaBdurdus  (70)

Taking for the new variables (vy,v2) = (Vaus, v/Bus)
and then changing to polar coordinates gives the follow-
ing new expression for the integral:

|AV]

JE— 1 02
|AV] = —/ Cop’e” T dpdb (71
21 J oo
with:
(14+~42)cosh? sinh2  2ycosBhsinfd
C@ = +
a 5 vap
(72)

To compute the integral of C, let uswrite:

1++2 1) v
Co=4/A+0.5 - = 20 20
0 \/+ ( o ﬂ Ccos +ms1n

(73)




with:
A=05 (12 4+ 1)

Then, assuming p # 0, |AV | isgiven by:
- 1 a
AV|= — A 26)do 74
A== [ VAFeon(2h) (7

with:

A= (aFK o) + @' K 'az)/2 (75)

p= (@l K~y @ G- @) /4 + (o] K~'a3)?

(76)
More explicitly:
AV = \ﬁ\/wr EllipticE [ /2
Vo a P A4 p
(77)
where EllipticE is defined as:
EllipticE(k) = /2 (1—K2sin?0)2d0 (78)
0

and isthe complete elliptic integral of the second kind.
It is easy to check that the integration is still valid when
= 0. The other particular case is when rank(¥) = 1.

In this case, it is trivial to check that [AV| = \/gﬁ

For this matrix ¥, as A = p and EllipticE(1) = 1, the
formula above gives the same resullt.

The variance of the statistical cost of these maneu-
ver isfairly easy to compute once this method has been
developed for the mean:

— 9
v = [ 1AVE f(za)dz - AV 79
2 1 23 02 AT
AV = 5 pp e 7 dpdf — [AV] (80)
2 . [ 2p
(81)
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