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Abstract 

esults pertaining to Mach 3 
water droplets and air 
plets exhibit monodisperse 

istics. The mean drop- 

sfon measure.ments are 
ical Abel transformation. 
profiles are obtained as a 

€w&&m of the jet% radial and axial coordinates. 
Two regions, corresponding to the outer jet’s po- 
tential core and eventual fully-developed region, 

red In. the potential region, the drop- 
dial profile is ussian and the cen- 

ate is noted. In the fully-developed 
wings of the density profile lie above 

the gaussian curve a d  the centerline density de- 
cays as z-7/3. The jet s reading rate in the lab 
ter region varies a~ 418. Centerline density 
ami spreading rates are obtainable by graphical 
techniques without resort to complete Abel inver - 
sion of the transverse data.. 

decays as zo5R A linear jet 

I. Introduction 

The mixing of gaseous fuel with a supersonic 

e been largely df- 
ssions for turbulent 
8 of gross flow mi- 

Q regions of applicabutty 
s o l u t .  Requisite tci the construc- 

tion of such sohtbna are analytic expressbu  for 

axW d-btrrace have been found experi- 
means of direct physical probe. 

air stream ha8 been studied by a number of au- 

bebvior of centerline concentration, 
rate, and velocity. Power-law depen- 

whwe liquid fuel mkea with m- 
preonic  air, direct probing is difficult to apply. 
Another variable, the he1  droplet stee distriba- 

order of a few microns (Figure 1). In addition, 
Figure 2 shows that the particl 
at high relative ve 
T h e ,  the particles 
shear should all be 
Regarding their light scattering behavior, this si- 
tuation is termed monodisperse and constitutes a 
much simpler case to interpret than doe themore 

studied,by lig&t scattering techniques, the size dis- 
tribution of polydisperse AI203 particles formed in 
solid propellant rocket chambers. He concludes(6) 
that more than one particle generation mechanism, 
leading to a double-humped sfie dieitribution func- 
tion, must be postulated to reconcile his data with 
that of Crowe and Willoughby(7) who used tank col- 
lection techniques. The resulting distribution func- 
tion, a combhution of an Upper Limit Distribution 
Function (ULDF)(8) with a delta function, requires 
five parameters for its specification which, in 
.principle, must be determined by five independent 
experimental measurements. A sixth measure- 
ment is required to determine the particle number 
density. 

general polydisperse situation. I)obbine 7 6) has 

If, however, the particle size distribution may 
be approximated by a delta function, then only two 
independent measurements are required to deter- 
mine the mean particle size and number density. 
Unfortunately, one usually does not know the na- 
ture of Me particle hjlize distribution function be- 
forehand, It bras out, however, that a RLORO- 
disperse scattering situation may be experimentally 
verified bough a suitable choice of probe wave- 
lengths. This pager reports the results of auch a 
light scattering experiment applied a0 Mach 3 co- 
axia.~ mixing of water particles and air. ‘ TWO 
wavelengths in the near infrared are employed. to 
mag the particle size, number density and mean 
velocity dfstrtbutbn. AB in the aubsonic case, 
power-law behavior of! several jet tiescripbra is 
noted The radial distribution of number denestg 
is obtained by rneans:of Abel inversion, 

IL Mathematical Formulation 



It has been shown(9) that forward ecattering may 
be neglected provided the solid angle subtended by 
the collector optics is sufficiently small. The 
length of the optical path within the jet is L, a fun0 
tion ob the transverse coordinate, y. It is cus- 
tomary to define the sense of the path variable, P, 
such that P = 0 at the boundary nearest the obser- 
ver and increases positively into the scattering 
medium. Thus light enters the jet at I = L(y) and 
emerges at l! = 0. In these coordinates, the dif- 
ferential attenuation suffered by the beam while 
traversing a length, d p ,  is given by(1o) 

Thus the Cartesian mapping, ah(y, z),is converted 
to the polar mapping, KA(r,z). Any of a number of 
published(l3) Abel inversion techniques may be em- 
ployed. 

Relating KJr, z) to the number density and particle 
size is accomplished by taking transverse ah. meas- 
urements at two wavelengths. The process is de- 
scribed below. 

In axisymmetric flow, the water mass flow rate is 
given by where IA = sp ctral radiance 

KA = sca K ering extinction coefficient R 
m W =27r j p u r d r  The extinction coefficient is proportional to 

the number of particles and their cross-section 
within the scattering volume. The-efficiency with 
which a single particle scatters radiation is de- 
scribed by the scattering area coefficient, ICs. 
For a polydispersion whose particle size distribu- 
tion func/ion is $(D), the extinction coefficient is 
given b.j\ll) 

0 

where p = water mass density 

ac 

0 

u = velocity 
= liquid density 

pW 0 
Introducing the scattering parameter, cy = 

nD/A and defining the average velocity, where N = particle density 

and $(D) is normalized such thatda@(D)dD = 1. 

the near jet boundary sees only the cumulative ef- 
fect of the non-homogeneous scattering between 
11 = 0 and P = L. If the incident radiation is de- 
noted by IAo, then the fraction transmitted isgiven 
by 

D = particle diameter 
X = wavelength 

An observer measuring Ix(y, z )  emerging from 

1(3 (r N u r d r  

0 <u> = 

0 

leads to 

- R 
(9 ) 

3 3 
I+I = - p  h < u > l o N r d r  

w 37r w 

3) 

0 

is the third moment of the particle size 
- 

3 where a, 
distribution, i. e. : 

Let a be the fraction of 1x0 lost by scattering. 
Then bansforming to cylindrical coordinates, 
Eq. (3) becomes 

0 

2 



Further defining 

the mean particle volume to mean area ratio, and 
substituting for N from Eq. (2) yields 

R 

where 
-- 

I 2 2  Ks = K S a  / a  

is the areaLweighted averagescattering coefficient. 
The ratio, KS/rr32, has been termed thr specific 
scattering area coefficient (11). 

Proceeding formally, one further average is 
defined as 

Such that 

Ra [ Z K p  (?)= ,R K h r d r  

0 

% may finally be expressed, 

(?)= R 

j Khr 
0 

rdr 

- 

dr 

% may finally be expressed, 

(14) 

Since no water is entrained from the atmos- 
is a conserved qu;lnti,!y with respect to 

phere9 jet axial 3 istame, z. Further, KX(r,z) is a 
measurable quantity. Therefore the integral in 
Eq. (15) may be determined by integration of the 
Abel-inverted data or by taking advantage of a 
property of the Abel tramformatian to obtain i t  
directly, This wilt be discussed later. 

If experiments are performed at two sepm ate 
wavelengths with the same jet flow conditions, the 
following ratio may be formed from Eq. (1 5) 

The right hand side of this equation is meas- 
ured. The left hand side depends only on +(a) €or 
a particular scattering fluid. AB 10 stande, the 
equation applies to a polydisperse medium whose 
$(a) may also depend on r and z. U the particle 
size, 432, is a slowly varying function of the radi- 
al coordinate compared to N(r), the! the average, 
Eq. (14), may be replaced by 432/K, evaluated at 
some intermediate radius, I:', determined by the 
weighting function, KAr. In ais case, Eq. (16) be- 
comes 

- R 

0 

The data ax@ysis procedure is as follows A 
plot (Fig. 4) of E /a32 versus ~ 1 1 ~ ~ '  for various 
 CY), is construcbd on log-log paps-. The wave- 
lengths are chosen such both ( ~ 3 ~ ' s  will lie in 
the region of most rapid Ed032 variation. This is 
estimated by extrapolating subsonic data or by ac- 
tually performing two measurements and checking 
the slopes obtained. Since D32 is the same for 
both wavelengths, a &XI) will be related to 

that is greater than one. &n IQg- 
log paper, the abscissa1 separation of the two solu- 
tions is of l e n e  log X2/X1. Similarly, the ordinal 
separation of ( K $ " 3 2 ) ~ ~  and ( K $ a 3 2 ) ~ ~  is of 
length (Eq. (1 7)). 

by the ratioi2/hl. Choose A2 > X such 

R 

An overlay, with the measured ordinal and abscissal 
lengths forming the legs of a ri ht triangle, m a y  
now be employed to search the &/a32 curve for 
simultaneous solution pairits. once argz = ( T / A )  C;Z 
ie determined, the particle density may be obtained 
from Eq. (2) in the averaged form, 

A2 2 -R 01 N 5 = 4 n  8 

Finally, the average velocity may be obtained from 
Eq. (15). 

In principle, it is possible to ummb 
determine which $(a) yields the correct 
curve .by repeated applicatbn of the above pr 
using several wavelengttre. It be been shown 

(16) 

Y f F e  
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that the actual shape of +(a), provided it is single- 
humped, is of minor significance in determining 
the various averages over the particle distribution. 
The major influencing factor is the width of #(a). 
For this reason, the es/a32 curves of Fig. 4 have 
been computed assuming a top-hat distribution 
whose relative widths, &/~32, vary from 0 (delta 
function) to 00. In computing these cmtes, the 
scattering mea coefficient for a single water par- 
ticle in air was obtained from the Mie scattering 
theory as reported by Houghton and Chalker(l0). 

A number of simplifications of the data reduc- 
tion procedure are  possible. Without loss of gen- 
erality, many variables of interest, including the 
centerline number density, may be obtained with- 
out Abel inversion. 

The cross-sectional integral of Kk is required 
in  the solution of Eq. (17). Since &(r) must first 
be determined by Abel inversion of aA(y), this 
integral constitutes an additional operation on the 
reduced data. These two erations may be cir- 
cumvented by the relation( % ) - 

R R 
n I KA(r) r dr = - I ln[ 1 - aA(y)] dy (19) 

0 0 

which states that the area under the transverse 
data is equa3 to the cross-sectional integral of the 
physical, quantity sought. This relation is often 
used to check Abel transforms. Whereas - In[ L - ah(y)] is one of the transform pairs, what 
is initially measured is aA(y) itself. Due to the 
occurrence of the natural logarithm in the above 
integrand, the integral may be partially integrated 
to yield 

R 

where aA(0) is the centerline value of aJy). an no 
instance was complete attenuation ever measured 
so that the denominator of the integrand was never 
zero. The integral in question is depicted by the 
shaded area of Fig. 5. 

The centerline value of Kh may be determined 
from Eq. (5) by settbig thc lower limit of integra- 
tion equal to zero. AB in the previous case, the 
resulting integral may be partially integrated. 

9 n 

The &nomirator in this case does go to zero 
within the range of integration but the integral is, 
of course. converorent since IC1 is everywhere 

finite. In practice, the area Vuder the divergent 
portion of the integrand contributes relatively little 
to the integral as shown in Fig. 6. The centerllne 
variation of I$, turns out to be due amos t  entirely 
to variation in number density for the experimental 
conditions investigated. 

Two measures of the jet spreading rate may 
also be obtained without Abel transformation. In 
experiments utilizing physical probes, the moet 
common measure of jet spread is the half-radius, 
r1/2, of either velocity or injected fluid density. 
This radius may be obtained using the present line 
probe technique only after perferming an Abel in- 
version. Advantage may be taken of the integral 
nature of the scattering technique to define two 
additional characteristic radii, r1 and rzI which, 
for flows exhibiting similarity radial profile be- 
havior, are proportional to r1/2. These charac- 
teristic radii are: 

0 

Y 21 l-a,dah 
A 0 

and 
Et 

= -  

0 

where use has been made of Eq. (4), (20), and(21). 
The utlllty of defining these integral radii stems 
from the present method of measurement which is 
basically integral in nature. These radii are 
therefore easy to measure. They also have the 
advantage, since they do involve integration, of 
being less susceptible to noise interference than 
point measurements. The physical aignificance of 
r l  and r2, 8s well as <u> may be seen by recast- 
ing Eq. (12) tn the form 

4 



by 5~ lead sulphide cell whose output waa eynchron- ab = pW 1 A < u > < r > n  a32 rlr2 K&o) (a4) ously detected by a+PAR Model 120 lock-in ampli- 
a fier. The amplifier output wad displayed on an W 

comwiw to the one-dimensloa contknuity x-y recorder whme abscissa was driven by a linear 
potentiometer attached to the optical platform. In 
this way, ax(y) was obtained. eqmtion, m = p AV. The following identifications 

may be made: 
1. Effective cross-sectional area 

A = 2~ rIrZ 

2. Massdensity 

p = - p  2 x <=->IyO)  Q32 
Ks 

3. Average cross-sectional velocity 
E= <u> 

- m. Experiment Description 

The light scattering technique developed above 
has been applied to supersonic coaxial mixing of 
water centrally injected into a free air jet (Fig. 7). 
Nozzle and injector operating parameters are sum- 
marized in Table 1. 

ozzle exit diameter 
jeetor diameter 
et exit area 
xit Mach No. (air) 
xit velocity (air) 
tagnation temperature 
xit air density 
ir mass flow rate 
ater mass flow rate 

Exit Reynolds No. r Mass flux ratio (W/A) 

1.786 cm 
0.475 cm 
2.33 c d  
3.0 
6 x -104 crn/sec 
300% 
3.6 x 10-3 gm/cm3 
500 gm/sec 
7.4 gm/sec 
2.4 x lo6 
0.44 

Table 1. Nozzle Operating Parameters 

The mix@ jets exhausted vertically through a hole 
in the 0pticz.l platform (Fig. 8). Transverse scan- 
ning of the jet was accomplished by horizontal 
translation of the opticdl platform and axial scan- 
ning by vertical translation of the jet itself. All 
optical components were shock mounted. 

A chopper-modulated tungsten filament is 
brought to a focus a t  the central plane of the jets 
and again at the entrance slit of a Perkin-Elmer 
Model 9 8 4  monochromator. The f/12 optical 
system is entirely reflective and arranged anti- 
symmetrically k, minimize aberrations. The 
entrance slit, which defines spatial resolution, 
is aligned in the direction of thz flow. A slit of 
width 100 pm and a height of 1.2 cm was used. 

In operation, the monochromator was set to a 
wavelength in the near infrared region. Care was 
taken to avoid water absorption bands. The beam 
attenuation due to scattering was then monitored 

The results of this experiment, for one fuel/ 
air ratio and several axial locations, a re  presented 
below. 

IV. Experimental Results 

The specific scattering-area coefficieut, 
Rs/a32, and the meanparticle aize, D32, havebeen 
determined by the ratio technique of Section n. It 
was found that only the monociisperse curve of 
$/'a32 provided consistent solutions. When it is 
recalled that particles of differing sizes anywhere 
in the optical path will tend to smooth as/ara2>,  it 
must therefore be concluded that the particles gen- 
erated in the vicinity of the injector exit are all of 
the same approximate diameter ana remain so as 
they diffuse downstream. In this situation, 
aS/a32> -ICs/; and monodisperse analysis may 
be applied throughout the data reduction process. 
As mentioned in the Intruduction, this result was 
not unexpected. The particle size is 7.35 + 0.10 jm 
throughout the measured portion of the jer(9-46 
nozzle radii). 

The axial variations of the extinction coeffi- 
cient (centerline value, path-integral and jet cross- 
sectional area integral) €or two wavelengths are  
shown in Fig. 9. Two fe;tures are immediately 
apparent concerning these data: there is a quanti- 
tative difference between corresponding magnkWes 
measured at the two wavqlengths, = 1.6 pm and 
A 2  = 2.38 jm and the shorter wavelength data is 
consistently higher in magnitude than the longer 
wavelength data. This indicates that the wave- 
lengths chosen are in the desired region of the & 
curve. Were the wavelengths much shorter, the 
quantitative behavior would be reversed (Rayleigh 
scattering region); were they much longer, no 
quantitative difference would be noticed (geomet- 
rical optics limit). 

The slop?s of the data indicate power-law be- 
havior over much of the measured jet length. This 
behavior is evidenced in two separate regions cor - 
responding to the initial and fully-developed regions 
of Fig. 7. Power-law behavior is, of course, Lm- 
portant in formulating similarity solutfons. 

W i h u t  further reddction, the integral radii, 
r l  and r2 may be obtained directly from the data 
of Fig. 9. In view of the constancy of D, theee 
radil (Fig. 10) are indicative of the particle den- 
eity profiles, N(r). As in subsonic flow, both 
radli initially increase linearly but then, due to 
rapid turbulent diffusion, spread a8 the 513 wger 

5 



of axial distance. The nature of their definition 
requires they be proportional to each other pro- 
vided the N(r) profiles exhibit similarity behavior 
with respect to axial distance. This proportion- 
ality is evident in the figure for z/rD < 20 and 
again for z/ro > 30. If the N(r) profile is gaus- 
sian, then r2 = 1.59 r1. This is indeed the ratio 
measured in the initial region and is confirmed by 
actual Abel inversion. 

The centerline particle density is shown in 
Fig. 11. This is an important determiaation and 
is the subject Qf some controvemy in the litera- 
ture. Direct probe measurements of subsonic, 
incompressible, mixing of two gases indicate a 
z-1 deperrdence for N(0). One investigator@) ha.s 
measured a 2-2 dependence of N(0) for supersonic 
mixing of H2 with air. Schetz(1) has pointed out 
an  apparent mass flux ratio dependence for this 
exponent of 2. For puw/p;la < 1, the centerline 
concentration as measured by several investigators 
and reported by Schetz varies roughly as  z-2k0.4 
For puw/& > 1, this exponent changes abruptly 
to - 1. (The subscripts, w and a, here refer to 
any injected gas and surrounding medium respec- 
tively.) The present data is consistent insofar as 
puw/pla is < 1 and &e decay exponent of z is near 
- 2. It is possible to go further than this in discus- 
sing the present data, however. 

Since overlapping data have been obtained by 
the present methods, there are consistency checks 
in the data reduction process. Where data con- 
cerning, say, r2  may exhibit some scatter, there 
is data concerning r l  which may not. This self- 
checking procedure has been employed with the 
result that it is certain that N(0) exhibits a change 
in decay exponent in the Reighborhood of the air  
potential core's tip. The exponent in the initia 
region is - 5/3 and in the findl region is - 7/3, 
values qhich lie slightly below and above the value 
2. Recent experimental evidence@), taken by 
probe a t  conditions corresponding to the initial 
region, also lend support to the value - 5/3. (The 
value reported by Chriss  is - 1.7.) 

Having determined particle size (hence Ks) 
and N(0, z), it is possible to equate KA(r)/Kh(O) 
with M(r)/N(O). The &(r) profiles, obtained by 
Abel inversion, are shown for six axial stations 
in Fig. 12. The radial coordinate has been non- 
dimensionalized with respect to Kh's half -radius, 
rK. It is seen that the two profiles measured in 
the initial region are quite closely gaussian where- 
as those taken further downstream depart from the 
gauasian curve at large radii. 

Knowing particle density as a function of r 
and the global mass now rate allows the determin- 
ation of the average cross-sectional particle ve- 
lor i fv  <ii .h.. ThiR rriian+itv i~ nhrram in Pin l 3. 

~n the f i d  region, it i R  seen that .=u>, - z-1 as in 
the aubeonic case. Although there are not suffi- 
cient points taken in the initial region to determine 
the slope of <a&, consistency with r1, q, and 
N(0) requires that <u>,! C1I3 in this  region. 
This variation does not violate the concept of a PO- 
tentlal core if it is borne in mind that < u > ~  encom- 
passes velocities both within and outside of the 
potential core. Also shown in the figure is the 
centerline air velocity obtained by a direct pitot 
probe measurement without water injection. For 
the sake of more direct, comparison, the cross- 
sectional average air velocity was computed from 
probe measurements by the expression 

It is seen that this velocity curve fairs smoothly 
into the <u>, curve in the f ina l  region but lies 
above <ro>, in the initial region. One might be 
prompted to equate this difference with a slip ve- 
locity were it not for the fact that particles of this 
size, based on calculations using the most conser- 
vative (Stokes) drag coefficient, shodd be fully 
accommodated by the time they reach the first 
measurement station. A more probable explana- 
tion is that initially the water inertia exerts alocal 
retardation on the air stream but that, as mixing 
progrespes, the overwhelming airlfuel momentum 
ratio makes itself felt with the result that little 
difference exists in the downstream air velocity 
with 01- without injection. In this regard, the water 
particles might be considered as a passive con- 
taminant. 

The axial variations of several quantities 
measured in this test series are summarized in 
Table 2. In considering the table, the variations 
ascribed to the find.,  fully developed, zone are to 
be regarded as the most reliable as more data 
points exist in this zone, In all cases, exponents 
have been estimated to the nearest fraction. 

V. Summarv and Conclusions 

Results of a non-interfering light scattering 
experiment applied to supersonic mixing of water 
with air have been presented. Power l aw behav- 
ior has been noted for cde r l i ne  density and 
spreadtng rates in two distinct regions. These 
regions correspond to the outer air jet's virtual 
potential core and subsequent fully developed 
region. The water density profile in the potential 
region is gaussian. 
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Qo 

$ 'Adr 
0 

*l 

r2 
N(0) 

-513 
2 

-213 
. E  

Z 1/3 

1 

1 

z 

Z 

-513 
Z 

-1/3 
Z 

-113 

-2/3 

2 

2 

I 
2 

z 513 

Z 5/3 

-7J3 z 

-1 z 

Table 2. Axial Variation of Axisymn:.etric 
Jet Mixing Parameters 

It haa been shown that a monodisperse light 
scattering aaalysis is applicable to particle flows 
generated by larze initial velocity difference. 
Graphical techniques have beea used to obtain, 
without Abel inversion, centerltne density and 
characteristic mixing radii. These techniques are 
applicable, a€ter suitable change of variable, to 
all lineintegrated measurements taken of a cylin- 
drically symmetric medium. 
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fractisual attenuation due to scattering 
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scattering extinction coefficient 
scattering -area coeff izient 
spectral radiance 
optical path length 
optical path variable 
Mach number 
mas8 flow rate 
particle number density 
inner jet radius 
racU coordinate 
outer jet exit mdiu 
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Figure 1. Particle Size vs. Velocity (extra 
polated from Ref. 4) 
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Figure 4. Specific Scattering-Area CoeKicient 



Y 
1 - aA 

1 I - 
O R  0 Y(' - a,) R 

A 

0 R 0 
Y R Y 

Figure 5. Graphical Determination of 
r R  

Figure 6. Graphical Determination of 
KAON 

A INNER POTENTIAL GORE 

,A / I OUTER POTENTIAL CORE 

INNER POTENTIAL GORE 

OUTER POTENTIAL CORE 

=cq -- 
Figure 7. Supersonic Cmxial Jet Mixing Configuration 

2 

1 

r--- MOVABLE OPTICAL PLATFORM O-7 
L I 
I 
I 
I 
I 

I 

SENSOR ++- AMPLIFIER WAVELENGTH 
INOEX SWITCH 
OUTPUT To 
EVENT ML\RKm 

1 I L l  f-7 X-Y RECORDER 
X - t  RECO 

100 

Figure 9. Axial Varyation of ScatterLi 
Coefficient- Centerline Value, Path Figure 8. Inrstrumentation 
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Figure 10. Axial Variation of Particle Den- 
sity Integral Raclii 
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(puw/pua = 0.44, ro = 0.893 cm) 
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Figure 11. Centerlinhariation of Particle 
Number Density 

(pu&ua = 0.44, ro = 0.893 cm) 
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Figure 13. Centerline and Average Air Jet 
Velocity (without Water Injection) and Average 
Water Velocity vs. Distance from Injection 
Plane (pu,&~u, = 0.44, ro = .893 cm) 

Figure 12. &el-inverted Excinetion 
Coefficient Normalized to Centerline 

Vplue and Half-Radius 


