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ABSTRACT

A limiting method has been devised for a grid-independent flux function for use with the two-dimensional Euler
and Navier-Stokes equations. This limiting is derived from a monotonicity analysis of the model and allows for
solutions with reduced oscillatory behavior while still maintaining sharper resolution than a grid-aligned method. In
addition to capturing oblique waves sharply, the grid-independent flux function also reduces the entropy generated

over an airfoil in an Euler computation and reduces pressure distortions in the separated boundary layer of a
viscous-flow airfoil computation. The model has also been extended to three dimensions, although no angle-limiting
procedure for improving monotonicity characteristics has been incorporated.

INTRODUCTION

Many sophisticated numerical techniques for deter-
mining the flux at a grid interface for one-dimensional
flow computations now exist. Among these is the ap-
proximate Riemann solver of Roel, which linearizes the
system of governing equations about an average state
and solves it exactly. The physics of the flow is well-
represented by this method since the Riemann problem
is modeled locally at each grid interface.

Unfortunately, in two or three dimensions, most
flow solvers that employ any type of Riemann solver
implement it in a direction-split manner, where one-
dimensional theotry is applied in each grid direction sep-
arately. Because of this, the advantage in sophistication
of the Riemann solver is lost. In reality, the waves can
travel in infinitely many directions. Constraining them
to the grid directions is inconsistent with the physics
of the flow and can result in improper interpretation of
waves that are not aligned with the grid.

A two-dimensional grid-independent approximate
Riemann solver which obtains fluxes on grid faces via
wave decomposition has been developed®? for use with
the Euler and Navier-Stokes equations. It utilizes infor-
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mation propagating in the velocity-difference direction,
rather than in the grid-normal direction, so it more ap-
propriately interprets and hence more accurately re-
solves shock and shear waves when they lie oblique
to the grid. In reference 2, it was shown that, al-
though oblique shock and shear waves can be captured
very sharply using this method, results are also non-
monotone (in the sense that oscillations and/or over-
shoots in flow variables such as pressure were evident
near discontinuities). In the present study, a mono-
tonicity analysis is undertaken in an effort to devise
a suitable limiting procedure that will allow for sharp
capturing of flowfield discontinuities with little or no
nearby oscillations. Also, the grid-independent method
is extended to three dimensions.

The grid-independent method uses five waves
(rather than four, as in the standard grid-aligned
method of Roe) to describe the difference in states at a
grid face. Four of these are similar to the grid-aligned
waves, except that they do not act in the grid-normal
direction: two acoustic, one shear, and one entropy
wave act in the direction defined by the local velocity-
difference vector. The fifth wave is a shear wave which
acts at a right angle to the other four. It allows for crisp
representation of oblique shear waves.

The implementation of this method is nearly iden-
tical to that of the grid-aligned method. Hence it is
very simple computationally to program. Since five
waves are used as opposed to four, it is only slightly
more costly per iteration. In practice, it is necessary to
freeze the information-propagation directions partway
through the computation to inhibit a nonlinear feed-
back which can induce oscillatory behavior in the flow-
field and inhibit convergence.




NOMENCLATURE

A cell area

a speed of sound

Cs,Cy,C; components of unit vector
E specific total energy

F,G flux vectors

b flux for scalar convection equation
H specific total enthalpy

k heat transfer coefficient
M Mach number

n unit direction vector

p pressure

Qi heat flux terms

q normal velocity

R wave vectors

Re Reynolds number

r parallel velocity

T temperature

t time

U conserved variables

U, v, W components of velocity

U, drift velocity of shear wave

v velocity

z,y,2 Cartesian coordinates

Y1,..,12 parameters defining allowable 6/

o angle-of-attack, or flow angle

B free parameter in 5-wave model

¥ ratio of specific heats, taken as 1.4

Ary23  differences defined by equation (46)

As cell face length

0,y angular directions

A matrix of wavespeeds

A wavespeed component in grid direction;
also second coefficient of viscosity

m coefficient of viscosity

p density

Tij viscous shear stress terms

3 flux per unit length

?p angle between planes

0 vector of wavestrengths

Subscripts:

d velocity-difference direction

f flow direction

g grid-normal direction

1,7 grid indices

LR from the left, right

v viscous
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Superscripts:

A Roe-averaged

* associated with 6/-direction

*k associated with (6] + =/2)-direction

! indicates frozen direction

TWO-DIMENSIONAL MODEL
Governing Equations and Numerical Method

The two-dimensional Navier-Stokes equations can
be written as
U OF 090G _OF, 0G,

ot " T ey T 8z Ty (1)

where the conserved variables are U = [p, pu, pu,pE]T
and the inviseid flux vectors are

pu pv
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ou o? 4 p (2)
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The viscous fluxes are
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and A is taken as —(2/3)u (Stokes’ hypothesis). The
ideal gas equation-of-state closes the set of equations:

u? 4 ¢?
5 .

p:(“/—l)p[E— (5)
The equations can be discretized in finite volume
form as
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T11€0804 + T125in6,
; » (8)
T21€080, + Togsind,
(ViT1; — Q1)cosBy + (V725 — Q2)sind,
where 8 is the angle that the outward-pointing cell face
normal makes with the z-axis, and g, is the outward
velocity normal to the cell face, given by

3, =

qg = ucosfy + vsinf,. (9)




Here, &,;As, is the inviscid normal flux at cell face £,
evaluated through the use of either a grid-aligned or
grid-independent flux function. The term (Bv)eAsy is
the viscous normal flux at cell face £, evaluated using
central differencing. .

A summary of the two-dimensional grid-indepen-
dent flux function is given here. Full details of the
derivation can be found in references 2 and 3. The flux
per unit face length is written as

Loms 1A s
(§L+§R)“— |Ak|QkRk:
k=1

3= (10)
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where the five waves are given by

R, = [1 + dcosf,  + dsinfy, H+ ﬁéfz]T

R, = [1, 1 — dcosfly, ¥ — dsindy, H- &QQ]T

R; = [0 —acosefi, —asinéy, QQ]T (1)
R, =[1,4 ( 3%))"

Rs = [0 —asmgd,acosgd,ard]T

Hats denote Roe-averaged variables, as defined in ref-
erence 1. The five equations in (11) represent, respec-
tively: +8', acoustic, —6) acoustic, (6; + %) shear, 6;
entropy, and 6 shear waves. The velocity-difference di-
rection 8 = tan"!(Av/Au), where A(-) = (-)r — (*)z,
defines the primary direction of assumed wave prop-
agation at each interface. It is frozen as 6 at some
point during the computation in order to avoid nonlin-
ear feedback in the solution. The variables ¢} and 7
are defined by

§y = ficosh; + Dsind)
7a

(12)

—1iisind)) + dcosfy.

The kth wave of this system has a strength Qk, evalu-
ated as the kth component of the vector 2, where

£2 + ,3-29; (Aucosfl; + Avsind})
Z—Aa’;— — B4 (Aucosfy + Avsind})

Q= (8-1)2 (Aucosb), + Avsind}y) |, (13)
1 (a%ap - Ap)

g (—Ausind/, + Avcosf})

The components of the wavespeeds in the grid direction
are

P
[y

= (45 + a)cos(8 — 6,)
A2 = (g — @)cos(6; — 6,)

Ao = #4{—sin(6} - 6,)} (14)
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The parameter 3 determines the strength of the
(63 + %) shear wave relative to the acoustic waves. The
current method for determining 3 is due to Parpia* and
is derived in reference 3. It is defined by: 8 =

Ap/(pé)

2
i . 1 1
fn |:ma.x{ <Aucos€£i + Avsin%) ’ 05} ! :I » (15)

and is generally frozen along with 6/ as an aid to con-
vergence.

This flux function has been used both in con-
junction with an explicit m-stage finite-volume upwind
scheme as well as with an implicit finite-volume upwind
approximate-factorization (A-F) scheme (CFL2D%). A
stability analysis given in reference 2 of the explicit
scheme showed the method to be stable in conjunc-
tion with m = 2 or more stages (with appropriately
chosen coefficients). A stability analysis of the implicit
A-F method for the Euler equations, given in reference
3, indicates a practical stability limit of about 4 for
the CFL number for first-order spatial differencing and
about 2 for second-order when grid-aligned approximate
left-hand side Jacobians are employed.

Monotonicity Analysis

The method for analyzing the monotonicity of the
two-dimensional Euler equations is derived from consid-
erations of the scalar convection equation u; + au, = 0.
The results of the Euler equations analysis are consid-
ered to be valid for the Navier-Stokes equations as well,
since the viscous terms add dissipation which tends to
mitigate numerical oscillations that may occur near re-
gions of high gradient.

The one-dimensional scalar convection equation is
written in finite-volume form, with forward-Euler time
stepping (i is a given cell bordered by (i — 1) to the left
and (i + 1) to the right):

At
Z;(fi+§ -

n4+l _ . n
U = u;

fiz1)- (16)
Here fi11/2 and f;_1/2 are flux functions on the (1+1/2)
and (i —1/2) cell faces, respectively, and Az is the dis-
tance between the gridpoints. Consider now a computa-
tional stencil in which 'u."+1 only depends on ul, u?,,
and u} ;. Godunov® showed that one way to insure
that spurious oscillations do not develop is to require
that variations in u in each neighboring cell causes a
variation in the same direction in cell 7. In other words,
if u;_; increases, then u; should also increase, or at
worst remain unchanged. A similar requirement holds
for changes in the (i + 1) cell. These requirements can

be written
uptt gurt?
—t— >0 d L >0 1
dur,, = an our | = (17)




or, since fiyy/; is identical to f(uiyy,ui) and fi_q1)0 is
identical to f{ui, ui—1),

6fi+l afi—l
2 < d = > 0. 1
By, S 0 an T 2 0 (18)

A third restriction is dul™!/0u? > 0, but this merely
limits the time step.

As an example, consider first-order upwind differ-
encing, which is already known to be monotone:

firs

fica

2

1 1
‘2'0(“141 +ui) — 3 lal(uiss — w)
(19)

I

1 1
-2—0,(114 =+ u,-_l) — §|a|(u,- - ’U,i__j_).

Here, 0 fiy1/2/0uiyy = %(a— |a|}, which is non-positive,
and 8f;_1/2/0ui_y = -;—(a + |al), which is non-negative.
Hence first-order upwind differencing satisfies (18), as
expected. A counter-example is central-differencing,
which is already known not to be monotone:

1
fipr = Ea(“iﬂ + u;)
(20)
fiey =yl + i)
5_.;- - 2 ) -1)-

Here, it is seen that (18) can never be satisfied except for
the degenerate case of a = 0, since both 8f;;1/2/0uit1
and 6f,-~1/2/8'u,,-_1 = '%(1.

In order to analyze the two-dimensional Euler
equations in conjunction with the 5-wave model, they
are written in finite-volume form with forward-Euler
time stepping, and it is assumed for simplicity that the
mesh is made up of square cells:

At
n+1l __ n
Ui =ULi- %, (‘I’i+§,a‘ — 8 1,t

i~ ‘I’i,j—%)’

It is further assumed that the computational stencil is
made up of only (3, 5), (¢+1,35), (:—1,7), (3,7 +1), and
(2,7 —1), so that in one time step U, ; is only a function
of its initial value and the values in the four immediate
neighboring cells. This is a spatially first-order accurate
scheme.

(21)

Now, instead of one equation, there are four cou-
pled equations, and the quantities BU:;”I/BUQ, where
k=(@+1,7),(-1,7), (55 +1), (37 — 1), are not
single variables but 4 x 4 matrices. The four eigenval-
ues of each of these matrices represent the change of
four local characteristic variables at (4,5) with respect
to the change in those same variables in the correspond-
ing neighboring cell. Since the equations are decoupled
with respect to these local characteristic variables, non-
negative eigenvalues imply a type of monotonicity prop-
erty. This property is utilized to help define a limiting

procedure for reducing oscillations in two-dimensional
solutions.

The conditions equivalent to (17) for the Euler

equations are
ourt!
t’]
ev.|—=—1]1>0 (22)
ouy

for k = (i+1,7),(:—-1,7),(4,5+1), (3,7 — 1), or, equiv-
alently,

0%, 1. 0%, .
e.v. (———+%’]) <0 e.v. (——'J+%) <90
0Uiq,5 0U; 41
(BQ,;_J. ]) 0 <3§,-]-_;> >0
ev. | ——2=~ ) > ev. | —/——2% ,
0U; 1) — Ui -1/ ~
where e.v.(-) represents “the eigenvalues of (-)”. If the
grid-normal angle §, is varied over the full range of pos-
sible angles, then satisfying all four inequalities in (23)
is redundant. Satisfying the two inequalities on oppos-
ing faces (say the (i 4+ 1/2,7) face and the (i — 1/2,7)

face) is then sufficient to insure this monotonicity prop-
erty.

(23)

In order to proceed with the monotonicity analysis
for the 5-wave grid-independent model, write (10) in
slightly different form:

1
i1 :g(‘x’ma’ + Bi5)-

%{[ﬁ*][[&*]cos(eg —6,)[ft"+ (24)
[R**] |[1i**](—sin(6:i - gy))lﬁu 1.

[R*] is the matrix of wave vectors acting in the /-
direction (Ry,245 in (11)). [R**] is the corresponding
matrix of wave vectors acting in the (6} + F)-direction
(only the shear vector, Rz in (11), is used in the 5-
wave model). Then [A*] = diag(d} + &,4; — 4, dy,d4)
and [A**] = diag(#; + a,7; — &,74, 7)) are the corre-
sponding wavespeeds in those same directions. The
wavestrengths, taken from (13), in the two directions
are

22 4 ,3-2% (Aucosf) + Avsinf)

2a°
- 22 _ 3L (Aucosd)) + Auvsind))
Q* = 242 2 R d d 25
= (8°Ap—Ap) (%)
L 2 (—Awusinf} + Avcosf))
0
Q= g (26)

(8- l)g (Aucosd)) + Avsind);)

The present study concentrates on the variations
in 0* and Q**. It is assumed that the wave vectors,
wavespeeds, and 6, are constant, and all variables are
taken as the Roe-averaged values. Therefore this is a




linearized analysis. With these assumptions, one can

obtain
6§i+%,] 1 3<§ (0 )
dUiry; 2007
1 N>
5{[ A eos(0a = )| gg =+ (27)

[R*]

[A"*)(—sin(6, - g»l"’"“}

along with a similar expression for 0&®;_1/5;/0U;_1;.
The derivative matrices Bﬁ*/aUR and afl*f/aUR are
obtained in a straightforward fashion from (25) and
(26). The monotonicity constraints are

(a'}"*é) <0
e.v. Ui ) S

0%y >0
o (B) 50

The monotonicity analysis is carried out numer-
ically. The Mach number M, flow angle «, and 3 are
chosen, then 8, and 6} are each varied independently be-
tween —90° and 90° with incremental changes of 7 /32.
Eigenvalues are computed for each condition. If they
meet the criteria of equation (28), then monotonicity is
preserved at that condition. It turns out that plotting
(6 — @) vs. (684 — ) removes the dependence on o (in
other words, plots are the same regardless of the value
of a).

A sample plot is shown in figure 1(a). The condi-
tions are M = 3, 8 = 0.95. There are two very small
regions where monotonicity is preserved. (Note that
some points may be missing from these monotonicity
plots wherever the eigenvalue solver does not converge
within a specified number of iterations. However, we
are more interested in general regions than in specific
points.) As a specific example, from the figure it is
seen that the scheme is monotone for approximately
30° < ) — a < 75° when 8, — o = 75°. This allowable
6!, region is sketched in figure 1(b).

It is also evident from figure 1(a) that if (6, — a) lies
between roughly —60° and 60°, then no 6} chosen will
insure monotonicity. Other 3’s less than 1.0 produce
similar plots. Only when 8 = 1.0 is there always some
6); that will yield a monotone scheme, as demonstrated
in figure 2(a). Here, the diagonal where 6/, = 6, corre-
sponds to the grid-aligned scheme. The effect of Mach
number is shown in figures 2(b) and (c¢) for 8 = 1.0.
At low Mach numbers, only the grid-aligned method is
monotone (i.e. 8, must = 6, and 8 must = 1.0), while at
higher supersonic Mach numbers the monotone region
is extended slightly from the M = 3 case.

(28)

It is clear from this analysis that the restrictions on
allowable 8}, for a monotone scheme given by this anal-
ysis are quite severe, if not impossible to meet. Fortu-
nately, in practice it appears that the restrictions on 6/
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can be relaxed somewhat while still maintaining reason-
ably non-oscillatory solutions near discontinuities for a
wide variety of flows.

Through extensive numerical experimentation, the
following observations have been made regarding re-
ducing the oscillatory behavior of the grid-independent
model to an acceptable level: (1) When M > 1 best
results are obtained when 6 is limited to lie between
a+ K +sign(f;—a) and ;. K is a small number for lower
Mach numbers and is larger for higher Mach numbers.
(2) When M << 1 8}, does not need to be restricted, ex-
cept in a very small region (see (3) below). Between M
=0 and M =1 best results are obtained if the allowable
region transitions smoothly between the subsonic and
supersonic cases. (3) In the boundary layer region of
Navier-Stokes solutions, odd-even point decoupling can
occur when 6} is taken as (8,4 %) and a ~ ;. This con-
dition occurs on grid interfaces in the boundary layer
that are aligned with the flow direction, and is due to
the fact that all components of the §/-wavespeeds in the
grid direction equal zero and the (6 -+ 7) shear wave
has an extremely small wavespeed. Hence the dissipa-
tion is very small and the result is essentially central-
differencing in that direction. By limiting the angle 6}
to lie outside of a small region near (6, — o) = 0 at
(6 — ) = £90°, this decoupling can be alleviated. Nu-
merical examples of viscous flows both with and without
#;-limiting will be given in the Results section.

An attempt has been made to parameterize the
“monotonicity regions” in accordance with the three
observations made above. The empirically-generated
6);-limited regions for four different Mach numbers are
shown in figures 3(a) through (d). It should be stressed
that the determination of these regions is based only
loosely on theory and primarily on numerical experi-
mentation. The following empirical scheme has been
found to give good results for a wide variety of prob-
lems. It is by no means deemed to be the best scheme
for improving the monotonicity properties of the 5-wave
model. First, some variables are defined:

(8g — o)+ /2
= 2
V1= T “min(M, 1)* +0.01 (29)
_ (g — ) — /2
V2 = I~ min(M,1)* +0.01 (30)
I M-20
va= -3 {tanh( 13 )-{—1} (31)
T M —-20
ya =g {tanh( D ) +1} (32)
ys = (6, — o) + % - er—min(M, 1)* (33)
Y6 = (8, — ) — % + %min(M, 1)* (34)
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Ys = —yr (36)
_ w\2 w2
Yo =+ ma.x[(a) —{(ﬂg—a)——a} ,0] (37)
Y10 = —Yo (38)
y11 = min(ye, max(ys, yo)) (39)
Y12 = max(ys, min(ys, ys))- (40)
The allowable regions are then taken as:

(83 — @) > max(y1, yr)

(87 — @) < min(yz, y10) (41)

y11 < (67 — @) < y12.
If (6, — a) does not lie within one of the allowable re-

gions, then it is limited to either y;1 or y;2, whichever
is closer.

Results and Discussion

A first-order Euler computation of supersonic chan-
nel flow with a 15° finite-length ramp is computed at
an inflow Mach number of 2.0 on a 49 x 17 grid. (This
case was first used to test grid-independent flow solvers
by Levy et. al.”) Figures 4(a) through (c) show Mach
contours and Mach number values along j—constant
cuts for the grid-aligned scheme, the 5-wave model (/-
unlimited), and the 5-wave model (6)-limited). The
unlimited grid-independent method yields extremely
sharp shocks, but many oscillations are evident in the
flowfield. The limited method reduces the oscillations
while still providing more resolution than the grid-
aligned scheme.

An unexpected advantage of the grid-independent
model over the grid-aligned scheme turns up during the
course of a grid convergence study using the Euler equa-
tions to solve subsonic flow over an airfoil. Figure 5 is
a plot of computed drag coefficient vs. the inverse of
the square root of the grid density for the grid-aligned
scheme and the 5-wave model on three different grids for
M = 0.3 and o = 1°, using first-order spatial discretiza-
tion. The finest grid is a 257 x 73 O-mesh with average
minimum spacing on the body of 0.0031¢ and maximum
grid extent of 20¢c. Coarser meshes are achieved by re-
moving every other point from the next finest mesh.
The “exact” Euler solution should give zero drag. The
5-wave raodel, restarted from the grid-aligned solution
with 6/ frozen, gives a far better prediction of the drag
than the grid-aligned scheme for all three grids. En-
tropy contours for both methods on the coarsest and
firest meshes, figures 6(a) and (b) and 7(a) and (b),
indicate significantly lower entropy production over the
airfoil surface using the 5-wave model. (Contour values
plotted are 0.001 through 0.03 in steps of 0.001 for all
four figures.)
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It is believed that the difference in entropy levels is
due to the different ways that the two models interpret
the flow near the stagnation point of the airfoil. Near
the stagnation point, the flow undergoes very rapid
turning with relatively small changes in pressure. The
grid-aligned model interprets this turning to be in part
due to the action of + and — acoustic waves with nearly
offsetting Ap’s. Because the local flow is subsonic, the
wavespeeds associated with each of these acoustic waves
are of opposite sign, so the flux computed at interfaces
near the leading edge is assigned a pressure which is too
high or low by an amount Ap. This results in increased
entropy generation. In contrast, the 5-wave model in-
terprets the rapid turning near the stagnation point to
be due primarily to the action of a (0} + 7/2) shear
wave, which has no associated pressure jump across it.
The entropy is lower as a consequence.

Second-order spatially accurate computations for
both the 5-wave and the grid-aligned models entail
extrapolating the left and right states at each inter-
face from primitive variables in the grid-aligned direc-
tions. It should be noted at this point that, in gen-
eral, second-order computations using the 5-wave model
show only small improvement over grid-aligned compu-
tations. Shock waves that lie oblique to the grid are
usually resolved with about the same thickness using
both methods. Also, the amount of entropy generated
over an airfoil in a subsonic Euler computation is of the
same order for both the 5-wave and grid-aligned models.

However, a specific case where an advantage of the
5-wave model over the grid-aligned model is realized in
a second-order computation is for viscous separated flow
over a NACA 0012 airfoil at M = 0.5, « = 3°, and Re =
5000. On even reasonably fine meshes, the grid-aligned
scheme does a poor job since there is a detached shear
layer emanating from about midchord which is not ori-
ented with the grid. The shear is misinterpreted as a
combination of shear and compression, with the end
result of a distortion in the computed pressure. An ex-
ample is shown in figure 8(a) for a computation on a
129 x 49 C-mesh with minimum spacing of 0.0004c and
maximum outer boundary extent of 14c. Figure 8(b)
shows results over the rear half of the airfoil using the
5-wave model with no limiting on 6, restarted from the
grid-aligned solution with 8/, frozen. Here the odd-even
point decoupling mentioned in the Monotonicity Anal-
ysis section can be seen. When 8);-limiting is employed,
this decoupling is no longer evident and the pressure
distortions in the shear layer are significantly reduced
as shown in figure 8(c). (In each of these figures, contour
values of 0.9 through 1.2 in steps of 0.005 are plotted.)

THREE-DIMENSIONAL MODEL

The extension of the grid-independent flux function
to three dimensions is faitly straightforward. The flux
per unit face area is given by (10), but now the five



waves are represented by

1 1
1+ a(cg )} % — &(cz)g
R, = | 9+a(c,), Ry= | 9—d(cy)y | (42)
@ + é(e, ), W — a(c,)y
H + 44, H—ag;
- 0 1 “
R —a(cz)g | i
R3 = —&(Cy):i R4 = D (43)
—é(c.)q w
L —agd) 122 +9%+2?)
— 0 9
. —&(A’l"l):l
Rs = —a(Arz)y (44)
—a(Ars))
L —a{d(Ary)}; + 9(Arg)y + w(Ara),} ]
where
gy = ca )y + Dey)y + (e )y (45)
and
Ary =((cz)? — 1) Au + (cz)(cy) Av+
(cz)(c:)Aw
Ary =(cy)(cg)Au+ ((cy)z - l)Av—l— (46)
(cy)(c:)Aw

Ars =(c;)(cg)Au + (¢ )(cy)Av+
((cz)? — 1) Aw.

The variables c,, ¢y, and c, represent the components
of the unit normal direction vector 7 in the z, y, and 2
directions, respectively. They can be written:

¢z = cosfcosy

¢y = sinfcosyp
¢, = siny,

(47)

where the angles § and 1 define a direction in three di-
mensions as depicted in figure 9. The velocity-difference
direction 7i4, defined by the angles (84,%4), is obtained

using
6; = tan™! (—A—P-)
Au (48)
_1 [ Aw *sign(Au)
1Yq = tan —_——].
vVAu? + Ay?
The angles are each defined from —3 to 5. Asin two

dimensions, the direction of wave propagatxon is frozen
as 7 in order to eliminate nonlinear feedback in the
solution.

The vector of wa.vestrengths is given by

2Aaz + EﬁAq‘li
T2 — 25 qu’i

“»
1!

B-1)48q; |,
# (a*Ap— Ap)
é

a

(49)
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and G is defined by

o =i masf (250) sl s] L o

where

Agl = Au(cs)y+ Av(cy)y + Aw(e)z.  (51)

All of the waves except for the shear wave repre-
sented by R have wavespeeds in the 7i/j-direction. The
direction of propagation of the shear wave R3 is taken
normal to the plane spanned by VL and Vg. This di-
rection is chosen so that the model is able to sharply
capture oblique shear waves through which the veloc-
ity undergoes rotation. Its derivation is discussed in
greater detail in reference 3. The velocity i, of this
shear wave is identically zero when the direction of
wave—propaga.tion is not frozen. When the direction is
frozen, then @/, although small, is no longer necessanly
zero. It is given by

(52)

where (cz)), (cy),, and (c.)} are the components of the
frozen shear-propagation direction in the three coordi-
nate directions.

Finally, the components of the wavespeeds of all
five waves in the grid-normal direction are written:

A =(ds+ a){(cz)alez)g + (cy)aley)s+
(e2)ales)g}
Az =(d — a){(cz)ia(ca)g + (cy)iacy) gt

(cz)ales)g} (53)
As :ﬁ"a{(cz):(cm)y + ()i (ey)g + (c2)i(ea y}
W =d3{(cz)alca)g + (cy)aley)g + (c2)alc:) 9}
s =ga{(cz)alcs)g + (cy)alcy)g + (cz)ale: y}

A monotonicity analysis in three dimensions pro-
ceeds in much the same way as the analysis in two di-
mensions. However, for simplicity it'is assumed that the
shear-wave speed associated with Rj is identically zero
(which would be exactly true if the wave-propagation
direction was never frozen).

Results are plotted as allowable |7}, — 7if| vs. |7y —
fg|, for various ¢,, where ¢, is the angle between the
plane defined by the vectors (7i,,7;) and the plane de-
fined by the vectors (7}, fiy ). The quantities within the
absolute value signs indicate an angular difference Le-
tween two vectors. When plotted this way, results are
independent of the flow vector 7i;.

A result is given in figures 10(a) through (c¢) for M
=3, and 8 = 1. Figure 10(a) shows results for the cases



when ¢, < 15°. The allowable region for monotonic-
ity looks very similar to the two-dimensional region at
these same conditions (see figure 2(a)). It includes the
grid-aligned wave model 7} = 7;. Notice that for the
three-dimensional case, in contrast to two dimensions,
the absolute value of the angular differences are plot-
ted so that only positive differences are given. This is
done because of the difficulty associated with assigning
a positive or negative angular difference in three dimen-
sions. When 15° < ¢, < 30°, the plot of figure 10(b)
results. Here, the monotone region is similar to figure
10(a) except that the grid-aligned model is no longer
representable. When 30° < ¢, < 45°, the monotonicity
region diminishes significantly in size, as shown in fig-
ure 10(c). Finally, when 45° < ¢, < 90°, no region is
monotone, according to this analysis.

A specific example is taken from this case. Refer-
ring to figures 10(a) through (c), when |7, — 7| ~ 75°,
the allowable |7}, — 7s| goes from about 25° to 75° for
$p < 15°, from about 25° to 65° for 15° < ¢, < 30°,
and from about 35° to 45° for 30° < ¢, < 45°. A
sketch is first drawn in figure 11(a) of the 7 vector
and the 7i; vector, separated by 75°, with the allow-
able 7i;-directions in the (7i,,7;)-plane (¢, = 0°) indi-
cated by shading. Next, in figure 11(b), the allowable
7iy-directions in all three dimensions are indicated by
including the results from the cases when the (7}, 7if)-
plane differs significantly from the (i, 7i;)-plane.

A second case using M = 0.3, 8 = 1 is shown in fig-
ure 12 for ¢, = 0°. When ¢, > 0°, there are no regions
of monotonicity. This figure indicates (as did figure 2(b)
for two dimensions) that only the grid-aligned method
is monotone at these subsonic conditions. However, it is
believed that this constraint, as well as the constraints
imposed when the flow is supersonic, can be relaxed
somewhat in practice. Although an empirical limiting
method has not been devised for three-dimensional flow
due to its inherent complexity, it is believed that a suc-
cessful method would be patterned much the same as
the method currently employed for two dimensions.

A sample three-dimensional Euler result is given for
flow through a channel with a ramp. This case was first
performed by Parpia.* The geometry is shown in figure
13. Computations are performed on a 41x17x 17 grid at
an inflow Mach number of 2.8. Pressure contours in the
i1=1 and i=17 planes (far and near walls) are shown in
figures 14(a) and (b) and 15(a) and (b) using first-order
spatial discretization. The 5-wave model is seen to yield
sharper shocks than the grid-aligned model for this case.

CONCLUSIONS

A monotonicity analysis is performed for a multi-
dimensional flux function applied to the Euler equa-
tions. From the analysis, a limiting procedure is de-
vised for two-dimensional flow which yields solutions
with reduced oscillatory behavior while still maintain-
ing sharper resolution of flowfield discontinuities than

e
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the grid-aligned flux function. The effect of the limiting
is demonstrated for the case of supersonic channel flow
with a ramp. The limited model is also applied to a
subsonic Euler computation over an airfoil and a sep-
arated viscous flow Navier-Stokes computation over an
airfoil. First-order accurate results for the subsonic air-
foil flow yield lower entropy and hence more accurate
drag predictions than the grid-aligned model. In the
Navier-Stokes case, pressure distortions computed in
the separated region over the airfoil by the grid-aligned
model are reduced by the grid-independent model. The
model is also extended to three dimensions, and a mono-
tonicity analysis shows the behavior to be similar to the
two-dimensional case. First-order results for a three-
dimensional channel flow with a ramp give sharper res-
olution of oblique shocks than the grid-aligned model.
A limiting procedure is not developed for the three-
dimensional model.
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2.2

1.4

a) grid-aligned model

Fig. 4 Mach contours and Mach number values, channel

flow, M = 2, lst-order
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2.2

b) 5-wave model (8 not limited)

Fig. 4 Continued
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Fig. b Grid convergence study, NACA 0012, M =

a = 1°, 1st-order
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Fig. 6 Entropy contours, NACA 0012, M = 0.3, a0 =1°,
1st-order, grid-aligned model

Fig. 7 Entropy contours, NACA 0012, M = 0.3, ¢ = 1°,
1st-order, 5-wave model

8) grid-aligned model b) 5-wave model (8 not limited)

¢} 5-wave model (6)-limited)

Fig. 8 Pressure contours, NACA 0012 airfoil, M = 0.5,
a = 3°, Re = 5000, 2nd-order Navier-Stokes
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a) allowable i} in (i, iif)-plane

allowable i}

b) allowable 7, in three dimensions

Fig. 11 Monotonicity for M = 3, 8 = 1; allowable 7i;; when
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Fig. 12 Monotonicity region, M = 0.3, 8 =1, ¢, = 0°
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Fig. 13 Geometry of 3-D channel

b) ¢ = 17 plane

Fig. 14 Pressure contours, 3-D channel flow, M = 2.8, 1st-
order, grid-aligned model

a) i = 1 plane b) i = 17 plane

Fig. 15 Pressure contours, 3-D channel flow, M = 2.8, 1st-
order, 5-wave model
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