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Hybrid methods employing a combination of continuum and particle methods are
being developed for a variety of applications from hypersonic to micro-scale flows. A
key issue in the development of such hybrid methods is the determination of when to
use the continuum and particle flow descriptions. This is most commonly performed by
consideration of a continuum breakdown parameter that indicates failure of the continuum
approach. In the present study, the entropy generation rate is evaluated as a continuum
breakdown parameter for several different flows including a flat plate boundary layer,
normal shock waves, and a complex hypersonic flow. The basic motivation for the study
is the observation that entropy production provides a strong physical basis for detection
of non-continuum phenomena. Comparisons are made between breakdown parameters
based on the entropy generation rate and other parameters based on flow field gradients.
The results indicate that breakdown parameters based on entropy generation exhibit
many of the same features as the existing parameters.

Nomenclature
c Sound speed, m/s
cp Specific heat at constant pressure
Kn Knudsen number-like breakdown parameter
4 Reference length, m
L Reference length on cylinder/flare, m
M Mach number
p Pressure, Pa
g Heat flux vector, W/m?
Re, Reynolds number based on length s
Sgen Entropy generation rate, ﬁ
T Temperature, K
u Velocity, m/s
U Reference velocity, m/s
T,Y, 2 Cartesian body axes, m
n Wall-normal distance, non-dimensionalized
K Coefficient of thermal conductivity
7 Coefficient of viscosity
(€] Temperature, non-dimensionalized
p Density, kg/m?®
] Streamfunction
Tij Stress tensor, N/m?
Subscripts
0 Reference
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Introduction

HE development of hypersonic vehicles is of par-

ticular interest to both military! and commer-
cial? aviation. Unfortunately, hypersonic experimen-
tation in a laboratory or wind tunnel is difficult
and flight tests are expensive. Therefore computa-
tional methods, such as Computational Fluid Dynam-
ics (CFD) and the Direct Simulation Monte Carlo
method (DSMC), will serve as critical tools in the de-
sign of hypersonic vehicles.?

While CFD works well in subsonic, sonic, and su-
personic regimes, it introduces significant errors under
rarefied conditions in the hypersonic regime due to the
breakdown of continuum properties, i.e. the assump-
tion of a fluid continuum becomes invalid in a rarefied
gas. DSMC has proven to be an excellent method
for predicting flows of rarefied gas but is significantly
more expensive than CFD computationally.> One so-
lution is to introduce a hybrid code that combines both
CFD and DSMC. There are two challenges in combin-
ing CFD and DSMC. The first is determining when to
use one method or the other. The second is sharing
computational data between the two methods at their
boundaries.® The present study focuses on the first

10F9

AMERICAN INSTITUTE OF AERONAUTICS AND ASTRONAUTICS PAPER 2003-3783



problem by exploring a continuum breakdown param-
eter. For the continuum breakdown parameter, several
candidates based on the Knudsen number have been
reviewed by Wang and Boyd.? This study proposes
the use of entropy generation rate as a continuum
breakdown parameter since it has a stronger physical
foundation than Knudsen numbers.
The entropy generation rate is defined as follows:”

g =T g OT
Sgen - T 6$L'j T2 6$L'j (1)

This concept can be applied to continuum thermody-
namics through the Navier-Stokes equations.® These
equations for the conservation of mass, momentum,
and energy, respectively, are:

op B
E"'V'[)V—O (2)
A%
Dh _ Dp Ou;
pﬁ = Dt +V - (kVT) + 15 o2, (4)

Three configurations are chosen for this study: a
laminar boundary layer flow over a flat plate, normal
shock waves, and a hypersonic flow over a hollow cylin-
der/flare configuration. The first case focuses on the
extreme gradients that would be present on the sur-
face of any vehicle. The second case focuses on the
extreme gradients present across the shock waves of
any supersonic vehicle. The third case focuses on a
configuration that resembles the flight conditions on a
hypersonic vehicle.

Laminar Boundary Layer over a Flat
Plate

Laminar boundary layer flow over a flat plate is a
classic problem for which there is an established solu-
tion by Blasius.

Analytical Solution

The solution for the laminar boundary layer over a
flat plate makes the following assumptions:

1. The flow is incompressible, viscous, and two-
dimensional.

2. No-slip condition at the surface (u = v = 0 at
y = 0) and freestream conditions far from the
plate (u = uq at y = 00).

3. Buoyancy effects are negligible so temperature
and velocity are not coupled.

We start with the steady and incompressible conti-
nuity and momentum equations, respectively, in two
space dimensions:

% (5)

U=+ Vv~ =U—+v— (6)

with the boundary conditions u(z,0) = v(z,0) = 0
and u(z, 00) = U(z).
Substituting the dimensionless similarity variables

0= y\/g (7)

¢ =vV2wUzf(n) (8)

into the momentum equation (6), we can manipulate
the equation until it yields the following differential
equation:?

" ff=0 ©)

with boundary conditions f(0) = 0, f'(0) = 0,
f'(00) = 1. Using a Runge-Kutta solver, the veloc-
ity profile solution is obtained.

A similar technique is used to solve for the energy
equation:

Per \“ oz U@y NK(‘?@P o Oy

where the dimensionless similarity variable for temper-
ature is:

o) = 7 (1)

Although White® assumed a negligible Eckert num-
ber Ec, we derive the more general solution:
0" 4+ PrfO' +PrEcf" =0 (12)

A Runge-Kutta solver is used again to obtain the
solution. For this solution, the non-dimensionalized
entropy generation rate can be expressed as:

-1
&) Tw A
Spenpiie = $Bef" (F —1) (1+ £20)

2

+iPrter (B -1) (14 %@)_2 19)

where AT =T, — T, and Eckert number Ec = cpth'

CFD Solution

The CFD package used is Cobaltgo.'® It was de-
veloped by the United States Air Force at the Air
Force Research Laboratory at Wright-Patterson Air
Force Base in Dayton, Ohio. The flat plate case is run

using the laminar Navier-Stokes equations under the
following conditions: Rey = 10%, p = 2,174 N/m?,
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Fig. 1 Mesh for flat plate.

T = 288.15 K, and M = 0.20. The grid is shown in
Fig. 1 and reveals the general packing of the mesh to-
ward the flat plate at the bottom. The bottom surface
starts from the left with a slip plane of length 0.1 m
with 20 points followed by the flat plate of unit length
with 200 points. From top to bottom, there are 100
points.

The velocity profiles in Fig. 2 show that the Blasius
and Cobaltgy solutions match very well. Similarly, the
temperature and entropy generation rate profiles plot-
ted in Figs. 3 and 4 indicate good agreement between
computation and theory. Here, the entropy generation
rate is non-dimensionalized using the following form
suggested by Camberos and Chen:!*

£Sgen
pRV RT

where £ is taken to be the local mean free path A. The
data from the flat plate case indicate that the entropy
generation rate formulae as implemented in Cobaltgg
accurately match the analytical solutions.

Normal Shock Waves

The normal shock wave is a classic flow problem
involving non-isentropic gas dynamics with well estab-
lished solutions. The Rankine-Hugoniot jump equa-
tions give upstream and downstream values. Inte-
gration over the basic one-dimensional Navier-Stokes
equations yield profiles, as shown by Gilbarg and
Paolucci.!!

Kng = (14)

Analytical and Numerical Solutions for Air

The solution for the shock wave profiles assumes
that the flow is compressible and one-dimensional.
Runge-Kutta integration is used over the following
one-dimensional Navier-Stokes equations:

15

— Theory
o Cobalt Re=20000
1r 000 O |
2
E
0.5F q
0 1 2 3 4 5
n
Fig. 2 Velocity profiles of Blasius and Cobalteo
solutions.
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Fig. 3 Temperature profiles of analytical and

Cobalteg solutions.
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Fig. 4 Entropy generation rate profiles of analyt-
ical and Cobaltgy solutions.
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Fig. 5 Mesh for a normal shock wave.

RT du
12122
Cl< u2)d:c+c

7\ du dT dr dq
_—— B _ R —_— = ]_
Ci1 (u ) +Cicp . u— + = 0 (16)

¢ /) dx dr d
4 du
dT
hatnll — 1
Ko +qg=0 (18)

where the invariant C; = pu.

It can be shown that in the temperature-velocity
solution space, the supersonic upstream condition is a
nodal point while the subsonic downstream condition
is a saddle point.!!>12 Therefore integration from the
upstream condition to the downstream condition, as
intuition would have us do, is unstable and would yield
inaccurate results. However, by integrating in the re-
verse direction, a stable solution results. For this case,
a version of Cobalteg is customized to initialize each
half of the flow with values from given parameters and
the jump equations so that any shock waves form and
stay in the center of the flow.

The mesh for the flow is shown in Fig. 5 with points
clustered at the shock interface. There are 100 points
lengthwise and only 3 points in the normal direction.
In the results that follow, the gas is air and the up-
stream conditions are: M; = 2.0, p; = 1,172 N/m?,
and 77 = 226.6 K. The velocity and temperature pro-
files shown in Fig. 6 and 7, respectively, indicate good
agreement between the two solutions.

The entropy generation rate is shown in Fig. 8.
These results indicate good agreement between the an-
alytical results and the computation. They also show

—— Theory
o Cobalt

0.9r

0.8

0.7f

u/u1

0.61
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0.3 . . . . .
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Fig. 6

Velocity profile in a normal shock wave.

1.8

— Theory
o Caobalt

1.7f o

15

XA
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Fig. 8 Entropy generation rate profile in a normal
shock wave.
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Fig. 9 Normalized flow properties across a normal
shock wave at M = 1.55 in Argon.
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Fig. 10 Normalized flow properties across a nor-
mal shock wave at M = 10 in Argon.

that the entropy generation rate reaches a sharp peak
in the middle of the shock wave front. This is a region
of strong nonequilibrium where continuum methods
may fail.

Analysis of Argon Flows

To assess the entropy generation rate as a contin-
uum breakdown parameter, we consider the solutions
of the Navier—Stokes equations taken from Boyd et
al.!? for normal shock waves at Mach 1.55 and Mach
10 in Argon. Figures 9 and 10 show normalized values
of velocity, temperature, and density for Mach 1.55
and Mach 10, respectively.

The research of Wang and Boyd® found that the fol-
lowing represented an effective continuum breakdown
parameter for hypersonic flows:

Knpax = max(Knp, Kny, Kny) (19)
with a threshold of 0.05, where for Q = D,T,V:

10 . . . . .
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Fig. 11 Breakdown parameters across a normal

shock wave at M = 1.55 in Argon.
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Fig. 12 Breakdown parameters across a normal

shock wave at M = 10 in Argon with continuum
breakdown assumed between the two vertical lines.

Here the D, T, and V stand for density, temperature,
and velocity, respectively.

The entropy generation rate parameter, Eq. (14),
and the Knudsen number parameters, Eq. (20), are
shown in Figs. 11 and 12 for Mach 1.55 and Mach 10,
respectively. In both cases, the entropy generation rate
parameter resembles the shape of the temperature-
based Knudsen parameter, although significantly lower
in magnitude.

The results of Boyd et al.'3 show a difference greater
than 5 percent between the Navier-Stokes and DSMC
results for density and temperature in the Mach 10
shock wave. This 5 percent error is assumed to indi-
cate continuum breakdown. The region where density
difference between Navier-Stokes and DSMC is greater
than 5 percent is indicated in Fig. 12 as the region be-
tween the two vertical lines. The upper horizontal line

A in the same plot indicates the breakdown threshold
Kng = 6 Ve (20) of 0.05 used by Boyd et al. for their parameters. It
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Fig. 13 Hollow cylinder/flare geometry.

slightly over-predicts the shock thickness for density.
The lower horizontal line is the entropy generation rate
parameter threshold of 5 x 10~7 and it over-predicts
the width of the breakdown region as well. From these
results, the entropy generation rate Knudsen parame-
ter seems to predict the breakdown region in a similar
way to the density-based Knudsen parameter.

Hypersonic Flow Over a Hollow
Cylinder/Flare Geometry

The hollow cylinder/flare geometry shown in Fig. 13
represents a typical configuration that may be found
on a section of a hypersonic vehicle. The CFD data
that is analyzed here consists of a solution of the
Navier—Stokes equations and is taken from Wang and
Boyd® for flow conditions of: p,,=5.07x10"* kg/m?3,
Uso=2,609m/s, Ton=129 K giving M,,=11.3. The ref-
erence length L corresponds to the cylinder section of
length 101.7 mm in the figure.

A contour plot of the entropy generation rate,
Eq. (1), is shown in Fig. 14. Note the shock wave
from the lip of the cylinder followed by its reflection
off the flared wall and the “bubble” at the intersection
of the walls.

In the following analysis, the continuum breakdown
regions are assumed to be those where any difference
(error) greater than 5 percent between the Navier-
Stokes and DSMC results are noted for any density,
velocity, or temperature. The DSMC solution is also
from Wang and Boyd.?

The data from near the tip of the cylinder (z/L =
0.01) is shown in Fig. 15 with continuum break-
down assumed left of the vertical line. By inspec-
tion, the Knudsen parameter based on entropy gen-
eration rate, Eq. (14), does not seem to be useful
in predicting breakdown in this case. However, two
more non-dimensionalizations of entropy generation
rate are plotted in Fig. 16. The form of the non-
dimensionalization is:

I Level Sggy
B 6 20000
0.2 5 16000

L 4 12000

—~ | 3 8000

e | 2 4000

~ 1 0

) L

o015}

SOA

Q I

a L

3 L

= L

go'l? /2
I Z

0.05F z
| 2
- s VoA I -

0 0.05 0.1 0.15 0.2

Axial Distance (m)

Fig. 14 Entropy generation rate contours.

Breakdown Parameters

L
1 12 14 16 18 2
8y (m) x10°

L L L L
0 0.2 0.4 0.6 0.8

Fig. 15 Breakdown parameters based on basic
properties at z/L = 0.01. Breakdown indicated in
the region to the left of the vertical line.

Sgen
_ 21
SGENnormLOz:a.l puR/A ( )
Sgen
_ _Pgen 22
SGEN,ormaiobal poUR/L 22)

where the former uses local and the latter uses global
freestream values. The local reference length is taken
to be the mean free path whereas the global refer-
ence length is the length of the cylinder L. These two
non-dimensionalizations seem to resemble Knp;4x in
shape. The proposed threshold levels for these two pa-
rameters are plotted in Fig. 17. The global parameter
threshold is proposed to be 1 while the local parameter
threshold is proposed to be 5 x 10~%. In this case, all
three parameters predict a region of continuum break-
down that is wider than the comparison of DSMC and
CFD solutions actually indicates.
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Fig. 16 Comparison of breakdown parameters at
z/L = 0.01. Breakdown indicated in the region to
the left of the line.
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Fig. 17 Comparison of breakdown parameters at
z/L = 0.01 with thresholds. Breakdown indicated
in the region to the left of the line.

The data from the middle of the cylinder (z/L =
0.50) is shown in Fig. 18 with continuum breakdown
assumed in the two leftmost regions. The error in the
first region is relatively insignificant, but still above 5
percent. The error spikes in the second region. By
inspection in Fig. 19, the Knudsen parameter based
on entropy generation rate does not seem to be useful
in predicting breakdown in this case either. The pro-
posed thresholds in Fig. 20 show relatively good agree-
ment to breakdown region boundaries. All three pa-
rameters predict the continuum breakdown observed
in the shock front and then indicate a region of con-
tinuum flow on the other side of the shock that is
not found in the flow solutions. A large region of
non-continuum flow is then predicted by all three pa-
rameters towards the cylinder surface.

The data at the intersection between the cylin-
der and the flare (/L = 1.00) is shown in Fig. 21

Breakdown Parameters

10 s s s s s
0 0.002 0.004 0.006 0.008 0.01 0.012

8y (m)
Fig. 18 Breakdown parameters based on basic

properties at z/L = 0.50. Breakdown indicated in
the leftmost two regions.
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s 1

10°

0 0.002 0.004 0.006 0.008 0.01 0.012
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Fig. 19 Comparison of breakdown parameters at
z/L = 0.50. Breakdown indicated in the leftmost
two regions.
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Fig. 20 Comparison of breakdown parameters at
z/L = 0.50 with thresholds. Breakdown indicated
in the leftmost two regions.
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Breakdown Parameters
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Fig. 21 Breakdown parameters based on basic
properties at z/L = 1.00. Breakdown indicated in
the first and third regions from the left.

Breakdown Parameters

0.01 0.015 . 0.025
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Fig. 22 Comparison of breakdown parameters at
z/L = 1.00. Breakdown indicated in the first and
third regions from the left.

with continuum breakdown assumed in the first and
third regions from the left. By inspection in Fig. 22,
the Knudsen parameter based on entropy generation
rate does not seem promising for predicting break-
down in this case either. The proposed thresholds in
Fig. 23 show very good agreement to breakdown re-
gion boundaries both around the shock front and as
the surface is approached.

The data from midway along the flare (z/L = 1.60)
is shown in Fig. 24 with continuum breakdown as-
sumed in the first, third,and fifth regions from the left.
Once again, the Knudsen parameter based on entropy
generation rate in Fig. 25 is not useful here. Disap-
pointingly, the proposed thresholds for the breakdown
parameters shown in Fig. 26 do not work well. They
predict continuum breakdown around the shock front
in a region that is considerably smaller than the DSMC
and CFD solutions suggest. The parameters also fail
to predict continuum breakdown in the third region.

©
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=
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1
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~
/
4

0 0.005 0.01 0.015 0.025

By (m)
Fig. 283 Comparison of breakdown parameters at
z/L = 1.00 with thresholds. Breakdown indicated
in the first and third regions from the left.

Breakdown Parameters
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8y (m)

Fig. 24 Breakdown parameters based on basic
properties at /L = 1.60. Breakdown indicated in
the first, third, and fifth regions from the left.

It is important to note that these problems are also en-
countered by the Knudsen number parameter of Wang
and Boyd.®

It is interesting to note that in Fig. 25, the ear-
lier entropy generation rate Knudsen parameter shows
an upturn where the third region is. Although no
threshold line can be drawn to take advantage of this
parameter, perhaps a different threshold criteria can
be established to make this parameter useful.

Concluding Remarks

The entropy generation rate has been proposed as a
candidate parameter to detect breakdown of the con-
tinuum assumption in computations of nonequilibrium
gas flows. In the present study, a number of differ-
ent parameters based on the entropy generation rate
were proposed. The usefulness of these parameters
in predicting continuum breakdown was assessed us-
ing a number of different configurations representative
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Fig. 25 Comparison of breakdown parameters at
z/L = 1.60. Breakdown indicated in the first, third,
and fifth regions from the left.
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Fig. 26 Comparison of breakdown parameters at
z/L = 1.60 with thresholds. Breakdown indicated
in the first, third, and fifth regions from the left.

of flows about a hypersonic vehicle. Two relatively
simple flows were first considered: a boundary layer
flow and one dimensional shock waves. In addition, a
complex hypersonic flow about a cylinder—flare config-
uration was investigated.

These studies showed that the entropy generation
rate can indicate non-continuum phenomena associ-
ated with sharp gradients and therefore demonstrated
some promise as a continuum breakdown parameter.
Comparisons between the Knudsen-based parameter
and the entropy generation rate parameter were made
from several CFD data sets including new solutions ob-
tained with Cobaltgoand with solutions of the Navier—
Stokes equations published earlier in Boyd et al.'® and
Wang and Boyd.®> The results showed that parameters
based on entropy generation rate are about as useful
as those based on density, velocity, and temperature
gradients. It may be argued that a breakdown pa-
rameter based on entropy production has a more solid

theoretical basis than those parameters based on gen-
eral flow field gradients. However, all of the breakdown
parameters considered failed to predict non-continuum
behavior in the shock front indicating the need for fur-
ther investigation.
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