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Field emission electric propulsion (FEEP) thrusters are useful asµN, µ-radian attitude control devices for
satellites. In this study, we simulate in axisymmetric 2D coordinates the emission of charged indium leaving
the surface and forming unique droplets. The boundary element method is used to rapidly and accurately
calculate the electric field on the fluid surface, which is then advected forward in time using the combined level
set and volume of fluid (CLSVOF) method. The probability density function (PDF) of droplet charge to mass
ratio is simulated. Each drop influences the size, charge and path of the following new drop.

Nomenclature

ai acceleration of particlei
[

m
s2

]

bi number of particles in bini
ddrop droplet diameter [m]
d jet diameter of space charge-induced microjet [m]
dTOF distance particles travel in time of flight setup [m]−→E electric field

[
N
m

]
Epart particle energy [J]
f Dirichlet boundary condition
f (x,α) number of droplets in space [x,d+dx) and acceleration [α,α+dα)
F force on panel [N]
g Neumann boundary condition

g acceleration due to gravity
[

m
s2

]

G Green’s function
H Heaviside function
I current [A]
Isp specific impulse [s]
L panel length [m]
m mass [kg]
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ṁ mass flow rate
[

kg
s

]

ND number of Dirichlet panels
NN number of Neumann panels
−→n surface normal
p pressure vector
Pexh exhaust power [W]
q number of charges on panel
r radial distance [m]
rdrop droplet radius [m]
T thrust [N]
tTOF time of flight [s]
U potential [V]
v jet jet initial velocity

[
m
s

]
V velocity

[
m
s

]
Vr radial velocity

[
m
s

]
Vz axial velocity

[
m
s

]

x̄ 2d axisymmetric position

[
r

z

]
[m]

Greek symbols

α particle acceleration
[

m
s2

]

χ droplet fissility
ε0 permittivity of free space

[
F
m

]
ηprop propulsive efficiency [%]
κ surface curvature

[
1
m

]

µ liquid viscosity
[

kg
m·s

]

Ω surface
∂Ω surface boundary
∂ΩD Dirichlet boundary
∂ΩN Neumann boundary
φ level set, whereφ = 0 is the surface
ϕ Neumann panel strengths
ϖ Dirichlet panel strengths

ρ fluid density
[

kg
m3

]

ρ̆ areal charge density in fluid. Zero for perfect conductors
[

C
m2

]

σ surface tension of liquid indium [N
m]

τ time for droplets to be produced [s]
Ξ(α) flux distribution function

[
1
s

]

Abbreviations
ARCS Austrian Research Centre - Seiborsdorf
FEEP field emission electric propulsion

MTCR mass to charge ratio
[

numbero f atoms
e

]

TOF time of flight [s]

I. Introduction

FIELD emission refers to the process of using a strong electric field to produce a spray of charged ions or droplets.
This occurs when two electrodes form a potential difference that pulls on a conducting fluid, but is resisted by
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surface tension and viscosity of the fluid. As a result of this pull, the liquid surface deforms to an equilibrium shape:
a cone. The electric field acting at the tip of the cone then causes a jet of ions or droplets to form [1].

The application of field emission to fluids has been studied as early as 1923 by Schottky [2]. Research in this
area has established that the necessary potential difference for droplet formation varies by material composition [3, 4].
Field-ion emission with liquid metal was examined initially by Tsong and Müller in the 1960’s [5]. Applications of
this technology have proven to be numerous, including realms such as: electron microscopy [6], data displays [7],
carbon nanotube fluorescence [8], ink jets [9] and thermoelectric coolers [10]. However, a significant possibility for
the use of the field emission process to produce thrust in space had been overlooked. When used for propulsion, field
emission produces thrust through expelling propellant at high velocity.

One example of a space thruster that combines field emission and electric propulsion is called a field emission
electric propulsion thruster, or FEEP. Figure (1) shows the useful range of specific impulse and power for various
electric propulsion technologies. Compared to these other designs, FEEP thrusters provide a source of high specific
impulse (Isp), low thrust/power, ultra-low impulse bit electrostatic space propulsion. They have been examined since
the 1970’s [11, 12] and the ion/droplet plume ratio based on mass flow has been predicted [13, 14]. Several scaling
laws about current and voltage, droplet size and specific impulse have been published [15, 16].

A space-tested FEEP has been under development in Austria for over a decade [17]. Such thrusters are appropriate
for scientific drag-free missions such as LISA [18], Darwin [19], GOCE [20] and SMART-2 [21]. The thruster as
built and tested by the Austrian Research Center - Seiborsdorf (ARCS) consists of a tungsten needle covered in
liquid indium reacting to an applied electric potential difference between an extractor ring and the needle of -6 kV
[22, 17, 16]. When the field strength at the tip reaches1× 109 V

m, the indium is accelerated over the needle that is
about 1 cm long and 50µm wide and ionized from the surface. Depending on the mass flow rates, either ions or
droplets are observed coming from the needle tip. Planar and isometric schematics of a FEEP [23] are shown in Fig.
(2).
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Figure 1. Electric propulsion technology types

ARCS has shown that droplet-driven FEEPs offer maximum thrust. These droplets are important because, com-
pared to ions, while their presence increases thrust it reduces mass efficiency. This trend can be seen from the fact that
the exhaust power divided by the thrust is proportional to the specific impulse.

Pexh/T =
1
2

v =
1
2

gIsp (1)

As the engine becomes increasingly mass efficient, more power per unit thrust is required. Using Eq. (1) with a fixed
maximum power supply, Eq. (2) relates mass flow rate andIsp.

const= T× Isp∼ ṁI2sp (2)

Therefore higher charged, faster-moving ions producelessthrust with alower mass flow rate for a given power level
than the corresponding droplet emission. In addition, depending on the radial speed of the droplets, their electrostatic
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a) b)

Figure 2. Needle FEEP emitting a) ions and b) droplets

potential at birth and the degree of interception by other droplets, the separation between particles changes. This
variation can cause the plume width to vary and impart a net off-axis force to the thruster. In order to delay the onset of
a droplet-dominated plume and extend the high specific impulse regime, it is necessary to understand the environment
within which these droplets form. So far, no such computational models exist that predict the droplet characteristics
of liquid metal field emitters at high currents. Our objective is to create a model that describes droplet behavior for an
indium-fed needle FEEP. This paper will discuss the physical governing equations, the level set and boundary element
method computational algorithms used to simulate detaching droplets and then present properties for these droplets.

II. Description of Model

The simulation model considers an incompressible, isothermal and viscous liquid. The propellant indium is treated
as a perfect conductor and its atoms are accelerated by a ring electrode, thereby producing thrust. The two dimensional
axisymmetric governing equations for the system are listed as Eqs. (3-4). The electric field−→E is a surface normal
force, since all electrons in a conductive material remain on the surface. Conservation of mass and momentum are
enforced.

1
r

∂
∂r (rvr)+ ∂vz

∂z = 0

(V ·∇)A = B+σκ+qEn
(3)

The main momentum equation variables are listed in Eq. (4).

A =

[
vr

vz

]
, B =


 − 1

ρ
∂p
∂r + µ

ρ

(
∇2vr − vr

r2

)

− 1
ρ

∂p
∂z + µ

ρ ∇2vz


 (4)

The subfunction variablesvr andvz are local velocity vectors along ther andz axes, respectively. The normal electric
field is computed byEn = −∇U(−→x ), whereU(−→x ) is the electrostatic potential at position−→x . A method of rapidly
computing the electrostatic forceqEn is described in Sec. (C). Interface curvature (κ) [24] is a function only of the
surface shape.

Parameter submodels

The surface tension (σ) of liquid indium does not vary rapidly with temperature [25], as indicated by Eq. (5).

σIn

[
N
m

]
=

555−0.12(T[K] −430)
1000

(5)
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The ability of indium to flow over a solid surface is determined largely by its viscosity (µ) which varies with temper-
ature through the weak exponential relationship shown in Eq. (6). Over the narrow operational range of 440-450 K
when indium is far enough above its melting point to be fully liquid [26], the fluid viscosity changes only 4% [25].

µIn

[
kg

m·s
]

= 3×10−4e800/T[K] (6)

The density of indium (ρ) changes about0.01%per degree change [27].

ρIn

[
kg
m3

]
= 1000× (7.1295−6.7987×10−4(T−273.15))

The assumption of a perfect conductor is very reasonable. As a metal, the conductivity of indium is so high that
an electron can travel through the liquid surface along the needle body in 6 picoseconds while the fluid flows at a
maximum speed 10 orders of magnitude slower, only 100µm

s . The assumption of isothermal detached droplets is
accurate because only radiation is available to cool them after snap off. For example, detachment occurs in 0.1µs, but
a 100µm diameter droplet at 450 K cools less than 0.1 mK in that time [28].

III. Numerical Implementation

To simulate the characteristics of FEEP droplets using the model framework previously mentioned, numerical
methodologies and algorithms must be chosen. In the following subsections are: descriptions of methods to model
material interfaces and rapid determinations of electric fields; theoretical comparison of modeled results to experimen-
tal data; and an overview of droplet critical fissility.

For the computational tracking of a surface between solid-liquid and liquid-vacuum interfaces, the determination
of the normal electric field−→E n commonly is quite drawn out and error-prone. One successful Eulerian approach dis-
cretized the problem using a symmetric, second-order accurate method with evenly spaced mesh points in an irregular
domain [29]. Our usage of level sets and the boundary element method improves on that work by providing similar
spatial resolution in much less time, handles a changing irregular shape and includes the effects of electrostatic forces
on the behavior of a droplet after pinch off.

A. Level sets

Level sets allow for computational tracking of a surface between discrete interfaces. They were introduced by Osher
and Sethian in the late 1980’s [30] and have been heavily analyzed over the next couple of decades [31, 32, 33, 34, 35].
Many physical phenomena have been simulated using level sets, including ink jets [36], electrical tomography [37],
turbulent channel flow [38], brain scans [39] and radar image processing [40, 41].

Interface tracking using level set computation relies on the determination and movement of the boundary. In
FEEP operation, liquid propellant exists between a hard vacuum and a solid tungsten needle. The dominating forces
are surface tension, viscosity and electrostatic potential. Here, we present results achieved on irregular domains and
shapes. In the simulation, the position of the free surface is updated via the level set equation:

φt +V ·∇φ = 0 (7)

whereφ is the level set function; positive in the liquid and negative in the vacuum.V is the interface velocity and
is taken to be the fluid velocity inside the fluid and an extension of the fluid velocity forφ < 0. Equation (7) states
thatφ remains constant on particle paths. If a point starts on the surface∂Ω whereφ = 0, that particle moves through
time, but remains on the surface. Figure (3a) shows theφ ≥ 0 cross-section of a double-humped shape intersected at
3 different heights while Fig. (3b) demonstrates how theφ level set values around the rightmost hump reproduce the
surface contour [42].

To maintain second order spatial accuracy, a combined level set (CLS) and volume of fluid (VOF) approach is used
(CLSVOF). Used in the volume of fluid piecewise linear reconstruction step, the surface normals are computed from
the smoothed level set function. A level set reinitialization replaces the existingφ with the level set function that gives
the exact signed normal distance from the surface. The numerical schemes used in the CLSVOF approach are [43]:

1. Velocity and pressure fields are computed based on variable density projection methods [44].
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a) b)

Figure 3. Level set a) surface determination at various heights and b)φ values around the upper right hump at the highest point.

2. The discretization uses a Godunov second-order upwind predictor-corrector step [45].

3. Time stepping occurs via the Runge-Kutta method for advection and the Crank-Nicholson method for viscous
terms [46].

4. The interface curvature is estimated using volume-of-fluid measures.

5. The surfaces are computed using second-order split advection algorithms.

An additional procedure to retain second order spatial accuracy is for the governing Eq. (7) to be solved with a
second-order hydrodynamic scheme [47, 34]. The density and viscosity are spread out over multiple grid cells in order
to avoid sharp changes in pressure and diffusion terms via the smoothedε-offset Heaviside function of Eq. (8).

H(φ)





1
1
2

(
1+ φ

ε + 1
π sin πφ

ε

)

0

φ > ε
|φ| ≤ ε
φ <−ε

(8)

B. Boundary element method

A complementary surface simulation technique to level sets is the boundary element method. Commonly, it allows
analysis of the behavior of mechanical systems and engineering structures subjected to external loading through heat,
mass or inhomogeneous boundary conditions [48, 49]. These approaches mimic the more common finite element
method, except that boundary elements span only the boundaries of the problem instead of the entire volume. This
restriction allows for faster computation due to fewer nodes, avoids the need to adaptively mesh, allows for easier
design changes, deals with infinite domains and calculates gradients more accurately. Multiple commercial software
packages have been created that use this method and include charged particles, allowing for potential and flux solutions
in otherwise untenable complex geometries [50, 51, 52].

The boundary element method rapidly solves for the force on the surface without meshing the volume of the
domain and handles arbitrary geometries by only discretizing points along that boundary. For example, consider
Poisson’s equation:

∆U(x) =− ρ̆
ε0

, U |∂Ω = f or ∇U |∂Ω ·−→n = g, x∈Ω (9)

whereρ̆ is the charge density,f is the Dirichlet fixed-potential (U = const) andg is the Neumann fixed-flux boundary
condition

(
dU
dx = const

)
. A solution to Poisson’s equation can be formed using a Green’s function approach.

1. Green’s function

Let G(x,x0) be the free space Green’s function for the Laplace operator, which is the solution to

∆G = δ(x−x0) (10)
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wherexi = (r i , zi) is a boundary point andx0 is a point on the interior of the domain. The Green’s function in 3D
coordinates is Eq. (11),

G(x,x0) =
1
4π

1
|x̄− x̄0| =

1
4π

1√
(x−x0)2 +(y−y0)2 +(z−z0)2

(11)

while in cylindrical coordinates it becomes Eq. (12).

G(x,x0) =
1
4π

1√
r2 + r2

0−2rr0cos(θ−θ0)+(z−z0)2
(12)

Additionally, define two difference variablesL andm. In a 2d axisymmetric model, these differences plus manipulation
produce the equivalent Green’s function, Eq. (15).

L = (r + r0)2 +(z−z0)2 (13)

m=
4rr0

L
(14)

G(x,x0) =
1

π
√

L

Z π
2

0

dθ√
1−msin2 θ

=
K(m)
π
√

L
(15)

The K(m) function is termed a complete elliptic integral of the first kind [53] and can be rapidly numerically
computed using a method of arithmetic-geometric means [54, 55]. , As described in the following section, Green’s
functions are useful partly because they can be used to calculate the electrostatic potential at arbitrary points within
the domain.

2. Green’s 2nd identity

Green’s 2nd identity mathematically relates an arbitrary surface contour to its boundary flux.
Z Z

A
(D∆E−E∆D)dA=

I
(D∇E−E∇D) ·−→n dS (16)

In Eq. (16), replaceD by the Greens functionG andE by the potentialU, giving Eq. (17) where∂−→n ξ = (∇ξ) ·−→n is
the dot product of the gradient and the normal vector.

Z Z

A
G

ρ̆(x)
ε0

dA−U(x0) =
I [

G(∂−→n U)−U(∂−→n G)
] ·−→n dS (17)

Since there is no internal charge in a perfect conductor, the interior charge densityρ̆(x0) = 0 and the potential at any
point outside the shape can be calculated solely from the given potential and potential gradient boundary conditions.
Taking the limits of the single and double layered potential gives the boundary element formulation from inside the
domain [56].

1
2

U(x0) =
I

∂Ω
U(x)∂−→n G(x,x0)dS−

I

∂Ω
∂−→n U(x)G(x,x0)dS (18)

The surface integral∂Ω consists of a mixture ofU(x) along Dirichlet (∂ΩD) and∂−→n U(x) along Neumann (∂ΩN)
boundary conditions, where the total surface is the sum of these two types, or∂Ω = ∂ΩD +∂ΩN. Note that the flux on
Dirichlet and the potential on Neumann boundaries are unknown and need to be determined for a complete solution.
Also note that since this is a surface integral, the order of the points on each surfaceis important; their normals must
point inward and the surface transversed in a counterclockwise direction.
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3. Combined matrix

If x is on the boundary, then Eq. (18) can be used to calculate the potential from these mixed boundaries at an interior
point x0. Equation (19) is the full numerical discretization for determining this potential solely from the arbitrary-
shaped boundaries for theND fixed potential andNN fixed flux panels.

1
2U(x0) = ∑ND

i=1U(xi)
H

∂ΩD,i
∂nG(x,x0)dS+

H
∂ΩD

U(x)∂−→n G(x,x0)dS

−∑NN
i=1 ∂−→n U(xi)

H
∂ΩN,i

G(x,x0)dS− H
∂ΩN

∂−→n U(x)G(x,x0)dS
(19)

An analogous expression, but slightly different discretization can be achieved if the∂−→n U(xi) andU(xi) terms in
Eq. (19) are replaced with unknownsϕi andϖi . Setϕi to zero for fixed potential panels andϖi to zero for fixed
potential flux panels [55]. With these substitutions, the simpler computational setup to determine the panel strengths
for the panels can be written as Eq. (20).




à1,1..à1,ND

àND,1..àND,ND

b̀1,1..b̀1,NN

b̀ND,1..b̀ND,NN

c̀1,1..c̀1,ND

c̀NN,1..c̀NN,ND

d̀1,1..d̀1,NN

d̀NN,1..d̀NN,NN







ϖ1

..

ϖND

ϕ1

..

ϕNN




=




U(x1,1)
..

U(x1,ND)
∂−→nN

U(x2,1)

..

∂−→nN
U(x2,NN)




(20)

The shorthand values in the overall matrix are then given by Eq. (21). All theài, j ..d̀i, j terms are Green’s functions or
their derivatives and can be directly computed. Similarly, theUD(xi, j) and∂−→nN

U(xi, j) are given boundary condition
values. The unknowns in the system are the relative strengths of these panels, theϖ andϕ vectors. Through a variety of
methods such as full Gaussian inversion, iterative solving or matrix reduction, these unknowns can be mathematically
determined.





ài, j =
R

∂ΩDi
∂−→nD

G(x,x j)dS+
{

1
2 ∈ i = j

}

b̀i, j =
R

∂ΩNi
G(x,x j)dS

c̀i, j =
R

∂ΩDi
∂−→nD

∂−→nN
G(x,x j)dS

d̀i, j = −R
∂ΩNi

∂−→nN
G(x,x j)dS+

{
1
2 ∈ i = j

}
(21)

Once the previously unknown values of{ϖ1..ϖND} and{ϕ1..ϕNN} have been calculated, they can then be input
back into the original discretization and used to calculate the potential anywhere in the domain through Eq. (22).

U(x) =
ND

∑
j=1

ϖ j

Z

∂ΩD

∂G(x,x j)
∂n j

dS+
NN

∑
j=1

ϕ j

Z

∂ΩN

G(x,x j)dS (22)

Via this formula, the electric field as the gradient of the potential is available at any point throughout the interior of the
domain.

C. Panel force values

To calculate the electrostatic forceqE on the surface listed in Eq. (3), consider the position and gradient among the
droplet’s electrons. Gauss’ Law says that the total flux of the electric field through an elementdA is given by the sum
of the electric field’s surface normal; this is shown in Eq. (23).

UL =
Z

E dA=
I −→E ·−→n dS (23)

Drawing a box around each computational panel, the earlier assumption of the fluid being a perfect conductor
means that all electric flux is normal to the surface so−→E ≡ −→E n and therefore there is not a tangential electric field.
The entire contribution to the potential must come from the product of the normal electric field and the panel length,
L. The electric field of a single body is determined by its total chargeq, so the net electrostatic potential on a panel of
lengthL is U = LEn = q

ε0
. Solving for the charge:
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q = ε0LEn (24)

As a result, the total force experienced on the panel is given by Eq. (25).

F = qEn = ε0LE2
n (25)

This calculation method for the electrical force holds for any complex geometry, including when multiple shapes are
nested inside one another. Anytime a nonzero electric field exists and is known, the number of electrons on the surface
of a perfect conductor can be calculated.

D. Time of flight algorithm

With the ability to simulate forces on a detached droplet, there exists a desire to compare modeled results to published
experimental droplet behavior. Literature searches refer to characteristic field emission-caused droplet detachment
from colloid and FEEP needle time of flight (TOF) tests [57, 58]. These studies commonly have a needle, an extraction
electrode and then a distant current collector plate.

A TOF measurement is a time-dependent spectrum of a current signalI(t) following its instantaneous interruption.
An experimental setup used by Gamero-Castaño is shown in Fig. (4) [59]. The emitter is operated in a steady-
state mode and then is abruptly turned off. The stream of droplets moves past the extractor and towards the distant
collector,CTOF; these droplets are accelerated to different final velocities depending on their relative mass to charge
ratio (MTCR). Droplet time of flight is a way to determine values for many characteristics of charged electrospray
beams [60]. The spectrometers utilize the principle that particles of different masses with the same energyEpart travel
with different velocities inversely proportional to the square root of the mass [61].

Figure 4. Experimental TOF setup used by Gamero-Castãno [59]

V =

√
2Epart

m
(26)

The time-of-flight timetTOF of the particle over a fixed distancedTOF is therefore directly proportional to the
square root of the mass. If this particle is a droplet with chargeq which has traveled through a potential∆U , the time
of flight and mass per charge are given in Eq. (27).

tTOF = dTOF
√ m

2E
m
q = 2∆U

(
tTOF
dTOF

)2 (27)

The analysis of the current signal over time yields the specific charge distribution function of the droplets. By in-
tegrating the current, the thrust, mass flux, specific impulse and propulsive efficiency can be computed, as in Eq.
(28).
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T =
R ∞

0
2U(t)
dTOF

[tI(t)] dt

ṁ=
R ∞

0
2U(t)
d2

TOF

[
t2I(t)

]
dt

Isp = T
ṁg

ηprop = T2

2ṁUI

(28)

Using these equations, a simulated time of flight curve can be generated from a chosen starting design. Define the
vectorb such thatbi denotes the number of droplets produced at the needle in timeτ with an accelerationα in the
interval [ai−1,ai) for 1 ≤ i ≤ N acceleration intervals. Since F=ma=qE,ai = const× 1

MTCRi
×Ei . Let a1 be the

minimum andaN be the maximum acceleration. Since all droplets are positively charged,a1, aN > 0. Next, define the
flux distribution functionΞ(α) to represent the number of particles produced per unit time with an acceleration in the
interval [α,dα).

Ξ(α)dα =
1

tTOF

N

∑
i=1

H (α−ai−1)H (ai −α)
bi

ai −ai−1
dα (29)

H(x) is the bimodal Heaviside step function as defined in Eq. (30).

H(x−c)H(d−x) =

{
1i f x ∈ [c,d)
0otherwise

(30)

Since the thruster is operated in a steady state before emission cutoff,Ξ(α, t) = Ξ(α) and the initial velocity of the
droplets leaving the needle is effectively zero. The number of dropletsf (x,α) in the spatial location [x, x+dx) with
accelerationα ∈ [α,α+dα) is then given by Eq. (31), which multiplies the number of particles produced per time by

the renormed velocity. The droplet’s acceleration as a function of mass to charge isα = 8.453×1014

MTCR . Larger blobs with
relatively fewer charges accelerate slower, so the minimum acceleration comes from the largest mass to charge ratio.

f (x,α) =
R R

[Ξ(α)dα] [t(x,α)dx]
= 1

tTOF

R αmax
αmin

R xneedle
0 ∑N

i=1H (α−ai−1)H (ai −α) bi
ai−ai−1

1√
2xα

dαdx
(31)

Simulated times of flight for a needle FEEP are shown in the results, Sec. (IV-C).

E. Minimum MTCR

Efforts to determine the minimum MTCR of a charged droplet emitted from a surface began over one hundred years
ago; Lord Rayleigh showed that for spherical droplet of radiusrdrop, surface tensionσ and charge q, it does not break
apart as long as the fissilityχ does not exceed unity [62].

χ≤ q2

64π2ε0σr3
drop

(32)

Above that point, the repulsive forces among the electrons outweigh the attractive force of surface tension. The
droplet is then unstable and breaks apart, releasing some mass and the excess electrons into smaller satellite droplets.
This event is known as Rayleigh discharge or Coulomb fission [63]. Thompson and Engel rewrote Rayleigh’s expres-
sion using atomic massm and densityρ [64]. For indium, droplet critical fissility is more easily calculated with this

version. The rightmost term reports the breakup point in
[

kg
C

]
, while the factor1.148×10−6 converts it to the number

of indium atoms per free electron. Recall that a low MTCR equates to a relatively greater charged droplet.

1.148×10−6MTCR=
m
q

[kg]
[C]

≥
√

ρ2r3
drop

36ε0σ
(33)

The minimum critical MTCR for a 1µm diameter droplet is approximately 160,000 indium atoms per free elec-
tron. Experimental results for indium droplets average approximately 100,000 atoms/electron [65]. Modeled droplet
breakup is shown in Sec. (IV-D).
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IV. Results

Using the methods and algorithms in Sec. (III), droplet detachment can be modeled and droplet dynamics can
be analyzed. The mass to charge ratio and droplet diameter probability density functions and droplet time of flight,
Rayleigh charge limit and velocity are presented as examples of these dynamics. The base computational case matches
the experimental setup at ARCS. As shown initially in Fig. (2), it has a 2D axisymmetric needle field emitter with
indium propellant and ring electrodes surrounding the tip. At 440 K, indium has a viscosity of1.17×10−3 N·s

m2 and a

surface tension of 0.552Nm. The computational domain is shown as Fig. (5). Along the right and top edges is imposed

a zero potential flux condition,dUn(x̄)
dx̄ = 0. The potential on the electrode is chosen so that the needle tip experiences

an electric field of1×109 V
m. Simulation run time for a pre-adaptively refined mesh on a10µm×30µmgrid with 800

boundary panels is a half day on a 2.5 GHz Linux machine. An example of evolving droplet dynamics is given in Fig.
(6). Previous results showing how the shape varies with viscosity, surface tension, etc. were presented in [66].

X [cm]
0              0.05            0.10           0.15            0.20           0.25                 

Y
 [

cm
]

1.2

0.9

0.6

0.3

0

Needle

Fluid

Electrode Neumann boundary

Figure 5. Computational boundary
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Figure 6. Sample droplet detachment
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A. Mass to charge ratio

The probability density function for 300 simulated detached droplets give the number of indium atoms per electron
MTCR as shown in Fig. (7). The largest concentration with10% of the total drops gives a relative MTCR around
3,800, with a lower secondary peak around 200 atoms/electron. The individual mass and charge PDFs that comprise
the MTCR figure are displayed in Fig. (8). There are strong probability peaks for the droplets at3.3×10−10 kg and
5×10−8 C with secondary concentrations at2.8×10−10 kg and1.4×10−7 C. The mass distribution fits especially
well to a bigaussian distribution, with an RMS error of less than3%. A more detailed explaination for the location of
the mass concentration is presented in the following subsection.

MTCR [atoms/elec]

η
[%

]

0 2000 4000 60000

5
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15
Simulation
Curve fit

Figure 7. Droplet mass to charge probability density function
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Figure 8. Droplet a) mass and b) charge probability density functions

The final velocity of a particle starting from rest in a constant electric fieldE traveling over a fixed distancex is
v2 = 2a∆x.

v =
√

2
q
m

E∆x (34)
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For the modal mass to charge of Fig. (7), Eq. (34) gives a droplet velocity of 1,600m
s ; this is solidly within the

measured velocity range for droplet flows in colloid thrusters [67].

B. Droplet diameter

In addition to the droplet diameter, the simulation resolves charge and mass. The probability density function for the
the droplet diameter is shown in Fig. (9). The PDFs are presented for both modeled runs and a combined AFM/SEM
normalized histogram from ARCS. The modeled diameter is determined by taking the area of the droplet and calcu-
lating the diameter of the equivalent circle. The experimental histogram mode of a 0.1µmdiameter was arrived at
similarly, by converting the volume of a droplet on a plate to that of a sphere with a comparable diameter. The height
and relative peak width (st.dev./diameter) of the PDFs are similar, but unfortunately Seiborsdorf’s setup details are
unknown so only a qualitative comparison is possible [65].
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Figure 9. Droplet diameter probability density function for a a) modeled and b) ARCS experimental needle FEEP [65]

The modeled PDF most probable droplet diameter of 2.5µmcan be explained through a look at forming microjets
on top of the Taylor cone. Space charge effects near an infinitely fine cone point prevent field evaporation; this can be
avoided by allowing for a small jet on top of the underlying Taylor shape. The size of these small extended jets vary
depending on mass flow rates and tip radii of curvature. These protrusions have been observed at approximately 100
nm long and 30 nm in diameter[68, 69, 70]. The width of the jetd jet scales as Eq. (35) [71, 72].

d jet[m] = 0.02

√
mionI
πρqv

(35)

At the point of jet initiation, field emission occurs at the tip and the surrounding fluid surface. An 800µA current
was simulated in the environment of Fig. (4). Together with the mass and charge PDF modes and 1m

s fluid flow,
the microjet diameterd jet = 0.3µm. Using this value as an effective equivalent inner capillary diameter, the jet flow
velocity assumption of Scheele can be used [73] as Eq. (36).

v jet = 1.73

√
σ

ρd jet

(
1− d jet

ddrop

)
(36)

Solving for the expected droplet diameterddrop gives a projected width of detached points as 2.3µm, in accord with
modeled results.

C. Time of flight

The two main droplet populations of Fig. (7) result in a bimodal acceleration peak, as shown in Fig. (10). A constant
acceleration from the fixed potential difference produces increasing droplet velocities as they travel towards the elec-
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trode. Therefore, the density of droplets further from the needle tip in a given time interval decreases, as described
in Sec (III-D). The largest droplet concentration occurs at the acceleration corresponding to the maximum droplet
MTCR probability.

Dist Above Needle Tip [mm]

A
cc

el
er

at
io

n
[m

/s
2 ]

1 2 3 4 5 6

1E+13

2E+13

3E+13

4E+13
fVolPDF

0.23
0.185
0.14
0.095
0.05
0.005

Figure 10. Probabilistic density contour of droplet axial position versus acceleration

Using Eq. (31) with the acceleration distribution of Fig. (10), a simulated time of flight current profile for a needle
FEEP positioned in the experimental apparatus of Fig. (4) can be determined. Figure (11) shows the current recorded
on the collector plate over time for a hypothetical 800µA multi-emitter configuration and that of an experimental
colloid TBP1 thruster. The acceleration experienced by the indium droplets due to their being a perfect conductor,
more highly charged and the electrode’s higher potential difference results in the significant reduction in time of flight
predicted in comparison to measured colloid data. However, the shape of the simulated curve matches well with the
minimum droplet flow regime of 28 nA.

a) b)

Figure 11. Droplet time of flight current profile for a) simulated indium FEEP and b) experimental TBP1 colloid emitter [74]

D. Rayleigh limit

As the droplets move upward towards the electrode, they often fission into smaller droplets. When this occurs, the
mass to charge ratio increases because the relative charge decreases on the remaining droplet. The plot of a single
droplet’s relative charge versus distance along the axis is shown in Fig. (12). The original needle tip is at 0.75 cm.
The droplet breaks into multiple new points at a height of 0.762 cm and 0.768 cm.
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Figure 12. Droplet mass to charge history of one droplet moving upward along the axis

V. Conclusion

The coupling of the boundary element and level set methods allows for the simulation of liquid indium forming
droplets off a needle FEEP tip. The boundary element method (BEM) provides a rapid calculation of the external
potentials and normal electric fields, thereby driving the propellant evolution. Due to the surface-only character of the
BEM algorithm, an arbitrary, complex and time-variant geometry is able to be simulated. An electrostatic potential
difference is the main external force driving the combined-level- set-volume-of-fluid (CLSVOF)φ updating. The
combination of the two methods provides a second order spatially accurate simulation of a 2D axisymmetric electrode
inducing droplet formation. Droplet diameters and charges were analyzed after breakoff. Initial charge/mass ratio,
acceleration and speed were computed for droplets detaching from a needle FEEP and a single droplet’s fissioning
history was shown.
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