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CHAPTER I

Introduction

1.1 Notes on Notation

The notation in this thesis can be called standard, with the proviso that different
disciplines consider different notations to be standard. Before providing a rough
outline of the work to follow, we will here remove most ambiguities. We use w to
denote the set of natural numbers: {0,1,2,...}. The Cantor space is the set of infinite
binary sequences, and is denoted by “2. Cantor space can also be characterized as
the set of functions from w to {0,1} (X € “2 is the function which sends n to the
value of the nth bit). The Baire space is the set of functions from w to w and is
denoted by “w.

The set of finite binary sequences (in this finite-length case, we may use the word
“strings” instead of “sequences”) is denoted by <“2, and the set of binary strings of
length n is denoted by "2. For o € <2, |o| is the length of . We will use C or C
to denote the initial segment relation (C will be used for the case of a finite binary
string which is an initial segment of an infinite binary sequence). For X € “2 and
n € w, X | n is the initial segment of X which has length n.

Cantor space can be topologized, with basic open sets determined by elements of

<“2. For o € <¥2, let [o] denote the basic open set of X € “2 such that o C X.



Also, if V' C <¥2 let [V] denote the union of o] for o € V. We will also use the same
notation (with a similar meaning) for partial functions from w to {0,1} with finite
domain. If s is such a function, then [s] denotes the set of X which are extensions
of s. Under this topology, Cantor space is a metric space. The Lebesgue measure g
is determined by p([o]) = 27™.

Some ambiguity cannot be avoided. The main points of which the reader should

be aware are:

1. Brackets will also be used in another context. We will use [w]* and [w]<“ to

denote the set of (respectively) finite and infinite subsets of w.

2. Members X of “2 will be called both “reals” and “oracles.” The latter term will
be used when we are concerned with the properties of X that relate to relative
computability. However, there will be cases where some properties of X involve
relative computability, and others do not. In such cases, either term may be

used.

3. The symbol ) can mean either the empty subset of w, or the empty string.
This may cause ambiguity because of an identification between subsets of w and
reals which we will use frequently: A C w is identified with the real X such that
X (n) =1iff n € A. Therefore, care is needed in some situations to distinguish
between () the string, and the real associated with () (the real consisting of only

Zeroes).

1.2 This Thesis’s Thrust

An element of either Cantor space or Baire space is computable if it is determined
by an algorithm — for example, f : w — w is computable if there is a program which,

given n, determines (in finite time) f(n). The idea of computability can be expanded



by relativization. An object is computable relative to B C w (B is called an oracle)
if it is determined by an algorithm which is allowed to ask questions of the form “Is
n in B?” for any n. This gives rise to Turing reducibility <; —i.e., B <r A if the
set B is computable relative to A. Turing reducibility (restricted to sets only) is a
pre-order whose equivalence classes are called the Turing degrees [41]. The Turing
degrees are partially ordered by <7 and form an upper semilattice. A significant
portion of computability theory is concerned with the basic question “What is the
structure of the Turing degrees of sets with interesting properties, or which compute
functions with interesting properties?” Of course, this depends on how one defines
“interesting.”

Set theory is one source for interesting properties. In set theory, one works with
a universe of sets satisfying the Zermelo-Fraenkel axioms (ZF), and frequently also
the axiom of choice (ZFC). Certain objects in the universe represent mathematical
objects — for example, the natural numbers and Cantor space. This thesis is primarily
interested in two topics of set theory, and how they relate to computability theory.
These topics are forcing and cardinal characteristics of the continuum.

Forcing is a set-theoretic technique which can be used to show certain statements
do not follow from ZFC. Forcing was first used by Cohen to construct a universe of
ZFC where the Continuum Hypothesis does not hold [12, 13]. Informally, forcing can
be thought of as a process that adds new objects to the initial universe, called the
ground model. For example, Cohen forcing adds new sets to 2¢. If enough sets are
added, 2 can be enlarged without changing any cardinals, ensuring the Continuum
Hypothesis can be made false. The added sets have further properties — for example,
they are not contained in any meager (i.e. of first Baire category) subset of 2¥ from

the ground model.



A forcing is determined by conditions, objects in the ground model which par-
tially describe objects being added by the forcing. In the case of Cohen forcing, the
conditions are finite binary strings, and the added set is the union of all strings used.
To ensure the set has the desired properties, we make sure to use at least one string
each from certain ground model sets of strings. We may try a similar construction
in computability theory by replacing “ground model” here with “computable.” The
resulting sets have properties similar to those of sets added by Cohen forcing. This
method has also been used in certain constructions to prove statements — for ex-
ample, given A >7 (), there exists B not Turing comparable to it. More recently,
forcing constructions have yielded interesting results with respect to many areas of
research, including effective Ramsey theory [11], almost everywhere domination [10],
and algorithmic randomness [33].

A cardinal characteristic is a cardinal which is descriptive of some property of
a model of ZFC. Some cardinal characteristics are defined using a triple K =
(K_, K, K), where K_ (“the challenges”) and K, (“the answers”) are subsets of
Cantor space or Baire space, and K (“is met by”) is a relation on K_ x K,. We call
such triples “debates.” The cardinal associated with the debate R, denoted ||f]|, is
the least cardinality of a family of answers needed to meet all challenges. The re-
lationships among ten cardinal characteristics definable via debates are summarized
by Cichont’s diagram [17]:

cov(N) «—— non(M) «—— cof(M) «——— cof(N)

| |
l b e 0 l
| |
add(N) «—— add(M) «——— cov(M) «——— non(N)

An arrow ||R|| — ||£]] indicates ||R]] > ||£]| is a theorem of ZFC. The diagram is



complete, in the sense that every such provable inequality is represented by an arrow
or a series of arrows [5].

Debates provide standard mechanisms for proving either ZFC F ||R]| > [|£]|
or ZFC ¥ ||R]| > ||£€]|. We consider such results to be, respectively, positive and
negative. A positive result can be achieved by finding a morphism from R to £: a
pair of maps ¢, : K, — L, and ¢_ : L_ — K_ such that for all X € L_ and
Y e Ky, if o_(X)KY, then XLo,(Y). A negative result can (in all cases relevant
to this thesis) be achieved by exhibiting a forcing which adds a challenge to L_ not
met by any ground model answer in L, but does not add a challenge to K _ not met
by any ground model answer in K.

In my thesis, we develop the notion of a Turing characteristic — a computability-
theoretic correspondent to a cardinal of the form ||R|| — to be the set of oracles
which compute a challenge not met by any computable answer (denote this by K). As
with cardinal characteristics, we associate with Turing characteristics positive results
(K D L) and negative results (K 2 L). In many cases results may be obtained via
an effective version of the corresponding set-theoretic proof. Specifically, we may
prove K O L by finding a morphism from K to £ such that for all X € L_ and
Y € K., ¢_(X) is computable from X and ¢ (Y") is computable from Y. If a notion
of forcing proves that ZFC ¥ ||| > ||£||, and this forcing can be made effective (as
in Section 3.4), it provides a witness to K 2 L.

In most cases, using the techniques outlined above, we can prove K O L in the
cases where ZFC I ||R]| > [|£]], and K 2 L in the cases where ZFC ¥ ||R]| > [|£]].

This correspondence is not strict; for Turing characteristics derived from cardinal



characteristics in Cichon’s diagram, we obtain the diagram

COVN «—— NONM +—— COFM —— COFN

| |
| B — D |
| H
ADDN —— ADDM +—— COVM «—— NONN
where — means O. This diagram, like Cichon’s diagram, is complete.

We can expand this definition of Turing characteristics by enlarging the set of
answers considered, and restricting the set of challenges considered. Specifically, if
A and C are sets of oracles, both are closed downward with respect to <, and A is
countable, we use the set of answers computable from an oracle in A, and challenges
computable from an oracle in C. With these added parameters, proofs of negative
results may or may not work, but the proofs of positive results can always be carried

out. This leads to the diagram
COVNY{ «—— NONM§ «—— COFM§ «—— COFNY§

! l

L —

! !

ADDN§ «—— ADDMYS «—— COVMS «—— NONNY

which is not known to be complete.

Some Turing characteristics studied in this paper impact the computability-theoretic
field of algorithmic randomness; specifically, those Turing characteristics which in-
volve N, the ideal of measure zero subsets of Cantor space. A real may be said to
be random if it does not have any “exceptional properties.” Exceptional properties
are represented by measure zero sets (also called null sets). Thus, a real is algorith-
mically random if it is not in any set which can be demonstrated by an algorithm to

have measure zero. This last property of measure zero sets — which we may term as



being “effectively null” — is of interest in of itself, and some results of this thesis can
be interpreted as results on the relationship between the structure of a null set and
the oracles relative to which it is effectively null.

We begin this thesis with chapters IT and III, which outline the necessary computability-
theoretic and set-theoretic background. Special attention will be paid to the topics of
algorithmic randomness, forcing and its role in computability theory, cardinal char-
acteristics of the continuum. In Chapter IV, we provide the full, formal definition of
a Turing characteristic, and deal with some preliminary matters needed to study Tur-
ing characteristics arising from cardinals in Cichon’s diagram. Chapter V provides
positive results, and Chapter VI provides negative results. Finally, in Chapter VII

we list open questions arising from the thesis material.



CHAPTER II

Computability Theory Background

In this chapter we provide the background from computability theory on which
this thesis builds. Much of this material is basic — in fact, any graduate level in-
struction in computability theory should cover most if not all the material of Sec-
tions 2.1-2.6. The approach taken in this thesis is most similar to the ones found
in [38] and Chapters 4-5 of [20], though [49] and [19] are also important works and
useful references. The remaining sections cover a sampling of results from the fields
of algorithmic randomness and genericity, fields which are linked to the study of
Turing characteristics. The former in particular is a rich field, and only a little of

what is known is covered here — for more detailed treatments, see [36] or [15].

2.1 Computable and Partial Computable Objects

Let P denote the class of partial functions from some w* (k € w) to w (i.e., the
domain is a subset of w*, possibly a proper subset). If ¥3(n) is a statement dependent
on n € w, let un[¥(n)] denote the least value of n such that 3(n) is true. We use
letters ¢, 1, ... to denote members of P, and f,g,... to denote total members of P

(i.e., ones with domain w*).

Definition II.1. The class PC of partial computable functions is the intersection of

all @ C P such that



1. if ¢(no,...,nk_1) = m (for m constant) for all (ng,...,np_1) € w*, then ¢ € Q

(Q contains all constant functions);

2. if for some 0 < i < k, ¢(no,...,np_1) = n; for all (ng,...,np_1) € wF, then

¢ € Q (Q contains all projection functions);
3. the function ¢(n) =n+ 1 is in Q (Q contains the successor function);

4. if ¢ € Q takes k inputs and 1)y, ... 11 € Q each take r inputs, define ¢ by

C(no, R ,anl) = ¢<w0(n0, R 77%«,1), C ,’l/}k,1<ng, . ,TLT.,I))

whenever the right-hand side is defined (otherwise ((ny,...,n,_1) does not ex-

ist); then ¢ € Q (Q is closed under composition);
5. If ¢ € Q takes k + 2 inputs and ¢ € Q takes k inputs, define by

C(nOa sy M1, O) - w(nOa s 7”76—1)
C(noy .. yng—1,m+1) = o(no, ..., nk—1,((no, ..., Nk—1,m), M)
whenever the relevant right-hand side is defined (otherwise ((ny,...,ny) does

not exist); then ¢ € Q (Q is closed under primitive recursion);

6. If m € w and ¢ € Q takes k + 1 inputs, define { by

C(no,...ng—1) = pun[p(ng, ... ng_1,n) = mj

whenever such an n exists (otherwise ((no, ...n,_1) does not exist); then ( € Q

(Q is closed under search).

If f € PC is total, then f is computable. A set A C w¥ is computable iff the function
X4, which maps members of A to 1 and non-members of A to 0, is computable. A
relation R on k integer-valued variables is computable iff the set of k-tuples for which

R holds is computable.



10

Remark 11.2. Some authors use the terms partial recursive and recursive in place of

partial computable and computable.

The intuition behind this definition is that ¢ is partial computable if there is an
algorithm that, given n, returns ¢(n), with the amount of time and memory used
allowed to be arbitrarily large, as long as it is finite. For a given n, ¢ is allowed to
return no answer — ¢(n) is allowed not to exist. In this case, we say ¢(n) diverges,
and otherwise say ¢(n) converges (these will be abbreviated ¢(n) T and ¢(n) [,
respectively). Given this intuition, the above definition makes sense — the “starting”
functions in 1. through 3. are all clearly algorithmic, and any reasonable definition
of an algorithm allows for composition, definition by recursion, and search.

It is this intuition, rather than the formalism of Definition II.1, that is paramount.
Computability theory is guided by Church’s Thesis, an informal statement that any
possible (i.e., follows the intuition) definition of a computable (or partial computable)
function is equivalent to the one above. This statement cannot be proven, but there
is ample evidence for it, as all other proposed definitions are provably equivalent
to the one above, and further, the proofs of equivalence follow a specific pattern.
Sections 1.5-1.6 of Rogers [19] and Section 5.4 of [20] explain this in more detail. In
practice, therefore, when determining if a function is (partial) computable, we will
rely on a description of an algorithm that computes the function, rather than trying
to trace everything back to the formal definition. In most cases, it will be simple to
tell if something is or is not an algorithm.

For a quick and simple example of this algorithmic thinking, consider the follow-
ing line of reasoning. Addition is clearly a recursion of the successor function, and
multiplication a recursion of addition, so both are computable. The relation | (divis-

ibility) is computable since n|m iff there exists & < m such that nk = m. Therefore,
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the set of primes is computable — p is prime if and only if p is not 0 or 1 and the only
n < p such that n|p is 1. All of this can be formalized according to Definition II.1,
but this formalization is clearly not necessary.

Since there are countably many partial computable functions, we can enumerate
them via the natural numbers. Further, this enumeration may be performed in such
a way that information about the eth partial computable function can be extracted
computably from e. In the remainder of this section, we sketch a way to develop such
an enumeration and present (without proof) some of its useful properties. We begin

with a standard method for enumerating pairs and sequences of natural numbers.

Definition I11.3. 1. (-,-) : w? — w denotes the bijection given by

(no +mn1)(ng +mny + 1)

(ng,nq) = 5 ny.
2. Fork>1,(-,..., ) : w¥ — w denotes the bijection such that (-); is the identity
map, (-,-)o = (-,-), and
(ng, M1,y .., g1 = (Mo, (M1, - Mg k)-
3. Seq : Uy w® — w is the bijection given by
(ngy ... np_1) — (k—1,(ng, ..., Ngp_1)k)-

Proposition I1.4. 1. (-,-) is computable, as are (ng,n1) — ng and (ng, ny) — ny
2. Forallk >1and0 <i<k, (..., ) and (ng,...,ng_1)x — n; are computable.

3. For all k, the restriction of Seq to w* is computable. The function mapping n to
the length of Seq='(n) is computable. For all k, the function mapping n to m if
m is the kth number in Seq~'(n) if this has length at least k+1 (and otherwise

reports failure) is computable.
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Remark 11.5. By this proposition, the properties of partial computable functions are
encapsulated by the properties of partial computable functions with one input (we

may compose with the proper (-,...,-); if need be).

Now, we will describe a method of assigning finite sequences of natural numbers to
partial computable functions. For each partial function ¢ and any sequence assigned
to ¢, the first two numbers of the sequence correspond to the case from Definition II.1
by which ¢ is given' and the number of inputs ¢ takes, respectively. Remaining
numbers in the sequence give any additional information about the definition of ¢ in
a reasonable way. For example, if ¢ is the function mapping all k-tuples to m, assign
to ¢ the sequence (1,k,m). If ¢ takes r inputs and is defined as a composition of

¥, Co, - - -, Cr_1, to which have been assigned the sequences
Seq~'(a), Seq (b)), ..., Seq  (bp_1),

assign to ¢ the sequence (4,7, a,bo, ...,by_1). Assignments in other cases are defined
analogously. If a sequence is not assigned to a function in this way, it is assigned
to the empty function (¢(n) diverges for all n). Note that it is possible for multiple
sequences to be assigned to the same partial computable function; in fact, it is not
hard to show that for every partial computable ¢, there are infinitely many sequences
assigned to it.

For ¢ € w, let ®, denote the partial computable function to which Seq'(e) is
assigned. We say that e is a code, or index, for ®.. Note that a given ¢ has infinitely
many codes.

We can also use sequences of natural numbers (hence, natural numbers) to code
the computation of a partial computable function, including the code of the function,

all inputs, the final output, and all intermediate computation information. Contin-

Lor more correctly, by which an algorithm for ¢ is given
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uing our examples from the previous paragraph, if ®, is the function mapping all k-

tuples to m, the computation code for ®.(ng, ...,ni_1) will be (e, k,ng, ..., ng_1,m).
If &, is defined as a composition of ®,, @y, ..., Py, _, where each ®;, takes r inputs,
then then computation code for ®.(ng,...,n,_1) =y is
(e,7,n0, ..., p_1,¢,do, ..., dp_1,7)
where ¢, dy. ..., d;_1 are the (natural number) computation codes for the computa-
tions of @,, @y, ..., Pp,_, involved in computing ®.(ng, ..., n,—1).
We say that ®.(ng,...,ng_1) converges to y in s steps if ®.(ng,...,ng_1) =

y and the natural number computation code for this result is s. Abbreviate by
. s(ng, - .., nk—1) the result of ®.(no,...,ng_1) considering only computation codes
up to s (if a computation code does not exist below s, then ®, 4(ng,...,nx—1) 7). By
Proposition I1.4, we can “unpack” computation codes, and verify they are correct.

For this reason, the enumeration ®. is universal, in the following respect.

Proposition I1.6. Given e,n, s, we can computably determine if ®.(n) |*. The
function which maps (e,n) to ®.(n) if O, takes one input, and diverges otherwise, is

partial computable.
Corollary I1.7. The partial function J(e) := ®.(e) is partial computable.

Remark I1.8. By the remark following Proposition II.4, similar results hold if we
replace one input with any fixed number of inputs. A useful property of this system
is that if ®.s(n) = y, then s > maxe,n,y. The function in the corollary is called
the diagonal function, and in Section 2.6 we will see that it provides a method for

calibrating how non-computable a function or a set is.

2This does not mean we can computably determine if ®¢(n) |.
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This proposition and the framework it represents help us to manage partial com-
putable functions in a way that is convenient and, in a sense, algorithmic. One

application of this is the definition of uniform sequences.

Definition I1.9. A sequence {¢, },ec. of partial functions is uniformly partial com-
putable iff there is a computable function g such that for all n, ¢, = ®y,). Uniformly
computable sequences of functions are defined similarly. A sequence {4, },c. of sub-
sets of w is uniformly computable iff the corresponding sequence of characteristic

functions is uniformly computable.

Remark 11.10. Other kinds of uniform sequences will be mentioned without being
explicitly defined. In each case, the definition is similar to this one, where the index

of the nth element of the sequence is determined computably from n.

Uniform sequences will play an important role in constructions presented in this
thesis, although at the present time we are unable to explain exactly why. We can,
however, give the reader an idea of what is to come. Suppose we are trying to
construct a computable function f using a sequence of partial computable functions
¢n. Each ¢,1 will extend ¢,,, and f will extend all ¢,,. In order to compute f(m),
we can look for an n such that ¢,(m) converges, but to be able to do this, we need
the sequence of ¢, to be uniform. Further, the definition of ¢,,; may depend on
computations involving ¢,. In this case, it may not enough to know that ¢, is
computable; we may need to know an index for ¢,, so that we know what that
function is.

We close this section by noting that Proposition I1.6 can be thought of as saying
all the information about an algorithm can be computably extracted from its index.
This follows from Proposition I1.4 since elements of a sequence can be extracted

computably from the sequence. Since elements can also be put into a sequence com-
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putably, we might also suppose that the index of an algorithm depends, computably,
on the information about that algorithm. Specifically, if the actions of an algorithm
depend comptuably on a parameter d, so does the index of the algorithm. This is

made precise by the following proposition.

Proposition I1.11. [2/] (s-m-n Theorem) For each m and n, there exists a com-

putable function f such that for all e, xo, ..., Tm, Yo, Yn,

P20, s Ty Yos - - Un) = Prieworam) Yoy - - > Yn)-

2.2 Coding Finite Mathematical Objects

Finite objects, in general, can be coded using natural numbers in such a way that
information about the object can be deduced computably from the code (and the
code can be determined computably from sufficient information about the object).
Before we continue, we define, for various types of finite objects, enumerations having
these properties. This allows us to talk profitably about computable functions on,
for example, finite subsets of w, and show that the usual functions on them are all
computable. The proofs that the functions are computable are simple, and left to
the reader.

We begin with the rational numbers Q, letting (n, a, b)s code (—1)”17%1 for a,b,n €

w. Note that in contrast to Definition I1.3 this coding does not produce a bijection;

however, this does not significantly alter anything.

Proposition I1.12. The following are partial computable on Q.
1. Addition, subtraction, multiplication, division, and inverse.
2. Ezxponentiation (as a function on Q x w).

3. The relations = and <.



16

Now consider finite subsets of w. We code D € [w]<“ with the number Y, _, 2".

An empty sum is taken to be 0, so 0 codes ().
Proposition 11.13. The following are partial computable on [w]<¥.
1. max and min.
2. D |D| (cardinality of D).
3. {(k,D): k€ D}.
4. Union, intersection, and \ (relative complement).
5.{D : D is an interval}.

Enumerating finite subsets of w allows us to enumerate <“2, the set of finite binary
strings, since there is a natural correspondence between finite binary strings ending
in 1 and nonempty finite subsets of w. If D, denotes the set corresponding to a string

o in the way, we may code o with the value of one subtracted from the code for D,.
Proposition I1.14. The following are computable on <“2.

1. o~ |o| (length of o).

2. {(o,k):0(k) =0} and {(0,k) : o(k) = 1}.

3. Concatenation and the initial segment relation C.

4. {o 0 C A} where A € “2 is computable.

The previous two enumerations immediately give an enumeration of the set of
clopen subsets of “2, since C' C “2 is clopen if and only if it is the union of finitely
many basic open neighborhoods (each given by a finite binary string). Specifically,
if C' = [D], we replace each o € D with its code, and then code C' using the code for

D.
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Proposition I1.15. The following are computable on clopen sets (and binary strings).
1. Intersection, union, complement, and \.
2. 0 |o].
3. {(0,C) : o] C C}.
4. Lebesgque measure (11).

Finally, we briefly consider S, the set of partial functions from w to {0, 1} with

finite domain. Code s € S with

d o2 )y 3k
s(k)=0 s(k)=1
Proposition I1.16. The following are computable on S.
1. s — dom(s).
2. {s: dom(s) is an interval}.
3. {(s,t) : s,t are compatible}.

4. s+ s].

5. {(s,k) : s(k) =0}, {(s,k) : s(k) =1}, and {(s,k) : k & dom(s)} (as subsets of

SXw).
Here s and t are compatible if they agree on the intersection of their domains.
2.3 Relative Computability and the Turing Degrees
Clearly, not all partial functions (or even all functions or sets) are partial com-

putable, since there are only countably many computable partial functions. There-

fore, the question arises, can we calibrate how uncomputable a function is? That
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is, given two functions f and g, when can we say that f is “more uncomputable”
than g7 Clearly this will be the case if g is computable and f is not. Suppose g
is uncomputable, but we then modify Definition II.1 to include g “for free?” Then
g will be “computable,” and if f is still not “computable,” then we are justified in

saying f is “more uncomputable” than g. This is somewhat formalized below:

Definition I1.17. Let ¢ : w* — w be a partial function. The partial computable
closure of ¢ is the set of partial functions obtained by adding a seventh case to
Definition II.1. This seventh case states that the partial computable closure of ¢

contains ¢.

Remark 11.18. Note that if ¢ is partial computable, its partial computable closure is

consists of just the partial computable functions.

In almost all cases®

, we will only consider the partial computable closures of
sets (identified with their characteristic functions, as usual). If ¢ is in the partial
computable closure of A, we say ¢ is partial computable relative to A, or ¢ is Turing
reducible to A. This is denoted ¢ <r A. Wesay A=r Bif A <y B and B <¢ A,
and A|rB if A £7 B and B £1 A.

Our intuition is that we are modifying the idea of an algorithm by allowing it
to ask, at any time, questions of the form “is n in A?” with further action by the
algorithm depending on the answer received. The algorithm never “sees” A in any
way beyond the questions it asks in performing a computation. For this reason, in
this context A is called an oracle. We note that if ¢ is partial computable relative to
A and if ¢(k) |, this computation only asks finitely many questions of the form “is n

in A?” The use of the computation is 1 plus the maximum value of n for which such

a question is asked (if no questions are asked, the use is 0). We observe that for this

3We may also consider the partial computable closures of total functions. We will not consider the partial
computable closures of partial functions.
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computation only, we achieve the same result whether we use as oracle A or o, where
o is any finite initial segment of A with length at least the use of the computation.

We can modify the framework presented in Section 2.1 to account for oracle com-
putation. To define sequences coding partial functions computable from A, we need
only add a code for x4. To define sequences coding computations, we proceed as
before, except we also have sequences coding the times when an algorithm asks “is
n in A?” in which we record the value of n and the result. Denote by ®4 the partial
function coded in this way by e (using oracle A), and by ®7 (n) the result of the
partial function coded by e, considering only computation codes up to s, using o as

an oracle, with the use of the computation not exceeding |o|.

Proposition I1.19. The set of (e,s,n,0) such that ®7 (n) | is computable. The
function that maps (e, n) to ®(n) (if the latter exists) is uniformly partial computable

in A (i.e., there is an index d such that this function is given by ®4 for all A).

Remark 11.20. Compare this proposition to Proposition I1.6. For each e, the function

that maps A to ®4 is called a Turing functional.

It is clear that, as a relation on “2, <t is reflexive and transitive. Therefore, we
can consider the set of equivalence classes of =7. A member of this set is called a
Turing degree. Naturally, <, imposes a partial ordering < on the set D of Turing
degrees, and in fact (D, <) forms an upper semilattice. Specifically, if a is the degree
of A and b is the degree of B, then the degree of A& B is the least upper bound of
a and b, where

AdB={2n:ne€ A} U{2n+1:n € B}.

Finally, we note that if A C w is computable (for example, A = (), then although

{®1} .., gives exactly the partial computable functions, the indexing of functions is
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different. Specifically, values of e which involve a call to the oracle produce the empty
function when there is no oracle, and may produce something different if we use A
as an oracle. In order to present a more unified approach in cases where we deal
with functions which are computable and functions which are computable relative to
some B, we assume that all computation is done with an oracle. Specifically, from
this point forward, if we say something is computable, we are assuming the use of ()

as an oracle, and take ®, to mean ®?.

Remark 11.21. The overall idea of this section, if not the specific approach, is derived

from [41] and [25].

2.4 Descriptive Complexity of Sets

Consider the following question: when is it possible for an algorithm to describe
a set A C w? This depends on what we mean by the word “describe.” An algorithm
can be said to describe A if it is an algorithm for y 4, but there are other possibilities.

For example:
Proposition 11.22. For A C w, the following are equivalent.
1. A is the domain of some partial computable function ¢.
2. There is a computable R C w such that n € A iff 3s(s,n) € R.
3. A is empty or the range of some computable function f.
4. A is finite or the range of some injective computable function g.

5. The partial function ¢ given by p(n) =1ifn € A andp(n) T if n ¢ A is partial

computable.

Proof. 1 = 2: Let ¢ = @, and (s,n) € R iff &, 4(n) |.
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2 = 3: If A is nonempty, choose a € A. Let f({s,n)) = n if (s,n) € R and
f({(s,n)) = a otherwise.

3 = 4: If A is infinite, we may define g(0) = f(0) and g(n + 1) = f applied to
pk[Ym <n f(k) # g(m)].

4 = 5. Let h be the constant function equal to 1. If A is finite, then A is
computable, and 1 is partial computable since ¥(n) = h(um[n € A]). If A is
infinite, then v is partial computable since ¥ (n) = h(um[g(m) = n]).

5 = 1: Trivial. ]

Definition I1.23. If A satisfies any (all) of the above conditions, A is computably
enumerable (abbreviated A is c.e.). The eth c.e. set, denoted W, is the domain of

..

The intuition behind Definition 11.23 is that A is c.e. if there is an algorithm
which puts numbers into A. Such an algorithm is not allowed to take numbers out
of A once they are put in, or decide that some n will never be put into A. An
algorithm of this type is called an enumeration of A, and can be represented by a

sequence {A;}se, such that |, As = A and A; C Agyy for all s. The enumeration

SEW
is computable if the set of (s,n) such that n € A is computable. Observe that each
condition in Proposition I1.22 immediately gives an enumeration of A — for example,
if A =W,, it is enumerated by A; = W, ,, where n € W, iff & 4(n) |.

Clearly, if A is computable, then A is c.e. Further, the two concepts do seem
similar in many ways. For example, it is easy to show A is computable iff A is empty
or the range of a nondecreasing computable function f iff A is finite or the range

of an increasing computable function g (compare to 3 and 4 of Proposition 11.22).

Also, we have a simple characterization of computable sets in terms of c.e. sets.
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Proposition 11.24. For A C w, A is computable iff A and A are c.e.

Proof. The forward implication is trivial. Suppose A and A are c.e. via condition 2
of Proposition 11.22, as witnessed by R and @, respectively. Let f(n) = us[(s,n) €
RUQ). Clearly f is partial computable, and since every n is in A or A, f is total.

Now note n € A iff (h(n),n) € R. O
However, it is not the case that every c.e. set is computable.
Proposition I1.25. Let K = {e: ®.(e) |}. K is a c.e. set that is not computable.

Proof. Note K is c.e. since it is the domain of the diagonal function. If K is
computable, by Proposition 11.24, K = W, for some e. But then e € K iff e €

dom(®,) iff e € K, a contradiction. O

The c.e. set K defined in the above proposition plays an important role. It is

complete, in the sense that every c.e. set is not “less computable” than K.
Proposition I1.26. If A is c.e., then A <r K.

Proof. Assume A = W, and let ¥(n,z) = us[n € W, |. By Proposition II.11, there
is a computable g such that for all n and z, 1(n,z) = @4, (x). It suffices to note

that n € A iff g(n) € K. O

For any oracle A, the above can be relativized to produce a definition for A-c.e.
sets (by relativize, we mean replace all instances of “computable” with “computable
relative to A”). We denote by WA the eth A-c.e. set (the domain of ®4), and A’
the set {e: ®?(e) |} (note that K = ('). As in the computable case, A’ is complete
with respect to A-c.e. sets. We denote by A™ the result of applying ' to A n times.

The operator ' (called the jump operator) behaves nicely relative to <rp.

Proposition 11.27. If A <7 B, then A’ <r B’.
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Proof. A"is A-ce. = A'is B-c.e. = A" <r B'. O

Remark 11.28. For this reason, we may view the jump operator as an operator on
Turing degrees (i.e., it is well-defined).
Definition I1.29. A is low, if A™ <; 0™ and A is high, if A™ > 0+Y In the

case n = 1, we say simply A is low or A is high.

The intuition is that an A which is low,, is close to () in terms of computability
(i.e., behaves like () with respect to the jump operator), and an A which is high,, is
close to (/. This intuition is especially relevant when we restrict this definition to
sets which are computable relative to (), so that the sets that are low,, or high,, are
the ones that take the lowest or highest possible value after n iterations of the jump.

We now turn our attention to an extension of the notion of c.e. sets, based on

condition 2 of Proposition I1.22. We make the following definition inductively on n.
Definition I1.30. Let A C w.

1. Ais 2§ iff A is computable.

2. Ais IO iff Ais X0,

3. Ais X9, iff there is a II)) set B such that m € A iff 3s (s,m) € B.

4. Ais AV iff Ais X0 and T1°.

5. Ais arithmetical iff A is X2 or ITY for some n.

Remark 11.31. Note that II) and A{ are equivalent to computable, and XY is equiva-

lent to c.e. These definitions relativized to A are denoted X0[A], TIY[A], and AY[A].

The arithmetical sets, though they can be far from computable, are also in a sense

computably describable. From the definitions, it is clear that A is arithmetical iff it
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is obtained by applying a finite number of quantifiers to a computable relation R. If
we ignore any bounded quantifiers, the number of blocks of consecutive occurrences
of 3 or consecutive occurrences of V is the n such that A is X9 (if the first unbounded
quantifier is 3) or I12 (if the first unbounded quantifier is V). Two consequences are
immediate. First, for each n, we can enumerate the XY and TI? sets effectively (by
indexing the sequence of quantifiers and R). Second, since we can always put in a
dummy quantifier (i.e., a quantifier for a variable that is not involved in R), for all n,
“Ais 1197 and “A is X907 each imply “A is A),,.” These implications fail to reverse
for any n > 0, as do the implications “A is A?”"=%“A is 07 and “A is A2"=“A is

I1°.” This is easily deduced from the propositions below.
Definition 11.32. A X° set A is X9 T-complete iff for all X2 B, B <p A.

Proposition I1.33. [25] For all n, A is X%, iff A is c.e. relative to 0™, and Q")

is X0, T-complete.

Proof. The proof will proceed by induction on n. For n = 0, this has already been es-
tablished (the second statement by Proposition 11.26). Now assume both statements
for n. Let A be X0.,, as witnessed by a II) ., B. By the inductive assumption,
P+ >. B > B, so A is c.e. relative to ("1 (see condition 2 of Proposi-

tion I1.22). The second statement is now Proposition I1.26 relativized to 0™+, [
Corollary I1.34. [25] For alln, A is AY,, iff A <p Q™.

Proof. By a relativization of Proposition 11.24, A <, 0 iff A and A are c.e. relative

to ™ iff A and A are X0, . O

For this reason, we may refer to all functions <7 @™ as A 41 — certainly each
such function is = a A2, | set. The AJ functions are computably describable in an

especially nice way.
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Proposition 11.35. [4/8] For all f, f is AS iff there is a computable g : w? — w such

that for all n, f(n) = lim,g(n,s).

Proof. For the forward implication, let f = ®% and let (, be a computable enumer-
ation of (/. We may let

g(n,s) = ®L(n)
if the latter converges, and 0 otherwise. For the reverse implication, let A be the
set of (n,s) such that V¢t > s g(n,t) = g(n,s). Since A is IV, it is computable
from (. To compute f(n), search for the least s such that (n,s) € A, and compute

g(n, s). 0

Remark 11.36. Equivalently, f is A9 iff there is a sequence of functions g, uniformly
computable such that f = lim, g,. This statement also holds for sets — i.e., A is A9

iff there is a sequence of sets B, uniformly computable such that A = lim, B,.

We now close this section with a proof of a theorem due to Martin [28] closely

related to the work of this thesis, using many of the ideas from this section.

Definition 11.37. A function f dominates a function g iff for all but finitely many

n, f(n) > g(n). This is abbreviated f >* g.

Proposition I1.38. /28] A is high iff A computes a function f which dominates

every computable function.
Proof.
Lemma I1.39. The set Tot := {e : . is total.} is 11 T-complete.

Proof. First, Tot is I3 since e € Tot iff Ynds n € W, ;. Now suppose A is 113, and

fix R computable so that n € A iff Vs3t (n,s,t) € R. Then v partial computable,
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where ¥ (n, s) = pt[(n, s, t) € R]. By Proposition II.11, there is a computable f such

that @, (s) = ¥(n,s). We now observe n € A iff f(n) € Tot. O

Recall (" is ¥ T-complete. Easily, it follows that (0 is 13 T-complete, so " =7
(" =r Tot. Therefore, by the relativizations of Corollary I1.34 and Proposition I1.35,
A is high iff Tot is lim, B, with the B, uniformly A-computable.

Now suppose such a sequence By exists. Define an A-computable h(e,n) by first
finding the least t > n such that either ®.;(n) | or e ¢ B;. In the former case, let
h(e,n) = ®.,(n), and in the latter case, let h(e,n) = 0. Note that if ®. is total,
then for all but finitely many n, h(e,n) = ®.(n). Hence, f(n) := max.<, h(e,n)
dominates all computable functions.

Conversely, suppose f <7 A dominates all computable functions. For ®, total, let
ge(n) = us[®.s(n) |]. Note g. is computable — hence, s0 is g.(n) := max,,<, ge(Mm).
Since every g, is dominated by f, Tot is the limit of By where e € By iff for all n < s

éezf(s) (n> *L D

2.5 Descriptive Complexity of Classes

We can apply a process similar to the one from the discussion following Defini-

tion I1.30 to subsets of “2 to define arithmetical classes.

Definition I11.40. 1. P C“2is X0 iff for some computable R,
A€ P < FxVas...Quy(z1,29,..., A x,) €ER,
where ) = 3 if n is odd and @) =V if n is even.
2. P C w2 is I1Y iff for some computable R,
A€ P < Vridxs...Quy(zy,29,...,A x,) €ER,

where ) =V if n is odd and @) = 3 if n is even.
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3. P C“2is an arithmetical class iff it is 20 or TIY for some n.

We will be mostly concerned with XY classes and II{ classes. The former are also
called c.e. open sets, because of the following result which essentially says we may
view such a set V' as the result of a computable process which adds (“enumerates”)

basic open sets into V.

Definition I1.41. A tree is a T' C <“2 such that 0 € T and 7 C o imply 7 € T.

The paths through T are the A € “2 such that for alln, A [neT.

Proposition 11.42. P C “2 is 2(1) iff there is a computable W C <“2 such that
P = [W] iff there is a c.e. V. C <2 such that P = [V]. P C“2 is 1Y iff there is a
computable tree T such that P is the set of paths through T iff there is a co-c.e. tree

S such that P is the set of paths through S.

Proof. The second statement clearly follows from the first, since P is I19 iff P is %9,
and if P = [W], then P is the set of paths through T, where o € T if it does not
extend any 7 € W. We also note that the first equivalence (39 iff equal to [W] for
some computable W) is simply a restatement of the definition (though it represents
a different perspective that is sometimes useful).

The only case we need to consider, then, is when P = [V] for a c.e. V. In this
case, we need to show that P = [W] for a computable W. If V; is a computable
enumeration of V', we may take W to be the set of o such that some initial segment

of o is in Vig). O

Remark 11.43. The equivalence P is T1Y iff it is the set of branches of a computable
tree T" bears some further remarks. By Konig’s lemma, if 7" is infinite, P is nonempty.

However, Konig’s lemma does not hold computably — that is, P is not guaranteed to
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have a computable member. In future sections, we will see multiple natural examples

of nonempty TI{ classes without computable members.

The I1? classes will play an especially important role in the material which follows,
since there are many cases where, for some property P, there is a I19 class consisting
of only reals with property P. For a quick example, if ¢ is {0, 1}-valued and partial
computable, the set of reals extending ¢ is I19.

Because of Proposition I1.42, we may effectively enumerate the I1Y classes (i.e., e
codes the TI? class that is the complement of [W,]). Let P, denote the II{ class coded

by e, and P.[s| the complement of [W, 4.
Proposition I1.44. The set {e : P. = 0} is computable relative to (V.

Proof. Note that for all s, P.[s + 1] C P.[s], so the P.[s] form a nested sequence
of closed subsets of a compact space (“2). Therefore, P, is empty iff some P,[s] is
empty. Since W, is finite for all s, it follows that P.[s] is in fact uniformly clopen.
Therefore, we may computably (from s) determine if P,.[s] is empty. It follows that

we may determine computably relative to (' if any P,[s] is empty. O

In the cases where we want to know if an oracle A computes a real with property

P, the following notion will be useful.

Definition I1.45. A C “2 is a basis for 11} classes iff for all nonempty I19 P, there

exists Ae AN P.

Example I1.46. It is easy to show that the Aj reals are a basis for I1¢ classes. If P
is nonempty, then an X € P can be constructed computably in (/' as follows: we fix
a computable 7" such that P is the set of paths through T, and start with X [ 0 = (.
Given X | n = o, we determine computably in (/' if there is k& > n such that every

extension of o0 of length k£ is not in T". If so, let X [ n+ 1 = o1, and if not, let it
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be ¢0. In fact, the X constructed in this way is =7 to a c.e. set, so the set of such

reals is a basis for TI{ classes.
Proposition 11.47. [22] The set {A: A is low} is a basis for 11} classes.

Proof. Let P be a nonempty T1Y class. We will construct a sequence of nonempty 19
classes P¢ satisfying P° = P and P¢*! C P¢, so that their intersection is nonempty.
We will ensure that any member of this intersection is low by using P¢*! to decide
dA(e) for all A € PerL.

Civen P¢, consider P* = P*N{X : ®X(e) 1}. Since ®X(e) 1 iff for all s DXl(e) 1,
an index for P¢ can be found computably from an index from P¢. The oracle ( can
determine if P¢ is empty — if so, let P = P¢ and otherwise let P¢t! = P¢. For

X e, P¢, X (e) | iff the first case occurred at step e, so X is low. O

We close this section by remarking that there is no “best” choice for a basis for I19
classes. Specifically, the intersection of all bases is the set of computable reals, which
is not a basis (as witnessed by, say, the set of X such that for all e, s, X (e) # . s(e)).
We will establish this in the next section, where we will exhibit a basis with no A

members.

2.6 Properties Which Imply Non-Computability

One of the important early questions in computability theory was Post’s problem
[41], which asked if there was a c.e. A such that ) <¢ A <p (' — that is, a c.e.
Turing degree other than the minimum and the maximum. While this problem (and
the further study of c.e. degrees) does not concern this thesis, the following two

definitions made in an attempt to solve Post’s problem do concern this thesis.

Definition I1.48. [41] Let A C w be infinite.
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1. A is immune iff A does not have an infinite c.e. subset.

2. Ais hyperimmune iff for any computable sequence { D; };c., of nonempty pairwise

disjoint finite subsets of w, there exists 7 such that AN D; = (.

Proposition I1.49. Fvery hyperimmune set is immune. No immune set is com-

putable.

Proof. The second statement is trivial since any computable set is c.e. For the first
statement, for any infinite c.e. set that is enumerated by an injective computable f,

use D; = {f(i)}. O

Remark 11.50. Although it is not vital to this thesis, we will pause to briefly ex-
plain the role of these definitions in solving Post’s problem. A c.e. set A is simple
(hypersimple) if its complement is immune (hyperimmune). The hope behind these
definitions was that a simple/hypersimple set, while being non-computable, would
also be prevented from having too much computational power due to the “thinness”
of its complement. This hope was supported by known properties of (/. However, it
is possible for a simple (or even hypersimple) set to compute (). Nevertheless, it is
possible to construct a low simple set, which provides one solution to Post’s problem.

There is a characterization of the hyperimmune reals similar to that of the high

oracles from Proposition I1.38.

Definition I1.51. For an infinite A C w, p4 is the increasing function that enumer-

ates A.

Proposition I1.52. [30] A is hyperimmune iff pa is not dominated by any com-

putable function.

Proof. =: Suppose p4 is dominated by a computable g. Without loss of generality,

we may assume g is increasing (otherwise, replace g with n — > _ (g(m) + 1)).
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Let D; be given by
Dy =10, 4(0)]
D;y1 = [1 4+ max D;, g(1 + max D;)].
Observe the sequence of D; is computable and the sets are pairwise disjoint. Also,
for all but finitely many n, n < ps(n) < g(n) (the former inequality is true always),
so for all but finitely many i, AN D; # (). If we replace the D; with D, = D,y for
a sufficiently large k, the D; witness A is not hyperimmune.
<: Suppose A is not hyperimmune, as witnessed by a sequence of D;. Let
g(0) = max Dy, and g(n + 1) = max D,,, where m is minimal such that D,, has no
member < g(n). Note that for all n, the interval (g(n), g(n + 1)] contains some D;,
and so contains some member of A. As also g(0) > pa(0) (since Dy contains some

member of A), it follows that g dominates p4. O]

Remark 11.53. Clearly, for all A, pyx =7 A. Therefore, B computes a hyperimmune
real iff B computes a function that is not dominated by any computable function
(by the trick used on g in the = portion of the above proof, if B computes a
function not dominated by any computable function, we may assume the function
is increasing). For this reason, the B without this property are sometimes called
computably dominated. We will instead use the more traditional term hyperimmune-

free.

Hyperimmune reals have more impact on the material of this thesis than do im-
mune reals, and have notable interactions with the concepts from the previous two

sections, as witnessed by the following propositions.

Proposition I1.54. [35] If A is non-computable and AY, then A computes a hyper-

immune real.
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Proof. Let By be a uniform sequence of computable sets such that lim, B, = A. The
function given by f(s) = ut > s[B; | s = A | s] is computable in A (in fact, f =r A).
Suppose g dominates f. Then for sufficiently large s, there is a t € (s, g(s)] such
that B, | s = A | s. Also, for any fixed n, for sufficiently large s, B;(n) = A(n)
for all ¢ > s. Consider the algorithm (computable in g) that, given n, finds s > n
such that By(n) is constant for ¢ € (s, g(s)] and returns this constant value. For
sufficiently large n, this constant value must be A(n), so the algorithm (up to a
finite modification) gives A. It follows that A <r g. As A is not computable, g

cannot be computable. O

Remark 11.55. The actual result being proven here is that if A is non-computable
and AJ, then A computes a function f such that g >* f implies g >7 f. Such an f
is called a self~-modulus. The oracles which compute a self-modulus will be a topic of

discussion in Chapter VII.
Proposition 11.56. [22] The set of hyperimmune-free reals is a basis for I1V classes.

Proof. Let P be a nonempty I1{ class. As in the proof of Proposition 11.47, we will
build a nested sequence of nonempty 19 classes with P® = P. Given P¢, determine

if there exists n such that
Pem = PN {X : ®X(n) 1} # 0.

Note this is a 1Y class since X is in the latter set iff for all s, @, 4(n) 7. If such an
n exists, let Pett = Pe" for the least such n (in this case, ®X is not total for any
X € P, and if not, let P¢™' = P¢ (in this case, ®* is total for all X € Pet1).
Now, let X € (), P, and suppose @2 is total (so P¢ = Pt and @} is total for
allY € P°™). Let T be a computable tree such that P¢™! is the set of branches of T

Temporarily fix n. Note that the set of ¢ € T' such that ®7 (n) ] is a computable

elo|
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subtree of T'. Since its set of branches is empty (any branch would be a Y € P!
with @) not total), this subtree is finite. That is, there exists m such that for all
o € T of length m, ®7, (n) |. The function f that, given n, finds the least such m is
clearly computable. We now note that ®X is dominated by the computable function

that maps n to the maximum of ®7 ;. (n) for o € T of length f(n). O

Corollary I1.57. The intersection of all bases for T1{ classes is the set of computable

reals.

Proof. If X is in every basis for TI{ classes, then X is low (Proposition 11.47) and
therefore AY (X <p X’ <7 ('), and X is hyperimmune-free (the preceding proposi-

tion). Therefore, by Proposition 11.54, X is computable. ]
Corollary I1.58. There is no C-minimal basis for TV classes.

We now turn our attention away from immunity variants and consider another pair
of related properties which will figure prominently in this thesis. As with immunity
and hyperimmunity, they imply non-computability in a specific way, one related to

the diagonal function J(e) = ®.(e).

Definition I1.59. A real A is diagonally non-computable (or DNC') iff it computes
a function f such that f(e) # J(e) for all e where the latter is defined. If f is

additionally {0, 1}-valued, A is PA.

In this definition, A computes a function (or a set) whose value on input e is
the witness that the function (set) is not given by ®.. The properties of DNC
reals which are of interest to us involve algorithmic randomness and genericity, and
therefore discussion of them will be postponed to the next section. The PA reals, on

the other hand, are closely related to I1Y classes in the following way:
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Proposition 11.60. /22, 8] Let A C w. The following are equivalent.
1. A is PA.

2. For any {0, 1}-valued partial computable function ¢, A computes a total exten-

sion of ¢.
3. The set of B <r A is a basis for I1{ classes.

Proof. 1 = 2: Let f <r A witness A is PA. By Proposition II.11, if ¢ is partial
computable, there is a computable g such that for all n and m, @4,y (m) = ¢(n).
For all n in the domain of ¢, f(g(n)) # ¢(n), so n— 1 — f(g(n)) extends ¢.

2 = 3: Let P be a nonempty II{ class, and T a computable tree such that P is the
set of branches through T'. For i € {0, 1}, let ¢(o) = i if there exists s such that oi
has extensions in T of length s and 07 (1 —1) does not (otherwise ¢(o) is undefined).
By Konig’s lemma, if [o] N P is nonempty and [oi] N P is empty, ¢(0) =1 —i. Let
f <7 A be a {0, 1}-valued total extension of ¢. We may construct B <r A in P by
letting B(n) = f(B | n).

3 = 1: The set of Y such that Y (e) # J(e) for all e is a II class. O

Remark 11.61. Note that the third argument above immediately supplies a low PA

real and a hyperimmune-free PA real.

2.7 Algorithmic Randomness

The field of algorithmic randomness has been of intense interest to computability
theorists in recent years, and in this thesis we only touch on a small portion of it.
We refer the reader to the texts by Nies [36] and Downey and Hirschfeldt [15] for a

more detailed treatment.



35

There are three approaches one can make to answering the question “what makes

a real random?”

e The real should not have any exceptional properties. Here, an “exceptional
property” is represented by being in a measure zero subset of “2 (according to
Lebesgue measure). In this sense, a real is algorithmically random if it is not in

any null set that is effectively presented.

e The real should not be easy to compress. In other words, there should be no way
to describe, using relatively little information, relatively long initial segments of
the real. Here, a description is represented by a function which takes (usually
shorter) finite binary strings to (usually longer) finite binary strings. In this
sense, a real is algorithmically random if no such function which is effectively

presented consistently takes short strings to long initial segments of the real.

e The real should be unpredictable. If one bets on the next bit to appear in the
real, one should not expect to win consistently. Here, betting is represented by
a function from finite binary strings to positive real numbers that describes the
winnings of such a gamble according to a fixed betting process. In this sense, a
real is algorithmically random if no such function which is effectively presented
consistently produces success (in the form of increased winnings) along the initial

segments of the real.

There are therefore many ways to define an algorithmically random real, since we
can take any of the above approaches, and also within each approach we have differ-
ent options for what constitutes being “effectively presented.” We will only concern
ourselves with the first two approaches (no exceptional properties, incompressibil-

ity), and only with two notions of algorithmically random which may be defined from
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these approaches. The material in this section will also differ from the usual treat-
ment of algorithmic randomness in that we will place greater emphasis on effectively
presented null sets, since these sets will be of independent interest later.

The fundamental way to represent a null set N is with a sequence of open sets
V,, such that for all n, N C V,,, and u(V,) — 0 as n — oo. The following definition

shows two ways we can make this definition in some sense computable.
Definition I1.62. [29, 46]

1. A Martin-Lof test is a sequence of uniformly c.e. open sets V,, such that for all
n, w(Vp) < 27" A Schnorr test is a Martin-Lof test {V}, },e, such that for all

n, H’(Vn) =27"

2. A null set N C “2 is Martin-Léf null (Schnorr null) iff for some Martin-Lof

(Schnorr) test {V},}new, N C V,, for all n.

3. A real X is Martin-Lof random (Schnorr random) iff it is not contained in any

Martin-Lof (Schnorr) null set.

Remark 11.63. Without loss of generality, we may assume the open sets of a Martin-
Lof test are nested, since we can replace V,, with () . V;,. Of course, no computable

X is Martin-Lof or Schnorr random, as witnessed by {V,,} = [X [ n].

Note that {V, }ne, is uniformly c.e. open iff the set of (n,o) such that [0] C V,
is c.e. Therefore, we can enumerate all sequences of uniformly c.e. open sets. This
further allows us to effectively list all Martin-Lof tests. That is, if V,, (in some
uniform sequence) would attain measure greater than 27" halt all enumeration of
basic open neighborhoods into V,,. Let {V¢} denote the eth test in this listing. From

this we can construct a universal Martin-Ldf test — a Martin-Lof test {U, },e. such
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that N is Martin-Lof null iff N C U, for all n. Specifically, U,, will be the union of
all Ve, ... By way of contrast, there is no universal Schnorr test.

The existence of a universal Martin-Lof test has some interesting implications for
the Martin-Lof random reals (and, by extension, the Schnorr random reals, since
Martin-Lof random implies Schnorr random). Since X is Martin-Lof random iff
it is outside of the intersection of the U, iff it is outside one of them, for all n
P, :=“2\U, is a I} class of measure at least 1 — 27" consisting of only Martin-Lof
random reals. Therefore, there are Martin-Lof random reals that are low and ones
that are hyperimmune-free. Also, every II{ class P with positive measure contains a
Martin-Lo6f random real (if 27" < p(P), P, N P has positive measure and cannot be
empty).

Both notions of an effectively null set can be expressed in multiple ways.
Definition II.64. A real number r (i.e., r € R) is a computable real number iff
there is a computable sequence {g,}neo of rational numbers such that for all n,
0<7r—g, <2 A sequence of real numbers {ry}re, is uniformly computable iff

the corresponding sequence of rational sequences is uniformly computable.
Proposition 11.65. [50, 47, 46]
1. For all N C¥2, the following are equivalent.

(a) N is Martin-Léf null.

(b) There is a computable sequence of o, € <“2 such that

and
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2. For all N C“2, the following are equivalent.

(a) N is Schnorr null.

(b) There is a sequence of uniformly c.e. open sets V,, such that {i(Vy) }new s a

decreasing uniformly computable sequence of real numbers, lim,, ... u(V,,) =

0, and N CV,, for all n.

(c) There is a computable sequence of o, € <“2 such that

j{:j}ﬂgn

new

1s a finite computable real number and

Nc () loml

new m>n

(d) There is a computable sequence of clopen sets E, C “2 such that u(E,) <

27" for all n, and

NS U En

new m>n

Proof. 1. (a)=(b): Assume N is Martin-Lof null as witnessed by a test {V, }new-
Fix W, C <“2 uniformly c.e. such that V,, = [W,] for all n. Let o, be the
mth finite binary string enumerated into Wj. The sequence of o,, is computable,

and

ool =N " u(v,) <2

new new

(b)=(a): Let 0, be a sequence of strings as described. By removing finitely
many strings, we may assume

Zz—“’nl <1

new

Let W, be the set of 7 such that o,, C 7 for at least 2" many values of m.

Clearly, if V,, = [W,,], then the V,, form a sequence of uniformly c.e. open sets.
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Express V,, as the disjoint union of (possibly infinitely many) basic open sets

[7k]. Then

,U(Vn) _ Z 9|7l <o Z 9= I7k] <o Z 9~ loml <2
k m

m,k:om CT

Note in the second inequality, we take advantage of the disjointness of the [7y],

implying that for a fixed m,

Z 9~ Imel < 9=loml,

kiom CTy

The proof is finished by observing that if X extends infinitely many o,,, then
for every n there is a k such that X | k extends at least 2" many o,,. Hence,

such an X is in every V,,.

. (a)=(b): Trivial, since any computable sequence of rational numbers is also a

uniformly computable sequence of real numbers.

(b)=-(c): Suppose we are given a sequence of V;, as stated in (b). We may move
to a subsequence f/n, which satisfies the necessary properties of V,, and also
w(V,,) < 27", Specifically, if {g,}rew approximate u(V,) as in Definition I1.64,
let f/n be V,,, where m is minimal such that g, 42 < 27"=1 The proof now
proceeds as with (a)=-(b) of the previous item (as it is easy to verify that the sum
of a sequence of uniformly computable real numbers, if finite, is a computable

real number).

(c)=(d): Let the sequence of o,, be given. Let 7 be the sum of the 271/, Since
r is computable, there is a computable function f such that for all n,

r— Y 2 lml<om
)

m<f(n

Specifically, wait for the sum to become > ¢,,, where the sequence of ¢, witnesses

r is computable. Let E, be the union of [o,,] for f(n) <m < f(n+1).
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(d)=-(a): Given the sequence of E,, as described, we obtain the V,, as uniform
unions of computable sequences of clopen sets V,, ;. Let V, o be empty, and
given V,, 5, let V,, o411 =V, s U B 541 UC, where C is clopen and has minimal
index such that this union has measure 27" — 27"~*~! (by induction on s, such
a C always exists since V,, ; has measure 27" — 27"7° and F, 4 contributes

measure at most 2777571, O

Using the above proposition we can easily prove the following converse to every
positive measure II{ class containing a Martin-Lof random (hence Schnorr random)

real.

Proposition I1.66. If a I1{ class P contains a Schnorr random real X, then u(P) >

0.

Proof. Let P = “2\[W], where W C <“2is c.e. Let W be a computable enumeration
of W such that Wj is finite for all s, and let P, = “2\[W,]. Then P, is a computable
sequence of clopen sets. In particular, the sequence P; is uniformly c.e. open and
w(Ps) is computable uniformly in s. Therefore, if u(P) = 0, lims u(Ps) = 0 so by

Proposition 11.65 (), P; = P is Schnorr null, a contradiction. O

The interaction between Martin-Lof random and Schnorr random (as concepts)

is closely related to highness.

Proposition I1.67. [37] If X is not high, X is Schnorr random iff X is Martin-Ldf

random.

Proof. The reverse implication is always true. Assume X is not high and not Martin-
L6f random. For each n, X € U, where {U,} is the universal Martin-Lof test. Let
U, s denote a uniform enumeration of the U,. For every enumeration A, of a c.e.

set A, we can assume A is finite for all s. Correspondingly, we can assume U, g
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is clopen (i.e., the union of finitely many basic open neighborhoods) for all n, s.
The function f mapping n to the least s such that X € U, s is computable in X.
Since X is not high, by Proposition I1.38, there is a computable ¢ such that for
infinitely many n, g(n) > f(n). Hence, for infinitely many n, X € U, 4¢,. Since
{Ung(n) }new is a computable sequence of clopen sets and p(Uy, gn)) < p(Uy,) < 277,

by Proposition I11.65, X is not Schnorr random. O

In contrast to the above, when restricted to the high oracles, Martin-Lof random
and Schnorr random are very different concepts. For example, it is a theorem that
if A is high, there exists X =¢ A such that X is Schnorr random and not Martin-
Lof random. In particular, every high oracle computes a Schnorr random, including
every high c.e. oracle. But a c.e. oracle can only compute a Martin-Lof random real
if it computes (. We do not prove these statements here, since the parts of them
most relevant to the thesis will be implied by later results.

Another way to calibrate the difference between Martin-Lof random and Schnorr
random is via initial segment complexity. This corresponds to the second approach

to randomness mentioned above, the approach of incompressibility.

Definition I1.68. 1. A machine is a partial computable function M : <¥2 — <“2.
A machine M is prefiz-free if for all 0,7 € dom(M), o € 7. A machine M is

computable iff p([dom(M)]) is a computable real number.

2. For M a machine and o a finite binary string, the complexity of o relative to
M, denoted Kjps(c), is the minimum length of 7 such that M (7) = o (if no such

T exists, Ky (o) = 00).

Since partial computable functions can be effectively enumerated, so can machines.

In fact, prefix-free machines can be effectively enumerated — simply enumerate the
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domain of M., and if at any point we would enumerate an extension of a ¢ already
in the domain, stop enumerating the domain of M., and alter the definition of M, to
only converge for those o already in the domain. From this, we can define a universal

prefix-free machine, and from it, a minimal complexity function.

Definition 11.69. 1. Let M, denote the effective enumeration of prefix-free ma-
chines. The universal prefiz-free machine, denoted U, is the machine that maps

0°lo to M.(o) (and otherwise is not defined).

2. The Kolmogorov complezity of o € <¥2, denoted K (o), is the complexity of o

relative to U.

Remark 11.70. Kolmogorov complexity is minimal among complexity functions up
to an additive constant — that is, for each prefix-free M, there is a constant d such
that for all o, K(0) < Ky/(0) + d (specifically, if M = M., we may use d = e+ 1).
We abbreviate this relationship by K (o) <™ Kj(0); in general, if P and Q are
expressions, the notation P < Q indicates there is a constant d such that for all

possible values of variables occurring in P and @, P < Q +d

A real X is compressible by a machine M if for many values of n, K/ (X [ n) is
significantly less than n (M provides short descriptions for long initial segments of
X). If any machine compresses X, then U does as well. Both Martin-L6f random
reals and Schnorr random reals can be characterized as the reals which cannot be

compressed by certain machines.

Proposition I1.71. [}7, 14] For a real X, X is Martin-Lof random iff K(X | n) >7

n, and X is Schnorr random iff for all computable prefiz-free M, Ky (X | n) >" n.

Remark 11.72. In other words, Martin-Lof random reals are those that can’t be

compressed by any prefix-free machine, and Schnorr random reals are those that
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can’t be compressed by computable prefix-free machines.

Proof. For any prefix-free machine M and b € w, let RM denote the set of strings
o such that Ky (o) < |o| —b. We observe that Ky (X | n) >T n iff for some b,
X ¢ [RM]. We will actually prove the stronger statement that N is Martin-Lof null
iff for some prefix-free M, N C (,[R], and N is Schnorr null iff this is the case for

some computable M. We divide the proof into two lemmas.

Lemma 11.73. For all prefir-free M, RM is uniformly c.e., and u([RM]) < 27° for

all b. Additionally, if M is computable, this measure is uniformly computable.

Proof. That RM is uniformly c.e. is easily seen from 7 € R} iff there exists (1, s)
such that My(7) |= 0 and |7| < |o| — 0.
To bound the measure of [R}], express this open set as the disjoint union of basic

open sets [oy]. For each k, there is 74, such that M (1) = oy and |7| < |og| —b. Then

p((Ry) =Y 2717l <270y ol — o7y, (U[m]) < 27 u(dom(M)) < 27",
k k k

Note the second equality is due to M being prefix-free, so the [r;] are disjoint.

Now suppose M is computable. It follows that there is a computable f such
that p([dom(Mym)]) is within 27" of u([dom(M)]). Let R)) denote the set of
those o in R} which are witnessed by a 7 € dom(Mj,)). The measure of [R}]] is
rational and computable given n, uniformly in b, and by a straightforward variation
of the argument above, is within 27"7° of u([R})]). Hence, p([R})]) is uniformly

computable. O

Lemma I1.74. If {V,,};mew is a Martin-Ldf test, there is a prefiz-free machine M
such that for all m > 1, Vo, C [RM]. Further, if p(Vy,) = 2™ for all m, M is

computable.
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Proof. Express, uniformly in m, each V3,, as the disjoint union of basic open sets
[0mk]. Without loss of generality, we may assume that for all m and k, |0, <
|om.k+1| by, if need be, replacing oy, ;+1 with the sequence of all extensions of o, 41
of length |0, x|, removing any which equal o, for [ < k.

The domain of M will be divided into disjoint pieces, with the mth piece (for
m > 1) consisting of strings which extend 0™~!'1. The definition of M on the mth
piece of the domain will ensure that Va,, C [RM] by mapping strings of length m + s
to o of length 2m + s (note that each o, has length at least 2m). M will be
undefined on strings which do not have any 1’s. We will describe the definition of M
restricted to strings in the mth piece — this description will be uniform in m. The
description will be done in stages s.

In the description below, let 7 4+ n denote the string whose index is n plus the
index of 7. Let f(n) be the number of k such that |o,, x| = n, and g(n) the minimal
k such that |o,, ;| > n. All three of these functions are computable (the latter two
uniformly in m). All work is restricted to those 7 which extend 0™~ '1. Let My(7) 1

for all 7. Given M, we define M, as follows:
L If 7| #m+s, Myq(7) | <= M(7) |.
2. If f(2m+s) =0, My1(7) 7 for all 7 of length m + s.
3. If f(2m+ s) # 0, let 7/ have minimal index such that for all v C 7/, M,(v) 1.

4. For i < f(2m + s), let My (7" + i) = O g2mts)+i- For all other 7 of length

m + S, Ms—‘rl(T) T

Note that for all s, > 7). 0,014 27 lomkl < 272m _ £(2m+45)272™=% 50 the domain of

M; (on the mth piece) has measure 2™ >, 27 lomil < 27m — £(2m 4 5)27m 5,

2m+s)

Therefore, there are at most 2° — f(2m+s) many 7 of length m+ s such that My(v) |
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for some v C 7 — that is, there are at least f(2m + s) many 7 for which this is not
the case. This implies the above construction works — if f(2m + s) # 0, 7’ exists,
and for all i < f(2m + s), 7 4 ¢ has length m + s.

Clearly the M constructed is prefix-free, and all o, are in RM. Further, the
mth piece of the domain of M has measure 2™ u(Vs,,). If u(Va,,) = 272%™ for all m,

then dom(M) has measure 1, which is certainly a computable real number. O
m

Remark 11.75. The construction in Lemma I1.74 makes the implicit assumption that
there are infinitely many o, for all m (else, f and g may not be computable, since
we do not know if there will be another o, ). However, the functions f and ¢ are
not strictly necessary — they merely serve as bookkeeping. The true nature of the
construction is that whenever we see a string of length 2m + s in the list of o0, , we
find a string of length m + s to be mapped to it by M. We do not need f and g to

be computable to show this construction works.

Kolmogorov complexity can also be used to characterize being a DNC real.

Proposition I1.76. [23] A is DNC iff there is [ : w — <¥2 computable relative to

A such that for alln, K(f(n)) > n.

Proof. Let o; denote the string coded by i € w.
=: Let 7 be an index such that ®# is total and ®4(e) # J(e) for all e. By

Proposition II.11, there is a computable A such that
Dy () = B (z)

for all m,z. Let f(n) equal A | u, where u is the maximum of the uses for compu-

tations ®4(h(m)) for m such that |o,,| < n. Suppose that K(f(n)) < n for some n.
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There is an m such that |o,,| < n and U(0,,) = 0. Therefore,

;! (h(m)) = ®™ (h(m)) = ©,") (h(m)) = Pngm (h(m)),

r

a contradiction. Hence, K(f(n)) > n for all n, as desired.

<: Consider the prefix-free machine M which, given 0¥1o,, where |o.| = £,
outputs o). For all e such that J(e) |, Kar(0)) < 2loge+d for some constant d.
Hence, K (o)) < 2loge+d for some constant d’ (independent of e). Now, if f <p A
satisfies K'(f(n)) > n for all n, then for sufficiently large n, K(f(n)) > K(o()), so
f(n) # o). Hence, if f is the function mapping n to the index of f(n), a finite

modification of f shows A is DNC. m

Corollary 11.77. If X is Martin-Lof random, X s DNC. If X is Schnorr random,

X is high or DNC.

Proof. The first statement follows from Proposition I1.71, which implies the existence
of a d such that K(X [ (n+d)) > n for all n. The second statement now follows

from Proposition I1.67. O]

Note that the second part of the proof of Proposition I1.76 does not depend on
J, but works for any partial computable ¢. Immediately, we obtain the fact that if
A is DNC, then A computes a function f such that for any partial computable ¢,
f(n) # ¢(n) for all but finitely many n (i.e., f for an f such that K(f(n)) > n for
all n). The oracles with this property are clearly just the DNC ones. However, if we
relax this property to just computable g (instead of partial computable ¢), we also

obtain the high oracles.
Proposition I1.78. /23] For any oracle A, the following are equivalent.

1. Ais high or there is f <7 A such that for all partial computable ¢, f(n) # ¢(n)

for all but finitely many n.
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2. A is high or DNC.

3. There is f <p A such that for all computable g, f(n) # g(n) for all but finitely

many n.

Proof. 1 = 2: Either A is high or a finite modification of f witnesses A is DNC (via
o=1J).

2 = 3: The argument preceding the proposition proves this if A is DNC. If A
is high, any f <7 A which dominates every computable function must have this
property (else, f would fail to dominate g + 1).

3 = 1: Suppose f <r A has the described property and A is not high. Assume
¢ = P, and for infinitely many n, f(n) = ®.(n). Let h(n) equal the minimal s such
that f(m) = ®.(m) for n + 1 values of m < s. Clearly h <y A, so there is h
computable such that A(n) > h(n) for infinitely many n. Without loss of generality,
assume £ is increasing. Let g(n) = P, jn)(n) whenever the latter computation
converges, and 0 otherwise. Note that if 2(n) > h(n), then for some m > n, we have
f(m) = @cpmy(m) = Pepmy(m) = g(m). As there are infinitely many such n, there
are infinitely many such m, a contradiction. Hence, for any partial computable ¢,

f(n) > ¢(n) for all but finitely many n. O
Corollary I1.79. If X is Schnorr random, there is f <p X such that for all com-
putable g, f(n) # g(n) for all but finitely many n.

We introduce another concept related to randomness which will be useful in later

chapters.

Definition II1.80. For a real X, the effective Hausdorff dimension of X, denoted

dim(X), is
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We note some simple facts about effective Hausdorff dimension before continuing.

The first requires an upper bound on K (o).
Proposition I1.81. K(0) <* 2log|o| + |o|.

Proof. Let 1; be the string indexed by ¢, and M the prefix-free machine such that
M(vo) = o if 7,/ = U(r) and otherwise diverges. Also, let N be the prefix-free
machine that maps 07 17; to 7; for every i and otherwise diverges. For all i, K (7;) <*

Kn(1;) <t 2|7 <T 2logi. From M we obtain
K(o) <t Ky(o) <T K(115)) + o] <7 2log|o] + |o]. O

Using X | n = o and taking the limit as n — oo, we obtain dim(X) < 1 for all X.
Clearly, 0 < dim(X) for all X. If dim(X) > 0, then X is DNC — if dim(X) > 1/k
for k € w, then for sufficiently large n, K(X | kn) > n. By Proposition I1.71, if X
is Martin-Lof random, X has maximal dimension, as lim,(n —d)/n = 1. However, if
X is Schnorr random, X can have minimal dimension, since X can fail to be DNC.

The notions of randomness and effectively null above can be relativized. In this
situation, it has proved interesting to ask when relativization does not change any-
thing. For example, are there non-computable A such that /N is Schnorr null relative
to A iff N is Schnorr null, and if so, how can they be characterized? This question
can also be asked with “Martin-L6f” instead of “Schnorr,” or with randomness in-
stead of nullity, but it is the stated question that is of most interest to this thesis.

This notion was studied by Terwijn and Zambella [54].

Definition I1.82. 1. An order is a computable h which is nondecreasing and un-

bounded.

2. A trace with bound h (where h is an order) is a function 7" : w — [w]<* such
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that for all n, |T'(n)| < h(n). A trace T' traces a function f if for all but finitely

many n, f(n) € T'(n).

3. An oracle A is computably traceable iff for some (any) order h, for every f <, A

there is a computable trace T" with bound A such that T" traces f.

4. An oracle A is low for Schnorr tests iff every Schnorr null set relative to A is

Schnorr null.

Remark 11.83. It is proven by Terwijn and Zambella (and also by work done later
in this thesis) that if A is computably traceable via any order, it is computably
traceable via all orders; hence the lack of distinction between “any” and “some” in

the definition.
Proposition I1.84. [5/] A is low for Schnorr tests iff A is computably traceable.

We omit a proof of this proposition since it is implied by work done later in the

thesis.

2.8 Algorithmic Genericity

Algorithmic genericity is a concept that is in some ways similar to algorithmic
randomness, and there are some notable interactions between the two, though the
former is less developed. If a real being algorithmically random can be expressed
as not being in certain sets which are small with respect to measure, a real being
algorithmically generic can be expressed as not being in certain sets which are small
with respect to category. Here, “small” may mean nowhere dense (N is nowhere
dense if “2\N has dense interior) or meager (covered by the union of countably
many nowhere dense sets). This similarity between randomness and genericity will

be of much interest to us.
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Definition I1.85. [7]
A set V C <¥2is dense iff for every o, there exists 7 € V' which extends o.

A real X is n-generic (n > 1) iff for every X2 V C <*2 there is 0 C X such that

eitherceVorVr Do, 7¢ V.

A real X is weakly n-generic (n > 1) iff for every dense X0 V' C <%2  thereis 0 C X

such that o € V (equivalently, X € [V]).

Remark 11.86. In light of the discourse above, note that the definition of weakly
n-generic is one that says X must be in certain open dense sets. No computable X

is n-generic or weakly n-generic, at witnessed by V ={o:0 ¢ X}.

Note that in the definition of n-generic, if V' is dense, then there cannot exist a o
without an extension in V. It follows that n-generic implies weakly n-generic for all
n. Also, if V is ¥22, the set of o with no extension in V' is I1?, so the union of this set
with V' is a dense X9, set. It follows that weakly (n + 1)-generic implies n-generic
for all n. We will focus on reals which are weakly 1-generic, 1-generic, and 2-generic.

Algorithmic genericity is a property that tends to be orthogonal to the properties

we have already discussed. We give here some examples.
Proposition I1.87. [9/ No 1-generic real is DNC.

Proof. Suppose that for some index d and 1-generic real X, ®(e) # J(e) for all e

(with the former function total). Let
V ={o:3s,e @g,s(e) 1= (e) |}

By assumption, no ¢ C X can be in V, so fix ¢ C X such that 7 ¢ V for all 7

T

17 (d), where 7 is the extension

extending 0. Define a computable g so that g(d) is ®

of o with minimal index such that this computation converges (since ®7 is total, such
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a 7 must exist). But if g = &4, then for some 7 and s > |7], @7 (d) = g(d) = Pq4(d),

a contradiction. O
Corollary I1.88. No 1-generic real computes a Martin-Lof random real.
Proposition 11.89. No 2-generic real is high.

Proof. Suppose that d is an index such that for a 2-generic X, ®X is total. We will

construct a computable g such that ®X does not dominate g. Let

V={c:InVv Do/ ,(n) T}

ey

The totality of ®X implies that no initial segment of X is in V. By 2-genericity, fix
o C X such that for all 7 extending o and all n, there is v 2 7 such that @7, (n) |.
We let 7,, be an enumeration of the strings extending o (i.e., 7,, is ¢ concatenated

with the string indexed by n). To define g, let m be minimal such that v = 7,

v
&y

extends 7, and ®7 (n) |, and let g(n) be 1 plus the output of this computation.

Now consider

Vi i= {0’ : 3s,n > m @7, (n) | < g(n)}

By the definition of g, for every m and ¢’ C X, ¢’ is an initial segment of some 7, for
n > m, and hence also an initial segment of some v such that ¢ (n) | < g(n). This
v isin V,,. Thus, by genericity, for all m some ¢’ C X is in V,,,. But this implies that
for all m there is n > m such that ®X(n) < g(n) — that is, ®X doesn’t dominate g,

as desired. O
Corollary 11.90. No 2-generic real computes a Schnorr random real.

In contrast, weak 1-genericity dovetails perfectly with hyperimmunity, due to the

following weakening of a theorem of Kurtz.
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Proposition I1.91. [27] A computes a weakly 1-generic real iff A computes a hy-

perimmune Set.

Proof. =: We show that if X is weakly 1-generic, then X is hyperimmune (when
viewed as a subset of w). For any m € w and computable f, the set of Y such
that py(n) > f(n) for some n > m is c.e. open and dense (specifically, given o,
[o(071)leFn+1] C this set, where © = f(|o| +n) + 1). It follows that X is in every
such set, so px is not dominated by any computable function.

<: Let g <7 A not be dominated by any computable function, and without loss
of generality, assume ¢ is nondecreasing. We construct a weakly 1-generic X <r A
as the union of an A-uniform sequence {0, },e, such that op = 0 and 0,11 2 0,.

View W,, the eth c.e. set, as a subset of <“2. We aim to fulfill the requirements*
R. : W, is not dense or X € [W,]

We keep track of a list of for which e has R, been satisfied (this list starts empty).
Given o, search for the minimal e < n such that R, is unsatisfied and there exists
7 such that |7| < g(n), 7 2 0y, and 7 € W, 4n) (say “R. needs attention”). If no
such e exists, 0,11 = 0,. Otherwise, for the least e such that R, needs attention, fix
7 with minimal length satisfying the above statements. If |[7| <n+ 1, let 0,01 =T
and add e to the “satisfied” list, and otherwise, let 0,11 = 0.

We now show that if W, is dense, there is n such that o, .1 € W,.. This will prove
X =, o, is weakly 1-generic (and that X is a real and not a finite binary segment,
since for any k, W, can consist of the strings of length at least k). There is m such
that by stage m of the construction, for all d < e either Ry, is satisfied or Ry will

never be satisfied. We note that the function

f(n)=wusNo €™ 3Ir Do |r| < sAT €W

4This “requirement” framework is common in computability theory proofs.
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is computable, and hence there is m’ > m such that g(m') > f(m'). At this stage,
R, needs attention (since |o,,/| < m'). For n > m/, if R, is not yet satisfied and still
needs attention, either 0,1 = 0,, so R, still needs attention, or the choice of 7,11
satisfies R, (it cannot be chosen to satisfy Ry for d < e by assumption, or satisfy Ry
for d > e since such a d would not be minimal such that R, needs attention). If n is
large enough to be greater than the length of a 7 witnessing that R. needs attention,
then the latter will be the case. This has to happen eventually, so there is n such

that 0,41 € W, as needed. O

We end this chapter with one more concept related to genericity which will be

relevant to the thesis work.

Definition 11.92. An oracle A is low for weak I1-genericity iff every weakly 1-generic

X is weakly 1-generic relative to A.

These oracles are nicely characterized by the following theorem of Stephan and
Yu. However, their proof involves concepts which will not directly influence the
remainder of the thesis. We do not wish to provide exposition for these concepts,

and so present their result without proof.
Proposition I1.93. [52/ For any A, the following are equivalent.
1. A is low for weak I1-genericity.
2. Every dense c.e. open set relative to A has a dense c.e. open subset.

3. A is hyperimmune-free and not DNC.



CHAPTER III

Set Theory Background

In this section, we provide some exposition to certain areas of set theory in order
for the reader to understand the motivation of the thesis work, and the sources of
the proofs contained herein. As this is a thesis in computability theory, and not set
theory, most of this material is covered in significantly less detail than the material of
the previous chapter. We refer the reader to [21], [16], or Chapter 6 of [20] for a more
thorough treatment. Also, [6] and [4] are good sources for additional information on

cardinal characteristics of the continuum, and how they are affected by forcing.

3.1 Fundamentals of Set Theory

In set theory, we consider sets to encompass all mathematical objects, with € a
binary relation on sets (i.e., the elements of a set are themselves sets). The collection
of all sets is called the universe. We emphasize that not all collections of sets are
themselves sets. If this were the case, there would be a set A consisting of all sets
x such that x ¢ x. Since A € A <= A ¢ A, we have a contradiction, known as
Russell’s paradox. We call a collection of sets a class. A class is a proper class if it
is not a set (the universe itself is one example).

We assume the universe satisfies the axiom system ZF. Axioms of ZF fall into two

types. The first type describe the behavior of sets. For example, a set is determined
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exactly by its elements. For another example, € is a well-founded relation on sets
(that is, there is no infinite sequence x; such that x;,; € x; for all 7). The second
type describe the existence of certain kind of sets. For example, if x is a set, so is
P(x) (defined formally as the class of y such that for all z, z € y = 2z € z). For
another example, if u is a set and F' is an operation mapping sets y to the class of
sets z such that ¢(y, z) holds (where ¢ is a formula of first-order logic, i.e., built
from €, propositional connectives, and quantifiers 3 and V ranging over sets), then
the class of those F(y) for y € u which are sets is itself a set. In other words, if we
apply the same operation to every member of a set, we get another set.

Set theory is of interest in part because nearly all of mathematics can be rep-
resented in set theory. In some cases, this can be done directly. For example, a
topological space is just a set 7" and a set O C P(T") such that O satisfies the axioms
assumed for open sets. We can then formalize statements about topological spaces
entirely in terms of sets (though to prove some of the theorems, we may need stronger
axioms than those in ZF).

For a second example which is simpler (though less direct), we may define the
ordered pair (z,y) to be the set {{z}, {x,y}} (that is, in ZF, it is provable that this
is a set whenever x and y are sets). A relation is then a set of ordered pairs, and a
relation f is a function if for all z,vy, z, if (z,y),(z,2) € f, then y = 2z ((x,y) € f
meaning y = f(x)). The domain of f is the set of z such that (x,y) € f for some y,
and similarly for the range of f. The set of functions from x to y is denoted *y (hence
our use of the notation “2 and “w). Continuing, we can make formal definitions for
concepts involving functions, and prove basic facts in ZF (e.g., if f is injective, there
exists ¢ such that g(f(xz)) = z for all x in the domain of f). We note that for

functions f and g, g extends f iff f C ¢ (this explains our choice of notation for
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denoting initial segments of finite binary strings, which can be viewed as functions).
For a third example, the natural numbers can be represented by sets in the fol-

lowing way:

0=10

1= {0}
2={0,1}
3=1{0,1,2}

This representation has several notable features. Each n € w is also a subset of w.
For n,m in w, n € m is equivalent to n < m, and implies n C m. The successor of
n is nU{n}. From this representation, we can define addition and multiplication as
set functions, and begin to formulate statements in number theory. Going further,
we can represent rational numbers as equivalence classes of pairs of elements of w,
real numbers as equivalence classes of Cauchy sequences of rational numbers, etc.

The above framework can also be extended to cover the ordinal numbers. For-
mally, a set is transitive if every element is also a subset. A set is an ordinal if it is a
transitive set whose elements are also transitive. Each ordinal is an initial segment
of the ordinals, as « contains all § < . We note that the proper class of all ordinals
is well-ordered by € (i.e., it is a well-founded linear order), so each ordinal can be
well-ordered within the universe. That is, for each ordinal «, there is a set of ordered
pairs (3,v) with 3,7 € « such that if § < ~ iff the ordered pair (/3,7) is in the set,
then < is a well-order. This set will consist of (3,7) such that 5 C v € a.

Note that if « is an ordinal, so is aU{«a}. We call this the successor of a (denoted
a +1). An ordinal is a successor ordinal if it is the successor some «, and a limit
ordinal if this is not the case. For example, w is a limit ordinal. To define an

operation F recursively on the ordinals, it suffices to define F'(0), F'(a + 1) given a,
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and for limit ordinals o, F'(«) given F(3) for § < o. We will use this framework in

the next section to introduce the standard notation for cardinals.

3.2 Choice, Cardinals, and the Continuum

A fundamental assumption most mathematicians make is the axiom of choice.
One way to state this in the language of set theory is that for any set x, there is a
function f such that  C dom(f) and for all y € z, if y # 0, f(y) € y. In other
words, given any set of choices to make, we can (within the universe) make those
choices. One application of this axiom comes from the usual proof that there is a
subset of R which is not Lebesgue measurable. At one point, the proof considers
a set of equivalence classes of real numbers, and by the axiom of choice, assumes
that there is a set of real numbers which contains exactly one number from each
equivalence class.

In ZF, the axiom of choice can be described in terms of ordinals.
Theorem II1.1. (ZF) The following are equivalent.

1. The axiom of choice.

2. For all x, there exists a relation r which well-orders x.

3. For all z, there exists a bijective function f from x to an ordinal c.

We pause to note that although the axiom of choice seems a reasonable mathe-
matical assumption to make, it is not a consequence of ZF (i.e., assuming there is
a model of ZF, there is a model of ZF where the axiom of choice fails). Therefore,
for some purposes, the axiom system ZFC (ZF plus the axiom of choice) is a better
model for mathematical thought. The remainder of this section will focus on ZFC

and its models.
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An ordinal k is a cardinal if there do not exist f and # < k such that f: k — (8
is a bijection. Note that in ZFC, for all x, the set of ordinals which can be mapped
bijectively to x is nonempty, and thus has a minimal element x (we denote this by
|z| = k). Clearly, & is a cardinal. This gives us a way to interpret the cardinals as
giving the possible sizes of sets, in the sense that there is a bijection f : x — y iff
|z = lyl.

Given an z, let Ha(z) be the set of ordinals « such that there is an injection
f:a — z. Note that Ha(x) is an initial segment of the ordinals, so it is an ordinal.
Given that, it is clear that Ha(z) is a cardinal for all z, and if  is a cardinal, Ha(k)
is the least cardinal bigger than x (for example, Ha(w) is the smallest uncountable

cardinal). Using this, we “enumerate” the infinite cardinals using ordinals:

No =W
Rorr = Ha(R,)

N, = U Ns for limit al.

B<a

We now wish to turn our attention to the continuum. The use of “the” here
is somewhat misleading, as there are multiple sets that can be referred to as the
continuum: for instance R, [0, 1], [w]¥, P(w), “2, and “w. However, they are similar
enough that we can call each “the continuum” (we have already seen this to some
extent via our identification of P(w) with “2 in the previous chapter). They all
have the same cardinality, for example. Further, any pair of these sets (viewed
as topological spaces) become homeomorphic after removing a countable set from
each. In particular, there are maps between any pair that are “almost bijective” and
preserve properties like nowhere dense and meager. In each case where there is a

natural measure (such that the measure of the whole space is bounded by 1), these
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maps can also be made to preserve measure, so they preserve the property of being
null. This justifies our practice of calling each the continuum.

For cardinals £ and )\, we let k" denote the cardinality of *«. Therefore, 2% is
the cardinality of the continuum (sometimes this is also denoted c). It is simple to
show that Ny < 2% and it was conjectured by Cantor that the continuum was the
smallest set bigger than w — in modern terms, that N; = 2% This conjecture is
known as the continuum hypothesis, abbreviated CH. It has been shown that CH is
independent of ZFC; in particular, there are models of ZFC where CH fails. We will

indicate (without full rigorous detail) in the next section how this was proven.

3.3 Forcing

Cohen [12, 13] established that ZFC does not prove CH using forcing, the name
given to a general method for constructing, given a model V' of ZFC, another model
V[G] of ZFC, by adding new sets to V. By using this process, we may change the
truth value of certain statements in V. For example, if V' is a model of ZFC+CH
(such a model can be constructed by methods other than forcing), and VI[G] is a
model obtained via a forcing that adds R, reals to V' without changing any cardinals,
then V[G] satisfies ZFC+ (2% = R,). However, we should be careful in making such
statements, since our intuition was that the universe already contained “all” sets.
So to carry out forcing, we (roughly speaking) assume we work within the “real”
universe, and begin with a model V' of ZFC (which may be a class or a set in the real
universe). The sets we add to V', although they were not in V', are in the real universe,
and therefore, we can describe and study them. This outline, and the remainder of
the material in this section, should be read remembering that we are not attempting

to rigorously define forcing, but rather, describe its methods and properties to such
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a degree that we may understand how they apply to computability theory (and in
particular to the subject of this thesis).

Suppose we have such a V', which we will call the ground model. A notion of
forcing is a partial order (P, <) in V' — that is, P and < are both elements of V' such
that < partially orders P. We call the elements of P conditions. A set D C P in
V' is dense if for every p € P there is ¢ < p such that ¢ € D. A generic filter is a

G C P (not necessarily in V1) such that
1. For all p,q € G, there is r < p,q in G.
2. Forallpe G,ifp<q, qe .
3. For all dense D in V, there is p e GN D.

We now sketch the construction of V[G], given G a generic filter. We associate
a set of names to (P,<). We will not concern ourselves with the exact structure
of these names. The basic idea is that a name a is an element of V' which contains
instructions for how to interpret it based on which p € P are in G. Then the elements
of V|G| will be names interpreted via G. For the particular way that we define the
names, each element x of V' has a name that is interpreted as x regardless of which p
are in G, so that V' C V[G] (in the real universe). Also, there will be a name whose
interpretation will be G, so that this containment is strict?.

From the details of the construction, it is possible to show that V[G] is a model
of ZFC. We also have the useful concept of a condition forcing a statement. Let
¢(z1, ..., x) be a formula of set theory, ay, ..., a; a list of names, and p a condition.
Then p forces ¢(ay, ..., ay) if whenever G is a generic filter containing p, ¢(ay, ..., ax)

holds in V[G]. Although this is a statement involving truth in V[G], it can repre-

2We will not concern ourselves with the question of whether or not G exists, even in the real universe. With
enough work, such a G can always be found for the notions of forcing involved in this thesis.
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sented by a formula in V' (i.e., V' can tell if p forces ¢(ay, ..., ax)). Also, ¢(ay, ..., ax)
is true in V[G] iff there is p € G which forces ¢(ay, ..., az).

To see an example of this, we consider Cohen forcing. The notion of forcing is
(5¥2,2). Let G be a generic filter for this notion of forcing, and let X = [J o p
as an element of V[G]. Note that X is a partial function from w to 2 (particularly,
for n € dom(X), p(n) and g(n) cannot have different values for p,q € G). Actually,
X €2 — for any n, the set of p such that n € dom(p) is dense in <“2 (in the ground
model). Further, if Y € “2 is in the ground model, X # Y, since the set of p such
that p(n) # Y (n) for some n is also dense. Therefore, this forcing adds a new real to
@2, If we repeat this Ny times,? in the resulting model there are R, reals. Of course,
when we say N, in this context, we mean N, as interpreted in V. However, this
forcing does not change the values of any cardinals. Therefore, we have produced a
model of ZFC where 2% = R,

We note that in this example, we have not explicitly used the idea of a condition
forcing a statement. This idea is present nonetheless, as it is necessary to show V[G]
is a model of ZFC, and has the same cardinals as V. In the next section, we will
show another example of a statement true in the V[G] obtained by Cohen forcing

which illustrates explicitly the usefulness of forcing.

3.4 Forcing in Computability Theory

Although primarily a set theoretic method, forcing can also be adapted to prove
results in computability theory. In fact, forcing in computability theory technically
predates forcing in set theory (see the Kleene-Post construction of incomparable Tur-
ing degrees [25], or Spector’s construction of a minimal Turing degree [51]), although

it was not formalized until its use in set theory.

3We need to take care doing this, but such care is beyond the scope of this thesis
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Forcing in computability theory can be based on any notion of forcing which adds
new reals to the ground model. The conditions are assumed to be computable, or at
least computably described, as are the dense sets of conditions. The computable reals
take the place of the ground model, and the reals computable relative to some oracle
A take the place of V[G]. The Turing programs ®4 take the place of names. We
no longer have general theorems about conditions forcing statements, but in certain
cases we can recapture results if the forcing of a statement can be verified sufficiently
computably. In this section, we will indicate specific proofs involving computable
forcing which will illustrate these points more clearly.

Forcing proofs in computability theory fall into two categories: constructive and
nonconstructive (this mirrors the situation in set theory, where a proof involving a
forcing extension may involve constructing it, or, knowing the construction is possi-
ble, producing a nonconstructive proof of certain properties it has). In the construc-
tive proofs, we think of conditions as approximations of some A we are constructing.
Given a condition p at some stage of the construction, we find p’ < p which forces
some statement about A (i.e., we can verify that for all A which p' approximates,
the statement is true for A). To guarantee we can do this, we need to verify that
the set of conditions which can force the desired statement is dense. Applying this
process w many times, we obtain an A with desired properties (which may depend on
the overall relative computability of the construction — i.e., what oracle B is needed
to always find the p’ given p). Note that we could describe such a proof as finding
a set of conditions GG that meets sufficiently many dense sets — finding a G that is
sufficiently close to the definition of a generic filter.

For an example of this, we point the reader to the proof of the Low Basis Theorem

(Proposition I1.47). There, our conditions were I} classes (i.e., computable trees)
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with Q < P if Q C P. We were interested in classes P which could force either
dA(e) | or ®A(e) T (i.e., this is true for all A € P). We showed that for any e, the
set of such P was dense and constructed a set of conditions which met all of them
(for any P¢, we could define a P! C P° which forced one of the two statements).
The A desired was then just the intersection of all the conditions obtained. That
A was low depended on (/' being sufficient to compute a sequence of indices for the
sequence of 1Y classes (we note that the sequence of indices being incomputable is
analogous to a ground model V' not containing a generic filter G).

Another example that is somewhat more in a “set theoretic style” is the proof of
the Hyperimmune-free Basis Theorem (Proposition I11.56). As with the Low Basis
Theorem, we force with TI{ classes, except now, we want to force some ¢ <7 A to
be total or not total. Just as any element of a forcing extension is given by a name,
such a ¢ must be given by ®4 for some e. Therefore, it suffices to show that given
e and a IIY class P, we can find a I19 class P’ C P such that either P’ forces ®4 to
be total or P’ forces ® to not be total. In the former case, using the representation
of P’ as the paths through a computable tree, we can show ®4 is dominated by a
computable function.

This last portion of the argument points the way to a consideration of noncon-
structive forcing proofs. For a notion of forcing (P, <) and a member z of the generic
extension V|G|, any statement about x must be forced by a p € P. We can then
exploit the fact that p € V to prove that x must have certain properties relative
to the ground model. Take, for example, (P, <) to be some notion of forcing, and
consider f € “w an extension V[G]. There is a name a for f, and a condition p
such that p forces “a is a name for a member f of “w.” Further, for each n, we can

find p, < p such that p, forces “f(n) is defined.” Perhaps by examining p, from



64

the ground model, we can determine an upper bound for the value of f(n) (i.e., an
upper bound for the m such that “f(n) = m” can be forced). If so, we can define
a ground model function ¢ which dominates f, proving that every function in the
extension is dominated by a ground model function. The arguments are similar to
the ones employed to show that if P is a I19 class forcing “®4 is total,” then there is
a computable function dominating ®2.

Nonconstructive forcing proofs in computability theory work in much the same
way, although sometimes more care is needed. Given a real with “sufficient generic-
ity” relative to a computable version of a notion of forcing, any statement about it is
forced by a condition. By computably manipulating this condition, we can show the
real has certain properties relative to the computable reals. The main difference is
that, say, we may need to define a function computably, which is a more restrictive
notion than defining a function in a model of ZFC.

We take as an example the proof that no 2-generic real is high (Proposition 11.89).
This is the computable version of the argument that if V[G] is a generic extension
for the Cohen forcing, and f € “w is in this extension, then f does not dominate
all ground model functions. We compare and contrast the salient features of these

proofs in the table below.
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Given f<rA fe“win VI[G]

there is an e with f = ®. | a name a for f.

Since A is 2-generic, V[G] is a generic extension,
there is a condition ocCA ce(d

which forces the statement “f € “w.” Enumerate the 7 2 o.

Construct a g which is computable in the ground model

by finding, for each 7, a v, O 7, such that

for some m, v, forces dA(n) |=m f(n)=m

and let g(n) be 1+ m. There is no

7 D o such that TCA TeG

and m such that 7 forces | ®4(n) > g(n) f(n) > g(n)

for all n > m. Hence, the opposite must be forced, and it follows that

gisa computable ground model

function not dominated by f.

The computability theoretic proof is very nearly a direct translation of the set
theoretic proof. There are two major differences. First, we do not have access to
general forcing theorems, so we had to make specific arguments based on 2-genericity
to say that certain statements were forced. Second, we had to make sure that g was
defined computably, not just defined. For these reasons, not all set theoretic proofs
of this kind can be translated. Many, however, can be if sufficient care is taken. We
will see additional proofs of this kind (as well as constructive forcing proofs) later in

the thesis.
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3.5 Cardinal Characteristics of the Continuum

Before we can have any discussion of cardinal characteristics of the continuum, we
must first acknowledge the difficulty that there is no formal definition for this term.
Informally, a cardinal characteristic is a cardinal (whose value may vary between
different models of ZFC) which describes some property of the continuum. In (some-
what) more detail, let @ be some property of infinite cardinals such that =O(Xy),
O(c), and if ¢ > kK > XA > Ny, then O(A\) = O(k). Then the minimal cardinal x
such that O(k) can be thought of as marking the boundary between cardinals that
“behave like Ry” from those that “behave like ¢” (with respect to the property O).

For a more concrete idea, consider the following examples.

Example II1.2. e O;(x) iff there is an unbounded family B C “w such that

|B| < k. B is unbounded if there is no f € “w that dominates every g € B.

e Oy(rk) iff there is a family F of null subsets of “2 whose union is not null such

that |F| < k.

e O3(k) iff there is a splitting family S C [w]|* such that |S| < k. S is splitting if

for every R € [w]“, there is S € S such that [RN S| = |R\S| = Rq (S splits R).

e O4(r) iff there is a family X C [w]* such that {Y : X C Y for some X € X'}
is an ultrafilter and |X| < k. U C P(w) is an ultrafilter if it is closed under
supersets and finite intersections, and for all A Cw, A€ U or A€ U.

It is easy to verify that for 1 < i < 4, =0;(Rg) and O;(c). Let b, add(N)*, s,

and u denote the least s such that (respectively) Oy(k), Os(k), Os(k), and O4(k).
The cardinals b, add(/N), s, and u are examples of cardinal characteristics of the

continuum.

4The A denotes the ideal of null subsets of “2. The reason for using this notation will become clearer shortly.
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Of course, NX; < b,add(N),s,u < ¢. Studying what other inequalities between
these cardinals are true under various assumptions has been an active area of re-
search. For example, it can be proven that b > add(N) is a consequence of ZFC.
Note that ZFC is the proper axiom system to use, and not, say, ZFC+CH. In the
latter system, the question at hand is trivial, since all cardinal characteristics of the
continuum equal ¢ = N; (however, as will be explained later, the mere fact of equal-
ity between two such cardinals, even in a model of ZFC+CH, does not necessarily
properly describe the relationship between the two cardinals).

Although there is no universal formal definition for cardinal characteristics of the
continuum, all such cardinals studied in this thesis can be defined in a certain way.
These cardinals include the cardinals s, b, and add(N) from Example I11.2, but not
u. We note that these cardinals predate the formal unifying definition (some by
a great deal). Nevertheless, we find the definition we give to be preferable.” The
formalization was first achieved by Vojtas [57], though our notation and terminology

derives mainly from the handbook chapter by Blass [6].

Definition IT1.3. A debate is a triple R := (K_, K, K), where K, and K_ are sets
and K is a relation with domain K_ and range K. The norm of K, denoted ||,
is the smallest cardinality of any subset ) of K such that for every X € K_, there
exists Y € ) such that XKY. The dual to &, denoted &+, is the triple (K, K_, _f(),

where YK X iff ~(XKY).

Remark 111.4. Informally, we say that K_ is the set of “challenges,” K, the set
of “answers,” and if XKY we say that X “is met by” Y. Therefore, ||R]| is the
minimum cardinality of a family of answers needed to meet all challenges. We use the

convention of denoting a debate and its norm by matching uppercase and lowercase

5At least, for our purposes.
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letters if possible (so ||R]| = €). Although the definition in its generality does not
state this, the sets K, and K_ should have something to do with the continuum in

order for £ to be of use to us.

Before we provide the examples of interest, we will need some notation.
Notation III.5. e f <* g denotes f is dominated by g.

e N\ denotes the set of null subsets of “2.

e M denotes the set of meager subsets of “2.

Example II1.6. Consider Example II1.2. Tt is easy to see that b, add(N), and s

are the norms of the debates
B = (w0, )
Add(N) = (N, N, )
S = ([w]“, [w]“, is split by)
Example II1.7. The additional cardinal characteristics of the continuum which we

will study can be defined as the norms of the following debates.
o D =Bt = (“w,Yw,<*).
o R =R = ([w]*, [w]*, does not split).
e Let J be either N or M.
- Add(J) = (7.7, 2).
— Cof (J) := Add(J)* = (J, T, Q).
— Cov(J) := (¥2,T,€).

— Non(J) := Cov(J)*+ = (J,“2, %).
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In the interest of clarity, it is useful to explicitly write out the definitions of the

corresponding cardinals without using debates (as is usually done in the literature).

e 0 is the minimal cardinality of a dominating family D C “w. D is dominating

if every g € “w, is dominated by some f € D.

e tis the minimal cardinality of an unsplittable family R C [w]|*. R is unsplittable
if there is no S € [w]* which splits every R € R (i.e., for each S, R has finite

intersection with either S or its complement).

e add(M) is the minimal cardinality of a family of meager sets whose union is

not meager.

e cof(N) (cof(M)) is the minimal cardinality of a family F of null (meager) sets
such that every null (meager) set is the subset of some F' € F (such an F is a

base for the ideal).

e cov(N) (cov(M)) is the minimal cardinality of a family of null (meager) sets

whose union is “2.

e non(N) (non(M)) is the minimal cardinality of a subset of “2 that is not null

(meager).

Of the cardinals defined above, our primary focus will be on the ten b, 9, and for
J =N or M, add(J), cof(J), cov(T), and non(7). The inequalities between
these cardinals that are provable in ZFC, established over the course of fifty years
by Rothberger [43, 44], Truss [55], Miller [32], Bartoszynski [2], and Raisonnier and

Stern [42], are summarized by what is known as Cichori’s diagram [17].
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Proposition II1.8. Let [ — ¢ denote ZFC proves £ < [. Then:
cov(N) «—— non(M) «—— cof(M) «—— cof(N)

e — e
add(N) «—— add(M) «—— cov(M) «—— non(N)
This diagram is complete, in the sense that any inequality between two of these car-

dinals that is provable in ZFC' is represented by an arrow or a Series of arrows

(announced in [5]; a summary of the relevant consistency results can be found in
[4])-

Remark I11.9. We note that this diagram is highly symmetrical with respect to du-
alization. For each &, if we replace ||R|| with |[&|| and reverse all arrows, we
obtain a 180° rotation of Cichon’s diagram. It is also a theorem of ZFC that
s < non(M),0,non(M) and t > cov(N), b, cov(M).

We consider Cichont’s diagram to consist of two kinds of results: positive results
(ZFC proves ¢ < [) and negative results (ZFC does not prove £ < [). Both kinds
of results can be proven using general methods based on debates. We begin by

considering positive results.

Definition II1.10. A morphism ¢ from one debate & = (K_, K., K) to another
£=(L_,L,,L)is a pair of functions ¢_ : L_ — K_ and ¢, : K, — L, such that

forall X € L_and Y € K, if ¢_(X)KY, then XLo, (V).

Remark T11.11. Some authors use instead generalized Galois-Tukey connections, for
which the maps and the implication travel in the opposite direction (that is, one
needs maps from K — L_ and L, — K, etc.). Note that any morphism from

A — £ gives a morphism from £+ — & — the maps ¢, and ¢_ merely switch places.
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Proposition I11.12. (ZFC) If there is a morphism ¢ : & — £ then ||R]| > ||£]| and

14 > [|/H]]-

Proof. Suppose we have such a ¢. Fix an arbitrary Y C K, with || < [|£||. Then
o+ (V)| < |Y| < ||£]], so there exists X € L_ such that for all Y € Y, =X Lo, (V).
Consequently, for all Y € Y, =¢_(X)KY. It thus impossible to have ||f]| < ||£]|.
The second statement follows from the existence of a “dual” morphism from £+ to

gt ]

All positive results from Cichon’s diagram can be proven by establishing the exis-
tence of the proper morphisms. In fact, the framework of debates and morphisms was
created to describe recurring patterns in the original proofs of these results. Specifi-
cally, the original proofs of such results followed the pattern of the proof above, but
with specific cardinals and specific constructions in place of ¢, and ¢_. In this re-
spect, morphisms between debates can be said to describe the relationships between
cardinal characteristics of the continuum.

However, situations can arise in which general morphisms between debates are
unsatisfactory in terms of describing relationships between cardinal characteristics.
For example, by a result of Yiparaki [58], in a model V' of ZFC+CH, there exist
¢y Yw — “2and ¢_ : M — “w such that ¢ (f) € M implies ¢_(M) >* f. In
other words, there exists in V' a morphism from B to Non(M) witnessing that, in
V, b > non(M) (in fact both equal X;), though the existence of such a morphism is
not guaranteed by ZFC alone. But these maps (as guaranteed by Yiparaki’s result)
are highly nonconstructive: ¢_(M) and ¢ (f) need not be related to M and f in
any meaningful way, so the mere existence of these maps does not impart any real
information about the relationship between b and non(M) in V. Therefore, it is

worth asking when & — £ is achievable with maps ¢_ and ¢, that are sufficiently



72

“nice.”

For example, suppose that instead of working with A" and M directly, we work
with bases {Nf}rew,, and { My} few,, and view morphisms as working on indices. In
other words, a morphism from Non(M) to B now consists of maps ¢ : “2 — “w
and ¢_ : “w — “w such that f >* ¢, (X) implies X € M,_(5)). We note that these
changes do not affect the values of any cardinal characteristics or the existence of
any morphisms. Then we may ask when 8 — £ can be achieved with ¢_ and ¢,
both Borel. This is the case for all R, £ such that & [ are in Cichon’s diagram and
[ < ¢is a theorem of ZFC (to put this more concisely, all inequalities in Cichon’s
diagram are realized by Borel morphisms). Pawlikowski and Rectaw improved this

by showing most inequalities are realized with continuous morphisms. Specifically:

Proposition II1.13. [40] Let an unmarked arrow from K to £ denote that there
exists a continuous morphism from K to £. If the arrow is labelled with a B, there

exists only a Borel morphism.

Cov(N) «—— Non(M) «——— Cof(M) «—— Cof(N)
e |

| B o D |
| |

Add(N) «—— Add(M) «—— Cov(M) «—— Non(N)

B

To understand the proofs of negative results, we must understand first the in-
teraction between cardinal characteristics of the continuum and forcing. If € is the
norm of K, we may use forcing to produce a model where £ is large as follows. We
begin with a model of ZFC+CH, and iterate a forcing which adds to the ground
model a challenge not met by any ground model answer. If we iterate such a forcing

N, times,® € is increased to Wy, since any family of answers with smaller cardinality

6 Again, care needs to be taken with the iteration, and again, this is beyond the scope of this thesis.
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must be contained in the model obtained after the ath iteration, for some a < Nj.
The challenge added in the (a + 1)th iteration shows such a family does not suffice
to meet all challenges.

If [ < ¢ is witnessed by a sufficiently well-behaved morphism ¢ : 8 — £, then any
forcing which adds a challenge to L_ not met by any ground model answer in L, will
also add a challenge to K_" not met by any ground model answer in K. Intuitively,
this makes sense, since it implies that a suitable iterated forcing that increases [
will also increase €. All of the proofs of positive results for Cichonl’s diagram can
be restated as proofs of such relationships between forcings. For example, the proof
that cov(N) < non(M) holds in ZFC can also be used to show that any forcing
which adds a real not in any ground model null set also adds a meager set covering
all ground model reals.

Therefore, if we want to construct a model where [ > £, we want to find a forcing
which adds a challenge to L_ not met by any ground model answer in L, without
also adding a challenge to K_ not met by any ground model answer in K. All of
the negative results from Cichon’s diagram can be proved using such forcings. Of
course, simply finding such a forcing is not by itself enough. An iterated forcing
construction needs to be carried out, so there are additional properties which the
forcing (and the iteration) need to satisfy. However, we have enough information to
state the following fact (which is nevertheless a gross oversimplification) which will
be a key motivating factor in the study of Turing characteristics (to be defined in

the following chapter).

Fact II1.14. For cardinal characteristics of the continuum €, from Cichon’s dia-

gram, ZFC proves [ < € iff any forcing which adds a challenge to L_ not met by any

"specifically, ¢_ applied to the challenge added to L_
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ground model answer in L will also add a challenge to K_ not met by any ground

model answer in K.



CHAPTER IV

Turing Characteristics

The goal of this thesis is twofold. First, make a reasonable definition for effective
correspondents to the cardinals in Cichon’s diagram (and similarly defined cardinals,
such as v and s). Second, investigate the extent to which relationships among these
correspondents reflect relationships among cardinals. In this chapter, we define the
correspondents as classes of oracles with sufficient computing power. These classes

of oracles are closely related to some of the topics outlined in Chapter 2.

4.1 Definitions

A slightly informal definition which encapsulates our idea of a correspondent to a

cardinal characteristic defined via a debate is the following:

Definition IV.1. Let £ = (K_, K, K) be a debate such that ||R|| > Ny, and let C
and A be sets of oracles closed downward with respect to < with A countable. The
Turing norm of R relative to A in C consists of the oracles A € C which “compute”

an X € K_ such that for all Y € K, with “computable” relative to some oracle in

A, ~(XKY).

Remark IV.2. There are two intuitions behind this definition. The first is that the set

of answers computable from an oracle in A do not suffice to meet all challenges (there

(0]
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are only countably many such answers). The canonical case is where A consists of
the computable oracles (so we are looking at computable answers). The Turing norm
of R relative to A (in some set C of oracles) consists of oracles which are sufficiently
complex to compute a witness to the inadequacy of these answers. This intuition is
sound as long as ||R|| > Ny, which is the case for all the debates we considered in
Section 3.5.

The second intuition is that we have seen before the basic idea of a challenge
not met by any “weak” answer. Recall that ||f]| is increased by a suitable iteration
of a forcing which adds to the ground model a challenge not met by any ground
model answer. From Section 3.4, the computable analogue to a real being added by
a forcing is an oracle computing that real, with the computable objects standing in
for the ground model. Therefore, this definition can be viewed as the computable

version of this forcing, plus its relativizations.

This definition, however, currently lacks rigor because we do not know when an
oracle computes a challenge or response. If the debate is B or & (for example), this
doesn’t matter — every challenge or answer is either a function from w to itself or a
subset of w. But how does one define the complexity of, say, a null subset of “27

To resolve this difficulty, we use the same strategy as was used for finding Borel or
continuous morphisms. First, we replace N' and M (which have cardinality 2°) with
a c-sized base for each. Parameterize each base with members of “w, and replace each
debate involving N' and M with a corresponding debate on the codes for members

in the correct base. We make this rigorous with the following definitions.

Definition IV.3. Let 8 = (K_, K, K) be a debate with K_ and K| parameterized
by elements of “w. Then & denotes the debate (K_, K, K) where K. is the set of

codes for elements of K and if X, Y code X, Y, then XKY iff XKY.
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Remark IV.4. Naturally, different coding schemes will produce different debates.
From a set theoretic perspective, there is no real difference, since for any K, there
are morphisms from R to .é, and vice versa. However, different choices of codes will
affect how the material to follow proceeds. We will forego any discussion of which

codes to choose (and why) until a later section.

Now we rephrase our definition from earlier:

Definition IV.5. Let = (K_, K, K) be a debate such that Ky C “w and ||8]| >
No, and let C and A be sets of oracles closed downward with respect to <; with A
countable. The Turing norm of & relative to A in C (denoted by (R)$) consists of
the oracles A € C which compute an X € K_ such that for all Y € K, computable

relative to some oracle in A, =(XKY).

Remark TV.6. We refer to classes of degrees arising from Turing norms as Turing
characteristics. In the definition above, if A is omitted, it is understood to be the
set of computable oracles, and if C is omitted, it is understood to be “2. Note
that (R)§ = C N (8)a. For simplicity we denote a debate and its Turing norm by

matching Fraktur and boldface letters if possible (so (R)§ = K§).

Using this definition, we can describe the 12 Turing characteristics this paper will

study (with the default choices for A and C).

e Ac B = (%) iff Acomputes a function dominating all computable functions.

e A e D = (D) iff Acomputes a function not dominated by any computable

function.

e~

e A € ADDN = (Add(N)) iff A computes a code for a null set containing all

computably coded null sets.
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P

e A€ COFN = (Cof(N)) iff A computes a code for a null set not contained in

any computably coded null set.

e A € COVN = (Cov(N)) iff A computes a real not contained in any com-

putably coded null set.

e A € NONN = (Non(N)) iff A computes a code for a null set containing all

computable reals.

—_——

e A ¢ ADDM = (Add(M)) iff A computes a code for a meager set containing

all computably coded meager sets.

e A€ COFM = (Cof(M)) iff A computes a code for a meager set not contained

in any computably coded meager set.

e~

e A € COVM = (Cov(M)) iff A computes a real not contained in any com-

putably coded meager set.

e A € NONM = (Non(M)) iff A computes a code for a meager set containing

all computable reals.
e Ac R = (R)iff Acomputes a set splitting all infinite computable sets.

e AcS=(6)iff Acomputes an infinite set not split by any computable set.

Now that we have a definition for Turing characteristics, we must determine which
relationships among them we wish to study. This issue is resolved by considering
Fact II1.14 in light of our intuition concerning forcings and Definition IV.5. The
computable version of the second statement from Fact II1.14 is that any A which
computes a challenge in L_ which is not met by any computable answer in L, also

computes a challenge in K which is not met by any computable answer in K. In
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other words, L. C K. Therefore, we might hope that for € [ in Cichon’s diagram,
ZFC proves | < ¢ iff L C K, or perhaps iff L§ C K§ for all A,C. We will show
that for both potential equivalences, the forward implication holds. For the former
potential equivalence, the reverse implication does not hold, and for the second, it is

still an open question. Specifically:

Theorem IV.7. In both the diagrams to follow, for P,Q C “2, let P — Q denote

Q C P (= denotes equality as usual). Then:
COVN «— NONM «— COFM «—— COFN

l l
l B D l
H H
ADDN —— ADDM «—— COVM «—— NONN

This diagram is complete.

Also, for all A, C C “2 closed downward with respect to <7 and A countable,

COVN§ «—— NONMS§ «—— COFM§ «—— COFNY

l J

1 TR l

! |

ADDNY «—— ADDMS «+— COVM¢§ «—— NONN¢$
Additionally, for all such A and C,

S§ € NONM¢S, DS, NONNS
RS D covM¢§,BY, COVNS
Remark IV.8. The second diagram above is not known to be complete.

As was the case with cardinal characteristics, we make a distinction between
positive results (e.g., L C K) and negative results (e.g., L € K). The former results

are needed to establish both diagrams hold, while the latter results are needed to
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establish the completeness of the first diagram. In order to prove positive results,
we make effective the notion of a morphism, and to prove negative results, we use
forcing proofs. Before we turn to either matter, we must attend to some preliminary

matters.

4.2 Coding of Objects

In order to go further, we must decide how we are going to use “w to code bases for
N and M. The choice generally does not matter in set theory, but in computability
theory, our choice of codes can drastically alter the results. For example, let o;
denote the binary string coded by ¢, and C; the clopen subset of “2 coded by j (in
the manner described in Section 2.2). Now if N C “2,

u(N) =04 3f € “w (Z 2wl <oonAdc (U [Uf(m)])

new n m>n

& dg e“w (Vn[,u(Cg(n)) <2TMANAC ﬂ U C'g(M)) :

n m>n

These facts present us with two ways to code null sets. Either we use f to code the
null set of the first kind if Y, 27177/ is finite or we use g to code the null set of the
second kind if for all n, p(Cywy) < 277

Suppose we use the former system. Let Ny denote the null set coded by f. Then by
Proposition I1.65, for all N and A, N C N; for some f <p A iff N is Martin-Lof null
relative to A. Because there is a universal Martin-Lof null set, there is a computable
f such that N r © Nj for all computable f. In our parlance, this would imply every
computable oracle is in ADDN. But we expect that every oracle in ADDN is also
in B — that is, computes a function dominating all computable functions. As this is
impossible for a computable oracle to do, this coding is unsuitable for our purposes.

In proofs of b > add(N) which use this coding one needs to find, for any f, a
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function h such that for all k&

> 2l <27k,

n>h(k)
In set theory, this is not an issue — the function exists in whatever model we're
working in, so we can use it. In computability theory, however, we have to ask
if such an h can be found computably in f. The answer, generally, is no. The
second coding above contains this information naturally, since we explicitly require
W(Cyimy) < 27" for all n'.

Therefore, there is a difference between the information content of these two
coding systems. We will later see that the second coding allows for proofs of the
results indicated in Theorem IV.7, so it is the coding we will use. In the absence of
a clear, overarching reason to choose one coding over another, we will continue to
select the codings which produce the desired results. Let us now make the formal

definition:

Definition IV.9. N denotes the set of [ € “w such that ju(Cy,y) < 27" for all n.

ForfE./\N/’,

For f,g € N and X € %2, f C giff Ny C N, and X € f iff X € N;.

Remark TV.10. Note that for all N and A, by Proposition 11.65, N C N; for some
f <r A iff N is Schnorr null relative to A. We will avoid the notation C and &
whenever possible, although we defined this notation (in order to be in line with

Definitions IV.3 and IV.5).

Our parametrization of M requires some further preparation.

1This, and not our choice of basic open sets vs. clopen sets, is the significant difference between the codings
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Definition IV.11. 1. An interval partition is a partition of w into intervals. For [
an interval partition, let I™ denote the nth interval in the partition. For f € “w
such that f is increasing and f(0) = 0 (denote the set of such f by “w 1), I;

denotes the interval partition such that f(n) is the left endpoint of I7.

2. A chopped real is a pair (X, I) where X € “2 and [ is an interval partition. A
real Y € “2 matches (X, I) iff for infinitely many n, Y | I" = X | I". Denote

the set of Y matching (X, I) by Match(X, I).

Omne can prove that sets of the form “2\Match(X, ) constitute a base for the
ideal M. We can therefore code meager sets by coding chopped reals. Two options
immediately present themselves. We could code (X, I) with X @ f, where f codes I.
Or we could code (X, I) with the function mapping n to an index for X [ I™. Each
is more convenient than the other for certain purposes, though they are equivalent,
as shown below. Recall that M is meager iff it is covered by the union of countably
many nowhere dense sets, and M is nowhere dense iff it is the complement of a dense

open set iff for every o, there is 7 D ¢ such that [r] is disjoint from M.
Proposition IV.12. For any M C “2 and A € “2, the following are equivalent.

1. There is a sequence M, of nowhere dense sets and g : w X <“2 — “2 computable
relative to A such that M C |, M, and for all n,o, g(n,o) extends o and

lg(n,0)] is disjoint from M, .

2. There is a sequence M, of nowhere dense sets and g : w X <“2 — “2 computable
relative to A such that M C \J, M,,, M,, C M,y for all n, and for all n,o,

g(n,o) extends o and [g(n, )] is disjoint from M,,.

3. There are X, f <p A such that M is disjoint from Match(X, I).
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4. There is h <p A, X € “2, and I an interval partition such that M is disjoint

from Match(X,I) and for all n, h(n) is an index for X [ I™.

5. M is disjoint from the intersection of an A-uniform sequence {V, }ne. of A-c.e.

dense open sets.

Proof. (based on an argument in Section 5 of [6], in turn based on ideas from [53])

1 = 2: Let M, and ¢ be given as in 1. We let M, = ngn M, and g be the
function defined by

9(0,0) = g(0,0)
gn+1,0)=g(n+1,g(n,o0)).
Clearly § and the sequence of M, satisfy the properties specified by 2 (note g <r
g <r A).

2 = 3: Let M, and ¢ be given as in 2. We will construct (X, ;) such that for
each n, no Y € M, agrees with X on I. Then any Y which matches (X, 1) will be
out of infinitely many M,,, and thus out of all of them by monotonicity.

Assume f(n) has been defined, and X (k) for all & < m := f(n). Note that
{o9myi}icom is exactly the set of binary strings of length m. Let 7 = 0, and for
i < 2™ define 711 such that oym ;701 = g(n, o9m ;7). Now let f(n+1) = m+ |7om|
and for m +k < f(n+1), X(m + k) = 1om (k).

Now suppose Y agrees with X on [". Let m be as above, and fix ¢ such that
ogmy; =Y [ 'm. Then Y € [o9m;7ir1], implying Y ¢ M,,. Thus M is disjoint from
Match(X, If). Also, X, f <p g <r A.

3= 4: If X and f are given as in 3, we may let

h(n)= > 3m+2. > 3™

f(n)Sm<f(n+1) f(n)<m< f(n+1)

X (m)=0 X(m)=1

NOtehSTX@fSTA
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4 = 5: Suppose h is as given in 4. Then V,, := |J,,.,[h(m)] is A-uniformly
A-c.e. open. Also, each V,, is dense; given o, for sufficiently large m o and h(m)
have disjoint domains, so there is a Y extending both. We may assume m > n, so
Y € [o] NV,. Since ), V,, = Match(X, I), M is disjoint from this intersection.

5 = 1: If {V,}hew is as given in 5, we may let M, = “2\V,. Let {W,} e
be an A-uniform sequence of A-c.e. subsets of <“2 such that V,, = [W,] for all n.
To define g, given n and o, find the least (m,s) such that o, € W, and either

0m C o or o C o, In the former case, let g(n,0) = o, and in the latter case, let

g(n,o) = op. O

Remark TV.13. We note that in 1. and 2. above, it is a stronger condition to require
that the set of (7,n) such that [7]N M, = 0 is computable relative to A (if this is the
case, we let g(n, o) be the first such 7 we find for n). Although we do not need this
stronger condition, in some cases it will be possible to supply it, and furthermore

convenient to do so.

For simplicity of notation, we code meager sets by functions A as in item 4 of the
preceding proposition. However, it is understood that we may just as well use X @ f
for a code whenever that is more convenient. Recall from Section 2.2 the set S of
partial functions from w to {0,1} with finite domain. Let s; denote the member of

S coded by 1.

Definition IV.14. M denotes the set of f € “w such that:
e For all n, dom(s(,)) is a nonempty interval.
e mindom(sy()) = 0.

e For all n, mindom(s (1)) = 1 + maxdom(s(,)).
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ForfeM,
My =<2\ J [F(m)].

n m>n

For f,g € Mand X €“2, f C giff M; C M, and X € f iff X € M;.
Remark IV.15. As before, we will avoid the notation C and € as much as possible.

4.3 Immediately Seen Equivalents From Computability Theory

For many ¢ in Cichon’s diagram, the corresponding Turing characteristic K is a
set of oracles that has already been mentioned in Chapter II. In several cases, this is
seen immediately from the definitions, with little to no further work. In this section,
we quickly point out these cases. We do stress that in this section, we are only
dealing with the case where C = “2 and A is the set of computable reals. Varying
C does not produce anything interesting, since K¢ = C N K. Varying A is not

desirable since not everything in this section relativizes. For example:

Proposition IV.16. A € B iff A is high, and A € D iff A computes a hyperimmune

set.

Remark IV.17. This follows from Propositions 11.38 and I1.52. The first part does
not relativize well — in particular, if A = {X : X <r B}, where B is not computable,
it is not necessarily the case that A € By iff A" > B”. The proof of Proposition 11.38
relied on an f dominating all computable functions being able to compute all such
functions. Since an f dominating every function computable relative to B is not
guaranteed to compute B, the proof may not work in this case. Trying to relativize
to more complicated sets A clearly just makes this problem worse. This is why, in

this section, we only present results for A the set of computable reals.
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Proposition IV.18. A € COVN iff A computes a Schnorr random real, and A €

COFN iff A is not low for Schnorr tests.
Remark TV.19. This follows from our choice of codes N and Proposition I1.65.
Proposition IV.20. A € COVM iff A computes a weakly 1-generic real.

Proof. By Proposition 1V.12, A € COVM iff there is X <; A which is in every
uniform intersection of dense c.e. open sets. If X is in every dense c.e. open set, it
is certainly in any intersection of such sets (uniform or not). Conversely, any dense
c.e. open V is the intersection of a uniform sequence of dense c.e. open sets (just use

V, =V for all n), so if X is in any such intersection, it is in every dense c.e. open

set. O]

We also briefly consider R and S, which are also equivalent to sets of oracles
already considered in computability theory. These sets of oracles involve concepts
not discussed in Chapter I, since they do not have a significant impact on this thesis

(we are mainly concerned with the properties of RS and S§ for arbitrary A and C).

Definition IV.21. Let X € P(w). X is r-cohesive iff for every infinite computable
set A, X C* Aor X C* A (i.e., no computable set splits X). X is bi-immune iff X

and X are immune.

Proposition IV.22. A € S iff A computes an r-cohesive set.
Remark TV.23. Immediate from the definition.

Proposition IV.24. A € R iff A computes a bi-immune set.

Proof. Tt suffices to show X is bi-immune iff neither X nor X has an infinite com-
putable subset — if A is not split by X, then there is a finite F' C A such that A\F

is an infinite computable subset of either X or X. The forward implication is trivial
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since every computable set is c.e. For the reverse implication, it suffices to show that
any infinite c.e. set A has an infinite computable subset. By Proposition 11.22, let

A be the range of f, an injective computable function. Let B be the set

{f(n): f(n) > f(m) for all m < n}.

Clearly B is an infinite subset of A, and it is computable since k € B iff k = f(n),

where n is minimal such that f(n) > k. O



CHAPTER V

Positive Results

In this chapter, we mainly devote our attention to proving, for & and £ such
that [ < £ is an inequality in Cichon’s diagram, statements of the form: for all A
and C, L C K§. To do so, we make the corresponding set theoretic arguments
sufficiently effective by demonstrating a type of morphism from K to £ which we will
call an effective morphism. As we are simply looking for morphisms with additional
properties, we can find suitable morphisms already in the set theoretic literature.
We also note that the goal of finding effective morphisms is similar to Pawlikowski
and Reclaw’s goal of finding continuous morphisms, and we derive considerable in-
spiration from their work [40]. In addition to proving a version of Cichon’s diagram
for Turing characteristics, we also use effective morphisms to prove results about S§
and R§.

However, effective morphisms do not tell the whole story, at least not when we

consider a specific A and C. For example, we saw in Section 4.3 that

A€eD <= A computes a hyperimmune set

<= A computes a weakly 1-generic real
<= Ac COVM.

In particular, D € COVM. But this cannot be witnessed by an effective morphism

88



89

from Cov(M) to ® since such a morphism would imply 9 < cov(M), which is not
true in all models of ZFC. We shall see a similar situation holds with B. Both anoma-
lies can be explained by modifying the definition of an effective morphism to produce
the notion of an effective semi-morphism. Further, the proof of Proposition I1.91 can
be phrased in terms of effective semi-morphisms, so there is some evidence that this
notion can be used to explain completely the behavior of Turing characteristics when

particular choices are made for C and A.

Remark V.1. In this chapter and the next, many proofs will be modifications of set-
theoretic proofs. We will cite the source of the original argument whenever one may

be reasonably assigned.

5.1 Effective Morphisms

We now define the type of morphism to be used in conjunction with Turing char-

acteristics:

Definition V.2. Let 8 = (K_,K,,K) and £ = (L_,L;,L) be debates with K4
and Ly C “w. A morphism ¢ : 8 — £ is effective iff for all X € L_ and Y € K,

¢_(X> ST X and ¢+(Y) ST Y.

Theorem V.3. Let ¢ : 8 — £ be an effective morphism and suppose C and A
are closed downward with respect to <r with A countable. Then (£)§ C (R)S and

(RHRX S (EH%.

Proof. Fix A € (£)§, and X <7 A in L_ not met by any answer in L, computable
from an oracle in A. Since ¢ is effective, ¢_(X) <r A, and for any Y € K,
computable from an oracle in A, ¢, (Y) is also computable from an oracle in A.

For any such Y, =X Lo, (Y) so =¢_(X)KY. It follows that ¢_(X) witnesses that
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A € (R)S, as needed. The second result follows from the dual morphism, which is

clearly also effective. O

Now we can translate many proofs of positive results from set theory to com-
putability theory. For example, denote the space of interval partitions by /P. An
interval partition [ is said to dominate J if for almost all n, there exists a k such that
J# C I". Code interval partitions by members of “w T as detailed in Definition IV.11.
Note I; dominates [, iff for almost all n there exists k£ such that f(n) < g(k) and

g(k+1) < f(n+1). If f and g satisfy this condition, we say f interval dominates g

(we use this instead of “dominates” in order to avoid confusion with “dominates”).

Define the debate ®" = (IP,IP,is dominated by), and observe that the corre-
sponding D is (Yw 1,“w T,is interval dominated by). One can use morphisms to
show that @ = ||®'||, and in fact the morphisms used (when applied to codes) are

effective:
Theorem V.4. There exist effective morphisms ¢ : O — D' and (R D —D.

Proof. (based on an argument presented in [6], possibly folklore)
First, we need ¢, : “w — “w T and ¢_ : “w T— “w such that if ¢_(f) is dominated

by g, then ¢, (g) interval dominates f. Let

¢-(f)(n) = f(n+1),
¢+(9)(0) =0, and
¢+(9)(n +1) = max{$y(g)(n) + 1} U{g(m) : m < ¢,(g)(n)}.

Clearly ¢_(f) <7 f and ¢,(g9) <r g, so it remains to prove these maps form a
morphism.

Suppose g dominates ¢_(f). Note that for all n, ¢, (g)(n) < f(p(g)(n)), and
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for sufficiently large n,

f(o+(9)(n) +1) = o_(f)(d+(9)(n))
< 9(¢+(9)(n))
< ¢4(g)(n+1)
That is, if k& = ¢, (g)(n), for large enough n ¢, (g)(n) < f(k) and f(k +1) <
¢ (g)(n+1), so ¢, (g) interval dominates f. Thus ¢ is a morphism, as needed.
For the morphism in the other direction, let 1, = ¢_ and 1_ = ¢, from above.
Note that for any f, g, n, and k for which n < g(n) < ¢_(f)(k) and ¥_(f)(k+1) <

gn+1) =1v,(g9)(n), we have f(n) < v_(f)(k+1) < ¢,(g)(n). It follows that if ¢

interval dominates 1_(f) then ¢, (g) dominates f, as needed. ]

Corollary V.5. For all A and C which are closed downward with respect to <r and

with A countable, D = (9)$ and BS = (9'1)§.

Remark V.6. For future results of this kind, we will say simply “For all A and C,”

with the understanding that the additional conditions are implicitly assumed.

Therefore, if we seek effective morphisms to or from ® or B, we may as well seek
effective morphisms to or from D or @'L, respectively. This will prove convenient,
as some morphisms will be easier to demonstrate if we use interval partitions.

For ease of reference, we now restate the diagram whose proof will be the major
work of this chapter.

Theorem V.7. For all A, C,
COVN§ «— NONMY «—— COFMY{ «—— COFN$

l l

! By DX !

| l

ADDNX — ADDMS — COVMS — NONNX
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where < means C.

The morphism necessary for one arrow in the diagram can be supplied immedi-

ately, and trivially.
Theorem V.8. There is an effective morphism ¢ : ® — ‘B.

Proof. We seek ¢_ : “w — “w and ¢, : “w — “w such that ¢_(g) <* f implies

g 2* ¢+(f). We may simply let ¢_ be the identity, and ¢, (f)(n) = f(n) + 1. O
Corollary V.9. For all A,C, B C DYS.

5.2 Meager Sets and Chopped Reals

Because of their combinatorial nature, chopped reals are a convenient way to
represent meager sets. One manifestation of this is the way that they afford an easy

description of when one meager set contains another:

Proposition V.10. Match(X,I) C Match(Y, J) iff for almost all n, there ezists an

m such that J™* CI" and X [ J" =Y [ J™.

Proof. The reverse implication is clear — if the latter condition holds and Z matches
(X, 1), then for almost all n such that X | I™ = Z | I", we have for some m
Z1Jm=X1J"=Y [ J" There will be infinitely many such m, so Z matches
(Y, J).

Conversely, assume there exists A an infinite set of n such that there is no m
with J™ C [ and X [ J"™ =Y | J™. Without loss of generality, we may assume
either all n € A are even or all n € A are odd. Define a real Z by Z(k) = X (k) if
k€ I"and n € A, and 1 — Y(k) otherwise. Note that Z matches (X, I). Also, if

Z [Jm =Y | J™ then J™ must be covered by the union of some I™ for n € A.
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Since A contains no consecutive members, J" must be covered by a single I" — a

contradiction. It follows that Z does not match (Y, .J). O

We say that (X, I) engulfs (Y, J) if the conditions of Proposition V.10 hold. Two
corollaries to Proposition V.10 should be readily apparent. Suppose X,Y € “2,

I,J € IP,and f,g € mathcalM (see Definition IV.14).

Corollary V.11. If Match(X,I) =“2\M; and Match(Y, J) = “2\M,, then (X,I)

engulfs (Y, J) iff M, C M.

Corollary V.12. If (X, 1) engulfs (Y, J), then I dominates J.

Theorem V.13. There exists an effective morphism ¢ : Cof(M) — ol

Proof. We require ¢_ : “w 1— M and ¢, : M — “w such that My_ (g © My implies
g is interval dominated by ¢, (f).

Fix a computable Y, and let ¢_(g)(n) be a code for Y [ I]. Given f, let ¢, (f) =
min dom(sy(,)) — in other words, ¢ (f) is the function such that for all n, f(n) is a
code for X | I$+( n- By the corollaries above, if My_(,) € My, then f is engulfed by
d_(g), so ¢, (f) is interval dominated by g. Therefore these maps form a morphism.

By Proposition IV.12, it is an effective morphism. O
Corollary V.14. For all C and A, D§ C COFMS and B§ O ADDMY

There are two more morphisms to be found before we need to include N. They

are:

e Cof(M) — Non(M).

—_—~—

e D — Cov(M).

Along with duality, these will prove this much of the diagram of Theorem V.7:
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NONMS «—— COFMY

! !

Bg — Dg

! l

ADDMS —— covM¢

The first morphism is easily supplied. In general, when looking for a morphism
¢ : Cof(Z) — Non(Z) (where Z is a nontrivial ideal of subsets of X), we let ¢_
be the identity, and for I € Z, ¢, (I) = X, where X ¢ [ — so that if J C I,
X ¢ J. So for meager (or measure zero) sets, the goal is to find, recursively in a
code, some real which is not in the coded object. For meager sets, this is simple,

since X € Match(X, I) for all /. The result requires no further proof:

Theorem V.15. There exists an effective morphism ¢ : Cof (M) — Non(M).

Corollary V.16. For all C and A, NONM§{ C COFM$ and ADDMS C

COVMS.

The second morphism listed above relies on the observation that for any f € “w,

the set {g : g <* f} is a meager subset of “w.

Theorem V.17. There exists an effective morphism ¢ : ® — Cov(M)

Proof. (based on an argument presented in [6], perhaps originally from [44])

We seek ¢_ : “2 — “w and ¢, : “w — M such that o_(X) <* f implies
X € My, () — that is, for all but finitely many n, X doesn’t extend the function
coded by ¢, (f)(n).

First, for h € “w, denote by Y} the real such that h(n) is the number of 0’s
between the nth and (n+ 1)th 1 (h(0) is the number of 0’s at the start of Y3). Note

that for all b, Y}, =r h — in particular, py, is the function n+— >, (h(n) + 1).
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Now, define ¢_(X) to be X if it contains finitely many 1’s, and otherwise the

(unique) g such that X =Y,. For f € “w, let
M={Y,:g <" fLU{Y :V*m Y(m) = 0}.

Note that if ¢p_(X) <* f, either X contains finitely many 1’s or it equals Y, for some
g <* f —thus, it is in M. Also, M is meager, as it is covered by the nowhere dense

sets

M, ={Y,:Ym >n g(m) < f(m)} U{Y : 35"m Y (m) = 1}.

By Proposition IV.12, it remains to observe that we can answer (computably in
f) if [r] N M,, = 0 — this will only be the case if 7 has at least n+ 1 1’s and for some
m > n (but less than the number of 1’s in 7) the number of 0’s between the mth

and (m + 1)th 1 is more than f(m). O

Remark V.18. This is the only effective morphism in this paper that cannot be made
uniformly so, in the sense that there are constants e, and e_ such that ¢, (f) = <I>£+
and ¢_(X) = ®X . Further, no such morphism could exist — such a morphism would

be continuous, and it is possible to prove there is no continuous morphism from ® to

Cov(M). It is unclear if there are any consequences to this fact, but it is interesting

nonetheless. We will discuss it somewhat further in Chapter VII.

Corollary V.19. For all C and A, COVMYS C DY and B € NONMS.

5.3 Null Sets

In this section, we describe two simple effective morphisms:

—_—

e Cof(N) — Non(N).

—_ N

e Non(M) — Cov(N).
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With duality and the results of the previous section, this establishes:

COVNS «—— NONM§ «—— COFMYS COFNS
| BY o D% |
ADDNS$ ADDM§ «—— COVM$ «——— NONNY

The remaining necessary morphism, from Cof(AN) to Cof(M) is considerably
more complicated, and will require some additional preparation.
To exhibit the first listed morphism, recall from the discussion prior to Theo-

rem V.15 that it suffices to prove:

Proposition V.20. For every f € N (recall Definition IV.9), there exists X ¢ Ny

such that X <r f.

Proof. (based on a proof presented in [40], possibly folklore)

Letting C; denote the clopen set coded by ¢, we need to construct an X that is
out of all but finitely many of the Cy). We will in fact construct an X outside
all Cy@ny for n > 4 (note these Cf(,) have total measure at most 1/8). Let U, =
Us<meants Cramys and observe that (U, 1\U,) < 27270 4272777 < 272775 We
will construct X so: assume X (m) has been defined for m < n. Choose X (n) such
that ([ X|,4+1] N U,) is minimal — in case of a tie, let X (n) = 0. We can determine
X (n) computably relative to f since the function mapping n to an index for U, (as

a clopen set) is computable in f.

Lemma V.21. For alln, u([X|,0] NU,) < 27772 — 272173,

Proof. Proof by induction. For n = 0, note

p([X[1] N Uo) < 1/2pu(Uo) < 1/2(1/8) < 1/4—1/8.
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Now suppose the claim is true for n. Then

([X ] N Uns1) < p([(Xlnea] N UR) + p(Unr \Un)
< 2—n—2 - 2—2n—3 + 2—2%—5
— 2—n—2 o 3 . 2—2n—5
< 277172 —9. 2727175

_ 2—n—2 o 2—2n—4

By construction, p([X|nt2] N Unt1) < $p([X|ns1] N Ungr), so this finishes the

induction step and the proof. O

Now suppose X is in some Cf(,) and fix k such that [X|;] € Cfpny. Then for any
n such that 2n 4+5 > m and n+ 1 > k, [X|,11] C U,, which contradicts the above

lemma. O]

As before, this is enough to prove:

Theorem V.22. There exists an effective morphism ¢ : Cof (N') — Non(N).

Corollary V.23. For all C and A, NONNg - COFN‘,(Xj and ADDN‘,CXj - COVNS.

Theorem V.24. There exists an effective morphism ¢ : Non(M) — Cov(N).

Proof. (based on an argument in [43])

We seek ¢, : “2 — N and ¢_ : “2 — M such that X ¢ Ny _(v) implies Y €
Mg, (x)-

Let h(n) = n(n+1). Note that h is strictly increasing with h(0) = 0, and further,
|I'| > n — thus, for any real Z, Match(Z, I) is a comeager set of measure 0 (because
the set of reals matching Z on I}' has measure less than 27"). Let ¢, (X) code X [ I}

and ¢_(Y) code the clopen set [Y | I}']. Since h is computable, these satisfy the
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effectivity requirement. Also, if X ¢ Nj_(y), then for almost all n, X [ I}' # Y [ I}

Thus, Y € “2\Match(X, I},), as needed. O

Corollary V.25. For all C and A, COVNS € NONMY and COVMS C NONNY.

5.4 Traces and Null Sets

In order to complete Theorem V.7, it remains only to exhibit an effective mor-
phism from Cof(N') to Cof(M). A direct morphism is difficult to demonstrate. It

will be easier to go through an intermediate debate involving traces (recall Defini-

tion 11.82).

Definition V.26. Let h be an order. Denote by 7}, the set of traces with bound h,

and by TR, the debate (“w, 7}, traces).

Remark V.27. We omit the use of "in this definition, since we may identify [w]<*
with w. It is worth noting that in set theory (from whence we derive much of the

work in this and the next section), traces are referred to as slaloms.

While different orders technically produce different debates, for the purposes of

this thesis, all such debates are equivalent.

Proposition V.28. If f and g are orders, then there is an effective morphism ¢ :

TR, — TR,

Proof. Now we require ¢ : 7, — Ty and ¢_ : “w — “w such that if T" traces ¢_(h),
then ¢, (T) traces h. Let x, = px(f(x) > g(n)). Since f and g are orders, so is
nw— x,. Let k, = x,11 — x,.

We can think of our construction as having 2 sides — an f side (¢4 (7") and h) and
a g side (T" and ¢_(h)). Objects on the f side will be considered k, outputs at a

time, and on the g side one output at a time. The k,, outputs for an object on the f
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side will code the single output of the corresponding object on the g side using the
coordinate function ()y, .

Explicitly, we define ¢_(h)(n) = (h(zy), h(zn,+1),..., h(zp1—1))g, if k&, > 0and
0 otherwise. To define ¢, suppose x,, < m < x,.1. For each (yo,y1,.--, Yk, 1)k, €
T(n), put y; into ¢, (T)(m), where i = m — x,. If no such n exists for m (i.e.,
m < xg) let ¢ (T)(m) = 0. Note that according to this definition, if ¢, (T")(m) is

nonempty,
[0+ (T)(m)| < [T(n)] < g(n) < flz,) < f(m)

so ¢+ (T') € Ty. We have ¢_(h) <p h and ¢, (T') <p T, since (Yo, Y1, - - -+ Ykn—1)k, —
y; is computable uniformly in &, and i for 0 < i < k,, and (Yo, v1,---,Yk,—1) —
(Yo, Y1y - -+ s Yk, —1)k, is computable uniformly in k,. Also, by definition of ¢_ and ¢,
if _(h)(n) € T(n), then for all m such that z,, < m < z,41, h(m) € ¢ (T)(m). It

follows that if T" traces ¢_(h) then ¢ (T) traces h, as needed. O

Remark V.29. The morphism in this proof is cumbersome to explain, but it follows
from a technique which we will use repeatedly with traces. We can think of it in
terms of one map in the morphism trying to undo the other. If ¢_ turns k, numbers
into one using the coordinate map, ¢, assumes it works on a set whose elements are
already in that form (i.e., coding k,, coordinates). So ¢, undoes the coordinate map
on each element in the set. However, this method only works for morphisms from

something of the form TNR;.

It follows that the cardinal and Turing characteristics associated to TR, are un-
affected by the choice of f. In the material to follow, it will be convenient to use
f(n) = 2". Since this is the only bound we will use in this thesis, we will from this

point forward omit the subscript f.
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The primary usefulness of traces in set theory is the equivalence cof (N) = [|TR||.
As we shall see below, this equivalence transfers to Turing characteristics, which
will prove a key intermediate step in showing that COFM$ C COFNY for all
A, C. However, the equivalence (and its proof) are also of independent interest.
Taking the default values for A, C, we get COFN = TR. As mentioned earlier
(Proposition 1V.18), COFN is the set of oracles not low for Schnorr tests, and from
the definition, it is clear that TR is the set of oracles not computably traceable.
Thus, the work below gives a proof of Proposition 11.84 which is slightly different
than the one originally given by Terwijn and Zambella. This is our reason for not
giving a proof with the original citation (in Section 2.7) of this fact.

In all the work to follow, C; denotes the clopen set coded by i, as usual.

Theorem V.30. There is an effective morphism ¢ : TR — Cof(N)

Proof. (based on an argument from [40]
We seek maps ¢4 : T — N, ¢_ : N — “w such that if T traces ¢_(f), then

Ny € Ny, (1) We may use

¢—(f)(n) = an index for (Cpant1) U Crant2))

¢4+ (T)(n) = an index for (U{Cl cieT(n)Ap(Cr) < 2*2”})
Note that the second union has measure at most 2" - 272" = 27" so ¢, (T) € N.
Suppose V>°n ¢_(f)(n) € T'(n) and X € Ny. Then there exist infinitely many n such
that X € Crong1) U Cranga). Since Crang1y U Cpante) has measure not more than
272" for almost all n Cyany1) U Cranta) € Co, (rym)- It follows that X € Ny, (1), as
needed.

Since unions of clopen sets are computable, ¢_(f) <r f and ¢ (T) <r T, and

the morphism is effective. m
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Remark V.31. The logic behind this morphism runs thus: in order to construct the
measure 0 subset from 7', we would like to assume every member of 7" codes a clopen
set (of unspecified measure), and take their union to give another clopen set. But
this union must have measure at most 27". Since we might be taking the union of 2"
sets, each one must have measure at most 272", So in order to make sure enough of
the Cy) are included in the unions, we need to take them two at a time — otherwise,
their measures will not diminish fast enough. Note that we again use the idea of

assuming that elements in a trace are of the type created by ¢_.

Theorem V.32. There is an effective morphism ¢ : Cof(N) — TR.

Proof. (based on an argument from citeparam)

We seek maps ¢, : N — T, ¢_ : “w — N such that Ny_(g) € Ny implies ¢ (f)
traces g.

First we define ¢. Temporarily fix f € A/. For notational convenience, we let

E, = Cy(,). Define a sequence of clopen sets F;,, computably in f by the procedure:

F0:®

F;:_H = Fn U E2n+4 U E2n+5

F*+1 UCh if M(Cn+1\F;+1) <272

n
Fn+l =

*
Fn+1

otherwise.
Let F' =, F,,. The goal is to add almost all the E,, to F', as well as any clopen
set that does not increase the measure by too much. The use of F, guarantees

Ny C F, and the control over the measure of F' makes it possible to determine which

clopen sets are subsets of F'.

Lemma V.33. For all n:
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1. u(F\F,) <2721,
2. Cp, € F, implies u(C,\F) > 272""1. Hence, C, C F iff C;, C F,, so {n:C, C
F} is computable in f.

Proof. 1. By construction, for all m,
,u(Fm—i-l\Fm) < 2—2m—4 + 2—2m—5 + 2—2m—2 —11- 2—2m—5‘
Summing over all m > n, we have

w(F\F,) < 44/3 .27 < 272071,

2. 1If C), Q F,, then F,, = F*

n?

so p(Cp\Fy) > 277" As p(C\F) > p(C\F,) —

w(F\F,), the previous result proves this claim. O

Now we define a computable array of clopen sets G? which are measure indepen-

dent and satisfy p(G:) = 27" for all n,i. Let
B = {{my,ma)mi +1=nAi-n<my<(i+1) n}

The B! are pairwise disjoint, and |B’| = n for all n,i. Take G!, to be the set of reals
X such that X (k) = 0 for all k € B.. Note that if D C 2<“ is finite and |o| < i-n
for all ¢ € D, then [D] and G are measure independent.

Let R(n,k) be the set {i|G%, N (Ci\F) = 0} (or, equivalently, the set {i|(G% N
Cy)\F = 0}). By Lemma V.33, the relation ¢ € R(n, k) is computable in f, and if

Cy C F, R(n,k) = w. Otherwise, the following lemmas prove useful:

Lemma V.34. There exists a function h computable in f such that if Cy ¢ F,

max R(n, k) < h(n, k).
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Proof. The value of h for (n, k) where C), C F' is irrelevant, so assume otherwise. Let
m be minimal such that 2m + 1 > n + 2k 4+ 1, D a finite set of binary strings such

that [D] = Cy\ Fy, and h(n, k) the minimal j such that |o| < j-n for all o € D. For

i > h(n, k),
(G N (Cr\F)) = 27" n(Cr\Fin)
> 27" p(Cp\F)
> 27" 27l > g
Since p(F\F,,) < 272m~1 (G' N Cy)\F cannot be empty. O

Lemma V.35. If Cy € F, then for almost all n, |R(n, k)| < 2"*1.
Proof. Note that if i € R(n, k), then C,\F C 2“\G!,. Therefore,

0 < 277 < u(CL\F)

< u ﬂ ﬂ QW\GZ

n ieR(n.k)
n i€R(n,k)

Note we are using the previous lemma, which implies R(n, k) is finite, and the mea-
sure independence of the G*. The nonzero bound on the product implies lim inf,, (1 —
2-™)IEMKI = 1. On the other hand, if there are infinitely many n such that

|R(n, k)| > 2%, then

liminf(1 — 27")ECPI < Jim (1 — 27> =27

a contradiction. n
For k < n, let R(n,k) be the set containing the 2**~' least i in R(n,k) if

|R(n, k)| > 2"*"1 and R(n,k) otherwise. Finally, let ¢, (f)(n) be the union of all

R(n, k) for k < n (so that ¢, (f)(n)| < 2"). By Lemma V.34, ¢, (f) <r f (since we
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know when to stop looking for members of R(n, k)), and by Lemma V.35, if C}, € F,
then for almost all n, R(n, k) C ¢ (f)(n).

The definition of ¢_ is much simpler — we let ¢_(g)(n) be a clopen set index for
G9™ (it is clear that ¢_(g) <7 g). We now suppose that for some f, N, C N; C F
(the F' defined in the course of determining ¢, (f)). We work in the space “2\ F, using
the topology inherited as a subspace of “2. Since this is a closed subset of a Baire
space (a space where any countable intersection of open dense sets is nonempty),
“2\F is a Baire space as well. For N C “2, let N denote N\F'. Then we have

N U e =i

new m>n

—

Therefore, for some m, (J G4 is not dense. That is, there is a k such that

m>n

Ci # 0 and for all n > m, GX™ N C, = 0, so g(n) € R(n, k) for almost all n. As

Cr € F, g(n) € ¢.(f)(n) for almost all n, as needed. O

Corollary V.36. For all A,C, COFN§ = TR and ADDNY§ = (TR,

5.5 Traces and Meager Sets

In this section, we finish the proof of Theorem V.7 by relating TR to Cof(M).
Recall the proof of Theorem V.30. We can think of the proof in this way: given
a trace T (with bound 2"), imagine each T'(n) as a set of codes for clopen sets
used in the definition of up to 2" measure zero sets. To construct a superset of
these increasingly many measure zero sets, use the unions of clopen sets coded by
elements of T'(n). We do this because a measure zero set is expressed as the set of
reals in infinitely many of some sequence of clopen sets. The rest of the proof was
bookkeeping to ensure the resulting superset also had measure 0.

With meager sets, we will use a similar strategy. The main change is that we
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express the meager set as the set of reals out of almost all of some sequence of clopen
sets. Specifically, if s; denotes the member of S coded by i (recall S is the set of
partial functions from w to {0, 1} with finite domain), then M} is the set of reals out
of almost all of the sets of the form [s¢(,)]. So now, given a trace T', imagining each
T(n) as a set of codes for clopen sets used in the definition of some meager sets, we
will intersect the clopen sets coded instead of taking their union. But in doing so,
we need to be more careful, since we don’t want the intersections to become empty.

The following fact will prove useful in avoiding these empty intersections.

Proposition V.37. For allr € w, if {uy 4} o<pq<r is an array of elements of S such
that for all q, the domains of u,, are pairwise disjoint intervals, then there exists

t €S such that for all q, there exists p with u,, C t.

Proof. Proof by induction on r. The case r = 0 is trivial. Assume the proposition
holds for r, and let {u,,}o<pq<r+1 be an array with the described properties. For
each ¢, denote by 4, the u,, with mindom(u, ,) maximal, and let ¢’ be the ¢ with

min dom(,) maximal. Apply the induction hypothesis to

{Up,q|q #q N Up g 7 Z~‘q}v

obtaining . Note that for all u,, in the set above, maxdom(u,,) < mindom(,),

so we may assume max dom(f) < mindom(@, ). Clearly, there exists t D t U di,. [

Remark V.38. Without loss of generality, we may assume ¢ has domain an interval.
Since we can check the necessary conditions on ¢ computably, we can find such a ¢

computably (i.e., search for a ¢ with minimal index).

—_——

Theorem V.39. There exists an effective morphism ¢ : TR — Cof (M).

Proof. (based on an argument from [39])
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We seek ¢, : T — M and ¢_ : M — “w such that if T traces ¢_(g), then
My © My, (1)-

To define ¢_(g), first note that, using the codings from Section 2.2 of S and [w]<*
by members of w, we may also code [S]<* using members of w. Let ¢_(g)(n) be an
index for {sy(m) fn<m<ntan-

Given T, view the elements of T'(n) as indices for elements of [S]<, and let T'(n)
consist of only the elements of 7'(n) which satisfy the condition of corresponding to
subsets of S of cardinality 2" whose elements have domains that are pairwise disjoint
and disjoint from {0,1,...,n — 1}. This condition is computable, so T' <7 T.

Now fix n and let s, , denote the pth member of the gth element of T(n) Apply
Proposition V.37 (with » = 2") to this array, obtaining (computably in T) the
existence of a ¢ € S such that for all ¢ there exists a p with s,, C ¢ (note that for
some ¢ < 7, Sp, may not be defined, but this clearly does not alter the existence
of t). Without loss of generality, we may also assume there exists such a t with
min dom(t) = n. Denote this ¢ by t,,.

Now, let M,, be the set of X for which %, ,CZ X for all m > n. Note that |, M,
is meager, as witnessed by h(n, o) = 00, where k = max(|o|,n) and e = k — |o]|.
Clearly h is computable in T, and hence in T, so by Proposition IV.12 there is
¢+ (T) <p T such that |J M, C M, ().

Assume that T traces ¢_(g). Note that if ¢_(g)(n) € T(n), then ¢_(g)(n) € T(n).
It follows that for all but finitely many n, there is an m € [n,n + 2") such that
Sgm)y € tn. Suppose X € My, and fix n such that for all m > n, sgp,) ¢ X. It

follows that for all m > n, t,, ¢ X, so X € My, (). Therefore My, C My (1),

proving ¢ is a morphism. O

Corollary V.40. For all C and A, ADDN§ € ADDMY and COFNY; O COFMY.
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Proof. By the preceding theorem and Theorem V.32. m

This finishes the proof of Theorem V.7.

5.6 Splitting and Unsplittable Families

Although they will not play a role in the thesis beyond this chapter, the Turing
characteristics R§ and S§ interact notably with the Turing characteristics we have
been studying. These interactions are, as usual, proven by making the set theory
proofs effective via finding effective morphisms. In this section, we demonstrate the

existence of the following effective morphisms:

° iR—>@/J-,

e R — Cov(N), and

e R — Cov(M).

All proofs in this section are based on arguments presented in [6] which may be

folklore.
Theorem V.41. There exists an effective morphism ¢ : R — D'+,

Proof. We require ¢, : [w]Y — “w T and ¢_ : “w T— [w]* such that if f interval
dominates ¢4 (A), then ¢_(f) splits A. Let ¢, (A) = paufoy, and m € ¢_(f) iff the
least n such that f(n) > m is odd (that is, ¢_(f) is U, I]%”) Clearly ¢, and ¢_
satisfy the effectiveness conditions. Now suppose f interval dominates ¢, (A). Then
for almost all n, there exists a k such that f(n) < pa(k) < f(n+ 1), so pa(k) € I}.
In particular, for almost all n, AN I3 and AN I7"* are nonempty. It follows that

o_(f) splits A, as needed. O

Theorem V.42. There exists an effective morphism ¢ : R — Cov(M).
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Proof. We seek ¢_ : 2 — [w]* and ¢, : [w]* — M such that ¢_(X) not splitting A
implies X € M¢+(A).
Consider the set Uy of reals which do not split A. This set is meager, since it is

covered by the nowhere dense sets

Uan=1{X:A\{m:m<n} CXor X}

Note that [7] N Uas, = 0 iff there exist mg,m; € A such that |[7] > m; > n and
7(m;) =i for i = 0,1. This is clearly recursive in A, so by Proposition IV.12 there is
¢4+ (A) <p A such that Uy € My, (a). Using the identity map for ¢_ completes the

proof. O

Theorem V.43. There exists an effective morphism ¢ : R — Cov(N).

Proof. We seek ¢_ : “2 — [w]* and ¢, : [w]* — N such that ¢_(z) not splitting
A implies z is in the null set coded by ¢, (A). As in Theorem V.42, ¢_ will be the
identity, and ¢, (A) will code a null set covering U, (which is null as well as meager).

First, we define recursive functions f and g such that f({(m,k)) (respectively,
g({m, k))) is the finite string 0,,0™**1 (g, 10%K+1) wwhere o, is the string coded
by m. Note that any finite (cofinite) real can be expressed as a finite string followed
by w many 0’s (1’s), and thus is in infinitely many of the neighborhoods [f(n)]
(lg(m).

For Y € “2, define AoY to be the subset of A such that AoY (pa(n)) =Y (n),
and for o € 2<¥ define A o ¢ to be the finite function with domain a subset of A
such that Ao a(pa(n)) = o(n) if the latter is defined and A o o(pa(n)) is otherwise
undefined. Then X fails to split A iff X N A = A oY for some finite or cofinite Y.

It follows that if X does not split A, then for infinitely many n, X extends either
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Ao f(n) or Aog(n). That is, we can take ¢ (A)(n) to be the (clopen set) index
of [A o o] U[A o oym) (which has measure at most 27"). Note that this can

be determined computably relative to A, using p4 to find finite function indices for

Ao f(n) and Ao g(n). O
Corollary V.44. For all A and C,

S§ € NONMS, DS, NONNS

RS D coOvM¢§,BY, COVNS
5.7 B, D, and Effective Semi-Morphisms

At this point, it is worth taking some time to reflect on how the results of Sec-
tions 5.1-5.6 fit in with what is already known in computability theory. Specifically,
we look at the case where A is the set of computable oracles, and C is “2. In most
cases that we may talk about, we get confirmations of known (and not difficult)
results. For example, any high oracle computes a hyperimmune set (B C D), any
weakly 1-generic real computes a hyperimmune set (COVM C D), and any weakly
1-generic real computes a bi-immune set (COVM C R).

Somewhat more interesting are the results concerning ADDN and NONN. Pars-

ing the definitions,

e ADDN is the set of A such that the union of all (unrelativized) Schnorr null

sets is Schnorr null relative to A.

e NONN is the set of A such that the set of computable reals is Schnorr null

relative to A.

The article [45] calls such oracles Schnorr covering and weakly Schnorr covering, re-

spectively. Intuitively, A is Schnorr covering if it computes a “universal” relativized
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Schnorr test (i.e., universal in every respect except that it is not computable). The
fact that every such oracle is high (ADDN C B) shows how badly there fails to be
a universal Schnorr test (see the discussion following Definition I1.62). Additionally,
any weakly 1-generic real computes a weakly Schnorr covering oracle, which in turn
is not computably traceable (COVM O NONN C COFN), though the last impli-
cation is trivial — if the set R of computable reals is Schnorr null relative to A, since
R is not Schnorr null, it witnesses A is not low for Schnorr tests.

However, there are gaps in the results from Sections 5.1-5.6 (at least, for our spe-
cific choices for A and C). For example, we have already mentioned that COVM =

D (by Proposition 11.91), even though we do not have a result stating there is an

effective morphism from Cov(M) to ®. In fact, by the completeness of Cichon’s
diagram, there are models of ZFC where such a morphism definitely does not exist.
Similarly, we know (though we did not exhibit a proof) that B C COVN, and can

further prove that B C ADDN.

Proposition V.45. If A is a high oracle, then A computes a trace T which traces

all computable functions.

Proof. Let f <p A dominate all computable functions. If ®. is total, then f dom-
inates n — pus[®.s(n) |]. Therefore, we may let T'(n) be the set of m such that

P r(n)(n) = m for some e < 2". O

Corollary V.46. COVN C ADDN = TR = ADDM = B. In other words, A is

Schnorr covering iff A is high, and if A is high A computes a Schnorr random real.

We make two observations about this proof. The first observation is that it
relies on A containing only computable oracles — i.e., this argument will not prove

Ba € TR for any A which contains some non-computable B. The reason is that
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to construct 7', A would have to be able to compute @ff(n)(n) (in place of @, 4(n)),
which it cannot necessarily do because A > B is not guaranteed.

The second observation to make is that while it does not provide an effective
morphism, it does provide something that looks very similar to an effective morphism.
Given an f, we map it to a trace T' < f, and given a computable g, we map it to
an h <p g — namely, for an e such that g = ®., we let h(n) = us[®.s(n) |]. This is
done in such a way that if f dominates h, then T traces g. The only reason this is

not a morphism is that we only use computable g. If we generalize this procedure

which almost gives a morphism, we get the following definition.

Definition V.47. Let R = (K_, K, K) and £ = (L_, L, L) be debates such that
Ky, Ly C“w. An effective semi-morphism ¢ : 8 — £ is a pair (¢_, ¢) consisting of
a function ¢_ : L_ — K_ and a partial function ¢, : from K, to L, whose domain

is the set of computable members of K, such that for all X € L_ and computable

YeK, ¢ (X)<rX, ¢.(Y)is computable, and ¢_(X)KY implies X Lo, (V).

Theorem V.48. Let ¢ : R — £ be an effective semi-morphism and suppose C is

closed downward with respect to <p. Then (£)€ C (R)C

Proof. Identical to the proof of Theorem V.3, except with “computable from an

oracle in A” replaced with “computable.” O

Theorem V.49. There are effective semi-morphisms ¢ : Add(N) — B and 9 :

Cov(M) — D.

Proof. This is implicit in the proofs of Propositions I1.91 and V.45. We have already
discussed how to phrase the proof of Proposition V.45 in terms of finding an effective

semi-morphism. The other semi-morphism is more complicated to describe.
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Consider the proof of the < implication in Proposition I1.91. In order to view
this as giving an effective semi-morphism 1 as described above, we need to define
¥4 (g9) € “w for computable g € M and ¥_(f) € “2 for f € “w such that if f
dominates 1 (g), then ¢_(f) ¢ M,. The proof of Proposition I1.91 almost fits this
mold, except instead of using ¢ € M, it uses a c.e. dense W, C <2, and defines

from it the function
he(n) = pus[Vo € "23r Do |1] < s AT € Wy

Given an f, we construct a real X = ¢ _(f) in such a way that if f is not dominated
by he, then X € [W,]. That is, follow the construction given in the proof, without
assuming [ is not dominated by any h. (if the construction fails to produce a real —
that is, for some n, o, = g, for all m > n —let X be o, followed by w many 0’s).
The remainder of the proof shows that for all e such that h. does not dominate f,
then X € [W.].

The only obstruction, then, is that the proof starts with a c.e. open dense set,
rather than a ¢ € M. We can remove this obstacle by first representing “2\M, as
Umew[Wim] for some computable ¢ such that each Wy(,,) is dense (which we can do

by Proposition 1V.12). Now let

V4 (9)(n) = max hy(y(n),

m<n
which is computable since h. is uniformly partial computable and total for all e
such that W, is dense. Observe that if f is not dominated by 1, (g), then f is not
dominated by any hg(n). Therefore, ¥_(f) € Wy for all m, so v_(f) ¢ M,, as

needed. O]

Of course, Theorem V.49 produces nothing new, since we just reformulated proofs

we already had. However, it does suggest that effective morphisms and their variants
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may completely describe relationships between Turing characteristics. We return to

this idea in Chapter VII.



CHAPTER VI

Negative Results

Combining the results from Chapter V, we have proven:

Theorem VI.1. Let < denote C. Then:
COVN +— NONM +—— COFM +—— COFN

| |
| B —— D |

In this chapter, we prove this diagram is complete — if there is no arrow or sequence
of arrows leading from P to Q, then Q ¢ P.

For some P and Q, we can already prove this using the equivalences from Sec-
tion 4.3 and the material from Chapter II. For example, consider any non-computable
low real X (for example, a low Martin-L6f random real, which from the discussion
following Definition I1.62 exists). Since ) <7 X <p X’ <¢ (', X computes a hyper-
immune set (Proposition). But X is not high. Therefore, X witnesses both D ¢ B
and COVM ¢ ADDM.

Similarly, let X be a hyperimmune-free Schnorr random real (also guaranteed to
exist by the discussion following Definition I1.62). Then X witnesses COVN ¢ D

(and therefore also COVN ¢ ADDN and NONM ¢ B).

114
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In order to go farther, we will need to study NONM, COFM, and NONN more
carefully. We will do so in this chapter. In particular, we will be able to establish,
by adapting set theoretic arguments, equivalents to NONM and COFM which
appeared in Chapter II (much as we did in Section 4.3). These equivalents will allow
us to prove NONM ¢ COVN and COFM ¢ NONM, D.

Forcing proofs will play an important role in this chapter, which is to be expected
since such arguments are used to separate cardinal characteristics. The first forcing
argument we present is one that shows COVM ¢ NONM. Although this particular
result will prove redundant, the proof is instructive, and will prepare for later forcing
arguments, especially two involving NONN which can be used to show COFN ¢

NONN, COFM. This will finish the proof of the following theorem.

Theorem VI1.2. The diagram of Theorem VI.1 is complete.

6.1 Cohen Forcing and Meager Sets

Recall that by the completeness of Cichoni’s diagram, is it not a theorem of ZFC
that cov(M) < non(M). To construct a model of ZFC where non(M) < cov(M),
we may iterate a forcing which adds a real not in any ground model meager set
without adding a meager set which covers all ground model reals. As it turns out,
Cohen forcing (where the conditions are elements of <“2) has this property. As
we saw in Section 3.4, algorithmically generic reals are the computable analogue to
Cohen generic reals (an idea reinforced by the fact that the weakly 1-generic reals are
exactly those not in M, for any computable g € /\;l) Therefore, we would suspect
that a sufficiently generic real would witness COVM ¢ NONM, and furthermore,
a proof of this fact can be obtained by adapting the proof that the Cohen forcing

does not add a meager set covering the ground model reals. Both suspicions are
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correct.

Notation VI.3. If s, denotes the finite domain partial function from w to {0, 1}

which is coded by n, define the functions Smazx and Smin by
Smaz(n) = max dom(s,,)
Smin(n) = mindom(s,).
Observe that both functions are computable. Also, let Int C w be the computable

set of n for which dom(s,,) is a nonempty interval.
Theorem VI.4. If A is a 2-generic real, A ¢ NONM.

Proof. This proof will follow a strategy similar to that of Proposition I1.89. Assume
that A is 2-generic and ®4 € M. Then we can show there is a ¢ C A which forces
“@4 ¢ M.” Then we construct a computable real X such that for any 7 D o, there
is v extending 7 such that X matches the chopped real (or fragment thereof) given
by ®” beyond a specified point. That is, we will consider all such 7 in turn, and
define more of X to ensure that this is the case. It will follow that no 7 O ¢ can
force X ¢ Mga, and therefore X € Mga.

Now let us provide details. Fix e such that ®* € M. Let
V={c:3nWw 2o (9, (n) T

vV oY, (n) ¢ Int

67‘V|
v Smaz(®7 |, /(n)) + 1 # Smin(®; |, /(n + 1))

v Smin(® 1, (0)) # 0)}

e lv|

No ¢ C A can be contained by V. By 2-genericity of A, there is ¢ C A such that for
all T Do, 7 ¢V (ie., o forces ®* € M). We will not actually need the full strength
of this fact — it suffices to know that for all 7 O ¢ and n € w, there is v extending 7

such that ®¥

e7|V|

(n) |, and furthermore Smin(®”  (n)) > n.

e7|V|



117

We construct a computable X ¢ Mga by initial segments X,. Let 7, be an
enumeration of the strings extending o (e.g., 7, is ¢ concatenated with the string
coded by n). Begin with X, = (. Given X, let » be minimal such that v := 7,
extends 7, and @7 (|X;[) |, and let u be the finite domain function coded by this
computed value. Since Smin(®{ (X)) = | X[, we may let X, be the string with

minimal index which extends X, U u (i.e., such strings exist). Let X = J, X.

Now consider
Vin = {0": 3t,5 > m ®7,(s) | Asyy ) C X}.

By construction of X, for every m and 7 O o, there is an extension of 7 in V,,, (this
was guaranteed by the definition of any X such that 7, O 7 and s > m). It follows
that it is impossible for there to be a ¢’ C A such that 7 ¢ V,, for all 7 D o’. So by
the 2-genericity of A, for some ¢’ C A, o/ € V,,,. It follows that for infinitely many

n, X extends sga(,), 50 X ¢ Mga, as claimed. O

We observe that the proof above is not quite sharp. We used the 2-genericity of
A twice. For the second use, only 1-genericity was necessary. For the first use, we
needed 2-genericity to ensure v could be defined for every 7 extending . However,
we only needed to be able to do this for 7 which are initial segments of A, which is
always possible regardless of the genericity of A. However, while we are constructing
X, we do not know which 7 are actually initial segments of A. Therefore, we need to
be able to employ a computable function which tells us, for a given 7, how long to
look for a v before giving up. In the cases where 7 actually is an initial segment of A,
we only need the function to be large enough to find v infinitely often. This line of
reasoning suggests that we may be able to strengthen the proof of Theorem V1.4 to

work for nonhigh 1-generic reals. We can, although some additional care is required.
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Theorem VL.5. If A is a non-high 1-generic real, A ¢ NONM.

Proof. Suppose ®2 € M. Let o, denote the finite binary string coded by m, and

let ¢(o,m,t) be the formula

o C o AVE < |o| + 291 [@27 (k) |]
AVE < |o| + 20! [Smax (P77 (k) < Smin(®Z7 (k +1))]
Define f by f(n) = u(m,t)(¢(A | n,m,t)). Clearly f is computable relative to A,
so there exists an increasing computable g for which 3*n g(n) > f(n).

Construct a computable X by initial segments X,. Let Xy = (). To construct
Xsi1, let n = | X;|. For o of length n say that o requires attention if there exists
(m,t)y < g(s) such that ¢(o,m,t). Also, say that o allows action if it requires
attention and for the least (m,t) witnessing this, Smaz(®77 (n +2")) < s.

If every o requiring attention also allows action, we can computably extend X to
a string X, of length s + 1 such that for each such o, X, agrees with the finite
function coded by ®¢7 (k) for some k with n < k < n + 2" (using Proposition V.37
since there are at most 2" ¢ and for each o we have 2" options with disjoint domain).
If no o requires attention or some o requires attention but doesn’t allow action, let
Xs41 = X,. Note that for all s, | X,| < s. Let X = J, X;. Now we prove several

properties of this construction:

Lemma VI1.6. If X, = X, for all v € [s, '], and o requires attention at stage s+ 1,
then o requires attention at stage s' + 1. Further, if o allows action at stage s + 1,

it allows action at stage s’ + 1.

Proof. The first statement follows from the monotonicity of g. The second statement
follows from the fact that we use the least (m,t) in the computation that determines

if o allows action, and this doesn’t change from stage to stage. O
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Lemma V1.7. For every stage s, there exist a o of length | X,| and s’ > s such that

o requires attention at stage s’ + 1.

Proof. Let v > s be minimal such that g(v) > f(v). If X, # X, the lemma holds for
some o and some s’ between s and v. Otherwise, the lemma holds for o = A | | X{|

and ' = v (note f(v) > f(|Xs|) since v > | X{|). O

Lemma VI1.8. For every s, there exists s > s such that Xy, # Xs. Thus, X is

total.

Proof. By Lemma VL7, fix v > s such that some o of length | X,| requires attention
at stage v + 1. Also, for each o of length |X| such that there exists (m,t) with
¢(o,m,t), choose the minimal (m,t) with this property. Let v' be the maximum of
the chosen (m,t) and v” the maximum of v and v’. Either X,» # X, or some o will

require attention at stage v” + 1 and all ¢ requiring attention will allow action, so

XU//+1 7é XU//, D

Lemma V1.9. If o requires attention at stage s + 1, then for some T extending o

and k > |o|, ®7(k) | and X agrees with ser () on its domain.
Proof. This clearly follows from Lemmas VI.6 and VI.8. [

Now we prove that for all 0 C A and m, there exist 7 extending o and k > m
such that ®7(k) | and X agrees with sgr() on its domain. Fix any s such that
| Xs| > max (m, |o]) and g(s) > f(s). Then at stage s+1, A [ | X;| requires attention
(note f(s) > f(|Xs|)). The desired property now follows from Lemma VI.9.

Now consider

Vin 1= {02 3tk > m ®7,(k) | Asgy gy C X}
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Note that for each m every 0 C A has an extension 7 in V. By the 1-genericity of A,
for every m, there exists o C A for which o € V,,, so there exists kK > m such that X

agrees with sga() = Seg (k) on its domain. It follows that X ¢ Mga, as needed. [

6.2 DNC Reals and Meager Sets

Consider the following debate:

Definition VI.10. Two functions f, g € “w are infinitely equal, denoted f => g, iff

for infinitely many n, f(n) = g(n). J€ is the debate (“w,“w, =>).

By a theorem of Bartoszyniski [3], this debate has norm equal to non(M). If
we can transfer the proof of this fact to computability theory, we would obtain the
equivalence A € NONM iff A € TE, which by definition is the case iff A computes
a function f such that for all computable g, f(n) # g(n) for all but finitely many n.
This would be greatly beneficial, since we have already characterized the latter set
of oracles as those which are high or DNC (Proposition I1.78).

There is a morphism from Non(M) to J€&, and this does provide an effective mor-

phism from Non(M) to J&. Consider Theorem V.17, which by duality implies the

existence of an effective morphism from Non(M) to B. The crux of that theorem’s
proof is the fact that for any f € “w, the set of ¢ <* f is a meager subset of “w. It is
also the case that the set of g not infinitely equal to f is a meager subset of “w, by
almost the same argument. Therefore, a straightforward modification of the proof
of Theorem V.17 establishes the required effective morphism from Nm) to JE.
This proves that IE C NONM (in fact IE§ € NONMY, for all A and C).

However, effective morphisms do not help us as much as they did in Chapter V,

because the inequality ||J€|| > non(M) is not proven by exhibiting a morphism from
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J¢€ to Non(M)!. Instead, the usual proof exhibits a morphism to Non(M) from a
more complex debate formed from B and JE&. This debate involves functions from
the continuum to itself, so there does not appear to be a reasonable way to assign to
it a Turing characteristic. Nevertheless, we can still carry out the set theoretic proof

with sufficient computability (just without the machinery of morphisms).
Theorem VI.11. NONM C IE.

Proof. Let A be an oracle in NONM, and f < A a member of M such that M;
contains every computable real. If A is high, then A € IE automatically, so assume
A'is not high. Let X,g <7 A be such that for all n, X [ I is the member of S
(the set of partial functions from w to {0, 1} with finite domain) coded by f(n). By
Corollary V.5, since A ¢ B, there is a computable h such that I, does not dominate
I,. In other words, there are infinitely many n such that I does not contain an
interval of Ij,. For such n, I is covered by the union of two consecutive intervals of
I;,. Therefore,

B:={m:3n I} C UL}

is an infinite set computable relative to A. Define (by recursion on m) a B<r A
such that m+1 € Biff m+1 € B and m ¢ B. Note that B is still infinite, and the
intervals of the form I;" U [ ;LnH for m € B are pairwise disjoint, with each covering
an interval of I;,. Now, using the codings of Sections 2.1 and 2.2 to enumerate <“5,
define p : w — w such that p(s) codes the set of X [ I;* U [;"*! for the 3s + 1 least
values of m € B.

Clearly, p < A. We claim that for every computable function ¢, p(s) # q(s) for
all but finitely many s. If not, we fix a computable ¢ which is infinitely equal to p,

and construct a computable Y which extends infinitely many of the finite functions

1n fact it is an open question as to whether or not such a morphism is guaranteed by ZFC to exist.
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X |1} (ie, Y ¢ My), which will be a contradiction. We construct Y in stages s,
by defining it on intervals of Ij,, beginning with Y; = (). The partial real Y; will be
defined on at most 3s intervals.

Given Yy, view ¢(s) as a code for a member of <“S. If this sequence has length less
than 3s + 1, or if any element in the sequence has a domain which is not the union
of two consecutive intervals of I, or if the elements of the sequence do not have
disjoint domains, let Y1 = Y;. Otherwise (which will be the case infinitely often),
let ¢ be the first element in the sequence coded by ¢(s) which has domain disjoint
from the domain of Y; (this is possible since Y; is defined on at most 3s intervals and
the sequence coded by ¢(s) has at least 3s + 1 elements). Define Y, to agree with
Y, and t on their respective domains, and then define Y., to be constantly 0 on the
first interval of I, on which it is undefined. Note that Y, is defined on three more
intervals of I, than Y is, and the action of defining Y;,; on the first empty interval
of Ij, guarantees that Y := J, Y; is a total real.

For every s such that p(s) = q(s), Yy is defined to match X | I[;* U I;"*!. for a
new value of m. It follows that Y agrees with X on infinitely many intervals of I,

as needed. ]

Corollary VI.12. A € NONM iff A is high or DNC.

Proof. By Theorem VI.11 and the preceding discussion, and Proposition I1.78. [

Remark VI.13. This corollary obviates Theorem V1.5, since no 1-generic real is DNC

(Proposition I11.89).

6.3 Fractional Dimension

Armed with the characterization of NONM from the previous section, we are

ready to show how to construct an oracle A in NONM and not COVN. Since
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every high oracle is in COVN, such an A must be DNC and non-high. Also, A must
not compute a Martin-Lof random real, since such reals are Schnorr random (and
COVN is the set of oracles which compute Schnorr random reals). On the other
hand, if A is non-high, DNC, and does not compute a Martin-Lof random real, it is
in NONM\COVN since every non-high Schnorr random real is Martin-Lof random
(Proposition I1.67). Our goal is to demonstrate the existence of such an A.

Recall the definition of effective Hausdorff dimension from Section 2.7. Informally,
one can think of the dimension of A as a measure of how random A is. This makes
sense because every Martin-Lof random real has the maximum dimension, 1 (al-
though not every real of dimension 1 is Martin-Lof random). For another example,
if X is Martin-Lof random, Z(n) = 0 for all n, and A = X & Z (i.e., the bits of A al-
ternate between 0 and random), then A has dimension 1/2. One reasonable question
to ask about dimension is if dim(A) > 0, does A compute a real of higher dimension
(or even a real of dimension 1)? That is, if A has some randomness, can we extract
more randomness from it computably? Note that in the example A = X ® Z above,
this is the case, since X <7 A. However, this is not always true; Miller [33] has
provided a construction of a real A which has dimension 1/2 and does not compute
a real of higher dimension?. Note that such an A is DNC and does not compute a
Martin-Lo6f random real (see discussion following Proposition I1.81). Therefore, for
our purposes, it suffices to show that this A can be made non-high. Fortunately, the
A constructed by Miller is automatically lows, a fact which we will demonstrate in
this section?.

The full proof of Miller’s theorem is somewhat beyond the scope of this thesis. It

heavily relies on the properties of the Kolmogorov complexity K, which is of interest

2There is nothing special about 1/2. Miller’s proof can be easily modified to work for any rational ¢ € (0,1).
3We stress that the observation that A is lows is the sole contribution of this thesis’s author.
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for this thesis only insofar as it links randomness, diagonal non-computability, and
effective dimension. Therefore, in our presentation of Miller’s theorem, we will be
brief, only presenting enough detail so that it can be seen that A is lows. For the
full treatment, we encourage the reader to consult [33].

Before we begin, it should be noted that Miller’s proof is a forcing proof, but one
that does not have any clear set-theoretic precedent. In that it involves subtrees
of “2 which branch “a lot,” but not “too much,” it is somewhat similar to P77},
a notion of forcing whose conditions are subtrees of “w which branch “a lot,” but
not “too much” [5]. This makes sense, since P71y, is a forcing that can be used to
increase non(M) without increasing cov(N'). However, the forcing used by Miller

does not appear to be otherwise connected to PT} .

Definition VI.14. [33] Let V' C <¥2. The direct weight of V', denoted DW (V'), is

S a2,

oeV

The weight of V', denoted W (V), is
inf{DW (W) : [V] C [W]}.
The optimal cover of V', denoted V¢, is the subset of <“2 such that
o [V]C [Ve;
o DW (Vo) =W (V);
e 1([V°]) is minimal among all sets of strings satisfying the first two requirements.

Proposition VI.15. [33] For all V', V¢ exists, and is unique and prefiz-free. If V
is finite, so is V°, and the functions mapping V to V° and W (V') are computable.

Further, if V is c.e., V¢ is uniformly AS and [V] is uniformly 9.
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Definition VI.16. [33] For ¢ € <“2 and V a c.e. subset of <“2 such that every

7 € V extends o and o ¢ V°, P, is the nonempty II{ class [o]\[V*].

Remark VI.17. The set of pairs (o, V) satisfying the conditions of Definition VI.16
will be our set of forcing conditions. We let (o, V) < (7,W) if P,y C Pry. A will
be constructed as the unique member of an intersection of IT? classes corresponding
to conditions. In this context, (o,V’) forces a statement about A if that statement

is true for all A € P, y.

Proposition VI.18. [33] Let Vo = {0 : K(0) < |o|/2}. Then (0,<“2) is a condition.

Hence, there is a condition which forces dim(A) > 1/2.

We now sketch Miller’s construction. The construction involves finding (com-
putably in (') a sequence of conditions { (o, Vi) }se. such that for all s, (0,41, Viyr) <
(0s,Vs) and o441 properly extends o,. Then A is taken to be (J, o5, or equivalently
N, Ps.v.- The construction begins by letting (o, V) be the condition from Propo-
sition VI.18.

If we let s = (e,n), then (041, Vsy1) is chosen to make sure A fulfills the require-

ment
R, : If ®% is total, then Ik >n K (O [ k) < (1/2+27") - k.
Clearly, for any fixed e, if every R., is met, then ®Z' either® is nontotal or has
dimension at most 1/2.
Miller’s strategy to meet R.,, is to construct (os;1, Vii1) in order to force one of

the following statements:

4 is not total.

ke >n([Vi <k @2() [|A K@) k)< (1/2+27") k).

4This skips over the fact that <I>g‘ may not be {0,1}-valued. This, however, is not an issue, since we may
computably modify <I>g‘ to output 1 in place of any nonzero output.
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Furthermore, given e and n, we can determine computably in () which statement
is forced — the choice is determined by whether M(p) |, where M is a prefix-free
machine and p is a finite binary segment, both of which are defined at stage s = (e, n).
Fix e. Clearly, if the first statement is forced for any n, ®/ is not total. Conversely,
if the second statement is forced for all n, then for all n, ®%(n) | —i.e., ®* is total.
Let Tot® be the set of e for which ®4 is total. Then e € Tot® iff for all n the
second statement is forced. The latter condition is computable relative to (), so

A" <5 Tot? <7 (5. Hence:

Theorem VI1.19. There is a lowy, oracle A such that dim(A) = 1/2 and for all

B <r A, dim(B) <1/2.
Corollary V1.20. NONM SZ COVN.

6.4 Challenges Below ()

When confronted with a new computability theoretic property of reals, natural
first questions to ask are “How does it interact with being c.e., or being A9?” Of
the incomputable reals, those which are c.e. or A still feel somewhat tractable, and
somehow “realistic.” After all, c.e. reals are computably listable (i.e., as subsets of
w), and AY reals are those computable from the halting problem, which tells us which
computations will and will not converge. We observe that in this thesis we have some
new properties — for A, the property of A being in some Turing characteristic derived
from cardinal characteristics appearing in Cichon’s diagram. What can be said about
c.e. or AY oracles with such properties? To put it another way, what happens to
the diagram of Theorem VI.1 if we let C be the set of c.e. oracles or the set of A

oracles? After the results of Section 6.3, we are able to answer both questions.

5Note that by the relativization of Lemma I1.39, Tot“ is II3[A] T-complete, and A" is II3[A] by the relativization
of Proposition I1.33.
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Remark VI.21. Technically, the set of c.e. oracles is not a suitable choice for C, since
in our original definition, we required C to be closed downward with respect to <r.
However, this requirement was not for technical reasons — that is, all of the results
involving morphisms do not rely on C being closed downward. The restriction was
placed on C so that it would correspond more closely to a set theoretic situation.
For an oracle in C, we should have access to everything that oracle defines (i.e.,
computes). Technically, however, it does make sense to allow C not to be closed
downward, although the only time we will do this is for the case where C is the set

of c.e. oracles.

First, we establish an upper bound for Turing characteristics derived from cardinal

characteristics appearing in Cichoni’s diagram.

Proposition V1.22. Let R = (K_, K, K) be any debate such that Ky C “w and ¢
s in Cichon’s diagram. For every X € K_, there exists Y € Ky such that Y <p X

and X KY . Colloquially, every challenge computes an answer which meets it.

Proof. The proof of this proposition is simple, though tedious because of the number

of cases that need to be considered.

e B or ©: In these cases, given f, we need to find g such that either ¢ is not

dominated by f, or ¢ dominates f. In either case, g = f + 1 serves.

—_—

e Non(J7): Given f in N or M, there exists X <p f such that X is not in Ny
or My, respectively. This was proven in Chapter V (Proposition V.20 and the

discussion preceding Theorem V.15, respectively).

e Cov(J): Given X in “2, there exists f in A or M such that X is in N; or Mj,

respectively. Let I be the (computable) interval partition such that |I"| = n+1.
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If we seek an f € N, we may use the one which maps n to [X | I"], and if we

seek an f € M, we may use the one which maps n to X | I".

P

e Add(J): Given f in N or M, by the previous two cases, there exist g <r
X <p f such that, respectively, X € N,\N; (so N, & Ny), or X € M,\M; (so

Mg l(z Mf)-

e Cof(J): Given f, we may simply use f (i.e., Ny as an answer is a superset of

Ny as a challenge). O

Corollary VI1.23. Let R be a debate satisfying the assumptions of Proposition VI.22.

Then for any C and A, K§ C C\A.

For an application of Corollary VI.23, let C be the set of A oracles, and let A
be the set of computable oracles. Then by Propositions 11.54 and 11.91, COVMY =
C\A. Therefore, for this choice of C and A, all the Turing characteristics from the
right half of Cichori’s diagram equal C\A.

This observation is almost enough to provide a complete version of the diagram
from Theorem V.7 for the case where C is the set of A oracles and A is the (default)
set of computable oracles. It remains only to note that the facts COVN ¢ B,
NONM ¢ COVN, and COVM ¢ NONM may all be realized by A) witnesses
(i.e., respectively, by a low Martin-Lof random real, the real A given by Miller’s

construction from Section 6.3, and a low 1-generic real®). Therefore:

Theorem VI.24. Let C be the set of AY oracles. Then the following diagram holds

6The existence of such a real has not been provided in this thesis. See [49] for a proof.
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and is complete.

COVNC® +——— NONM® «——— COFM® —— COFNC¢
l BO e H
ADDN® —— ADDM¢ «— COVM® —— NONN¢

The corresponding diagram for the case where C is the set of c.e. oracles is
even simpler. As before, COVMEC is C\A (A is the set of computable oracles),
so all Turing characteristics on the right side of the diagram are equal. All Turing

characteristics on the left side of the diagram are also equal.
Theorem VI.25. Any c.e. oracle in NONM is high.
Proof.

Lemma VI.26. If f € M, My contains all computable reals, and fs is a computable

approximation to f, then any function h satisfying
(Vs =2 h(n))(Vm < n)fi(m) = f(m)
dominates all computable functions.

Proof. Assume g is a computable function such that 3*°ng(n) > h(n). Without loss
of generality, we may assume ¢ is increasing.

We will construct a recursive X in stages by finite initial segments X,,, with
X =, X,, such that X ¢ My, a contradiction. At stage 0, Xo = (). At stage n+1,

look for an m < n + 1 such that r := fy(,4+1)(m) satisfies’.
e Smin(r) > |X,| and

e Smax(r) <n

"Recall Notation V1.3 for the meanings of Smin and Smazx.
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If such an m exists, then for the least such m and for all k € [|X,,|, n|, define X, (k)
to be s,.(k) if it exists and 0 otherwise. If no such m exists, let X, .1 = X,,. Note
that | X,,| < n for all n.

Now fix an arbitrary ny and n > ng such that g(n + 1) > h(n + 1). Thus, for all
m < n and n’ > n, the value of fy41)(m) is correct (in the sense that it equals
f(m)). Also,

[ Xul < n < Smin(f(n)) = Smin(fom1)(n)).

Therefore, there is an m < n such that Smin(fyms1(m)) > |X,|, and the least m
satisfying this requirement will continue to be the least such m at all stages n’ + 1
for n” > n. In particular, if n’ = max{n, Smax(fym+1)(m))}, then the construction
will guarantee that X, is extended to be compatible with s (,).

This establishes that X, is extended an infinite number of times (thus X is total).
Further, an infinite number of these extensions force it to be compatible with some
(new) Sf(m), 80 X € [Sp(m)] for infinitely many m. It remains to note that X is com-
putable since the construction is computable. Thus, if g is computable, A dominates

g, as claimed. O

Now assume A is c.e., and let f <p A witness A € NONM. Recall that if

f = @4 we can approximate f computably by letting

fs(n) = 72" (n)

where Ay is a fixed computable enumeration of A (if the right-hand side computation
diverges let fs(n) = 0). Define h(n) to be the minimum s such that for all m < n,
@és(m) |, and if u is the maximum use of A in this computation, A, | v+ 1 =
AT u+ 1. Then h <7 A and by the lemma, h dominates all computable functions.

Therefore, A is high. O



131

Remark V1.27. As with Theorem VI.5, this theorem provides nothing new once we
have the characterization of NONM from the Corollary to Theorem VI.11, since no

c.e. oracles which do not compute (' can be DNC[1].

Since ADDN is the set of high oracles, ADDNF€ is the set of high c.e. oracles,
and thus equal to NONMC. Also, COVME is not equal to NONME, since the

former contains a low oracle. Therefore:

Theorem VI1.28. Let C be the set of c.e. oracles. Then the following diagram holds

and is complete.

| B — DS H
ADDN®¢ —— ADDM®¢ «—— COVM® —— NONNC¢

6.5 Lowness For Genericity and Meager Sets

In addition to the inequalities implied by Cichon’s diagram, it is also true in all

models of ZFC that

add(M) > min{cov(M), b}

[31].

cof (M) < max{non(M),0}
Both inequalities are proven using a morphism. However, as was the case with the
inequality ||J€|| > non(M) described in Section 6.2, the morphism involves a debate
which does not translate to a Turing characteristic; specifically, one which is built
from Non(M) and ®. Therefore, we cannot hope to use an effective morphism
to prove any versions of these inequalities for Turing characteristics. Nevertheless,

(again, as was the case before) we can modify a set theoretic proof to obtain a result

in the case where A is the set of computable oracles.
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Theorem VI1.29. COFM C NONM U D.

Proof. (based on an argument from [31])

Fix A € COFM and f <7 A in M such that M; ¢ M, for all computable
g € M. If M ¢ contains every computable real, we are done (A € NONM), so
assume X is a computable real such that X ¢ M;. By Proposition IV.12, we may
fix Y,h <r A such that M; includes all reals which do not match (Y, 1},), and let
h <r A be such that every I;' contains some ;" such that X [ ;" =Y [ I;".

We claim A is not interval dominated by any computable § (if this is the case, then
by Corollary V.5 A € D). Suppose then that g is computable and interval dominates
h. Then (X, ;) engulfs (X, I;), which by definition of h engulfs (Y, I},). In other
words (see Proposition V.10 and the ensuing discussion), if g € M is computable and

M, includes all reals which do not match (X, I3), then My C M,, a contradiction. [

Corollary VI.30. A is in COFM iff A computes a hyperimmune set or is DNC

(iff A is not low for weak 1-genericity — see Proposition 11.93).

Remark VI.31. It appears the other three-cardinal inequality does not yield any
useful information involving Turing characteristics; that is, the above proof cannot

be modified to prove a useful result relating ADDM, B, and COVM.

6.6 Weakly Schnorr Covering

As mentioned in Section 4.3, in [45] the oracles in NONN are called “weakly
Schnorr covering.” Two forcing proofs in that paper (which consists of some of the
research for this thesis) shed light on the nature of the weakly Schnorr covering
oracles, and allow us to finish proving Theorem VI.2. We recall that it will suffice to

show that

1. NONN ¢ COFM, and
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2. COVN ¢ NONN.
In other words, (from the equivalences detailed in Sections 4.3 and 6.5)

1. there exists an oracle A which is weakly Schnorr covering and low for weak

1-genericity;
2. there exists a Schnorr random real A which is not weakly Schnorr covering.
We may achieve these by modifying set theory proofs which involve

1. a forcing which adds to the ground model a null set covering all ground model

reals without adding any new meager sets;

2. a forcing which adds to the ground model a real not in any ground model null

set without adding a null set covering all ground model reals.

For each of the above cases, there is a simple notion of forcing which has the
desired property, which allows for a direct adaptation of the set theory methods to
provide proofs in computability theory. For example, let I be the interval partition
such that [I"| = n + 1 for all n. Consider the notion of forcing whose conditions are
partial functions p : w — {0,1} whose domains are the unions of coinfinitely many
intervals I", and p < ¢q if ¢ C p. This is a forcing which adds to the ground model a
null set covering all ground model reals without adding any new meager sets [18, 4].

A computable modification yields:

Theorem VI1.32. There is an oracle which is weakly Schnorr covering and low for

weak 1-genericity. Furthermore, such an oracle is computable from ().

Proof. (based on an argument presented in [4], itself based on an argument from

[18])
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We construct an A with these properties via a forcing construction. Let I be the
interval partition such that |I"| = n + 1 for all n. The conditions will be partial
computable functions p from w to {0, 1} such that dom(p) is computable, coinfinite,
and the union of some of the intervals I". For any partial computable p with domain
a union of I", let f, be the function which enumerates, in increasing order, the n
such that I" ¢ dom(p). Note that p is a condition iff f, is total and computable.

We will construct A in stages s — if p, is the condition at stage s, A = J, ps. Let
o; denote the finite binary string coded by 4, and let W be the eth A-c.e. subset
of <“2. We assume each W2 is closed upward with respect to C, so that [W4] is
dense iff W4 is dense; we may assume this because we may uniformly adjust the
enumeration of WA so that whenever o is enumerated into W2, so are all extensions
of 0. Fix an enumeration X, of the computable binary reals (which may be done
computably in Tot = (0”). We let py be the empty function, and at stage s + 1 we

attend to requirement R,:

Ry, : A matches X, on infinitely many 7".
Roeiq : WeA is not dense, or 3V C <“2 c.e. such that

V is dense and V C WA,

Suppose all requirements are satisfied. If C; denotes the clopen set coded by i,
and g <p A is such that Cy,) = [A | I"], then satisfaction of even requirements
implies N, contains all computable reals, so A is weakly Schnorr covering. The odd
requirements guarantee (by Proposition 11.93) that A is low for weak 1-genericity.

We now describe the action taken by the construction at stage s+ 1. If s = 2e, let
ps+1 match p, on its domain, and X, on [ fr(2n) for all n — otherwise, psy1 is undefined.
Clearly this suffices to satisfy R, and finding an index for p,; is computable in ()"

(this latter point will be important for the action taken for s = 2e + 1). It is also
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straightforward to check that pg,; is actually a condition (i.e., partial computable
with computable coinfinite domain). Note that dom(p,,;) includes the least interval
not in dom(ps), so the actions taken at stages of this form ensure A will be total.

If s = 2e+ 1, we consider the following subroutine which is computable in (/. We
construct a sequence of conditions ¢; (with ¢;11 O ¢;) and enumerate a set V' C 2<¥
in stages 7. The purpose of the subroutine is to find, at stage i + 1, an extension v of
o; such that v extends some string in WéA for all A D ¢;,1, and enumerate v into V.
The V' we enumerate in the subroutine will play the role of V' mentioned in Ro..
We will want to let poi1 = |, i, so ¢i+1 will be left undefined on i 4+ 1 designated
intervals (so that | J, ¢; will be undefined on infinitely many intervals). If instead we
see an opportunity to force WA to be nondense, we will take it and interrupt the
subroutine.

Let go = ps and Vy = 0. Given ¢; and V}, let

r; = U Jfai(n)

n<i
©;,={0:T; — {0,1}}.

We intend that I'; is the union of the ¢+ 1 intervals where ¢;,1 will be undefined; ©; is
the set of possibilities for A | I'; assuming A extends ¢;;1. Index the members of ©;
by t < 271, We now work in substages t < 2/l at each substage ¢t 4+ 1 constructing
a condition 7,7 which extends r, and has domain disjoint from I'; (let ro = ¢;) and
a string v;y; which extends v, (let vy = o). The intention is for v, to extend a
string in WEA for all A extending r; 1 U6, — that is, substage t + 1 accounts for the
possibility that A | I'; will be 6;.

At substage t + 1, determine® if there exist 7, p € 2<“ such that 7 is compatible

with 7, Uy, |7| = (n+ 1)(n+ 2)/2 for some n, p extends v, and 7 € W’. If not, let

8To do this uniformly in ¢/, we need an index for ;. This is why we ensure ("’ can provide indices for all conditions
used.
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Psi1 = 1y U By — here, we say the subroutine terminates. If so, for the first such pair
(1,p), let v;11 = p and let r,1 be r, Ut [ w\I'; (note an index for r,,; can be found
computably from 7, I';,; and an index for r;).
If the subroutine does not terminate at any substage during stage i + 1, let ¢; 1 =
J 7 (this is a condition since it finitely extends ¢;) and enumerate v := vyr, into
t<2lTil

V. If the subroutine does not terminate during any stage, let psy1 = (U, ¢;. We need

to establish:

Lemma VI1.33. 1. The partial function psi1 ts a condition.
2.V is c.e.
3. An index for p,yq can be found computably in ().
4. Roeyq is satisfied.

Proof. For each item, we proceed by cases, based on whether or not the subroutine

terminated.

1. Note first that the domain of p,,; is the union of some [™. If the subroutine
terminated, ps11 =* ps and is therefore a condition. If the subroutine never
terminated, it can be carried out computably — each time, we can search for a 7
and p, knowing we will find one. It follows immediately that psy; is computable
and the sequence ¢; is uniform. Note [';;; =T, U o (1) gince @i+1 1S never

defined on I';. Thus f,(n) = f,,.,(n + 1) witnesses p is a condition.

2. Either the subroutine terminated and V' is finite or the subroutine is computable,

giving V' a computable enumeration.

3. Since the subroutine is computable in (/, (" can determine if and when it ter-

minates. From this, we can find an index for py,; computably.
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4. Tf the subroutine terminated in stage i + 1, substage ¢ + 1, then W contains no
extension of v; (since A extends r; U6;), and the requirement is satisfied. If the
subroutine never terminates, then at stage ¢+ 1, we enumerate an extension of o;
into V, so V is dense. Also, for some t, A extends 1, U6, so v;; € WA, since
Voir,) € V extends 141, it follows that [V] C [WA] (i.e., every string enumerated

into V' has an initial segment in WA). O

Since the constructed A satisfies all requirements, it is weakly Schnorr covering

and low for weak 1-genericity. m

Corollary VI.34. NONN ¢ COFM.

The second result of this section uses a nonconstructive forcing proof. To under-
stand the motivation behind this proof, we need to recall the original goal: prove
COFN ¢ NONN. If we are to adapt a set theoretic forcing to prove this, it must
be a forcing which adds a new® null set to the ground model without adding a null
set containing all ground model reals. The simplest forcing which accomplishes this
is the random forcing, which adds a real not in any ground model null set (hence our
statement that we will prove COVN ¢ NONN).

In the random forcing, the conditions can be taken to be positive measure closed
sets, with P < @ if P C (). The computable version should be forcing with positive
measure I} classes, which we have already seen in the proof of Proposition I1.56.
Therefore, we might guess that a real A which is “sufficiently generic” for the com-
putable version of the random forcing should be hyperimmune-free. Of course, A
should also be algorithmically random to some degree. However, we should note
that, in contrast to “sufficiently algorithmically generic” reals sufficing for proofs

based on the Cohen forcing (see Proposition 11.89 and Theorem VI.4), A cannot be

9by this we mean a null set not covered by any ground model null set
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)

“sufficiently algorithmically random,” since if A is Martin-Lof random relative to (',
A is not hyperimmune-free [37]. Schnorr random turns out to be a correct level of

randomness.

Theorem VI1.35. If A is hyperimmune-free and Schnorr random, and N C “2 is
Schnorr null relative to A, then the set of computable reals in N is Schnorr null

(unrelativized,).

Remark VI1.36. This is a translation of the set theoretic result that if N is a null
subset of “2 in the extension created by the random forcing, the set of ground model

reals in N is null in the ground model.

Proof. (based on an argument from [26])

We first present some notation, and then two lemmas which serve as weak versions
of Fubini’s Theorem for null sets, with Schnorr null replacing null. For M, N C “2,
MeN={XaY: XeMAY € N},and for N C2¥ and Y € 2¥, let Ny = {X :

X@eY e N}
Lemma VI.37. If N is Schnorr null, so is {Y : u(Ny) > 0}.
Proof. Due to van Lambalgen [56]. O

Lemma VI.38. If P is a I1Y class and e an index such that for allY € P, ®Y € N,
then

e(P)={X@Y:Y e PANXE Ngyr}
1s Schnorr null.

Proof. Let T C <“2 be a computable tree such that P is the set of branches of
T, and f a computable function such that for all n and 7 € T with |7| = f(n),

{e}} ) (n) converges, and EJ := C{c}r(n) has measure at most 27". Note that f must
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exist due to compactness (this argument is similar to the one employed to prove
Proposition 11.44). Let F,, be the set of X &Y such that 7 :=Y | f(n) € T and
X € E7. Note that F, is the union of at most 2/ sets of the form E7 & [7],
each of which is clopen and has measure at most 2=/, Thus, F, is clopen and
p(F,) <277 Also, e(P) €, Uy Fim, since if Y € P and 3%°n X € Cgy (), then
J*°n X € E};rf(”), so 3%°n X @Y € F,. Finally, the sequence of F,, is uniform (each

F,, is the union of finitely many clopen sets given uniformly by 7" and f). m

Now, let A be Schnorr random and hyperimmune-free, and let N be a Schnorr null
set relative to A. Fix e such that &% € N and N C Nga. Since A is hyperimmune-
free, there exists a computable f majorizing!® f(n) := us @ers(n) |. Then let P be
the T19 class

{Y :Vn @:;(i?)(n) l=mAuCp) <27}

Clearly A € P, and for all Y € P, ¥ € N. Let e(P) be the Schnorr null set given
by Lemma VI.38, and M = {X : p(e(P)x) > 0}; by Lemma VI.37, M is Schnorr
null.

If X is computable and X € N, then there exists a IIY class Q C P such that
for all Y € Q, X € Ngy. To define @, let g(n) be the nth value of m such that
X € Cpa(m). Then g <p A and thus is majorized by some computable g. Let () be
the set of Y € P such that for all n, X is in Cgy (,, for at least n values of m < g(n)
(f can be used to calculate the requisite values of ®Y(m)). Note that A € Q, so
@ has positive measure (see Proposition 11.66); as @ C e(P)y, we have X € M.

Therefore, M is a Schnorr null set containing every computable real in N. O

Corollary VI.39. If A is a hyperimmune-free Schnorr random real, A is not weakly

10We say f majorize g if f(n) > g(n) for all n. Clearly, if f dominates g, then a finite modification of f majorizes
g.
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Schnorr covering.
Corollary VI.40. COVN ¢ NONN.

This completes the proof of Theorem VI.2.



CHAPTER VII

Questions

In this chapter we lay out some possible directions for future research, some of

which are very speculative. We can divide these into two topics.

7.1 Algorithmic Randomness

If we ignore the original motivation of studying effective correspondents to cardinal
characteristics, the most striking results of this thesis deal with topics related to

algorithmic randomness. Specifically,
1. A is Schnorr covering iff A is high;

2. A computes a hyperimmune set implies A is weakly Schnorr covering implies A

is not computably traceable, and neither implication reverses;

3. A being weakly Schnorr covering does not imply, nor is it implied by, A being

not low for 1-genericity;

4. If A is hyperimmune-free and Schnorr random, and N is Schnorr null relative

to A, then the set of computable reals in N is Schnorr null.

Each of these items offers further questions. We first recall the definition of

Schnorr covering: A is Schnorr covering if the union of all (unrelativized) Schnorr

141
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null sets is Schnorr null relative to A. But from the perspective of algorithmic ran-
domness, there is no particular reason to consider only Schnorr null in this definition;
we may replace either instance of “Schnorr null” in the definition with some other
kind of effectively null. For example, we may use Martin-Lof null, covered by a null
I1Y class, covered by a null TI9 class, or contained in the success set of a computable
martingale (these are the types of effectively null which appear most frequently in
the study of algorithmic randomness). What sets of oracles can result from such
modifications?

The paper [34] investigates this general question. There are 25 possible definitions,
13 of which are trivial (either produce the set of all oracles or the empty set). Most
of the remaining 12 are characterized in terms of previously defined computability-
theoretic concepts. The exceptions center on the set P of oracles A such that there is
a martingale computable relative to A which succeeds on every real in the universal
Martin-Lof null set. It is known that P includes all PA oracles, every A € P computes

a Martin-Lof random real, and P has measure zero.
Question VII.1. Does P consist of exactly the PA oracles?

In contrast to the set of Schnorr covering oracles, the weakly Schnorr covering
oracles have not been characterized in terms of previously defined computability-
theoretic concepts. One possibility involves the oracles which bound a very strong
array for computable reals'. A wvery strong array is a computable sequence {D,, } e,
of finite subsets of w such that for all n, | D, 1| > |D,| and {J,,.,, Dy = w. An oracle
A bounds a very strong array for computable reals if there is a real X <r A and a
very strong array {D,},c., such that for every computable Y, X [ D, =Y | D,

for infinitely many n. Clearly, if A bounds a very strong array for computable reals,

1a notion closely related to that of array nonrecursiveness
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A is weakly Schnorr covering. We also note that our method for showing an oracle
to be weakly Schnorr covering has always been to show it bounds a very strong
array for computable reals (for example, the satisfaction of even requirements in
Theorem VI1.32). This suggests that perhaps, informally speaking, the only way to

build a null set containing all computable reals is via a very strong array.

Question VIIL.2. Do all weakly Schnorr covering oracles bound a very strong array

for computable reals?

Recall that if A is computably traceable (i.e., not in COFN), it is not weakly
Schnorr covering (not in NONM) and low for weak 1-genericity (not in COFM).
Does the converse hold? Set-theoretic results suggest the answer is no, since there
are forcings which add to the ground model a new null set without adding a null set
containing all computable reals or adding a new meager set. However, the forcings
which accomplish this are very complex, and therefore unlikely to produce proofs in

computability theory. This leaves unsettled the question, which can be rephrased as:

Question VII.3. If A is not DNC and not weakly Schnorr covering, is A computably

traceable?

Informally, we can regard Theorem VI.35 as saying that a hyperimmune-free
Schnorr random real A can only compute a “new” null set by adding non-computable
reals to an “existing” null set. Of course, A still does compute “new” null sets; the
canonical example is {A}. Is this, effectively, the only thing A can do? Is it impos-

sible for A to compute “new” null sets by adding non-random reals?

Question VII.4. If A is hyperimmune-free and Schnorr random, and N is Schnorr

null relative to A, is the set

{X € N : X is not Schnorr random}
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Schnorr null?

Another interesting interpretation of Theorem VI.35 is that it expresses a di-
chotomy for Schnorr random reals. If A is Schnorr random, then either A computes
a hyperimmune set, and the set of all computable reals is Schnorr null relative to
A, or A is hyperimmune-free, and any set of computable reals which is Schnorr null
relative to A is Schnorr null. There is no middle ground, where A can compute a
new null set of computable reals without being able to compute a null set covering

all the computable reals. Does this dichotomy extend to all oracles?

Question VII.5. Do there exist A an oracle and N a set of computable reals such
that A is not weakly Schnorr covering, N is Schnorr null relative to A, and N is not

Schnorr null?

7.2 Turing Characteristics

The key open question of this thesis is of course:

Question VII.6. Is the diagram of Theorem V.7 complete? That is, are the con-
tainments implied by this diagram the only ones which hold for all A and C which

are closed downward with respect to < and with A countable?

This appears to be a difficult problem. In order to prove, for example, that
ADDN, can be separated from Bp, we may need to carry out at least two con-
structions: one for a non-computable oracle A € A, and one dependent on A for an
oracle B which will be in Bo but not ADDN . However, in certain cases, there are

other, seemingly more tractable, options.

e For separating ADDN, from Ba: It is known that if A is an oracle of minimal

Turing degree (there exists no non-computable B <7 A) and A £; @, then



145

(. € Ba, where A is the set of oracles computable relative to A. This allows
us to try to achieve separation with one construction, which may be a simpler

process.

e For separating COVM, from D4 If A is hyperimmune-free and A is the set
of oracles computable relative to A, then it is easy to see that Dy = D. On the
other hand, if A is also DNC, it is not low for weak 1-genericity; there is an X
which is weakly 1-generic but not weakly 1-generic relative to A. Since COVM 4z
will be the set of oracles which compute a real which is weakly 1-generic relative

to A, it may be the case that additionally COVIM, # COVM.

A related question is: to what extent do effective morphisms (and their variants)

describe relationships between Turing characteristics?

Question VIL.7. Let 8 and £ be debates. Is it the case that
e there is an effective morphism from K to £ iff L C K§ for all A and C;
e there is an effective semi-morphism from K to £ iff L C K?

Remark VIL.8. One of the original goals of this thesis was to find a strong correspon-
dence between relationships among cardinal characteristics and relationships among
Turing characteristics, mainly in the hopes of shedding further light on cardinal char-
acteristics using computability-theoretic methods. If the first item above holds, it
would further this goal, since we may be able to prove, via some method other than
finding an effective morphism, that L§ C K¢ for all A and C. If this were the case,

it would also imply [ < &.

Cichoni’s diagram is complete in a stronger way than the one we have mentioned

before. It has been proven that for any assignment of the cardinals in the diagram to
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either N; or Ny, as long as the assignment respects the inequalities of the diagram and
the three-cardinal inequalities mentioned in Section 6.5, then there is a model of ZFC
such that ¢ = Ny and each cardinal in the diagram equals the cardinal to which it
was assigned. Does a similar result hold for the corresponding Turing characteristics?
We note that Turing characteristics have a natural maximum (C\A, as discussed in

Section 6.4) and a natural minimum (the empty set). Therefore, we may ask:

Question VII.9. If we assign Turing characteristics in the diagram of Theorem V.7
to either C\A or 0, and this assignment respects the containments of Theorem V.7,
can we guarantee that there exist C and A such that each Turing characteristic equals
its assignment? Can C and A be chosen so that there are no other options (i.e., each
characteristic must be C\A or (?)? If not, what other relationships characterize the

additional assignments (in the manner of the three-cardinal inequalities)?

Some of our results have proofs that depend on A being the set of computable
oracles, and it is not known if the results themselves also depend on this. Aside from
the results of this kind contained in Theorem VI.1, which we have already addressed

above, we can ask the following questions.
Question VIL.10. Do there exist A and C such that NONMS # IES ?
Question VIL.11. Do there exist A and C such that COFMS # DS UNONMS ?

A final (vague) question would be: what other cardinal characteristics yield inter-
esting results for Turing characteristics? We have discussed R and S to some extent,
but it is not completely known how these sets of oracles fit in with those appearing in
Theorem VI.1. What about other cardinal characteristics? For cardinal character-

istics not defined using debates, can reasonable effective correspondents be defined?

2For example, this is the case if A is the set of computable oracles and C is the set of oracles computable relative
to some oracle of minimal Turing degree.
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A good place to start would be the consideration of the similarly defined cardinals g
and h. Some variants of g studied by Mildenberger [| appear to be likely candidates

for effectivization, and similar variants of h can be defined.
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