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CHAPTER I

Introduction

1.1 Dissertation Objective

Predicting the dynamic response of complicated structures is important to many engi-

neering fields. One such area is related to engineering of turbomachinery. Turbomachinery

contains many stages of integrally bladed disks, or blisks. The distinguishing feature of a

blisk is that it is made out of a single piece of material and has no assembled components.

Blisks are often subject to small or large mistuning, that is, deviations from the cyclic sym-

metry of the structure. As a result, these systems can have unpredictable responses in the

presence of small or large mistuning and therefore can be exposed to unpredictably high

stress levels. Also, these blisks are exposed to harsh environments and an extremely high

cycling. As a result, high cycle fatigue failure is of concern and can have devastating con-

sequences, either in the form of costly maintenance or catastrophic failures. This research

focuses on both predicting the dynamic response and identification of system parameters

of mistuned structures.

Models of blisks are becoming increasingly more complicated and higher accuracy

predictions are in demand. The finite element models of industrial blisks can often have

millions of degrees of freedom (DOFs). Furthermore, the presence of mistuning in blisks

restricts one common technique usage of performing calculations on a sector of the sym-

1
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metric system and then expansion to the full system. Therefore, there is a need to develop

high accuracy reduced order models (ROMs) to predict the system response and identify

the system parameters. ROMs greatly improve the computational efficiency while main-

taining accuracy, thus enabling more rapid design and analysis.

Motivated by these concerns, this work aims to explore reduced order models used to

predict the structural dynamics and identify mistuning of complicated systems. This will

require both a better understanding of the physics of the systems being studied and the

mathematics involved in creating accurate and robust ROMs. Specifically, this work aims

to do the following:

• To gain an understanding of why ROMs used to generate predictions do not achieve

equally accurate system identification results.

• To develop a robust identification procedure for identifying mistuning in blisks.

• To explore the physics of blisks specifically in higher frequency ranges and under-

stand why current ROMs cannot be used in these ranges to identify mistuning.

• To develop a mistuning identification procedure that can be used in higher frequency

ranges.

• To develop a new ROMs that can model both small and large mistuning without

incurring large computational costs to generate the ROMs.

1.2 Dissertation Background

1.2.1 Mistuning modeling

Small deviations in the structural properties of the blades in an otherwise cyclically

symmetric integrally bladed disk, or blisk, can result in significant changes to the forced



3

response behavior of the structure. These small blade-to-blade deviations, called mistun-

ing, can arise due to reasons such as manufacturing tolerances, general wear over the life

cycle, and damage. Cyclically symmetric blisks do not suffer from localization [1, 2] and

therefore the vibrational energy is uniformly distributed among sectors. However, in the

presence of only slight mistuning, the system can be subject to localization. Localiza-

tion caused by mistuning has been shown to significantly increase the forced response for

blisks [3]. Ultimately, blisks exposed to extremely high rotating speeds and increase forced

response can be subject to high cycle fatigue failure. This can result in costly maintenance

or catastrophic failure [4].

Due to mistuning, the cyclic symmetry of the system is destroyed along with the pos-

sibility of using efficient cyclic symmetry solvers to predict the vibration response. Early

analyses of mistuning focus on small mistuning using lumped parameter models [5–12].

As computational availability increased, reduced order models (ROMs) based on finite el-

ement models (FEM) became available. A large body of research exists on constructing

ROMs of mistuned blisks based on tuned system and/or component modes. [13–23]. An

excellent review on modeling of mistuned bladed disks was provided by Castanier and

Pierre [24].

Component mode mistuning (CMM) [23] serves as a methodology to tackle mistuning

for much of this work. A CMM model is built by first projecting the mistuned system

matrices onto a truncated basis of tuned system modes. Then, the portions of the matrices

associated with mistuning (assumed to be only blade DOF) are further projected onto

tuned cantilevered blade modes. This has a few key advantages over competing methods.

For example, the number of cantilevered blade modes determines the number of mistuning

parameters that the system can have because CMM projects mistuning onto cantilevered

blade modes. This gives the CMM approach additional flexibility to accurately model
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complicated mistuning. Furthermore, CMM has the possibility of modeling mistuning

that is not proportional to the mass and stiffness matrices of the tuned system, a significant

improvement over other methods.

1.2.2 Robust Mistuning Identification

Several research efforts have focused on the identification of mistuning parameters us-

ing experimentally measured system response data. These system-based mistuning iden-

tification procedures are critical for the case of blisks (manufactured as a single piece),

because the blades cannot be separated from the disk and tested individually. Mistuning

identification results can also be used for evaluating manufacturing processes and identi-

fying wear and damage during maintenance checks. Work in this area has ranged from

simple lumped parameter models [25, 26] to more advanced approaches requiring infor-

mation from a FEM [27–40]. Lim et al. [36] and Sinha et al. [40] present identification

techniques that are flexible enough to identify the properties of blisks that are not restricted

to proportional mistuning. The difference between these techniques is that the former iden-

tifies blade mistuning whereas the latter directly identifies the parameters of the mistuned

system.

Sensitivity to the FEM and measurement data and their use in the ROM is important to

mistuning identification. Judge et al. [27] found that the identified mistuning parameters

were sensitive to errors in the FEM or in the measurement data. Later, Lim et al. [36]

found that the identification results showed especially high sensitivity to errors in the tuned

system eigenvalues for the modes used in the ROM. It is noted that CMM based mistuning

identification makes use of a least squares solution which can have high residuals in the

presence of erroneous information or information that results in ill-conditioning. This

can occur if any two basis vectors are too similar, a phenomenon that is possible when
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considering a reduced number of physical DOFs due to experimental limitations. Pichot

et al. [41] presented a mistuning identification procedure where the measured modes were

filtered using the best achievable eigenvectors [42] approach in order to reduce the errors

that occur in the measurement data.

Work on modeling and identification of mistuning in blisks has made it possible to ac-

curately model blisks at a fraction of the computational cost compared to a full-order finite

element analysis. However, these techniques have only been validated for predictions in

lower frequency ranges. Most reduced-order modeling methods to date have not addressed

the issues specific to mistuning in higher frequency ranges. Many methods are specifically

formulated for isolated, lower-frequency families of blade-dominated modes [34], which

is a restriction that prevents accurate modeling across all frequency ranges. The exception

is the CMM method developed by Lim et al. [22,23], which allows different mistuning pat-

terns for different blade-alone modes. This method was validated numerically for a higher

frequency range with two overlapping families of blade-dominated modes [23]. However,

the CMM-based mistuning identification method [36–38] has only been validated in lower

frequency ranges. There are several additional challenges that arise as a result of higher

frequency ranges. For example, the topology of the blade motion becomes more compli-

cated, unlike the more uniform blade motion seen at lower frequencies. Considering the

need to gather experimental data for mistuning identification techniques, extra emphasis

is placed on optimally choosing the locations on the blade where measurements should

be taken. Also, as the blade motion is less uniform, capturing mistuning associated with

physical parameter variations localized in a small portion of the blade is sensitive to the

modes used in the ROMs and to the specific points where measurements are collected.

Furthermore, isolated blade mode families of high modal density no longer exist. In high

frequency ranges, the existence of these regions is a key in obtaining simple ROMs to be
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used for the inverse problem in the low frequency ranges because these regions are quite

sensitive to parameter variations in the system. The absence of these regions in the high

frequency ranges increases the need to strategically select a ROM and measurement data

that offers sensitivity to mistuning.

1.2.3 Modeling of Large Mistuning and Damage

Accurate predictions of the structural dynamics of turbomachinery blisks is needed

to ensure reliability and prevent high cycle fatigue failure [4]. Modeling blisks using full

order FEMs is inefficient, especially in the presence of mistuning because these models can

have extremely high numbers of DOFs. Mistuning can be small or large deviations in what

is otherwise usually a cyclically symmetric blisk. It is often desirable to consider small

mistuning from a probabilistic perspective, thus making the solution of full-order FEMs

restrictive. Therefore, work in this area focuses mainly on the development of ROMs

to approximate the full-order FEM. Early work in blisk modeling focused primarily on

small mistuning. Various efficient approaches for reduced-order modeling of blisks with

small mistuning have been developed [13–23]. The other category of mistuning is large

mistuning. The distinction between large and small mistuning is that large mistuning

cannot be accurately modeled by only a change in blade alone frequencies.

Some work has been done for developing ROMs for blisks with large mistuning. Lim

et al. [22] developed a modeling technique to encompass both small and large mistuning.

Those ROMs use tuned modes and virtual mistuned components in a component mode

synthesis (CMS) [43] (hybrid interface) technique. The resulting basis consists of a trun-

cated set of tuned normal modes, tuned-system attachment modes, and constraint modes

for the mistuning components. However, this method results in prohibitively large mod-

els. Following their work, an approach to address large mistuning specifically in order
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to reduce the model size was proposed [44] . This method projects the blisk dynamics

onto a basis of tuned system modes compensated using quasi-static modes according to

a mode acceleration approach. The models obtained by this approach are much smaller,

but they do not consider small, random mistuning. Ganine et al. [45] added the small,

random mistuning to the static mode compensation (SMC) approach in a similar manner

to CMM [23]. This was followed by a study of the convergence properties of the SMC

technique and a suggestion for a new technique based on a Jacobi-Davidson correction of

the modes [46] . It was noted that SMC is most appropriate only when modes are closely

spaced and the FEM is not too large, whereas the Jacobi-Davidson had better convergence

for large scale FEM and regions where mode family interaction is important. A unique

approach was suggested by Sinha [47, 48] where tuned modes are chosen for the basis

based on proper orthogonal decomposition (POD) features. The ROM size generated by

that approach can be larger than SMC based ROMs since it is the product of the number of

tuned modes and the number of POD features, but the approach allows for the possibility

to model random large mistuning.

Mbaye et al. [49, 50] modeled the dynamics of blisks with intentional geometric mis-

tuning with the possibility of adding random mistuning [51]. In this approach, cyclic

symmetry analysis is applied to each individual sector to compute modes to be used in the

basis for reduction. Cyclic symmetry modes are then strategically assembled according

to the physical DOFs corresponding to each sector to build up each full mode shape. To

do this, it was necessary to introduce a modal scale factor to match phases and ultimately

modify the modes of each sector before compatibility was enforced on the interface. This

unique approach offers a convenient and efficient way to model a system that is intention-

ally geometrically mistuned.

The work of Mbaye et al. [49] focused on intentional mistuning, but lacked the gener-
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alization need to model all forms of large mistuning. The approach by Mbaye et al. [49]

used a modal scaling factor computed using the inner product between a nominal sector

and the sectors of the actual system. This factor cannot be directly applied to a system

having missing material because the number of DOFs do not match from sector to sector.

For systems with large bends, this factor could also lead to a false phase matching. This is

because the actual location of the DOFs between adjacent sectors are different. Also, each

of the cyclic modes for each sector are assembled for the same mode without additional

normalization. Hence, it is possible that the basis could be insufficient for certain systems

which have large parameter changes. Such an example is a case where only the modulus of

elasticity is changed for one entire sector. In this particular case, the mode shapes for the

modified sector would be the same as the nominal tuned sector. This would make the basis

in this approach precisely the tuned system modes. However, it is well known that the

mistuned system with a large enough change in modulus of elasticity cannot be modeled

using tuned system modes [23].

1.3 Dissertation Outline

Chapter II introduces a procedure for constructing a ROM referred to as an inverse

ROM (or IROM) that is well suited for solving the mistuning identification inverse prob-

lem. First, a quantitative metric is defined to characterize and rank the tuned system modes

with respect to their suitability for constructing IROMs. This metric is based on both sat-

isfying the assumptions made in the CMM ROM [23] and also on the sensitivity of the

modes to mistuning. This metric is then used to select the order of importance of the tuned

mode shapes to be included in the IROM. Then, the direct problem is solved using a larger

direct ROM (or DROM) with prescribed mistuning in order to interrogate and validate

the performance of various IROMs as modes are added. It is demonstrated that the use
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of DROM-generated surrogate data enables the rapid automatic construction of suitable

IROMs and improves the overall accuracy and robustness of mistuning identification.

Chapter III studies the key challenges of mistuning identification in higher frequency

regimes. Procedures are presented and evaluated for reduced-order modeling and mis-

tuning identification of blisks at frequency ranges beyond the first few families of blade-

dominated modes. First, a discussion is offered as to why it is unique to CMM-based

ROMs that one might identify mistuning in higher frequency ranges and how that has

important implications on the accuracy of predictions. Next, an iterative measurement

point selection technique is introduced to strategically select measurement points that are

sensitive to mistuning but insensitive to noise. To do this, the effective independence dis-

tribution vector (EIDV) [52,53] is used to evaluate measurement points. These are used in

an advanced surrogate data algorithm which simultaneously considers the best measure-

ment points for each IROM to be evaluated. It is shown that mistuning patterns can be

identified for higher mode families, and the mistuning pattern for each family is generally

unique when the physical mistuning is not uniform throughout each blade. Finally, given

unique mistuning patterns that have been identified, a formulation is introduced which can

relate these values to physical parameter variations in discrete locations of the blades.

Chapter IV introduces a Craig-Bamptom component mode synthesis (CB-CMS) [54]

ROM for modeling large mistuning in blisks. It is first demonstrated that using tuned

system modes as a basis for a system with large mistuning is insufficient. Then a CB-

CMS ROM is introduced where each sector of the blisk is considered to be a component

and the component interfaces are at sector-sector boundaries. This was demonstrated to

be an accurate basis for predicting the modes of the nominal rogue system. In addition, a

secondary reduction was suggested. This is also based on using CB-CMS and assuming

that some of the components from the first reduction can be combined. This provides
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additional reduction of the ROM dimensions, but allows for components associated with

the rogue sectors to remain unreduced. This makes it possible to rapidly exchange rogue

blades and generate a new ROM to be considered. Ultimately, the CB-CMS modes are

expanded to predict the full nominal rogue modes, which serve as the basis for projecting

the mistuned system. Finally, an extended CMM [23] procedure is used to add small

mistuning. It is extended by allowing the rogue DOFs from the nominal rogue system

modes to be projected onto rogue cantilevered blade modes instead of tuned cantilevered

blade modes.

Chapter V introduces a new reduced order modeling approach for both large and small

mistuning. First, a novel basis which makes use of a pristine, rogue, interface modal

expansion (PRIME) is introduced. The PRIME basis is a new basis composed of modes

computed only from cyclic symmetry analyses. By strategically projecting a finite element

model from the physical space onto the new basis, it is possible to accurately and efficiently

model large mistuning. It is then demonstrated that it is possible to generate this ROM

using only sector level quantities and therefore can be applied to highly refined, realistic

models of industrial size. In addition, it is demonstrated that the new method can account

for both large and small mistuning simultaneously using an extension of the component

mode mistuning approach [23]. Finally, the PRIME basis is modified to further reduce the

system and improve the conditioning of the basis.

Chapter VI offers a brief summary of contributions of the work in this dissertation, and

suggests ideas for future work.



CHAPTER II

Reduced-Order Model Construction Procedure for
Robust Mistuning Identification of Blisks

2.1 Introduction

Small deviations among the structural properties of the blades in an otherwise cycli-

cally symmetric bladed disk can result in significant changes to the forced response behav-

ior of the structure. These small blade-to-blade deviations, called mistuning, can arise due

to reasons such as manufacturing tolerances, general wear over the life cycle, and damage.

Mistuning has been shown to increase the forced response for a bladed disk which can be

a concern for high cycle fatigue. [4] Furthermore, due to mistuning, the cyclic symmetry

of the system is destroyed along with the possibility of using efficient cyclic symmetry

solvers to predict the vibration response. As a result, a large body of research exists on

constructing reduced-order models (ROMs) of mistuned bladed disk vibration based on

tuned system and/or component modes. [14, 16–18, 21–23].

With capabilities to model and study mistuning of bladed disks in place, several recent

research efforts have focused on the identification of the mistuning parameters using ex-

perimentally measured system response data. Such system-based mistuning identification

procedures are essential for the case of bladed disks manufactured as a single piece (called

blisks), because the blades cannot be separated from the disk and tested individually. Mis-

11
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tuning identification results can also be used for evaluating manufacturing processes and

identifying wear and damage during maintenance checks. Work in this area has ranged

from simple lumped parameter models [25, 26] to more involved reduced-order modeling

techniques [27–30, 32–36, 38, 39]. Judge et al. [27] found that the identified mistuning

parameters were sensitive to errors in the finite element model (FEM) or measurement

data. Later, Lim et al. [36] found that the identification results showed especially high

sensitivity to errors in the tuned system eigenvalues for the modes used in the ROM.

Sensitivity to the FEM and measurement data and their use in the ROM is the subject of

this work. Pichot et al. [41] recently presented a mistuning identification procedure where

the measured modes were filtered using the Best Achievable Eigenvectors [42] approach

in order to reduce the errors that occur in the measurement data. The work presented

here considers the component mode mistuning (CMM) approach to mistuning identifica-

tion [36,38] and explores ways to enhance the procedure given the modeling technique and

the limitations of the experimental portion of the approach. In order to select tuned system

normal modes that will best fit the assumptions of the CMM approach, a parameter based

on cantilevered blade participation factors and blade-disk interface motion is introduced.

Using modes selected as favorable for the ROM according to this parameter can result in

increased accuracy for the mistuning identification procedure. In this work, a procedure is

introduced for constructing a ROM referred to as an inverse ROM (or IROM) that is well

suited for solving the mistuning identification inverse problem. Also, representing the

mode shapes using a limited number of measured degrees of freedom (DOF) is accounted

for because of the likely possibility that the corresponding modal matrix is rank deficient.

Limitations for the types of mode shapes that can be used are discussed. Finally, a method

is presented that can be used to determine a suitable IROM size. By using an assumed

mistuning pattern, a forward problem can be formulated and used to generate surrogate
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data, which are then used to identify the mistuning in the inverse problem and thus assess

the accuracy of the IROM.

2.2 Theory

2.2.1 Background: Mistuning Identification and Model Updating Based on the CMM
Method

Consider the equations of motion in the frequency domain for an elastic structure with

structural damping, expressed as

−ω2Mx + (1 + jγ) Kx = f , (2.1)

where ω is the response frequency, γ is the structural damping constant, and f is harmonic

forcing. If the structure of interest is a mistuned bladed disk or blisk, the CMM method

developed by Lim et al. [22, 23] can be implemented. The CMM procedure treats the

tuned system as a free-interface component and the mistuned portions of the system are

treated as fixed-interface components. Using component mode synthesis (CMS) [43, 55],

the following is obtained for the tuned system

µs =

 I ΦsT MsΨs

ΨsT MsΦs ΨsT MsΨs

,

κs =

 Λs ΦsT KsΨs

ΨsT KsΦs Ψs
A

 , (2.2)

xs =

 Φs
O Φs

O

Φs
A Φs

A


 psΦ

psΨ

 ,

where µs and κs are reduced mass and stiffness matrices of the tuned system, psΦ and psΨ

are modal coordinates, O and A refer to omitted and active (where mistuning exists) DOF,

respectively, and s denotes the tuned system. Also, Φs and Ψs are the tuned system normal
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modes and constraint modes corresponding to mistuned DOF, respectively, while Ms and

Ks are the tuned mass and stiffness matrices. The mistuned portion is represented only as

constraint modes because all of the mistuning DOF are considered interface DOF so that

µδ = Mδ,

κδ = Kδ, (2.3)

xδ = xδΨ .

Here, δ denotes the mistuned portion of the system, and Ψ indicates the modal coordinates

associated with the interface DOF. The CMS synthesized equations follow as

µsynCMS = µs +

 ΦsT

A MδΦs
A ΦsT

A MδΨs
A

ΨsT

A MδΦs
A ΨsT

A MδΨs
A

,

κsynCMS = κs +

 ΦsT

A KδΦs
A ΦsT

A KδΨs
A

ΨsT

A KδΦs
A ΨsT

A KδΨs
A

 , (2.4)

psynCMS =

 psΦ

psΨ

 .

Next, one assumes that the tuned system modes used in the ROM have natural frequencies

from within small frequency band. According to work by Yang and Griffin [18, 56], this

suggests that the mistuned normal modes are also in a small frequency band and there-

fore can be represented by a small set of tuned system normal modes in the frequency

range of interest. This implies that other normal modes and static modes can be ignored.

Equation 2.4 leads to a reduced order formulation expressed as

µsyn = I + ΦsT

A MδΦs
A,

κsyn = Λs + ΦsT

A KδΦs
A, (2.5)

psyn = psΦ = p.
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Combining Eq. 2.1 with Eq. 2.5 and neglecting mass mistuning (Mδ) yields

−ω2p + (1 + jγ)
[
Λs + ΦsT KδΦs

]
p = ΦsT f . (2.6)

In Lim et al. [36, 37], an additional term was added to this equation to account for the

difference between the parent tuned system FEM and the virtual tuned system of an actual

bladed disk. This term allows the tuned FEM to be updated using the mistuning procedure

in order to more closely match the tuned portion of the actual bladed disk being examined.

Adding this term to Eq. 2.6, one obtains

−ω2p + (1 + jγ)
[
Λs + ΦsT

(
Kδ,s + Kδ

)
Φs
]

p = ΦsT f ,

(2.7)

−ω2p + (1 + jγ)
[
Λs + Λδ,s + ΦsT KδΦs

]
p = f s,

where Λδ,s is the matrix of deviations of the system eigenvalues from those assumed, and

Kδ,s is the deviation of the nominal tuned system stiffness matrix from that of the actual

tuned system. The term ΦsT KδΦs corresponds to the mistuned portion of the stiffness

matrix. It should be noted that this term is not decoupled/diagonalized using this modal

decomposition. In order to decouple this portion of the equation and to further reduce the

model, the blade portion of the system normal modes, Φs is represented using a basis of

cantilevered blade normal modes denoted by Φcb. Furthermore, in these coordinates, the

off-diagonal terms are considered negligible [37]. Assuming that Φs = Φcbq (where q

are participation factors between the cantilevered blade modes and the blade portion of the

tuned system mode), Eq. 2.7 can be written as

−ω2p + (1 + jγ)
[
Λs + Λδ,s + qTΦcbT KδΦcbq

]
p = f s,

(2.8)

−ω2p + (1 + jγ)
[
Λs + Λδ,s + qTΛδ,cbq

]
p = f s.
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Eq. 2.8 can be rearranged as follows

(1 + jγ)
[
Λδ,s + qTΛδ,cbq

]
p = f s + ω2p− (1 + jγ) Λs,

or

(1 + jγ)
[
Λs
(
Λs−1

Λδ,s
)

+ qTΛcb
(
Λcb−1

Λδ,cb
)

q
]

p = f s + ω2p− (1 + jγ) Λs. (2.9)

Since p is a complex quantity, it can be written as p = pr + jpi. Substituting this into

Eq. 2.9 and using (1 + jγ) (pr + jpi) = (pr − γpi) + j (pi + γpr) yields

[
Λs
(
Λs−1

Λδ,s
)

+ qTΛcb
(
Λcb−1

Λδ,cb
)

q
]

[(pr − γpi) + j (pi + γpr)] =

(2.10)

f s + ω2 (pr + jpi)−Λs [(pr − γpi) + j (pi + γpr)] .

Eq. 2.10 can be split into two equations corresponding to real and imaginary parts as

Λs
(
Λs−1

Λδ,s
)

(pr − γpi) + qTΛcb
(
Λcb−1

Λδ,cb
)

q (pr − γpi) =

f s + ω2pr −Λs (pr − γpi) ,

(2.11)

Λs︸︷︷︸
ac1

(
Λs−1

Λδ,s
)

(pi + γpr)︸ ︷︷ ︸
ac2

+ qTΛcb︸ ︷︷ ︸
as1

(
Λcb−1

Λδ,cb
)

q (pi + γpr)︸ ︷︷ ︸
as2

=

ω2pi −Λs (pi + γpr)︸ ︷︷ ︸
b

.

The diagonal matrices associated with quantities to be identified are organized into column

vectors and the rest of the equation is reshaped accordingly. The final matrix equation is

represented by [
Ac As

] dcyc

dmist

 = b, (2.12)

where dcyc = diag
[
Λs−1Λδ,s

]
, dmist = diag

[
Λcb−1

Λδ,cb
]
, while matrices Ac and As are

comprised of a reorganized version of ac1 and ac2, and of as1 and as2.
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2.2.2 Selection Ratio (SR)

The CMM approach to mistuning identification presented in the previous section as-

sumes that the system modes have certain properties typically present in blisks in fre-

quency ranges with high modal density and blade-dominated motion. Therefore, a pa-

rameter called the selection ratio is introduced here to categorize modes according to how

closely they match the assumptions and thereby how well they model the system.

One assumption is that the blade motion in the system modes of interest can be rep-

resented using a linear combination of cantilevered blade modes, that is Φs = Φcbq. In

order to check this assumption, the participation of the cantilevered blade normal mode(s)

in the current system normal mode is computed. The participation factor with respect to

the stiffness matrix for each blade in the system forms the matrix

qcbΦ = (F⊗I) B̃diag
h=1,...,P

[
q̃cbh
]
, (2.13)

where B̃diag
h=1,...,P

[·] indicates a pseudo-block diagonal matrix, F denotes the real-valued Fourier

matrix, and

q̃cbh =
[
Λcb
]−1
(
ΦcbTKcbΦs

)
(2.14)

is the participation of the cantilevered blade normal modes in the cyclic system normal

mode for harmonic h [22]. The matrix Λcb contains the cantilevered blade eigenvalues

and the matrix Kcb is the stiffness matrix for the cantilevered blade. Large participation

factors for each blade indicate that the motion of the blade in the system normal mode is

well represented by the motion of the cantilevered blade normal mode and would be an

advantageous choice to use in the ROM for the mistuning problem.

A second assumption in the CMM formulation of the mistuning identification problem

is that the displacements at the interface between the blade and the disk are small for the

system modes used in the ROM. These displacements can be written as Φs,Γ , where Γ
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denotes the boundary between the blades and the disk. If this motion is small relative to

the motion of the blades for a given system normal mode, then this mode is a favorable

choice for the IROM used for mistuning identification.

Using these two assumptions, a new criterion is formed to effectively evaluate the

candidate system normal modes for the IROM used for mistuning identification. This

criterion, called the Selection Ratio (SR), is defined as

SRj =
‖qcbΦ,j‖
‖Φs,Γ

j ‖
, (2.15)

where j denotes the j th system normal mode. This parameter accounts for the two as-

sumptions inherent to the CMM formulation of the mistuning identification problem that

have been identified as important for the mistuning identification procedure. System nor-

mal modes with large SR values agree favorably with both of the noted CMM assumptions

and therefore would be good candidates for the IROM used for mistuning identification.

Although the SR was derived specifically for the CMM approach to mistuning identifi-

cation, it has a more general interpretation as well. For solving the mistuning identification

problem, which is an inverse problem, the ROM should ideally contain only modes that

show sensitivity to mistuning. In other words, any mode of the tuned system that would not

be changed much by the mistuning is not helpful for solving the mistuning identification

problem. Now, consider that the numerator of the SR is related to how strongly a change

in a cantilevered blade eigenvalue (i.e., mistuning) affects the system eigenvalue, and the

denominator of the SR is related to the strength of the blade-to-disk (and thus blade-to-

blade) coupling. Thus, the SR is essentially a mistuning-to-coupling ratio for each system

mode. It has been shown by Hodges [2] that the degree of mode localization increases

monotonically with an increase in the mistuning-to-coupling ratio. Therefore, the SR is

a metric that provides a quantitative assessment of the sensitivity of each system mode to
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blade mistuning. It is believed that similar metrics could be used with other mistuning

identification techniques.

2.2.3 Physical to Modal Transformation

The CMM approach to mistuning transforms the analysis from physical to modal co-

ordinates in order to reduce the model size. In general, consider the transformation from

physical coordinates x to modal coordinates p expressed as

x = Φsp. (2.16)

In order to reduce the model size, the matrix of tuned normal mode shapes Φs is truncated.

Typically, this truncation simply depends upon the frequency range of interest. The physi-

cal coordinates and tuned normal mode shapes are known, and the modal coordinates must

first be found from Eq. 2.16, which is a least squares problem (since Φs is truncated).

Measuring very many points per blade is prohibitively expensive. Hence, the mistun-

ing identification procedure is based on experimentally measuring the vibration at only a

few points on each blade. These measurement points also correspond to the DOF kept in

the modal matrix used for the entire procedure. In this work, the measurement points are

chosen using the Effective Independent Distribution Vector (EIDV) procedure introduced

by Penny et al. [53]. Using a selected basis of tuned system normal modes, the EIDV

algorithm selects DOF from a candidate set that will result in the modes being most distin-

guishable. It has been shown that the mistuning pattern can be effectively identified using

as few as one point per blade [39]. Such a restrictive limit on the number of measured

points introduces additional restrictions on the modes that can be used in the IROM. To

correctly solve for p using Eq. 2.16, the number of measured DOF on the structure must be

greater than or equal to the number of tuned system normal modes. Otherwise, the modal

matrix, Φs, with the reduced number of DOF is rank deficient and that can adversely affect
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the mistuning identification results.

It should be noted that the modal matrix may become rank deficient even when it has

more measurement points than system normal modes, i.e., in cases where multiple system

normal modes cannot be distinguished with the given set of measurement points. An

example of such a situation occurs in the case when only one point per blade is measured

and different tuned system normal modes having the same number of nodal diameters are

kept in the IROM. In this case, only one point is not enough to distinguish the modes with

the same nodal diameter content, and therefore the modal matrix is rank deficient. In such

a case, more DOF per blade must be used to achieve a modal matrix with full rank.

2.2.4 Solution of Known Mistuned Eigenvalue Problem to Generate Numerical Re-
sults

Sections 2.2 and 2.2 discussed ways of evaluating tuned system normal modes that

are used as a basis for the mistuning identification procedure. With experience, a modeler

could choose an appropriate ROM for the mistuning identification problem. In order to

increase robustness and reduce the modeling expertise required to build a ROM for per-

forming mistuning identification, a procedure to automatically construct an appropriate

IROM is presented next.

Consider Eq. 2.8. Lim [37] suggested that, if damping is small and measurements are

taken at resonant frequencies, then f s and γ can be set to zero. This results in

−ω2p +
[
Λs + Λδ,s + qTΛδ,cbq

]
p = 0, (2.17)

which can be viewed as an eigenvalue problem with ω as the eigenvalue and p as the

eigenvector.

Here, it is suggested to first generate a blade stiffness mistuning pattern, Λδ,cb
gen, and

the cyclic model updating pattern, Λδ,s
gen. It should be noted that the normalization of
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the eigenvalue changes by the nominal eigenvalues typically associated with mistuning

has been dropped for convenience. At this point, the eigenvalue problem is solved for p

using the generated mistuning pattern, Λδ,cb
gen and Λδ,s

gen. Note that the values of p must be

perturbed in order to avoid a trivial solution where any IROM will give accurate results

for the mistuning parameters. The solutions, ω and p, are then used as surrogate data

in Eq. 2.17 (inverse problem) where the blade stiffness mistuning, Λδ,cb, and the cyclic

model updating, Λδ,s, are no longer considered known. This formulation represents the

typical mistuning identification (inverse) problem, which can be solved for the mistuning

parameters denoted by Λδ,cb
id and Λδ,s

id . Of course, an exact identification gives Λδ,cb
id = Λδ,cb

gen

and Λδ,s
id = Λδ,s

gen. Here, gen stands for generated mistuning parameters that are used

to solve the direct problem, and id stands for the mistuning parameters identified in the

inverse procedure.

With perturbed values of p, different IROMs can be evaluated by comparing the gener-

ated mistuning parameters with those solved by the mistuning identification procedure. By

generating a mistuning pattern and solving for surrogate measurement data as suggested

above, a mistuning pattern can be identified using the IROM. An error can be associated

with the difference between the known and the identified values as ‖ Λδ,cb
gen −Λδ,cb

id ‖2
and

‖ Λδ,s
gen −Λδ,s

id ‖2
for the blade stiffness mistuning and the cyclic modeling error. Using

these error metrics, the effectiveness of various IROMs for identifying mistuning parame-

ters can be evaluated.

2.3 Effect of IROM on Mistuning Parameter Identification

It is not necessarily simple to select the best IROM for the identification of mistuning

parameters. Certain modes are less compatible with the assumptions made in the CMM

formulation of the mistuning identification procedure. As mentioned in Section 2.2, a



22

Figure 2.1: FEM of the blisk with 24 blades.

method of evaluating the suitability of various modes for the IROM has been developed.

Also, the limited number of measurement points used for obtaining forced response data

(which also corresponds to the DOF used to represent the tuned system normal modes in

the IROM) has a significant impact on which modes should be selected for the mistuning

identification procedure.

In this work, we use a 24-bladed disk (shown in Fig. 2.1) for validations. Only the first

flexural cantilevered blade mode is used in the mistuning procedure, and the candidate

tuned system normal modes come from the 0-5000 Hz frequency range, which envelopes

the first flexural blade mode family as can be seen in the frequency versus nodal diameter

plot in Fig. 2.2. The surrogate measurement data used in this section is comprised of

the vibration response measured at each system resonance for a given frequency sweep.

The surrogate measurement data is generated numerically using single-point harmonic

excitation applied at blade 1.
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Figure 2.2: Natural frequencies versus nodal diameters for the blisk.

2.3.1 Selection Ratio

In Section 2.2, the SR factor was presented to evaluate the tuned system normal modes

that are candidates for the IROM used for mistuning identification. Using a sector of the

FEM, the tuned system normal modes are computed in cyclic coordinates. Using only

these modes, the SR values are computed for each mode. The modes are then ranked

according to their SR values, with the highest SR value corresponding to most favorable

mode. Thus, IROMs of increasing size can be constructed using this mode ordering. That

is, at each iteration, the tuned system normal mode with the highest available SR value is

added to the IROM. Figure 2.3 shows the mode shapes in the frequency range from 0 to

5000 Hz, which are most closely related to the first flexural cantilevered blade mode. It

can be seen in Figs. 2.3(a) and 2.3(b) that the higher nodal diameter modes tend to have

higher participation factors and smaller blade-disk interface motion. This indicates that

these modes have more blade-dominant motion, whereas modes at lower nodal diameters

(in the veering region) have significant disk motion. The blade-dominant modes typically
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have the largest SR values. These SR values are shown in Fig. 2.3(c) where the size of

each circle denotes the SR value, and the numbers indicate the SR-based mode ordering.

Figure 2.4 depicts the information in Fig. 2.3(c) in a way that more clearly shows the SR

values. In particular, the modes with low SR values, below the dotted line at SR value of

0.1, should not be used for constructing the IROM for mistuning identification.

The importance of the IROM construction with respect to yielding accurate mistuning

identification results can be seen in Figs. 2.5 and 2.6. The measurement data used was from

the frequency range 0-5000 Hz. The results from the mistuning identification formulation

presented in this work (denoted by MistID) are compared with FEM values computed us-

ing ANSYS R©. Figure 2.5 shows the blade stiffness mistuning, Λδ,cb and cyclic modeling

error, Λδ,s, in the case where all of the modes in the 0 to 5000 Hz frequency range are used

in the IROM. Figure 2.5(a) shows that the general pattern of mistuning is not captured.

Similarly, the cyclic modeling error values shown in Fig. 2.5(b) exhibit extremely large

errors compared to their exact value of 0.01.

Figure 2.6 shows the mistuning identification results using a model that contains only

the 15 modes that have SR values above the threshold value of 0.1 (see Fig. 2.4). It is clear

that the results for both blade stiffness mistuning shown in Fig. 2.6(a) and cyclic modeling

error shown in Fig. 2.6(b) have improved significantly from those shown in Fig. 2.5. These

results indicate that the automatic mode selection based on SR values performed well in

this case.

It should also be noted that the SR values provide useful information about the tuned

system modes in general. Under the assumption that the blade motion in the system modes

of interest can be represented using a cantilevered blade mode or combination of a few

modes, one can determine to which family of blade modes the system mode belongs. In

Fig. 2.3(a), the cantilevered blade mode used to compute the participation factors was the
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(b) Interface motion factors.
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(c) Selection ratio (SR) factors. Numbers denote the mode selection order.

Figure 2.3: Parameters for IROM selection. The diameter of each circle indicates the mag-
nitude of the parameter.
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Figure 2.4: SR values versus natural frequency.
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Figure 2.5: Parameters for model updating using 36-DOF IROM (all modes in 0-5000 Hz).

first flexural blade mode. Therefore, the modes that belong to the first flexural blade mode

family are shown by larger circles in Fig. 2.3(c). The interface motion in Fig. 2.3(b) helps

to adjust the selection ratio to show modes that most closely fit in that blade mode family.

2.3.2 Restriction on Nodal Diameter Representation based on a Limited Measure-
ment Points

One key consideration while choosing the IROM for mistuning identification is the

rank of the modal matrix containing the tuned system normal modes. This matrix can be

rank deficient because only DOF physically measured on the structure are used to represent
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Figure 2.6: Parameters for model updating using 15-DOF IROM (modes in 0-5000 Hz
with SR value above 0.1).
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Figure 2.7: Mode ordering based strictly on SR values.

the mode shapes. For example, the matrix can become rank deficient when trying to

distinguish between modes having the same nodal diameter when too few measurement

points are used.

Figure 2.7 depicts the selection order of the mode shapes represented using only one

measurement point per blade contained in the 1900-5000 Hz frequency range. The order-

ing of these modes is based strictly upon the SR values. It should be noted that the 23rd

and 24th modes are the second mode pair added for the first nodal diameter. However, it is

not until the 25th and 26th modes that the third nodal diameter is represented.

The rank of the modal matrix, given one measurement DOF per blade, is tracked in
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Figure 2.8: Mode ordering based on both SR values and nodal diameter content.

0 5 10 15 20 25 30
0

10

20

30

Number of System Modes

R
an

k

(a) One measurement DOF per blade.

0 5 10 15 20 25 30
0

10

20

30

Number of System Modes

R
an

k

(b) Two measurement DOF per blade.

Figure 2.9: Rank of the modal matrix as the IROM is built up by adding modes based
strictly on the SR values.

Fig. 2.9(a) as it is built up using the mode shapes ordered as shown in Fig. 2.7. Upon ad-

dition of the 23rd mode to the IROM, the modal matrix becomes rank deficient. However,

in Fig. 2.9(b), where two measurement DOF per blade are used, the modal matrix does

not become rank deficient. In contrast to Fig. 2.7, the plot in Fig. 2.8 shows the ordering

of the tuned system normal modes based upon the SR values with the exception of modes

that would cause duplicity of the mode or mode pair for a given nodal diameter. Any mode

or mode pair that would be the second for a given nodal diameter is not added until each

nodal diameter has been represented by a mode or mode pair. As opposed to the ordering

in Fig. 2.7, the ordering in Fig. 2.8 for the 23rd and 24th modes has changed to be at nodal
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Figure 2.10: Rank of the modal matrix as the IROM is built up by adding modes based on
both the SR values and nodal diameter content.

diameter 3, which was previously only represented with the 25th and 26th modes.

The benefit of this selection procedure is that with one measurement point per blade

(24 total measurement points), modes with differing nodal diameter content are far more

distinguishable, and therefore will not result in a rank deficient matrix. This is shown in

Fig. 2.10(a) where it is clear that the rank deficiency occurs at mode 25 which is the first

mode added that duplicates a nodal diameter. Using the algorithm that ensures that all

nodal diameter content is represented before duplicating nodal diameter modal content is

recommended because of the limited number of DOF used to represent the mode shape.

It can be seen in Fig. 2.10(b) that using a second measurement DOF per blade generates a

modal matrix with full rank. In general, the restriction of nodal diameter content of modes

can be eliminated by measuring more DOFs per blade than the number of modes or mode

pairs of a given nodal diameter that will be used in the IROM.

2.4 Evaluation of the Inverse ROM by Prescribing Surrogate Data

The results in Section 2.3 and show that IROM selection can be improved using the

ideas presented in Sections 2.2.2-2.2.3. However, an arbitrary lower threshold value of 0.1

for the SR values was used to determine the size of the IROM. This requires experience
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to generate an input to the procedure. Following the analysis presented in Section 2.2.4, a

more systematic and automatic method for selecting the IROM size is further examined.

Figure 2.11 shows a flowchart of the procedure that makes use of the analysis of Sec-

tion 2.2.4. The first step involves generating (i.e. prescribing) a mistuning pattern. It

would generally be advisable to select a random mistuning pattern that has roughly the

same level of mistuning that is expected in order to most effectively evaluate the IROMs

used for mistuning identification. At this point, it is important to distinguish between a

ROM used to solve the direct problem (direct ROM or DROM) and a ROM used to solve

the inverse problem (inverse ROM or IROM). The accuracy of the DROM with respect to

the parent FEM increases monotonically as modes are added. Therefore, a DROM con-

structed from all the available modes in a given frequency range can be used in place of the

FEM for solving the direct problem and generating the test data for a prescribed mistuning

pattern. In contrast, the accuracy of the IROM does not increase monotonically as modes

are added due to the nature of the least squares approximations used in Eq. 2.16 and in the

solution of the inverse identification problem.

The generated/prescribed mistuning pattern is then plugged into the DROM where all

of the modes for a given frequency range are employed. The governing equation for the

DROM can viewed as an eigenvalue problem where the eigenvalue is ω and the eigen-

vector is p. Solving for the eigenvalue and eigenvector yields preliminary surrogate data.

Before this data can be used as surrogate measurement data, the eigenvector is perturbed.

This avoids the trivial solution when the inverse problem is solved. If the data generated

is unperturbed, all possible IROMs will yield nearly the same results and the identified

mistuning will match with the generated mistuning with negligible error. Once the noise

is added, the surrogate test data set is formed of perturbed eigenvectors and unperturbed

eigenvalues of the DROM. This surrogate data is then plugged into the IROM, where the
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Figure 2.11: Flow diagram for IROM evaluation using surrogate data.

mistuning parameters are unknown. The IROM is made of a subset of the modes used

in the DROM. Using the IROM with the surrogate data, a mistuning pattern can be com-

puted. This mistuning pattern can be compared to the generated/prescribed mistuning

pattern using the error presented in Section 2.2.4. After the error is evaluated, additional

modes are added to the IROM and another mistuning pattern is generated. The new re-

sulting error can be computed. If the error reaches a minimum or a satisfactory level, the

IROM selection is complete. This IROM can then be trusted to identify mistuning from

real measured data. In this manner, the performance of various IROMs can be evaluated

quantitatively while working only within the reduced-order modeling framework, and the

IROM construction procedure can be fully automated.

In this section, the frequency range for possible mode shapes is 0-5000 Hz. The fre-

quency range for measurement data is 1900-2160 Hz. Figure 2.12 shows absolute error

results obtained by comparison of the known mistuning from FEM and the mistuning val-

ues generated using the mistuning identification procedure. First, the benefit of using the

SR-based mode ordering is clear, as both stiffness mistuning and cyclic modeling error
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have smaller absolute error when the SR values are used. The detailed view of the stiff-

ness mistuning in Fig. 2.12(a) shows that the error is suitably low in the range of 15–24

modes. However, the goal is to be able to predict what IROM will produce low absolute

error without knowing the solution from a FEM.

For the direct problem, the level of perturbation to the eigenvectors p to produce the

surrogate data was ±1% of p. Figure 2.13 shows absolute error results obtained by com-

parison of the known mistuning from obtained by solving the direct problem with a larger

DROM and a prescribed mistuning pattern as detailed in this section and the mistuning

values generated using the mistuning identification procedure. From the plots in Fig. 2.13,

it is evident that the general trends of absolute error can be predicted using a larger DROM

for reference. According to Fig. 2.13(a), relatively low absolute error occurs for SR-

ordered IROMs of size 13 through 19. Figure 2.14 shows the absolute errors for the direct

problem, but with additional information about the blades. The sensitivity to modeling

errors in the inverse problem is not uniform across all blades. So, it is possible for the

error to be affected by the mistuning pattern. However, we observed that in general the

error does not change significantly. This predicts that the selected IROM is a good choice

for the mistuning identification procedure with respect to stiffness mistuning. Similar to

the plot in Fig. 2.12(b), Fig. 2.13(b) shows steadily increasing values of absolute error.

Therefore, these results indicate that the error trends could be used to determine an IROM

size that yields robust and accurate mistuning identification results.

2.5 Conclusions

Techniques to more effectively identify mistuning parameters of blisks using the CMM

approach to mistuning were presented. A quantitative metric, the SR value, was introduced

to systematically evaluate the tuned system modes used for forming the IROM in the CMM
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Figure 2.12: Absolute error of model updating parameters by comparison with known
FEM values with identified values obtained by adding candidate modes in
the 0-5000 Hz range.
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Figure 2.13: Absolute error of model updating parameters by comparison with known val-
ues obtained using a DROM with identified values obtained by adding candi-
date modes in the 0-5000 Hz range.
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Figure 2.14: Absolute Error of Blade Stiffness Mistuning Across 24 Blades.

approach to mistuning identification. The SR values take into account the two assumptions

made in the CMM technique, namely that the cantilevered blade normal mode shapes are

similar to the blade portion tuned system normal mode shapes and that the blade-disk

interface motion is small compared to the cantilevered blade motion. The SR values are

generated using only information from the tuned system normal modes generated from the

tuned FEM. Using these SR values, an effective IROM can be formed using tuned system

normal modes. Using IROMs without ordering modes according to SR values can result

in inaccurate mistuning identification. For these same cases, ordering modes according

to the SR values leads to accurate mistuning parameters. Therefore, using this metric

to select modes for the IROM can dramatically improve the accuracy of the mistuning

identification results. It was also noted that these SR values could be used to categorize

modes in a quantitative fashion according to blade mode families.

The effect of using a limited number of measurement points to represent the forced

response and modes shapes was also considered. Because the current mistuning identifi-
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cation formulation is intended for use with experimental data, tuned system mode shapes

are represented with a reduced number of DOF. This places a limitation on the number and

type of tuned system modes that can be used in the IROM for mistuning identification. If

there are not enough measurement points, the reduced modal matrix is rank deficient. An

important example of such rank deficiency occurs when representing modes having the

same nodal diameter content, as demonstrated in this paper. To use multiple modes with

the same nodal diameter content, it was shown to be necessary to use more measurement

DOF per blade than the number of modes (in the ROM) which have the same nodal diam-

eter.

In addition, a novel technique has been developed to determine automatically a suitable

IROM size for solving the mistuning identification inverse problem. The approach is to

prescribe a blade mistuning pattern and compute surrogate measurement data numerically

using a larger ROM for the direct problem. This measurement data is produced by solving

the forward problem and then perturbing the solution before plugging it into the inverse

solver. The inverse formulation assumes that the mistuning is unknown and the IROM

used is a subset of the ROM used for the direct problem. The solution to the inverse

problem can then be compared directly to the prescribed mistuning pattern in order to

check the performance of the IROM as modes are added. The results presented show that

this process enables the automated construction of an IROM, and thus improve the overall

accuracy and robustness of the mistuning identification. Furthermore, the automation of

the procedure guarantees a systematic identification that does not demand the expertise

that other current procedures require.



CHAPTER III

Mistuning Identification of Blisks at Higher Frequencies

3.1 Introduction

Structures that consist of a cyclic assembly of identical substructures are said to pos-

sess cyclic symmetry. The design of a single stage of a turbomachinery rotor, or bladed

disk, typically features cyclic symmetry. Using cyclic symmetry routines in commercial

finite element software enables one to analyze the entire bladed disk using a model of only

one sector, which results in considerable reduction of computational costs. However, there

are always small structural deviations among blades, called mistuning. Although mistun-

ing is typically small (e.g., blade-alone natural frequency variations of up to about 5%),

it can lead to a dramatic increase in the maximum blade stress, and is a major driver for

high cycle fatigue in turbine engines. From a modeling perspective, mistuning destroys

the cyclic symmetry, such that the full bladed disk needs to be modeled. Therefore, several

efficient approaches for reduced-order modeling of mistuned bladed disks have been de-

veloped [14, 16–18, 21–23, 47]. Two groups of approaches are component based reduced

order modes, [14, 16, 17] and models where the system is projected onto a subset of tuned

system modes [18, 21]. Other approaches offer more flexibility in modeling and provide

the possibility of modeling non-proportional mistuning [22,23,47]. Specifically, a method

by Lim et al. [22,23] suggested a component based technique where the components con-

37
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sist of the tuned and mistuned portions of the system which are projected onto the modes of

the tuned system. More recently, a reduced order model (ROM) based on choosing tuned

modes which have been perturbed based on proper orthogonal decomposition features was

presented [47].

Many of these ROMs treat mistuning as a variation in natural frequencies for one or

more modes of an isolated blade. That is useful because for bladed disks with inserted

blades, one can measure the natural frequencies of manufactured blades directly. How-

ever, this is not possible with integrally bladed disks (blisks), which are becoming more

prevalent in newer and next-generation engines. For blisks, several mistuning identifica-

tion methods have been developed that use experimental response data for the full blisk

in order to extract individual blade mistuning parameters. These methods range from

techniques based on lumped parameter models [25, 26] to more advanced approaches re-

quiring information from a finite element model [27–40]. Lim et al. [36] and Sinha et

al. [40] present identification techniques that are flexible enough to identify the proper-

ties of blisks that are not restricted to proportional mistuning. The difference between

these techniques is that the former identifies blade mistuning whereas the latter directly

identifies the parameters of the mistuned system.

The combination of work on modeling and identification of mistuning in blisks has

made it possible to accurately model blisks at a fraction of the computational cost com-

pared to finite element analysis. However, in general, the current techniques have only

been validated for predictions in lower frequency ranges. Most reduced-order modeling

methods to date have not addressed the issues specific to mistuning in higher frequency

ranges. In fact, some methods are specifically formulated for isolated, lower-frequency

families of blade-dominated modes [34]. One exception is the component mode mistun-

ing (CMM) method developed by Lim et al. [22,23], which allows different mistuning pat-
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terns for different blade-alone modes. The method was validated numerically for a higher

frequency range with two overlapping families of blade-dominated modes [23]. However,

the CMM-based mistuning identification method [36–38] has only been validated in lower

frequency ranges.

This work is an extension of previous results of the authors [57] on improving ro-

bustness of the CMM-based mistuning identification technique. The previous results con-

sidered only lower frequency regimes. The focus of this work is to extend CMM-based

mistuning identification to higher frequency ranges. There are several additional chal-

lenges that arise as a result of higher frequency ranges. For example, the topology of

the blade motion can become complicated, unlike the more uniform blade motion seen at

lower frequencies. Considering the need to gather experimental data for mistuning identi-

fication techniques, extra emphasis must be placed on optimally choosing the locations on

the blade where measurements should be taken. Also, as the blade motion is less uniform,

capturing mistuning associated with physical parameter variations localized in a small por-

tion of the blade can become sensitive to the modes used in the ROM and to the specific

points where measurements are collected. Furthermore, isolated blade mode families of

high modal density no longer exist. The existence of these regions is a key in obtaining

simple ROMs to be used for the inverse problem in the low frequency ranges because these

regions are quite sensitive to parameter variations in the system. The absence of these re-

gions in the high frequency ranges increases the need to strategically select a ROM and

measurement data that offers sensitivity to mistuning. This challenge is addressed in this

paper by a novel approach.

The work is organized as follows. First, this work tackles the issue of selecting mea-

surement points to use for mistuning identification which considers the vibration of smaller

regions of the blade for higher modes. To this end, the effective independence distribution
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vector (EIDV) [52, 53]method is used in an iterative approach to identify measurement

points that yield the highest accuracy for mistuning identification given a limited amount

of measurement data to be collected. Second, this work considers the identification of

multiple mistuning patterns for the same blisk in different frequency ranges. Demonstrat-

ing that the mistuning identification method can identify such multiple mistuning patterns

ensures that the appropriate mistuning parameters can be identified for the realistic case of

non-uniform physical mistuning in each blade. Finally, a novel approach to identify phys-

ical parameter variations using the multiple mistuning patterns identified is presented.

3.2 Theory

3.2.1 Component Mode Mistuning Overview

The basic ROM used for the mistuning identification procedure is CMM [23]. The

CMM model uses hybrid interface component mode synthesis (CMS). The formulation

uses the nominal tuned system as a free interface component and a virtual substructure that

represents the mistuned portion of the system which is a fixed interface component. The

interface is defined as all degrees of freedom (DOF) which contain mistuning (specifically

those DOF on the blades). Using the results of Yang and Griffin [56] which suggested that

mistuned modes in a range of high modal density can be represented by tuned modes in

the same region, it is possible to ignore the static modes of the synthesized equations. This

results in the following simplified model that contains only system modes as a basis

−ω2p + (1 + jγ)
[
Λs + Λδ,s + ΦsTKδΦs

]
p = f s. (3.1)

The variable p is the modal amplitude coordinate, Λδ,cb are the deviations of the can-

tilevered blade eigenvalues from the tuned and mistuned models, q are the participation

factors of the cantilevered blade modes in the blade portion of the tuned system modes,

and f s is the modal forcing. The diagonal matrix Λδ,s contains the differences in the eigen-
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values of the assumed nominal tuned system and the actual tuned system as suggested in

Lim et al. [36, 37], and is referred to as cyclic modeling error. Equation 3.1 has a di-

mension equal to the number of tuned system modes used as a basis for the ROM. This

equation can be simplified by assuming that the blade portion of the tuned mode shapes

can be represented as a linear combination of cantilevered blade mode shapes as follows

−ω2p + (1 + jγ)
[
Λs + Λδ,s + qTΦcbTKδΦcbq

]
p = f s,

(3.2)

−ω2p + (1 + jγ)
[
Λs + Λδ,s + qTΛδ,cbq

]
p = f s,

where q represents the participation the cantilevered blade mode shape in the system blade

mode shape, and Φcb are the cantilevered blade modes shapes. The change in the can-

tilevered blade eigenvalues between the tuned and mistuned blisks is Λδ,cb.

The use of cantilevered blade mode shapes to represent the blade portion of system

modes implies that mistuning appears in the equations as Λδ,cb. This also means that

one tuned system normal mode (blade portion) can be represented as a linear combina-

tion of multiple cantilevered blade mode shapes. At lower frequencies, modes tend to be

closely spaced in frequency, and the blade motion can be well represented by the can-

tilevered blade mode shape. As frequencies increase and veerings become more common,

the motion of the blades can be a complicated combination of multiple cantilevered blade

mode shapes. Therefore, to obtain accurate predictions, one should include as many can-

tilevered blade mode shapes as necessary to predict the blade portion of the system normal

mode. The diagonal matrix Λδ,cb contains the deviations of the cantilevered blade eigen-

values from their nominal. In the case where multiple cantilevered blade normal modes are

needed to represent the blade portion of the system normal mode, the matrix has multiple

entries for each blade. This corresponds to eigenvalue deviations for each blade for each

cantilevered blade mode used. This formulation accounts for the cases where mistuning
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is manifested differently for each cantilevered blade mode shape, and leads to an accurate

reduced-order model.

3.2.2 Iterative Measurement Point Selection for Mistuning Identification

The previous work by the authors [57] introduced the concept of an inverse ROM

(IROM). IROMs were distinguished from traditional ROMs, referred to as the direct ROMs

(DROMs), because it was determined that some modes are insensitive to mistuning and

they may lead to larger errors in approximately following the assumptions of the CMM-

based ROM. Although accurate for direct problems (such as forced response predictions),

these errors can prove detrimental for inverse problems. When coupled with the least-

squares solutions performed in the mistuning identification procedure, the use of DROMs

(and insensitive modes) can lead to large errors in the identified mistuning. Thus, making

use of the IROM concept is essential to systematically generating robust ROMs that can

accurately identify mistuning. In the past, this study was performed only in low frequency

ranges encompassing only a few isolated blade mode families which had high modal den-

sity. Furthermore, the motion of the structure at those frequencies was relatively simple.

Extending the previous work [57] to higher frequency ranges is not trivial and rep-

resents one of the novel contributions of this paper. The CMM-based ROM transforms

the governing equations from physical coordinates x to modal coordinates p in order to

reduce the model size using the equation

x = Φsp, (3.3)

where Φs is the tuned modal matrix (mass normalized). To reduce the size of the model,

Φs is truncated to include only a select group of modes in the frequency range of interest.

For mistuning identification, only a few physical points are measured experimentally. The

tuned system normal modes can be found easily from the finite element model (FEM) of
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the tuned system using cyclic symmetry. Using this information, the modal coordinates p

can be found. However, there are two key reasons why determining the appropriate modal

coordinates is challenging. First, only a significantly reduced subset of points can be

measured because the physical coordinates x are determined experimentally. This means

that points must be strategically chosen to best represent the physical motion and thereby

the mode shapes. Second, Eq. 3.3 is a least squares problem which is solved for the modal

coordinates (because the number of modes used for the ROM is smaller than the total

number of DOF). The quality of the solution of the least squares problem depends on the

quality of the measurement points taken in the physical domain.

In addition, the increase in complexity of the response of the structure in higher fre-

quency ranges makes it more difficult to identify mistuning. For example,consider a case

(often found in the higher frequency ranges) where the topology of the blade motion is

highly complicated. This motion could have many nodal lines and antinodes. If measure-

ment points are chosen such that they are on nodal lines, then it would be impossible to

identify mistuning because values of p would be erroneously measured to be zero. This

is an extreme case, but it demonstrates the difficulty of correctly selecting points that are

sensitive to mistuning especially in higher frequency ranges where the blade motion is

more complex. Similarly, it also becomes important to optimally choose the measurement

points as to be able to distinguish between mode shapes when only a small number of

points are used per blade in the higher frequency ranges. For example,consider another

scenario where a measurement point is chosen at the leading edge tip of the blade. It

is possible that several modes have similar displacements at that particular point on the

blade, but are otherwise dissimilar. If only one measurement point is used per blade, then

the physical-to-modal transformation is ill conditioned and results in a poor set of modal

coordinates to be used in the IROM. To address this issue a novel approach is presented
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herein, where measurement points are chosen for each IROM in a manner that ensures

good conditioning (by ensuring the independence of the vectors used in Eq. 3.3), this is-

sue is avoided. This technique is essential because in the higher frequency ranges there

are a limited number of modes that are optimally sensitive to mistuning.

The modal density for blade-alone families decreases with increasing frequency, it is

necessary to choose the most sensitive modes. Previously [57], it was possible to choose a

frequency range from which the IROM was selected. Using all the modes in that range, ap-

propriate measurement points were selected, and that was sufficient to identify mistuning

with high levels of accuracy. However, as the modal density decreases, it becomes more

important to have accurate measurement points for the IROM selected. This is due to the

sensitivity of the response (which occurs in a small frequency range) to slight parameter

variations. Any change to one mode in that small frequency range affects the response

throughout the frequency range. Such a behavior indicates that those modes are very sen-

sitive to mistuning. Typically, predictions made using DROMs (which include insensitive

modes) only suffer from the fact that the DROM has slightly too many DOF. However, in

the case of IROMs, the inclusion of insensitive modes leads to inaccurate mistuning iden-

tification results. Results have shown that in certain cases there are not enough sensitive

modes to identify mistuning. Also, results have shown that the number of modes must be

at least equal to half of the number of blades in order to have an acceptable model. Includ-

ing as many mistuning-sensitive modes as possible in the model also addresses another

potential scenario. For example, consider a case in which a blade has only variations in

one of its regions. The modes that have a high response in that region and are sensitive

to physical changes in that region should be included. In addition, choosing to use those

modes requires an optimal selection of the measurement points as well. The measurement

points should be optimally selected to exploit favorable sensitivity. In general, it is essen-
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tial to select the modes with the highest sensitivity to mistuning. Because of that, the most

effective measurement points need to be chosen to represent the mode shapes for each

IROM size considered. The paper addresses these coupled challenges.

Since the selection of the measured points used to represent the response in the physi-

cal domain is important, an algorithm is developed to choose the most appropriate points.

Generalizing our earlier work [57], the DROM concept is extended. The previous appli-

cation of DROMs made use of numerically generated test data in modal coordinates, in

essence creating sets of surrogate data p. With this information, the system could be in-

terrogated to determine the correct number of tuned system mode shapes Φs to be used

in the model. For the algorithm herein, the technique is modified to generate surrogate

physical data x to account for the error created in the least squares transformation from

physical to modal coordinates. This approach better describes how actual data affects the

transformation. Also, in the previous work, the measurement points were chosen only

once for all modes by using the effective independent distribution vector (EIDV) [52, 53].

That approach is employed here in a novel iterative fashion. The DROM interrogates the

system and determines which set of tuned system modes provides the best basis for identi-

fying mistuning. In the previous work, a candidate set of modes was used to determine the

EIDV measurement points. However, for each subset of the candidate modes, the EIDV

measurement points are not optimal. In this work, the EIDV algorithm is used for each set

of possible IROM modes to determine measurement points which are best suited for the

identification procedure. Using DROM generated data for all possible EIDV measurement

point combinations, each IROM can be interrogated with the optimal set of EIDV mea-

surement points. This novel approach provides the best set of measurement points for the

best set of basis modes to be used in the mistuning identification procedure.

The algorithm for the iterative measurement point selection can be seen in Fig. 3.1.
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Figure 3.1: Flow diagram for IROM evaluation using surrogate data and EIDV measure-
ment iteration.

First, randomly chosen mistuning values are prescribed for each blade in the blisk. These

values, along with a given forcing are inserted into Eq. 3.2. The only unknown in that

equation is the modal response p, which is computed. Next, p is expanded using Eq. 3.3

to compute the physical mistuned forced response x. Next, noise is added to simulate

experimental noise. At this point it is necessary to know which modes are used in the

IROM. With these IROM modes, the EIDV procedure is used to compute the optimal

measurement points. The physical response is then converted back to modal response by

inverting Eq. 3.3 where the matrix Φs contains only the chosen measurement points for

each set of IROM modes. This surrogate test data is then plugged into Eq. 3.2 which

has been formed using the same number of IROM modes. At this point, the mistuning

can be identified and compared with the known (chosen) values of the mistuning. This

procedure is repeated for each IROM size until a minimum error in the identified mistuning

is reached. The entire process is also repeated for additional mistuning patterns to ensure

that the IROM chosen is statistically the best for any mistuning pattern that might be

present in the actual system.
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3.2.3 Multiple Mistuning Patterns

The CMM-based mistuning identification algorithm offers a unique benefit of being

able to identify multiple mistuning patterns. A benefit of having multiple distinct patterns,

or multiple sets of parameters for a given system, is using these sets of parameters in the

modal space to determine information about parameter variations in the physical space.

This section introduces a novel approach to identifying physical parameter variations in

the blades of blisks. The theory is developed using the knowledge that parameter variations

in the modal domain must be a function of parameter variations in the physical domain.

Note that this paper discusses small mistuning. Hence, it is possible to avoid nonlinear

analyses. Thus, we can identify physical parameter variations using a small system of

linear equations. Also, the concept is flexible and can be applied to blisks with different

mistuning patterns and physical parameter variations by using only a tuned sector model.

This flexibility is obtained by first mapping the effects of the physical parameter variations

into mistuning values for a number of mode families.

In the following, we consider the case where there are variations in blade properties

characterized by n independent variables. These variables are denoted by αn. The phys-

ical meaning of these variables depends on each particular application. In this work, we

consider each blade to be conceptually divided into N regions of interest. A small change

in structural properties at each location n on each blade is represented by αn (one αn for

each blade). The quantity αn can be any small change in a parameter of that region of the

blade (such as a change in mass, stiffness or geometry). The mistuning of cantilevered

blade mode family m for the entire blade caused by local mistuning at the nth location in

the blade is defined as

∆λn
m = f m(αn) = f m |αn=0 +

dfm

dαn

∣∣∣∣
αn=0

αn +O(αn
2), (3.4)
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where f is a complicated, unknown function which is zero for a tuned system. Hence,

assuming that mistuning is proportional to the change in the blade, and neglecting higher

order terms, Eq. 3.4 becomes

∆λn
m = f m(αn) =

∂fm

∂αn

∣∣∣∣
αn=0

αn. (3.5)

Similarly, the mistuning for mode m for the entire blade with N mistuning locations can

be written using the same assumptions as

∆λm = f m(α) =
∂fm

∂α1

∣∣∣∣
α=0

α1 + · · ·+ ∂fm

∂αn

∣∣∣∣
α=0

αN , (3.6)

where α = [α1 , . . . , αN ]T . If one uses the mistuning identification procedure [38, 57], in

general it is possible to determine multiple distinct mistuning patterns related to different

blades. Then consider the case when N distinct mistuning values are determined for N

modes

∆λ1 =
∂f 1

∂α1

∣∣∣∣
α=0

α1 + · · ·+ ∂f 1

∂αN

∣∣∣∣
α=0

αN ,

... (3.7)

∆λN =
∂fN

∂α1

∣∣∣∣
α=0

α1 + · · ·+ ∂fN

∂αN

∣∣∣∣
α=0

αN ,

where the matrix C has entries Cmn = ∂fm

∂αn

∣∣∣
αn=0

.

At this point, a single blade may be mapped for a given type of physical parameter

variation αn. This is done by solving Eq. 3.5 for the individual coefficients Cmn =

∂fm

∂αn

∣∣∣
αn=0

. To solve for the individual coefficients, the blade is first sectioned into N parts.

Note that we consider the case where each parameter αn refers to one of the N distinct

regions of the blade. Then, a physical parameter αn is changed for section n only. Using a

simple (blade-level) finite element modal analysis on both the original cantilevered blade

and the modified cantilevered blade, the change in the cantilevered blade eigenvalue, or
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mistuning (∆λ), can be computed forN cantilevered blade modes. Using theN mistuning

patterns and the single parameter variation, N coefficients Cm,n can be computed for m =

1, 2, ..., N using Eq. 3.5. Finally, this is repeated for each of the remaining sections/parts

of the blade to acquire the coefficients associated with those sections/parts of the blade.

Mistuning patterns are related to the deviations in the eigenvalues of a given can-

tilevered blade mode. It is possible that a particular blade mode has very little motion

in a particular region of the blade or is otherwise insensitive to the area of the blade where

the physical parameter variation (mistuning) is present. Therefore, this method of iden-

tifying physical parameter variations using variations in modal parameters may lead to

ill-conditioned matrices. To avoid this ill-conditioning, a unique technique is suggested.

First, a number of mistuning patterns greater than the number of physical locations to be

identified is chosen. These patterns are slightly perturbed. Then, the physical parameter

variations are computed. These are then immediately plugged back into the system to

check if the original prescribed mistuning patterns are recovered accurately. If the patterns

are not recovered accurately, then one can conclude that one of the mistuning patterns

is insensitive to the physical parameter variations at the locations being considered. By

iterating on this sequence of equations, one can ensure through a computationally inex-

pensive way that the identification will provide accurate results. This has proven to be

more reliable than placing a criterion on the value of the condition number of the matrix

C.

3.3 Results

The results presented are related to the tuned finite element model shown in Fig. 3.2(a).

The model has two moduli of elasticity shown by different colors. At this point, even

though there are multiple material parameters in the model, it is still cyclically symmetric,
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and therefore tuned. In Fig. 3.2(b), the frequency versus nodal diameter map is shown up

to 20 kHz, which is the effective range for the first six cantilevered blade mode families. It

is noted that at the higher frequency ranges, significant veering regions are present. These

regions make mistuning identification more difficult because of an assumption in the basic

CMM formulation that mistuned modes closely spaced in frequency can be represented by

tuned modes in that same frequency range, a concept introduced by Yang and Griffin [56].

As veering regions become more dominant, this assumption is violated even in regions of

high modal density. Therefore, this system is suitable to test the novel methods proposed

herein.

(a) FEM of the blisk with 24 blades.
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(b) Frequency vs. Nodal Diameter.

Figure 3.2: Overview of the tuned FEM of a blisk with 24 blades.
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3.3.1 Iterative Measurement Point Selection for Mistuning Identification

The algorithm for the proposed iterative method is shown in Fig. 3.1. This approach

features two improvements compared to the previous work of the authors [57]. First,

for the forward problem, the forced response analysis is used to generate surrogate data

for the identification procedure. This takes into account the error that comes from the

transformation from physical to modal coordinates. The second improvement compared

to the previous work is the iteration on the EIDV measurement points which is an essential

part of identifying mistuning in higher frequency ranges.

Considering Fig. 3.3, the necessity of being selective for the limited amount of mea-

surement points becomes obvious. Although these are not the system modes that EIDV

uses to determine the measurement points, it is important to remember that CMM uses

the cantilevered blade mode to approximate the blade portion of the system modes. In

Fig. 3.4(a), the mistuning results are presented for family six using a valid but suboptimal

EIDV measurement point (per blade) for the given frequency range, and then the opti-

mal point for the IROM selected modes. It is clear that results with lower accuracy are

obtained if a suboptimal point is used. Figure 3.4(b) shows the mistuning error over all

possible IROM sizes. The DROM forced response surrogate data used with the mistuning

algorithm determines that the optimal set of modes happens to be all of the modes in the

regions. It should be noted that it is coincidental that all of the modes are used.

(a) 1st cantilevered blade mode (2106
Hz).

(b) 6th cantilevered blade mode (17861
Hz).

Figure 3.3: Comparison of the response of blade portions for different CB modes.
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The ANSYS R© generated forced response results for suboptimal EIDV measurement

points indicate that a different mode set would be used and the minimum error would be

only slightly less than the error for the optimal point (at that number of modes). However,

it is clear that, with the optimal EIDV measurement point in conjunction with the optimal

number of modes, the error is minimized with the given set of measurement points. It

should also be noted that the DROM surrogate data is obtained using several random

mistuning patterns to compute the forced response. Then, the algorithm selects the worse

error out of those patterns for a given number of IROM modes. This explains why the

DROM curve has more error than the optimal curve.
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Figure 3.4: Justification of iterative EIDV procedure using 6th cantilevered blade mode.

3.3.2 Multiple Mistuning Patterns

To demonstrate the approach, multiple mistuning patterns are investigated for the 24-

bladed disk in Fig. 3.2(a), which is modified such that the blade portion is divided into four

segments with differing modulus of elasticity. The subsequent mistuned model generated

from the tuned 24-blade disk is shown in Fig 3.5. Note that each section of the blade has

a distinct random change in modulus of elasticity of under 5%. These physical changes

result in a different mistuning pattern for the six different cantilevered blade modes used
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in the model. This is demonstrated by comparing results for the first cantilevered blade

mode family and the fifth in Fig. 3.6.

Figure 3.5: FEM of blisk with multiple mistuning patterns.
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Figure 3.6: Model updating parameters for 1st and 5th cantilevered blade modes.

To demonstrate the current capabilities of the mistuning identification algorithm, Figs.

3.7(a)-3.7(f) show that these different mistuning patterns can indeed be identified. It

should be noted that the current mistuning identification procedure makes use of a combi-

nation of the author’s previous work [57], and the measurement point iteration algorithm
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which is presented in the following section. It is clear from Figs. 3.7(a)-3.7(f) that the

mistuning can be well identified for each cantilevered blade mode family. Since the last

cantilevered blade mode family has a contributions up to 20kHz, the results are sufficient

to suggest that mistuning can be identified in higher frequency ranges without significant

loss of accuracy. As it is well known that forced response amplitudes of mistuned systems

are highly sensitive to mistuning, the ability to identify mistuning and subsequently model

mistuning is critical to get accurate predictions. Furthermore, these results demonstrate

that six distinct mistuning patterns can be identified, which allows for the modeling of

non-proportional mistuning.

Because distinct mistuning patterns exist in this case, it is possible that one may be

able to extract information about the location and amount of mistuning from a physical

perspective. Consider Fig. 3.3(a) and 3.3(b) which show the first and six cantilevered

blade modes. It is evident that changing the frequencies of each of these cantilevered blade

modes will have different effects on the same physical location of the blade. This general

idea was employed to back out variations in the modulus of elasticity of four locations on a

blade using the mistuning identification. As mentioned in Sec. 3.23.2.3, it is theoretically

possible to identify these four locations with the first four mistuning patterns. However, in

practice, this results in the inversion of an ill-conditioned matrix C, which heavily places

reliance on the accuracy of the mistuning results. Physically, ill conditioning is caused by

the fact that the first four cantilevered blade mode families are not distinguishable enough

to accurately determine these parameters. As more cantilevered blade mode families are

added, additional sensitivity to specific locations of a blade is added. Therefore, to improve

the conditioning of matrix C, additional mistuning patterns were identified.

It was determined that only four mistuning patterns are needed to obtain accurate pre-

dictions of the physical mistuning. The patterns that were used came from the 1st, 3rd, 5th,
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(a) Blade stiffness mistuning for 1st CB
mode.
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(b) Blade stiffness mistuning for 2nd CB
mode.
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(c) Blade stiffness mistuning for 3rd CB
mode.
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(d) Blade stiffness mistuning for 4th CB
mode.
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(e) Blade stiffness mistuning for 5th CB
mode.
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(f) Blade stiffness mistuning for 6th CB
mode.

Figure 3.7: Model updating parameters for 1st through 6th cantilevered blade modes (0-
18000 Hz). MistID values represent mistuning values obtained using the pro-
posed mistuning identification approach.
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and 6th cantilevered blade mode families. The results are shown in Fig. 3.8. Modulus of

elasticity variations were identified for four different locations for each blade. Although

the theoretical limit to the number of locations to identify is the number of elements,

clearly there are practical limits to the resolution that can be obtained.

In general, a particular set of mistuning patterns is best for identifying the modulus

of elasticity variations in the blade. Next, a novel way is proposed to practically deter-

mine which mistuning families are needed to obtain accurate predictions. The variations

in modulus of elasticity are computed by inverting the coefficient matrix C as described

in Sec. 3.23.2.3, and multiplying it by mistuning values from various cantilevered blade

mode families for a given physical blade. It is rather inexpensive to get the coefficient ma-

trix C and surrogate mistuning patterns by applying a mistuning pattern to a cantilevered

blade and computing the modal frequency. This can done before collecting expensive

measurement data. With a greater number surrogate mistuning patterns than the physical

locations to be identified and with the corresponding coefficient matrix C, it is possible

to compute variations in the modulus of elasticity. By slightly perturbing the mistuning

patterns for less than the maximum expected patterns, identifying variations in the modu-

lus of elasticity, and then recomputing the mistuning patterns, one can compute a residual.

If the residual is low for all mistuning families, it is likely that the computed variation

in modulus of elasticity is correct. However, if the residual is high for any one of the

mistuning families, then more or different mistuning patterns are needed to determine the

change in modulus of elasticity. The concept is demonstrated in Fig. 3.9. The plot shows

that using only mistuning families one through four yields the line with circles. These

results demonstrate that family six is not accurately represented and that more or different

families must be used. The line with diamonds shows that an improved identification of

variations in the modulus of elasticity are obtained by using mistuning families one, two,
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five, and six. Note that all mistuning families had low residuals in this case, including

families two and four.
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(c) Variation at the leading edge tip.
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Figure 3.8: Identification of modulus of elasticity variations at specified blade locations
using MistID results.

3.4 Discussion and Conclusions

In higher frequency ranges, one is more likely to observe system modes that feature

a combination of blade and disk motion. Moreover, it is more likely that the blade por-

tion of system normal modes will respond like a combination of blade-alone mode shapes

rather than one single mode shape. Another difficulty with higher frequencies is the lo-

calization of motion in certain portions of the blade. At lower frequencies, the response

is relatively uniform throughout the blade. Also, it is generally assumed that mistuning is

constant for the entire blade. However, the physical sources of mistuning (e.g., variation in

blade thickness from the nominal design) are generally not uniform throughout the blade,
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Figure 3.9: Improvement of modulus of elasticity variation using residual calculations for
6th CB mode.

and therefore the mistuning pattern changes for different blade-alone mode shapes if they

feature different motions in different regions of the blade. This is important for higher

frequency modes as blades exhibit motion localized to smaller regions.

To address this issue, mistuning identification and reduced-order model updating in

higher frequency ranges has been discussed. The identification of multiple mistuning pat-

terns and how these affect modeling results at higher modes was considered. The specific

geometric location of blade imperfections that cause mistuning becomes more important

at higher frequencies, because the wavelength decreases and the blade response features

higher amplitudes in smaller regions of each blade. Thus, it becomes necessary to deter-

mine how each mode is affected by mistuning by identifying a (unique) set of mistuning

values for each blade mode type. Using the CMM-based mistuning identification method,

it is possible to identify multiple mistuning patterns. It is also possible to subsequently de-

termine the locations of the physical mistuning sources. A method has also been proposed

to improve the accuracy of such results using surrogate mistuning patterns and comput-

ing residuals using the identified physical parameters. The importance of the multiple

mistuning patterns on the blisk modeling at higher modes has been highlighted.
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Conceptually, the difficulties in choosing measurement points (and modes to be used

in the IROM) are affected by two important factors. First, at higher frequencies, there

is an increase in the complexity of the motion of the structure that makes systematically

choosing sensitive and high responding data points difficult. Second, the modal density

for blade-alone families is much lower at high frequencies than at low frequencies. This

means that it is likely that the mistuned modes in a given frequency range can no longer

be represented with the modes in that frequency range. Both of these issues conspire to

make solving for the mistuning in higher frequency ranges impossible using current capa-

bilities. Both of these issues must be addressed by using ROMs optimally created based

on the modes with the highest sensitivity to mistuning and by using the most appropriate

measurement points for those modes.

Due to more complicated blade response shapes at higher frequencies, the limitation

of experimentally measuring only a few points per blade is very important. To select

points that well represent the system mode shapes used in the CMM model, the EIDV

procedure is used in an iterative manner for multiple sets of candidate modes in order

to determine the best EIDV measurement points. This is done by first using a set of

EIDV measurement points chosen from a candidate mode set. The mistuning identification

procedure computes the EIDV measurement points for each considered IROM mode set.

This allows for a better set of measurement points for the modes actually used in the

identification procedure. These measurement points are more sensitive to mistuning and

better able to represent the mode shapes used in the reduced-order model for predictions.

The proposed method has been validated numerically, but not experimentally. Some

limitations related to experimental efficiency of the approach exist. For example, typically

experimental data is likely to be gathered from an axial direction using a laser vibrometer.

However, depending on the stagger angle and the curvature of the blade, availability of
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measurement points might be limited. Furthermore, in much higher frequency ranges, the

mode shapes of the system can become highly disk dominated making the blade response

low. In such cases, noise in the measurement data is likely to create challenges. Neverthe-

less, overall the approaches presented in this work significantly enhance the identification

and modeling of mistuning in higher frequency ranges. Therefore, this work helps enable

the design and analysis of blisks throughout the entire operating range.



CHAPTER IV

Reduced Order Models for Large Geometric Mistuning of
Blisks Based on Nested Component Mode Synthesis

4.1 Introduction

Accurate modeling of turbomachinery blisks is needed to ensure reliability and prevent

high cycle fatigue failure. Modeling blisks using full order finite element models (FEMs)

is inefficient, especially in the presence of mistuning. Mistuning can be small or large

deviations in what is otherwise usually a cyclically symmetric blisk. It is often desirable to

consider small mistuning from a probabilistic perspective, thus making the solution of full-

order FEMs restrictive. Therefore, work in this area focuses mainly on the development

of reduced order models (ROMs) to approximate the full-order FEM. Early work on blisk

modeling focused primarily on small mistuning. Various efficient approaches for reduced

order modeling of blisks with small mistuning have been developed [14, 16–18, 21–23].

The other category of mistuning is large mistuning. The distinction between large and

small mistuning is that large mistuning cannot be accurately modeled by only a change in

blade alone frequencies.

Recently, work related to modeling of blisks having large mistuning has emerged. Lim

et al. [22] introduced a general ROM to model small and large mistuning based on using

tuned modes and virtual mistuned components in a hybrid interface technique. The ba-

61
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sis consisted of a truncated set of tuned normal modes, tuned-system attachment modes,

and constraint modes for the mistuning components. The model had high accuracy, but

resulted in models too large to be considered efficient ROMs. Lim et al. [44] changed di-

rection and focused on a model based on static mode compensation that would efficiently

model large mistuning only. This method projected the dynamics of the system onto tuned

system modes compensated using quasi-static modes according to a mode acceleration

approach, resulting in a dramatically smaller ROM. However, this model did not consider

small mistuning. Ganine et al. [45] added the small, random mistuning to this approach

in a similar manner to component mode mistuning [23], and continued the work [46] by

studying the convergence properties of the static mode compensation (SMC) technique. It

was noted that SMC is most appropriate only when modes are closely spaced and the FEM

is not too large, whereas the Jacobi-Davidson algorithm had better convergence for large

scale FEMs and regions where mode family interaction is important. Sinha [48] suggested

a ROM where tuned modes for the basis are chosen based on proper orthogonal decom-

position (POD) features. The ROM size can be rather large depending on the flexibility

desired (i.e., depending on the number of POD features included).

This work suggests a different approach to large mistuning. As suggested in by Yang

et al. [18], we first chose a basis of nominal system modes onto which the system can be

projected. The basis consists of the modes of the rogue system (i.e., a system having large

mistuning) in the absence of small mistuning. The basis is generated using fixed-interface

component mode synthesis (CMS) [54] where the sector-to-sector interfaces are assumed

to be the interface degrees of freedom (DOFs) used in the CMS procedure. These modes

are computed using CMS in order to reduce the computational cost. Bladh et al. [16]

used a CMS-based approach to model small mistuning. In their study, they considered the

components to be each of the blades and the disk. However, current FEM of blisks have
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a large number of DOFs at the blade-disk interface. Therefore, in this work each sector

is viewed as a component and the sector-to-sector interfaces result in fewer DOF than

blade-disk interfaces. Also noted in Bladh et al. [16] was the introduction of a secondary

modal reduction to further reduce DOFs from the original reduction step. In this work,

we propose a secondary CMS-based reduction that is done on only a portion of the ROM.

This has the benefit of further reducing DOFs for which there is no need to access, while

leaving the components associated with largely mistuned sectors free. In this manner, it is

possible to rapidly generate ROMs of systems having differing rogue sectors. Ultimately,

these ROMs are used to approximate the full nominal rogue mode shape (from systems

having large mistuning, but no small mistuning). The system matrices are then projected

onto these nominal rogue mode shapes.

The mistuned portions of the system matrices are further projected onto cantilevered

blade modes using an extended component mode mistuning (CMM) approach [23]. This

is done by projecting system modes of blade DOFs without large mistuning onto tuned

cantilevered blade mode shapes as usual. However, the system modes of blade DOFs

having large mistuning are projected onto rogue cantilevered blade mode shapes. This

makes it possible to model large and small mistuning simultaneously, while allowing for

the large mistuning to have any form (missing mass, bends, etc.).

4.2 Methodology

The basic method is inspired by the subset of nominal (SNM) [18] and component

mode mistuning (CMM) [23] procedures. The concept in these works is that equations of

motion can be reduced by projecting the mass and stiffness matrices onto the tuned system

modes. This has been shown to work for frequency ranges where there is high modal

density [56]. In CMM, the mistuned portions of the mass and stiffness matrices are further
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projected onto tuned cantilevered blade modes through the system modes. This method

has only been applied to systems that are nominally assumed to be cyclic symmetric or

tuned.

The first modification to CMM for this method is the use of rogue system modes in-

stead of tuned system modes in order to improve the basis. This allows the ROM to

effectively capture the known large mistuning. This is also necessary to ensure that the

base geometries of the system match. The other modification is that mistuning in the

rogue blades is further projected onto the cantilevered blade modes of the rogue system.

This leads to the need to project the system modes for the rogue blade onto a set of can-

tilevered blade modes from the same rogue blade. The final difference to the procedure

used in CMM stems from the computation of the basis modes. For the small mistuning

methodology where tuned modes are used, the tuned system modes are computed effi-

ciently using cyclic symmetry analysis. However, in the large mistuning case where the

otherwise-tuned rogue system modes are used, the rogue system modes cannot be com-

puted using cyclic symmetry analysis. To efficiently compute the rogue system modes, a

CMS routine is implemented. For the CMS technique, the interface DOF are those along

what were previously considered sector interfaces. The system is reduced using CMS

through a Craig-Bampton reduction, the modes are computed in the reduced space, and

then expanded.

4.2.1 Computation of Rogue System Modes using CMS

Consider the equation of motion of an undamped, rogue blisk expressed as

MrẌ + KrX = F, (4.1)
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where r denotes the rogue system. The vector X can be partitioned and represented using

Craig-Bampton CMS reduction as

X =

 Xα

Xβ

 =

 Φr
α Ψr

α

0 I


 Ps

Φ

Ps
Ψ

 = Φr
CBPr, (4.2)

where α denotes internal DOFs, β denotes interface DOFs, s denote system level quanti-

ties, and CB denotes Craig-Bampton coordinate transformation from physical coordinates

X to reduced coordinates (Ps
Φ (removed) and Ps

Ψ (kept)). The DOFs associated with in-

ternal DOFs, Xα, are all of the DOF for each sector of the blisk, with the exception of the

sector-to-sector interfaces. The remaining DOF, Xβ , are the sector-to-sector interfaces.

The goal is to compute the modes of the blisk governed by Eq. 4.2. To do this, the mass

and stiffness matrices are projected onto the Craig-Bampton matrix as follows

MCB = Φr
CB

TMrΦr
CB, (4.3)

KCB = Φr
CB

TKrΦr
CB. (4.4)

Using the reduced mass and stiffness matrices from Eqs. 4.3 and 4.4, the mode shapes for

this reduced system can be found (and denoted Φred), as well as the eigenvalues of the full

system, Λred, where red denotes reduced. To obtain the complete modal information for

the full rogue system, Φr and Λr, the reduced mode shapes are expanded as follows

Φr = Φr
CBΦred. (4.5)

This way of computing the basis vectors is useful because it is possible to rapidly change

the rogue blade to consider an alternate case due to the component nature of the approach.

To consider a different rogue blade, it is only necessary to compute the normal and con-

straint modes for the new rogue sector.
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4.2.2 Secondary CMS Reduction for Rogue System Modes

It may be desirable to compute many responses associated with systems having differ-

ent rogue sectors. The CMS-based approach allows for the rapid replacement of a com-

ponent such as a rogue sector without reducing the remaining components of the model

again. Bladh et al. [16] suggested a CMS-based approach, but the component interfaces

were between the blade and the disk. This was necessary for the projection of small mis-

tuning. This work has no such restriction because CMM has the unique property that small

mistuning is projected through mode shapes. In this work, we switch to using the interface

between the sectors because it is noted in many industrial blisks, the number of DOFs on

the interface between a single blade and a disk is far greater than the number of DOFs on

the sector-to-sector interface. Bladh et al. [16] also introduced a secondary modal analysis

on the CMS-reduced model to further reduce DOFs. Here, it is not desirable to reduce

the model again using a secondary modal analysis because then it is impossible to quickly

swap out rogue sectors. Instead, it is proposed here to perform an additional CMS sub-

structuring procedure to reduce interface DOF while still allowing for the rogue sectors to

not undergo additional reduction. In this manner, the total number of DOFs of the ROM

used to compute mode shapes can be reduced to speed up calculations. At the same time,

the reduction procedure can still be performed rapidly.

Consider again

X =

 Xα

Xβ

 =

 Φr
α Ψr

α

0 I


 Ps

Φ

Ps
Ψ

 . (4.6)

The kept DOFs, Ps
Ψ can be further partitioned into DOFs to be kept,Ps

ΨΨ
, and DOFs to be
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reduced,Ps
ΨΦ

in the secondary reduction. This leads to

 Xα

Xβ

 =

 Φr
α Ψr

αΦ
Ψr
αΨ

0 I I




Ps
Φ

Ps
ΨΦ

Ps
ΨΨ

 . (4.7)

One then allows the substitutions Φr
α Ψr

αΦ

0 I

 =

 Φ̃r
α

Φ̃r
β

 , Ps
Φ̃

=

 Ps
Φ

Ps
ΨΦ

 , (4.8)

for convenience of writing the matrix equations. Using this substitution, Eq. 4.7 can be

written as  Xα

Xβ

 =

 Φ̃r
α Ψr

αΨ

Φ̃r
β I


 Ps

Φ̃

Ps
ΨΨ

 . (4.9)

Now, the secondary reduction can be applied using CMS by letting Ps
Φ

Ps
ΨΨ

 =

 Φr
nest Ψr

nest

0 I


 Ps

Φnest

Ps
Ψnest

 = Φnest
CB Pnest, (4.10)

where nest denotes nesting or secondary modal reduction. Here Φr
nest is computed from

a fixed interface modal analysis on the system defined by Eqs. 4.3 and 4.4 on the modal

DOFs, Ps
Φ̃

. Similarly, the constraint modes, Ψr
nest, are computed from the system defined

by Eqs. 4.3 and 4.4 on the modal DOFs Ps
ΨΨ

. The resulting system is defined as

Mnest
CB = Φnest

CB
T
MCBΦnest

CB , (4.11)

Knest
CB = Φnest

CB
T
KCBΦnest

CB , (4.12)

This nesting can be performed similarly multiple times in order to obtain more reduction.

Also, the reduction can be performed in several components in order to avoid solving one

large modal analysis, given a large number of constraint DOFs from the initial reduction

step.
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4.2.3 CMM-Based ROM for Large Mistuning

Modeling of both large and small mistuning are discussed in this section. The analysis

provided here is condensed from a longer analysis which is provided in the Appendix to

this work.

Consider the equation of motion of a damped, harmonically forced, rogue mistuned

blisk expressed as

−ω2
[
Mr + Mδ

]
X + (1 + jγ)

[
Kr + Kδ

]
X = f r, (4.13)

where r denotes the nominal rogue system, γ is the structural damping coefficient, δ de-

notes small mistuning. It was determined by Yang et al. [56] that mistuned modes in a high

modal density region can be represented using tuned modes in the same region. We further

this assumption that the system modes of a nominally rogue system with small mistuning

can be represented using the rogue modes without small mistuning. This means that all

static constraint modes may be ignored and we transform to modal coordinates using the

transformation X = ΦrprΦ. This yields

−ω2ΦrT
[
Mr + Mδ

]
ΦrprΦ + (1 + jγ) ΦrT

[
Kr + Kδ

]
ΦrprΦ = ΦrTf r, (4.14)

It is noted that the Φr is mass normalized. Also, it is noted that mistuning is assumed to

be in the blade DOFs (Γ) only. This yields the equation

−ω2

[
I + Φr

Γ
TMδΦr

Γ

]
prΦ + (1 + jγ)

[
Λr + ΦΓ

rTKδΦr
Γ

]
prΦ = ΦrTf r. (4.15)

It is desirable to represent the blade portion of the system normal modes with a set of

component modes of a tuned blade or rogue blade in this extension of the method. For
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convenience, Eq. 4.15 can be expressed as

−ω2

 I + Φr
Γ

T

 Mδ
ii Mδ

ib

Mδ
bi Mδ

bb

Φr
Γ

prΦ + ...

(4.16)

+ (1 + jγ)

 Λr + Φr
Γ

T

 Kδ
ii Kδ

ib

Kδ
bi Kδ

bb

Φr
Γ

prΦ = ΦrTf r.

Lim et al. [23] minimized the contribution of the constraint modes and found the following

relationship between the blade portion of the system modes and the component modes of

the cantilevered blade modes

Φr
Γ =



I⊗

 Φb Ψb,m

0 I



 qmΦ

qmΨ


or ,I⊗

 Φb Ψb,k

0 I



 qkΦ

qkΨ


(4.17)

where b denotes cantilevered blade.

Next, Eq. 4.17 is substituted into Eq. 4.17. If one assumes that the boundary portion of

the blade motion is relatively small, and one ignores the contribution of boundary modes,

Eq. 4.17 becomes

−ω2

[
I +

N∑
n=1

qmΦ,n
TΦbTMδ

ii,nΦ
bqmΦ,n

]
prΦ + ...

(4.18)

...+ (1 + jγ)

[
Λr +

N∑
n=1

qkΦ,n
T
ΦbTKδ

ii,nΦ
bqkΦ,n

]
prΦ = ΦrTf r,

where the blade portion of the rogue system normal mode is represented solely using a

basis of cantilevered blade normal modes. Finally, it is assumed that mass mistuning does

not exist, and ΦbTKδ
ii,nΦ

b is approximated with Λδ,b
n to obtain

−ω2prΦ + (1 + jγ)

[
Λr +

N∑
n=1

qkΦ,n
T
Λδ,b
n qkΦ,n

]
prΦ = ΦrTf r, (4.19)
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where Λδ,b
n are the differences in the tuned cantilevered blade eigenvalues from the mis-

tuned cantilevered blade eigenvalues.

4.3 Results

In this section, a brief discussion of studies related to this method are presented. Most

of the results discussed are related to the rogue FEM shown in Fig. 4.1(a). The model

has a single blade with large geometric mistuning shown in Fig. 4.1(b) as well as small

mistuning in all blades.

(a) FEM of a blisk with 24 blades and 1
rogue blade.

(b) Close up view of rogue blade.

Figure 4.1: Overview of the rogue FEM of a blisk with 24 blades.

4.3.1 Nominal Rogue System Modal Basis

The current CMM based large mistuning ROM requires a basis of nominal rogue sys-

tem modes. Nominal rogue system modes are those that have a blade with some large

mistuning, but are otherwise tuned. The CMM approach developed by Lim et al. [23]

used for small mistuning only assumes that tuned system modes can span the space of
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the mistuned modes. Figure 4.2(a) shows the residual when the tuned modes are used to

represent the mistuned modes. The residual is small over all of the modes, and therefore

the assumption holds. To demonstrate the tuned modes cannot represent a nominal rogue

system without small mistuning, a similar residual is shown in Fig. 4.2(b). The residual is

roughly an order of magnitude greater than the previous case, verifying that tuned modes

cannot be used as a basis for large mistuning. The CMM used for large mistuning assumes

that the rogue system with mistuning can be represented by the rogue system modes with-

out mistuning. Figure 4.2(c) shows that the residual is small, and therefore is a suitable

basis for modeling large and small mistuning using the CMM procedure.
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(a) Relative residual from represent-
ing mistuned (small) modes with tuned
modes.
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(b) Relative residual from represent-
ing mistuned (large) modes with tuned
modes.
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(c) Relative residual from representing
mistuned (large and small) modes with
nominal mistuned modes.

Figure 4.2: Relative residual from representing mistuned modes with tuned modes.

Because the basis no longer comes from a tuned model, it is no longer possible to use
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cyclic symmetry analysis to compute the modes. Therefore, a CMS approach is imple-

mented in order to efficiently compute the nominal rogue system modes. To do this, each

component must be chosen such that rogue blades are separate components from tuned

blades. It is possible to consider the disk as one component and all of the blades as sep-

arate components. Due to the fact that the root of the blade experiences high stresses and

therefore is modeled with more nodes, it proved more advantageous to consider each sec-

tor as a separate component. The sector interfaces are not modeled with as many nodes,

and therefore the number on constraint modes that need to be computed is reduced.

Using 30 normal modes and all of the constraint modes for each component yielded

rogue modes that closely matched those computed from a full FEM for a frequency range

of 0-5000 Hz. Figure 4.3(a) shows the modal assurance criterion (MAC) for the CMS and

FEM generated modes. The MAC is nearly unity for all modes, showing that the modes

are nearly the same. A close eigenvalue match can be seen in Fig. 4.3(b). Therefore, it

is possible to efficiently compute the rogue system modes using CMS without appreciable

loss in accuracy as compared to the the FEM solution. The solution using CB-CMS is
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(a) Modal assurance criterion for modes
computed using full FEM vs. CMS.
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(b) Eigenvalue comparison for modes
computed using full FEM vs. CMS.

Figure 4.3: Comparison of modes computed using full FEM vs. CMS.

accurate enough to approximate the desired nominal rogue modes. However, the number

of constraint modes on the interface can result a system that is still large. Furthermore, the
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sparsity of the system matrices decreases and therefore the eigensolver cannot make use of

algorithms based on sparsity. Therefore, it is desirable to further reduce the system using

nested substructuring. It is possible to substructure the entire CB-CMS ROM as in Bladh

et al. [16]. However, it is preferable to maintain access to rogue components in order to

simply swap components. Therefore, two different levels of nesting are considered. The

first is 2-sector nesting where two adjacent sector components are combined into a single

component. This is repeated around the blisk. The second is a 4-sector nesting, where 4

adjacent sectors are combined into a single component.

Table 4.1 compares the number of DOFs at each step in the reduction/expansion pro-

cedure for the blisk used Fig. 4.1(a). It is noted that the both 2-sector and 4-sector nesting

Number of DOFs for
 2-sector nesting

Number of DOFs for
 4-sector nesting

Full Model 47040 47040
1st CB-CMS 22656 22656

2nd CB-CMS 11328 5664
ROM Modal Analysis 11328 5664

1st Expansion 22656 22656
2nd Expansion 47040 47040

Table 4.1: Comparison of modes computed using full FEM vs. nested CMS.

procedures have 22656 DOFs at the first CB-CMS reduction step. It is the secondary

reduction where the 2-sector nesting has 11328 DOFs and the 4-sector nesting has 5664

DOFs where the difference is seen. The second CB-CMS reduction is also where it was

decided to compute the modal analysis of the entire system. Therefore, it is significantly

more efficiently to do repetitive calculations on the 4-sector nested model. Finally, it is

clear that the two expansion steps lead to the same number of DOF until the full model

prediction is reached. Figure 4.3.1 demonstrates that there is no appreciable difference in
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accuracy for the natural frequencies of the system between the 2-sector or 4-sector nest-

ing algorithms. It is also noted that both of these predictions match the full-order FEM

solution well.
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Figure 4.4: Natural frequencies of the nominal rogue blisk computed using nested CMS.

An important consideration in this analysis is the time that it takes to generate the

ROM. It is desirable to be able to rapidly generate ROMs for large mistuning. Figure 4.5

shows both the processing time and actual elapsed time for the 2-sector nesting to be per-

formed in ANSYS R©. It is noted that the largest processing time was consumed relatively

equally between the nesting, modal analysis, and the expansion steps. Reduction of the

components and translating a single component to make the full model are nearly negli-

gible in processing time. However, it is important to consider the actual elapsed time due

to memory concerns. Due to creation of and writing of large amounts of data internally,

it is clear that the full expansion of the modes begins to dominate the computation time.
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Similarly, the computational time for 4-sector nesting was considered. In this case, it is

Reduce SectorTranslating

Nesting
(115s): 28%

Modal (110s): 27%

Expand Nested
(87s): 21%

Full Expand
(88s): 22%

(a) CPU time for 2-sector nesting.

Reduce Sector (12s): 2%Translating
(57s): 8%

Nesting 
(145s): 19%

Modal (171s): 23% Expand Nested (91s): 12%

Full Expand
 (271s): 36%

(b) Elapsed time for 2-sector nesting.

Figure 4.5: Breakdown of computation time for 2-sector nesting.

clear that the nesting step becomes more expensive and dominates the processing time.

However, it is still surpassed by the full modal expansion in actual elapsed time. It is

noted that the final modal analysis in 4-sector nesting is performed on a system with much

fewer DOFs than in 2-sector nesting. This results in a dramatic reduction in modal analysis

costs.

Reduce Sector Translating

Nesting 
(191s): 46%

Modal (48s): 11%

Expand Nested
(84s): 20%

Full Expand 
(89s): 21%

(a) CPU time for 4-sector nesting.

Reduce Sector (10s): 1%Translating (47s): 7%

Nesting
(208s): 31%

Modal (63s): 9%
Expand Nested 
(87s): 13%

Full Expand 
(255s): 38%

(b) Elapsed time for 4-sector nesting.

Figure 4.6: Breakdown of computation time for 4-sector nesting.

The use of CMS to compute the nominal rogue modes is done to increase efficiency.

Table 4.2 compares the total time to generate full system modes using a full modal analysis,
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CPU time (s) Elapsed time (s)
Full modal analysis 81 123

2-sector nested ROM 406 745
4-sector nested ROM 418 671

Table 4.2: Computational time for 2-sector and 4-sector nested CMS methods.

2-sector nesting, and 4-sector nesting. Clearly, simply computing modes using the full

modal analysis is the least expensive in terms of total time while 2-sector nesting is the

most expensive. The full modal analysis however, must be performed in its entirety each

time a new rogue system is considered. Furthermore, for the cases of industrial blisks

having a much larger number of DOFs, a full modal analysis will become prohibitively

inefficient or impossible.

An interesting result is that the final modal analysis for the 2-sector nesting actually

takes more time than the full-order modal analysis even though the 2-sector ROM has far

fewer DOFs. This is likely caused by the lack of sparsity in the CMS-reduced system. In

this case, the sparse eigensolver cannot be used, likely resulting increased computational

time. Therefore, it suggested that the DOFs must be more reduced to create a beneficial

ROM.

Considering again Figs. 4.5 and 4.6, it is clear that a significant portion of time is spent

either doing the intermediate CB-CMS step or in expanding the modes. Therefore, if only

a component or two must be swapped to consider a new rogue system, the efficiency will

increase relative to the full analysis. The commercial FE code ANSYS R© was used to

perform the nesting and expansion of the system. It is noted that ANSYS R© generates

a significant amount of large files and consumes a lot of the memory resources available.

This is one explanation for why the elapsed time is significantly greater than the CPU time.
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In the case of, large industrial rotors, the use of ANSYS R© to perform this reduction is

likely to be prohibitive. It is suggested, to perform the expansion outside of ANSYS R© for

only the needed DOFs to improve computational efficiency.

4.3.2 CMM-based Large Mistuning ROM vs. FEM

With a basis of nominal rogue modes, the CMM procedure is applied. This provides

an efficient means for exploring the space of small mistuning patterns for a given large

mistuning scenario. As described in Lim et al. [23], CMM makes use of a few assumptions

that can affect the accuracy of the results. First, the basis vectors used should span the

space of the actual mode shapes of the mistuned system, which was addressed in Section

4.3.1. Since the blade portion of the mode shapes is represented by cantilevered blade (CB)

modes alone for the purpose of mistuning projection, it is required that the CB modes can

well represent the system mode. Also, the mistuning is more accurately captured if the

motion between the blade and the disk is small.

Figure 4.7(a) shows the natural frequencies given a system with large and small mis-

tuning for both FEM and ROM. Figure 4.7(b) shows the percentage error in the eigenvalues

assuming that the FEM is the baseline. The eigenvalues show good agreement, having an

error of under 0.1 %. It is important that this error is small as it is likely of interest to

detect mistuning on the order of 1 % of the change in an eigenvalue. In order to predict

stress levels in blisks, it is necessary to obtain an accurate prediction of the response over

the operating frequency range. Therefore, one of the main purposes of the ROM is to

predict the frequency response. Figure 4.8 shows the frequency response of 10 DOF for

all 24 blades. The frequency response shows good agreement for nearly all frequencies.

It is noted that for a few specific frequencies, it appears that there are some amplitude

discrepancies. However, the envelope of the response appears to be captured well.
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Figure 4.7: Comparison of eigenvalues computed using full FEM vs. ROM.
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Figure 4.8: Comparison between FEM vs. ROM frequency response.



79

4.4 Conclusions and Future Work

This work introduced a new ROM for modeling large and small mistuning together.

The ROM is based on CMM having nominal rogue system modes as a basis. It was

demonstrated that the tuned system modes cannot serve as a basis for a system having

large mistuning because the mode shapes between the large mistuned system and the tuned

system are different. It was then shown that using nominal rogue system modes could

be used to represent the modes of a system with large and small mistuning for a given

frequency range. Therefore, the use of nominal rogue systems modes is justified as a basis

for the CMM procedure.

Because the rogue system is not cyclically symmetric as would be the case if the system

were tuned, CMS was used to compute the mode shapes. Because individual blades need

to be isolated, and many DOF exist at the blade-disk interface which would result in a

high number of constraint modes, the components were defined as the sectors. It was

demonstrated that the modes can be computed using CMS without loss of accuracy as

compared to FEM. To further improve efficiency of the CMS technique for computing

nominal rogue modes, secondary reductions were considered. Both 2-sector and 4-sector

nesting resulted in trade off between up front computational cost and computational costs

associated with repeatability. The up front costs for 4-sector nesting are greater, but the

4-sector nesting method has the potential for lower computational costs if a number of

components need to be changed and the ROM regenerated. Both nesting sizes result in

accurate mode shapes relative to the full-order FEM mode shapes.

Finally, a the CMM-based large mistuning ROM was assembled and compared with

FEM results. The eigenvalues were predicted within 0.1 % of the FEM. The frequency

response predictions were accurate at almost all frequencies, and the envelope of the re-
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sponse was captured well. The ROM will offer the possibility of getting accurate response

amplitudes for a given system with large mistuning for random small mistuning.

One possible direction for future work is computation of the rogue system modes more

efficiently than is done with CMS. Even with sector boundaries as interface DOF, the num-

ber of constraint modes results in matrices that are still moderately large and lack sparsity.

Another suggestion for future work is to explore improvements to CMM, namely adding

constraint modes at the interface of the blade and disk for the projection of mistuning.

This might improve the amplitude predictions for the frequencies that were not predicted

with high accuracy. Finally, this approach will only handle one discrete large mistuning

scenario. To explore another large mistuning case, the nominal rogue system mode basis

must be recomputed. A possible direction for future work is to parameterize the large

damage which will allow for rapid exploration of large mistuning cases in conjunction

with random small mistuning.



CHAPTER V

Pristine, Rogue, Interface Modal Expansion (PRIME): A
Reduced Order Modeling Approach For Blisks With

Large Mass, Stiffness And Geometric Mistuning

5.1 Introduction

Industrial turbomachinery blisks are often nominally cyclically symmetric by design.

Deviations to the cyclic symmetry of these blisks is common due to manufacturing, gen-

eral wear, and damage. These deviations, called mistuning, can lead to dramatically in-

creased forced response for a few of the blades of the blisks. Because of the need to

predict the forced response and the need to avoid high stress situations, various techniques

to construct reduced order models (ROM) have been developed. These techniques can be

divided into two categories. The first tackles small mistuning only. These methods as-

sume that the mistuning is small enough to be modeled as small frequency deviations of

the blades (e.g. 10% change in blade alone frequencies). Small mistuning has been stud-

ied extensively, and several efficient approaches for reduced-order modeling of mistuned

bladed disks have been developed [14, 16–18, 21–23]. The second category tackles large

mistuning. In contrast to small mistuning, large mistuning cannot be accurately modeled

by only small frequency deviations. Blisks with large mistuning are usually characterized

by simultaneous large mass, stiffness, and geometric changes to the nominally tuned sys-

81
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tem. Such mistuning occurs for cases where blades have large deformations or missing

material.

Limited work has been done for developing ROMs for blisks with large mistuning.

Lim et al. [22] developed a modeling technique to encompass both small and large mis-

tuning. Those ROMs use tuned modes and virtual mistuned components in a component

mode synthesis (hybrid interface) technique. The resulting basis consists of a truncated

set of tuned normal modes, tuned-system attachment modes, and constraint modes for the

mistuning components. However, this method results in prohibitively large models. Fol-

lowing their work, an approach to address large mistuning specifically in order to reduce

the model size was proposed [44] . This method projects the blisk dynamics onto a basis

of tuned system modes compensated using quasi-static modes according to a mode accel-

eration approach. The models obtained by this approach are much smaller, but they do not

consider small, random mistuning. Ganine et al. [45] added the small, random mistuning

to the static mode compensation (SMC) approach in a similar manner to component mode

mistuning (CMM) [23]. This was followed by a study of the convergence properties of the

SMC technique and a suggestion for a new technique based on a Jacobi-Davidson correc-

tion of the modes [46] . It was noted that SMC is most appropriate only when modes are

closely spaced and the finite element model (FEM) is not too large, whereas the Jacobi-

Davidson had better convergence for large scale FEM and regions where mode family

interaction is important. A unique approach was suggested by Sinha [47, 48] where tuned

modes are chosen for the basis based on proper orthogonal decomposition (POD) features.

The ROM size generated by that approach can be larger than SMC based ROMs since it

is the product of the number of tuned modes and the number of POD features, but the

approach allows for the possibility to model random large mistuning. These approaches

all make use of full system modes or variations of full system modes for a basis.
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An exciting approach was introduced recently by Mbaye et al. [49, 50] to consider

blisks with intentional geometric mistuning with the possibility of adding random mistun-

ing [51]. In this approach, cyclic symmetry analysis is applied to each individual sector

to compute modes to be used in the basis for reduction. Cyclic symmetry modes are

then strategically assembled according to the physical degrees of freedom (DOFs) corre-

sponding to each sector to build up each full mode shape. To do this, it was necessary

to introduce a modal scale factor to match phases and ultimately modify the modes of

each sector before compatibility was enforced on the interface. This unique approach of-

fers a convenient and efficient way to model a system that is intentionally geometrically

mistuned.

The work of Mbaye et al. [49] focuses on intentional mistuning. The current work

builds on that by extending the cyclic modes approach and improving the basis to accu-

rately model all varieties of geometric mistuning, notably large bends and missing mate-

rial. These improvements are important needed generalizations for a variety of reasons.

For example, in the approach by Mbaye et al. [49], the modal scaling factor is computed

using the inner product between a nominal sector and the sectors of the actual system.

This factor cannot be directly applied to a system having missing material because the

number of DOFs do not match from sector to sector. For systems with bends, this factor

could also lead to a false phase matching because the actual location of the DOFs between

adjacent sectors are different. Additionally, since each of the cyclic modes for each sector

are assembled for the same mode without additional normalization (other than enforcing

compatibility at the interfaces), it is possible that the basis could be insufficient for certain

systems which have large parameter changes. Such an example is a case where only the

modulus of elasticity is changed for one entire sector. In this case, the mode shapes for the

modified sector would be the same as the tuned sector. This would make the basis in this
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approach precisely the tuned system modes. However, it is well known that the mistuned

system with a large enough change in modulus of elasticity cannot be modeled using tuned

system modes [23]. Finally, we found that the constraints imposed on the basis are overly

constraining the model and they have to be relaxed to model large damage. Cyclic modes

computed using cyclic symmetry analysis for each sector are assembled for each given

mode in the basis. This likely leads to a full basis of modes that have non-localized behav-

iors even in the presence of cyclic rogue modes. That phenomenon leads to an inaccurate

mode. For example, a case where some of the DOFs have a very small motion is likely to

occur (especially in a localized mistuned system). An extreme example of this is a case

where all of the energy is localized in a single sector, such as would likely occur when

there is a single damaged blade.

The current work introduces a new reduced order modeling approach for both large

and small mistuning. The method first determines a suitable set of basis vectors to model a

nominal rogue system, upon which small mistuning will ultimately be projected. This ap-

proach makes use of a new basis composed of modes computed only from cyclic symmetry

analyses (for the tuned and rogue sectors, where rogue sectors are the sectors having large

differences from the tuned sector). This is similar to the method Mbaye et al. [49] from

the viewpoint that this method needs only cyclic symmetric modes to reduce the system,

but the basis is assembled differently to add flexibility to the system and improve accuracy.

In our method, the system matrices are projected onto a three part basis. This basis has

DOF associated with the three distinct portions of the system: the pristine portion which is

geometrically the same as the nominal tuned system, the rogue portion which consists of

the physical DOF of the system that has large mistuning, and the interface portion which

consists of the physical DOF which interface the rogue and pristine physical DOF of the

system. By allowing additional DOF associated with the distinct physical locations (the
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interface), the basis can satisfy the compatibility between the pristine and rogue portions.

Also, the need to match phases between physical DOF of the system is eliminated. Fur-

thermore, the additional DOFs prevent the reduced system from becoming overly stiff (or

locking) and therefore can model extreme cases of energy localization.

ROMS are computed by first projecting only sector level system matrices onto sec-

tor level cyclic mode shapes, thus preventing high computational cost while forming the

basis. After a ROM is formed, a series of computationally efficient transformations are

applied to effectively remove unnecessary DOF in a manner that further reduces the sys-

tem without overly constraining it. The result is a compact basis that can serve as a set of

nominal modes not unlike that suggested in work by Yang et al. [18]. Also, this approach

is particularly efficient in regions of high modal density [56].

The new set of modes can serve as a basis of nominal modes upon which an exten-

sion of CMM can be applied. The extension of CMM was first suggested by Ganine et

al. [45] in which the modes associated with blades having geometric mistuning are pro-

jected onto cantilevered blade modes of that geometrically mistuned blade. Using this

concept, the mode shapes of the new basis are projected on the corresponding tuned or

rogue cantilevered blade modes for the mistuned portion of the system matrices. This fi-

nal ROM has the key advantages that it requires only cyclic sector-level or blade alone

computations, and it uses only sector-level information and data manipulation. Hence, the

model reduction can be applied to highly refined, realistic models of industrial size with

low computational costs.

5.2 Modeling

This section introduces a novel methodology to accurately and efficiently model the

dynamics of a system having both large and small mistuning. First, a new reduced basis
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upon which the equations of motion of a system with large mistuning can be projected

to accurately model the dynamics is discussed. It is also discussed how this basis can

model small mistuning by an extension of the CMM method [23]. Next, a methodology is

presented to demonstrate how this projection can be done using only sector level calcula-

tions. Finally, a method for further reducing the ROM size based on intermediate subspace

projections is described.

5.2.1 Pristine-Rogue-Interface Modal Expansion (PRIME)

The equations of motion of a full blisk can be reduced by projecting the mass and

stiffness matrices onto the nominal system modes [18], and then further projecting the

mistuned portions of the mass and stiffness matrices onto appropriate cantilevered blade

modes through the nominal system modes. The pristine-rogue-interface modal expansion

(PRIME) methodology is shown schematically in Figs. 5.1 and 5.2. First, it is well known

that the full geometrically mistuned mode shape cannot be represented by a basis of tuned

system modes [23]. This is shown in Fig. 5.1. However, it is assumed that the physi-

cal DOFs represented by the pristine portion of the geometrically mistuned mode can be

represented by the corresponding physical DOFs from a tuned modal basis, as shown in

Fig. 5.1. Similarly, it is clear that the full geometrically mistuned mode shape cannot be

represented by a basis of cyclic rogue system modes, as shown on the bottom of Fig. 5.2.

By the same reasoning as for the pristine DOFs of the system, it is assumed that the rogue

DOFs of the full mode shape can be represented by the rogue DOF of the cyclic rogue

modes as in Fig. 5.2. For simplicity, consider the equation of motion of an undamped

rogue blisk expressed for harmonic forcing as

[
−ω2M + K

]
x = f . (5.1)
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Rogue Mistuned Mode Cyclic Tuned Modes

≠ + ...

Rogue Mistuned Mode
      (Non-Rogue DOFs)

= + ...

Cyclic Tuned Modes
      (Non-Rogue DOFs)

Figure 5.1: Evaluation of tuned system modes as a basis.

Rogue Mistuned Mode Cyclic Rogue Modes

≠ + ...

Rogue Mistuned Mode
      (Rogue DOFs Only)

= + ...

Cyclic Rogue Modes
      (Rogue DOFs Only)

Figure 5.2: Evaluation of cyclic rogue system modes as a basis.
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The equations can be partitioned as follows:
−ω2


MPP MPR MPI

MRP MRR MRI

MIP MIR MII

+ ...

(5.2)

...+


KPP KPR KPI

KRP KRR KRI

KIP KIR KII






xP

xR

xI

 =


fP

fR

f I

 ,

where P denotes the pristine (or non-rogue) portion of the blisk, R is the rogue portion of

the blisk, and I is the interface between the pristine and rogue parts of the system. It is now

proposed that the system matrices be projected onto a new basis using the transformation

x =


xP

xR

xI

 =


ΦP 0 0

0 ΦR 0

0 0 ΦI




pφP

pφR

pφI

 = ΦPRIp, (5.3)

where ΦP is a truncated set of cyclic modes (assembled) for the pristine sectors, ΦR is

a truncated set of cyclic modes for the rogue sectors, and ΦI is a truncated set of cyclic

modes for the interface between rogue and pristine sectors. A key feature of this basis

is that the pristine, rogue, and interface physical DOFs all have separate DOFs in the

modal space. This is critical because it allows the basis to effectively span the subspace

of the original modes of the geometrically mistuned system without locking certain DOFs

or overly constraining the system. Projecting the equations of motion yields the reduced
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system

MPRI =


ΦPT

MPPΦP ΦPT
MPRΦR ΦPT

MPIΦI

ΦRT
MRPΦP ΦRT

MRRΦR ΦRT
MRIΦI

ΦIT
MIPΦP ΦIT

MIRΦR ΦIT
MIIΦI

 ,

KPRI =


ΦPT

KPPΦP ΦPT
KPRΦR ΦPT

KPIΦI

ΦRT
KRPΦP ΦRT

KRRΦR ΦRT
KRIΦI

ΦIT
KIPΦP ΦIT

KIRΦR ΦIT
KIIΦI

 , (5.4)

FPRI =


ΦPT

fP

ΦRT
fR

ΦIT
f I

 .

PRIME-Based ROMs Computed Using Sector Level Calculations.

Formation of ROMs can be computationally expensive in itself due the increasing

model sizes being used for industrial blisks. Furthermore, it is becoming increasingly

more common to use Matlab to rapidly manipulate and form ROMs. However, memory

usage can become prohibitive to forming bases associated with industrial models. For this

purpose, we present next a technique to form the PRIME basis using only sector level

calculations, which ultimately eliminates the need to form large memory-consuming ma-

trices.

Let us first consider the projection of the mass matrix of a tuned blisk onto the nor-

mal modes of the system. The standard projection in Fig. 5.3 shows the assembled mass

matrix and corresponding mode shapes. Figure 5.4 shows a disassembled projection. The

mass matrix is comprised of block matrices M1 · · ·MN for N sectors. Each matrix Mi

is the free-interface mass matrix for a sector. The modal matrix is similarly composed

of Φ1 · · ·ΦN , where each Φi has the system level mode shape for all of the DOFs for a
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sector (including its interfaces with adjacent sectors. It should be noted that there is dupli-

cated modal information at each sector interface of Φi. To assemble the matrix in Fig. 5.4

according to a finite element assembly, the parts of the mass matrix corresponding to in-

terface DOFs are summed, and the duplicate interface modal information is removed from

each Φi. Consider the expressions which represent mathematically the two projections

Summed at 
sector interfaces

No duplication at 
sector  interface

Figure 5.3: Standard modal projection of mass matrix onto normal modes.

Duplicated at 
sector interfaces

Sub-matrices not 
summed at sector 
interfaces

Figure 5.4: Expanded modal projection of mass matrix onto normal modes.

(at interface DOFs) shown in Figs. 5.3 and 5.4, respectively

ΦΓ
i

T [
MΓ

i + MΓ
i+1

]
ΦΓ
i , (5.5)

and

ΦΓ
i

T
MΓ

i Φ
Γ
i + ΦΓ

i+1

T
MΓ

i+1Φ
Γ
i+1, (5.6)
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where Γ denotes interface DOF. It is clear that if ΦΓ
i+1 = ΦΓ

i , then the expressions in

Eqns. 5.5 and 5.6 are also equal. The equality of the duplicate modal interfaces and the

summation in the mass matrix interfaces upon assembly makes the projections in Figs. 5.3

and 5.4 precisely identical. Therefore, we turn our attention to the expanded projection in

Fig. 5.4. It has the advantageous property that it can be computed using only free-interface

sector mass matrices, and sector level portions of the system modal matrices. The entire

expansion can be done by only forming matrices and vectors having the size of the number

of DOFs in a single sector. It is clear that this concept can be applied to the stiffness matrix

as well. This principle works especially well for projections involving tuned cyclic models

because the entire mode shape is never computed.

This idea is applied to the PRIME basis. First, we must replace the appropriate pristine

sector mass matrices in Fig. 5.4 with the rogue sector mass matrix for the rogue portions of

the system. Similarly, we replace the corresponding sector level tuned mode shapes with

the sector level rogue mode shapes (which are computed from cyclic symmetry analysis).

Only the interfaces between the rogue and pristine sector mode shapes do not precisely

match. However, it is assumed that all of the rogue sector interfaces can be expressed as a

linear combination of pristine interfaces. This allows for the PRIME basis to be computed

fully having only matrices of the size of a single sector model necessary in memory, thus

expanding the possible models that can be handled.

Large and Small Mistuning: Extended CMM with PRIME

Consider the equation of motion of a system having both large and small mistuning

[
−ω2

(
M + Mδ

)
+
(
K + Kδ

)]
x = f , (5.7)

where δ denotes the presence of mistuning in the blade portion of the system only. The

entire mistuned system is projected onto the PRIME basis, which results in the following
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reduction

[
−ω2ΦPRIT (

M + Mδ
)

ΦPRI + ...

(5.8)

...+ ΦPRIT (
K + Kδ

)
ΦPRI

]
p = ΦPRIT

f ,

and can be written as

[
−ω2

(
MPRI + ΦPRIT

MδΦPRI
)

+ ...

(5.9)

...+
(
KPRI + ΦPRIT

KδΦPRI
)]

p = ΦPRIT
f .

At this point, the mistuned portion of the system matrices are projected onto either pris-

tine or rogue cantilevered blade normal modes (neglecting constraint modes) in a modified

CMM [23] approach by allowing the PRIME modal basis to be represented by a combi-

nation of cantilever blade modes. The projection is only necessary for blade DOFs since

mistuning is only present in the blades for this study. The projection has the following

form

ΦP = Bdiag
[
ΦP
cb

]
qP ,

(5.10)

ΦR = Bdiag
[
ΦR
cb

]
qR,

where Bdiag[·] refers to a block diagonal matrix, cb denotes cantilevered blade, and the

vectors qP and qR have distinct entries for each cantilevered blade mode used for each

blade on the blisk. The resulting reduced system matrices can be written as

Mred = MPRI +
N∑
n=1

qT
nΦcb

n

T
Mδ

nΦ
cb
n qn,

(5.11)

Kred = KPRI +
N∑
n=1

qT
nΦcb

n

T
Kδ
nΦ

cb
n qn,
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where the mistuned portion of the system can be written as a sum of the projections over

each of the N blades. By ignoring mass mistuning and assuming that the motion of each

blade is dominated by a single cantilevered blade mode, the matrices in Eqn. 5.11 can be

reduced as done by Lim et al. [23] to obtain

Mred = MPRI ,

(5.12)

Kred = KPRI +
N∑
n=1

qT
nδΛ

cbqn,

where δΛcb are the eigenvalue deviations of the mistuned cantilevered blade modes from

the tuned ones. The portion of the system with small mistuning requires only the solution

of the rogue and tuned cantilevered blade eigenvalue problem and simple projections to

compute the participation factors as follows

qP = ΛP
cb

−1
ΦP
cb

T
KbΦ

R
b ,

(5.13)

qR = ΛR
cb

−1
ΦR
cb

T
KbΦ

P
b ,

where the subscript b denotes blade DOFs. The ROM in Eqn. 5.12 represents a complete

model which efficiently and accurately models large geometric mistuning and damage as

well as small mistuning.

PRIME Conditioning

The PRIME basis introduced in Eqn. 5.3 has several differences from that suggested by

Mbaye et al. [49], most notably that the pristine, rogue, and interface DOFs in the physical

space are each also allowed separate DOFs in the modal space. This approach removes the

need to do phase matching between sector interfaces, eliminates the need to have a criteria

to match mode families and nodal diameter content of each sector, and ultimately allows

for a model that is flexible enough to model extreme cases of geometric modification.
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However, there are two aspects of the new method which can be improved. The first,

and most obvious, is that the resulting ROM has additional DOFs which reduce efficiency

when doing probabilistic studies using the ROM. The second is that the matrix shown in

Eqn. 5.3 has the potential to be rank deficient. Consider the full cyclic rogue system matrix

φR ∈ Rmxm and the submatrix Φ̃R ∈ Rαxm which is used in PRIME (before truncation).

Here, m denotes the number of physical DOF for a full system, and α denotes the physical

DOF for a single sector. It is clear that rank{Φ̃R} < m. This is an extreme example

of how the PRIME basis can become ill-conditioned. That is more likely to occur when

there is low disk motion within a mode family because of the similarity amongst the mode

shapes. Two important improvements are presented next to address these issues.

Consider Eqn. 5.5 which shows the PRIME ROM. We first consider the reduced mass

matrix with the understanding that the same operations are applied to the stiffness and

forcing terms. Substitute µxy = ΦxTMxyΦy for notational convenience such that

MPRI =


µPP µPR µPI

µRP µRR µRI

µIP µIR µII

 . (5.14)

Next, perform a transformation to constrain the DOFs in the system as follows

µ =


I 0

I I

I 0


T 

µPP µPR µPI

µRP µRR µRI

µIP µIR µII




I 0

I I

I 0

 ,

=

 µ̃PRI µ̃RΓ

µ̃RΓT
µ̃RR

 , (5.15)
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where

µ̃PRI = µPP + µPR + µPI + µRP + ...

... +µRR + µRI + µIP + µIR + µII ,

µ̃RΓ = µRP + µRR + µRI ,

µ̃RR = µRR.

At this point, the model has a disadvantage similar to that of Mbaye et al. [49] where the

system is overly constrained. From the viewpoint of the PRIME basis, one could write

this last transformation as a

pred =


ΦP 0

ΦR ΦR

ΦI 0


 pφPRI

pφR

 . (5.16)

Note that there is no matching of mode families for the sector modes in the left hand

column. The main problem is that the modal DOFs associated with the rogue information,

pφR are not completely free to move relative to the rest of the DOFs, pφPRI
. Due to this it is

necessary to keep only the portion of ΦR associated with the portion of pφR which is in the

numerical null space of the interface motion. This will essentially completely unlock the

pφR DOFs, thus increasing the space of admissible displacements. The projection onto the

null space is done by first solving the generalized eigenvalue problem of µIIVI = ΛIVI .

We have chosen to use the mass matrix eigenvalue problem to approximate the null space

to ensure that the norm of the vectors is similar to the rest of the basis. By selecting the

eigenvectors ṼI associated with eigenvalues Λ̃I that are essentially zero, it is possible to
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form a null space of the interface. This leads to the transformation

µ =

 I 0

0 ṼI


T  µ̃PRI µ̃RΓ

µ̃RΓT
µ̃RR


 I 0

0 ṼI


(5.17)

=

 µ̃PRI µ̃RΓṼI

ṼIT
µ̃RΓT

ṼIT
µ̃RRṼI

 .
Finally, to avoid the potential rank deficiency, the rogue modal DOFs are further projected

onto the range space of the rogue DOFs. To accomplish this, in a similar fashion as

for Eqn. 5.17, the eigenvalue problem
[
ṼRT

µ̃RRṼI
]

VR = ΛRVR is solved and the

eigenvectors ṼR associated with the largest eigenvalues Λ̃R are retained. This leads to a

similar transformation

µred =

 I 0

0 ṼR


T  µ̃PRI µ̃RΓṼI

ṼIT
µ̃RΓT

ṼIT
µ̃RRṼI


 I 0

0 ṼR


(5.18)

=

 µ̃PRI µ̃RΓṼIṼR

ṼRT
ṼIT

µ̃RΓT
ṼRT

ṼIT
µ̃RRṼIṼR

 .

A similar reduced matrix can be computed for the stiffness matrix. The resulting ROM is

significantly smaller than the original PRIME model. Furthermore, the matrices are well

conditioned and result in accurate predictions. Note that the conditioning steps are done

entirely in a reduced dimensional space. Hence, this step requires very small amounts of

memory and the computational time is very low.

5.3 Results and Discussion

The PRIME methodology is applied to an industrial blisk with 23 blades shown in

Fig. 5.5. For simplicity the system is considered to be undamped and to have only small

stiffness mistuning. Nonetheless, the missing material is large and leads to large mistun-

ing. Three cases are considered, each having different amounts of mass removed as shown
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Figure 5.5: A mode shape localized at a rogue blade (mode index 70 in Fig. 5.7).

Fig. 5.6. The case having 90% missing mass from the blade represents an extreme case

which demonstrates the effectiveness of the PRIME method. For convenience, a blisk hav-

ing only missing mass is referred to as a rogue blisk, whereas a blisk having both missing

mass and small mistuning is referred to has a rogue mistuned blisk.

10% 50% 90%

Figure 5.6: Rogue sectors with 10%, 50%, and 90% missing mass.

The first case considered is that of a rogue blisk having 50% missing mass from a

single blade. Figure 5.7 shows a percent difference in the system natural frequencies

between a full-order FEM and PRIME of less than 0.03%. The PRIME ROM size of

147 modes was used to model 79 modes. As noted earlier, relaxation of the constraints

of the current approach is critical to be able to predict a highly localized mode shape at

a rogue sector. Figure 5.5 represents the mode of index 70 (in Fig. 5.7). Although, this

mode has the highest error, the accuracy is still good, thus demonstrating that PRIME can

handle this extreme case. Another case noted earlier is one in which an entire sector has

a uniform change in the modulus of elasticity. Because the modified sector has the same

mode shapes as the nominally tuned system, the basis of Mbaye et al. will be one of
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Figure 5.7: PRIME vs. FEM comparison of natural frequencies of a rogue mistuned blisk
having a sector with 50% missing mass.

tuned system modes. However, if the change in the modulus of elasticity is large enough,

a basis of tuned system modes is not capable of providing high-accuracy results. The

conditioning feature of PRIME described in the methodology unlocks the model, thus

preventing the PRIME basis from viewing that rogue sector as tuned. Figure 5.8 shows

the percent difference in natural frequencies for a case where a single sector has a 40%

modulus of elasticity increase. Again, even for this extreme case, the PRIME ROM predict

the natural frequencies to within 0.25% error.
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Figure 5.8: PRIME vs. FEM comparison of natural frequencies of a rogue mistuned blisk
having a sector with 40% modulus of elasticity increase.

The PRIME methodology can also be used to approximate systems with both large and

small mistuning. Figure 5.9(a) shows the natural frequency comparison from a system

having small mistuning and a single sector with 10% missing mass. The ROM has a

total of 478 DOFs which can accurately model 354 modes. Note that the accuracy begins
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to decrease near the higher frequencies. However, the basis used contains pristine and

interface modes only from 0-30kHz, which is the frequency range of natural frequencies

compared. It is also notable that in the case of missing mass, the rogue sector natural

frequencies dramatically increase, and therefore frequency content greater than 30kHz was

used for the rogue cyclic modes only. For clarity, we kept the same number of rogue modes

as pristine modes for these results. However, this likely results in a model that is larger

than necessary to capture the natural frequencies in the range 0-30kHz. Similar results

are shown for 50% and 90% missing mass in Figs. 5.9(b) and 5.9(c), respectively. The

case with 10% missing mass requires a model with 510 DOFs to capture all frequencies

from 0-30kHz, and the case with 90% missing mass requires 544 DOFs. Both cases show

excellent accuracy especially away from the higher frequency range. Also of note is that

the tuned system natural frequencies of these systems can be as much as 20% different

from those of the mistuned system. An example of this can be seen in Fig. 5.10, where it

is obvious that the mistuned rogue natural frequencies deviate significantly from the tuned

natural frequencies. The values of natural frequency are plotted relative to a reference

frequency value.

To demonstrate that the PRIME methodology fully captures the system dynamics for

a rogue mistuned blisk, the mode shapes are compared. To do this, we compare the FEM

mode with the PRIME mode for a node of two localized modes. The first mode is the mode

shape is shown in Fig. 5.11 and the second mode shape is shown in Fig. 5.7. The mode

shapes for the node (R, θ, andZ directions) shown in Fig. 5.11 are plotted in Fig. 5.12. The

Z-axis is along the blisk center of rotation, theR-direction is outward from the blisk center

of rotation, and the θ-direction is in the circumferential direction about the blisk center of

rotation. It is clear that the PRIME basis can accurately predict the mode shapes of the

rogue mistuned blisk even in the presence of localization. Furthermore, it can predict the
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(a) 10% Mass Reduction.
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(b) 50% Mass Reduction.
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(c) 90% Mass Reduction.

Figure 5.9: PRIME vs. FEM comparison of natural frequencies of a rogue mistuned blisk
having missing mass.
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Figure 5.10: Natural frequencies of a rogue mistuned blisk having a sector with 90% miss-
ing mass.

mode shape when there is localization in the rogue blade. Finally, it is important to note

Node 1

Figure 5.11: Mode shape localized at a blade with no missing mass (Mode index 66 in
Fig. 5.9(b)).

that these effects of large mistuning are not well captured using CMM frequency mistuning

modeling. Figure 5.13 shows that the frequencies as predicted by CMM have much lower

accuracy than those predicted using PRIME. Furthermore, as expected, the mode shapes

(arbitrarily normalized) predicted by CMM cannot capture the localized mode shape.
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Figure 5.12: PRIME vs. FEM comparison of localized mode shapes (Mode index 66 and
70 in Fig. 5.9(b)). Localized modes shown in Figs. 5.11 and 5.7, respectively.

5.4 Conclusions

There is an important need to accurately and efficiently model large mistuning (such

as large geometric changes or missing material) in the presence of small mistuning for

the analysis of damaged blisks or for the design of new blisks. A novel reduced order

modeling methodology (PRIME) was presented and demonstrated to address this need.

The results highlight that:

• A basis comprised of modes computed from cyclic symmetry analysis of tuned and

rogue sectors can be assembled to represent the corresponding DOFs in the physical

space. The basis can be expanded (allowing additional DOFs in the modal space) to

avoid over constraining the system.

• Conditioning of the basis is essential to unlocking the model while keeping the sys-

tem matrices well conditioned.
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• The PRIME basis can be formulated such that the ROM can be generated using only

sector level calculations, generalizing the type of allowable finite element meshes

and enabling the rapid generation of ROMs.

• Both large mistuning (up to 100% of a blade missing) and small mistuning can be

accurately modeled using PRIME.

• The natural frequencies and mode shapes of blisks with complex geometry suffer-

ing from both large damage and small mistuning can be captured accurately using

PRIME.



CHAPTER VI

Conclusions and Future Work

6.1 Contributions

The work in this dissertation presents several algorithms and methodologies for pre-

dicting the dynamic system response and identifying parameters of turbomachinery. The

original contributions of this work can be summarized as follows:

• In Chapter II the concept of IROM was introduced. It was demonstrated that using

a standard DROM results in inaccurate mistuning identification. To address this,

the novel concept of the IROM was employed. A new metric called the selection

ratio was introduced to systematically categorize modes in a way that minimized

negative effects of CMM-ROM approximations, while maximizing the sensitivity

to mistuning. The effect of using a limited number of experimental measurement

points per blade was studied. It was noted that a rank deficiency in the modal matrix

would cause an inaccuracy in the physical to modal transformation needed for CMM

mistuning identification. It was determined that using too few points can result in a

rank deficiency of the modal matrix. This is especially true if multiple modes having

the same nodal diameter content are included in the basis. Therefore, it is necessary

to either add additional measurement points or avoid using modes that could result

in ill-conditioning of the modal matrix. In addition, a novel technique is introduced
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to automatically determine a suitable IROM size to accurately predict mistuning

values. This idea is based on using surrogate data generated using the DROM to

then interrogate the IROM. First, the mistuning used in the DROM was randomly

generated. Then the DROM was used to generated surrogate data in the modal

space, upon which noise was added. This surrogate data was plugged into each

IROM size available. The mistuning parameters were identified and then compared

with the original random mistuning used in the DROM. Using this technique, it

was demonstrated that it was possible to automatically identify mistuning with high

accuracy.

• In Chapter III the CMM-based mistuning identification procedure was extended to

higher frequency ranges. It was noted that mistuning identification in higher fre-

quency ranges is affected by two key factors. The first was that the motion of the

blisk has increasingly complex topologies and blade-disk interactions. The second

was that there are no longer regions of high modal density where modes will be

highly sensitive to mistuning. This issue was addressed by increasing the impor-

tance on measurement point selection. Measurement points were selected using

the EIDV procedure for each possible IROM size. These measurement points were

shown to be more sensitive to mistuning and better able to represent the mode shapes

used in the reduced-order model for predictions. Then each IROM was evaluated us-

ing the surrogate data process. Ultimately, it was demonstrated that it is possible to

identify unique mistuning patterns for multiple cantilevered blade mode families in

higher frequency ranges. The resulting mistuning patterns could then be used with a

novel approach to identify physical parameter variations in different portions of the

blades. A technique was suggested to address possible conditioning issues with this

approach. Finally, it was demonstrated that changes in the modulus of elasticity in
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different geometric locations of the blade could be identified using only mistuning

patterns.

• In Chapter IV a new approach to modeling of blisks having both large and small

mistuning was introduced. First, it was demonstrated that a basis of tuned modes

was insufficient to serve as a basis for a system having large mistuning. Then it

was demonstrated that a basis of nominally rogue modes was sufficient to serve as

a basis for a system with rogue modes. The basis of rogue system modes was first

computed using CMS with each sector as a component. The modes are computed

in the reduced CMS space and then expanded to the full order system. These modes

accurately predicted the response of the mistuned system. In order, to reduce the

number of DOFs in the CMS ROM space and while still allowing for rapid swap-

ping of rogue sectors, a secondary substructuring was suggested. This secondary

analysis performed CMS on both 2-sector and 4-sector components, while leaving

rogue sectors in the original reduced state. This would allow for rogue sectors to

be changed so that other rogue systems could be studied. The secondary reduction

showed an improvement in computational time at the reduced modal step. However,

clear drawbacks to this approach were demonstrated. First, computational time for

the reduction process alone was prohibitive for large systems. Also, for extremely

large systems, memory consumption and files generated by the ANSYS R© were too

great and the analysis would not complete. For completeness, an extended CMM

approach was included in this methodology to model small mistuning. The rogue

portion of the mistuned system was projected onto rogue cantilevered blade modes.

This resulted in excellent accuracy in the eigenvalues and forced response of the

system.
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• In Chapter V introduced a novel ROM based on the pristine, rogue, interface modal

expansion (PRIME). The new ROM was based on computing the basis strictly from

sector level quantities to avoid computation concerns related to generating ROMs for

large mistuning. To do this, modes computed from cyclic symmetry of the pristine,

rogue and interface portions were used as a basis for the pristine, rogue and interface

DOFs. All three entities were given separate DOFs in the modal domain to add

flexibility to the model. A technique based on expanded sector calculations was

introduced to allow for computing the ROM while keeping only a single sector’s

worth of information in the memory at a time. Then it was demonstrated that the

extended CMM procedure introduced in Chapter IV could be applied to this ROM.

Finally, a further reduction and conditioning of the basis was introduced. The results

show an extremely accurate prediction of the eigenvalues and mode shapes of a

system having moderate and severe damage.

6.2 Future Research

The following are topics of future research which have been generated in the process

of doing the work presented in this dissertation.

• Improved Measurement Point Selection

It is clear from the work done in Chapters II and III that measurement point selection

is of critical importance to mistuning identification. First, it is important because it

has a dramatic effect on the accuracy of the mistuning predicted. Also, it is impor-

tant because experimentally measuring additional points can be costly in terms of

time. The current measurement point selection is based on EIDV, which essentially

chooses points that make the mode shapes most linearly independent. However,

sometimes this algorithm will pick adjacent points. This demonstrates a weakness
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in this method. Future work would include an exploration of other measurement

point selection techniques, especially those that more directly choose points that are

sensitive to mistuning.

• Mistuning Identification Using Engine Data

Currently, mistuning is identified by fixing a blisk in a stationary fashion and apply-

ing some excitation. However, this requires the removal of a blisk from the operating

environment and extra effort to create a rig that can accommodate the experimen-

tal procedure. However, engine data is often readily available to manufacturers of

turbomachinery. Future work could include attempting to build a mistuning iden-

tification procedure around the use of engine data. This could enable more rapid

mistuning identification and also evaluation of mistuning of blisks in operation. It

would then be possible to determine possible causes of changing dynamics of the

system over the course of the life of the blisk.

• Multiple Rogue Sector Large Mistuning

The PRIME methodology has currently only been tested for a single rogue sector. In

practice, large mistuning usually occurs in multiple sectors either because of damage

or manufacturing. Therefore, it is necessary to extend the PRIME methodology to

allow for multiple rogue blades. This would enable a more realistic model of the

dynamics of blisks having both large and small mistuning.
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APPENDIX A

Extended Formulation of CMM-Based ROM for Large
Mistuning

Consider the equation of motion of a damped, forced, rogue blisk expressed as

MrẌ + KrX = F + Fsd, (A.1)

where Fsd denotes the force caused by structural damping. It is assumed that there is

mistuning in this system and that the system can be split into a tuned component and a

mistuned component as per the CMM approach by Lim et al. [23], with the exception that

the tuned system is now the rogue system. One obtains

rogue:

MrẌr + KrXr = Fr + Fr
sd, (A.2)

mistuned (Small):

MδẌδ + KδXδ = 0. (A.3)

For the nominal rogue system let

Xr =

 Xr
Ω

Xr
Γ

 =

 Φr
Ω Ψr

Ω

Φr
Γ Ψr

Γ


 Pr

Φ

Pr
Ψ

 =

 Φr
Ω Ψr

Ω

Φr
Γ Ψr

Γ

Pr, (A.4)

where Ω denotes the disk portion of the nominal rogue system, and Γ represents the blade

portion of the nominal rogue system.
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Substituting Eq. A.4 into Eq. A.2 and premultiplying yields

 Φr
Ω

T Φr
Γ

T

Ψr
Ω

T Ψr
Γ

T


 Mr

ΩΩ Mr
ΩΓ

Mr
ΓΩ Mr

ΓΓ


 Φr

Ω Ψr
Ω

Φr
Γ Ψr

Γ


 Pr

Φ

Pr
Ψ

+

 Φr
Ω

T Φr
Γ

T

Ψr
Ω

T Ψr
Γ

T


 Kr

ΩΩ Kr
ΩΓ

Kr
ΓΩ Kr

ΓΓ


 Φr

Ω Ψr
Ω

Φr
Γ Ψr

Γ


 Pr

Φ

Pr
Ψ

 =

 Φr
Ω

T Φr
Γ

T

Ψr
Ω

T Ψr
Γ

T

Fr +

 Φr
Ω

T Φr
Γ

T

Ψr
Ω

T Ψr
Γ

T

Fr
sd.(A.5)

Equation A.5 can be simplified as ΦrTMrΦr ΦrTMrΨr

ΨrTMrΦr ΨrTMrΨr


 Pr

Φ

Pr
Ψ

+

 ΦrTKrΦr ΦrTKrΨr

ΨrTKrΦr ΨrTKrΨr


 Pr

Φ

Pr
Ψ

 (A.6)

=

 Φr
Ω

T Φr
Γ

T

Ψr
Ω

T Ψr
Γ

T

Fr +

 Φr
Ω

T Φr
Γ

T

Ψr
Ω

T Ψr
Γ

T

Fr
sd, (A.7)

or I ΦrTMrΨr

ΨrTMrΦr ΨrTMrΨr


 Pr

Φ

Pr
Ψ

+

 Λr ΦrTKrΨr

ΨrTKrΦr Ψr


 Pr

Φ

Pr
Ψ

 (A.8)

=

 Φr
Ω

T Φr
Γ

T

Ψr
Ω

T Ψr
Γ

T

Fr +

 Φr
Ω

T Φr
Γ

T

Ψr
Ω

T Ψr
Γ

T

Fr
sd. (A.9)

Next, consider the mistuned model, which contains only DOF from the blade, that is

Xδ =

 Xδ
Ω

Xδ
Γ

 =

 Φδ
Ω Ψδ

Ω

Φδ
Γ Ψδ

Γ


 Pδ

Φ

Pδ
Ψ

 . (A.10)

In this case, all DOF are part of the boundary DOF. Therefore the interior DOF/normal

modes do not exist for the mistuned model, so that

Xδ = Xδ
Γ = Ψδ

ΓPδ
Ψ = IPδ

Ψ. (A.11)
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Hence, the equation of motion for a mistuned component can be expressed as

MδPδ
Ψ + KδPδ

Ψ = 0. (A.12)

Next, one may to define a coordinate vector P ′ as

P′ =


Pr

Φ

Pr
Ψ

Pδ
Ψ

 , (A.13)

and transformed mass and stiffness matrices as

µr =

 I ΦrTMrΨr

ΨrTMrΦr ΨrTMrΨr

 , κr =

 Λr ΦrTKrΨr

ΨrTKrΦr Ψr

 , (A.14)

µδ = Mδ, κδ = Kδ, (A.15)

µ =

 µr 0

0 µδ

 , κ =

 κr 0

0 κδ

 . (A.16)

The constraint equation which makes the dependent coordinates compatible is

Xr
Γ = Xδ

Γ, (A.17)

and can be written as

Φr
ΓPr

Φ + Ψr
ΓPr

Ψ −Pδ
Ψ = 0, (A.18)

or

[
Φr

Γ Ψr
Γ I

]


Pr
Φ

Pr
Ψ

Pδ
Ψ

 = 0. (A.19)

The components will be synthesized into the system using Lagrange’s equation with

the constraint applied using Langrange multipliers. The Lagrangian is
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L = T − V + λCp′ =
1

2

(
Ṗ′

T
µṖ′ −P′

T
κP′

)
+ σT

[
Φr

Γ Ψr
Γ − I

]
P′. (A.20)

Lagrange’s equation becomes

d

dt

(
∂L

∂ξ̇r

)
− ∂L

∂ξr
= Qr, (A.21)

which yields

µP̈′ + κP′ =


Φr

Ω
T Φr

Γ
T 0

Ψr
Ω

T Ψr
Γ

T 0

0 0 0


 Fr

0

+


Φr

Ω
T Φr

Γ
T 0

Ψr
Ω

T Ψr
Γ

T 0

0 0 0


 Fr

sd

0

+


Φr

Γ

Ψr
Γ

−I

σ,(A.22)

Φr
ΓPr

Φ + Ψr
ΓPr

Ψ −Pδ
Ψ = 0. (A.23)

Next, the coordinate transformation is applied to eliminate dependent coordinates. One

obtains 
Pr

Φ

Pr
Ψ

Pδ
Ψ

 =


I 0

0 I

Φr
Γ Ψr

Γ


 Pr

Φ

Pr
Ψ

 . (A.24)
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Plugging Eq. A.24 into Eq. A.22 and premultiplying by the transpose of the transfor-

mation matrix results in

 I 0 Φr
Γ

T

0 I Ψr
Γ

T




I ΦrTMrΨr 0

ΨrTMrΦr ΨrTMrΨr 0

0 0 Mδ




I 0

0 I

Φr
Γ Ψr

Γ
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Φ

P̈r
Ψ

+

+

 I 0 Φr
Γ

T

0 I Ψr
Γ

T




Λr ΦrTKrΨr 0

ΨrTKrΦr Ψr 0

0 0 Kδ




I 0

0 I

Φr
Γ Ψr

Γ


 Pr

Φ

Pr
Ψ


(A.25)

(A.26)

=

 I 0 Φr
Γ

T

0 I Ψr
Γ

T
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Ω

T Φr
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T 0

Ψr
Ω

T Ψr
Γ

T 0

0 0 0
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0

+

+

 I 0 Φr
Γ
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0 I Ψr
Γ
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Ω

T Φr
Γ

T 0

Ψr
Ω

T Ψr
Γ
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0 0 0
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sd

0

+

 I 0 Φr
Γ

T

0 I Ψr
Γ

T




Φr
Γ

Ψr
Γ

−I

σT

Simplifying, one obtains I + Φr
Γ

TMδΦr
Γ ΦrTMrΨr + Φr

Γ
TMδΨr

Γ

ΨrTMrΦr + Ψr
Γ

TMδΦr
Γ ΨrTMrΨr + Ψr

Γ
TMδΨr

Γ


 P̈r

Φ

P̈r
Ψ

+

 Λr + Φr
Γ

TKδΦr
Γ ΦrTKrΨr + Φr

Γ
TKδΨr

Γ

ΨrTKrΦr + Ψr
Γ

TKδΦr
Γ Ψr + Ψr

Γ
TKδΨr

Γ


 Pr

Φ

Pr
Ψ

 (A.27)

=

 Φr
Ω

T Φr
Γ

T

Ψr
Ω

T Ψr
Γ

T

Fr +

 Φr
Ω

T Φr
Γ

T

Ψr
Ω

T Ψr
Γ

T

Fr
sd

Next, one may assume harmonic motion to obtain

Pr = prejωt, (A.28)
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Fr = f rejωt, (A.29)

 Φr
Ω

T Φr
Γ

T

Ψr
Ω

T Ψr
Γ

T

Fr
sd =

(A.30)

−jγ

 Λr + Φr
Γ

TKδΦr
Γ ΦrTKrΨr + Φr

Γ
TKδΨr

Γ

ΨrTKrΦr + Ψr
Γ

TKδΦr
Γ Ψr + Ψr

Γ
TKδΨr

Γ

pejωt,

so that

−ω2

 I + Φr
Γ

TMδΦr
Γ ΦrTMrΨr + Φr

Γ
TMδΨr

Γ

ΨrTMrΦr + Ψr
Γ

TMδΦr
Γ ΨrTMrΨr + Ψr

Γ
TMδΨr

Γ


 prΦ

prΨ

+

(1 + jγ)

 Λr + ΦΓ
rTKδΦr

Γ ΦrTKrΨr + Φr
Γ

TKδΨr
Γ

ΨrTKrΦr + Ψr
Γ

TKδΦr
Γ Ψr + Ψr

Γ
TKδΨr

Γ


 prΦ

prΨ

 (A.31)

=

 Φr
Ω

T Φr
Γ

T

Ψr
Ω

T Ψr
Γ

T

 f r.

Note that mistuned modes in a high modal density region can be represented using tuned

modes in the same region [56]. We further this assumption that the system modes of a

nominally rogue system with small mistuning can be represented using the rogue modes

without small mistuning. This means that all static constraint modes may be ignored as

follows

−ω2

[
I + Φr

Γ
TMδΦr

Γ

]
prΦ + (1 + jγ)

[
Λr + ΦΓ

rTKδΦr
Γ

]
prΦ = ΦrTf r. (A.32)

It is desirable to represent the blade portion of the system normal modes with a set of

component modes of a tuned blade or rogue blade in this extension of the method. For
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convenience, Eq. A.32 can be expressed as

−ω2

 I + Φr
Γ

T

 Mδ
ii Mδ

ib

Mδ
bi Mδ

bb

Φr
Γ

prΦ +

(A.33)

(1 + jγ)

 Λr + Φr
Γ

T

 Kδ
ii Kδ

ib

Kδ
bi Kδ

bb

Φr
Γ

prΦ = ΦrTf r.

Lim et al. [23] minimizes the contribution of the constraint modes and found the following

relationship between the blade portion of the system modes and the component modes of

the cantilevered blade modes

Φr
Γ =



I⊗

 Φb Ψb,m

0 I



 qmΦ

qmΨ


or ,I⊗

 Φb Ψb,k

0 I



 qkΦ

qkΨ


(A.34)

where b denotes cantilevered blade. Substituting Eq. A.34 into Eq. A.34, yields

−ω2
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qmΨ


TI⊗
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ii Mδ
ib

Mδ
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o
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0

Ψb,kT
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 Kδ

ii Kδ
ib

Kδ
bi Kδ

bb


I⊗

 Φb Ψb,k

0 I



 qkΦ

qkΨ




prΦ (A.35)

= ΦrTf r,
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which becomes
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prΦ(A.36)

= ΦrTf r.

This can be expanded as

−ω2

 I +
N∑
n=1

[
qmΦ,n

T qmΨ,n
T

] ΦbTMδ
ii,nΦ

b(
ΦbTMδ

ii,nΨ
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ib,n

)T
(A.37)

ΦbTMδ
ii,nΨ
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ΨbTMδ
ii,nΨ

b + ΨbTMδ
ib,n + Mδ

ib,n
T
Ψb + Mδ

bb,n


 qmΦ,n

qmΨ,n
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 Λs +
N∑
n=1

[
qkΦ,n
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T
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(A.38)

ΦbTKδ
ii,nΨ

b + ΦbTKδ
ib,n

ΨbTKδ
ii,nΨ

b + ΨbTKδ
ib,n + Kδ

ib,n
T
Ψb + Kδ

bb,n


 qkΦ,n

qkΨ,n


prΦ (A.39)

= ΦsTf s,

where one may note that the mass and stiffness matrices of the cantilevered blade modes

are symmetric. If one assumes that the boundary portion of the blade motion is relatively
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small, and one ignores the contribution of boundary modes, Eq. A.40 becomes

−ω2

[
I +

N∑
n=1

qmΦ,n
TΦbTMδ

ii,nΦ
bqmΦ,n

]
prΦ +

(1 + jγ)

[
Λr +

N∑
n=1

qkΦ,n
T
ΦbTKδ

ii,nΦ
bqkΦ,n

]
prΦ (A.40)

= ΦrTf r,

where the blade portion of the rogue system normal mode is represented solely using

a basis of cantilevered blade normal modes. Finally, one ignores mass mistuning, and

approximates ΦbTKδ
ii,nΦ

b with Λδ,b
n to obtain

−ω2prΦ + (1 + jγ)

[
Λr +

N∑
n=1

qkΦ,n
T
Λδ,b
n qkΦ,n

]
prΦ = ΦrTf r, (A.41)

where Λδ,b
n are the differences in the tuned cantilevered blade eigenvalues from the mis-

tuned cantilevered blade eigenvalues.
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