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ABSTRACT

We deal with extremal problems in Bergman spaces. If A? denotes the Bergman
space, then for any given functional ¢ # 0 in the dual space (AP)*, an extremal
function is a function F' € AP such that |F|la» = 1 and Re@(F) is as large as
possible.

We give a simplified proof of a theorem of Ryabykh stating that if k is in the

Hardy space H? for 1/p+1/q = 1, and the functional ¢ is defined by

o(f) = /D fRE) do,  fe A,

where o is normalized Lebesgue area measure, then the extremal function over the
space AP is actually in HP.

We also extend Ryabykh’s theorem in the case where p is an even integer. Let p
be an even integer, and let ¢ be defined as above. Furthermore, let p; and ¢; be a
pair of numbers such that ¢ < ¢; < oo and p; = (p—1)¢;. Then F' € HP' if and only
if k € H?. For p an even integer, this contains the converse of Ryabykh’s theorem,
which was previously unknown. We also show that F' € H* if the coefficients of the
Taylor expansion of k satisfy a certain growth condition.

Finally, we develop a method for finding explicit solutions to certain extremal
problems in Bergman spaces. This method is applied to some particular classes
of examples. Essentially the same method is used to study minimal interpolation

problems, and it gives new information about canonical divisors in Bergman spaces.
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CHAPTER I

Introduction

In this dissertation, we study extremal problems on Bergman spaces, which are
certain spaces of analytic functions. Much of our work involves other spaces of
analytic functions called Hardy spaces or H? spaces.

We let C denote the complex numbers, and we let D = {z € C : |z| < 1} be
the unit disc. We let o denote normalized Lebesgue area measure over D), so that
o(D) = 1. Then, for 0 < p < 0o, the Bergman space AP(D), or simply AP, consists

of all functions analytic in the unit disc such that

1/p
1l = { / \f\pda} < oo.

In other words, f € AP if f is analytic in the unit disc and is in L? for Lebesgue area
measure on the unit disc. We call || - ||4» the AP-norm; for 1 < p < oo it is a true
norm.

The Hardy spaces are closely related to the Bergman spaces. To define them, we
need first to define the integral means of a function f analytic in D. For 0 < p < oo

and 0 < r < 1, the integral mean of f is

2 1/p
M5 = {5 [ lreepas)

For p = oo, we define M (r, f) = maxo<p<ar | f(re?)|. More generally, we could

define the integral mean of a harmonic function in exactly the same way.



If fis a fixed analytic or harmonic function, and p is fixed, then M,(r, f) is an
increasing function of r. For 0 < p < oo, we say that a function f is in the Hardy
space HP if f is analytic in D and || f||g» = lim, _1- M,(r, f) < co. We call || - || m»
the HP-norm; for 1 < p < oo it defines a true norm. In a similar way, we define h? to
be the space of all real valued harmonic functions u in I such that lim, ;- M,(r, u)
is finite.

Note that H? C AP. Hardy spaces are generally more tractable than Bergman
spaces, and all functions in Hardy spaces are well behaved in ways that some functions

in Bergman spaces are not.

1.1 Basic Properties of Hardy Spaces

We now describe some basic facts about Hardy spaces for later reference. The
Hardy space H™ is the space of bounded analytic functions in ID. The space H? is a
Hilbert space, and the set {z"}5°, is an orthonormal basis. If p < ¢, then H? D HY.
For 1 < p < o0, the Hardy space H? with norm || - || z» is a Banach space.

If f € HP for 0 < p < oo, then its boundary function f(e?) = lim,_;- f(re?),
exists almost everywhere. In fact, each f € HP has a nontangential limit at almost
every point on the unit circle, although we will not need this fact. The boundary
function of each f € H? is in LP and ||f(€")| o = || fllg». If f € HP, for 0 < p < o0,
it not only approaches its boundary values nontangentially, but “in the mean.” In

other words,

lim {i / e — f(e“’)|pd6}l/p 0,
r—1- | 27 J,

It follows that the polynomials are dense in H? for 0 < p < co. For an analytic
function f(2) = >, a2, let S, f(z) = > o a2/ denote the n'" Taylor polynomial

of f. If f € HP, then S, f — f in H?, where 1 < p < oc.



It is very useful to study the zero-sets of functions in the Hardy space. A basic
tool for this is Jensen’s formula. Let f be a function analytic when |z| < p for some
p>0,and let 0 < r < p. Suppose f has the zeros 21, 29, ..., repeated according to
multiplicity, and that the Taylor series of f has leading term az™. Then

—/ log | f(re)|do = > log|

|zn|<r

+ log(|afr™).

TL|
Since the zeros of an analytic function are isolated, the set of z, such that |z,| < r
is finite, so there is no issue with convergence of the sum on the right hand side of
the equation.

From Jensen’s formula, one can show that if f € H? for 0 < p < oo and its zeros
are zp, 23, . . . repeated according to multiplicity, then

D (1= zl) < o

n

This is called the Blaschke condition.

Moreover, let 21, 2o, . . . be nonzero complex numbers such that > (1—|z,|) < oco.
Then we may form the infinite product

Zn| 20 —
- U |z:| 1 "_ ZnZ

which is called a Blaschke product. Such a product converges uniformly on compact
subsets of the unit disc, and thus defines an analytic function. In fact, any Blaschke
product is bounded in the unit disc and |B(e?)] = 1 a.e. on the unit circle. The
Blaschke product above has a zero of order m at the origin and has zeros at 21, 29, . . .,
and these are its only zeros.

For 0 < p < o0, any function f € HP may be factored as f = Bg, where B is the

Blaschke product formed from the zeros of f and ¢ is non-vanishing. In this case,

[ f e = 1l z0-



We now discuss the canonical factorization on HP. A function f € H is said
to be an inner function if |f(e?)| = 1 a.e. on the unit circle. Thus, every Blaschke
product is an inner function. Let m denote Lebesgue measure on the unit circle. A

singular inner function is a function of the form

where p 1. m. Each singular inner function is an inner function. If v € R and ¢ is a

function on the unit circle such that ¢ (¢) > 0 and logv € L', and v (t) € L?, then

) 1 27 it
F(Z) = enl exp (2— / e. tZ log w(t) dt) s
0

T et — 2

is called an outer function for HP. Any such outer function is in fact in H?. Also,
|F(e)] = 1(e?) a.e. on the unit circle. Each function f € H? can be factored
uniquely as f = BSF, where B is the Blaschke product formed from the zeros of f,
and S is a singular inner function, and F' is an outer function for H?.

A very important fact about HP? functions is that if f and g are in H? for some
p, and f(e??) = g(e?) on some set of positive measure, then f = g. In particular, H?
functions are uniquely determined by their boundary values. Related to this is the
fact that each HP function can be identified with its boundary function, and that
HP can be identified with the subset of L” consisting of all boundary functions of H?
functions. The isomorphism obtained from this identification is an isometry.

The dual space of HP, denoted by (H?)*, consists of all continuous linear function-
als from H? to C. For 1 < p < oo, the dual space (H?)* is isometrically isomorphic to
L1/H? where 1/p+1/q = 1 and where an equivalence class [g] of g € L? corresponds
to the functional defined by f +— (1/27) [, f(2)g(2) dz. Here 9D denotes the bound-

ary of D, in other words the unit circle. Equivalently, we may identify (H?)* with



Li/H{, where H{ is the space of all ¢ € H? such that g(0) = 0, and an equivalence

class [g] for g € L7 corresponds to the functional f +— (1/2m) 0% f(e®)g(e) do.
Alternatively, for 1 < p < oo, the dual space (HP)* is isomorphic to H? under

the isomorphism for which g € HY corresponds to the functional defined by f +—

L (27 f(e®)g(e?) df. Note that strictly speaking, this isomorphism is not linear but

o Jo

conjugate-linear. Also, this isomorphism is not an isometry unless p = 2. However,
for 1 < p < oo, there is a constant A, depending only on p such that if ¢ € (H?)*

corresponds to g € HY, then

(1.1) 1@l ary- < Ngllzza < Apli@llcarr)--

Closely related is the fact that the Szeg6 projection is bounded from LP to HP.
The Szegd projection maps L'(9D) into the space of functions analytic in D and is
defined by

(5P = L [ LD gy,

C2m fy et —z
If fe H then Sf = f,andif f € LP for l <p<ocand f =" _ a,e™ then
Sf(z) = >~y a,z". The fact that the Szegd projection is bounded from L” onto
H? when 1 < p < o0 is equivalent to the theorem of M. Riesz that if a harmonic
function u € AP for some p with 1 < p < oo, and if v is the harmonic conjugate of u

chosen so that v(0) = 0, then v € h? and there is a constant B,, depending only on

p such that M,(r,v) < B,M,(r,u) for 0 <r < 1.

1.2 Basic Facts about Bergman Spaces

Recall that the space AP(ID) is the space of all functions f analytic in the unit

disc such that

1/p
(1.2) 1l = { / |f\pd0} < oo.



If p < g, then A? D A?. In fact, for any domain (i.e. open, connected set) in C, we

may define AP(2) to be the space of all functions f analytic in 2 such that

1/p
T { / !f|pdA} <,

where dA denotes Lebesgue area measure. If € has at least one boundary component
that consists of more than a single point, then one can show that A”(2) is nonempty.
For the unit disc, both definitions of AP are the same, except that the norms differ
by a constant multiple. When speaking of AP(D), we always use the definition in
equation (1.2), since it simplifies matters by making ||1[|4» = 1.

As stated before, Bergman spaces are more difficult to work with than Hardy
spaces. The first major difference is that a function in a Bergman space need not
have boundary values. Also, while there is an analogue of canonical factorization
for AP functions, it does not give a unique factorization. These are just a few of the
difficulties that arise in Bergman spaces that are absent in Hardy spaces.

It can be shown that point evaluation is a bounded linear functional in any AP

space. In fact, for a general domain 2, we have that

[F()] < 7 P8(2) 27 fll ancey

for any function f € AP(2), where 6(z) is the distance from z to the boundary of 2.

Vukoti¢ [25] obtained the estimate

&< A=) 77 fllar )

for any function f € AP(D), where 0 < p < oo. For p > 1, this result was also obtained
by Osipenko and Stessin [21]. The polynomials are dense in AP for 0 < p < oc.
The simplest Bergman space is A2, which is a Hilbert space. The polynomials

1,vV22,v32%,...,/n+1z",... form an orthonormal basis for A2. Because point



evaluation is a bounded linear functional on A%, the space A% has a reproducing

kernel K (z,(), called the Bergman kernel, with the property that

(1.3) f(z) = /D K(2,0)£(C) do(C)

for all f € A? and for all 2 € D. One can show that

b
(1-C2)?

Since the polynomials are dense in A', we have that (1.3) holds for all f € Al

K('Z?C) =

In fact, for any f in L' we many define the Bergman projection P by

P = [ T

The Bergman projection maps L! into the space of functions analytic in D. A non-
trivial fact is that P also maps LP boundedly onto AP for 1 < p < oo. If p = 2, then
P is just the orthogonal projection of L? onto A2

Closely related to the boundedness of the Bergman projection is the fact that,
for 1 < p < oo, the dual space (AP)* is isomorphic to A%, where 1/p + 1/q = 1.
The isomorphism associates k € A? with the functional defined by f — fD fkdo.
This isomorphism is not an isometry unless p = 2, but if ¢ € (AP)* is represented by

k € A%, then

(1.4) 101l < [|Ellas < Colloll,

where C), is a constant depending only on p. Note that strictly speaking this isomor-
phism is not linear but conjugate linear.

We will often use equation (1.4) in this dissertation. Accordingly, we adopt the
convention that ¢ and p are conjugate exponents, unless otherwise specified.

If f is analytic in D, recall that S, f denotes its n'* Taylor polynomial about the

origin. Then for 1 < p < o0, if f € AP, the Taylor polynomials S, f — f in AP.



1.3 Extremal Problems in Hardy Spaces

Since this dissertation deals with the theory of extremal problems in Bergman
spaces, we first review the corresponding theory for Hardy spaces. These problems
were studied extensively around 1950 by S. Ya. Khavinson, and by W. W. Rogosinski
and H. S. Shapiro (see [5], Chapter 8.) The basic problem is as follows: given a
function k& € L? and the associated functional ¢ € (H?)* defined by ¢(f) = [, fkdz,
where 1/p+1/q = 1, we wish to determine which functions f € HP satisfy || f||g»r = 1

and

Re¢(f) = sup Reo(g).

lgll p=1

We will confine ourselves to discussion of the case where 1 < p < oo, although much
of what we say carries over to the cases p =1 or p = .

In solving such problems it is helpful to consider the so called “dual extremal
problem.” If the functional ¢ is associated with & € L9, the dual extremal problem

is to find a K € L? such that k — K € H? and
1K zr = muin Ik =l

The function K is called the extremal kernel. It gives rise to the same functional as
the original kernel.

By applying methods from functional analysis, one can show that, for 1 < p < o0,
a unique solution always exists for a given extremal problem, and a unique solution

always exists for the dual problem. In addition,

max Re [ fkdz= min ||k — h| L.
lfll zrp =1 oD heH4

In other words, the (H?)* norm of the functional ¢ equals the L? norm of the extremal

kernel K. We will generally let F' denote the extremal function.



Using the conditions for equality in Holder’s inequality, one can show the following;:
Let 1 < p < o0, and let k € L% where 1/p + 1/q = 1, and define ¢ by ¢(f) =
Jop [Edz. Let F' € H? with ||F| z» = 1 and ¢(F) > 0. Furthermore, let K € LI be a
function such that k — K € H?. Then a necessary and sufficient condition that F' be
the extremal function for k£, and that K be the extremal kernel for k, is that both

1. e?F(e?)K(e?) > 0 a.e., and

2. [F(e?)|P = | K| | K ()] ae.

Rational kernels are arguably the most important, since by the Cauchy integral
formula they can represent linear combinations of any functionals which evaluate a
function or one of its derivatives at a point in . More explicitly, for z € D and
f € HP, we have

n! 1
f(z) = %/amf@)mdg
so n!/(z — a)"*! is the kernel for the functional defined by f + f™(a). For rational
kernels, a structural formula exists for both /' and K. Let the given kernel k& be
analytic in ID except for poles at the points 31, . . ., G,, listed according to multiplicity.

Then there are numbers s and ¢ such that 0 < s < ¢ < n — 1, and numbers

ai,...an_1, each of which lies in D, such that a4, ..., as are the zeros of K in D, and
Gsi1,---,0, are the zeros of F'in D, and ay41,...,a,_1 € dD, and such that
o n—1 n
Z—a; L —
F(z)=A .H — a_jz H(1 —a;z)r H(1 — B;2)7¥?, and
j=s+1 7j=1 j=1
S _ g 2t n _ B.)1-(2/a)
_ < a; — N2/ (1—5;2)
Ko =l o -mr [ 25—
7j=1 j=1 7j=1

where A and B are complex constants. Using these formulas, F' and K can often be
found explicitly.
Minimal interpolation problems are another important type of extremal problem.

In these problems, we are given distinct points 21, z2,..., 2, in the unit disc, and
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nonnegative integers dy, ds, . . . ,d,, and complex numbers wy, ws, ..., w,, and we are
required to find an f € H? of smallest norm such that f (dﬂ')(zj) =wj; for 1 <j<n.
One could also specify values at an infinite number of points, but we do not deal
with this problem here.

Such a problem may in fact be formulated as a certain dual extremal problem,

and thus for 1 < p < oo the solution will always exist and be unique.

1.4 Previous Work on Extremal Problems in Bergman Spaces

Some previous work has been done on extremal problems in Bergman spaces,
although the theory is nowhere near as complete as the H? theory. Similarly to the
Hardy space case, for a given non-zero functional ¢ € (AP)*, we study the extremal

problem of finding a function F' € AP with norm ||F'||4» = 1 for which

(1.5) Re(F) = sup Red(g) = [|¢]].

gl ap=1
Such a function F'is called an extremal function.

This dissertation concentrates on the case when 1 < p < oo, and it is known in
such a case that an extremal function always exists and is unique. In the A! case,
there can be at most one extremal function, but one need not exist (see [26]). In the
case where 1 < p < oo, we say that F' is an extremal function for k € A% if F solves
the extremal problem for the functional ¢ with kernel k. Note that for p = 2, the
extremal function is F' = k/||k|| 4.

We also deal with minimal interpolation problems on the Bergman space. An
important example of a minimal interpolation problem is to find F' € AP such that
F has specified zeros, F(0) = 1 (or F™*D(0) = 1 if F is supposed to have n zeros at
the origin), and || F'|| 4» is as small as possible. Essentially the same problem is to find

G € AP such that G has specified zeros, ||G|l4» = 1, and Re{G(0)} (or Re{G"*V(0)}
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if G is supposed to have n zeros at the origin) is as large as possible.

For 0 < p < o0, such a function G exists and is unique, as long as the specified zero
set is actually the zero set of some AP function. Such a G is called a contractive zero-
divisor or canonical divisor, and it has several remarkable properties. For instance,
it has no zeros other than those specified. Another property is that if f € AP and
every zero of G is also a zero of f, then f/G € AP and in fact || f/G|lar < || f]| 4.
These contractive divisors play a similar role to Blaschke products in the H? theory,
although Blaschke products are isometric divisors in H?, since || f/Bllg» = ||f]|z»
when f vanishes on the zero-set of B. In fact, canonical divisors were first discovered
in p = 2, by Hedenmalm [13]. He noted that Blaschke products are solutions to
the extremal problem of finding the function f € H? with norm 1, specified zeros,
and the largest possible value at the origin (or the largest possible value of the n'*
derivative if f is required to have n zeros at the origin). Duren, Khavinson, Shapiro,
and Sundberg extended his results to 0 < p < oo in a series of papers (see [8] and
[7]). MacGregor and Stessin have obtained a structural formula for canonical divisors
with a finite zero set in [20].

Before canonical divisors were discovered, Horowitz found functions with some of
the same properties as canonical divisors, though his functions were not necessarily
in AP. He used them to obtain important results on zero-sets of AP functions (see
[16], [15], and [9]).

Vukotié¢ [26] summarizes some known results, as well as discussing the A! case in
more detail than we do here. In [25], he completely solves the extremal problem for
point evaluation functionals. His result was also obtained, in less general form, by
Osipenko and Stessin in [21].

Ryabykh [22] obtained an important result about extremal problems in Bergman
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spaces with kernels in Hardy spaces, a topic which we study in this dissertation.
Khavinson and Stessin have obtained results about polynomial or rational kernels
for 1 < p < oo in [18]. Extremal problems in Bergman space are studied in many

other places. See for example [1] and [17].
1.5 Two Basic Tools

We will use an important characterization of extremal functions in closed sub-

spaces of L? for 1 < p < oo (see [23], p. 55).

Theorem A. Let 1 < p < oo, let X be a closed subspace of LP, and let ¢ € X*.

Assume that ¢ is not identically 0. A function F € X with |F|| = 1 satisfies

Re¢(F) = sup Red(g) = 4|

geXi|lgll=1

X*
if and only if ¢(F) > 0 and
/ h|F|P'sgn Fdo =0
D

for all h € X with ¢(h) = 0. If F' satisfies the above conditions, then

¢(h)
1]

/h]F|plsgana =
D

X*

for all h € X.

For the sake of completeness, we will provide a proof.

Proof. Let q be the conjugate exponent to p, so that 1/p + 1/¢ = 1. By the Hahn-
Banach theorem, there is a functional ® € (L?)* such that ||®|| = ||¢| and such that
¢ is the restriction of ® to X. Let k € L9 be the integral kernel of ®, which by the

Riesz representation theorem exists and has the property that ||k|[z« = [|®]|.
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First, suppose that ' € X with ||F| =1 and
Reg(F) = sup Reo(g) = 4]
geX,llgll=1
Then

1Bl = [[ @[] = ©(F) = /Ddecr < [Ellze 1l Lo = [[F]|a-

So by the conditions for equality in Hélder’s inequality, & = ||k||z¢|F[P~'sgn F, so
Jp |FIP~'sgn Fhdo = 0 for all h € X such that ¢(h) = 0.

Conversely, suppose that [|F|| =1 and [, |F|P"'sgn Fhdo = 0 for all h € X such
that ¢(h) = 0. Then for any f € X, with || f|| = 1, we have ¢[f — o(f)(F/o(F))] =0

SO

0= (f - ¢<f>%) -/ [f - ¢<f>%} |FP~tsgn Fdo

= [ fiFptsaFan - [ S Fydo

— [ fiFp-samFao - 29)
_/Df]F| sen F'd o(F)

But ||F|| = 1, so by Hélder’s inequality,

o _

< P Fp_l F q — p — 1
o(F) < Allee lEP sgn Flle = || f]lz

/ fIF|Ptsgn F do
D

Thus, Re ¢(f) < Reo(F), since ¢(F) > 0. This finishes the proof of the first part of
the theorem.
For the second part, note that if F' has the extremal property in question, then

for any h € X, we have that

/D B PP~tsen Fdo — /D Kh _ ¢(h)%) + qﬁ(h)%} [P~ sgn T do

o+ 20y 2

O(F) 0] x-
since ¢(h — (¢(h)/o(F))F) =0 and || F| = 1. O
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The fact that if F' is extremal then [ h|F[P~'sgn F'do = 0 for all h such that
¢(h) = 0 may also be proven by a variational method (see [9], p.123).
Similar methods to those above may be used to prove the following theorem. It

may be found in [23], p. 55.

Theorem B. Suppose that X is a closed subspace of LP(D). Let F' € LP and suppose

that for all h € X, we have || F|| < ||F + h||. Then
/ h|F|P~'sgn Fdo =0
D

for all h € X.

We will also make repeated use of the Cauchy-Green theorem. Recall that 9/0z =
(1/2)(0/0x —i0/dy) and that 0/0z = (1/2)(0/0x +1i0/dy). Also, dz = dz + idy and

dz = dx —dy.

Cauchy-Green Theorem. If Q) is a region in the plane with piecewise smooth

boundary and f € C*(Q), then

3 [ = [ Lieaac)

21 Joq
where 0$) denotes the boundary of €.
We will often use this theorem in its “conjugate” version, which says that
1 _ 0
5 | rea= [ Lieaac
as long as the conditions in the theorem hold. This can be derived from the Cauchy-

Green theorem by replacing f by f and then taking complex conjugates of both sides

of the resulting equation.
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1.6 Summary of Results

In Chapter II, we define the notion of uniform convexity, and use it to show that
the extremal function F' and kernel k& depend continuously on each other in AP spaces
for 1 < p < oco. We then use the results of that chapter to give a simplified proof
of Ryabykh’s Theorem, which states that for AP-extremal problems, if the kernel &
is in the Hardy space HY, then the extremal function F'is in HP. This chapter first
appeared, in modified form, in [10].

In Chapter III, we extend Ryabykh’s Theorem in the case where p is an even
integer. We show that if k € H? for some ¢; such that ¢ < ¢; < oo, then F €
H®=Da We also prove the converse to this statement, and show that if the Fourier
coefficients of k are sufficiently small, then F' € H.

In Chapter IV, we develop techniques to solve certain extremal problems explicitly.

We also give a characterization of canonical divisors.



CHAPTER II

Uniformly Convex Spaces and Ryabykh’s Theorem

We begin this section by studying extremal problems over uniformly convex Ba-
nach spaces, a type of Banach space that includes each of LP, HP, and AP when
1 < p < oo. Given a uniformly convex Banach space X and a linear functional
¢ € X*, we ask the question: what elements = of the space with norm |z = 1
maximize Re ¢(z)? Because of the uniform convexity, this problem will always have
a unique solution, which is called the extremal element. In this chapter, we show
that the extremal element depends continuously on the functional ¢, and it can be
approximated by the solutions of the same extremal problem over subspaces of the
original Banach space. Using these results, we give a streamlined proof of a theorem
of Ryabykh, which says that for a functional defined on the Bergman space A?, with
kernel in the Hardy space HY, the extremal element is in H?, where 1 < p < oo and

1 1 _
54‘5—1.

2.1 Uniform convexity and extremal problems

Let X be a complex Banach space and let X* be its dual space. For a given linear

functional ¢ € X* with ¢ # 0, we are interested in all elements z € X with norm

16
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||| = 1 such that

(2.1) Reg(z) = sup Reo(y) = [|¢]].

lyll=1

As stated in the introduction, such a problem is referred to as an extremal problem,
and z is an extremal element.

A closely related problem is that of finding z € X such that

2.2 =1 d = inf .
(2:2) o@)=1  ad el = inf |

If z solves the problem (2.1), then solves the problem (2.2), and if x solves (2.2),

o(x)
then ﬁ solves (2.1). To standardize notation, when dealing with elements of general
uniformly convex Banach spaces, we will often denote solutions to (2.1) by z* and
solutions to (2.2) by x°.

For general Banach spaces, the problem (2.1) need not have a solution, and if it

does the solution need not be unique. However, if the Banach space X is uniformly

convex, there will always be a unique solution.

Definition 2.1. A Banach space X is said to be uniformly convex if for each € > 0,

there is a § > 0 such that for all z,y € X with [|z| = ||y|| = 1,
|3z +y)||>1-46 implies |z —yll <e.

An equivalent statement is that if {x,} and {y,} are sequences in X such that
|znll = llynll = 1 and ||z, + ynl| — 2, then ||2, — y,|| — 0. Uniform convexity was
introduced by Clarkson [3], who proved that the L” spaces are uniformly convex for

1 <p<oo.

Proposition 2.2. Let X be a uniformly convex Banach space, and let {x,} and
{yn} be sequences in X. If for some d > 0, ||z,|| — d and ||yn|| — d as n — oo, and

|Tn + ynl| — 2d, then ||z, — y,|| — O.
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Proof. We have that

n n 1 n
QZ‘xM‘ oyl
ol llynll Hxnll [yl
IIxnII
> —|Tn + yall - 2
|| n|| o IImnII " gl
as n — 0o. Hence by uniform convexity,
’i_y_n Y
[zl [yl
But then
Yn
20 — gl = -0
[
Yn 1 1
<zl \ el on (o~ 7o )|
EN A ol [yl

]

The following result is basic (see for instance [9], Section 2.2) and gives immedi-

ately the existence and uniqueness of extremal elements.

Proposition 2.3. A closed convex subset of a uniformly convexr Banach space has

exactly one element of smallest norm.

Since the problem (2.2) is one of finding an element of minimal norm over a
(closed) subspace of the Banach space, it has a unique solution, and thus we obtain

the following theorem.

Theorem 2.4. If X is a uniformly convexr Banach space and ¢ € X* with ¢ # 0,

then the problems (2.1) and (2.2) both have a unique solution.

For later reference, we record the relations

<>

v = = lelle”

2.3 o_ ¥

(23) T = 5@ el
1

Joll = o) = i



19

We now state a lemma which will be applied repeatedly.

Lemma 2.5. Let X be a uniformly conver Banach space, let {x,} and {y,} be
sequences in X, and let ¢ € X* where ¢ # 0. If for some d > 0, ||z,|| — d and

[Ynll = d as n — oo, and if |§(xn + ya)| — 2d||9|, then ||z, — ynll — 0.

Proof. Since |¢(zn, + yn)| < ||@|l||zn + ynl|, we have that

|p(xn + yn)|

o S 120 + ynll < Nl2all + [lynll-

But the left and right sides of this inequality both approach 2d, so Proposition 2.2

gives the result. O]

2.2 Continuous dependence of the solution on the functional

It is important to know whether the extremal element depends continuously on
the functional. This turns out to be true for uniformly convex spaces. Note that
when say a sequence of linear functionals ¢, approaches a linear functional ¢, we

mean that ||¢ — ¢, || — 0.

Theorem 2.6. Suppose that X is a uniformly convexr Banach space and that {¢,}
s a sequence of nonzero functionals in X* such that ¢, — ¢ # 0. Let x, denote the
solution to problem (2.1) for ¢,, and let x* be the solution for ¢. Similarly, let x°
denote the solution to problem (2.2) for ¢,, and let x° be the solution for ¢. Then

* * <& <&
xy — ¥ and x;, — x°.

Ryabykh [22] gives a different proof of this statement while establishing another

theorem, but our proof is simpler and more direct.

Proof. Note that

¢(x7,) = on(a7) + (60 = ¢u)(27) = [0nll + (¢ = dn)(27) — (2]l
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so that
o(xy, + %) — 2||9].

Lemma 2.5 now shows that 2, — x*. It follows that 7 — z° since

* x*

ol =

(o]

xn <
T, = —= —
1l

M x°.

For given ¢, a unique z° solves the problem (2.2):

[2°[] = min [[z].
$(z)=1

It is natural to ask whether different functionals can give rise to the same solution of

the problem (2.2). The following theorem answers this question when X* is uniformly

convex.

Theorem 2.7. Let X be a Banach space and let x € X with x # 0. If X* is
uniformly convex, then there exists a unique ¢ € X* such that x solves the problem

(2.2) associated with ¢.

Proof. By the Hahn-Banach theorem, there is some ¢ € X* such that ¢(z) = 1 and
l¢ll = - But if for some y € X, ¢(y) = 1, then 1 < [[¢[lllyll, or Iyl > [|o] 7" = [|].

This says that x solves the problem (2.2) associated with ¢. To show that ¢ is unique,

consider the problem of finding 1° such that

2.4 °ll = min
2.4 ol = min 1]

We claim that if x solves the problem (2.2) for some § € X* then 6 solves the

problem (2.4). In particular, ¢ solves the problem (2.4). To see this, note that if

x solves (2.2) for 0, then §(z) = 1. If 6 is not a solution of (2.4), then there is a
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functional ¢ such that ||| < ||0|| and ¢ (z) = 1. But this is impossible, since it
would imply
Il

L= [p(@)] < [[¢llll=ll = Tl = 1,

where we have used the last relation in (2.3). Since X* is uniformly convex, Theorem

2.4 shows that ¢ is the unique solution to (2.4), which proves the theorem. O

When z° determines the functional ¢ uniquely, it is also natural to ask whether ¢
depends continuously on x°. The following theorem answers this question when X*

is uniformly convex.

Theorem 2.8. (a) Suppose that X is a Banach space whose dual space X* is uni-
formly convex. If S is a closed subspace of X, then for any x € S, there exists a
unique ¢ € S* such that z solves the problem (2.2) associated with ¢ over S.

(b) Moreover, if x, € S and x, — x, and ¢, is the unique functional in S* that

solves the problem (2.2) for x,, then ¢, — ¢.

Proof. Recall that if S is a closed subspace of X, then S* is isometrically isomorphic
to X*/S+, where St is the annihilator of S in X*. In [19], Section 26, it is shown
that the quotient space of a uniformly convex space is uniformly convex, which shows
that S* is uniformly convex. From this and Theorem 2.7, part (a) follows.

Since, as shown in the proof of Theorem 2.7, each ¢, is the unique solution to the
problem (2.4) with z,, in place of z, and since ¢ is the unique solution of the problem
(2.4), Theorem 2.6 implies part (b).

O

Since (LP)* = L9 is uniformly convex for 1 < p < oo, this theorem applies to
the spaces AP and H? for 1 < p < oco. Note that if ||z|| = 1, there is not a unique

linear functional ¢ such that z solves problem (2.1) for ¢. Indeed, if x solves (2.1)
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for ¢, then it also does so for any positive scalar multiple of ¢. However, we can
say something about uniqueness of ¢ in this case. If ||z|| = 1, then x solves problem
(2.2) for ¢ if and only if  solves problem (2.1) for ¢, as follows from the relations
(2.3). Thus, if ||z|| = 1, then there is a ¢ such that x solves (2.1) for ¢, and this ¢ is

unique up to positive scalar multiple.

2.3 Approximation by solutions in subspaces

To obtain Ryabykh’s theorem, we will also need the following theorem, which

allows an extremal element to be approximated by extremal elements over subspaces.

Theorem 2.9. Suppose that X 1is a uniformly convex Banach space and let X,

Xo, X3,... be (closed) subspaces for which X1 C Xo C -+ C X and

UXn:X.

neN

Let ¢ € X*, and let

[6lln = sup  |o(z)].

€ X, |z =1

Let x7, denote the solution to the problem (2.1) when restricted to the subspace X,
and let = denote the solution to the problem (2.2) when restricted to X,. Then

ol — ||l and ¥ — x* and 22 — z° as n — oo.

Here, 2* denotes the solution to (2.1) over X, and z° denotes the solution to (2.2)

over X.

Proof. First of all, we know that each x} and x¢, is uniquely determined since a closed
subspace of a uniformly convex space is uniformly convex. Let € > 0 be given. Since

U,hen Xn is dense in X, we may choose an n such that ||2* —y|| < ¢ for some y € X,.
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Thus
[6(y)] = [6(2") = o(z" —y)| = |o(27)| — |¢(2" — y)| = [|o]| = |o(z" —y)]|
2 [loll = llell lz" =yl = [[oll(1 - e).
We also know that ||y|]| <1+¢, so

o) o (1=ollsl

Plln > >
Iyl 1+¢

Y

and thus for all N > n,

(- =)ol

>
I

But since ||¢|| > ||¢||.m for all m, this implies that

(1 =9l

> i > liminf |||, > 2020
9] = Timsup ¢l > liminf 0]l =

Because € was arbitrary, this shows that ||¢|,, — |||
Now, ¢(af +x*) = ||d]l, + |6l — 2||¢]|, so Lemma 2.5 shows that ||z* — a7 || — 0.
For z°, the result now follows since

*
o i

" lgll

X

2.4 Ryabykh’s Theorem

With the help of the preceding results, we can now obtain a slightly sharpened
version of Ryabykh’s theorem. Our proof uses some of Ryabykh’s ideas but is simpler
and more concise. We note that Ryabykh’s approach successfully applies to other
extremal problems as well. For example, it applies to some problems of best approx-
imation of a given function by harmonic or analytic functions (see [17]), and to some
nonlinear extremal problems involving non-vanishing functions (see [1]). Note that
we let F' denote the solution to the extremal problem instead of f*, for typographical

convenience.
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Theorem 2.10. Let 1 < p < oo and let 1/p+ 1/q = 1. Suppose that ¢ € (AP)* and
o(f) = fD fkdo for some k € H9, where k # 0. Then the solution to the extremal

problem (2.1) (with X = AP) belongs to HP and satisfies

1/(p—1)
@wm}

(2.5) ||| r < { [max(p -1, 1)] Tl

where C,, is the constant in (1.4).

Of course, this implies that the solution to the problem (2.2) is in H? as well.

Proof. Let

so that (zK) = k.

Now, the continuous form of Minkowski’s inequality gives

T 1/ T r
M K) = i ? i@K 0\ |q do ! — i ? k 0\ 10 d
A R b ] o Y

r 1 27 ) 1/q T
g/ {_/ |k(pe’9)|qd9} dpg/ My(k, p) dp < [|k|[ -
0 21 0 0

q 1/q
de}

Thus,
(2.6 NP

To facilitate calculations involving the Cauchy-Green theorem, we suppose first
that k € C'(D). Let F,, denote the solution to the extremal problem (2.1) over the
space of all polynomials of degree n or less, considered as a subspace of AP, and let F'
be the solution to the same problem over the space AP. Then by the Cauchy-Green

theorem,

1 2 ; 1 3
L ey B G Ry VNG
0 oD

271

_ / (Fu+ 22 | tSgn By o
D
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Because (F,, + ngn’) is a polynomial of degree at most n, we can appeal to Theorem
A with X taken to be the subspace of AP consisting of all such polynomials. The

theorem shows that

nllar = For 2r) = (R (R L) d
Vol ”¢”n (Bt 5oh) ||¢||n/D (Fn + 5oF) do
L 0 Y I
||¢||n/ [ (FneK) + 2(g(ank)—§(FnzK)ﬂ do.

Now another application of the Cauchy-Green theorem gives:

1 — P - P S
| Enllye = —/ 2KF,dz — — / zF.kdz — —/ F.2K dz
= 2l Joo 10T Joo 0T Jon

:mﬁﬁ (Q)F+ (1) 7] @

= |\¢\|n (5) e+ (1-5)

Minkowski’s inequality now gives

(e

p
|Fulln < o I Ballis (SRl + |1 = S| 11K )
<ol 2

But this implies that

1 [ | e 1 P P 1/(p-1)
L enpan) € (P =2 )
(57 [ 1mtrepan) < o (S0l + 1= 5151

when 0 < r < 1. From Theorem 2.9 and the fact that convergence in AP implies

uniform convergence on compact subsets of the disc, it follows that

1 27 ; 1/p 1 p /(p_]-)
(37 ) 1Peep ) < oy (5 + 15t
0

when 0 < r < 1. Now we apply (2.6) to infer that

1/(p—1)
= (2+'1 annm |
- \? 161

Since we know that ||k||4« < C,||¢||, and that p/2 + |1 — (p/2)| = max(p — 1,1), we

conclude finally that the inequality (2.5) holds under the assumption that k& € C*(DD).
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If k is a general function in H?, we can approximate it in H? norm by a sequence
of functions k,, € C*(D). (We may even use polynomials, by [5], Theorem 3.3.) Then
the corresponding functionals ¢,, converge to ¢, so by Theorem 2.6, the extremal
elements F,, for ¢,, converge to the extremal element F' for ¢ in A” norm. Since

k., € C*(D), we have already found that

1/(p=1)
1 2m ] 1/p km .
(—/ |E (re™) P d@) < [max(p -1, 1)] Collkomll e ; 0<r<l.
21 Jo 1K [ 4

But the convergence of F,, — F in AP norm implies that F,,(z) — F(z) locally

uniformly, so it follows that

/p
1 2T ] 1/p k . q
(—/ F(rei®)|? de) < [max(p Y 1)] Collkllen L g,
2m Jo [1]] s

which proves (2.5). O



CHAPTER III

Extensions of Ryabykh’s Theorem

In this chapter, we obtain a sharper version of Ryabykh’s theorem in the case
where p is an even integer. As before, we will let the function & € A? be the kernel
of a functional in (AP)*, and F' € AP will be the corresponding extremal function.

Our results are:

e For ¢ < ¢; < o0, the extremal function F € H®~D9 if and only if the kernel

ke H.
e If the Taylor coefficients of k are “small enough,” then F' € H*>.

e The map sending a kernel k£ € H? to its extremal function F' € AP is a continuous

map from H?\ 0 into HP.

Our proofs rely heavily on Littlewood-Paley theory, and seem to require that p
be an even integer. It is an open problem whether the results hold without this
assumption.

To obtain our results, including a generalization of Ryabykh’s theorem, we will
need the following technical lemmas. Their proofs, which involve Littlewood-Paley
theory, are deferred to the end of the chapter.

In the statement of the lemmas, we will use the following definition of principal

value. If h is a measurable function in the unit disc, define the principal value of its

27
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integral as

p.V./hdAzlim hdA,
D r=1Jip
if the limit exists. Also, recall that S, f denotes the n*" Taylor polynomial of f.

Lemma 3.1. Let p be an even integer. Let f € HP and let h be a polynomial. Then

p.v./ |fIP"'sgn ff'hdo = lim / | fIP " sgn f(S,.f) hdo.
D = JD

Lemma 3.2. Suppose that 1 < p; < 0o and 1 < py,p3 < 00, and also that

Let fi € HP', fy € HP?, and f3 € HP3. Then

‘p.v-/ﬁfaféda < Cll frllae [ f2l 92 1| fo | 205
D

where C depends only on py and pe. (Implicit is the claim that the principal value

exists.) Moreover, if p3 < oo, then

pV/I;Efoé dO':nll_{{.lO/DEfg(SnfgydU

3.1 The Norm-Equality

Let p be an even integer and let ¢ be its conjugate exponent. Let k& € HY and
let ' be the extremal function for k over AP. We will denote by ¢ the functional
associated with k. Let F}, be the extremal function for £ when the extremal problem

is posed over P,, the space of polynomials of degree at most n. Also, let

(3.1) K(z)=1 / k(O de,

2
so that (zK)" = k. During proof of Ryabykh’s theorem in Chapter II, an important

step was to show that

2 ' 2m _ -
5 | VP = i [T R [(5)E e (1 5)E] e
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We will now derive a similar result for F:

Theorem 3.3. Let p be an even integer, let k € H?, and let F € AP be the extremal

function for k. Then

% 02W|F(ei9>|ph(ei9) do — 2wﬁ¢|| /O%F [(B) ki + (1-2) (ahy] e,

for every polynomial h.

Proof. Since Ryabykh’s theorem says that F' € HP, we have

1 2 ] ) -
| F(e®)Ph(e®) df = Tim — / F(2)Ph(z)z d5,
o(rD)

2w Jo r—1 21

where h is any polynomial. Apply the Cauchy-Green theorem to transform the

right-hand side into

1 -
p.v. —/ ((zh)'F + Eth’) |F|P~'sgn F dA(z).
D 2

™

Invoking Lemma 3.1 with zh in place of h shows that this limit equals

1 -
lim — ((zh)’F + gzh(SnF)’> |F|P~tsgn F dA(z).

n—oo T Jp

Since (zh)'F' 4 £2h(S,F)" is in AP, we may apply Theorem A to reduce the last

expression to

1

lim
n—oo |||

(3.2)

/D ((zh)’F + ‘gzh(SnF)’> EdA(2).

Recall that we have defined K(z) = 1 [ k() d¢. To prepare for a reverse application
of the Cauchy-Green theorem, we rewrite the integral in (3.2) as

1
@l

/D L% {(zh) FzK} + ga% {2hS,(F)k}

— == {(zh)'S,(F)zK } | dA(z).
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Now this equals

- N G WA %
Tl [az{( WER)+ 5 g, LEhSu(F)R)
po —

We apply the Cauchy-Green theorem to show that this equals

) 1 — ip _
lim —/ zh 'Fdez+—/ zhS,(Fkdz
M[zmnmr —— Tl Sy o)

b / 72
e zh)' S, (F)zK dz|.
Tillol] Sy ) ]

Since F'is in H? and both k& and K are in H?, the above limit equals

1

SR zh Fdez+
2ol S

zhS,, (F kdz
0] oy 50 F)

p / —5
- — zh)'Sp(F)zK dz
Tmilgl] Sy o o)

/ 2W(zh)’Ff 4 S,(F) (ghE - g(zh)?) db.

~ 2]¢]

We let n — oo in the above expression to reach the desired conclusion. O
Taking h = 1, we have the following corollary, which we call the “norm-equality”.

Corollary 3.4. (The Norm-Equality). Let p be an even integer, let k € H?, and
let F' be the extremal function for k. Then
1 2w

g ) e = g [F[()F (-5 ] @

The norm-equality is useful mainly because it yields the following theorem.

Theorem 3.5. Let p be an even integer. Let {k,} be a sequence of H? functions,
and let k, — k in HY. Let F,, be the AP extremal function for k, and let ' be the

AP extremal function for k. Then F,, — F in HP.
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Note that Ryabykh’s theorem shows that each F,, € H?, and that F' € H?. But
because the operator taking a kernel to its extremal function is not linear, one cannot
apply the closed graph theorem to conclude that F,, — F'

To prove Theorem 3.5 we will use the following lemma involving the notion of

uniform convexity. By x, — x, we mean that x,, approaches x weakly.

Lemma 3.6. Suppose that X is a uniformly convex Banach space, that x € X, and
that {x,} is a sequence of elements of X. If x, = = and ||x,| — ||=||, then x, — x

n X.
This lemma is known. For example, it is contained in Exercise 15.17 in [14].

Proof of Theorem. We will first show that F,, — F in H? (that is, F,, converges to
F weakly in HP). Next we will use this fact and the norm-equality to show that
|Foullze — || F||m». By the lemma, it will then follow that F,, — F in HP.

To prove that F,, — F in HP  note that Ryabykh’s theorem says that || F,|| g <
C([knllga/ || knl|aa)/®=V. Let a = inf, ||k,|lac and 8 = sup,, ||kn|za. Here a > 0
because by assumption none of the k, are identically zero, and they approach k,
which is not identically 0. Therefore |F, |z < C(B/a)V/®~Y  and the sequence
{F,} is bounded in H? norm.

Now, suppose that F,, 4 F. Then there is some ¢ € (H?)* such that ¢¥(F,) /4
Y(F). This implies |[¢(F,;) — ¥(F)| > ¢ for some ¢ > 0 and some subsequence
{F.,,}. But since the sequence {F,} is bounded in H? norm, the Banach-Alaoglu
theorem implies that some subsequence of {F;, }, which we will also denote by {F,, },
converges weakly in H? to some function F. Then |¢(F) — ¢(F)| > e. Now k, — k
in A7, and by Theorem 2.6 this implies F,, — F' in AP, which implies F,(z) — F\(z)

for all z € D. Since point evaluation is a bounded linear functional on H?, we have
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that F,, (z) — F(z) for all z € D, which means that F(z) = F(z) for all z € D. But
this contradicts the assumption that ¢(F) # ¢(F). Hence F, — F.

Let ¢, be the functional with kernel k,, and let ¢ be the functional with kernel
k. To show that || F,| ge — ||F ||, recall that the norm-equality says

1 21

. 2m — —
5 | B = m/o F|(5) T+ (1-2) Rl ao.

But, if / is any function analytic in D and H(z) = (1/2) [, h(¢)d¢, it can be shown
that ||H|| g« < ||h|| e, as in the proof of Theorem 2.10. Since k,, — k in HY, it follows
that K,, — K in H?. Also, k, — k in AP implies that ||¢,|| — [|#|. In addition,
| Fll e < C for some constant C, and F,, — F, so the right-hand side of the above

equation approaches

o B L 27 '
wi ), FQ)F (-5 =g [eeora

In other words, || F,||z» — ||F||g», and so by Lemma 3.6 we conclude that F,, — F

in HP. O
3.2 Fourier Coefficients of |F|P
Theorem 3.3 can also be used to gain information about the Fourier coefficients

of |[F|P, where F is the extremal function. In particular, it leads to a criterion for F

to be in L* in terms of the Taylor coefficients of the kernel k.

Theorem 3.7. Let p be an even integer. Let k € HY?, let F be the AP extremal

function for k, and define K by equation (3.1). Then for any integer m > 0,

o [ e an = o [T re (B (1= 2) o 0] a0

Proof. Take h(e?) = ¢ in Theorem 3.3. O



33

This last formula can be applied to obtain estimates on the size of the Fourier

coefficients of |F'|P.

Theorem 3.8. Let p be an even integer. Let k € A9, and let F' be the AP extremal

function for k. Let
1 27 ) )
by = — |F(e)|Pe=m? g,

2 Jo

and let

k(z) = i 2"
n=0

Then, for each m > 0,

p
[bm| = [b-m| < £ 2
2|l¢]

n=m

i ’cn‘2] 1/2 |

Proof. The theorem is trivially true if ¥ ¢ H?, so we may assume that k € A% C A%
Let F(z) = Y07 a,2". Since F € H?, and p > 2, we have F' € H?. Now, using

Theorem 3.7, we find that

1 27 ) ]
by = / |F(e)[Pe™? df
0

™ or

_ %M /j“meme) (9) %+ (1-2) tm+ )F] ao

2m | o .
s (@2t 0-9m) ]

E :anez(n+m)9
n=0

 [— P m+1 P
TR n = n4+m - 1__> n+m | -
||¢||§a ((2)“ +n+m+1< 2 C*)

The Cauchy-Schwarz inequality now gives

bonl < 15 [fj w] N [i

(VAN
N
s
—
(e
=
3
S
[’
—
<
N
— 3
[]e
o
S
S
[
—
~
o

Since
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the theorem follows. O]

The estimate in Theorem 3.8 can be used to obtain information about the size of

|F|P and F', as in the following corollary.
Corollary 3.9. If ¢, = O(n=%) for some a > 3/2, then F' € H*.

Proof. First observe that

- —a\2 > —2a . (m B 1)1—204
> >§/ P

n=m m—1

By hypothesis it follows that

o 1/2
[Z |Cn|2] _ O(m(1_2a)/2).

n=m

Thus, Theorem 3.8 shows that b,, = O(m1~2%/2). Therefore {b,,} € ¢! if a > 3/2.

But {b,,} € ¢! implies |F|P € L>, which implies F' € H*. O

In fact, {b,,} € ¢! implies that | F'|P is continuous in D, but this does not necessarily
mean F will be continuous in D. There is a result similar to Corollary 3.9 in [18],
where the authors show that if the kernel k£ is a polynomial, or even a rational
function with no poles in D, then F is Hélder continuous in ID. Their technique relies
on deep regularity results for partial differential equations and applies to 1 < p < oco.
Our result only shows that F' € H*, but it applies to a broader class of kernels when

p is an even integer.

3.3 Relations Between the Size of the Kernel and Extremal Function

In this section we show that if p is an even integer and ¢ < ¢; < oo, then the
extremal function F € H® V4 if and only if the kernel k& € H%. For ¢; = ¢ the
statement reduces to Ryabykh’s theorem and its previously unknown converse. The

following theorem is crucial to the proof.
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Theorem 3.10. Let p be an even integer and let ¢ = p/(p — 1) be its conjugate
exponent. Let F' € AP be the extremal function corresponding to the kernel k € Af.
Suppose that k € H? for some q1 with ¢ < q1 < 00, and that F' € HP', for some p;
with p < p; < 0o. Define py by

1 1 1
—+ —4+—=1.
q1 1 D2

If ps < 00, then for every trigonometric polynomial h we have

&[] e

1 F || g0 || 2] 22
|1&| as L

2w
/ |F|Ph(e W)de‘ <O
0

where C' 1s some constant depending only on p, p1, and q;.

The excluded case py = oo occurs if and only if ¢ = ¢; and p = p;. The theorem

is then a trivial consequence of Ryabykh’s theorem.

Proof of Theorem. First let h be an analytic trigonometric polynomial. In the proof

of Theorem 3.3, we showed that

(33) - / P Ph() df = lim

2m n—eo 7TH¢H

YF + hz(S F) ) EdA(2).
An application of Lemma 3.2 gives

lim [ hz(S,F)kdA = p.V./th%dA,

so that the right-hand side of equation (3.3) becomes

1

e /D ((h2)'F + Zhar) Raa().

Apply Lemma 3.2 separately to the two parts of the integral to conclude that its

absolute value is bounded by

k' q1 f P1 h P2,
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where C' is a constant depending only on p; and ¢;. Since

L< Cp

ol = [1%[[ a0

by equation (1.4), this gives the desired result for the special case where h is an
analytic trigonometric polynomial.

Now let h be an arbitrary trigonometric polynomial. Then h = hy + ho, where hy
and hy are analytic polynomials, and hy(0) = 0. Note that the Szeg6 projection S is

bounded from LP? into HP? because 1 < py < co. Thus,
1Pl ee = [[S(h) || zrs < CA|r2
Also,
1hallzree = [|2S(e™ Rz = S (e R) v < Clle™hl|1r2 = C||h| 12,

and so

Wil aee + |[he||gee < CllR|| L2

Therefore, by what we have already shown,

/0 " |F () |Ph(e) d@‘ =

27
[ PR + R d@\
0
2
g/ |F|ph1d0‘+
0

S
/ |F|phy df
0
& 1

< O 1 i (sl aze2 + [Pzl 1r2)
[1£1] a0

1A ]|z
<C
[1%1] A0

[E [ o (| ol o2 O

For a given ¢, we will apply the above theorem with p; = (p — 1)g;, which then
implies that p; = pph, where p), is the conjugate exponent to p,. This will allow us

to bound the HP* norm of F' in terms of ||¢|| and ||k ga
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Theorem 3.11. Let p be an even integer, and let q be its conjugate exponent. Let
F € AP be the extremal function for a kernel k € A?. If, for q; such that ¢ < g1 < o0,

the kernel k € H? | then F € HP' for py = (p — 1)qu. In fact,

1/(p-1
|\ ge < C (M) /(p—1)
N e :

where C' depends only on p and q .

Proof. The case ¢; = ¢ is Ryabykh’s theorem, so we assume ¢; > ¢. Set p; = (p—1)q1.
Then p; > p = (p — 1)g. Choose py so that

1 . 1 n 1

@i D1 P2
This implies that py, = p1/(p1 — p), and so its conjugate exponent py, = p;/p. Note
that 1 < ps < co. Let F), denote the extremal function corresponding to the kernel
Spk, which does not vanish identically if n is chosen sufficiently large. Since S,k is
a polynomial, F,, is in H* (and thus F,, € HP') by Corollary 3.9. Hence for any

trigonometric polynomial h, Theorem 3.10 yields

| Snke || rran

HS kHAq HFnHHl’l HhHLPQ‘

1 27 ]
il PR (e <
'%/O |F,|Ph(e )dG‘_C

Since the trigonometric polynomials are dense in LP?(0D), taking the supremum over

all trigonometric polynomials h with ||h| rr. < 1 gives

1S,k | 7o
IE N oy, < CFa=

= Okl | Tl

which implies

1 2w 0 , l/p,2
It = {5 [ ORIy 0} = P

< CHSnkHqu

= O bl ol
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since ppl = p1. Because ||F},||gr1 < 00, we may divide both sides of the inequality

by || Fy||ger to obtain

| Snke | rran

Flbm < C :
H HH HSnkHAq

where C' depends only on p and ¢;. In other words,

1 2 ) (pfl)/pl ||S k||Hq1
- F, 0y|P1 10 < o NEnIAT
(35 ) 1msrepan) " < e

for all » < 1 and for all n sufficiently large. Note that S,k — k in H? and in AY.
Since S,k — k in A9, Theorem 2.6 says that F,, — F in AP, and thus F,, — F

uniformly on compact subsets of D. Thus, letting n — oo in the last inequality gives

1 27 » (pfl)/pl ||k’||Hq1
— F(re* pld@) < (O-——i—
(57 [ e [l

for all » < 1. In other words,

O

HkHH‘H>1/(p1)

| Fllm < (c
" Vel

The remark following Theorem 2.8 implies that a function F' € AP with unit norm
has a corresponding kernel k& € A% such that F' is the extremal function for k, and
this kernel is uniquely determined up to a positive multiple. Theorem 3.11 says that
if p is an even integer and a kernel k& belongs not only to the Bergman space A? but
also to the Hardy space H? for some ¢; where ¢ < ¢; < oo, then the AP extremal
function F' associated with it is actually in H?* for p; = (p — 1)¢1 > p. It is natural
to ask whether the converse is true. In other words, if F' € HP' for some p; with
p < p; < oo, must it follow that the corresponding kernel belongs to H"? The

following theorem says that this is indeed the case.

Theorem 3.12. Suppose p is an even integer and let q be its conjugate exponent. Let

F € AP with |F||ar = 1, and let k be a kernel such that F is the extremal function
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for k. If F € HP* for some py with p < p; < oo, then k € H™" for s = p1/(p— 1),

and

1K s
[1£1] 0

< C|IF|7m,
where C' is a constant depending only on p and p;.

Proof. Let h be a polynomial and let ¢ be the functional in (AP)* corresponding to

k. Then by Theorem A,
H¢||/ )(zh(z da—/|F )Pt sgn(F(2))(zh(z2)) do
_ / FoRE®2-1(h(2)Y do.
D

By hypothesis, FP/?2 € H®P1)/P and F®/2-1 ¢ [12r1/=2) A simple calculation shows

that
1 :(J1—1:p1—p+1
q1 q1 D1

and thus
-2 1
p o p=2 1

= 1.
2p1 2;m @

Now we will apply the first part of Lemma 3.2 with f; = F?/? and f, = F®/?-1
and f3 = zh, and with 2p;/p in place of p;, and 2p;/(p — 2) in place of ps, and ¢}
in place of p3. Note that this is permitted since 1 < 2p;/p < o0, and 1 < ¢} < o0,
and 1 < 2p;/(p —2) < oo. (In fact, we even know that 2p;/(p — 2) < oo unless
p = 2, which is a trivial case since then F' = k/||k||42.) With these choices, Lemma

3.2 gives

!
H%

/ FPREC(zh(2)) do| < O F2 | gon i F”*H groon oo || 20
D

2 2 2
= C|IF 5 | FI %2R

= ClIF | 1Bl -
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Since

< Cllg NI o 1Bl

|GGy do

for all polynomials &, we may define a continuous linear functional 1 on H% such

that

vlh) = [ FE)(eh(:) do
D
for all analytic polynomials h. Then ¢ has an associated kernel in H?, which we

will call k. Thus, for all h € H% we have

" or

1 2m - )
Y(h) / k(ei®)h(e') db.
0
But then the Cauchy-Green theorem gives

/D R(=)(zh(2)) do = ()

(e do = = [ F)h(z)zdz
o |, (€)n(e”) o ), (2)h(z)zdz

Il
|
Eo

(3.4)

~ Jim / B()h(2)zdz = lim ~ | T(2)(zh(2)) dA
o(rD)

- / W(2) (zh(2)) do.

where h is any analytic polynomial.

Now, for any polynomial h(z), define the polynomial H(z) so that

Then substituting H (z) for h(z) in equation (3.4), and using the fact that (zH)" = h,
we have
/ E(2)h(2) do = / E(2)h(2) do
D D
for every polynomial h. But since the polynomials are dense in AP, and k and k are

both in A%, which is isomorphic to the dual space of AP, we must have that k& = 75,

and thus k € H®.
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Now for any polynomial h,

1 27

o | k(e®)h(e?)do < CllS|IIF e IR

!
HY?
o Jo

and so
1 ZW— 0 .
k(e®)h(e™) di < Ok aa|| F'[/go0 |7

o HA
0

by inequality (1.4). But if & is any trigonometric polynomial,

1 2w 1 2

R(e?)h(0) db = 5

k(&) [S(h)(e?)] do

2r Jo

< Cllkllas I F 1151 1S (P
< Okl as | FIr 1] .
where S denotes the Szegd projection. Taking the supremum over all trigonometric

polynomials & with [|A]|, 4 < 1 and dividing both sides of the inequality by [|k| s,

we arrive at the required bound. O
The main results of this section can be summarized in the following theorem.

Theorem 3.13. Suppose that p is an even integer with conjugate exponent q. Let
k € A? and let F' be the AP extremal function associated with k. Let p1,q1 be a pair

of numbers such that ¢ < q1 < co and

p1=((p—1aq.

Then F € HP' if and only if k € H?. More precisely,

HkHH‘“ ) 1/(p-1) Hk”H‘“ 1/(p-1)
o ( < (| Fllgm < Co
[[%]] aa |k ]| aa

where Cy and Cy are constants that depend only on p and p;.

Note that if py = (p — 1)¢, then ¢ < ¢; < 0o is equivalent to p < p; < 0.
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3.4 Proof of the Lemmas

We now give the proofs of Lemmas 3.1 and 3.2. These proofs are rather technical

and require applications of maximal functions and Littlewood-Paley theory.

Definition 3.14. For a function f analytic in the unit disc, the radial maximal

function is defined on the unit circle by

f(e?) = sup |f(re”)].

0<r<1
The following is the simplest form of the Hardy-Littlewood maximal theorem (see

for instance [5], p. 12).

Theorem C. (Hardy-Littlewood.) If f € H? for 0 < p < oo, then f* € LP and

1 e < ClF v,

where C' is a constant depending only on p.
Further results of a similar type may be found in [11].

Definition 3.15. For a function f analytic in the unit disc, the Littlewood-Paley

function is
1/2

9(0,f) = {/01(1 - T)If’(?"ew)|2dr}

A key result of Littlewood-Paley theory is that the Littlewood-Paley function, like
the Hardy-Littlewood maximal function, belongs to L? if and only if f € H?. For-
mally, the result may be stated as follows (see [27], Volume 2, Chapter 14, Theorems

3.5 and 3.19).

Theorem D. (Littlewood-Paley.) For 1 < p < oo, there are constants C, and

B, depending only on p so that

lgCs Pller < Coll fllae
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for all functions f analytic in D, and

11l < Bpllg(-, f)llze
for all functions [ analytic in D such that f(0) = 0.

We now apply the Littlewood-Paley theorem to obtain the following result, from

which Lemmas 3.1 and 3.2 will follow.

Theorem 3.16. Suppose 1 < py,p2 < 00, and let p be defined by 1/p =1/p; + 1/ps.

Suppose furthermore that 1 < p < oco. If f; € HP'* and fo € HP?, and h s defined by

he) = [ RO de
0
then h € H? and ||h||ge < C||f1||med|| fol|gr2, where C depends only on py and ps.

Proof. By the definitions of the Littlewood-Paley function and the Hardy-Littlewood

maximal function,
1 1/2
o0) = { [ @ = nlhte et Par
0
1 1/2
<ro{ [ a-nigeep il
0
= f1(0)g(0, f2).
Therefore, since h(0) = 0, Theorem D gives

[Pllze < Cllg( D) lle < ClLFT 9C5 o)l o

Applying first Holder’s inequality and then Theorem C, we infer that

[ollr < CUF o llgCs f)llzee < CllAllam g, f2)ll o2

If py < o0, Theorem D allows us to conclude that

[hl[ee < Cllfillaw || 2]l vz
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This proves the claim under the assumption that ps < oo.

If py = o0, then p; < oo by assumption. Integration by parts gives

Mazﬁ@wxw—ﬁmmmn—éﬂuoﬂ«mc

The HP? norm of the first term is bounded by || f1||ge: || f2| gr2, by Holder’s inequal-
ity. The second term is bounded by C| fillme: || follgr. for some C, since point
evaluation is a bounded functional on Hardy spaces. The HP norm of the last
term is bounded by C||fi||gr: || fo||gr2, by what we have already shown, and thus

1Pllze < Cllfillaw | f2ll - =

Theorem 3.16 will now be used together with the Cauchy-Green theorem to prove

Lemmas 3.2 and 3.1.

Proof of Lemma 3.2. Define

LzljﬁﬁM and mazfﬁmmow

Then Theorem 3.16 says that H € H? and that |[|H||ga < C|| f2||ze2 || f3]| zes, Where

1i_ 1, 1 -
.= o + oo By the Cauchy-Green formula,

I =1 () H(2) dz.
2 Japm)

Since 1/p; + 1/q = 1, Hélder’s inequality gives

fi(z2)H(z)dz
o(rD)

1
‘Ir’ = 5

< My, (f1,7) Mo (H, 7).

But since ||H|| ga < C|| fol| ez || f3|| es, this shows that

(L] < Cllfallao || f2ll w2 (| fo]| 205

which bounds the principal value in question, assuming it exists.
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To show that it exists, note that for 0 < s < r, the Cauchy-Green formula gives

o1, — 1, = / F D H(2) d=
O(rD—sD)

_ (/£2ﬂ [rjii?¥¥55f1(7x¥9)--s}ZZEEﬁﬁjf{(seﬂe)} et d@'

27 ‘

IA

fi(re?) (rH(re") — sH(se™)) e df

0

/02” s (fl(reif’) - fl(se“")) H(se®)e ™ de‘ ,

+

We let f.(z) = f(rz). Then Hoélder’s inequality shows that the expression on the

right of the above inequality is at most

My, (fr,r)llrHy = sH| o + s[(f1)r = (f1)sl| e Mo (H, 5).

Since p; < oo and ¢ < oo, we know that (fi), — f1 in H?* asr — 1, and H, — H
in H? as r — 1 (see [5], p. 21). Thus the above quantity approaches 0 as r,s — 1,
which shows that the principal value exists.

For the last part of the lemma, what was already shown gives

P~V-/Dﬁf2f§d0—/D)EfQ(Snfs),dUZP-V~/DE]C2(f3—Snfs),da

< Cllfallae | f2llzr2 1 fs = Sn(f3)[|avs-

By assumption p3 > 1. If also p3 < oo, then the right hand side approaches 0 as

n — 00, which finishes the proof. n

Proof of Lemma 3.1. We know that f?/?2 € H? and f®/?~1 ¢ H?/(=2)_ Since h

is a polynomial, we have f®/2-1h ¢ g%/(P=2) Also,

1 op-2 1_,
2 2p p

Thus, Lemma 3.2 with f; = f7/2, and f, = f®/?~1h, and f3; = f gives the result.

[]



CHAPTER IV

Explicit Solutions of Some Extremal Problems

4.1 Relation of the Bergman Projection to Extremal Problems

In this chapter we show how information about the Bergman projection can be
used to solve certain extremal problems. Recall from Chapter I that the Bergman

projection P is defined by

PN = [ G o) f e L'(D),

and that P is the orthogonal projection from L?(D) onto A?*(D). We begin with a

basic theorem.

Theorem 4.1. Suppose that 1 < p < oo and let f € AP and g € L4, where 1/p +

1/q=1. Then

/ngdaz/Ddea.

Proof. Since P is the orthogonal projection from L?(D) onto A?(D), we have for f

in A% and g in L? that

/Dfadaz/Df[P<g>+<g—7><g>>}do—=/Dfmda,

since g — P(g) is orthogonal to A% Thus, the theorem is true for p = 2.

46
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Now, suppose that p < 2. Let {f,} be a sequence of A% functions approaching f

in the A norm. Then since LY C L?,

/Dfnydo: /Dfnwda,

for all n. Since P(g) € L9, we may take the limit as n — oo, which gives

/ngdaz/mfmda.

If p > 2, let {g,} be a sequence of A? functions approaching ¢ in the A% norm.

Then since AP C A?,

/ng_ndU:/Dfmda

for all n. But P(g,) — P(g) in the A? norm because the Bergman projection is

continuous from L? into AY. Thus,

/ngda:/Ddea. O

The next theorem gives the first indication of how the Bergman projection is

related to extremal problems.

Theorem 4.2. Suppose that 1 < p < co. Let F € AP with |F||a» = 1. Then F is

the extremal function for the functional with kernel
P(|F|P~tsgn F) € AY.

Furthermore, if F' is the extremal function for some functional ¢ € (AP)* with kernel

k € A1, then

k
P(FPlsgnF) = —.
(1] )= ol

Proof. Consider the functional ¢ € (AP)* that takes a function f € AP to

b(f) = /D fIFPsgn F do.
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This functional has norm at most || |F[P~'sgn F' ||« = HFH%Q = 1. But also ¢(F) =
| F|[%» = 1, so ¢ has norm exactly 1 and F is the extremal function for .

But from Theorem 4.1, it follows that

/fP(|F]plsgnF) daz/f\FP’lsgano
D D

for any f € AP, which means that the kernel in A? representing v is P(|F[P~!sgn F).
This proves the first part of the theorem.

If F is also the extremal function for ¢, it follows that 1) is a positive scalar
multiple of ¢, from the remark following the proof of Theorem 2.8. Since ||[¢|| = 1
and 1) is a positive scalar multiple of ¢, it must be that ¥ = ¢/||¢||. But this implies

that P(|F|P~tsgn F) = k/||¢|. O

The next two theorems describe the relation of the Bergman projection to a sort of

generalized minimal interpolation problem. We will first need the following lemma.

Lemma 4.3. Let V' be a vector space over C, and let ¢, ¢q,...,¢n be linear func-
tionals on V' such that, for v € V, if ¢1(v) = -+ = ¢n(v) = 0, then ¢p(v) = 0. Then

¢ = Zivzl c;@; for some constants c;.

The statement and proof of this lemma may be found in [4] in Appendix A.2 as

Proposition 1.4, and in [2] as Lemma 14.

Theorem 4.4. Let 1 < p < oo and let g1, s, ..., ¢n € (AP)* be linearly independent.

Then a function F € AP satisfies
[Fllap = inf{[| fllar - 02(f) = o1(F), ..., on(f) = on(F)}
if and only if P(|F|P~ sgn F) is a linear combination of the kernels of ¢y, ..., dn.

Note that this theorem gives a necessary and sufficient condition for a function F

to solve the minimal interpolation problem of finding a function f € AP of smallest
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norm such that ¢,;(f) = ¢; for 1 < j < N, where ¢; € (AP)* are arbitrary linearly
independent functionals and the ¢; are given constants. Namely, I solves the problem
if and only if ¢;(F) =¢; for 1 < j < N and P(|F|P~!sgn F) is a linear combination
of the kernels of ¢1,...,¢n. Note that for the case 1 < p < oo, the problem under

discussion will always have a unique solution, by Proposition 2.3.

Proof. Let ki, ..., kyx be the kernels of ¢, ..., ¢y, respectively. Suppose that

[Fllar = inf{[[fllar : 01(f) = 2(F), ..., on(f) = dn(F)}

and let h be any non-zero AP function such that ¢y(h) = --- = ¢n(h) = 0. Since
there are only a finite number of the ¢;, it is clear that such a function exists. Then
F + h is also in contention to solve the extremal problem, so ||F|| < ||F'+ h||. Now
Theorem B shows that

/ |F|P'sgn F hdo = 0,
D

and so by Theorem 4.1

/ P(|F|p~tsgn F)hdo = 0.
D

Define

b(f) = / PUFP TsenF) fdo, | e A".

Lemma 4.3 now shows that
N
=Y cd,
j=1
for some constants ¢;, so P(|F[P~!sgn F) is a linear combination of ki, ..., k,. This

proves the “only if” part of the theorem.

Conversely, suppose P(|F|P~!sgn F) is a linear combination of ki, ..., k,. Then

(4.1) I1F|% :/DF|F\”‘1—sgana:/DFP(|F|P—1 sgn F) do,
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by Theorem 4.1. Now let h € AP be such that ¢;(h) = 0 for 1 < j < N. Since

P(|F[P~'sgn F') is a linear combination of the k;, equation (4.1) gives

IFI1, = / (F + hYP(FTsgn F) do
= /(F+h)|F]plsgana
D
< VF + hllas | F1P~" 50 Fll

= |F + llan || FIP"
Therefore,

| Fllar < [|F + | a».

Since h was an arbitrary AP function with the property that ¢;(h) =0for1 < j < N,

this shows that I solves the extremal problem in question. O

When we apply this theorem, we will usually have each ¢; be a derivative-
evaluation functional. By derivative-evaluation functional, we mean a functional
defined by f + f((2,) for some integer n > 0 and some z, € D.

The next theorem is really another form of Theorem 4.4.

Theorem 4.5. Let ¢q,pa,...,0n € (AP)* be linearly independent. Let F € AP.
Then the following are equivalent.

1. F satisfies

[E[ap = mf{[[ fllar = o1(f) = ¢2(F), ..., on (f) = dn(F)}

but does not satisfy

”FHA” = inf{HfHAp : (b]l(f) = ¢j1<F)7 SR 7¢jM(f) = ¢JM(F>}

for any proper subsequence {jx}2L, of 1,2,..., N.
2. P(|F|P~'sgn F) is a linear combination of the kernels of ¢1, ..., ¢, and none

of the coefficients in the linear combination is 0.



o1

Proof. Note that if F' satisfies

“FHAP = inf{HfHAp : ¢]1(f) = ¢j1(F)’ SR 7¢jM(f) = ¢jh1(F)}

for some proper subsequence {ji }2, of 1,2,..., N, then the previous theorem shows
that P(|F|P~'sgn F') is a linear combination of the kernels of the ¢, .

Conversely, if P(|F[P~!sgn F) is a linear combination of the kernels of the func-
tionals ¢;,, where {ji}2L, is a proper subsequence of 1,2,..., N, then the previous

theorem shows that I’ satisfies

[ F|[ar = nf{|| f[lar = 05, (f) = 05 (F) - 050, (f) = 050, (1)} O
The next two theorems are special cases of Theorems 4.4 and 4.5, with the func-
tionals taken to be ¢;(h) = hU)(0), with kernel k;(2) = (j + 1)!27.
Theorem 4.6. The function P(|F|P~' sgn F) is a polynomial of degree at most N if
and only if
1F |4 = mf{[[ fllar = £(0) = F(0),..., fM(0) = FN(0)}.
Theorem 4.7. The function P(|F [P~ sgn F') is a polynomial of degree N if and only
if N is the smallest integer such that
[F |4 = mf{[[ fllar = £(0) = F(0),..., fN(0) = FN(0)}.

The next theorem relates the generalized minimal interpolation problems we have

been discussing with extremal problems.

Theorem 4.8. Let ¢q, ..., ¢n be linearly independent elements of (AP)* with kernels
ki,...,kn respectively, and let F € AP with ||F|la» = 1. Then the functional for
which F' is the extremal function has as its kernel a linear combination of the k; if

and only if

[Ellar = inf{[| fllar = 01(f) = @1(F), ..., ¢n(f) = on(F)}-
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This follows from Theorems 4.2 and 4.4. Recall that although there is no unique
functional for which F' is the extremal function, such a functional is unique up
to a positive scalar multiple, which does not affect whether its kernel is a linear
combination of the k;.

One direction of this theorem, the fact that if F' is the extremal function for some
kernel which is a linear combination of the k;, then F' solves the stated minimal
interpolation problem, is easy to prove directly. The proof is as follows. Let F be
the extremal function for the functional ¢, which we assume to have kernel k =

ZN Cljkj. Then

j=1
£ = mf{]| fllar = 6(f) = (F)}.
But if some function G in AP satisfies ¢;(F) = ¢;(G) for all j with 1 < j < N, then

¢(G) = ¢(F), which implies that || F'||a» < |[|G]|4». This implies that F satisfies

[Ellav = inf{[| fllar = 01(f) = @1(F), ..., ¢n(f) = on(F)}-

We have seen that, in deciding whether a function F' solves a certain extremal
problem, it may be helpful to consider the Bergman projection P(|F|P~!sgn F).
When doing so, it is often convenient to note that |F|P~'sgn F' = FP/2F®/2=1 Here

the branch of FP/? does not matter, provided that F®/2-1 = pr/2p-1,
4.2 Calculating Bergman Projections
Now that we have explored the relation between the Bergman projection and

solutions to extremal problems, we will calculate the Bergman projection in various

cases.
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Proposition 4.9. Let m and n be nonnegative integers. Then

m—n+1_m-n :
Tz , ifm>n,

P(z"zZ") =
0, if m <n.
This is Lemma 6 in Chapter 2 of [9].
The next theorem is very helpful in calculating the Bergman projection of the

kernel of a derivative-evaluation functional times the conjugate of an AP function.

Theorem 4.10. Let 1 < q1,q2 < 00. Let p; and py be the conjugate exponents of ¢

and qo. Let
1 1 1

¢ @ ¢

and suppose that 1 < q < oco. Let p be the conjugate exponent of q. Suppose that
k € AT and that g € A®. Let the functional ¥ be defined by (f) = [, fkdo for all

f € AP, Then P(kg) is the kernel of the functional ¢ € (AP)* defined by

o(f) =v(fg),  feA.

Proof. First note that 1/p+ 1/q¢1 + 1/q2 = 1, so if f € AP, then fg € AP' and the

definition of ¢ makes sense. Now observe that

o(f) = v(fg) = / fok do.

By Theorem 4.1, this equals
/ fP(gk)do. O
D

Proposition 4.11. Let g € AP for 1 <p < co. Then
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Proof. Since 1/(1 — az)? is the Bergman kernel, it follows from Theorem 4.10 that
P(g/(1—az)?) is the kernel of the functional defined by f — f(a)g(a). But it is clear

that this kernel is precisely

_9la) O
(1 —az)?
We will study the kernels of various derivative-evaluation functionals. Evaluation

at the origin is somewhat exceptional and simpler than evaluation elsewhere, so we

deal with it first.

Theorem 4.12. The kernel for the functional f — f™(0) is (n + 1)12". If g € AP

then

P -3, DL

J=0

Proof. The first statement can be verified by evaluating

/D f(2)7"do(2)

by writing f as a power series. The second part follows from Proposition 4.9. To

see this, note that by the first part of the theorem, P(2"g(z)) is the kernel for the

functional taking f € AP to

1 n 1 " (n\ L i
970 = oy S (1) 0 0
! 1=
which has kernel
~ g0 i+
n—j)n+1""~

We now study the functional with kernel 1/(1 — @z)>.

Proposition 4.13. Suppose a € D and a # 0, and let 1 < p < oo. Then the function

b
(1 —az)3
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is the kernel for the functional in (AP)* defined by

ORI

Proof. For every a € D, we have that

@) = | ozl () do(a)

Differentiation with respect to a yields

2z
!
[ _t(2)d
F = [ G fe) dot),
so the kernel for the functional f + f'(a) is 2z/(1 — @z)®. But

1Lo_a 22 1
(1—az)? 2(1—a2)? (1—-az)?’

so 1/(1 —@z)? is the kernel for f +— (a/2)f'(a) + f(a). O

Proposition 4.14. Let 1 < p < oo, and let g € AP. Suppose a € D and a # 0. If
g(a) =0, then

Proof. By Theorem 4.10,

{0

is the kernel associated with the functional f +— $(f'(a)g(a)+ f(a)g'(a)) + f(a)g(a).

Since g(a) = 0, this equals (a/2)g¢'(a)f(a). But the kernel for this functional is

—_

(1—a2)? -

We will now deal with the function 1/(1 — @z)", for n > 2, which includes the

earlier results of this section.
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Proposition 4.15. The kernel for the functional f — £ (a) is
n=0,1,2 ...

Proof. We know that

f(a) = / (%ﬂz) do(2).

1 —az)
Differentiation n times with respect to a gives the result. O
Proposition 4.16. For each a € D with a # 0, there are numbers co, . .., c, with

cn 7# 0 such that the function

1
(1 _ 62)""'2

is the kernel for the functional f — cof(a)+cif'(a) + ...+ cuf™(a).

Proof. We will proceed by induction. The claim is true for n = 0 by the reproducing
property of the Bergman kernel function. For general n, we may write the partial

fraction expansion

2" B HZH b;
(1 —az)"2 = (1—az)i’
for some complex numbers b;. Thus,
n+2
2" = ij(l az)"
j=0

Differentiating both sides n + 1 times with respect to z gives
0=bi(—a)"™(n+ !+ bo(—a)" ™ (n+2)/(1 — az).

Since this holds for all z, it follows that by = b; = 0. Since 2" /(1 — a@z)""? has a pole

of order n + 2 at 1/a, we see that b,,o # 0. Therefore,
n+1 b

1 1 o ’
(1=a2)"2 ™ by ((1 —az)"? Zg m> |

j=




o7

But the first term of the right side of the above equation is a the kernel for the

functional f +— (1/(n + 1)!)f™(a). Also, each term in the sum ZnH _bi - is the

1—az)J

kernel for a linear functional taking each function f to some linear combination of
f(a), f'(a),..., and f"=Y(a), by the induction hypothesis. This proves the proposi-

tion. OJ

Proposition 4.17. Let g € AP for 1 < p < oo, and let a € D with a # 0. Suppose g

has a zero of order n at a. Let N > 0 be an integer. Then

1
& ((1 N+2g > Z Ck )k
for some complex constants Cy, depending on g™ (a) for 0 < m < N.

Proof. The projection

is the kernel associated with the functional
N
=) bi(f9)9(a)
=0

for some constants b;, with by # 0, by the previous proposition and Theorem 4.10.

But
N 7 .
)O)( NEAWID (j—Fk)
Zb 00w =3 Obg(k)f ()95 (a).

Since ¢g¥)(a) = 0 for 0 < j < n, all terms in the sum with j — k < n are 0. But
this means that the only non-zero terms in the sum occur when k£ < j — n, so that

k < N —n. Now, set

= i b; (‘;) gY"P(a),

j=k+n

SO
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But the kernel associated to ,]fV;On B f®(a) is

N—n
Bk
k=0

(k+1) 12k
(1—az)k+2’

But as in the proof of Theorem 4.16, we may show that

k

z Ck2 Ck3 Ck,k+2
e —|— —|— e + . wrs
(1 —az)k*2  (1—-az)?2 (1-—az)? (1 —az)k+2
for some constants cgo, . .., Cgrre. Thus we may write
N—n k N—n 1
- Bk k+2 Z Ch (1 — az)+2

for some constants Cy, depending on ¢(™(a) for 0 < m < N.

O

We will now deal with the function 1/(1 — @z). Since the functional with ker-

nel 1/(1 — @z)™"? involves differentiation of order n, it seems reasonable that the

functional with kernel 1/(1 — @z) involves integration. This is indeed the case.

Proposition 4.18. The function
1/(1 —az)
is the kernel for the functional defined on AP for 1 < p < oo by
1 a

fre= fz)dz

Proof. Since

it follows that

™M > a
4.2 / — do = /aE”zmda:a’”/ 2|?" do =
I et o =
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The change in the order of integration and summation is justified by the fact that
the sum converges uniformly in D. Now let f € AP and write f(z2) = Yo o bm2™.

Define

1 (7 N b,
P = [ r@a= 3 e

Therefore, by equation (4.2),

m

1 1 - - a
do = bz™ | do =S by — F(a).
/D1—azf(z)a /D1—az<n;) z) ? n;) my1- @

The interchange of the order of integration and summation is justified by the fact

the partial sums of the Taylor series for f approach f in AP. O]

Due to their relation with extremal problems, we are often concerned with pro-
jections of the form P(FP/2F®/2=1) where F is an analytic function. This is well
defined because

FPIPE@2=1 — |pP/F = |F|P'sgn F.
The following theorems deal with this.

Theorem 4.19. For 1 < n < N, let d, be a nonnegative integer and let z, € D.
Let k be analytic and a linear combination of the kernels of the functionals given by
f s fl)(z,). Let g € AP for p > 1. Then P(kg) is in the linear span of the set
of all the kernels of functionals defined by f +— f™(z,), where m is an integer with

0<m<d, and n is an integer with 1 <n < N.

Proof. Let k = ZN ank,, where k, is the kernel for the functional f +— f(d")(zn).

n=1
Then by Theorem 4.10, P(k,g) is the kernel of the functional

fe (F) (z) =3 (d.") 9 (2)g" D (22).

=0 \J

But this functional is a linear combination of the functionals of the form

f [T (z0),
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where 0 < m < d,. O

The next theorem shows that if F?/2 is an analytic function of a certain form,

then [ must solve a certain extremal problem.

Theorem 4.20. Let 1 < p < co. Given a positive integer N, suppose that F' € AP
and FP? is analytic and a linear combination of the kernels k, corresponding to
the functionals f — f\%)(z,) for some integers d, and some points z, € D, where

1 <n < N. Then F satisfies

||l ap = inf{|| fllar : fT(2) = F™(2,) for all n and m such that

1<n<Nand1l<m<d,}.
This follows from Theorems 4.19 and 4.5.
The next theorem is a consequence of Theorem 4.19. We give an alternate proof,

based on a computation involving Proposition 4.9.

Theorem 4.21. Let f be a polynomual of degree at most N and let g € AP for some

p > 1. Then P(fg) is a polynomial of degree at most N.

Proof. Let f = Z;V:o a;z?. Assume first that ¢ is a polynomial and let the integer
m be the maximum of N and the degree of g. Write g =3 "}" by2*, where by, = 0 if

k > deg(m). Then

N ™ N N N —m
P (Z ajzjz bkzk> =P Z ajzjz bpzk | +P <Z ajzj Z bkzk>
=0 k=0 j j

Jj=0 k=0 j=0 k=N+1
N N m
= Z a;bP (z]zk) + Z Z a;b,’P (z]zk)
k=0 §=0 k=N+1
= Ll ey 0+3 3 0
0<ij:<N - 1 0<§<N JZ;IC—ZN;H

The last step follows from Proposition 4.9. Note that the sums from N 4 1 to m are

taken to be 0 if N = m. This proves the theorem if g is a polynomial.
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If ¢ is not a polynomial, let {g,} be a sequence of polynomials that approach g
in the A? norm. Then P(fg,) — P(fg) in AP. Since each P(fg,) is a polynomial of

degree at most N, so is P(fg). ]
Using this theorem and Theorem 4.7, we immediately get the following result.

Theorem 4.22. Suppose that F € AP and F?/? is a polynomial of degree N. Then
1F ][ ar = it {]| flla = f(0) = F(0),..., f*)(0) = F(0)}.

Note that FP/? can be a polynomial only if p/2 is rational and all the zeros of F
in D are of order a multiple of s, where r/s is the reduced form of p/2. If p is an
even integer, this poses no restriction. Because of this, the case where p is an even

integer is often easier to work with.

4.3 Solution of Specific Extremal Problems

We will now discuss how to solve some specific minimal interpolation problems.
Since we are dealing with the powers p/2 and 2/p, neither of which need be an
integer, we will have to take care in our calculations. We will introduce a lemma
to facilitate this. The lemma basically says that if f and g are analytic functions
nonzero at the origin, and if f(™(0) = (g*)™(0) for all n such that 0 < n < N, then
(f/7)™(0) = ¢g™(0) for all n such that 0 < n < N.

To state the lemma we first need to introduce some notation. Suppose that the
constants ¢y, c1, . . ., ¢y are given and that ¢y # 0, and let h(z) = co+c12+- - +enz.
Suppose that a = z? for some branch of the function 2”. Let U be a neighborhood of
the origin such that h(U) is contained in some half plane whose boundary contains

the origin, and such that 0 € A(U). Then we can define 2? so that it is analytic in

h(U) and so that ¢ = a. We let 3] (a;co, c1, . - ., ¢;) denote the §™ derivative of h(z)?
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at 0.

Note that because of the chain rule for differentiation, 3; only depends on j, the
constants co, . .., ¢j, and the numbers p and a. For the same reason, the value of 3 is
the same if we replace the function A in the definition of § by any function h analytic

near the origin such that h()(0) = c; for 1 <j<N.

Lemma 4.23. Let cy,cq,...,cn be given complexr numbers, and let p be a real number.

Suppose that ¢y # 0, and let ag = ¢, for some branch of zP. Then

Cj = ﬁ]l/p (CO; /6(1)3(@(% 60)7ﬁf(a0; Co, Cl)v CI aﬁﬁ[(a(}; Co, - - - 7CN)) .
Proof. For ease of notation let a; = 5] (ao; co, - - -,¢;) and b; = ﬁ;/p(co;ao, co,apn).
Then by = cy.

Now let f(z) = SN %92/, Then fU(0) = ¢; for 0 < j < N. Let U be a

§=0 7!

neighborhood of 0 such that there exist ro > 0 and 6, € R such that

f(U)C{rew:ro<rand(90—2lp<0<00+21p}.
Then zP can be defined as an analytic function in f(U). Furthermore, the set V' =
(f(U))? does not contain 0 but is contained in some half plane, so z!/? can be defined
as an analytic function in V' so that it is the inverse of the function 2P defined in
f(U).
Now define g(z) = (f(2))? for z € U. Then ¢g¥(0) = a; and g*/P(0) = cy, so
(g*/P)9)(0) = b; for 0 < j < N. But g(2)'/? = f(2) for 2 € U, so b; = ¢; for
0<j<N.

O

We will now use the lemma to solve a specific extremal problem in certain cases.
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Theorem 4.24. Let cy,...,cy be given complex numbers, and assume that cy # 0.

Suppose that F € AP, and FUW(0) = ¢; for 0 < j < N, and
1F |4 = inf{[lglla» = 9(0) = co, ..., g™ (0) = en}.

Let ag = 08/2 for some branch of zP. Define

N /2
o ag;coy e, C)
fz) = G (a0 e D)
J°

7=0
Suppose that f has no zeros in D. Then we may define f2/? so that it is analytic in

D and so that f?/P(0) = cy. Then
F=fr

The same result also holds if p is rational, 2/p = r/s in lowest form, and every zero

of f has order a multiple of s.

Proof. Note that f?/? is analytic in D since we have assumed f has no zeros in D, or
that p is rational and 2/p = r/s in lowest form and f has only zeros whose orders
are multiples of 5. Also, f(0) = ag, so we may define f2/? so that f2/7(0) = c. The

4% derivative of f2/P at 0 is

8 (eos 8 i co) - B a1 5))

for 0 < j < N, which equals ¢; by the lemma. Thus f?/? is in contention to solve
the extremal problem.

But

f2rp —1-(2/p)
P (L8 = p7 o)
f /p
is a polynomial of degree at most N by Theorem 4.21, so by Theorem 4.22 we find

F = f?r, O
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To apply this theorem, we need to show that f has no zeros in the unit disc, or
has only zeros of suitable orders if p is rational. Then f?? is the extremal function.
Note that we do not need to know anything about the zeros of the extremal function
itself to apply the theorem. However, if f has no zeros in the unit disc, this theorem
implies that the extremal function F' = f?/? also has no zeros in the unit disc. It
seems likely that if F' has no zeros, then F' must equal f?/?, but we do not know a

proof of this.

Example 4.25. The solution to the minimal interpolation problem in A? with f(0) =
land f(0) =c¢; is
2/p
F(z)= (1 + gclz> ,
provided that |¢;| < %. This is because 55/2(1; 1,¢1) =1 and ﬁf/z(l; 1,e1) = (p/2)ey.

For example, if p =4 and ¢; = %, then
F(z) = (14 2)Y2
The above problem is also solved in [21] in more general form. However, the
solution to the extremal problem in the next example was previously unknown.

Example 4.26. The solution to the minimal interpolation problem in AP for 1 <

p < oo with F'(0) = 1, and F'(0) = ¢, and F"(0) = ¢y is

F(2) = {14 (p/2)crz + [(p(p — 2)/4) + (p/2)ca] 2277,

provided that the quadratic polynomial under the 2/p exponent in the equation for

F' has no zeros in D.

Linear extremal problems tend to be more difficult to solve than minimal inter-
polation problems involving derivative-evaluation functionals, because values of a

function f and its derivatives are generally easier to calculate than P(|f|P~!sgn f).
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Nevertheless it is possible to solve some linear extremal problems explicitly by the

methods in this chapter. Here is one example.

Theorem 4.27. Let N > 1 be an integer, let 1 < p < oo, and let b € C satisfy

1 2
b >14+—-(1— -
bl +N+1( p)’
|b|+¢|brz s (1-2)

Then the solution to the extremal problem in AP with kernel 2V + b is

and define

sgn b.

(zN +a)?/?

2) = sen(a'~ /P )
) = sl v+ )7

In the above expression for F(z), the branch of (" + a)?? may be chosen arbi-
trarily, but the value of sgn(a'~(®/?)) must be chosen consistently with this choice.

Note that the functional associated with the kernel zV + b is

o(f) = bf(0) + (1/(N + 1)) f(0).

Also, observe that the hypothesis of the theorem holds for all N and p if |b] > 3/2.

1 2
b >14+ ——(1—--
N+1 D

implies that |a| > 1, so that 2V +a # 0 in D and F is an analytic function. Note

Proof. The condition

that

(2N + a)*? ||, = / 12V 4 al*do = /(ZN +a)(zN +a)do = |af* + ——.

Thus, ||F||AP =1.

Now

(2N 4 a)¥Pyp/27t = g1 =2/p ¢ (1 — ]%) a 2PN+ 0(2*N),
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where we choose branches so that ((zV + a)?/?)P/2 = 2N 4 a. We calculate that

P (]zN + alP! Sgn(zN + a))

P +a)F+a) ")
P ((zN +a) (m-‘r <1 - 2) Mz_N+O(,z«2_N))) .

p

But by Proposition 4.9, this equals

P |:(ZN+CL) (m+ <1 - %) mz_Nﬂ

_ 1 2
= aal~2/P + N+1 (1 - 5) a=2/P 4 1= 2/P) N

—_— 1 2
= al—(Q/p) (ZN +a+ N—H (]_ — 5) 6_1)

— a2V 4 b).

Thus,
P {‘Sgn(al_(z/p))(zN + a)|p71 sgn (sgn(a' P (2N + a)) }
= a'=C/P) sgn(a' =P (2N +b)
= |ar=@P) (2N +b).
Therefore,

N 4b
(o /(N + 1) 7

p(Fp/QF(p/Q)—1) — |a1_(2/”)

Since ||F||4» = 1, Theorem 4.2 shows that F is the extremal function for the kernel
on the right of the above equation. But that kernel is a positive scalar multiple of

k, so F is also the extremal function for k. O

4.4 Canonical Divisors

We will now discuss how our previous results apply to canonical divisors. Recall

that these divisors are the Bergman space analogues of Blaschke products. By the
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zero-set of an AP function not identically 0, we mean its collection of zeros, repeated
according to multiplicity. Such a set will be countable, since the zeros of analytic
functions are discrete. Given an AP zero set, we can consider the space NP of all
functions that vanish on that set. More precisely, f € AP is in N? if it vanishes at
every point in the given zero set, to at least the prescribed multiplicity.

If the zero set does not include 0, we pose the extremal problem of finding G € NP
such that ||G||a» = 1, and such that G(0) is positive and as large as possible. If the
zero set has a zero of order n at 0, we instead maximize G (0). For 0 < p < oo, this
problem has a unique solution, which is called the canonical divisor. For 1 < p < oo,
this follows from the fact that an equivalent problem is to find an F € NP with
F(0) =1 and || F|| 4» as small as possible. By Proposition 2.3, the latter problem has
a unique solution.

In this section, we discuss the problem of determining the canonical divisor when
p is an even integer, and the zero set is finite. We show how the methods of this
chapter can be used to characterize the canonical divisor. Our methods show that if
G is the canonical divisor, then G?/? is a rational function with residue 0 at each of

its poles, which is the content of the following theorem.

Theorem 4.28. Let p be an even integer. Let z1, ..., zn be distinct points in D, and
consider the zero-set consisting of each of these points with multiplicities d, ..., dy,
respectively. Let G be the canonical divisor for this zero set. Then there are constants

co and cpj for 1 <n < N and 0 < j < (p/2)d, — 1, such that

N (p/2)dn—1
G(z Mz_C"‘Z Z l—zzi+2’ if z, # 0 for all n, and
(p/2)d1—1 N (p/2)dn—1

p/2 _ (p/2)d ] . _
G(2)P* = ¢yz L Z 152 —1—22 ZO 1—zzﬂ+2’ if 21 =0.
n= j=

J=0
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Proof. We will begin by illustrating the argument in the relatively simple case where
p = 4, each 2, # 0, and all multiplicities d,, = 1. Our goal is to show that G?/? is
the kernel for some linear combination of certain derivative-evaluation functionals.
Because we know what the kernel of any derivative-evaluation functional is, we will
be able to show that G has the form stated in the theorem.

Let

Z—Zj

hn(z) =

Zn — R4
1<j<N " J

i#n
so that h,(z,) =1 and h,(z;) = 0 for j # n. Let f € AP. Define

Then f(z,) = 0for 1 <n < N. In [9] (as well as [6] and [24]), it is shown that the
canonical divisor of a finite zero set has no zeros on 0ID. Also, the canonical divisor
of any zero set has no excess zeros; i.e., it has only the prescribed zeros and no more.

Thus the function

is in AP. But then

/ G2 f do = / G(2)? (f(z) + Z f(zn)hn(2>> do

/]G 3 sgn(G(2)) da—i—/G ( )hn(z)> do

=I1+1I
We first deal with the term I. The canonical divisor G is a constant multiple of the
function F' such that F'(z,) =0 for 1 <n < N and F'(0) = 1, and such that F" has
the smallest norm possible. Thus by Theorem 4.4, P(|G|?>sgn(G)) is the kernel for

a linear combination of point evaluation functionals at the points 0 and z,. Thus
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there exist constants b,, for 0 < n < N such that

/yG|3sgntda:/P(|G\3sgna)fda
D D

N i b J'(en) = 2o FL2) R (2n)

But this is a linear combination of the numbers f(0) and f(z,) and f'(z,), and
thus I is a linear combination of f(0) and f(z,) and f’(z,), where the specific linear
combination depends on G and the numbers z,.

Note that the term II is a linear combination of the numbers f(z,), and so both
I and IT are linear combinations of the numbers f(0) and f(z,) and f/(z,). Thus G*
is the kernel for a derivative evaluation functional depending on f(0) and f(z,) and
f'(z,). Thus, by Proposition 4.15 and Theorem 4.12, and the fact that (A?)* and A?
are isomorphic, G? has the desired form.

We now proceed to the general case. Let A, = d,((p/2) —1). For 1 <n < N and

0<j<A,—1,let hy,; be a polynomial such that

1, ifm=nand k=

o (2x) =
0, otherwise.
For f € AP define
A N A,—1
F&) =F(2) =3 Y anjha(2)
n=1 j=

where a,; = fU)(2,). Since f has zeros of order A, = d,((p/2) — 1) at each z,, the

function

- 1 .
f= Gw/2)-1 f
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is in AP.
But then

P p N Ap-1
—p
/GP fdo / ( +Z il (2 >
1 j=0

n=1 j=

N
/|G )P~ tsgn G(z) d0+z

n=1 j=

Ap—1
QU / z)do
0
=I1+41IL
Now, II is a linear combination of the numbers a,,; for 1 <n < Nand 0 < j < A, -1,
so we turn our attention to I. The canonical divisor G is a constant multiple of the
function F' € AP of smallest norm that has zeros of order d,, at each z; and such that

F()(0) = 1, where m is the order of the zero-set at 0. Thus as before,

N dp—1
/|G|p—1sgntda:/ PGP sgnG) fdo = bof™(0) + > > by f9 (20
D D

n=1 j=0

for some complex constants by and b,;. Note that f(z) =G, fn where

Gl2) = (2 — 2=

Ge2-1(z)
and
Fu(2) = (2 = 20) ™ f(2)
Note that
J .
k=0
and
~ kl dk—l—An R
k
F® (2,) = A Fzn)
Kl dA N ool
=kt Ayl deFAn [f (2) =3 > anshns(2)
n n=1 s=0

Thus, fU)(z,) is a linear function of the numbers a,s and the numbers f*)(z,) for

0 <k <j+ A, Recall that a,, = f®(2,).
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Also, if m = 0, then

Ap—1

Fm(0) = G(0)'=w/) f(0) = G(0)' @2 <f<0> =

anjhnj(())) 7

n=1 j=0

so fm(0) is a linear function of the numbers an; and f(0) = fmP/2(0). If m # 0,
then we may assume z; = 0 and m = d;, and then by the same reasoning as we used
above for fU)(z,), we see thatf(™(z) is a linear function of the numbers an; and
the numbers f*)(z)) for 0 < k < dy + Ay = dy + ((p/2) — 1)dy = (p/2)d; = mp/2.
Thus, term

1= / GO 1] do
D

is a linear combination of the numbers f*)(z,) for 0 < k < (d, — 1)+ ((p/2) — 1)d,, =
(p/2)d, — 1, and the number f("?/2)(0).

Therefore, both I and II, and thus fD f@p/Z do, are linear combinations of the
numbers f*)(z,) for 0 < k < (p/2)d, — 1, and the number f™?/2(0). And thus,
GP/? is the kernel for a derivative-evaluation functional depending on fV)(z,) for
1<n<Nand0<j<(p/2)d, — 1, as well as f™/2(0). Therefore G?/2 has the

desired form. O

The previous theorem gave a condition on GP/? that must be satisfied if G is the
canonical divisor of a given zero set. The following theorem says that condition,

along with a few other more obviously necessary ones, is also sufficient.

Theorem 4.29. Let p be an even integer. Let z1, ..., zn be distinct points in D, and
consider the zero-set consisting of each of these points with multiplicities d, ..., dy,
respectively, and let G be the canonical divisor for this zero set. Then G is the unique
function having AP norm 1 such that G(0) > 0 (or G™(0) > 0 if G is required to

have a zero of order m at the origin), and such that GP/? has zeros of order pd, /2
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at each z,, and

N (p/2)dn—1

p/2—co+z Z 1_22]+2 if 2z, # 0 for alln or
(p/2 )di—1 (p/2)dn—1

G(z )”/2—coz(p/2)d1+ Z cljzj+z Z 1_2 23+2 if z1 =0.
Proof. By Theorem 4.28 and the definition of the canonical divisor, the stated con-
ditions are necessary for a function to be the canonical divisor. Suppose that G is
a function satisfying the stated conditions. We will prove the theorem by applying
Theorem 4.4 to P(GP/Qa(p/z)fl).

Again, we will first prove the theorem for the case where p = 4, no z, is zero, and

all multiplicities are d,, = 1. By Proposition 4.11,

(1)

and

1

Ce T

i)
VRS
—~

—_
| —
3
~—
w
D
—~
¥
N———
Il
b

Now, by assumption G? is a linear combination of terms of the form 1, and (1—%,2) 2,

and (1 — Z,2)7%, and so P(G?G) is a linear combination of the function 1 and the
functions (1 — Zz)_2 for 1 <n < N. Thus G is a constant multiple of the canonical
divisor, by Theorem 4.4, since some multiple of the canonical divisor satisfies the
minimal interpolation problem of finding f with f(0) =1 and f(z,) = 0 and || f]|a»
as small as possible. But the conditions ||G||4» = 1 and G(0) > 0 imply that G must

be the canonical divisor.
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We will now discuss the general case under the assumption that z, # 0 for all n.

First, as above, P (@(p/2)‘1) = G(O)(p/z)il. Now, by Proposition 4.17,

. BN N (e |
— G = Cn k7T — 1o
73 ((1 —%Z)J—FZ (Z) ) kZ:O Jsk (1 _zz>k+2

where the constants C,, j, may depend on G. But if j < (p/2)d, — 1, then j —

((p/2) = 1)d,, < d, — 1. Thus

N dp-1
/2 ——(p/2)
P<Gp G(2) ) BO+ZZ 1_sz+2’
n=1 k=0
where B, = Zyﬁ;ﬁ@% 1, €njCn,je and By = oG (0 )p/ - . By Theorem 4.4, G

is a multiple of the canonical divisor. But the conditions that G (0) > 0 and
|G||4» = 1 imply that G is the canonical divisor.

(p/2)-1

The case where z; = 0 is similar, but we also use the fact that P(z/G )is a

polynomial of degree at most j — [(p/2) — 1]dy, or zero if j < [(p/2) — 1]d;. O

From previous work by MacGregor and Stessin [20], a weaker form of Theorem
4.28 is essentially known. In the weaker form of the theorem, one only knows, in the

case that no z, = 0, that

N p/2)dn 1

_Z+Z Z 1—2 ZJ+2
n=1 7=0

for some constants b,,. The case where z; = 0 is similar. To derive Theorem 4.29

G(Z):C0+Zl_l)

n=0

from the weaker form of the theorem, we can use the following proposition.
This proposition also gives another indication of why the residues of GP/2 must all
be zero. It basically says that nonzero residues would lead to terms in P(G?/2G ®/2) )

that were kernels of functionals of the general form

froo [ 1
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where ¢ is an analytic function and a € D. But, as the proposition explains, it would
then be impossible for P(G?/ 26@/2)_1) to be the kernel of a finite linear combination

of derivative-evaluation functionals.

Proposition 4.30. Let g be analytic on D and suppose g is non-zero on OD. Let
a, € D and a, # 0 for1 <n < N, and assume that a,, # a; for n # j. Let b, € C
for 1 <n < N. Then if any of the b, are nonzero,

(Srs)

n=1

1s not the kernel for a functional that is the finite linear combination of derivative-

evaluation functionals.

Note that as is shown in [9] (see also [6] and [24]), the canonical divisor of a
finite zero set is analytic in D and non-zero on D. This allows the proposition to be
applied to Bergman projections of the form

N
b -
L (p/2)-1
7><§ T GO )

n=1

Proof. We know by Proposition 4.18 that

P (S )

n=1
is the kernel for the functional given by
N b, [
ey [
Suppose that this functional were a linear combination of derivative-evaluation
functionals, which we will denote by f +— f(k)(zj), where 1 <7< Jand 0 <k < K.
Let h be a function such that h = gf for some f € AP. For fixed g, the values f*)(2;)

for 1 < j < Jand 0 <k < K are linear combinations of the values h(k)(zj), where



(0]

1<j<Jand0<k<K+r(z), and r(z;) is the order of the zero of g at z;. Thus
the functional defined on the space gAP by

N a

h — Z bu [™ h(z)dz

n=1 n Jo
must be a linear function of the values h(k)(zj). By gAP, we mean the vector space
of all functions that may be written as g multiplied by an AP function. Since g is
analytic in D and ¢ is nonzero on dID, any polynomial that has all the zeros of g will
be in gAP.

Now for each m there exists a polynomial H,, such that H,(a,) = 1, but
H,.(a,) = 0 for all n # m, and such that Hy(,f)(zj) = 0 for all j and k such that
1<j<Jand 1<k < K+r(z)+ 1. Also, we may require that H,, has all the
zeros of g, and that H,,(0) = 0. Set h,, = H/,. Then h,, shares all the zeros of g,
and so it is a multiple of g. Thus
g: bn /an hm(z)dz =0,
n=1 n Jo
since the left side of the above equation is a linear combination of the numbers
hg,’f)(zj) for 1 <j < Jand 0<k <K +r(z), and each hg?)(zj) = 0. But also, for

each m such that 1 <m < N, we have

so each b,, = 0. O
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