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'38$&#)*"+$T.'#)*"
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!"
!t

+ v #$" = 0 ++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++L;6GO

)-+ -*(8$3+'"3+#4$+E$%*+ &*"#*.%+*1+#4$+-*(.#)*"+)"3)&'#$-+ #4$+$8*(8)"/+)"#$%1'&$6+?$&'.-$+

*1+ ".2$%)&'(+ ."-#'5($"$--+ *1+ #4$+'38$&#)*"+$T.'#)*"@+ '+".2$%)&'(+ -#'5)()E)"/+ -&4$2$@+

V#%$'2()"$3+Q,B)"3+J$#%*8<Y'($%D)"+LVQJYO+2$#4*3+)-+'33$3+#*+aT6+L;6GO6

@A(QA( '9R19M(-6('983+9.(S+/.19<

Z6+W*%/'"@+R6+['"+3$%+[$"@+'"3+Y6+S$3$%+:\>+&*"9)%2$3+#4'#+A)#4).2+)*"+3)11.-)*"+)"+

A)IC$JKG+LM+N+I+N+;O+)-+%$-#%)&#$3+#*+*"$+3)2$"-)*"'(+&4'""$(-+,'%'(($(+#*+#4$+5<3)%$&#)*"@+

'-+ )((.-#%'#$3+ )"+ C)/.%$+ L;6+ bO6+ g*B$8$%@+ &*"#%'%0+ #*+ )"#.)#)*"@+ #4$+ )"#$%1'&$+ )-+

,$%,$"3)&.('%+ #*+ #4$+ '<3)%$&#)*"+ "*#+ #*+ #4$+ 5<3)%$&#)*"@+ B4)&4+ B'-+ 3)-&*8$%$3+ )"+

#%'"-2)--)*"+ $($&#%*"+2)&%*-&*,0+ L7aWO+ *5-$%8'#)*"+ 50+ S4$"+ $#+ '(6+ :P>+ S4$"+ $#+ '(6+

'%/.$3+ #4'#+ #4)-+ )"#$%1'&$+*%)$"#'#)*"+-4*.(3+2)")2)E$+ -#%')"+$"$%/06+ W$$#4*"/+$#+ '(6+

'(-*+ -4*B$3+ #4$+ )2,*%#'"&$+ *1+ 2)-9)#+ -#%')"-+ *"+ #4$+ %'#$+ &','5)()#)$-+ *1+ A)C$JKG+

&%0-#'(()#$-6+ 74$0+ -4*B$3+ #4'#+ ".&($'#)*"+ '"3+ /%*B#4+ D)"$#)&-+ 3$,$"3+ *"+ #4$+ 2)-9)#+

-#%')"-+5$#B$$"+#B*+,4'-$+,*%#)*"-+*1+A)C$JKG6+74$0+&*2,'%$3+#B*+2*%,4*(*/)$-+'"3+

&*"&(.3$3+ #4'#+ -,4$%)&'(+ &%0-#'(()#$-+ B)#4+ -,4$%)&'(+ &',+ 4'-+ 1'%+ ($--+ -#%')"+ $"$%/0+

&*2,'%$3+#*+#4$+&*%$h-4$((+2*3$(6
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?15/,9(@AQA(F*9>.1C9*<1-*38(.166/<1-*(38-*5(L>3J1<(3*.(
0-:9,9*0;(<+,31*(*93,(+:9(+M->7:3<9(1*+9,6309(-6(=1J?9$FG

@A(TA( B-+1R3+1-*(6-,('9<93,0:

W'"0+ '.#4*%-+ 4'8$+ %$&*/")E$3+ #4'#+ &*4$%$"&0+ -#%')"-+ ,('0+ '"+ )2,*%#'"#+ %*($+ )"+

3$#$%2)")"/+#B*<,4'-$+$T.)()5%).2@+B4)&4+B'-+2'3$+$8)3$"#+50+#4$+3)-&*8$%0+*1+S4$"+

$#+ '(6+ :P>+ g*B$8$%@+ %'%$(0+ )"+ #4$)%+ ,',$%-+ 4'8$+ #4$0+ &*"-)3$%$3+ &*4$%$"&0+ -#%')"-+

$I,()&)#(0+1*%+L3$O)"#$%&'('#)*"+D)"$#)&-6+

J'-#+B*%D+*"+#4$+&*4$%$"#+$T.)()5%).2+*1+A)<)*"+$($&#%*3$-+)-+#4'#+#4$+2'#$%)'(-+'(-*+

1')(-+ #*+ )"8$-#)/'#$+ #4$+ 2'#$%)'(-+ '-+ )"#$%-#)#)'(+ -*()3-+ 5.#+ + '-+ -.5-#)#.#)*"'(+ -*()3-+

)"-#$'3@+ $8$"+ #4*./4+ )"#$%&'('#)*"+&*2,*."3-+ -4*.(3+ 5$+ 8)$B$3+'-+ )"#$%-#)#)'(+ -*()3-+

:;M@+;;>6+

W*%$*8$%@+ 1.((0+ #)2$+ 3$,$"3$"#+ #4%$$<3)2$"-)*"'(+ 2*3$()"/+ .-)"/+ Ca+ 1*%+ A)<)*"+

5'##$%0+$($&#%*3$+2'#$%)'(-+4'8$+"*#+5$$"+#%)$3+ #*+'+-'#)-1'&#*%0+3$/%$$6+ + A)#4).2+L3$O
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)"#$%&'('#)*"+,%*&$--+ )-+'"+ )"#%)"-)&'((0+"*"<$T.)()5%).2+#)2$+3$,$"3$"#+,4$"*2$"*"6+

74$%$1*%$+3$$,$%+."3$%-#'"3)"/+*1+#4$+L3$O)"#$%&'('#)*"+,%*&$--+&*.(3+5$+/')"$3+1%*2+

#)2$+ 3$,$"3$"#+'"'(0-)-6+ R"+ )"#$%$-#)"/+ &4'(($"/$+ *1+ )2,($2$"#)"/+'+ #)2$+3$,$"3$"#+

',,%*'&4+ )-+ 4*B+ #*+ #%'&D+ #4$+ 2*8)"/+ )"#$%1'&$+ 5$#B$$"+ #B*+ ,4'-$+ ,*%#)*"-6+ !"+ #4)-+

#4$-)-@+B$+#%'&D+#4$+)"#$%1'&$+'3*,#)"/+#4$+B$((<D"*B"+A$8$(+V$#+W$#4*3+:X>6

@A(GA(%:9<1<(-/+81*9

!"+ S4',#$%+ !!@+ #4$+ T.'-)<-#'#)&+ '"'(0-)-+ )-+ 3$8$(*,$36+ U$+ 3$%)8$+ 2$&4'")&'(+ '"3+

&4$2)&'(+$T.)()5%).2+&%)#$%)'+'"3+',,()$3+#4$2+#*+'+-)"/($+&%0-#'(()#$+*1+*()8)"$+A)IC$JKG6+

U$+3$-&%)5$+4*B+2)-9)#+ -#%')"-+*%+ &*4$%$"&0+-#%')"-+%$/.('#$+-*(.5)()#0+ ()2)#-+'"3+'33+

40-#$%$-)-+ )"+ #4$+ 8*(#'/$+ &.%8$6+ 74$+ $11$&#+ *1+ &*4$%$"&0+ -#%')"-+ *"+*8$%,*#$"#)'(+ '"3+

."3$%,*#$"#)'(+)-+-4*B"+#*+ )")#)'#$+$8*(.#)*"+*1+#4$+&*4$%$"&0+&%0-#'(()#$6+!"+#4$+&'-$+*1+

A)IC$JKG@+ B$+ &*"9)%2+ #4'#+ '"+ )"#$%1'&$+ *%)$"#'#)*"+ ,$%,$"3)&.('%+ #*+ #4$+ '<3)%$&#)*"+

2)")2)E$-+1%$$+$"$%/06+R-+'+9)"'(+%$-.(#+*1+T.'-)<-#'#)&+'"'(0-)-@+B$+-4*B+#4'#+'+"$$3($<

-4',$+ &%0-#'(()#$+ B)#4+ #4$+ (*"/$-#+ 3)%$&#)*"+ ,'%'(($(+ #*+ #4$+ '<3)%$&#)*"+2)")2)E$-+ #4$+

-#%')"+$"$%/0+3.$+#*+#4$+#B*<,4'-$+&*$I)-#$"&$+)"+#4$+A)IC$JKG+&%0-#'(()#$6+74)-+*,#)2.2+

-4',$+%$3.&$-+*8$%,*#$"#)'(+'-+B$((+'-+#4$+2$&4'")&'(+3'2'/$+3.%)"/+&4'%/$<3)-&4'%/$+

&0&($-6

!"+ S4',#$%+ !!!@+ B$+ 3$-&%)5$+ #4$+ %*($+ *1+ #4$+ &*4$%$"&0+ -#%')"+ )"+ #)2$+ 3$,$"3$"#+

'"'(0-)-6+ 74%*./4+ 1.((0+ #)2$+ 3$,$"3$"#+ #4%$$<3)2$"-)*"'(+ 9)")#$+ $($2$"#+ 2*3$(@+ B$+

3$-&%)5$+ #4$+ "*"<$T.)()5%).2+ L3$O)"#$%&'('#)*"+ ,%*&$--@+ '"3+ #4$%$50+ 4*,$+ #4'#+ B$+

&*"#%)5.#$+#*+ #4$+1."3'2$"#'(+."3$%-#'"3)"/+*1+L3$O)"#$%&'('#)*"+D)"$#)&-+)"+#4$+A)<)*"+

5'##$%0+$($&#%*3$+2'#$%)'(-6+
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!"+S4',#$%+![@+B$+-.22'%)E$+#4$+9)"3)"/-@+3%'B+&*"&(.-)*"@+'"3+-.//$-#+3)%$&#)*"-+

*1+1.#.%$+B*%D6
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!"#$%&'())

U/3<1>S+3+10(#*38;<1<(-6(=1?9$FG(!3+:-.9(B3+9,138

!"+S4',#$%+!!@+ B$+B)((+ %)/*%*.-(0+3$%)8$+#B*<,4'-$+&*$I)-#$"&$+$T.)()5%).2+&%)#$%)'+

'"3+B)((+',,(0+ #4$+&%)#$%)'+#*+ A)IC$JKG+&'#4*3$+2'#$%)'(6+ Ca+'"'(0-)-+B)((+ 5$+&*"3.&#$3+

*"+ #4$+ 5'-$+ *1+ #4$+ 3$%)8'#)*"+ )"+ #4$+ -$&#)*"+ b6;+ '"3+B)((+ 5$+ &*2,'%$3+B)#4+ '"'(0#)&+

&'(&.('#)*"6+R-+'+9)"'(+ %$-.(#+*1+Ca+'"'(0-)-@+B$+B)((+-4*B+#4'#+'+"$$3($<-4',$+&%0-#'(()#$+

B)#4+#4$+ (*"/$-#+3)%$&#)*"+,'%'(($(+ #*+9)%-#+3)%$&#)*"+2)")2)E$-+ #4$+-#%')"+$"$%/0+3.$+#*+

#B*<,4'-$+&*$I)-#$"&$+)"+-$&#)*"+b6i6+74)-+S4',#$%+)-+ 5'-$3+*"+#4$+,',$%+B%)##$"+50+R6+

['"+3$%+[$"@+j6+Y'%)D),'#)@+V6+j)2@+'"3+W6+U'/$2'D$%+:;b>6

QA(@A(B3+:9C3+1038(?-,C/83+1-*

U$+ &*"-)3$%+ '+ &%0-#'(()#$+ 4'8)"/+ '+ -4',$+ *1+ %$&#'"/.('%+ ,%)-2+ B)#4+ b+ &*$I)-#)"/+

,4'-$-@+ A)<,**%+_k,4'-$+'"3+A)<%)&4+`<,4'-$@+'-+ )((.-#%'#$3+)"+C)/6+b6;6+?$&'.-$+*1+#B*<

,4'-$+ &*$I)-#$"&$+ B)#4+ &%0-#'((*/%',4)&+ &*"#)".)#0+ '#+ #4$+ )"#$%1'&$+ '"3+ 5$&'.-$+ *1+

3)11$%$"#+$T.)()5%).2+3)2$"-)*"-@+#B*+,4'-$-+'%$+-#%$#&4$3+*%+&*2,%$--$3+)"+#4$+b<+'"3+

d<3)%$&#)*"-+ '#+ #4$+ )"#$%1'&$+ 5$#B$$"+ #4$+ &*$I)-#)"/+ ,4'-$-6+ V)"&$+ #4$+ &%0-#'(+ )-+ "*#+

&*"-#%')"$3+*"+#4$+-.%1'&$-+,$%,$"3)&.('%+#*+#4$+9)%-#+3)%$&#)*"@+)#+&'"+1.((0+%$('I+)"+#4'#+

3)%$&#)*"+B)#4+!1 = 0 6+V*+B$+&'"+%$3.&$+#4$+,%*5($2+'-+'+,('"$+-#%$--+3$-&%),#)*"6+
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U$+-$#+,4'-$+1%'&#)*"+*1+$'&4+,*%#)*"+'-+!_+'"3+!`6+U4$"+-$##)"/+W+'-+#*#'(+".25$%+

*1+A)+ )"#$%-#)#)'(+-)#$-+B)#4)"+#4$+&%0-#'(()#$@+ #4$"+#4$+".25$%+*1+)"#$%-#)#)'(+ -)#$-+B)#4)"+

_k,4'-$+ '"3+B)#4)"+`k,4'-$+,*%#)*"+)-+'!_+ '"3+'!`+ %$-,$&#)8$(06+ U$+ #'D$+(+ '-+ #*#'(+

".25$%+*1+ A)#4).2+ )*"+B)#4)"+ #4$+ &%0-#'(()#$6+ +74$"+B$+-$#+(_+ '"3+(`L^+(<(_O+ '-+ #4$+

".25$%+*1+A)#4).2+)*"+B)#4)"+_<,4'-$+'"3+#4$+".25$%+*1+A)#4).2+ )*"+B)#4)"+`k,4'-$+

,*%#)*"+ %$-,$&#)8$(06+ 74.-+ A)#4).2+ &*"&$"#%'#)*"+B)#4)"+ _<,4'-$+ )-+ &'(&.('#$3+ '-+ )_+ ^+

(_h'!_+ '"3+ A)#4).2+ &*"&$"#%'#)*"+ B)#4)"+ `<,4'-$+ ,*%#)*"+ )-+ ) +̀ ^+ (`h'!`6+ K8$%'((+

A)#4).2+&*"&$"#%'#)*"+B)#4)"+#4$+&%0-#'(()#$+)-+)*^+(h'6

)*^+"_)_+l+"`)_++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++Lb6;O

?15/,9(QA@A(V9W1*1+1-*(-6(+:9(0--,.1*3+1-*(<;<+9C(6-,(+:9(79,1-.10(+M-(7:3<9(1*(-,+:-,:-CL10(0,;<+3881+9

74$+3)2$"-)*"+*1+#4$+&%0-#'(()#$+3$,$"3-+*"+A)#4).2+&*"&$"#%'#)*"+'"3+,4'-$+1%'&#)*"6+

U$+3$9)"$+#*#'(+-#%')"-@+ '-+B%)##$"+)"+aT6+Lb6bO@+ %$('#)8$+#*+#4$+3)2$"-)*"-+*1+#4$+-)"/($<

,4'-$+&%0-#'(()#$+'#+$T.)()5%).2+B4$"+)*^+M@+8)E6@+#4$+3)2$"-)*"-+*1+C$JKG6+!"+aT6+Lb6bO@++,+
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)-+ '+ 3$1*%2$3+ ($"/#4+ '(*"/+ ,<3)%$&#)*"@+ '"3+ +-,+ &*%%$-,*"3-+ #*+ %$1$%$"&$+ ."3$1*%2$3+

($"/#4+B4$"+)*^+M6+

 
!!i =

Li " Li
0

Li
0 ++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++Lb6bO

B4$%$+,*^+;@b@+'"3+d6

C*((*B)"/+&*"8$"#)*"'(+"*#'#)*"@+B$+2'D$+b"3+*%3$%+-#%')"+#$"-*%+#*+'+8$&#*%+'-+5$(*B6

 !!1 = !!11 @+ !!2 = !!22 @+ !!3 = !!33 @++ !!4 = !!23 = !!32 @+ !!5 = !!13 = !!31 @+'"3+ !!6 = !!12 = !!21 6

+7*#'(+-#%')"@+  !!i @+ )-+$I,%$--$3+'-+'+&4'"/$+%$('#)8$+#*+#4$+$T.)()5%).2+8*(.2$+*1+'+-)"/($+

,4'-$+ &%0-#'(()#$+ 4'8)"/+ '+ &*"&$"#%'#)*"+ )+ ^+ M6+ + 74$+ #*#'(+ -#%')"-+ '%$+ &*2,*-$3+ *1+

-B$(()"/+-#%')"+'"3+,.%$(0+$('-#)&+-#%')"6+R+3)2$"-)*"'(+&4'"/$+1%*2+-B$(()"/+'-+A)#4).2+

)*"-+ '%$+ '33$3+ )-+ 3$"*#$3+ 50+ -B$(()"/+ -#%')"@+ !i
0 6+ 74$+ $('-#)&+ -#%')"+ 1%*2+ $I#$%"'(+

-#%$--$-+*%+&*4$%$"&0+&*"-#%')"#-+)-+ !i 6

 !!i = !i
0 x( ) + !i !++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++Lb6dO

C*%+ *"(0+ ,.%$(0+ $('-#)&+ -#%')"@+ B$+ .-$+ &*22*"(0+ .-$3+ /$"$%'()E$3+ g**D$]-+ ('B+ 1*%+

*%#4*#%*,)&+-022$#%0+2'#$%)'(6+ a'&4+#$%2+*1+&*$19)&)$"#+2'#%)I+ 1*%+A)IC$JKG+ 4'-+5$$"+

3$#$%2)"$3+50+9)%-#+,%)"&),($-+'"'(0-)-+50+76+W'I)-&4+'"3+Y6+S$3$%+:;d>6

10



!1

! 2

! 3

! 4

! 5

! 6

"

#

$
$
$
$
$
$
$
$

%

&

'
'
'
'
'
'
'
'

=

c11 c12 c13 0 0 0
c21 c22 c23 0 0 0
c31 c32 c33 0 0 0
0 0 0 2c44 0 0
0 0 0 0 2c55 0
0 0 0 0 0 2c66

(

)

*
*
*
*
*
*
*
*

+

,

-
-
-
-
-
-
-
-

.1

.2

.3

.4

.5

.6

"

#

$
$
$
$
$
$
$
$

%

&

'
'
'
'
'
'
'
'

++++++++++++++++++++++++++++++Lb6GO

7*#'(+1%$$+$"$%/0+1*%+#4$+&*4$%$"#+&%0-#'(()#$+)"&(.3)"/+#4$+-#%')"+$"$%/0+,$"'(#0+)-

 

G = !"M # g" x"( ) + !$M # g$ x$( ) + E strain !
++++++++++++++++++++++++++++++++++Lb6iO

74$+ #*#'(+ 1%$$+ $"$%/0@+ .@+ )-+ -.2+ *1+ #4$+ 1%$$+ $"$%/)$-+ *1+ _<+ '"3+ `<,4'-$-+ )"+ #4$)%+

$T.)()5%).2+ 3)2$"-)*"-+ B)#4*.#+ &*4$%$"&0+ &*"-#%')"#-@+ '"3+ #4$+ #*#'(+ $('-#)&+ $"$%/0@+

'%)-)"/+1%*2+&*4$%$"&0+-#%')"-6+ g! (x! ) '"3+g! (x! ) +'%$+#4$+1%$$+$"$%/)$-+,$%+.")#+&$((+*1+

#4$+4*2*/$"$*.-+_<+'"3+`<,4'-$-6+V)"&$+#4$+&%0-#'(+-#%.&#.%$+*1+#4$+4*-#+ )-+."&4'"/$3+

B)#4+ A)#4).2+ &*"&$"#%'#)*"@+ #4$+ 1%$$+ $"$%/0+ *1+ A)IC$JKG+ ,$%+ .")#+ &$((@+ g! (x! ) @+ )-+

&*"#)".*.-+ 1."&#)*"+*1+ #4$+A)#4).2+&*"&$"#%'#)*"@+ B4$%$+/+ ^+0+'"3+16+ !"+aT6+ Lb6iO@+ #4$+

-#%')"+$"$%/0+)-+#*#'(+ $('-#)&+$"$%/0+*1+#4$+&%0-#'(()#$+'%)-)"/+1%*2+&*4$%$"&0+-#%')"6+U$+

"$/($&#+ -.%1'&$+ '"3+ )"#$%1'&)'(+ 1%$$+ $"$%/0+ #$%2-+ B4)&4+ )-+ *1+ )2,*%#'"&$+ 1*%+ -2'((+

&%0-#'(()#$-6+g*B$8$%@+ #4$+"$/($&#$3+#$%2-+'%$+%$('#)8$(0+-2'((+&*2,'%$3+#*+ #4$+8*(.2$+

&*"#%)5.#)*"-+1*%+'+('%/$+&%0-#'(()#$-6
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R--.2)"/+ 4*2*/$"$*.-+ -#%')"-@+ B$+ &'(&.('#$+'"+$I,%$--)*"+1*%+ #4$+-#%')"+ $"$%/0+

'"'(0#)&'((06+74$+-#%')"+$"$%/0+)-+&'(&.('#$3+'-+5$(*B6

 

E elastic = 1
2

!2"2 + !3"3[ ]dV0
V0

# = 1
2

˜ c 22 "2( )2 + 2˜ c 23 "2 $ "3( ) + ˜ c 33 "3( )2[ ]
V0

# dV0 !
+++++++Lb6=O

B4$%$+#4$+,('"$+-#%$--+$('-#)&+2*3.()+)-

 

˜ c ij = cij !
c1ic1 j

c11
!
++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++Lb6PO

'"3+,*^+b+'"3+d6+ +Z$#')($3+3$%)8'#)*"+*1+aT6+Lb6PO+)-+-4*B"+)"+#4$+R,,$"3)I+R6+74$+$('-#)&+

&*"-#'"#-@+ )"+,%)"&),($@+3$,$"3+*"+#4$+A)#4).2+&*"&$"#%'#)*"6+V)"&$+#4$+&%0-#'(()#$+)-+1%$$+

#*+%$('I+)"+'<3)%$&#)*"@+ !1+)-+E$%*6+V*+#4$%$+)-+"*+#$%2+%$('#$3+#*+!1 +)"+aT6+Lb6=O6+R--.2)"/+

.")1*%2+-#%')"+)"+$'&4+,4'-$@+aT6+Lb6=O+)-+-)2,()9)$3+#*

 

Eelastic =V0 !"e" #2
" ,#3

"( ) + !$e$ #2
$ ,#3

$( )( )!+++++++++++++++++++++++++++++++++++++++++++++Lb6XO

!"+aT6Lb6XO@+2/+)-+'+-#%')"+$"$%/0+3$"-)#0+*1+$'&4+,4'-$F

 
e! "2 ,"3( ) = 1

2
!c22 "2

!( )2 + 2 !c23 "2
! # "3

!( ) + !c33 "3
!( )2$

%
&
'
!
++++++++++++++++++++++++++++++++++++++Lb6\O
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B4$%$+!+^+"+'"3+#6

U$+B%)#$+#4$+#*#'(+1%$$+$"$%/0+,$%+)"#$%-#)#)'(+-)#$+*1+#B*<,4'-$+&*$I)-#$"&$+2'#$%)'(+'-

 

˜ g coex = G
M

= !" ˜ g " + !# ˜ g #
+++++++++++++++++++++++++++++++++++++++++++++++++++++Lb6;MO

B4$%$

 

˜ g = g x( ) + !e "2,"3( ) ++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++Lb6;;O

 !g +&'"+5$+)"#$%,%$#$3+'-+#4$+1%$$+$"$%/0+*1+'+4*2*/$"$*.-+&%0-#'(()#$+,$%+)"#$%-#)#)'(+-)#$+

4'8)"/+ &*"&$"#%'#)*"+ )+ B4$"+ #4$+ &%0-#'(()#$+ )-+ $('-#)&'((0+ -#%')"$3+ )"+ #4$+ b+ '"3+ d+

3)%$&#)*"-+ 50+ !2 +'"3+ !3 +5.#+1%$$+#*+ %$('I+)"+#4$+;+3)%$&#)*"6+ V*+#4$+ 1%$$+$"$%/0+ 1*%+#4$+

-#%')"$3+ &%0-#'(()#$+ $I,()&)#(0+ 3$,$"3-+ *"+ #$2,$%'#.%$+3@+ #4$+ ,%$--.%$+!@+ #4$+ A)#4).2+

&*"&$"#%'#)*"+I@+ '"3+#4$+#*#'(+ -#%')"-+ !!2  and  !!3 , i.e.,  !g(T ,P, x,!2 ,!3) . We take !+^+M+#*+

'8*)3+ #4$+ A$/$"3%$+ #%'"-1*%2-@+ B4)&4+ )-+ '+ %$'-*"'5($+ ',,%*I)2'#)*"+ 1*%+ -*()3-+ '#+

'25)$"#+&*"3)#)*"-6

U$+&*"-)3$%+'+&%0-#'(()#$+'#+&*"-#'"#+#$2,$%'#.%$+3@+'#+&*"-#'"#+,%$--.%$+!+^+M@+'"3+

B)#4+&*"-#'"#+".25$%+*1+A)#4).2+)*"-+(6+74$+&%0-#'(()#$+4'-+-$8$%'(+3$/%$$+*1+1%$$3*2+

#4'#+ '%$+ "*#+ 9)I$3+50+ $I#$%"'(+ 5*."3'%0+ &*"3)#)*"-6+ R(#4*./4+B$+ 9)I+ #*#'(+ ".25$%+ *1+

A)#4).2+ )*"@+ #4$%$+ 3)-#%)5.#)*"+ *8$%+ #4$+ &*$I)-#)"/+ ,4'-$-+ )-+ "*#6+ U$+ &'"+ #'D$+ (0*

)"3$,$"3$"#+L(1*^*(* <*(0O+6+ R(-*+*"$+*1+#4$+,4'-$+,*%#)*"-+$0+ )-+ )"3$,$"3$"#+L+$1+^+;+<+
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$0*O+'"3+-#%')"-+)"+#B*+3)%$&#)*"-+'%$+&*"#%*(('5($6+74.-@+)"+#4$+aT6+Lb6iO@+B$+&4**-$+1*.%+

)"3$,$"3$"#+8'%)'5($-F+N"+,$" ,  !!2  and  !!3 .

7*+9)"3+$T.)()5%).2+&%)#$%)'@+B$+2)")2)E$+#4$+Y)55-+1%$$+$"$%/0+B)#4+%$-,$&#+#*+ #4$+

1*.%+ &4*-$"+ 8'%)'5($-6+ 74)-+ 2)")2.2+ &'"+ 5$+ 3$#$%2)"$3+ 50+ -$##)"/+ #4$+ ,'%#)'(+

3$%)8'#)8$-+*1+.+)"+aT6+Lb6iO6

+

 

!G
!N"
# 
$ 
% 

& 
' 
( 
)" , ˜ * 2 , ˜ * 3

= 0 !
+++++++++++++++++++++++++++++++++++++++++++++++++++++++++Lb6;bO

 

!G
!"#
$ 

% 
& 

' 

( 
) 
N # , ˜ * 2 , ˜ * 3

= 0 !
+++++++++++++++++++++++++++++++++++++++++++++++++++++++++Lb6;dO

 

!G
! ˜ " 2

# 

$ 
% 

& 

' 
( 
N ) ,*) , ˜ " 3

= 0 !
+++++++++++++++++++++++++++++++++++++++++++++++++++++++++Lb6;GO

 

!G
! ˜ " 3

# 

$ 
% 

& 

' 
( 
N ) ,*) , ˜ " 2

= 0 !
+++++++++++++++++++++++++++++++++++++++++++++++++++++++++Lb6;iO

74$+&*%%$-,*"3)"/+%$-.(#-+'%$+aT6+ Lb6;=O+<+aT6+ Lb6;\O6+ Z$#')($3+3$%)8'#)*"+ )-+ -4*B"+ )"+

R,,$"3)I+R6

 

˜ µ ! = ˜ µ " +++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++Lb6;=O
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˜ g ! " x! ˜ µ ! = ˜ g # " x# ˜ µ # +++++++++++++++++++++++++++++++++++++++++++++++++++Lb6;PO

 

!"#2
" + !$#2

$ = 0 ++++++++++++++++++++++++++++++++++++++++++++++++++++++++++Lb6;XO

 

!"#3
" + !$#3

$ = 0 +++++++++++++++++++++++++++++++++++++++++++++++++++++++++Lb6;\O

74$+9)%-#+ #B*+ $T.'#)*"-+*1+$T.)()5%).2+&%)#$%)'+&*)"&)3$+B)#4+#4$+&*22*"+#'"/$"#+ ('B6+

C*%+ *.%+ -,$&)'(+ &'-$+ B)#4+ 2)-&)5)()#0+ /',@+ #4$+ &*22*"+ #'"/$"#+ ('B+ 2$'"-+ #4'#+

&*"&$"#%'#)*"-+*1+#4$+#B*+-#'5($+,4'-$-+()$+*"+#4$+&*22*"+#'"/$"#+#*+#4$+&.%8$+*1+1%$$+

$"$%/0+,$%+.")#+8*(.2$@+B4)&4+ )-+ )((.-#%'#$3+)"+C)/+b6b6+V,$&)9)&'((0@+ aT6+ Lb6;=O+-,$&)9)$-+

#4'#+#4$+-(*,$-+'%$+$T.'(@+'"3+aT6+Lb6;PO+-,$&)9)$-+#4'#+#4$+)"#$%&$,#-+*"+#4$+*%3)"'#$+'%$+

$T.'(6+74$+%$-#+#B*+$T.'#)*"-@+aT6+Lb6;XO+'"3+Lb6;\O@+)2,(0+#4'#+'8$%'/$+-#%$--$-+'(*"/+5<

3)%$&#)*"+'"3+&<3)%$&#)*"+'%$+E$%*-6+ V)"&$+1%$$+$"$%/0+4'-+ -#%')"+$"$%/0+#$%2@+ &4$2)&'(+

,*#$"#)'(+)"+aT6+Lb6;=O+)-+3$%)8$3+()D$+aT6+Lb6bMO+'"3+aT6+Lb6b;O@+B4$%$+!+^+"+'"3+#6

+

 

!µ! =
" !g!

"x!
#
$%

&
'( !)2 , !)3

+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++Lb6bMO
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!µ! =

"g!

"x!
+
#
2

$!
2( )2 " !c

!
22

"x!
+ 2 $!

2 % $
!
3( )" !c

!
23

"x!
+ $!

3( )2 " !c
!
33

"x!
&

'
(

)

*
+ , #

"e!

"$!
i

"$i
0!

"x!i=2

3

-
++++++Lb6b;O

V)"&$+-#%$--+&'"+5$+$I,%$--$3+'-

 

!"
i =

#e"

#$i
"

%
&'

(
)* x" , !$ j+i

=
# !g"

# !$i
"

%
&'

(
)* x" , !$ j+i

+++++++++++++++++++++++++++++++++++++++++++++Lb6bbO

74$+ -$&*"3+ $T.'()#0+ )-+ ,*--)5($+ 5$&'.-$+ g(x)@+ #4$+ 1%$$+ $"$%/0+ *1+ #4$+ &%0-#'(+ '#+ )#-+

$T.)()5%).2+8*(.2$@+3*$-+"*#+3$,$"3+*"+$('-#)&+-#%')"-6+V*+aT6+ Lb6;XO+'"3+aT6+Lb6;\O+'%$+

-.22'%)E$3+'-

 

!˜ g coex
! ˜ " i

# 

$ 
% 

& 

' 
( 

x) ,x * , ˜ " j+i

= ,) ! ˜ g )
! ˜ " i

# 

$ 
% 

& 

' 
( 

x) , ˜ " j+i

+ ,* ! ˜ g *
! ˜ " i

# 

$ 
% 

& 

' 
( 

x* , ˜ " j+i

= 0 !
++++++++++++++++++++ ++Lb6bdO

+

B4$%$+ )2,()&)#(0+ #4$+ 5.(D+ &*"&$"#%'#)*"+ )+ )-+ 4$(3+ &*"-#'"#+ 3.%)"/+ 3)11$%$"#)'#)*"6+ aT6+

Lb6bdO+2$'"-+ #4'#+ #4$+"*%2'()E$3+1%$$+$"$%/0+*1+ #4$+#B*<,4'-$+&%0-#'(()#$+'#+ #4$+ 5.(D+

&*"&$"#%'#)*"+)+ )-+2)")2.2+B)#4+%$-,$&#+ #*+8'%)'#)*"-+ )"+#4$+('#$%'(+3)2$"-)*"-+ )"+#4$+

b<+'"3+d<+ 3)%$&#)*"-+*1+ #4$+ &%0-#'(()#$6+ 74$+ &*%%$-,*"3)"/+2'#%)I+*1+-$&*"3+3$%)8'#)8$-+

 (!
2 !gcoex / ! !"i! !" j ) )-+ ,*-)#)8$+ 3$9)")#$+ 5$&'.-$+ #4$+ -#%')"+ $"$%/0+ 3$"-)#)$-+ '%$+ &*"8$I+ 50+

&*"-#%.&#)*"6+g$"&$+#4$+$I#%$2'+'%$+2)")2'6
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V)"&$+#4$+$('-#)&+2*3.()+'"3+('##)&$+,'%'2$#$%-+3$,$"3+*"+&4$2)&'(+&*"&$"#%'#)*"@+

#4$+$T.'#)*"-+ *1+2$&4'")&'(+ '"3+&4$2)&'(+ $T.)()5%).2+ '%$+ &*.,($36+ S*"-$T.$"#(0@+ aT6+

Lb6;=O<Lb6;\O+'%$+#*+5$+-*(8$3+-)2.(#'"$*.-(06+

?15/,9(QAQA(X,37:1038(0-*<+,/0+1-*(-6(+:,99(.1C9*<1-*38(0-CC-*(+3*59*+(C9+:-.(
+-(W1*.(9Y/181L,1/C(<+,31*(3*.(0-*09*+,3+1-*(1*(930:(7:3<9

74$+/$"$%'(+ )3$'+*1+9)"3)"/+/(*5'(+2)")2.2+*1+1%$$+$"$%/0+.-)"/+&*22*"+#'"/$"#+

2$#4*3+)-+ )((.-#%'#$3+)"+C)/6+b6b6+K"&$+)2,()&)#(0+9)I)"/+#*#'(+&*"&$"#%'#)*"+)@+#4$"+9)I)"/+

 !!2 + '"3+ !!3 @+ &*"&$"#%'#)*"-+ )"+ #B*+ ,4'-$-+ '%$+ 3$#$%2)"$36+  !gcoex + ()$-+ *"+ #4$+ &*22*"+

#'"/$"#+'#+#4$+#*#'(+&*"&$"#%'#)*"@+)6+74$"+2$&4'")&'(+$T.)()5%).2+)-+3$#$%2)"$3+50+#4$+

2)")2.2+*1+ !gcoex +B)#4+%$-,$&#+#*+ !!2 +'"3+ !!3 6
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QA(QA##778103+1-*(+-(=1J?9$FG

C*%+A)IC$JKG@+B$+'33+-*2$+#$%2-+ #*+'+%$/.('%+-*(.#)*"+2*3$(@+5$&'.-$+5$4'8)*%+*1+

A)IC$JKG+3$8)'#$-+1%*2+'+%$/.('%+-*(.#)*"+2*3$(+3.$+#*+)#-+$.#$&#*)3+3$&*2,*-)#)*"+'-+)#+

&**(-+3*B"+1%*2+-*()3+-*(.#)*"+'#+4)/4+#$2,$%'#.%$6+R-+)#+&**(-+3*B"@+)#+3$&*2,*-$-+#*+

#B*<,4'-$+#4%*./4+'+$.#$&#*)3+%$'&#)*"+B)#4+'+$.#$&#*)3+&*2,*-)#)*"+'#+I^M6=6+7*+2*3$(+

1%$$+ $"$%/0+2*%$+ '&&.%'#$(0@+ B$+ .-$3+'"+$2,)%)&'(+ 1%$$+ $"$%/0+ $I,%$--)*"+ &*22*"(0+

.-$3+ )"+ &'(&.('#)*"+ *1+ ,4'-$+ 3)'/%'2-+ LSRAJgRZO+ 3$-&%),#)*"-+ *1+ $I,$%)2$"#'(+

#4$%2*30"'2)&+3'#'@+%$(0)"/+*"+c$3()&4<j)-#$%+,*(0"*2)'(+$I,%$--)*"+:;G>6+

 

g x( ) = go ! 1" x( ) + g1 ! x + x 1" x( ) Ln 1" 2x( )n + 2RT x ln x + 1" x( ) ln 1" x( ){ }
n=0

m

#
++++++Lb6bGO

/M+ '"3+ /;+ '%$+ 1%$$+ $"$%/)$-+ *1+ C$JKG+ '"3+A)C$JKG@+ %$-,$&#)8$(06+ +"+ '%$+ c$3()&4<j)-#$%+

&*$19)&)$"#-+'"3+B$+.-$3+#$%2-+.,+#*+"*^+i+1*%+*.%+1%$$+$"$%/0+&'(&.('#)*"6+74$+1'&#*%+*1+

b+ )"+ 1%*"#+*1+#4$+ )3$'(<-*(.#)*"+ $"#%*,0+$I,%$--)*"+'%)-$-+ 1%*2+ #4$+ 1'&#+ #4'#+ 1*%+ $8$%0+

A)#4).2+-)#$+#4'#+&'"+'&&*22*3'#$+A)<8'&'"&0+3)-*%3$%@+ '"3+#4$%$+)-+'"+C$+-)#$+#4'#+&'"+

'&&*22*3'#$+ (*&'()E$3+ $($&#%*"<4*($+ 3)-*%3$%+ :;i>6+ 74$+ j)-#$%+ &*$19)&)$"#-+ B$%$+

'3f.-#$3+ #*+ 2'#&4+8*(#'/$+ &.%8$+ 3$%)8$3+ 1%*2+aT6+ Lb6bGO+B)#4+$I,$%)2$"#'(+ *,$"+ &$((+

8*(#'/$+&.%8$+2$'-.%$3+50+W$$#4*"/+$(+'(6+:;=>@+'"3+'(-*+#*+4'8$+#B*+,4'-$+&*$I)-#$"&$@+

)((.-#%'#$3+)"+C)/6+b6d6+!"+C)/6+b6d@+"*+&*4$%$"&0+-#%')"+$"$%/0+#$%2+)-+&*"-)3$%$36
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?15/,9(QATA(?,99(9*9,5;(0/,R9(M1+:-/+(0-*<1.9,1*5(+:9(<+,31*(9*9,5;

U$+2'D$+#B*+2*%$+'--.2,#)*"-+1*%+A)#4).2+)%*"+,4*-,4'#$6+C)%-#@+B$+'--.2$+#4'#+

$('-#)&+2*3.()+'%$+)"3$,$"3$"#+*1+A)#4).2+)*"+&*"&$"#%'#)*"6+V$&*"3(0@+B$+-)2,()10+#4'#+

-B$(()"/+-#%')"+)-+()"$'%(0+,%*,*%#)*"'(+#*+&*"&$"#%'#)*"+1*((*B)"/+[$/'%3]-+('B+'-+5$(*B@+

B4)&4+-'0-+#4'#+#4$+('##)&$+,'%'2$#$%-+3$,$"3$"#+*"+A)#4).2+&*"&$"#%'#)*"+:;P>6+

  !i
0" x"( ) = # i $ x"  and  !i

0" x"( ) = # i $ x"                                   (2.25)

B4$%$+,^b@+d6

!"+aT6+ Lb6biO@+4,+4'-+ #4$+-'2$+8'(.$+)"+5*#4+0<+'"3+1<,4'-$-F+45+^+M6Md=+'"3+46+^+<M6;X=6+

74$+8'(.$-+'%$+5'-$3+*"+#4$+$I,$%)2$"#'((0+2$'-.%$3+3)11$%$"&$+)"+('##)&$+,'%'2$#$%-+

5$#B$$"++'"3++)"+#4$+b<+'"3+d<3)%$&#)*"-+:P>6+R-+'+T.'"#)#'#)8$+$-#)2'#$+*1+%$'()-#)&+$('-#)&+

2*3.()@+ B$+ .-$3+8'(.$-+ ,%$3)&#$3+ 1%*2+ 9)%-#+ ,%)"&),($-F+ '8$%'/$+8'(.$-+ *1+$'&4+7,%+ 1*%+

C$JKG+'"3+A)C$JKG+:;d>6
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,%*,$%#0 C$JKG A)C$JKG

'+:m> \6Xb= ;M6ddG

5+:m> i6P\G =6MMb

&+:m> G6PXG G6=\i

%3L89(QA@A(=3++109(73,3C9+9,<(-6(-81R1*9(=1J?9$FG(6,-C(L;(XA(!:9*(9+(38A(NOP

,%*,$%#0
C$JKG
YYRlQ

A)C$JKG
YYRlQ

&;;+:YJ'> ;Pi6\ ;dX6\

&bb+:YJ'> ;id6= ;\X6M

&dd+:YJ'> ;di6M ;Pd6M

&GG+:YJ'> dX6X d=6X

&ii+:YJ'> GP6i iM6=

&==+:YJ'> ii6= GP6=

&;b+:YJ'> b\6= Pb6X

&;d+:YJ'> iG6M ib6i

&bd+:YJ'> ;\6= Gi6X

%+:/h&2d> d6i; d6G\

%3L89(QAQA(&83<+10(0-*<+3*+<(-6(-81R1*9(=1J$FG(6,-C(W1,<+(7,1*01789(
0380/83+1-*(L;(%A(B3J1<0:(3*.(XA(!9.9,(N@TP

V)"&$+ #*#'(+ -#%$--$-+ )"+ #4$+ b<3)%$&#)*"+'"3+d<3)%$&#)*"+ '%$+ E$%*+ )"+aT6+ Lb6;XO+ '"3+aT6+

Lb6;\O@+#*#'(+-#%')"+)-+B%)##$"+'-

 !!i = " i x ++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++Lb6b=O

Z$#')($3+&'(&.('#)*"+1*%+aT6+Lb6b=O+)-+-4*B"+)"+#4$+R,,$"3)I+R6+V*+&*25)")"/+aT6+Lb6biO+

'"3+aT6+Lb6b=O+0)$(3-+$('-#)&+-#%')"-+)"+#4$+1*%2-
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!i
" = #$ i % x

" # x( ) ++'"3++!i" = #$ i % x
" # x( ) ++++++++++++++++++++++++++++++++++++++Lb6bPO

?0+',,(0)"/+aT6+Lb6bPO+#*+aT6Lb6b;O+0)$(3-

 
!µ! x!( ) = µ! x!( ) +"# x! $ x( ) +++++++++++++++++++++++++++++++++++++++++++++++++Lb6bXO

?0+)"#$/%'#)"/+aT6+Lb6bXO@+B$+4'8$

 
!g! x!( ) = g! x!( ) + "#

2
x! $ x( )2 ++++++++++++++++++++++++++++++++++++++++++++++++Lb6b\O

B4$%$

 ! = !c22" 2
2 + 2 !c23" 2 #" 3 + !c33" 3

2 +++++++++++++++++++++++++++++++++++++++++++++++++Lb6dMO

aT6+ Lb6b\O+)-+ ',,()$3+#*+ #B*+ 3)11$%$"#+ #*#'(+&*"&$"#%'#)*"-@+ M6d+'"3+M6P+ #*+ ,%*3.&$+C)/6+

b6G@+3%'B"+ )"+/%$$"+&.%8$-6+ 74$+%$3+&.%8$-+ )"3)&'#$+#4$+ 1%$$+$"$%/)$-+ *1+4*2*/$"$*.-+

&%0-#'(()#$+4'8)"/+ "*+ )"#$%1'&$6+ !"+C)/6+ b6G@+ #4$+ &*22*"+ #'"/$"#+ *1+/%$$"+&.%8$-+ )"+#4$+

#B*<,4'-$+&*$I)-#$"#+)-+-4*B"+)"+#4$+5('&D+&.%8$-6+74$+5('&D+&.%8$+)-+'(B'0-+."3$%+#4$+

%$3+&.%8$-+)"+#4$+-*(.5)()#0+()2)#-+ '"3+)#+2$'"-+#4'#+ #4$+&*4$%$"#+&%0-#'(()#$-+'%$+2*%$+

,('.-)5($+#*+$I)-#+#4'"+#4$+4*2*/$"$*.-+&%0-#'(()#$-+'%$6
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?15/,9(QAGA(!-CC-*(+3*59*+(C9+:-.(6-,(0-:9,9*+(+M-(7:3<9(9Y/181L,1/CK(
M1+:(+-+38(0-*09*+,3+1-*(H3I(!ZDATK(HLI(!ZDAO
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QA(TA(&6690+(-6(0-:9,9*0;(<+,31*(-*(+M->7:3<9(C-,7:-8-519<

A)#4).2+ 3)11.-)*"+ )"+ A)IC$JKG+ )-+ *"$<3)%$&#)*"'(+ '(*"/+ b<3)%$&#)*"+ *%+ 5<3)%$&#)*"6+

!"#.)#)*"'((0+ #B*<,4'-$+ )"#$%1'&$+ )-+ -.//$-#$3+ #*+ 5$+ ,$%,$"3)&.('%+ #*+ #4$+ 3)11.-)*"+

3)%$&#)*"@+'-+#4$+2*%,4*(*/0+!!+)"+C)/+b6i6+g*B$8$%@+S4$"+$#+'(6+1*."3+#4'#+#4$+#B*<,4'-$+

)"#$%1'&$+)-+,'%'(($(-+5&<,('"$@+ &*%%$-,*"3)"/+#*+ #4$+2*%,4*(*/0+!+)((.-#%'#$3+)"+C)/6+ b6i+

)"3)&'#$-6+ 74$0+ '%/.$3+ #4'#+ 2*%,4*(*/0+ !+ 2)")2)E$-+ #4$+ -#%')"+ $"$%/0@+ '"+ '--$%#)*"+

&*"9)%2$3+ #4%*./4+ *.%+ '"'(0#)&+ 3$8$(*,2$"#6+ C)/6+ b6=+ )((.-#%'#$-+ 1%$$+ $"$%/)$-+ ,$%+

)"#$%-#)#)'(+-)#$+1*%+8'%)*.-+,*--)5($+2*%,4*(*/)$-+)"+C)/6+b6i6+ C)/6+b6=+&($'%(0+-4*B-+#4'#+

2*%,4*(*/0+!+4'-+ '+ (*B$%+ 1%$$+ $"$%/0+#4'"+2*%,4*(*/0+!!@+ &*"-)-#$"#+B)#4+Y6+ S4$"+$#+

'(6]-+$I,$%)2$"#'(+*5-$%8'#)*"-+:P>6

?15/,9(QAEA([3,1-/<(7-<<1L89(C-,7:-8-519<A(#+(8-M(+9C79,3+/,9K(C-,7:-8-5;()(1<(7,969,,9.(
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?15/,9(QA\A(?,99(9*9,519<(6-,(+M->7:3<9(0-9J1<+9*09(6-,(+:9(R3,1-/<(C-,7:-8-519<(1*(?15/,9(QAE

QA(GA(!-:9,9*0;(S+,31*(3*.([-8+359

U4)($+ #4$+ $11$&#+ *1+ &*4$%$"&0+ -#%')"-+ )-+ -2'((+ *"+ $'&4+ ,4'-$+ &*"&$"#%'#)*"@+ )#-+

)"9(.$"&$+ *"+ 8*(#'/$+ &.%8$+ )-+ %$('#)8$(0+ 5)//$%6+ U)#4*.#+ &*4$%$"&0+ -#%')"@+ 8*(#'/$+ )-+

&*"-#'"#+B)#4)"+'+#B*<,4'-$+%$/)*"+'-+)((.-#%'#$3+)"+C)/6+b6P+'-+'+3'-4$3+()"$6![*(#'/$+*1+

C)/6+ b6P+ )-+ *"(0+ 8'()3+ 1*%+ )"3)8)3.'(+ &%0-#'(()#$-+ B4$"+ #4$+ &*"&$"#%'#)*"+ )-+ &*"#%*(($3+

$I#$%"'((06+

74$+ )"#%)"-)&+ 8*(#'/$+ )-+ %$('#$3+ #*+ A)#4).2+ &4$2)&'(+ ,*#$"#)'(+ *1+ #4$+ &'#4*3$+

2'#$%)'(+&%0-#'(()#$+B4)($+&4$2)&'(+,*#$"#)'(+*1+'"*3$+2'#$%)'(+)-+&*"-#'"#6+C+)-+C'%'3'0]-+

&*"-#'"#+)"+aT6+Lb6d;O6
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V x( ) = ! µLi
cathode ! µLi

anode( ) eF +++++++++++++++++++++++++++++++++++++++++++++++Lb6d;O

?15/,9(QAOA([-8+359(0/,R9(6-,(3(<1*589(0,;<+3881+9K(M:9*(0-*+,-881*5(+-+38(0-*09*+,3+1-*

U4$"+#4$+#*#'(+ &*"&$"#%'#)*"+)-+&*"#%*(($3+$I#$%"'((0@+8*(#'/$+ )"&%$'-$-+ ()"$'%(0+ )"-)3$+

#B*<,4'-$+ %$/)*"+3.$+ #*+ &*4$%$"&06+ R--.2,#)*"-+ ',,()$3+ '%$+ #4'#+ $('-#)&+2*3.()+ '%$+

&*"-#'"#+'"3+-#%')"-+1*((*B+[$/'%3]-+('B6

74)-+ ,4$"*2$"*"+ )-+ ."()D$(0+ #*+ 5$+ *5-$%8$3+B)#4+ $($&#%*3$-+ &*"-)-#)"/+ *1+2'"0+

&%0-#'(()#$-@+ -)"&$+ A)#4).2+ )*"-+ B*.(3+ %$3)-#%)5.#$3+ '2*"/+ &%0-#'(()#$-6+ V*+ -*2$+

&%0-#'(()#$-+'%$+*"(0+)"+A)<,**%+,4'-$+'"3+-*2$+*1+#4$2+'%$+*"(0+)"+A)<%)&4+,4'-$6+74)-+)-+

)3$"#)&'(+ B)#4+ )"&*4$%$"#+ &'-$6+ g*B$8$%@+ 3.%)"/+ #4$+ $I&4'"/$+ *1+ A)#4).2+ )*"-@+ -*2$+

&%0-#'(()#$-+ '%$+ )"+ &*4$%$"&0+ #B*<,4'-$+ $T.)()5%).2+ #$2,*%'%)(06+ R(#4*./4@+ $8$"#.'((0+

'((+#4$+&%0-#'(()#$-+'%$+)"+-)"/($+,4'-$-@+$)#4$%+A)<,**%+*%+A)<%)&4+,4'-$-6
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?15/,9(QA]A([-8+359(0/,R9(<:-M1*5(+:9(,-89(-6(0-:9,9*0;(<+,31*K(M:9*(0-*+,-881*5(R-8+359

U4$"+ &*"#%*(()"/+ 8*(#'/$@+ B4)&4+ &'"+ 5$+ 3*"$+ 50+ )2,*-)"/+ '+ &*"-#'"#+ A)#4).2+

&4$2)&'(+ ,*#$"#)'(@+ B$+ 2$'-.%$+ &*"&$"#%'#)*"6+ 74$+ %$-.(#@+ )((.-#%'#$3+ )"+ C)/6+ b6XL'O@+

-4*B-+ 40-#$%$-)-6+ U4$"+ 3)-&4'%/)"/+ #4$+ &*4$%$"#+ $($&#%*3$@+ -)/")9)&'"#(0+ (*B$%+

."3$%,*#$"#)'(+ -4*.(3+ 5$+ ',,()$3+ #*+ *8$%&*2$+ &*4$%$"&0+ -#%')"+ $"$%/06+ K"&$+

."3$%,*#$"#)'(+ %$'&4$-@+ #4$+ &%0-#'(()#$+ #%'"-1*%2-+ #*+ A)<%)&4+ ,4'-$+ '#+ #4$+ &*"-#'"#+

$I#$%"'(+ 8*(#'/$6+ V)2)('%(0+ &4'%/)"/+ ,%*&$--+ "$$3-+ *8$%,*#$"#)'(+ #*+ #%'"-1*%2+ #4$+

&%0-#'(()#$+ #*+ A)<,**%+ ,4'-$6+ 7*+ -.22'%)E$@+ &*4$%$"&0+ -#%')"-+ ($'3+ #*+ $"$%/0+ (*--+ #*+

*8$%&*2$+-#%')"+$"$%/0+#4'#+)-+%$($'-$3+)"+'"+)%%$8$%-)5($+2'""$%-+-.&4+'-+-*."3+B'8$-@+

&%'&D@+'"3+3)-(*&'#)*"6
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QA(EA($9,1-.101+;(3*.(&,,-,(1*(#*38;+10(!380/83+1-*

?15/,9(QA^A((%M-(+;79<(-6(C9<:(-6(-*9(79,1-.10(0988(M1+:(!"
Z(DAE(6-,(?&(0380/83+1-*

!"+%$'()#0@+ #4$+A)IC$JKG+ &%0-#'(()#$+%.19($-+ )"+#4$+ -.%1'&$-@+ B4)($@+ 1*%+*.%+ -)2,()9)$3+

2*3$(@+*"(0+#4$+('##)&$+,'%'2$#$%-+&4'"/$+'-+#4$+#*#'(+&*"&$"#%'#)*"+&4'"/$-6+74.-+*.%+

2*3$(+ 4'-+ -2'(($%+ 3$/%$$-+ *1+ 1%$$3*2+ #*+ 3$1*%2+ '"3+ '-+ '+ %$-.(#+ *.%+ '"'(0#)&+ -#%')"+

$"$%/)$-+ '%$+ #4$+ .,,$%+5*."3-+ 1*%+ %$'(6+ U)#4+,$%)*3)&)#0+ )"+ _+ '"3+`+ ,4'-$-+ '(*"/+'<

3)%$&#)*"@+ '-+ )((.-#%'#$3+ )"+C)/6+b6;M@+*.%+2*3$(+ 3$,)&#-+ '+ %$'(+ &%0-#'(()#$+5$##$%@+ 1*%+ #4$+

&%0-#'(()#$+ %.2,($-+ ($--+ )"+ #4'#+ &'-$6+ !"+ C)/6+ b6;M@+ B$+ &*"9)%2+ #4'#+ '-+ ,$%)*3)&)#0+

)"&%$'-$-@+ %$('#)8$+ $%%*%-+ )"+ -#%')"+ $"$%/0+ 5$#B$$"+ *.%+ '"'(0#)&'(+ 2*3$(+ '"3+ 2*%$+

%$'()-#)&+Ca+2*3$(+3$&%$'-$6+ C*%+-)2,()&)#0@+B$+&*"-)3$%$3+'+%$&#'"/.('%+-4',$3+&%0-#'(+

B)#4+ -'2$+ ($"/#4-+ Ab+ '"3+ Ad+ '(*"/+ b<+ '"3+d<3)%$&#)*"-+ B4)($+ &4'"/)"/+ #4$+ ($"/#4+*1+

,$%)*3)&)#0+&;+'(*"/+9)%-#+3)%$&#)*"6+R"'(0#)&+&'(&.('#)*"+)-+5'-$3+*"+#4$+%$-.(#+*1+-$&#)*"+

b6b@+B4)($+#4$+SKWVKA+-*1#B'%$+B'-+.-$3+1*%+Ca+&'(&.('#)*"-6+!"+C)/6+b6;M@+#4$+&%0-#'(()#$+

)-+1%$$+#*+3$1*%2+)"+#4$+9)%-#+3)%$&#)*"+#4'#+)-+,$%,$"3)&.('%+#*+#4$+,4'-$+)"#$%1'&$-6+!"+Ca+
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&*2,.#'#)*"@+ #4$+ 1%$$+ 5*."3'%0+ &*"3)#)*"+ '(*"/+ #4$+ ;<3)%$&#)*"+ )-+ -.5-#)#.#$3+ 50+

2*3)10)"/+ #4$+3)-,('&$2$"#+ '(*"/+9)%-#+3)%$&#)*"+."#)(+ #4$+-#%$--+ )"+ #4$+;<3)%$&#)*"@+';+

%$'&4$-+E$%*6+ 74$+&'(&.('#)*"+B'-+&*"3.&#$3+B)#4+#4%$$+3)11$%$"#+,4'-$+1%'&#)*"-F+M6M;@+

M6Mi@+ '"3+ M6iM6+ R-+ )((.-#%'#$3+ )"+ C)/6+ b6;M@+ #4$+ %$-.(#+ -4*B-+ #4'#+ -2'(($%+ 1%'&#)*"+

)"-$%#)*"-+ *1+ 3)11$%$"#+ ,4'-$+ &'.-$+ -2'(($%+ %$('#)8$+ $%%*%-+ 5$#B$$"+ '"'(0#)&+ '"3+ Ca+

&'(&.('#)*"6+74$+%$-.(#+2$$#-+ #4$+)"#.)#)*"+5$&'.-$+-2'(($%+ 1%'&#)*"+*1+3)--)2)('%+,4'-$+

)"-$%#)*"-+2'D$+#4$+&%0-#'(()#$+'(2*-#+4*2*/$"$*.-6+74$+3)-&%$,'"&0+*1+Ca+'"3+'"'(0#)&+

&'(&.('#)*"-+ 1*%+ ,4'-$+ 1%'&#)*"+ M6\\+B)((+ 4'8$+ -)2)('%+ 8'(.$+ #*+ #4'#+ 1*%+ ,4'-$+ 1%'&#)*"+

M6M;6+ V)2)('%(0@+ -*+ B)((+ 5$+ #4$+3)11$%$"&$+B)#4+ ,4'-$+ 1%'&#)*"+M6Mi+ #*+ #4'#+ B)#4+ ,4'-$+

1%'&#)*"+M6\i6+U$+$I,$&#+#4$+2'I)2.2+3)-&%$,'"&0+B)((+4',,$"+"$'%+#4$+,4'-$+1%'&#)*"+

M6iM6

?15/,9(QA@DA('983+1R9(9,,-,(-6(3*38;+10(377,-J1C3+1-*(0-C73,9.(+-(?&(0380/83+1-*(
3<(3(.1C9*<1-*(-6(79,1-.101+;(0:3*59<A(%:9(.3<:9.(81*9(1*.103+9<(E_(9,,-,
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QA(\A().938(!,;<+3881+9(S:379(23<9.(-*(U/3<1>S+3+10(#*38;<1<

74$+&*4$%$"&0+-#%')"+$"$%/0+ -&'($-+B)#4+#4$+-)E$+*1+#4$+&%0-#'(()#$+'"3+3$,$"3-+*"+

#4$+-4',$+*1+#4$+&%0-#'(()#$6+ C*%+2'&%*-&*,)&+&%0-#'(()#$-@+&*4$%$"&0+-#%')"+$"$%/0+)-+#**+

5)/+ #*+ *8$%&*2$+ 50+ #4$%2'(+ 9(.&#.'#)*"+ '"3+ *"(0+ B)#4+ '+ 4./$+ *8$%,*#$"#)'(+ )"+ #4$+

8*(#'/$+ &'"+ #B*<,4'-$+ &*$I)-#$"&$+ 5$+ '&4)$8$36+ K"$+ B'0+ #*+ %$3.&$+ %$T.)%$3+

*8$%,*#$"#)'(+ ,$%+ 8*(.2$+ *1+ '+ 2'&%*-&*,)&+ &%0-#'(()#$+ )-+ #*+ &4'"/$+ -4',$+ *1+ #4$+

&%0-#'(()#$+ #*+ %$3.&$+ &*4$%$"&0+ -#%')"6+ 74%*./4+ 9)")#$+ $($2$"#+ '"'(0-)-@+ B$+ 1*."3+ #4'#+

"$$3($+-4',$+&%0-#'(()#$-+4'8$+#4$+($'-#+&*4$%$"&0+-#%')"+$"$%/0+3$"-)#)$-@+ '-+)((.-#%'#$3+

)"+ C)/6+ b6;;6+ V*+ 2)")2.2+ *8$%,*#$"#)'(+ )"+ #4$+ 8*(#'/$+ )-+ "$$3$3+ 1*%+ #B*<,4'-$+

&*$I)-#$"&$+ )"+ #4$+"$$3($+-4',$+&%0-#'(()#$-6+ V)"&$+#4$+"$$3($+-4',$+B)((+4'8$+#4$+ ($'-#+

'%$'+*1+ #B*<,4'-$+)"#$%1'&$-+,$%+8*(.2$+*1+'+&%0-#'(()#$+'"3+4$"&$+ #4$+($'-#+ &*4$%$"&0+

-#%')"+ $"$%/0@+ #4$+ %$-.(#+ 2$$#-+ )"#.)#)*"-6+ R+ 2)")2)E'#)*"+ *1+ &*4$%$"&0+ -#%')"+ '(-*+

%$3.&$-+ ,*--)5)()#0+ *1+2$&4'")&'(+ 3'2'/$-6+ A'%/$+ (*&'()E$3+ -#%$--+ 3.%)"/+ #B*<,4'-$+

&*$I)-#$"&$+&'"+%$-.(#-+)"+)%%$8$%-)5($+3)-(*&'#)*"-+'"3+&%'&D-6+74$-$+&%0-#'(()"$+3$1$&#-+

4'2,$%+#4$+,'--'/$+*1+#4$+)"#$%1'&$-+3.%)"/+,4'-$+#%'"-1*%2'#)*"-+'"3+%$-.(#+)"+*8$%'((+

,'%#)&($+ 3$/%'3'#)*"6+ R-+ #4$+ &%0-#'(()#$-+ ',,%*'&4+ #4$+ "'"*-&'($@+ #4$+ #*#'(+ &*4$%$"&0+

-#%')"+ $"$%/0+ 5$&*2$-+ -2'((+ #**6+ R#+ #4$+"'"*-&'($@+ #4$+ &*4$%$"&0+ -#%')"+ $"$%/0+2'0+

5$&*2$+&*2,'%'5($+#*+#4$%2'(+$"$%/0+'"3+&*.(3+5$+*8$%&*2$+50+#4$%2'(+9(.&#.'#)*"-6+

V*+($--+*1+'"+*8$%,*#$"#)'(+)-+"$$3$3+#*+)")#)'#$+,4'-$+#%'"-1*%2'#)*"6
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?15/,9(QA@@A(!-:9,9*0;(<+,31*(9*9,5;(.9*<1+;(3<(6/*0+1-*(-6(0,;<+3881+9(.1C9*<1-*<(
M:9*(`a7:3<9(1<(9*08-<9.(L;(b>7:3<9
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!"#$%&'()))

%1C9(.979*.9*+(?&(3*38;<1<(-6(9890+,-.9(C3+9,138<

!"+#4)-+&4',#$%@+'+#)2$+3$,$"3$"#+'"'(0-)-+-&4$2$+1*%+#4$+A)#4).2+L3$O)"#$%&'('#)*"+

,%*&$--$-+*1+A)<)*"+5'##$%0+$($&#%*3$-+B)((+ 5$+&*"3.&#$36+74$%$+$I)-#+2*8)"/+)"#$%1'&$-+

5$#B$$"+ #B*+ &*4$%$"#+ ,4'-$-6+ c)/4#+ 5$4)"3+ #4$+ 2*8)"/+ )"#$%1'&$@+ #4$+ "$B(0+ ,4'-$<

#%'"-1*%2$3+ ,'%#+ $I,$%)$"&$-+ )"9)")#$-)2'(+ -#%.&#.%'(+ &4'"/$-+ 1%*2+ &*"&$"#%'#)*"+

#%'"-)#)*"6! U$+ B)((+ 1*%2.('#$+ #4$+ 3)11.-)*"+ ,%*&$--+ '"3+ -#%$--+ $T.)()5%).2+ 1*%+ #4$+

A)#4).2+ L3$O)"#$%&'('#)*"+ ,%*&$--+ 5*#4+ %)/*%*.-(0+ '"3+ ".2$%)&'((06+ 7%'&D)"/+ *1+ #4$+

2*8)"/+)"#$%1'&$-+B)((+5$+&*"3.&#$3+B)#4+#4$+A$8$(+V$#+W$#4*36+74$+&*.,($3+,40-)&-+'%$+

)((.-#%'#$3+ +)"+C)/.%$+Ld6;O+1*%+'+-,$&)'(+&'-$+*1+A)IC$JKG+B)#4+*"$<3)2$"-)*"'(+3)11.-)*"+

'(*"/+#4$+5<'I)-6+

?15/,9(TA@A(%1C9(.979*.9*+(0-/789.(7:;<10<(6-,(=1J?9$FG
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TA(@A( B3+:9C3+1038(?-,C/83+1-*

6"#!"#!"#$%&'()*%+#)%*-./0

U$+.-$+#4$+2'--+5'('"&$+$T.'#)*"+B)#4+'+-4'%,+)"#$%1'&$+1*%+#4$+3)11.-)*"+,%*5($26+

R#+ #4$+ )"#$%1'&$@+ #4$+ &*"&$"#%'#)*"+ &4'"/$-+ 3)-&*"#)".*.-(06+ 74$+ -#%*"/+ 1*%2+ *1+

#%'"-,*%#+,%*5($2+)-

!x"

!t
= #$ % j"

j" = #D"$x"
++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++Ld6;O

B4$%$+!+^+"+'"3+#6+aT6+Ld6;O+)-+-$&*"3+C)&D]-+('B6+

!"+aT6+Ld6;O@+ x! @+D! @+'"3+ j! +'%$+#4$+&*"&$"#%'#)*"+*1+$'&4+,4'-$@+3)11.-)8)#0@+'"3+9(.I+*1+

$'&4+,4'-$+%$-,$&#)8$(06++74$+'")-*#%*,)&+3)11.-)*"+)-+,*--)5($+50+-$##)"/+ D! +'-+

D! =
D1 0 0
0 D2 0
0 0 D2

"

#

$
$
$

%

&

'
'
'
++++++++++++++++++++++++++++++++++++++++++++++++++++++++++Ld6bO

B4$%$+#4$+'<3)%$&#)*"+)-+,$%,$"3)&.('%+#*+#4$+)"#$%1'&$+1*%+#4$+&'-$+*1+A)IC$JKG6
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C*%+ A)IC$JKG@+ #4$+3)11.-)*"+ )-+ &*"9)"$3+ #*+ *"$<3)2$"-)*"'(+ &4'""$(-+,'%'(($(+ #*+ #4$+ '<

3)%$&#)*"+:;X>6+ +g$%$+#B*+3)2$"-)*"'(+3)11.-)8)#0+1*%+A)IC$JKG+ )-+ &*"-)3$%$3+#*+&'(&.('#$+

#4$+8$(*&)#0+*1+#4$+,%*,'/'#)"/+,4'-$+)"#$%1'&$F+ D1 ! D2 ,  D3 = 0 6+

74$+B$'D+C*%2+*1+aT6+Ld6;O+)-

++++++++++ w
!x
!t

+ w" # j$
%&

'
()
dV = 0

*+ ,*-. +++++++++++++++++++++++++++++++++++++++++++++++++Ld6dO

B4$%$+8+)-+'+B$)/4#)"/+1."&#)*"6+

?0+',,(0)"/+#4$+3)8$%/$"#+#4$*%$2+#*+aT6+Ld6dO+'"3+#4$"+$".2$%'#)"/+'((+#4$+5*."3'%)$-+

)"&(.3)"/+ #4$+)"#$%1'&$+ 9(.I+ )"+ #4$+,4'-$<)"#$%1'&$+ n+ 5$#B$$"+A)<,**%+ _k,4'-$+'"3+A)<

%)&4+`<,4'-$@+B$+4'8$

w
!x
!t"# $"%& dV ' (w ) j

"# $"%& dV + wj# )n
!"# \*& dV

+ wj
!"% \*&

%
)ndS + wj

*%&
%
)ndS + wj

*#&
#
) ('n)dS = 0

++++++++++++++++++Ld6GO

B4$%$+#4$+"*%2'(+8$&#*%+'#+#4$+)"#$%1'&$+)-+)((.-#%'#$3+)"+C)/6+d6;6

U)#4+'+3)-&*"#)".)#0+5%'&D$#+3$9)"$3+5$(*B@+B$+3$9)"$+9(.I+f.2,+'#+#4$+)"#$%1'&$+n6++

 j !n! " = ( j" # j$ ) !n +++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++Ld6iO

U)#4+aT6+Ld6GO+'"3+Ld6iO@+#4$+B$'D+1*%2+*1+#4$+#%'"-,*%#+,%*5($2+5$&*2$-
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!!

 

w
!x
!t"# $"%& dV ' (w ) j

"# $"%& dV + wj# )n
!"# \*& dV

+ wj
!"% \*&

%
)ndS + w j )n! "

*%& dS = 0
!!!!!!!!!!!!!!!!!!!!!!!!++Ld6=O

?15/,9(TAQA(V9W1*1+1-*(-6(*-,C38(R90+-,K("K(3+(+:9(1*+9,6309(#

U4$"+-$$"+1%*2+'+2*8)"/+1%'2$+n+)"+C)/.%$+d6d@+&*"-$%8'#)*"+*1+2'--+&'"+5$+

$I,%$--$3+'-

j! "n # c!v "n = j$ "n # c$v "n ++++++++++++++++++++++++++++++++++++++++++++++++++++Ld6PO

B4$%$++&+)-+#4$+8$(*&)#0+*1+#4$+)"#$%1'&$6+

V*+#4$+8$(*&)#0+*1+)"#$%1'&$+&'"+5$+&'(&.('#$3+'-
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v !n =

( j" # j$ ) !n
x # x

=
j !n! "
x! "

++++++++++++++++++++++++++++++++++++++++++++++++++++++++Ld6XO

?15/,9(TATA(B3<<(L383*09(3+(+:9(1*+9,6309(#

?*#4+ $--$"#)'(+ '"3+ "'#.%'(+ 5*."3'%0+ &*"3)#)*"-+ '%$+ ,*--)5($+ #*+ -)2.('#$+ #4$+

#%'"-,*%#+,%*5($2+&*%%$&#(06+C)%-#@+'"+$--$"#)'(+ 5*."3'%0+&*"3)#)*"+*"+#4$+-.%1'&$+B)#4+

'&#)8$+%$'&#)*"+'"3+"'#.%'(+5*."3'%0+&*"3)#)*"+1*%+)"'&#)8$+%$-#+&'"+5$+',,()$36

x = x!  on "#!

no flux on "#$

++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++Ld6\O
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R(#$%"'#)8$(0@+'+"'#.%'(+5*."3'%0+&*"3)#)*"@+aT6+ Ld6;MO+&'"+5$+',,()$36+C*%+A)IC$JKG@+#4$+

*"(0+ #B*+ "*"<E$%*+ &*2,*"$"#-+ '%$+ g2
! + '"3+g2

! @+ 5$&'.-$+ *1+ #4$+ *"$<3)2$"-)*"'(+

'")-*#%*,)&+3)11.-)*"+,%*,$%#0+*1+#4$+2'#$%)'(6

j =
g1
!

g2
!

g3
!

"

#

$
$
$$

%

&

'
'
''

 on ()!

j =
g1
*

g2
*

g3
*

"

#

$
$
$$

%

&

'
'
''

 on ()*

+++++++++++++++++++++++++++++++++++++++++++++++++++++++++Ld6;MO

6"#!"#1"#?/<9&'5<&.#,%*-./0

Y$"$%'((0+-#%$--+%$('I'#)*"+4',,$"-+ 1'-#$%+ #4'"+#4$+3)11.-)*"+,%*&$--+)"+#4$+ A)<)*"+

5'##$%0+ 2'#$%)'(-6+ g$"&$+ B$+ '3*,#+ T.'-)<-#'#)&+ -#%$--+ $T.)()5%).2+ )"+ #4$+ %$1$%$"&$+

&*"9)/.%'#)*"+B)#4+'+"'#.%'(+5*."3'%0+&*"3)#)*"+1*%+'((+*.#$%+5*."3'%)$-6

! "P = 0 +++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++Ld6;;O

T = n !P = 0 +++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++Ld6;bO

B4$%$+!+)-+#4$+9)%-#+J)*('<j)%&44*11+-#%$--+#$"-*%+'"3+3+)-+'+#%'&#)*"+1*%&$+*"+#4$+-.%1'&$6
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74$+B$'D+1*%2+)-

 
P !" !wdV

#$ %#&' ( !wT dS = 0
)#$ %)#&'   where !w is the weighting funciton +++++Ld6;dO

C%*2+#4$+o$.2'""+&*"3)#)*"@+aT6+Ld6;bO@+aT6Ld6;dO+)-+-)2,()9)$3+#*+

 
P !" !wdV

#$ %#&' = 0 ++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++Ld6;GO+

U$+&'(&.('#$+!+1%*2+#4$+1*((*B)"/+-#%')"+$"$%/0+1."&#)*"6+

W =
1
2
EijCijklEkl

=
1
2
(E11

2C1111 + E22
2 C2222 + E33

2 C3333

+2E11E22C1122 + 2E11E33C1133 + 2E22E33C2233

+4E12
2C1212 + 4E13

2C1313 + 4E23
2 C2323)

=
1
2
(E11

2C11 + E22
2 C22 + E33

2 C33

+2E11E22C12 + 2E11E33C13 + 2E22E33C23

+4E12
2C66 + 4E13

2C55 + 4E23
2 C44 )

++++++++++++++++++++++++++++++++Ld6;GO

74%*./4+,'%#)'(+3)11$%$"#)'#)*"+*1+aT6+Ld6;GO+B)#4+#4$+3$1*%2'#)*"+/%'3)$"#+#$"-*%+9@+B$+

/$#+
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P =
!W
!F

=
!W
!E

!E
!F

= F !W
!E

= F C :E( ) +++++++++++++++++++++++++++++++++++++++++++Ld6;iO

74$+&*2,*"$"#-+*1+!+'%$+-4*B"+)"+aT6+Ld6;PO+

Pik = Fij (CjklmElm ) ++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++Ld6;=O

P11 = F11C11E11 + F12 (C12 + C66 )E21 + F13(C13 + C55 )E31
P22 = F21(C12 + C66 )E12 + F22C22E22 + F23(C23 + C44 )E32
P33 = F31(C13 + C55 )E13 + F32 (C23 + C44 )E23 + F33C33E33
P23 = F21(C13 + C55 )E13 + F22 (C23 + C44 )E23 + F23C33E23
P13 = F11(C13 + C55 )E13 + F12 (C23 + C44 )E23 + F13C33E33
P12 = F11(C12 + C66 )E12 + F12C22E22 + F13(C23 + C44 )E32

++++++++++++++++++++++++++Ld6;PO

?15/,9(TAGA(V90-C7-<1+1-*(-6(+:9(.96-,C3+1-*(5,3.19*+(+9*<-,
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R-+ #4$+&*"&$"#%'#)*"+*1+#4$+A)#4).2+&4'"/$-@+ -B$(()"/+ 4',,$"-+ )"+#4$+ &%0-#'(()#$6+ !+

'--.2$+#4'#+#4$+&4'"/$-+)"+('##)&$+,'%'2$#$%-+1*((*B+[$/'%3]-+('BF+#4$+&4'"/$-+)"+('##)&$+

,'%'2$#$%-+ '%$+ ()"$'%(0+ 3$,$"3$"#+ *"+ #4$+ A)#4).2+ &*"&$"#%'#)*"@+ )6+ 74$+ '")-*#%*,)&+

$I,'"-)*"+)-+4'"3($3+50+2.(#),(0)"/+-B$(()"/+ #$%2+#*+3$1*%2'#)*"+/%'3)$"#6+ V)"&$+'"0+

2*#)*"-+&'"+5$+3$&*2,*-$3+#*+,.%$+-B$(()"/+3.$+#*+ #4$+&4$2)&'(+ &*2,*-)#)*"+&4'"/$+

'"3+#0,)&'(+3$1*%2'#)*"+#$"-*%@+#4$+3$1*%2'#)*"+/%'3)$"#+#$"-*%+&'"+5$+3$&*2,*-$3+#*+

+ F = Fswell !F !+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++Ld6;XO+

B4$%$+3$1*%2'#)*"+/%'3)$"#+#$"-*%+1%*2+&4$2)&'(+&*2,*-)#)*"+)-+3$9)"$3+'-

 
Fswell =

(a1 ! a0 )x
"

a0

!e1#
!e1 +

(b1 ! b0 )x
"

b0

!e2 #
!e2 +

(c1 ! c0 )x
"

c0

!e3 #
!e3 ++++++++++++++++++++Ld6;\O

B4$%$+$-@+:-@+'"3+7-+'%$+('##)&$+,'%'2$#$%-+*1+1.((0+3$()#4)'#$3+,4'-$+'"3+$;@+:;@+'"3+7;+'%$+

#4*-$+ *1+ 1.((0+ ()#4)'#$3+ ,4'-$6+ 74)-+ 3$&*2,*-)#)*"+ ,%*&$--+ 2'#&4$-+ aT6Lb6dO+ )"+ #4$+

S4',#$%+!!6+

6"#!"#6"#$7*8,9&(/#:'+/%;&</#$%&<=5'>#-@#A/B/.#2/+#?/+9*C

74$+5%)$1+$I,('"'#)*"+*1+A$8$(+ -$#+2$#4*3+)"+#4)-+-$&#)*"+)-+$I&$%,#$3+1%*2+&4',#$%+

#B*+ *1+e'2$-+V$#4)'"]-+ 5**D+:X>6+ V#'"($0+K-4$%+'"3+e'2$-+V$#4)'"+3$8$(*,$3+A$8$(+-$#+

2$#4*3+LAVWO+#*+ #%'&D+ )"#$%1'&$-+'"3+5*."3'%)$-6+ AVW+&'(&.('#)*"+ )-+ &'%%)$3+*.#+B)#4+

9)I$3+ S'%#$-)'"+ /%)3+ La.($%)'"+ ,$%-,$&#)8$O+ '"3+ &'"+ 5$+ ',,()$3+ #*+ &*2,($I+ #*,*(*/0+

&4'"/$-+-.&4+'-+4*($+3$8$(*,)"/+'"3+-.%1'&$+-,()##)"/6
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A$#+#4$+3)2$"-)*"+*1+3*2')"+(+5$+o6+74$"+AVW+$25$3-+,%*,'/'#)"/+40,$%-.%1'&$+)+

*1+Lo<;O<3)2$"-)*"+'-+#4$+E$%*+($8$(+-$#+*1+'+4)/4$%+3)2$"-)*"'(+1."&#)*"+$6+

74$+ 1."&#)*"+$+ )-+ &'(($3+-)/"$3+1."&#)*"6+ !")#)'(+ 8'(.$-+ *1+$+ '%$+ #4$+ 3)-#'"&$+ 1%*2+ #4$+

40,$%-.%1'&$+)@+B4$%$+3+)-+#4$+3)-#'"&$+1%*2+#4$+40,$%-.%1'&$6

!(x,t = 0) = ±d ++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++Ld6bMO

74$+)")#)'(+40,$%-.%1'&$+)-+3$9)"$3+'-

 !(t = 0) = x !"(x,t = 0) = 0[ ] +++++++++++++++++++++++++++++++++++++++++++++++++++Ld6b;O

!"+ aT6+ Ld6b;O@+ ,(.-+ L2)".-O+-)/"+ )"3)&'#$-+ #4'#+ #4$+ &*%%$-,*"3)"/+ ,*)"#+ + )+ )-+ *.#-)3$+

L)"-)3$O+*1+#4$+)")#)'(+&(*-$3+40,$%-.1'&$+)6+74$+%$T.)%$2$"#+)-+#4'#+'-+ #)2$+,'--$-@+#4$+

$8*(8)"/+E$%*+($8$(+-$#+'(B'0-+2'#&4$-+#4$+,%*,'/'#)"/+40,$%-.1'&$6

!(x(t),t) = 0 ++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++Ld6bbO

?0+',,(0)"/+#4$+&4')"+%.($+#*+aT6+Ld6bbO@+B$+/$#
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!"
!t

+#" $ %x (t) = 0

!"
!t

+#" $ v(t) = 0

+++++++++++++++++++++++++++++++++++++++++++++++++++++++++Ld6bdO

U)#4+#4$+8$(*&)#0+*1+)"#$%1'&$@+&@+3$9)"$3+)"+aT6+ Ld6XO@+'"+'38$&#)*"+$T.'#)*"+)-+ -$#+#*+5$+

-*(8$36+74$+5*."3'%0+&*"3)#)*"+1*%+aT6+Ld6bdO+)-+

! = 0 or  n̂wall "#! = 0  on $%, t = 0,T[ ]  

where n̂wall  is the normal vector at the walls 
++++++++++++++++++++++++++++++++++++++++Ld6bGO

V*+#4$+B$'D+1*%2+*1+aT6+Ld6bGO++

w !"
!t
dV

#$ + w(v %&")dV
#$ = 0 ++++++++++++++++++++++++++++++++++++++++++++++++Ld6biO

)-+-*(8$3+'"3+#4$+E$%*+&*"#*.%+*1+-*(.#)*"+)"3)&'#$-+#4$+(*&'#)*"+*1+)"#$%1'&$6

U$+ .-$+'+2*3)9)$3+8$%-)*"+*1+ AVW+50+ a6+ K(--*"+ $#+ '(6+ :;\>+ 74$+2*3)9)$3+ 8$%-)*"+

3)11$%-+ )"+ #4$+ )")#)'(+ &*"3)#)*"+ 1%*2+ #4$+ *%)/)"'(+ *"$+ '"3+ 4'-+ $"4'"&$3+ 2'--+

&*"-$%8'#)*"+ ,%*,$%#06+ R(-*@+ %$)")#)'()E'#)*"+ *1+ )")#)'(+ &*"3)#)*"@+ B4)&4+ )-+ /$"$%'((0+

%$T.)%$3+1*%+&*%%$&#+AVW+&'(&.('#)*"@+)-+"*#+"$&$--'%0+B)#4+#4$+K(--*"]-+AVW+)"+aT+Ld6biO+

5$&'.-$+*1+)#-+&*"-$%8'#)8$+,%*,$%#06
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?15/,9(TAEA()*1+138(0-*.1+1-*(-6(&A(F8<<-*c<(=SB

Hsm (!) =

0, ! " #$
1
2
+

!
2$

+
1
2%
sin %!

$
&
'(

)
*+
,

1, ! > $

,

-
..

/
.
.

# $ " ! " $ +++++++++++++++++++++++++++++++++Ld6b=O

U4$"+#4$+'38$&#)*"+#$%2+)-+3*2)"'#)"/@+".2$%)&'(+)"-#'5)()#0+&'"+5$+'(($8)'#$3+)"+'+

&*"-)-#$"#+2'""$%+ 50+ '33)"/+ %$-)3.'(+ 5'-$3+ #$%2-+ *8$%+ #4$+ $($2$"#+ )"#$%)*%-+ #*+ #4$+

Y'($%D)"+B$'D+1*%26+74$%$+'%$+-$8$%'(+B'0-+#*+-#'5)()E$+#4$+$T.'#)*"@+ 2<=<@+ +V#%$'2()"$3+

Q,B)"3+J$#%*8<Y'($%D)"+ LVQJYO+'"3+Y'($%D)"+A$'-#+VT.'%$-+2$#4*3+LYAVO+ :bM@+ b;>6+ a6+

K(--*"]-+ 8$%-)*"+ 4'-+ '+ ()##($+ &*2,($I+ -,'&)'(+ -#'5)()E)"/+ -&4$2$+ #*+ /.'%'"#$$+ 2'--+

&*"-$%8'#)*"+$-,$&)'((0+ 1*%+9(.)3-+,%*5($2-6+!"-#$'3+*1+#4$+&*2,($I+-#'5)()E)"/+-&4$2$@+

B$+'3*,#+VQJY+1*%+#4$+AVW6+?0+'33)"/+VQJY+#$%2+#*+aT6+Ld6bGO@+B$+/$#
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w!t dV
"
# + w(v $%!)dV + & ('w

't
+ v

"
# $%!)(!t + v $%! ( f )dV

SUPG
! "###### $######"

# = 0 +++++++++++Ld6b=O

C*%+#)2$+-#$,,)"/@+1*%B'%3+a.($%+2$#4*3+)-+',,()$3+#*+ 5*#4+#%'"-,*%#+,%*5($2+'"3+

)"#$%1'&$+#%'&D)"/+AVW6++

TA(QA(S+3559,9.(#85-,1+:C

o*B+ #4'#+ B$+ 4'8$+ 3$9)"$3+'((+ #4%$$+ ,40-)&-+ )"+ #4$+B$'D+ 1*%2@+ B$+ &'"+ -*(8$+ #4$+

B4*($+ ,%*5($26+ V*(8)"/+ #4$+ &*.,($3+ ,%*5($2+ -)2.(#'"$*.-(0+ )-+ )3$'(+ #*+ '+/$#+ &*%%$&#+

-*(.#)*"6+ !1+ B$+B'"#+ #*+ %$3.&$+ #4$+ &*2,.#'#)*"'(+ &*-#@+ B$+ &'"+ '3*,#+ #4$+ -#'//$%$3+

'(/*%)#42@+ B4)&4+ -*(8$+ *"$+ $T.'#)*"+B4)($+ 9)I)"/+ *#4$%+ 8'%)'5($-@+ #4$"+ -*(8$+ '"*#4$%+

$T.'#)*"+)"+'+-)2)('%+2'""$%6
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!"#$%&'()[

!-*08/<1-*(3*.(?/+/,9(d-,4

D"#!"!E*'<.4(5*'

R+ -)"/($+ &%0-#'(()#$+ *1+2'"0+ $($&#%*3$-+ 1*%+ A)<)*"+ 5'##$%)$-+ ."3$%/*$-+ #B*<,4'-$+

&*$I)-#$"#+-#'#$-+3.%)"/+L3)-O&4'%/$@+-)"&$+#4$+&%0-#'(()#$+*1+$($&#%*3$-+*1#$"+4'8$+(*B$%+

1%$$+ $"$%/)$-+ B4$"+ #B*+ ,4'-$+ &*$I)-#6+ U4$"+ #B*+ ,4'-$-+ &*$I)-#@+ 8$%0+ -4'%,+ *%+

-*2$B4'#+3)11.-$3+ )"#$%1'&$-+ 5$#B$$"+#4$+ #B*<,4'-$+,*%#)*"-+ 4'8$+5$$"+*5-$%8$3+ )"+

2'"0+ $($&#%*"+ 2)&%*-&*,0+ -#.3)$-6+ 74$+ 3)11$%$"#+ ('##)&$+ ,'%'2$#$%-+ 1*%+ $'&4+ ,4'-$+

,*%#)*"+%$-.(#+ )"+&*4$%$"&0+-#%')"+'#+ #4$+,4'-$+)"#$%1'&$6+74)-+ &*4$%$"&0+-#%')"+'11$&#-+

&4$2)&'(+,*#$"#)'(+'"3+#*#'(+ 1%$$+$"$%/06+ +c$8$%-$(0@+ &4'"/$3+#4$%2*30"'2)&+,*#$"#)'(-+

8'%0+-*(.5)()#0+()2)#-+*1+A)#4).2@+8*(#'/$+,%*9)($@+'"3+,4'-$+-#'5)()#06+U$+-.//$-#$3+'+B'0+

#*+ 2*3$(+ #4$+ &*.,($3+ A)#4).2+ L3$O)"#$%&'('#)*"+ D)"$#)&-+ 5*#4+ '"'(0#)&'((0+ '"3+

".2$%)&'((06+

!"+ #4$+ T.'-)<-#'#)&+ '"'(0-)-@+ B$+ 3$%)8$3+ 2$&4'")&'(+ '"3+ &4$2)&'(+ $T.)()5%).2+

&%)#$%)'+'"3+',,()$3+ #4$2+ #*+ *()8)"$+ A)IC$JKG+ LM+ N+I+N+ ;O+,%)-2<-4',$+&%0-#'(()#$6+ U$+

'33$3+ &*4$%$"&0+ -#%')"+ $"$%/0+ #$%2+ #*+ #4$+ 1%$$+ $"$%/0+ '"3+ 1*."3+ 1*.%+ $T.)()5%).2+

&*"3)#)*"-F+ #B*+ &4$2)&'(+ '"3+ #B*+ 2$&4'")&'(+ $T.)()5%).2+ &%)#$%)'6+ 7B*+ &4$2)&'(+

$T.)()5%).2+ &%)#$%)'+ &*%%$-,*"3+ #*+ #4$+ B$((+ D"*B"+ &*22*"+ #'"/$"#+ 2$#4*3+ B)#4+

2*3)9)$3+&4$2)&'(+,*#$"#)'(+'"3+2*3)9)$3+#*#'(+ 1%$$+$"$%/0+50+'33$3+&*4$%$"&0+ -#%')"+
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$"$%/06+ +74$+%$-#+#B*+2$&4'")&'(+$T.)()5%).2+2$'"-+#4'#+#4$+'8$%'/$+-#%$--$-+'(*"/+#B*+

3)%$&#)*"-+$T.'(-+E$%*@+B4)&4+,'%'(($(+#4$+,4'-$+)"#$%1'&$6+

U4$"+',,(0)"/+#4$+&%)#$%)'+#*+*()8)"$+A)IC$JKG+&%0-#'(()#$@+1.%#4$%+'--.2,#)*"-+B$%$+

2'3$F+ L)O+#4$+$('-#)&+2*3.()+ '%$+)"3$,$"3$"#+*1+#4$+A)#4).2+&*"&$"#%'#)*"+'"3+L))O+#4$+

('##)&$+,'%'2$#$%-+'%$+()"$'%(0+,%*,*%#)*"'(+#*+#4$+A)#4).2+&*"&$"#%'#)*"6+U$+&4$&D+#4$+

$11$&#+*1+&*4$%$"&0+-#%')"+*"+#4$+8*(#'/$+,%*9)($6+Q-)"/+#4$+A)#4).2+&4$2)&'(+,*#$"#)'(+*1++

A)IC$JKG+&%0-#'(()#$@+ +#4$+$11$&#+*1+&*4$%$"&0+-#%')"-+*"+*8$%,*#$"#)'(+'"3+."3$%,*#$"#)'(+

#*+)")#)'#$+$8*(.#)*"+*1+&*4$%$"&0+&%0-#'(()#$+B'-+-4*B"6+C*%+*()8)"$+A)IC$JKG+&%0-#'(()#$@+

50+'33)"/+#4$+&*4$%$"&0+-#%')"+$"$%/0+#$%2+#*+#4$+#*#'(+1%$$+$"$%/0@+B$+&*"9)%2$3+#4'#+

#4$+#*#'(+$"$%/0+)-+2)")2)E$3+B4$"+#4$+,4'-$+)"#$%1'&$+,'%'(($(-+#4$+5&<,('"$@+'(#4*./4+

#4$+A)#4).2+)*"-+3)11.-$+'(*"/+#4$+5<'I)-+*1+#4$+&%0-#'(()#$6

V)"&$+ '&#.'(+ &%0-#'(()#$-+ %.19($+ )"+ #4$+ -.%1'&$@+ #4$+ 1%$$+ $"$%/0+ *1+ #4$+ 3$8$(*,$3+

'"'(0#)&+ -*(.#)*"+ )-+ '(B'0-+ 4)/4$%+ #4'"+ #4$+ %$'(+ 8'(.$6+ K"$+B'0+ #*+ 2'D$+ #4$+ '"'(0#)&+

-*(.#)*"+2*%$+'&&.%'#$+)-+)"&%$'-)"/+,$%)*3)&)#0+#*+'(($8)'#$+#4$+%.19($-+)"+#4$+-.%1'&$+&'"+

5$+ '(($8)'#$36+ ?0+ &*2,'%)"/+ '"'(0#)&+ -*(.#)*"+ B)#4+ 2*%$+ %$'()-#)&+ 9)")#$+ $($2$"#+

&'(&.('#)*"@+B$+&*"9)%2$3+#4'#+'-+,$%)*3)&)#0+)"&%$'-$-@+%$('#)8$+$%%*%-+)"+-#%')"+$"$%/0+

5$#B$$"+*.%+ '"'(0#)&'(+ 2*3$(+ '"3+2*%$+%$'()-#)&+ 9)")#$+ $($2$"#+2*3$(+ 3$&%$'-$6+ R(-*@+

#4$+ &*2,'%)-*"+ &*"9)%2$3+ #4$+ )"#.)#)*"+ #4'#+ '+ -2'(($%+ 1%'&#)*"+ *1+ 3)--)2)('%+ ,4'-$+

)"-$%#)*"+($'3-+#*+-2'(($%+-.%1'&$+%.19($-6+?$&'.-$@+B)#4+-2'((+1%'&#)*"+*1+'()$"+,4'-$@+#4$+

&%0-#'(()#$+ )-+ 2*%$+ -)2)('%+ #*+ #4$+ *"$+ )"+ '+ 4*2*/$"*.-+ -#'#$@+ #4$+ )3$'(+ '"'(0#)&+

&'(&.('#)*"-+ 5$&*2$-+ &(*-$%+ #*+ #4$+ 2*%$+ '&&.%'#$+ Ca+ &'(&.('#)*"-6+ 74%*./4+ #4$+ Ca+

'"'(0-)-@+B$+1*."3+#4'#+2)")2'(+&*4$%$"&0+-#%')"+$"$%/0+3$"-)#0+&*%%$-,*"3-+#*+"$$3($<

-4',$+&%0-#'(()#$+1*%+#4$+T.'-)<-#'#)&+&'-$6
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!"+#)2$+3$,$"3$"#+ '"'(0-)-@+ 1.((0+ &*.,($3+/$"$%'(+ -&4$2$+ 1*%+ d+ ,40-)&-+ )-+ -4*B"F+

3)11.-)*"@+ &*4$%$"#+ -#%$--+ %$('I'#)*"@+ '"3+#4$+ #B*<,4'-$+ )"#$%1'&$+ $8*(.#)*"6+ C)%-#@+ #4$+

3)11.-)*"+$T.'#)*"+3$'(#+ #4$+A)#4).2+ )*"+ 3)11.-)*"+ )"+ #4$+4*-#6+ V$&*"3@+ #4$+2$&4'")&-+

$T.'#)*"+1*%+#4$+&*4$%$"#+-#%$--+%$('I'#)*"+)-+-()/4#+2*3)9)&'#)*"+*1+T.'-)<-#'#)&+'"'(0-)-6+

C)"'((0@+ #4$+ $8*(8)"/+ #B*<,4'-$+ )"#$%1'&$+B'-+4'"3($3+B)#4+#4$+A$8$(+ V$#+W$#4*36+U$+

'3*,#$3+a6+K(--*"]-+2*3)9)$3+8$%-)*"+*1+AVW+'"3+&4'"/$3+#4$+-,'&)'(+-#'5)()E)"/+-&4$2$+

*1+ )#+ B)#4+ VQJY6+ U$+ 4*,$+ #4'#+ 1.((0+ &*.,($3+ #)2$+ 3$,$"3$"#+ #4%$$<3)2$"-)*"'(+

".2$%)&'(+-)2.('#)*"+*1+#4$+$($&#%*3$+2'#$%)'(-+B)((+ )"-,)%$+%$'3$%-+'5*.#+"$B+3$-)/"-+

*1+#4$-$+2'#$%)'(-6

C*%+#4$+',,()&'#)*"+#*+A)IC$JKG@+#4$+T.'"#)#'#)8$+'-+B$((+'-++T.'()#'#)8$+,%$3)&#)*"-+*1+

*.%+3$8$(*,2$"#+'%$+ -$"-)#)8$+ #*+ #4$+5$4'8)*%+*1+#4$+1%$$+$"$%/0+*1+#4$+4*2*/$"$*.-+

,4'-$+ )"-)3$+ #4$+ )"&*4$%$"#+ #B*<,4'-$+ %$/)*"6+ 74)-+ ,*%#)*"+ *1+ #4$+ 1%$$+ $"$%/0+ *1+
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