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CHAPTER I

Introduction

This thesis considers computational questions about representations of algebraic
groups. Let an algebraic group G act rationally on a finite-dimensional vector space
V', that is, by a homomorphism G — GL(V') defined by regular functions. For
example, for an algebraically closed field k, GL, (k) acts on the n x n matrices over
k by conjugation. Two related questions arise: (1) How can we tell if two points in
V lie in the same orbit? (2) What is the geometry of the quotient of V' by G, that
is, of the set of orbits? Working in the algebraic category, one looks for answers in
the ring k[V] of polynomial functions on V. Specially, invariant theory studies the
subring k[V]¢ of functions that are invariant under translation by G. In 1890 David
Hilbert showed that C[V]% is finitely generated for the classical matrix groups [19],
and in 1893 he outlined a procedure to compute its generators [20]. These results
ended an era of furious computation, and his Basis Theorem sent research on a more
astract course for the next several decades. The rise of computer technology and new
tools in commutative algebra sparked a renaissance, for example, Sturmfels modern
and more detailed formulation of Hilbert’s algorithm of 1893 [44, p. 177]. Now
computational invariant theory considers the complexity of problems in invariant

theory and develops algorithms to solve them.



Although degree bounds for the generators of various invariant rings have been
known for decades, little is said about the cardinality of minimal generating sets.
Estimates of such would provide lower bounds for the runtime of algorithms that
compute invariants. For a semisimple group G, choose an irreducible representation
of highest weight A\, and consider the irreducible representations of highest weight
nA. The results herein prove that as n goes to infinity, the cardinality of a minimal
set of generating invariants grows faster than any polynomial in n. The same holds
when SLy acts on the space V,, of binary forms of degree n, the polynomials of the
form a,a"™ + a,_12" 'y + - - - + apy™. Combinatorial methods yield sub-exponential
upper bounds for the growth of generating sets for torus invariants on the binary
forms.

On the other hand, this thesis establishes an algorithm that distinguishes orbits in
polynomial time, for any algebraic group GG and finite-dimensional representation V.
Previously known algorithms take longer to run or place restrictions on the group.
This new algorithm outputs a finite set C of functions with the property that x € V
is not in the orbit of y if and only if there exists a function f € C such that that
f(z) # f(y). The functions are constructed with the polynomial operations in k[V]
and with a new “quasi-inverse” that computes the multiplicative inverse of a function
where defined. For fixed G, the size of C and the number of steps the algorithm takes
are bounded by polynomials in the dimension of V' and the degrees appearing in the
homomorphism G — GL(V'). Rings of such “quasi-regular functions” are explored
in detail, as well. Thus the problem of separating orbits has polynomial complexity.
What is more, it follows that the quasi-inverse is a sufficient generalization of the

polynomial functions to allow us to separate all orbits for any group G.



CHAPTER II

Background

2.1 Algebraic Group Actions

The objects of study are linear algebraic groups, their representations, their orbits,
and the rings of invariant polynomials on representations. Throughout, k& will be an
algebraically closed field. A linear algebraic group is a group whose elements form an
affine algebraic variety (possibly not irreducible), such that the group multiplication
and the inverse operation correspond to algebraic morphisms: for example, GL,,,
SL,, and other classical matrix groups. What follows is less concerned with the
structure of algebraic groups than with their representations.

A representation of a group G is a vector space V and amap p : G — GL(V'). One
refers to the space V' or the function p as a “representation of G” when the other
piece is understood. Henceforth all representations V' will have finite dimension
and G is a linear algebraic group acting rationally: that is, p is a morphism of
varieties. A representation V' is irreducible if it is nontrivial and contains no proper
subrepresentation.

The study of representations subsumes the study of group actions on varieties for

the following reason.

Proposition I1.1. /6, p. 239] Let G be a linear algebraic group acting rationally on



an affine variety X. Then there exists a representation V' of G and a G-equivariant,

closed embedding X — V.
The orbit of a point p € Vistheset G-p={g-p|g € G}.

Proposition I1.2. /27, p. 60] If a linear algebraic group acts rationally, then its
orbits are smooth, irreducible, and open in their closures. The boundary of an orbit

18 a union of orbits of strictly smaller dimension. Thus closed orbits exist.

2.2 Invariant Subrings are Finitely Generated

If G acts rationally on an affine variety X over k = k, then G acts on the coordinate
ring k[X] as follows: for f(z) € k[X] and 0 € G, o - f(z) = f(o™' - x). (Recall the
assumption k = k, though this is not always necessary). The subring in k[X] of
invariant functions is denoted k[X]“. The invariant subring is finitely generated for
the reductive groups (see below), but not for general groups. Another, more useful
sufficient condition for finite generation is linear reductiveness. An algebraic group
G is linearly reductive over k if for every rational representation V' over k and every
v € VY — {0} there exists a linear invariant function f € (V*)¢ such that f(v) # 0.

For an equivalent definition, define a Reynolds operator to be a G-equivariant
linear projection R: k[X] — k[X]“. Here, a map f between sets S,T on which G
acts is called G-equivariant if f(g-s) = g- f(s) for all s € S;g € G. When G is
finite and char(k) { |G| or G is compact over C with a Haar measure, the Reynolds
operator is just averaging over GG. Explicit formulas for other groups exist classically.

Linear reductiveness relates to the Reynold’s operator as follows.

Theorem I1.3. [6, p. 46] The following are equivalent for a linear algebraic group

G over a field k:

(a) G is linearly reductive over k.



(b) For every affine variety X over k with a G action, there exists a unique Reynolds

operator R: k[ X] — k[X]¢.

(c¢) For every rational representation V' and subrepresentation W C V', there ezists

a subrepresentation W' C'V such that V=W & W'.

(d) Every rational representation V decomposes into a direct sum of irreducible

representations V=V, & --- B V,,.

In 1890, Hilbert proved that C[V] is finitely generated for GL,,, SL,, and other
classical groups [19]. In fact the existence of a Reynolds operator is sufficient to

apply the method of his proof.

Theorem I1.4. [6, p. 49] If G is a linearly reductive group and V' a rational repre-

sentation, then k[V]Y is finitely generated.

The result holds when a linearly reductive group acts on an affine variety X, by
finding a closed embedding i: X < V into a finite-dimensional vector space V' [6, p.
48]. Indeed, any finite-dimensional, G-stable subspace W C k[X] is the image under
i* of a G-stable subspace Z C k[V]. Since G is linearly reductive, Z has a unique
decomposition into subrepresentations, and i*(Z¢) = W¢. Then i*: k[V]¢ = k[X].

Other properties of an algebraic group GG can ensure that a representation V' has
k[V]¢ finitely generated. Define the radical R(G) of a linear algebraic group to be
the largest, normal, connected, solvable subgroup. When the subgroup of unipotent
elements of R(G) is trivial, G is called reductive. Examples of reductive groups
include GL,,, SL,, O,, SO,, SP,, finite groups, tori, and any group with R(G) = {1}
[6, p. 50]. Groups in this last class are called semisimple. A linear algebraic group
is called geometrically reductive if for every rational representation V' and nonzero

fixed point v € V, there exists a nonconstant homogeneous f € k[V]¢ such that



f(v) # 0. Note linear reductive implies geometrically reductive.

These three notions of reductive are related as follows. In 1963 Nagata showed
that k[X]¢ is finitely generated when a geometrically reductive group acts on an affine
variety X [40]. With Miyata he next showed that in characteristic zero, reductive and
linearly reductive are equivalent, and that geometrically reductive implies reductive
[41]. In 1974 Haboush responded that reductive implies geometrically reductive [15],
so that the two are equivalent. Thus the three notions are equivalent in characteristic
zero, but linear reductiveness is stronger than the others in positive characteristic:
for example, a cyclic p-group in characteristic p > 0 is geometrically reductive by not
linearly reductive [6, p. 51]. Regardless, any of the notions is sufficient for k[V]% to
be finitely generated. On the other hand, in 1959 Nagata provided an example where
k[V]9 is not finitely generated, and in doing so found a counterexample to Hilbert’s
fourteenth problem: whether every subfield L C k(xy,...,z,) has LN klzy, ..., z,)

finitely generated [39].

2.3 Highest-Weight Representations and the Ring of Covariants

The structure of an algebraic group G can help distinguish its representations.
As always, work over a field k = k, for geometric reasoning, but in this section
assume also that char(k) = 0, to avoid trivial cases. The maximal connected solvable
subgroups of G are called Borel subgroups. To distinguish the representations of
a reductive group G, choose a Borel subgroup B. A torus is an algebraic group
isomorphic to (k*)™, that is, the diagonal subgroup of GL, (k) for some field k. Then
B can be written B =T x U, where U is a unipotent group and 7' is a torus. The
torus action on a representation V' decomposes V' into a direct sum of weight spaces.

Now, since B is connected and solvable, the Lie-Kolchin Theorem [27] guarantees



the existence of a 1-dimensional subspace stable under the action of B. If V is
irreducible under the action of G, then this subspace V? is unique, and its weight
with respect to the chosen torus 7" will be the highest in the ordering on the abstract
weights of T. A generator for VB = VY is called a highest weight vector of V. The
highest weight of a representation is dominant in the root system for G. In fact,
if X is a dominant weight, then there is a unique, irreducible representation, up to
G-equivariant isomorphism, whose highest weight is A [27, p. 188].

If G is reductive, then its highest weight representations can be collected and
given a ring structure; the development here follows [6, p. 156]. Let G' act on an
affine variety X and any finite-dimensional G-module W. Define a “covariant of X
with values in W” to be a G-equivariant morphism X — W. The set of covariants
for such X and W is denoted Mor(X, W)%, the morphisms invariant under the G-
action. Popov and Vinberg showed that Mor(X, W)¢ is a finitely-generated module
over k[X]°.

The module structure becomes more clear with the isomorphism
Mor (X, W)¢ = (W ® k[X])°.

Indeed, a covariant ¢: X — W yields a ring homomorphism ¢*: k[W]| — k[X], or
what is the same, ¢*: S(W*) — Ek[X], as the symmetric algebra on W* is canon-
ically isomorphic to k[W]. Any such map is determined by its values on W*, and
a linear map W* — k[X]| determines a ring homomorphism S(W*) — k[X]|. Thus
Mor (X, W) = Hom(W*, k[X])¥ as k[X]%-modules, and the above isomorphism fol-
lows.

Recall that to discuss highest weight representations of a reductive group G, one
fixes a Borel subgroup B, a maximal torus 7' C B, and a maximal unipotent subgroup

U C B such that B =T x U. If X is an affine variety with a G action, the ring of



U-invariant polynomials k[X]Y is called the ring of covariants of X, for the following
reason: Write V), for the irreducible representation of G with highest weight A, whose
A weight space is spanned by a vector vy. Then G - vy spans V). Recall a covariant
¢ € Mor(X,V4)¢ = Hom(Vy, k[X])¢ is determined by ¢* : V¥ — k[X]. If w spans
the highest weight space of V", then ¢* is determined by the choice of ¢*(w), which
lies in k[X]Y.

Grosshans showed that if G is reductive and char(k) = 0, then a ring of covariants

k[X]Y is finitely generated [14]. Now consider the ring of covariants for G on itself:

Proposition I1.5. Let G be a linearly reductive group over k, and let Vy denote an
irreducible representation of G with highest weight . For fivred B =T x U C G, let
U act on G by right-multiplication. Then if X (T'), denotes the dominant weights,
k[GlY = k[G/U] = EB Vi
AEX(T

as left G-modules. If char(k) = 0, then k[G]Y is a finitely-generated ring.

Proof. If U acts on G on the right, then G/U is a quasi-affine variety, and k[G/U] =
k[G]Y. Choose a highest weight representation V. Then the module of covariants of

G /U with values in V) is
Mor (G /U, V})¢ = (K[G/U] @ VA)¢ = (K[G]Y @ VA)°.

First show that the module of covariants, on the left side above, has dimension one:
any morphism ¢ : G/U — V), is determined by the image of the identity coset
eU € G/U. This element is fixed by the usual U-action on V), whence ¢(eU) lies in
the one-dimensional space V. Thus (k[G]Y ® V4)¢ also has dimension one, as does
Hom(Vy, k[G]Y)Y, because dim V, < oo. Therefore, each V3 occurs exactly once in

kG



Now, any f € k[G]Y lies in a finite-dimensional, G-stable subspace F. Since G
is linearly reductive, F' is a direct sum of highest weight representations, and the
G-module isomorphism k[G]Y = @, x(r), V> is proved. Grosshans in [14] showed

that k[G]Y is finitely generated for reductive G in characteristic 0. O

2.4 The Categorical Quotient and Separating Invariants

When G acts rationally on an affine variety X and k[X]“ is finitely generated,
write X /G to denote the variety with coordinate ring k[X]“, a notation established
in the book [6] and papers of Derksen and Kemper. Then the dominant morphism
m: X — X//G is in fact surjective, and X /G has the quotient topology; call X /G
the categorical quotient. Each fiber of 7 contains exactly one closed orbit, which lies
in the closure of all orbits in that fiber. One can then apply the theorem on fiber
dimension to the closed orbits to determine the dimension of invariant rings.

Since invariant polynomials are constant on orbits, they may separate the orbits
of a group action in applications. If separating orbits is the goal, though, one does
not need to compute generators for the entire invariant ring. A subset S C k[X]¢ is
called separating if it has the following property for every pair of points z,y € X:
if there exists f € k[X]“ such that f(x) # f(y) (so f separates the orbits of x and
y), then there exists a g € S such that g(x) # g(y). That is, the polynomials in S
separate as many orbits as the polynomials in £[X]“. When the categorical quotient
exists, if x and y have distinct closed orbits, then some invariant polynomial must
separate the orbits, so a member of a separating set must separate the orbits. More

generally, there is the following:

Theorem I1.6. [6, p. 58/ Let X be an affine variety and G a group of automorphisms

of k| X]. Then there exists a finite separating set S C k[X]%.
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Proof. Let I C k[X] ® k[X] be the ideal generated by the elements f ® 1 — 1 ® f
for all f € k[X]%. Since k[X] ® k[X] is Noetherian, the ideal [ is finitely generated.

Thus there exists a finite, generating subset
I=(f(®1-1fi,..., fm®1—-1® f)

with the f; € k[X]“. Claim that the f; appearing here form a separating subset for
k[X]¢. For proof, choose x, y € X such that there exists f € k[X] with f(x) # f(y).
It remains to show that x and y are separated by one of the f;. Since fR1—-1®f € I,

one has, for some g; € k[X] ® k[X],

fOl-10f=) g(fiol-18f).
=1

For the fixed z,y € X, there is an evaluation homomorphism ¢: k[X] ® k[X] — k

defined by ¢: g ® h — g(x)h(y). Applying ¢ to the above equation,

D olg) (fi2) @1 -1@ fily) =o(f @1 -1 f) = f(z) = f(y) # 0.

i=1

So for some i, it follows f;(x) # f;(y), completing the proof. O

Assume G is reductive and V' is a rational representation. Then {0} C V is
always a closed orbit and an interesting point for the geometry of group actions.

The nullcone Ny is defined as
Ny ={veV|fv)=0forall fek[V]}.

That is, Ny is the set of points on which all homogeneous invariants vanish, whence

Ny is the fiber 771(0) of the categorical quotient.

Lemma I1.7. [6, p. 60] A point v € V lies in the nullcone Ny if and only if G - v

contains 0.
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A useful tool for determining if orbits are closed is the Hilbert-Mumford criterion
[20, 38]. Define a 1-parameter subgroup of an algebraic group G to be a homo-
morphism A: k* — (. Sometimes the phrase “l-parameter subgroup \” denotes
the image of the map. The following formulation follows from Kempf’s work on

instability [35]:

Theorem I1.8. Let V' be a rational representation of a reductive group G, and choose
v,w € V. Then w € G -v if and only if there exists a 1-parameter subgroup \ such

that w € X\ - v.

2.5 The Cohen-Macaulay Property

This property of the invariant rings of linearly reductive groups elucidates their
structure and aids computation. One can define the Cohen-Macaulay property R-
modules using the notion of depth, when R is graded or local, but the results below
focus on the graded case, taking R as an R-module. First, recall some commutative
algebra. If R = ®&3° R, is a graded algebra over a field kK = Ry, then f1,...,f, € R

are a homogeneous system of parameters if both
e fi,..., fn are algebraically independent over k,
e R is a finitely generated module over k[fi, ..., fu]-

In particular, dim(R) = n. Under the assumption k& = k so that k is infinite, a
finitely generated graded algebra over a field always has a homogeneous system of
parameters. This fact follows from Noether’s Normalization Lemma [6, p. 61]. Now,

a sequence fi,..., f, € R is called R-regular (or just regular) if

R/(fbafn)?éo
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and multiplication by f; on R/(f1,..., fi—1)R gives an injective map, fori = 1,... n.

One can define the Cohen-Macaulay property as follows:

Proposition 11.9. [32] For a Noetherian graded algebra R over a field k = Ry, the

following are equivalent:
(a) R is Cohen-Macaulay.

(b) Every homogeneous system of parameters is an R-regular sequence.

(c) If fi,..., fa is a homogeneous system of parameters, then R is a free module
over k[f1,..., [l

(d) There exists a homogeneous system of paramaters fi,..., f, such that R is a
free module over k[fy,..., fa].

It is immediate from this definition that a polynomial ring is Cohen-Macaulay. The
property applies to invariant rings under nice group actions, thanks to the following

theorems:

Theorem II1.10 (Hochster, Eagon). /23] If G is a finite, linearly reductive group
over k and V a finite dimensional, rational representation, then k[V]% is Cohen-

Macaulay.

A finite group is linearly reductive if and only if its order is relatively prime to the
characteristic of k, with a Reynold’s operator that averages functions over translation

by the group. More generally,

Theorem I1.11 (Hochster, Roberts). [24] If G is a linearly reductive group over k

and V a finite dimensional, rational representation, then k[V]% is Cohen-Macaulay.

The next section considers a computational application of this property.
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2.6 Hilbert Functions

For an invariant ring k[V]“ of a linearly reductive group, let S = k[f1,..., fu]
be the subalgebra generated by a homogeneous system of parameters. Then S is

isomorphic to a polynomial ring, and there exist homogeneous g1, ..., g, such that
EVIS=S- 1@ @S- g

as a free S module. Let d; = deg(f;) and e; = deg(g;). Then the Hilbert series for

k[V]% can be written as a rational function:

¥,
-]

Note that the decomposition of k[V]¢ and the rational expression above are not
unique.

For a graded k-algebra R generated in degree one, the Hilbert polynomial describes
dimy, R; for large enough 7. Because invariant rings are generated in several degrees,
more analysis is required to recover the growth rate of the Hilbert function. In
the notation of Campbell, et al. [3], let R[¢,i] denote the elements of R of degree
congruent to ¢ modulo ¢. Note that each R[(,1] is an R[/, 0]-submodule of R. Choose
¢ such that the Hilbert series for R can be written a(t)/(1—t*)", where a(t) € Z[t] and
n = dim R. Campbell, et al. show that ¢ can be chosen as the least common multiple
of the degrees of a homogenoeus system of parameters for R (their Proposition 3.1).

They conclude the following:

Proposition I1.12. Let R be a graded, finitely generated k-algebra with Ry = k. If
R is an integral domain of dimension n, then the Hilbert polynomials of the non-

trivial modules R[(,i] have the same leading coefficient and the same degree n — 1,

fori=0,...,0—1.
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From the hypotheses of the proposition, it follows dimy By = O(d"!). Hence
intuition about Hilbert polynomials applies to invariant rings generated in several

degrees.

2.7 Computation and Degree Bounds

2.7.1 Invariants of Reductive Groups

Several algorithms exist to compute generators for an invariant ring. These algo-
rithms require the acting group to be finite, linearly reductive, or reductive. Sturmfels
in 1993 filled in the details of Hilbert’s procedure for G = GL,, of a century earlier
[20, 44]. The following denotes the vanishing sets, in a variety X, of polynomials or

an ideal I:

V(f1,..., fo) ={z € X | fiz) =0V 3}

VI)={ze X | f(z)=0V fel}
Hilbert observed this property of the nullcone:

Theorem I1.13. [20] For a finite-dimensional representation V' of G = GL,, over C,
let f1,..., fn be homogeneous invariant polynomials such that V(f1,..., fn) = Ny.

Then C[V]% is a finitely generated C|[fy,. .., f,]-module.

The same statement holds for any reductive G [8, p. 226], and in either case, the
integral closure of k[fi,..., f,] is k[V]9. Now, for a maximal torus T C G, the
Hilbert-Mumford criterion yields that My¢ = G - Nyr. Using this relation, Hilbert
computes generators for k[V]T and from these the f; defining the null cone. Sturm-
fels then computes the integral closure of k[fy, ..., f,] with multiple Grébner basis
calculations.

Derksen’s 1999 algorithm computes generators of k[V]¢ when G is linearly reduc-

tive [4], using only one Grobner basis. Let ¢ : G X V' — V x V be an explicit map
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to the graph of the action, given by (g,v) — (v, gv). The algorithm computes a
Grobner for the ideal b vanishing on the closure of the image of ¢. Let I C k[V] be
the ideal generated by a homogeneous generating set for k[V]¢. Then the projection
of b to k[V] gives generators fi,..., f, for I. Applying the Reynolds operator to
each of the f; gives generators for k[V]“. Note this algorithm requires a subroutine
to compute the Reynolds operator. Recall that for finite groups with |G| t char(k) if
char(k) > 0, the Reynolds operator is just averaging. Classical approaches for GL,,
and SL, employ differential operators on k[G]; for general semisimple groups, that
is, when the radical R(G) is trivial, one employs an operator in the dual to the Lie
algebra of G [6, 4.5].

Derksen’s algorithm, though elegant, cannot produce generators when G is reduc-
tive in positive characteristic. Kemper’s 2003 algorithm [33] works for any reductive
group. He and Derksen combined and optimized their approaches in 2009 [7], provid-
ing algorithms that compute k[X]“ in the case where reductive G acts on any affine
variety X and the case where G is unipotent (hence non-reductive) and connected
and X is irreducible. As an example, for Kemper’s original procedure in positive

characteristic, let A C k[V] be a subalgebra, and define
A={fcklV]|f" € AforsomerecZ"}

to be the purely inseparable closure of A in k[V]. When k has characteristic zero,
define A = A. Recall that for the action of any linear algebraic group G on a
affine variety X, there exists a finitely generated, separating subalgebra A € k[X]¢.

Separating and generating invariants enjoy the following relationship:

Theorem I1.14. Let V' be a rational representation of a reductive group G, let

A C k[V]Y be a finitely generated, separating subalgebra, and let A be the purely
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inseparable closure of its normalization. Then

A technical lemma in the proof requires G to be reductive, and this lemma fails if
the only assumption is that k[V]% is finitely generated.

With this fact, Kemper’s algorithm takes as input an embedding of the reductive
group G and an explicit polynomial morphism G — GL(V). With two Grobner basis
calculations, it computes generators for the separating subalgebra A. Kemper then
provides a known algorithm for computing the normalization A and a new algorithm
for the inseparable closure j These procedures require additional Grobner bases
calculations. They output generators for k[V]“ in any characteristic. On the other
hand, Kemper provides an example where k[V]¢ is finitely generated, but G is not
reductive, so k[V]¢ is not integral over a separating subalgebra. In such cases, his

2003 algorithm fails.
2.7.2 Degree Bounds

The following notion of degree bound assists in computation of generators for a

graded ring R = ©g>0R4:
B(R) := min{D | R is generated by @5, R;}.

If one knows B(k[V]%) or an upper bound for it, then one knows in which degrees
an algorithm should search for generating invariants. Starting classically, let V; be
the k-space of degree d polynomials, that is k[z,y]g or S(V;)¢. This V; is called the

space of binary forms of degree d. Let SLo(k) act on Vy, for any d, as follows:

a B

v 0

fz,y) = flax + vy, Bz + dy).
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In fact, every irreducible representation of SLs is isomorphic to some V. Indeed,
let T = {t |t € k*} be the diagonal torus of the Borel subgroup of upper-triangular
matrices in SL,, and let W be a representation of highest weight \(t) = t¢, d an
positive integer. Then V,; has the same highest weight as W, namely, the weight of
x4 € Vy. So V; and W must be isomorphic representations. Camille Jordan proved

the following [28, 29]:

Theorem I1.15. Fiz d > 2. Then the ring of covariants of the representation

W = @®4,<aVy,, where each d; < d, is generated in degree less than ds.

In particular, B(k[V,4]%) < d, a smaller degree bound than for any other semisimple
group. Kraft and Weyman provide a modern formulation of Jordan’s method in [36].

In 1916, Noether produced the following degree bound for finite groups such that
the characteristic of & is 0 or larger than |G| [42]. Fleischmann and Fogarty improved

her result to this modern formulation,

Theorem I11.16. [11, 12, 42] Let V' be any representation of a finite group G. If the

characteristic of k does not divide |G|, then B(k[V]%) < |G|.

The characteristic of k causes problems when the Reynolds operator averages poly-
nomials over their G-translations.

Recall that Hilbert’s work lead him to consider defining equations fi,..., f, for
the null cone Ny, the set of points whose orbit closure contains 0 in a representation
V. If the f; are algebraically independent (e.g. upon application of Noether’s Nor-
malization Lemma), then they form a homogeneous system of parameters for k[V]¢.
Let o(V') denote the largest degree necessary for defining equations for Ny. Vladimir

Popov employed the Hochster-Roberts theorem to show that if GG is semisimple,

BE[V]Y) < dimV -lem{1,2,...,0(V)},
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and he provided an intricate bound for o (V') [8, p. 229]. For example, for the binary
forms his result obtains o(k[Vy4]%) = g—;d(d + 1)%. For other degree bounds, see Hiss
[21] and Kazarnovskii [31].

In 2001, Derksen [5] improved Popov’s degree bound:

Theorem 11.17. Let G be a linearly reductive group and V' a rational representation

of dimension s. Then
BHVI®) < max{2, 2s(a(V))).

Derksen also produced a more explicit upper bound for ¢(V') by considering the
degree of the generic orbit as a variety. This method is emulated by the work
on separating orbits, below. Choose an embedding of the group G, so that its
coordinate ring is k[z1, ..., z¢|/(h1,..., h,) for polynomials h;. Let m = dim(G), let
M = max{deg(h;) | Vi}, and let N denote the maximum degree of the polynomials

appearing in the representation p: G — GL(V).

Proposition 11.18. In the notation above, if the kernel of p is finite, then
o(V) < M=™mN™.

Note that this bound is polynomial in M and N, and one would choose ¢ as small

as possible.

2.7.3 Invariants of Tori

The new work below considers torus invariants in particular. David Wehlau in
1993 produced degree bounds for the case that G = T is a torus of rank r [46]. Let V
be a representation of 7', with dimension n and weights wy, ..., w,,. The character

group X (T') of T is the set of algebraic homomorphism 7' — k*, and it is isomorphic
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to Z". Furthermore, X (T) ®7 R = R". As the weights hence correspond to points in
R", it makes sense to talk about the volume of the convex hull Cy of the weights w;.

For a monomial x7* - --x% € k[xy,...,x,] the vector (ai,...,a,) gives a point in
N". Hence a monomial is invariant if ) . a;w; = 0. Wehlau finds a degree bound |8,

p. 231]:

Theorem I1.19. In the above notation,
Bk[V]T) < (n—7)(r)vol(Cy).

Sturmfels in [44, p. 19] explains an algorithm to compute k[V]" using a Grébner
basis, but Derksen and Kemper give an algorithm to compute generators for k[V]7
without computing any Grobner bases [6, p. 159]. If T" has rank r, the algorithm
considers points in a sufficiently large, finite set C C Z" containing the weights of the
representation. For each w € C, let I, be the ideal generated by monomials of weight
w. The algorithm begins with the coordinate functions on V' and, for each w € C,
multiplies and tests monomials to produce a minimal set of (monomial) generators
for each I,,. In particular, the generators of Iy will generate k[V]”.

When the rank of T is 1, the algorithm suggests a better degree bound for the
generators. In this case, the set C is the convex hull of the weights of the repre-

sentation V. Let m = x;, -

.-+ -x;, be a generating invariant, and let m; = x;, --- ;.

J
The algorithm constructs m by building on mq, ms,... in such a way that the m;

all have distinct weights in C. Therefore, the maximal degree of a generator is

14 2 - max{|w| : w a weight of V'}.
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2.8 Counting Invariants

2.8.1 SL, Invariants

Victor Kac employs the “Luna Slice Method” to reduce questions of one repre-
sentation to a “better” representation [30]; in the article he works over £ = C. Let
V' be a representation of a reductive algebra group G. For a point p € V, let G,
denote its stabilizer in GG, and let T}, denote the tangent space at p to the orbit G - p.
Consider T, as a linear, G)-stable subspace of V', and find a G-stable complement
Sp with V.= S5,®T,. If G- p is closed, then G/G, is affine, by the Matsushima
criterion [37], whence G, is reductive. The action of G, on S, is a slice representa-
tion, and there exists a categorical quotient S, — S,/ G,. The categorical quotient
7: V — VG restricts to S, — V//G. Since the fibers of this map are G,-stable, one

has a morphism =,: S, /G, — V//G. Kac proves the following:

Proposition I1.20. In the notation above, the size of a minimal generating set for

k[V]Y is at least as large as the size of a minimal generating set for k[S,)%.

To bound from below the size of a minimal generating set for £[V]%, one can study
a simpler slice representation S, by choosing p wisely.

Kac considers the action of G = SLy(C) on the binary forms, chooses a slice
representation such that G, is a finite, cyclic group, then gives a combinatorial lower
bound for the size of minimal generating sets for invariants. The combinatorial
characterization plays a central role in the new upper bounds for torus invariants
below.

To sketch Kac’s argument, first assume d is odd. Recall V, is spanned by the
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degree-d monomials in two variables. Choose p = 2% 'y 4+ 2y?~!. Then

k
G, = <0 (=€ k=1 ... .d-2
0 ¢k
Kac shows G - p is closed; a similar argument appears in Chapter 3 below. So Kac
considers the slice representation S,, and he shows that a generator o of the cyclic
group G, acts on a basis of S, with eigenvalues 1, ¢, ¢?, ..., %3

Let k[S,] = k[zo, x1, ..., x4-3], so that o - x; = (;x;. Then a minimal generating

set of k[S,]%" consists of monomials m = z{° - - - 25" such that

U

-3
a;-1=0 modd—2

i=1

and such that m is not divisible by another different invariant. Kac notes first that
every partition of n provides the degrees a; for such a monomial. Then he sees that
x?_Q for every i relatively prime to d — 2 is also invariant. So writing p(k) =(number
of partitions of k) and ¢(k) =(number of numbers 1, ...,k — 1 relatively prime to k),
Kac counts at least p(d — 2) + ¢(d — 2) — 1 generators for k[S,]“». The —1 appears
because otherwise :L"Cll_Q is counted twice. Therefore, when d is odd, this number
also provides a lower bound for the size of a minimal generating set for k[V]5%2.
The analysis proceeds similarly for even d. Now, Hardy and Ramanujan [16] (and

independently, Uspensky [45]) found the asymptotic growth rate

1 my/2n/3
n) ~ e ,
p(n) V3

so these generating sets exhibit non-polynomial but sub-exponential growth.
In 1988, Roger Howe produced a more explicit estimates of the size of “fundamen-
tal generating sets” for Ry = k[V,]°L? [25]. Let m denote the maximal homogeneous

ideal of R;. By the Graded Nakayama Lemma, a set S C Ry generates Ry if and
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only if the image of S in Ry/m generates Ry/m. If S has minimal size, Howe calls S

a fundamental generating set. He proves the following:

Theorem 11.21. Let I'y denote the number of fundamental invariants of Ry, and let

Ry(k) denote the degree-k piece of Rq. Then for fixed degree k,
(a) T'y/(dim Ry(k)) — 1 as d — oo.

(b) For constants cy, the number of fundamental generators in degree k for k > 4
15 asymptotically

(k) regn3/(k — 3) nk even,

e}

nk odd.

The paper [25] includes formulas for the ¢, in terms of binomial coefficients. By
“asymptotically” Howe means “the difference between the two expressions is small
in comparison with either,” when n is large enough. He concludes “that almost all

invariants of a fixed degree are eventually fundamental.”

2.8.2 Torus and Cyclic Group Invariants

More generally, the positive integer vector solutions to an equation

n—1

Zai'izo mod n

=1

relate to torus invariants in the following way:
Proposition I1.22. Let T = k* act on x; with weight t'. Identify Z, with the nth
roots of unity in T'. The evaluation homomorphism

ev: f(z1,. ., Tn, T _p) = fx1,... 20, 1)

provides a Z.,-equivariant isomorphism

klay, .. xn, 2]t — klzy, ... 2,)%
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Proof. Surjectivity is clear. For injectivity, it suffices to show that the ideal

(x—p — 1) CElxr, ..., p, ).

contains no T-invariants. Recall every T-invariant is a sum of invariant monomials.
If f € (r_, —1)is a T-invariant, then half of the monomials of f have nonzero

weight, which is absurd. O]

John C. Harris and David Wehlau [17] consider the general problem of producing

all solutions A = (ay,...,a,) € N to an equation

wix, + Weko + -+ - + wpx, =0 mod n,

where the w; are integers. They note that finding solutions to this equation is

equivalent to finding solutions to Kac’s equation,

142+ +(n—1)z,1 =0 mod n,

and they point out that the set of solutions forms a monoid. To state their result,
they call a solution decomposable if it can be written as a sum of two non-trivial
solutions, and indecomposable otherwise. There are only finitely many indecom-
posable solutions: if, say, a; > n, then one may subtract off the extremal solution
(0,...,n,...,0) that is non-zero in the ith place.

The degree of a solution A is deg(A) = > a;. The indecomposable solutions

A = (ay,...,a,_1) (and the variable z,) correspond to generators z{"---2""] for
klzi,...,z,]% in the proposition above. Lastly, define the multiplicity of a solution
A to be

a;+2as+ -+ (n—1)a,_1
- .

m(A) =
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The solutions with multiplicity one correspond to the partitions of n, and these
solutions are all indecomposable. Given such a solution, one can produce other inde-
composable solutions, of possibly higher multiplicity, with the following permutation
action. Let H,, = Z be the group of units in the ring Z,,. Then A = (ay,...,a,_1) is
a solution if and only if hA = (hay, ..., ha,_1) is a solution. Note that A and hA will
have the same degree. In fact, H, is the full group of automorphisms of the monoid
of solutions, but not every solution is in the orbit of a solution with multiplicity one.

So define the level of a solution A to be
0(A) = min{m(hA) | h € H,}.
Harris and Wehlau first prove the following.

Proposition I1.23. Let A be a solution of multiplicity one and degree k > [n/2]+1.

Then,
(a) The H,-orbit of A contains no other solution of multiplicity one.
(b) H, acts faithfully on the orbit of A, whence the orbit has size ¢(n).

In particular, they conclude that if & > [n/2]41, then there are exactly p(n—k)p(n)
solutions in degree k. Note that p(n— k) is the number of partitions of n into k parts.
This count provides a lower bound for the number of indecomposable solutions to
Y ;aix; = 0 mod n. What is more, computing the H, action on partitions of n
provides an efficient algorithm for computing solutions in high degree. Wehlau and

Harris further characterize these solutions as below:
Theorem I1.24. The following conjectures, due to A. Elashvili, are equivalent:
(a) If A has degree > |n/2] + 2, then ((A) = 1.

(b) If k > |n/2] + 2, then there are exactly p(n — k)¢(n) solutions in degree k.
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These conjectures differ subtly from the proposition above. The proposition describes
the orbits of solutions with level one in high degree. The first conjecture claims
that in fact all solutions in high degree have level one, in which case the number of
indecomposable solutions in high degree would be known. Note that if n is odd, then
the degree requirements are the same throughout. If n is even, then the conjectures

require degree one higher than the proposition.

2.9 Algebraic Complexity

2.9.1 Complexity of Algorithms and Problems

The goal of computational invariant theory is to write algorithms to solve problems
in invariant theory, such as distinguishing orbits or computing generators of invariant
rings. To describe the complexity of a computation is to describe the number of steps
or amount of computer memory space necessary to complete the computation. One
can gain information about complexity indirectly, for example, by determining the
number of cases an algorithm must consider or determining the minimum size of an
output. When implementing an algorithm on a computer, complexity considerations
have implications for the amount of memory the algorithm uses or the time it takes
to run.

Each of these parameters (number of steps, number of cases to consider, size of
output) depends on the size of the input to the algorithm. For example, an algorithm
['(G, V) to compute generating invariants may accept as input any reductive algebraic
group GG and any of its representations V. The number of steps I' requires to run
could depend on the dimensions of G and V', among other parameters. Indeed, the
word “algorithm” is often shorthand for “family of algorithms” that accept inputs
of different sizes and properties.

Thus to describe the complexity of an algorithm, one specifies which inputs con-
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tribute fixed costs of run time and memory space, and which inputs are allowed to
vary in the family. One says, for example, that Gaussian elimination can compute the
reduced row echelon form of an n x n matrix over Q with O(n?) algebraic operations
like 4+, —, and x. Note that such a complexity estimate assumes all computations in
Q require the same amount of processing time. Here, the “big O” notation O(f(x))
describes the order of growth for the function f(x). One writes g(z) = O(f(z)) if
there exists zp > 0 and a constant ¢ > 0 such that g(x) < ¢f(x) for all x > x¢, that
is, “for sufficiently large x.” For example, 5e" + 4n + 3logn = O(e").

One can determine the complexity of a problem with a two-part process. First, one
describes the size of the output or the number of times some particular calculation
must be made by any algorithm. This analytic work produces a lower bound, say
O(f). Then, one writes an algorithm that solves the problem, aiming for complexity
similar to O(f). The existence of such an algorithm provides an upper bound for the
complexity of the problem. The lower and upper bounds then suggest the complexity

of the problem itself.

2.9.2 Straight Line Programs

One framework that defines complexity more formally is that of straight line
programs [2]. With notation inspired by applications to algebraic geometry, let V'
be a set, F' a field, and let R be an F-subalgebra of the F-valued functions on V.
Let A = (a_p,...,a_1) € R™ be a finite, ordered subset of R. Consider a tape of
cells with a; € A in position i. A straight line program T is a finite, ordered list
of instructions I' = (I'y,...,[,—;). Each instruction I'; is of the form (x;j,k) or
(%;7), where x is an operation and j, k are positive integers referring to tape entries
in positions ¢ — 7 and ¢ — k, that is, 7 and k cells before i, respectively. The length

¢ = |I'| measures the complexity of the computation.
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To execute I' on input A, for i = 0,...,¢— 1 write a; in tape position ¢ as follows:

4

ai—j+ai—p T, =(+7,k)

Qj—j5 — Aj—f it I'; = (—§j, k)

i = a;j-a;ip T, =(x;5,k) where j, k < i.
c if I'; = (const; ¢) for c € F
aij if I'; = (recall; j)

\

The “recall” instruction of position j serves to collect relevant computations at the
end of the tape. Define the order-d output of I' by Outy(I', A) = (ar—g,...,a-1) €
R? where ¢ = |I'|. We omit the d where convenient. A straight line program hence
defines a function R™ — R¢.

For example, the function f(x,y) = 2% +2zy+y* in R = Q[z, y] can be computed
with the following naive straight line program. The input is (a_3,a_1) = (z,y). Here

are the instructions:

OFOZ(X,2,2)
0F1:(><,2,2)
.FQZ(X,4,3)

e I'; = (const, 2)

o F4:(X,2,1>
b F5:(+7574)
L] F6:(+7271)

Note that the numbers in each instruction describe locations relative to the current

location on the tape, so some instructions are identical. This algorithm has length
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7, and its entire output is
(%, 9%, 2y, 2vy, 2% + 42, 2° + y* + 2xy).

Of course, the complexity of the computation of f is 2: on the same input, let
Fop=(+,2,y) and I'; = (x,1,1).

Write I'® o I'M for the composition of two straight line programs, in which the
input of I'® is Outy(I'™, A) for some d depending on I'®. Then I'® oT'™) has input
A, and we execute I'® o '™ by concatenating the instruction lists.

Since the multiplication and division of numbers requires more memory and pro-
cessor time than addition, subtraction, and the calling of constants, one can choose
only to consider multiplications when determining lower bounds for the length of an
algorithm. On the other hand, the convention here of counting all operations yields
stronger complexity results and upper bounds. Now, programs cease to be “straight
line” when they involve “branching” from IF-THEN clauses. For these programs,
different inputs may require different run times and memory uses, because the algo-
rithm performs different steps. For these algorithms, one may define the “branching

complexity” as the total length of all branches of the tree of computations.

2.9.3 Examples

One hopes that the length or memory use of an algorithm is a polynomial function
of the size of the input, so that the algorithm remains practical for larger and larger
instances of the problem. If the length of an algorithm is polynomial in some relevant
parameters of the input, one says the algorithm is polynomial time. Of course, a
statement “algorithm I' has complexity O(f(n))” ignores constants and constant
coefficients in the true function g(n) for the length of I". In an implementation

of the algorithm on a computer, these constants could lead to prohibitive memory
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requirements or run times for even small instances of the problem. So in fact the
statement “algorithm I' has complexity O(f)” describes how the complexity of the
algorithm grows over larger inputs.

Several computations in algebra have polynomial or better complexity. For exam-
ple, if f, g € k[z] have deg(fg) = d and k has sufficiently many roots of unity, then
Fast Fourier Transform algorithms can compute f - g with total complexity bounded
by O(dlogd) [2, p. 33]. The Gaussian elimination algorithm to compute the reduced
row echelon form of an n X n matrix has complexity O(n?), including operations like
exchanging rows. In fact, computing the inverse, row echelon form, or determinant
of an n X n matrix can be reduced to a sequence of matrix multiplications. The
complexity of matrix multiplication then provides a total complexity bound for all
of these computations, namely, as of 1987, O(n%3%) [2, p. 420].

The complexity of Grobner basis calculations, that is, the number of steps per-
formed to compute a Grobner basis, is unpredictable but believed to be quite large
[10]. The essential process in computing a Grébner basis is the normal form algo-
rithm. Dubé et al. count the number of “reductions” required to write a polynomial
f in a normal form with respect to some fixed basis G of polynomials: if L is the
number of monomials in f, then the number of reductions is bounded above by
L-O(1)%8/. Furthermore, they prove the existence of G and f with d > L such that
the number of reductions is at least exponential in d. On the other hand, they note
that many ideals are “highly structured.” As result, the Buchberger algorithm is
practical in many examples, especially in two variables, even though its complexity
is theoretically exponential.

It must be said that the above discussion of computational complexity simplifies

some aspects of problems while overstating others. For one, an algorithm whose
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length is asymptotically polynomial may still in practice take a long time to ter-
minate. Avner Ash, who tests and develops conjectures in algebra by computing
a large number of examples with technology, puts it this way [1]: “When you say
an algorithm is polynomial time, I want to know the constants.” That is, he warns
that an algorithm with length 10°n% + 10 = O(n®) requires 4 billion steps when
n = 4. Roger Howe points out that polynomial complexity of degree 6, for example,
becomes time-consuming even for n < 100 [26]. On the other hand, Howe notes
that many large objects to compute, even sets of generating invariants, in fact have
simple descriptions. After all, the minimal generating sets for torus invariants have

size at least O(eV?), but one can describe them with linear integer equations.



CHAPTER III

Counting Generating Invariants of Semisimple Groups

The first chapter of new results considers the growth of minimal generating sets
for invariant rings. For an algebraically closed field k, parameterize with integers
n > 0 the family of representations V,,, with highest weight n\. Let S¢(V,,)¢ denote
the degree-d invariant polynomials on V,,,. We fix d and apply a ring structure to
the collection of spaces S¥(V,,») for n > 0, graded now by n. It turns out that
dim S4(V,5)¢ grows like a polynomial in n whose degree is a linear function of d.
Choosing high enough d, we show that the minimal cardinality of a generating set
for k[V,,]¢ grows faster than any polynomial in n.

The same trick works when SLs acts on the space V,, of binary forms of degree
n. Again, dim S%(V,)%"2 grows as a polynomial in n with degree d as large as we
want, and the minimal cardinality of a generating for k[V},]°"2, the invariants on the
binary forms, grows faster than any polynomial in n.

Counting generating invariants of T" C SLy reduces to the problem of counting,
for each n > 1, the S € {—n,—(n —1),...,n} such that ) _ca = 0 and no subset
of S has this property (the “subset sum problem”). Olson [43] proves that the size
of such S is no more than 3y/n. In the context of monomials, this result provides

a degree bound, and one can conclude that the size of a generating set for k[V,]7 is

31
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O(evosn).

For motivation and intuition, we begin with the invariants of SL,. The Back-
ground chapter discusses results of Kac [30] and Howe [25] on the size of generating
sets for k[V,]%L2. The below proof that these sets must grow faster than any poly-
nomial mirrors the computations of Howe, but the equivalent result for an arbitrary

semisimple group appears to be new.

3.1 The Orbits of SL, Acting on Binary Forms

Let k be an algebraically closed field, and assume for Sections 3.2 and 3.3 that

char(k) = 0. Consider the classical action of SL, on the binary forms V, of degree d.
Lemma III.1. Let X = SLy - f be the orbit of a form f € V.

1. If f has a factor of multiplicity > d/2 and X is closed, then f has at most two

distinct roots.

2. A form f has root factor of multiplicity > d/2 if and only if f lies in the null

cone.

Proof. Only forms of even degree have roots of multiplicity d/2. Assume without

loss that #%2 | f. Then

d—1 dj2, d/2

f=ax’ + a1z Y+t agpr’y

Consider the orbit of f under the action of the diagonal torus. Then,

lim¢ - f = CLd/QZL'd/Z d/2.

t—0

Y

Hence if X is closed, f has only two distinct roots.
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A form f has a root of multiplicity > d/2 if and only if X contains, say,

aqr? + -+ 4 agpp ¥ Hyd21 d even

fo=

adxd + o e _|_ a(d+1)/2x(d+1)/2y(d71)/2 d Odd
Such forms comprise the null cone of T, hence lie in the null cone of SLy, by the
Hilbert-Mumford Criterion. Conversely, if f lies in the null cone of SLy, then X

contains an element in the null cone of T', hence of the above form. In particular, X

is not closed. [l

Lemma II1.2. If the degree d > 3, then the generic orbit is closed, of dimension 3.

Proof. The non-vanishing of the discriminant gives a dense open set of forms with
no double roots. Claim the orbit of such a form is closed. First consider the diagonal
torus T in SL,. The T-weight spaces of V,; are spanned by the monomials xiy4—t.
Since f has only single roots and degree at least 3, it involves monomials of both

positive and negative weight. Hence if v: k* — T is a 1-parameter subgroup, then

lim~(¢) - f does not exist.

t—0

Now let v: k* — SLy be any 1-parameter subgroup. Find o € SL, such that oyo™!

lies in the diagonal torus 7" in SLs. Noting that o - f also has all single roots,

limy(t) - f = limy(t)o ' -of

t—0 t—0

= o' E)% oy(t)ot-of
which also does not exist. By the Hilbert-Mumford Criterion, the orbit of f is closed.
For d > 3, we may consider any three factors of f as a triple of points in P!. From
the analysis of the complex plane, an element ¢ € SLs is uniquely determined by
its action on three distinct points, which it sends to a triple of distinct points. Thus

the stabilizer of f is finite, and dim SL, - f = 3. O]
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Lemma II1.3. For d > 3, the categorical quotient has dim Vy)SLy = d — 2.

Proof. Let w: V; — V3 //SLs be the categorical quotient, a surjection of irreducible

varieties. Since the generic orbit is closed of dimension 3,

3 =dimV,; — dimV,/SLy = d+ 1 — dim V;/ SL,.

3.2 Bounding Generating Invariants for the Binary Forms

Let V.=V, = {ax + by | a,b € k} be the binary forms of degree 1 over an
algebraically closed field k. Then the space of binary forms of degree d is isomorphic
to S4(V), and S¢(S4(V)) is isomorphic to the space of degree-e regular functions on

Vy. That is, S¢(S4V)) = k[Vy)..
Proposition I11.4. For V =V, and natural numbers d,e, S¢(S4(V)) = S4(S¢(V)).

Proof. The linear factorization of f € Vj yields a surjective, SLs-equivariant mor-
phism of varieties 7: V¢ — V;. Let Sy act on V; by permuting the factors, and let

the torus (k*)4~! act as follows:

Lyeeostam1) - (J1y---5 Ja) = (S, 0y o fo, -ty ota—1Ja—1,t3 1 fd)-
(tryeotama) - (frseoo fa) = (fitT o for o ttotam famas t3 2 fa)

Then 7 1(f) is a T x Sg-orbit, and we have an isomorphism

d TxSg

A\

~

7 k[Vy] S k[VOT = |5V @ - @ S(V)

where S(V') is the symmetric algebra. For details, please see [6, pg. 164].
For (fi,..., f1) € V4, write f; = (a;x +by). If cox?+crxdy+- -+ cqy? € Vg, then

for every j, 7*(c;) € k[V] is homogeneous of degree d in the a;,b;. Since V = V*,
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the map 7* gives

- TXSd

SE(84(V))

12
D
2
=
®
®
=4
=

O

Lemma IIL.5. Let R be a graded, Cohen-Macaulay domain of dimension n. If R

has Hilbert-Poincaré series > a(d)t?, then there is a constant ¢ > 0 such that

_ a(d)
1 —— > =c>0
1mdsup { dn_l} c>0,
and a(d)/d"™' > ¢ for a sequence of integers d with constant difference.

Proof. Let ¢ be the least common multiple of the degrees of a set of generators for
R. Let R[l;i] = @, Rmevi, the ring of elements of degree congruent to ¢ modulo /.
Then from Section 4 of [3], if R is Cohen-Macaulay, then each nontrivial R[/;i] has
Hilbert polynomial H;(m) of degree n — 1. What is more, if R is a domain, then the
leading coefficient ¢ of each nontrivial H;(m) is equal to that of Hy(m); the constant
c is the degree of the R[(;:]. Thus there exist infinitely many d, with period at most

¢, such that a(d)/d"™' = ¢+ O(d™'), and the result follows. O

Since S L, acts linearly on V,,, one can find generating sets for k[V,,]°%2 such that
each polynomial is homogenous. Call a subset I' of a k-algebra R minimal of it has
minimal cardinality among all generating sets. By the graded Nakayama lemma,

every minimal, homogenous generating set has the same cardinality.

Proposition IT1.6. As n — oo, the size of a minimal set of generators for k[V,]L2

grows faster than any polynomial in n.
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Proof. Suppose I',, is a generating set for R, := k[V, ]2 of minimal cardinality. Let
I',(d) be the number of generators in T',, of degree d. If k[V,,]°*2 has Poincaré series
S~ a,(d)t?, then for large d,
ld/2] Ld/2]
Lo(d) > an(d) = > an(i) - an(d — i) = aq(n) = Y _ a;(n) - aq_i(n).
i=1 i=1
That is, we then subtract from dim R; the number of products of elements from R_g,
assuming no relations among them. The result is a lower bound for the number of
generators in degree d. We next recall S*(V,,) = S"(V;) to substitute a,(i) = a;(n).
Consider the sum on the far right above. Now, a;(1) = a;(i) = 0 for all n. When
i =2, a;(2) = ay(i) is 1 or 0, as k[V5]°L2 is generated by the discriminant. Recall
dim R,, = n — 2. Thus by Lemma IIL5, lim sup, {az(n)aq_»(n)/n?>} is a constant
(albeit a function of d). Thus ag(n)ag_o(n) = O(n??). Similarly, for 3 <i < [d/2],
ai(n) - ag_i(n) = O(n*=3 - n?==3) = O(n4=%). Thus in the relation
Ld/2]
Lo(d) > ag(n) = > a;(n) - ag_i(n),
i=1
if d > 6, then the right-most term grows as O(n?=%) By Lemma IIL5, there exists
¢ > 0 such that ag(n)/n=3 > ¢ for a sequence of integers n with constant difference.

For n in this sequence, a4(n) = O(n?3) for large n. Choosing d arbitrarily large

forces T',(d) to grow faster than any polynomial in n. O

3.3 Counting Torus Invariants

3.3.1 Applying the Grosshans Principle

Counting torus invariants on binary forms may be easier than counting SLo-

invariants. To that end, consider

Proposition III.7 (Grosshans Principle). [14] Let an algebraic group G act ratio-

nally on V, and let H C G be a subgroup. Let H and G act on k|G| by right and left
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translation, respectively. Then
KV = (K@ @ k[V])© .

Proof. Consider the morphism G x V' — G x V by (g,v) — (g,gv). Let G x H act
on the source by (g,h) - (u,v) = (guh™', hv) and on the target by (g,h) - (u,v) =
(guh™!, gv). Indeed, the actions of G and H commute, and the map is a (G x H)-

equivariant isomorphism. On the left, G acts only on G, so
o\ H
((kG1 @ kV)®) ™ = KVI™.
On the right, H acts only on G, so

G

((k[G] ® k[V])H> = (kG @ k[V])“.

By the equivariance of the map, we obtain two expressions for the invariants of

G x H. [
Let T C SLs be the diagonal torus, and
k[SLQ] = k[?«’n, <12, 221, 2’22]/(211222 — Z12%21 — 1)-
Then under the right-action of 7" on SLs,
k[SLQ]T = k[211212, 211222, 212221, 221222]/(211222 — <12%21 — 1).
Lemma II1.8. There exists a S Ly-equivariant surjection
k[Va] @ k[Va] — k[SLa)" @ k[V4].

Proof. Write apz? + a1y + asy®. For the homomorphism k[Vy] = k[ag, ay,as] —
k[SLy)", send

Qg 2117212

ay = 2nzep + 212201 = 221120 — L = 14 2219201 (211202 — 212221 — 1)

Ay > 291222
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Explicitly, if

a p
0'_1 = S SLQ,
v 0
then
o-ay = oag+ afay + Bray
og-a1 = 2avyag+ (ad + py)a; + 26das
o ay = ~ag+yoar + 6%as
and

o-(z11212) = o221 + af(z11222 + z12201) + B2 201 292

0 (z11222) = ayzi1z12 + @dz11290 + Byz12291 + BI221 292

0 (z12221) = ayziziz + Byziizee + adzizzar + 022122
_ 2 2

0 (291202) = Y 21212 + Y0(211222 + 212221) + 0 221 220.

Comparing the actions of SLy on the generators above, it follows that the defintion

of klag, ar, as] — k[SLy]T is indeed surjective and S Ly-equivariant. O

Applying the Grosshans Principle,
K[Va @ Vi)5"2 — (K[SLy)" @ k[V]) ™" = k[V,]T.

Kac showed that number of generating invariants for k[V,]2 is bounded below by
the size of a minimal generating set for k[V]? [30]. The Grosshans Principle may

help relate torus invariants and G invariants for representations of other groups G.

3.3.2 An Upper Bound for Torus invariants

Because the following invariant subrings are generated by monomials, we say

an invariant monomial is indecomposable if it is not the product of non-constant
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invariants. Consider the action of 7" = k* on a polynomial ring k[z1,...,x,, x_,]
defined by

t-x;, = ti:cl-.
Then the invariants are monomials of weight zero, whose positive-weight part is a

multiple of n.
Proposition II1.9. The cardinality of a minimal generating set for
klwy, .. o, x—n]T is O <66\/ﬁ10g2n) .

Proof. A minimal generating set contains only monomials of the form z,z_, and
ma® . where m € (z1,...,7,_ ;) is properly divisible by no monomial of weight con-
gruent to 0 modulo n. Now, Olson shows that if S C Z, has order at least 31/n, then a
subset of S has trivial sum [43]. Now, a minimal generating set of k[zy, ..., z,,z_,|T
can be chosen such that each (monomial) generator properly includes no invariant.
So such a set can be chosen such that each generating monomial includes no more
than 3y/n distinct variables.

An algorithm of Derksen and Kemper to construct torus invariants implies a
degree bound of 2n — 1 for a generating set of k[xy,...,z,,z_,]7, by computing
within the convex hull of the variables’ weights [6, p. 159] . This linear bound may

only hold when the torus has rank 1; Wehlau provides a more general bound in [46].

An upper bound for the number of generators in degree d is

<L3\%J) ' (Lgéﬁ\)ﬁﬁz 1) <pBVr(13y/n] +d - 1)BVRITL

The first term on the left counts ways of choosing 3y/n variables; the second term
counts monomials of degree d with 3y/n variables. Summing the upper bound over

degrees d up to 2n — 1 yields

0 ((nSW - (3v/n +2n — 2)3ﬁ) < O((2n)%7) = O(BVrlos2ny,
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The same bound holds for invariants of the cyclic group %, C T

Corollary III.10. Identify Z, with the nth roots of unity in T. The evaluation

homomorphism

ev: f(xy,...,xn, ) — fz1,..., 20, 1)
provides a Z,-equivariant isomorphism

klay, ... xn 2 )t — kloy, ... 2]

In particular, the cardinality of a minimal generating set for k[x1, ..., Ty, x_,]%" is

O(eﬁﬁlog 2n)
Proof. Surjectivity is clear. For injectivity, it suffices to show that the ideal
(l'_n — 1) C k[fﬁl, N ,ZEn,ZBn_l].

contains no T-invariants. Recall every T-invariant is a sum of invariant monomials.
If f € (r_, —1)is a T-invariant, then half of the monomials of f have nonzero

weight, which is absurd. O

Recall our initial interest in k[Vy]T. If d = 2n is even, then this ring is isomorphic to
B, =klx_pn,x_pi1,...,%0,... ,xn]T.
Proposition I11.11. The cardinality of a minimal generating set for B, is
O <n612\/ﬁlog2n> .

Proof. For r > 1, let ma* . be an invariant monomial such that

m € k[T,_1,..., 01,8 1,...,T_(r_1)]
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and m is properly divisible by no monomial of weight congruent to 0 modulo r.
Since z; and x_,,; have the same weight modulo r, Olson’s theorem yields that m
involves no more than 2 - 3/ distinct variables, which may occur with multiplicity.
Otherwise, if m’ divides m and m’ involves 6./ distinct variables, then m’ is divisible

by a monomial of weight congruent to 0 modulo r.

k

Recall that monomials of the form ma”, in a minimal generating set have degree

k

at most 2n — 1, for any r. Since an upper bound for the number of generating ma"” .

in degree d is

(o) (M0 E0T ) < e oy a -

summing these upper bounds up to degree 2n — 1 yields
O ()7 - (67 +2n = 2)7) < O((2n)!27) = O(e!2V71ox20),

k

+m with

Repeat the argument for invariants of the form x
m € k[Tr_1,..., 01,0 1,..., T (1))

In either case, the weight of m determines the exponent k. Note that the num-
ber of invariants z,x_, grows linearly, and these monomials together generate the

invariants. The result follows by choosing the largest r = n. O

In the invariant ma* considered in the above proof, the monomial m may be divisible
by invariants not involving x,. Nevertheless, the upper bound holds for monomials

involving r.
Corollary II1.12. The cardinality of a minimal generating set for k[Vy|T is
(a) O(deSV o2 for odd d,

(b) O(de**V4/21edy for eyen d.



42

Proof. For odd d there is a T-equivariant isomorphism

k[vd]T = k[x—d7 Ld42y ooy L1, T1y 0 v 7'Td]T7

where all variables have odd weight. Following the argument above, the invari-

k

¥, say, involves no more than 3./r variables among the r + 1 variables

ant mx
Ty_g,...,T_(r—9) of distinct weight modulo r. Making these adjustments to the
above calculations, but retaining the degree bound 2d — 1 (from the convex hull

of the variables’” weights), yields an upper bound for the size of a minimal generating

set:

(r+ 1" (3y/r +2d — 2)*" < O((2d)°V7) = O(5V7182%),

The weight r varies from 1,3,5...,d, and the result follows.

For even d = 2n, the isomorphism
k[‘/;i]T = k[x—n; Lpnt2yeo3 L0y, Ln

makes way for the previous proposition. O

3.4 Generator Counts of Representations Parameterized by Weight

3.4.1 The Ring of Covariants

Let G be a reductive algebraic group over a field k of characteristic 0. Fix a Borel
subgroup B =T x U, where T is a maximal torus and U is the maximal unipotent
subgroup in B. Let V) be the representation of G of highest weight A with respect to
T, which is unique up to isomorphism. We will show that whne G is semisimple, the
cardinality of a minimal generating set of k[V,,]“, as a function of n, grows faster
than any polynomial.

Recall that when U acts on reductive G on the right, then k[G]Y = @)5Vy as

graded rings, where the latter is the direct sum of the irreducible representations V)
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whose highest weight A is positive. Choose a positive weight A, and consider the

subring Ry 1= @p>0Von-

Lemma I11.13. The ring Ry is finitely generated, namely, if vy« is the lowest weight

vector of (Vy\)*, then Ry = k[G - vy+].

Proof. Let vy« € (V)\)* be a lowest weight vector, of weight —\, of the dual space to
Vy. Claim Ry = k[G - vy+]. Let f be the image of (vy+)* in k[G - vy-]. For n > 0, the
function f™ has weight nA under T" and generates a G-module isomorphic to V,, in
k[G - vy, whence Ry — k[G - vy-].

To obtain the reverse inclusion, consider the orbit map G — G - vy~ defined by
g — g - vy-. Because this map is dominant, it gives rise to a G-equivariant injection

k|G - vy+] < k[G]. Consider the stabilizer in T" of v,

T)\*:{tET|t'U)\*=U>\*}.

If h, € k|G - vy+] is a highest weight vector of weight p, claim p(Ty-) = {1}. First
note that if h,(vy-) = 0, then h, (T -vy+) =T - h,(va+) = {0}, because h, is a weight
vector. Let U™ be the opposite unipotent subgroup to U with respect to T'; then vy«

is U™ invariant, because U~ lowers the weights of T'. It follows
{0} = hy(vae) = hy (T - va«) = by (UTU™ - vy+)

because h,, is U-invariant as a highest weight vector. Since UTU™ is dense in G,
h, would be identically zero on G - vy, which is absurd. Thus h,(vy<) # 0, and for
t e T)\*,

() (va) =t hy(oxe) = h, (- oa) = hy(vae).

Therefore p(Ty+) = {1} and p = n\, so every irreducible G-submodule of k[G - vy

is one of the V,,,. O
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For comparison to the size of a generating set, note that the dimension of the V,,,

grows as a polynomial in n:

Lemma I11.14. Let r be the number of positive roots of a reductive group G. Then

dim V,,, = O(n").

Proof. Let ® be the set of roots of G, § = %Za>0 « a sum over the positive roots,
and (-, -) an inner product on the space spanned by ®, preserved by the Weyl group

of reflections. Then by Weyl’s formula in [27, p. 139],

[Lo(nA+6, )
[Laso(d0)

The number r of positive roots of G satisfies 2r + dim 7" = dim G. 0

dim Vn)\ =

3.4.2 Generic Closed Orbits in Cartesian Products

For a finite-dimensional vector space V over an algebraically closed field k, let
p: G — GL(V) be a non-trivial, rational representation of the semisimple algebraic

group G.

Lemma II1.15. If G is semisimple and p : G — GL(V) is a representation, then
the image of p lies in SL(V'). If p is not trivial, then dim p(G) > 2.

Proof. The image p(G) of G in GL(V) is also semisimple, and p(G) = [p(G), p(G)] C
IGL(V),GL(V)] = SL(V). If p is non-trivial, then dim p(G) > 1, but there are no

connected, semisimple algebraic groups of dimension 1 [27, p. 131]. ]

Lemma II1.16. For an n-dimensional vector space V', let X =P(V). Letd > n+1
and let SL(V) = SL,, act diagonally on X¢. If)?/d is the affine cone over X, then

the generic orbit of SL, acting on X4 s closed, of dimension dim SL,,.

Proof. Fixing a basis for V, let f: V¢ — k be the product of the (n x n)-minors of

an n X d matrix. This f defines a function on X? and also on the affine cone X,
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Choose p € X4 with f(p) # 0, and let [p] be its image in X¢. Then [p] defines d
points in P(V'), no n of which lie in the same hyperplane. Thus the stabilizer of [p] in
SL, is finite (namely, the scalar matrices of SL,, such that the product of the entires
is 1). Tt follows that the stabilizer of p is finite, whence dim(SL,, - p) = n? — 1. This
dimension holds for the orbit of generic p with f(p) # 0.

Note that f is an invariant function on )A(ji, because the SL(V) fixes determinants.
Soifq € X4 lies in the orbit closure of p, then f(q) = f(p). Thus dim(SL,-q) = n*—1
as well. Since orbits in the boundary of S'L,, - p must have strictly smaller dimension,

the point ¢ must lie in the orbit of p. Therefore, the generic orbit is closed. O

Recall that V) is a highest-weight representation of a semisimple group G, and

R = ®,>0V,n. Let Z = Proj R, and consider the sum of tensors over k,

d
C=PVne @V

n>0
The dth Cartesian product of Z is

d
—_——~
Z49=ProjC =7 x} - x4 Z .
As G C Aut(R), G acts rationally on Z, hence diagonally on Z% hence on the affine

cone Z4.

Lemma IIL.17. In the above notation, if p : G — GL(V)) is an irreducible repre-
sentation of highest weight X and d > dim V), then the generic orbit of G acting on

74 is closed, of dimension dim p(G).

Proof. Suppose dimV), = n. Note Z is a subvariety of X = P(Vy): indeed, if
k[VA] = klz1,...,z,], then there is a surjection k[z1,. .., 2,] = @m>oVima by sending
the z; onto an (n-dimensional) basis for V,. Thus Z7 is a closed subvariety of )/(71,

and Z spans V;* because k[Z] contains V.
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As in the proof of Lemma I11.16, let f: Vi — k be the product of the (n x n)-
minors of an n x d matrix. Since Z is irreducible and spans V), the generic p € 7d C
X has f(p) # 0. Then for generic p € ZZI, the orbit SL(V))-p is closed in X4 Recall
that the stabilizer SL(V}), of p is a finite set of scalar matrices, whence normal. It
follows that the orbit SL(V}) - p is isomorphic to SL(Vy)/SL(V)), as a variety, so it
is an algebraic group. By Lemma II1.15, p(G) is a closed subgroup of SL(V)) (see
27, p. 54]), and the p(G) action on V) factors through the SL(V)) action. Thus for
generic p € %, G - p is isomorphic to p(G)/p(G),, the homomorphic image of an
algebraic group. Thus G - p is closed in SL(V)) - p, with dimension dim p(G). Since

G-pC /Zvd, the result follows. n

3.4.3 Counting Generators

To count generating invariants for large n, we again need to understand the degree

d component of k[V;,,]¢.

Proposition I11.18. Let p : G — GL(V)) be a non-trivial, rational representation
of highest weight X\. Write SYV,\)¢ = k[V,,|, the degree-d homogeneous piece of
k[Vial€. Let m = dim p(G). Then there is an integer c with 1 < ¢ < m such that for
large n,

dim S%(V,,,)¢ < O(n“),

and when both n and d are large,
dim S4(V,.0)¢ = O(n“=™),

Proof. Letting the symmetric group Sy permute the d factors of each n-graded piece

of
d

n>0
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take the categorical quotient,

Z%)/Sy = Proj (@ Sd(Vn,\)> .
n>0
Next take the quotient by the GG action on each copy of X:

(2)/S4) )G = Proj <@ Sd(VnA)G> .

n>0
These actions of G and S; commute. From Lemma II1.17; if d > dim V), + 1, then
the generic orbit of G acting on the cone Z4 is closed and of dimension p(G) = m.

Therefore, for large enough d,
dim(Z4)Sy) )G = d - dim Z — m.

Now, Lemma III.13 yields that

dimZ + 1 =dim R = dimk[G - v):] < dim p(G) = m.

Let ¢ = dim Z. Note ¢ > 1, because for large d, 74 contains an orbit of dimension
m > 1. Thus the Hilbert polynomial for ®,,5%(V,,) has degree cd — m for large d,

and degree bounded by cd — 1 otherwise. O
As above, let k[V,,,]¢ have Hilbert-Poincaré series Y o ; a,(d)te.

Theorem II1.19. Let p : G — GL(V)) be a non-trivial, rational representation of
highest weight X. The minimal cardinality of a generating set for k[V,z]¢ grows faster

than any polynomial in n, and hence faster than any polynomial in dim V.

Proof. Let T',, denote the minimal cardinality of a generating set of k[V,,]¢, and let

N = dimVj. From the proof above, if d > N, then dim S¢(V,,,)¢ = O(n®“~™) for
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large n and a constant ¢ with 1 < ¢ < m. Then for large n,

ld/2]
L, > a,(d)— an(i)an(d — 1)

=1
N [d/2]

= an(d) =) _an(Dan(d—i) = > an(i)an(d - i)
i=1 1=N+1
N [d/2]

~ an(d) =Y an(i)an(d—i) = Y nempeltTm
=1 i=N+1

where the approximation symbol indicates an asymptotic estimate for sufficiently
large n and d. When 1 < i < N and n is large, we bound a,,(i) = O(n®"'). Assume
d— N > N,m, so that for i < N we may bound a,(d — i) = O(n“4=9)=™). Then for
such i < N, we have a,(i)a,(d — i) = O(n“"™"1), and we obtain that for large n

and d,

O(Fn) > an(d) — N . ptd—m=1 _ gpncd=2m

ncd—m —N- ncd—m—l _ dncd—Zm

Q

ncdfm

Q

Fixing d arbitrarily large, it follows that the size of a minimal generating set for
E[V,a]¢ grows faster than any polynomial in n. The final assertion of the theorem

follows because, by Lemma I11.14, dim V,,, grows like a polynomial in n. O]



CHAPTER IV

Quasi-Regular Functions

Let V be a representation of an algebraic group G over a field k = k. Then for
p € V, the orbit G - p is open in its closure, and its boundary is a union of orbits.
If G- q is an orbit in the boundary of G - p, then every f € k[V]¢ has f(p) = f(q).
In general, polynomial invariants cannot separate p and ¢ if G -pNG - ¢ # @. Thus
if a set of more general invariant functions V' — k is to separate all the orbits of a
group action, then the functions in S must be able to distinguish locally closed sets.
This chapter develops a set of such “quasi-regular” functions on an affine scheme

and explores their properties.

4.1 The Patch Topology

For any commutative ring R with 1, consider the spectrum Spec R as a set, and
endow it with the patch topology whose basis is generated by “patches” of the form
V(f),V(g) for f,g € R. The terminology comes from Mel Hochter’s 1969 paper [22],
in which he identifies properties that characterize spaces in the image of the Spec
functor. Note that this topology has more open sets than the Zariski topology. Let
QSpec R denote the space Spec R with the patch topology. Writing X = QSpec R,

for f € R let Xy = V(f)°. Finite intersections of basis elements take the form
(fi, - fr) N Xgogs

49
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Thus a general element of the topology, constructed with infinite unions and finite
intersections, can be written

U (V(fi,la <o 7fi,7“i) N Xgi,l'“gi,ti)

i€s

for some index set S One can further write ¢;1- - ¢i1, = gi.

e

Proposition IV.1. The topological space X = QSpec R is Hausdorff.

Proof. Choose distinct primes p, q of R, and find f € p\q. Then p € V(f), ¢ € X,

and both of these sets are open. O

The partition of QSpec R arising in the above proof suggests the name “patch topol-
ogy.” In fact, a similar proof shows that QSpec R is totally disconnected.

If R is an integral domain, denote by Q(R) its field of fractions.

Proposition IV.2. For any commutative ring R with 1, QSpec R = X is compact

under the patch topology.

Proof. This proof imitates the classical algebraic geometry proof that Spec R is quasi-
compact. Consider an open cover of X in the patch topology, with some index set
S:
X={JV(fir, - fir) N X,)
=

Let R[] = R[z;j: 1€ S, 1 < j <], and let I C R[Z] be the ideal generated by
all fijxi; — gi. Claim T' = R[Z]/I is the zero ring. Assuming the claim is false, let
p C T be a nonzero prime ideal. Then p pulls back to a prime q C R[X] containing
every fi;x;; — g;. 1f q pulls back to a prime q' = qN R, then for some i € S, it follows

q € V(fir,..., fir;) N Xy, because q' € X lies in some open set in the open cover of

X.
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Since ¢ = RN q and q'R[Z] C q, it follows that q contains both f;;x;; and
fijrij — gi, 1 < j < r;, and hence contains g;. Thus ¢ = R N q contains g;; a
contradiction. Therefore T'= R[Z]/I contains no (proper) prime ideals, proving the
claim. From I = R[z] it follows that there exists a finite subset S C S and sets

={j|1<j<r} such that

1= Z Z bij(x)(fijxi; — g;) for some by(x) € Rlxi;: i€ 85,5 €8]
i€S’ jes!
Also note that if b;;(0) is the image of b;;(z) under the surjection R[z] < R by all
2+ 0,then1=3" Zjesg b;;(0) - g;. Thus the ideal (g;: i € §') is all of R.
It remains to show that the desired finite subcover is

X=JV(fir,- s fir) N Xy,).

€S’

Let p C R be a prime ideal. For n = |S'|, write S’ = {¢1,...,9,}. Then upon
renumbering, we may assume ¢i,...¢g, ¢ p for some m > 1 and assume g; € p
for i > m. We must show that for some ¢« < m, all f;; € p. Assume by way of
contradiction that for every ¢ < m there exists an associated f; ; & p. Consider the

ideal
J=(fixij =G [y €p)+ (wj:m <i<n,jeS)C(R/p)lay:icS, jeS],

where overlines denote coset representatives modulo p, and consider the sequence

(R/p)lwy:ie€ S, je S o

R/p — ¥

Q(R/p).

Indeed, since R/p is a domain, the middle term is isomorphic to the subring of
Q(R/p) generated by R and g;/fi; for i € S',j € S.. Since the remaining f;; and
gi lie in p, the ideal J contains > ;cq > e bij(x) z)(fyxi —g;) = 1. It follows that

R/p — Q(R/p) factors through the zero ring, a contradiction. Therefore, for some
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i < m, the prime p does not contain g; but does contain all f;; for j € S;. In other
words, there exists ¢ € S" such that p € V(fi1,..., fi,,) N X, for an arbitrary choice

p € X, and a finite subcover exists. O]

4.2 Quasi-regular Functions

Let ¢ : R — S be a homomorphism. Then ¢* : QSpecS — QSpec R remains a
continuous map in the patch topology by the usual pull-back of prime ideals, and the
localization ¢, induces an inclusion of fraction fields Q(R/¢*(p)) — Q(S/p). Such a

homomorphism is further called a quasi-isomorphism if both
1. ¢* is a homeomorphism in the patch topology,
2. For every p € QSpec S, ¢, : Q(R/¢*(p)) = Q(S/p) is an isomorphism.

Thus when constructing functions on Spec R, it suffices to do so on a quasi-isomorphic

spectrum. Some examples follow:

Proposition IV.3. For f € R, the homomorphism ¢ : R — Ry x R/(f) by r —

(r/1,r+(f)) is a quasi-isomorphism.

Proof. Recall the classical spectrum of Ry x R/(f) is homeomorphic under ¢* to
the disjoint union of the spectra of its factors. The same holds for the QSpecs:
for one thing, ¢* restricted to each component is homeomorphic onto its respective
image. For another, the images of these components form a disjoint open cover of
QSpec R. Because ¢, gives the isomorphism Q(Ry x R/(f)/¢*(p)) = Q(R/p) for

every p € Spec R, the result follows. n

Note that the previous proposition illustrates that the QSpecs of two rings can

be quasi-isomorphic when the respective spectra are not.
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Proposition IV.4. Let R,y be the reduced ring of R. Then the natural map ¢ :

R — R, is a quasi-isomorphism.

Proof. As every prime of R contains the nilradical and ¢ is surjective, it follows that

>~

¢* is a classical homeomorphism, hence a patch homeomorphism. Again Q(R/p)

U

Q(Rrea/¢*(p)) under ¢, and ¢ is a quasi-isomorphism.
In general, isomorphic spectra are quasi-isomorphic.
Proposition IV.5. A composition of quasi-isomorphisms is a quasi-isomorphism.

For the remainder of this section, recall that a continuous bijection of compact

Hausdorff spaces is closed, whence open.

Proposition IV.6. If ¢ : R — S s a quasi-isomorphism and ¢ : R — T s a

homomorphism, then ¢ : T'— S ®r T is a quasi-isomorphism.

Proof
R v s
\
¢>\C§(R/q) l Q(S/a)
T - SorT
l 3
\Q(T/ b) / Q(S/a) @q(r/q) Q(T/b)
\Q(XS ®r T/E)/

In this proof, tensors are over R unless noted otherwise. First establish a bijection
between primes p € Spec S ® T and triples (g, a,b) € Spec R x Spec S x Spec T such

that a,b pull back to q. Clearly any p € Spec.S ® T' produces such a triple under
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the respective pull-backs. Conversely, such a triple determines the ring

F = Q(S/a) @qr/q Q(T/H),

which is isomorphic as a Q(R/q)-algebra to Q(T'/b), because 1) ~!(a) = q and R, S are
quasi-isomorphic. Now, S,T map to I’ by factoring through their respective residue
fields. Hence there exists a unique map S ® T" — F. Denote by p the pull-back to
S ® T of the zero ideal in F'.

In summary, p € Spec S ® T pulls back to a triple of the above form, and such a
triple determines a prime of S ® T'. On the one hand, if a triple determines a prime
of S® T by the pull back of (0) C F, then that prime must pull back to the entries
of the triple, by the commutativity of the diagram. On the other hand, assume a
prime p € Spec S ®T pulls back to the triple (g, a,b). Then as Q(S/a), Q(T/b) map
to Q(S ® T'/p), there exist unique maps ST — Q(S @ T/p), F — Q(S ® T/p),

and S®T — Q(S ® T/p) factors uniquely as

S®T = Q(5/a) @qr/q) QT/b) = QSR T/p).

Therefore the zero ideal of F' pulls back to p, proving the bijection. Now, a triple
(q,a,b) provides a prime b € SpecT, and as F' = Q(1/b), such a prime b pulls back
to a unique prime p € Spec S ® T' that determines a triple containing b. Thus ¢* is
a bijection.

What is more, the diagram shows that the inclusion S ® T'/p — Q(S ® T'/p)
factors through Q(7°/b), since Q(S/a) ®qr/q) Q(T/b) = Q(T'/b) as noted above.
As Q(S ® T'/p) is the smallest field containing S ® T'/p, it follows that ¢, is an
isomorphism of residue fields. Finally, ¢* is continuous in the patch topology and is

open as a bijection of compact Hausdorff spaces. O]
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The goal of quasi-isomorphisms is that one can often define functions and ho-
momorphisms on a quasi-isomorphic QSpec that do not exist on the original space.
To this end, define a quasi-homomorphism ¢ : R ~ S to be a continuous map
¢* : QSpec S — QSpec R together with field inclusions ¢, : Q(R/¢*(p)) — Q(S/p)
such that there exists a ring 7', ring homomorphism ¢ : R — T, and a quasi-

isomorphism v : S — T with the following properties:
Lgt=yro(y) 7,

2. For p € QSpec S and q = (v*)"'(p), one has ¢, = (74) "' 0 9.

|
gl
R-Y-T
Note that T may not be unique. Indeed, the flexibility in choosing perhaps even
a chain of quasi-isomorphic QSpecs will aid in the following generalization of the
regular functions on Spec R.

Consider a function f on QSpec R such that for every p € QSpec R, f(p) lies
in Q(R/p). Call f a quasi-reqgular function if there exists an associated quasi-
homomorphism ¢ : Z[z] ~» R such that ¢,(x) = f(p) for every p € QSpec R. That

is, f is considered quasi-regular if there exists a quasi-isomorphic ring T such that

under the quasi-isomorphism ~, f is regular on 7.
Proposition IV.7. The quasi-isomorphism ¢ above is uniquely determined by f.

Proof. Let ¢, be quasi-homomorphisms associated to f. Then both define the
same map of topological spaces. If q is the pull-back of p € QSpec R, then ¢,, ¢, :
Q(Zla]/9) — Q(R/p) have ¢y(1) = 1 = (1) and 6y(z) = F() = plx). These
assignments determine ¢, = ¢, uniquely. Upon recalling that the choice of the ring

T quasi-isomorphic to R need not be unique, the proof is complete. O
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Proposition IV.8. For any ring R, the constant functions 0, 1 are quasi-reqular
on QSpec R. If f, g, are quasi-regular functions, then f+ g, f — g, fg are also quasi-

reqular.

Proof. For the constant functions 0,1, define the homomorphisms Z[zx] — R such
that x + 0, 1, respectively. In both cases, R itself plays the role of the ring T above.

Next assume f, g are quasi-regular, with associated quasi-homomorphisms Z[z]| ~
R defined by

VL) =T, x—xy, i€{1,2},

respectively. It follows from Proposition IV.6 that R is quasi-isomorphic to 77 ® T5.
Hence define

Y Zlx] > Ty ®r Ty by x+— 11 ® xs.

Now, the rings R, T}, T5, and T} ® T, are pairwise quasi-isomorphic, and since the

following diagram commutes,

the product of z1,xs in T} ® Ty is precisely 21 ® xo, which is mapped to f(p)g(p)
upon taking the residue fields at any p € Spec R. The proof for f + g or f + (—g)

proceeds similarly, by sending ¢ : x — 21 ® 1 + 1 ® xs. O

One useful construction is the quasi-inverse of a quasi-regular function:

1/f(p) f(p) #0
[ (p) = :

0 f(p) =0
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Proposition IV.9. If f is a quasi-reqular function on QSpec R, then so is f*.

Proof. Associated to f is a quasi-isomorphism R — T and a homomorphism Z[x] —
T, with x — g € T, say. Define a new quasi-homomorphism ¢ : Z[z] ~~ R by
the quasi-isomorphism v : R — T — T, x T/(g) = S and the homomorphism
¢ : Zlx] — S sending x +— (1/g,1). Then ¢,(z) agrees with f* at every point of

QSpec R. H

Note further that (f*)2f = f*, f2f* = f, and (f*)* = f, where the latter requires
the fact that, in the notation of the above proof, Sq/41) X S/((1/9,1)) = Sa/g1) =

Ty < T/(g).
4.3 QI-rings
To axiomatize a ring in which quasi-inverses exist as above, define a QI-ring to be

a commutative ring R with 1 on which an operation f — f* is defined and satisfies

the following for every f € R:
(f)f=f" and fif*=Ff

It follows immediately that every element f of a QI-ring is a zero-divisor: f(1—ff*) =
0. Furthermore, if ¢ € Spec R and f € R, then q > f or q > (1 — ff*), but not both.
For an arbitrary commutative ring R with 1, define R to be the ring of quasi-

regular functions on QSpec R.
Proposition IV.10. For every commutative ring R with 1, Risa QI-ring.

Proof. Proposition IV.8 above shows that the quasi-regular functions form a ring.

So it remains to verify the axioms for f* in a QI-ring, by considering the values of

FX0)2f(p), f(p)?f*(p) in each Q(R/p). O
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Ideals in QI-rings are closed under the operation f +— f*:
Proposition IV.11. For every f in a QI-ring R,
(a) £ € (f)
(b) fe(f") for everyn > 1

Proof. Property (a) follows from the first axiom. For (b), induct on n: The casen = 1
is clear. If f € (f 1), then f = gf™! for some g € R, and gf" = f-gf" ' = f2

Thus (f*) > f2f* = f. O
Corollary 1V.12. FEvery ideal I of a QI-ring R is radical, and R is reduced.
Proof. If f™ € I, then part (b) above yields that f € I. Now consider I = (0). O
Corollary 1V.13. Every prime ideal p of a QI-ring is mazximal.

Proof. For any f not in p, consider I = (f) + p. As remarked above, one must have

(1—ff*)epand ff*€I. Thenl € I. O

In an arbitrary commutative ring with 1, every element is a quasi-regular function

on QSpec R, possibly the zero function:

Proposition IV.14. Let i) : R — R be the homomorphism assigning every element

of R to its associated quasi-regular function. Then the kernel of 1 is the nilradical
(0).
Proof. For every f € R, f(p) is the image of f in the residue field Q(R/p). Thus

f(p) =0 for every p € QSpec R if and only if f lies in every prime ideal of R. O

Lemma IV.15. Let f be a quasi-reqular function on QSpec R. Then the set of points

where f =0 is open and closed in the patch topology.
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Proof. Consider the quasi-homomorphism associated to f:

)
.
Zz] LT
Let ¢(x) = £ € T. For p € QSpec R, find q € QSpecT such that v*(q) = p. Then
f(p) =0€ Q(R/p) if and only if £ — 0 € Q(T'/q) if and only if £ € q if and only if
q € V(&), an open and closed set in the patch topology. As 7* is a homeomorphism,

f vanishes on the open and closed set v*(V(¢)). ]

Proposition 1V.16. The homomorphism ¢ : R — R induces a homeomorphism

Y*: Spec R — QSpec R.

Proof. Choose a prime ideal p of R, and define m, C R to be the ideal of quasi-
regular functions vanishing at p. Then m, Z 1 is proper, contains ¢(p), and is prime
because the product of two functions fg vanishes at p if and only if f(p) = 0 or
g(p) = 0 (in particular, m, is maximal). Hence the contraction of m, is a prime ideal
of R containing p.

Define the evaluation homomorphism ev,: R — Q(R/p) by f + f(p). Then the

induced evaluation map R/mp — Q(R/p) is an isomorphism, and one has

R/p % R/m, 5 Q(R/p).

To show the contraction of m, is precisely p, it remains to show that the first map
is injective. To that end, 1) sends the class of f € R to its value at p as a quasi-
regular function, so the class of f lies in the kernel of v if and only if f € p. Hence
Y~ (m,) = p, and ¢* is surjective.

It suffices to show that every maximal ideal m C R is the (unique, maximal) ideal

of quasi-regular functions vanishing at some point of QSpec R. Then since quasi-
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regular functions separate points of QSpec R, it would follow that ¢* is a continuous

bijection of compact spaces, whence open. To this end, choose m C R, and define

Z(m)={p€QSpecR| f(p) =0V f €m}.

Claim Z(m) is not empty: otherwise there exists an open (and closed) cover of
X = QSpec R by the images of Xy :: = V(fof%)¢ for a collection of f, € m. Take
a finite subcover, say X = (J¢*(Xy,+)) for f; € m. The intersections of elements of

this subcover are finite intersections, of the form

Xfilffl'"fikf;k for fij cm.

Write lef; .. fzk Z]; = G- Then ij\X ; — ij(l—gigf)a with f](l — gzgf) c m.
Removing intersections in this way yields a disjoint cover X = | |¢*(X},) for hy € m.
By construction,

1 pe Xy,
he(p) =

0 otherwise.
Therefore > hy, € m is the constant function 1, which is absurd. The claim is proven.

Finally, choose any p € Z(m). It follows that m C m,, forcing equality. O

Corollary IV.17. Let R be a commutative ring with finitely many prime ideals.

Then R is a product of (residue) fields.

Proof. Let my, ..., m, be the maximal ideals of R corresponding to the prime ideals
of R. Then these are all the prime ideals of R. Because R is reduced, Nm; = 0,
and of course the m; are coprime in pairs. It follows that R — I lfz/mZ defined by

f—=(f+my,...,f+m,) is an isomorphism. ]

If R has infinitely many prime ideals, then R— I1 R/ m; remains an injection.
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Recall the homomorphism ¢ : R — R sending elements of R to quasi-regular
functions on QSpec R. Let R be the smallest subring of R closed under f — f* and
containing 1 (R). The following proposition shows that the quasi-regular functions

on QSpec R locally look like R.

Proposition IV.18. For every f € R and every p € QSpec R, there exists a neigh-

borhood U of p and an element g € R such that g(q) = f(q) for every q € U.

Proof. Let a = f(p) € Q(R/p). Then « is a finite concatenation of sums, products,
and fractions of cosets fi,..., f, in R/p. This concatenation defines a straight-line
program I', taking the quasi-inverse operation as multiplicative inversion. Hence
define g € R by L(fi,..., fa), choosing coset representatives f; for each f;. It follows
that the quasi-regular function f — g € R has (f — g)(p) = 0, and the vanishing set

U of f — g on QSpec R is nonempty and open. O

An open set V(f)NX, C QSpec R in the patch topology has an indicator function

in R:

1 peU
Xre(P) =99 (1 = ff)(p) =

0 else.
Of course, finite intersections of basis elements correspond to products of indi-
cator functions. These functions allow us indeed to patch together the local R-

representatives of quasi-regular functions.
Proposition IV.19. R=R

Proof. By definition, R < R. Conversely, choose f € R. By the previous proposi-
tion, there exists an open cover QSpec R = UU, and g, € R such that f = g, on
U,. As QSpec R is compact, choose a finite subcover. We may assume that the U,

in the subcover are basis elements of the topology, and we may further assume that
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QSpec R is covered by a disjoint union LIJW;, where each W; is the finite intersec-
tion of some basis elements U;. Each W; has an indicator function y;; note x; € R
because each Uj; is a basis element of the topology. Then the quasi-regular function

g =1 Xigi equals f at every p € QSpec R, and g € R. ]
In particular, note that R = R.

Corollary IV.20. Suppose ¢*: Specﬁi — QSpec R sends my, — p. Then m, is

generated by p and the 1 — gg* for all g & p.

Proof. Let I C R be the ideal generated by p and the 1 — gg* for all g &€ p. Then
I € my, Choose h € m, — I. Then h vanishes at p. Consider X; C Spec R. For
every my € X}, (using the notation my — q € QSpec R), construct x4 € I such that

Xq(CI) =1, as follows:

1. If ¢ C p, then find f € p —q, and set x4 = ff™.

2. Otherwise if q # p then find g € ¢ — p and set x, = 1 — gg*.
Then X;, C UX,,, for xq € I. Now, X;, = V(I — hh*) =~ Spec R/(1 — hh*) is
compact. Thus for finitely many g, there exist a4 € R such that the quasi-regular

function x = ) aqx4 equals 1 on X;. By construction, x € I, and

0 x € V(h)
X - h(z) = :
h(ZL‘) T € Xy

Therefore h € I, whence m, C I. O]

Lemma IV.21. If ¢ : R — S is a homomorphism of commutative rings, then there

erists a unique @ : R— S making the following diagram commute:

f

S
<

<

%
»»
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Proof. Recall f € R is a straight-line program L(fi,..., fn) of Ql-ring operations on

finitely many f; € R, and define ¢(f) = (¢ 0 ¢(f1),..., ¥ o (f,)). Suppose that

g=1"(g1,...,9m) is another program for f. If p € QSpec .S, then ¢ induces

Q(R/¢™ () = Q(S/p).

As both programs for f have the same image in Q(R/¢~(p)), it follows ¢(f)(p) =
d(9)(p) € Q(S/p), and ¢ is well-defined.

This map is a homomorphism that makes the diagram commute, because addition
and multiplication are possible instructions in the program I'. If 7: R — S also
makes the diagram commute, then 7, = ggm for every prime m € R. The two maps

then give the same injections of residue fields, so $ is unique. O

Proposition IV.22. Let R be a commutative ring, I an ideal, I its extension in R.

Then E/\I >~ R/I.

Proof. Under the inclusion ¢: R/I — R/I, each prime p D I of R is the image of
the unique maximal vanishing ideal m, C I of R. As Q(R/p) = Q(R/m,), it follows
that R/I — R / [ is a quasi-isomorphism. That means that every f in R / I provides a
quasi-regular function on R/I, whence there exists a homomorphism o: R/I — E/\I .
Now, f € R/ I maps to the zero function if and only if f lies in m, for every prime
p O I. Since all primes of R are maximal, the radical ideal I equals the intersection
of all such m,. Hence in fact a: R/I — R/I is injective.

To prove « is surjective, we first claim that
R/I=R/I, thatis, R/I=R/I.
It suffices to show that if (f —g) € I, then fr—g € I. To that end, note

fr= 199" = (/)P —99")f—g) el
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and likewise
~g g =@ A -9 el
Thus
=9+ (S = fra9t) €1,
but also
(" ff = F9g) =o' (f -9 €l
So indeed f* — ¢* € I, and the claim follows.
Hence choose f € }/%—/\], and suppose f =T'(f1+1,..., fo+1) for some f; € R and

a straight-line program T'. By the Lemma IV.21, ¢: R/I — R/I induces a unique

¢ f/i/\f — R/I = R/I, and

~

SN =T(fi+ 1L, fut D =T(f1, . fa) + 1.

Of course, a: I'(fy,. .., fn)—l—f — f as a quasi-regular function on QSpec R/I, whence

« is surjective. O

In the study of equivalence relation ideals, we will consider tensor products of

QI-rings.
Proposition 1V.23. There is a homomorphism R®R — @% mducing }m ~

R® R and natural bijections

Spec R® R Spec@H SpecR@R.
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Proof. Consider the diagram

RxR—>RxR

R®R R®R

R®R R®R
,6’

Here, the maps v and 1 are the natural homomorphisms of a ring into its QI-ring.
The map a makes the lower square commute uniquely by Lemma IV.21. That lemma

also yields a commuting diagram

R—LR®R
l |
R—LReR

i

where 7; is the embedding of R into the jth factor. Hence the unique homomorphism
¢ arises from the universal property of the tensor product: the triangle above ¢

commutes. By construction of the i;,

¢(Ff(f17”'7fn>®Fg(gla"‘7gm)):Ff(f1®1,...,fn®1)'Fg(1®gl,...,1®gm>7

where f;,9; € R and I'y,I'; are straight-line programs of binary and g-operations.
Applying Lemma IV.21 again yields the unique homomorphism [ making the lower-
right triangle commute.

NOW7 be(l—‘f(fla?fn) ® Fg(gla"'agm)) = Ff(fla?fn) ® Fg(glw"agm) con-

sidered as a quasi-regular function on QSpec R ® R. To show «a also makes the

lower-right triangle commute, it suffices to show that in R® R,

Ff(f17,fn)®rg(gl7,gm>:Ff(f1®1, fn ) (1®91;71®gm),

in fact, to show this just for I'f(fi,..., f,) ® L.
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Choose fi,..., f, € R and a straight-line program of g-operations I'. Let f =
C(fi,..., fn) € R. Consider f®1 € R® R. When we apply ¢ to f®@1 € R® R, we
consider the image as a quasi-regular function on X = QSpec R®R.

If p € X, then p contracts to some p; and ps in the first and second factor,

respectively. Let f(py) =a € R/p, — Q(R® R/p) and evaluate
L(fi® 1| Vi)(p) =be QR R/p).

Recalling f =T(f; | Vi) € R,ifa=bwhenTisa single g-operation on a single input
f1 € R, then a = b for more complicated programs as well: the binary and quasi-
regular operations in I" correspond to binary operations and inversions in Q(R@ R /p).

Thus without loss of generality, assume f = f*. Then a = 1/f if f(p1) # 0, and
a = 0 otherwise. Of course, f(p;) = 0 if and only if (f®1)(p) =0. If (f@1)(p) # 0,
then b is the inverse of f®1 = (f®1)(1®1) in Q(R® R/p), that is, b is the inverse
of the image of f under R/Pl — Q(}A? ® }A%/p) Hence a = b. Tracing through the
argument, then, ¥(I'(f; | Vi) ® 1) € }?/®\f% is the same quasi-regular function as
I(fi®l]i) e @ Taking sums and products of elements f ®1,1® §j € R® R,
it follows that « indeed makes the lower triangle in the main diagram commute.

To finish the proof, we show « is an isomorphism, from which follow the required
bijections of spectra. Choose I'(f; ® g; | Vi) € }@ Here, fi,q; € R, so, for

example, f; = 't (fi; | Vj) as a straight-line program on elements f;; € R. Since

1 = a o ¢, we have
fi® 1 =T (fij | Vi) ©1=Tg(fi; ©1]V)),

and so by composing quasi-regular functions, we may assume that f;, g; € R. Con-

sider then I'(f; ® g; | Vi) € R® R. Tt follows immediately that o(I'(f; ® g; | Vi) =

T(fi ® g; | Vi) € R® R, and « is surjective.
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It remains to show that Soa is the identity on R ® R. We have again a(I'(fi®g; |

Vi) =T(fi ® g | Vi) € R® R, for f;,g; € R. To apply the map 3, we first lift each

fisgi to R, to obtain lifts of the fi ® g; in R® R.

RoR-—~RoR

:
RoR-"~RoR

Two lifts of f;, say, differ by some h; — 0 € R, that is, by h; in the nilradical of
R, and so h; vanishes as a quasi-regular function on QSpec R. Hence the lifts of the
fi ® g; will be well-defined as quasi-regular functions on QSpec R ® R when we apply
¢. Lastly, 5 applies I to the f1 ® g1, ..., fn ® g, to obtain I'(f; ® g; | Vi). Thus o«

is the identity, and in particular, « is injective. The result follows. O]



CHAPTER V

Polynomial Bounds for Invariant Functions Separating
Orbits

5.1 Introduction

5.1.1 Background

When a linear algebraic group G acts on an affine variety V' over a field k, the
orbit of x € V is the set

G-x={g-z|VgeG}.

Applications of invariant theory, such as computer vision, dynamical systems, and
structural chemistry, demand constructive and more efficient techniques to distin-
guish the orbits of a group action. When the group acts rationally, recall that there
exists a finitely generated subalgebra S C k[V]¢ with the following property: Let
p,q € V have disjoint orbit closures, and suppose there exists f € k[V]¢ such that
f(p) # f(q). Then there exists h € S such that h(p) # h(q)[6]. We say that the
function h (and the algebra S) separates the orbit closures of p and ¢. Note that the
functions in S, called separating invariants, separate as many orbits as does k[V]%.
Since G is a linear algebraic group, G - p = G - ¢ implies G - p = G - ¢, because orbits
are open in their closures.

This separating subalgebra S has several weaknesses. For one, existence proofs

for S may not be constructive for all algebraic groups: Kemper’s algorithm to con-

68
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struct S assumes a reductive group [33]. Even in the constructive case, although
polynomial bounds exist for the degrees of generators for k[V]¢ under the action of a
linearly reductive group [5],construction algorithms for separating invariants do not,
for general G, provide good bounds on the size of a separating subset, the degrees
of its elements, or the complexity of its computation. Kemper’s algorithm, for ex-
ample, requires two Grobner basis calculations, a normalization algorithm, and an
inseparable closure algorithm. Domokos used polarization to cut down the number of
variables needed in separating invariants of reducible representations [9], while Kem-
per provided new bounds, when G is finite, on the required number of separating
invariants [34].

As a more serious limitation, the invariant ring £[V]“, and hence any subalgebra,
may fail to separate orbit closures. Even when G is reductive, the polynomials in
k[V]¢ can separate G -p and G - ¢ if and only if G- pN G - ¢ = ). For example, when
the multiplicative group G' = k* acts on A? by scaling points, one finds k[z,y]¢ = k.

5.1.2 Separating Orbits with Constructible Functions

To overcome the limitations of the invariant ring, we expand the set of regular

functions on a variety to include a quasi-inverse f* of a regular function f:

1/f(p) f(p) #0
f(p) = :

0 flp)=0
For R = k[V], k algebraically closed, let R denote the ring of constructible functions
V' — k obtained by defining the quasi-inverse on R. For example, if f,g € R, then
(f*+9)* € R. In fact, one can show that for any h € fi, there exists finitely many

locally closed sets F; C V and f; regular on E; such that

k
h = Zfi * XE;
i=1
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where y g, is the characteristic function of a constructible subset E; C Spec R.

For a given group action, we seek to write down a finite set C of invariant, con-
structible functions that separate orbits. That is, if p, ¢ lie in different orbits, then
some function f € C has f(p) # f(q). Even better, we would like the construction
of f at p to be reasonably simple. To measure the complexity of f, we measure
its length as a straight line program over k/ﬂ? |, granting unit cost to all ring oper-
ations and the quasi-inverse. Of course, the evaluation of such f at p € V requires
branching, but counting the operations needed to write down f serves as an analog
of classical degree bounds for invariants.

Over an algebraically closed field k, fix an embedding of an m-dimensional linear
algebraic group G < A’. Let R = k[xy,...,z,], let p: G — GL,(k) be a represen-
tation, let r be the maximal dimension of an orbit, and let N = max{deg(p;;)} be

the degree of the representation.

Theorem V.1. There is an algorithm to produce a finite set C C R of invariant,

constructible functions with the following properties:
1. The set C separates orbits.

2. The size of C grows as O(nNHm+H1r+1)),

3. The f € C can be written as straight line programs, such that the sum of their

lengths is O(n3N3(+D+r),

Hence the problem of deciding if two points lie in the same orbit can be solved with

a polynomial number of algebraic operations in the coordinates of the points.

More explicitly, for p € A" consider the orbit map o,: G — A" defined by
op: g — g -p. Note that G -p is defined by the polynomials in the kernel of

oy klry,...,m,] — k[G]. These polynomials amount to algebraic relations on the
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images 0 (1), ..., 0,(7,) in k[G]. One can find all such relations up to some degree
d by Gaussian elimination. The coefficients of these relations vary with p, but they
cannot in general be written as regular functions of p. We may nevertheless write
them with constructible functions, especially utilizing the fact that ff*(p) = 1 if
f(p) # 0. These constructible functions form the set C. Essentially, the idempotent
constructible functions encode if-then branching into the formulas for our relations.
Now, quantifier elimination and effective Nullstellensatz algorithms can also answer
the decision problem, “Given x,y € V', does there exist g € G such that g -z = y?”
with slightly improved complexity bounds, but the new algorithm here offers greater
algebraic and geometric intuition and applications by producing invariant, separating
functions on V.

We proceed in four parts. First, given a matrix X encoding products of the o7 (z;)
and encoding I(G) = {f € k[z1,...,2] | f(G) = {0}}, up to some degree d, we
produce a matrix of constructible functions that gives the entries of the reduced row
echelon form of X, as functions of p. From these entries follow formulas for the kernel
vectors of X and hence relations on the o (z;). We next establish a degree bound
for the relations sufficient to generate the ideal q with V(q) = G - p. By considering
a generating set for ¢, we provide an algorithm that produces straight line programs
for the functions in the set C. We show that these functions separate orbits and have
polynomial length as straight line programs in I{T‘? ], and we establish polynomial

bounds for their number in terms of n and the degree N of the representation.

5.2 Formulas for Reduced Row Echelon Form

5.2.1 Straight Line Programs

To measure the complexity of construcible functions, we adapt the framework of

staight line programs over a k-algebra. For a detailed, traditional treatment, see [2].
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Let V be a set, I’ a field, and let R be an F-subalgebra of the F-valued functions
onV. Let A= (a_p,...,a_1) € (fi)m be a finite, ordered subset of R. Consider a
tape of cells with a; € A in position i. A straight line program I' is a finite, ordered
list of instructions I' = (T'y, ..., ;7). Each instruction I'; is of the form (x;j, k) or
(%;7), where x is an operation and j, k are positive integers referring to tape entries
in positions 7 — 7 and ¢ — k, that is, j and k cells before i, respectively. The length
¢ = |T'| measures the complexity of the computation.

To execute I' on input A, for i =0,...,¢ — 1 write a; in tape position i as follows:
ai—jtai—p i T=(+;7,k)
ai—j — ai—p i Ty =(=;j,k)

Qi—j - Qi—f lsz:(xajak)

a; = where j, k < i.
a;_; if I = (qi; j)
c if I'; = (comst; ¢) for c € F
aij if I'; = (recall; j)

\

The “recall” instruction of position j serves to collect relevant computations at the
end of the tape. The traditional defintion of a straight line program in a k-algebra
does not include the quasi-inverse “qi” operation, but we include it here to measure
the length of the construction of an f € k/[.\?] Define the order-d output of T’
by Outy(T',A) = (as_q,...,ar_1) € (R)?, where ¢ = |I'|. We omit the d where
convenient. A straight line program hence defines a constructible function (R)™ —
(R).

Write I'® o '™ for the composition of two straight line programs, in which the

input of I'® is Outy(I'™, A) for some d depending on I'®. Then I'® o T'™) has input

A, and we execute I'® o '™ by concatenating the instruction lists.
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5.2.2 Outline of the Algorithm

Let A = (a;;) be an m x n matrix over a field k. Define the triangular reduced
row echelon form (tRREF) of A to be the n x n matrix R4 = (r;;) whose jth row r;
is nonzero if and only if the reduced row echelon form (RREF) of A has a pivot in
column j. In that case, rj is the row of the RREF of A containing that pivot. For

example,

1 2 0 1 2 0
RREF(A)=1] 0 0 1 corresponds to  tRREF(A)=| o 0 0

000 001

This new form simplifies the identification of pivots: the (usual) RREF of A has a

pivot in column j if and only if 7;; = 1 in the tRREF.

Proposition V.2. Let (a;;) be an mxn matriz with entries in any field k. Then there
exists a straight line program T of length O(mn? + n®) such that Out,:(T*%, (a;;))
are the entries of the triangular RREF of (a;;). The program gives constructible

functions for these entries in terms of the a;;.

The proposition does not require £ to be algebraically closed, but we will need this
condition for the later geometric reasoning about orbits. Note also that while the
classical Gaussian elimination algorithm requires branching, the straight line program
['*f simulates branching in the computation of the quasi-inverse. The pseudo-code
below proves the proposition in general terms; the subsections that follow provide

specific constructions.

Algorithm V.3. Let A = (a;;) be an m x n matrix.



74

1. For i = 2,...m, if a;; = 0, exchange the first row of A with the ith row. After

these steps, either ay; # 0, or a;; = 0 for all 4.

2. Multiply aq; by aj;, and multiply the rest of the first row by

(1 — ajiay, + afy). This is equivalent to dividing the first row by aq; if a;; # 0.

3. Fori=2,...,m, subtract a;; - (a1, ..., a1,) from row i. As a result, a;; = 0 for

all ¢ > 2.

4. Let A = (aij)jzg and A” = (aij)i,jz% as below:

* * *
0o A 0
A p— pr—
A//
0 0

Let Aj be the m x (n — 1) matrix formed by appending a row of zeros to the

bottom of A”; then A’ and A{j have the same dimensions.
5. Define B=(1—ay) A +ayy - Aj.
6. Recursively compute the tRREF of B; call it Rg, an (n — 1) X (n — 1) matrix.

7. Let R4 be the n x n matrix below:

ayp - Qip

8. Let ri be the kth row of R4 = (r;;). For k = 2,...,n, subtract a;; - rx from the

first row of R4. This reduction produces the triangular RREF of A.

The following formulas specify straight line programs for the entries of the trian-

gular RREF matrix R4, and hence define I'*#.
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5.2.3 Formulas for Gaussian Elimination

Recall that the first step of the algorithm exchanges the first row of (a;;) with the

1th row if a;; = 0, for ¢ = 2,...,m. Hence for an m x n input matrix X, this step

requires m — 1 programs E; such that Y = Out,,,(E;, X) flips the first and ith rows

if necessary. The following formulas describe the entries of Y = (y;;):

Y11

Y15

Uil

Yij

Ykj

1y + (1 — 227 xn

z1j+ (1 —zpayy) - (2 —xyy) for all j > 1
Ty T11TY

Ty + 21127, - (T — xq;) for all j > 1

xy; for all k # 1,4, and for all j.

For example, the straight line program for y;; in F; takes inputs xq; in position -2

and x;; in position -1, and then performs the following steps:

(0) (ai;2)

(1) (x;3,1)
(2) (const; 1)
(3) (—:1,2)
(4) (x;1,5)

(5) (+57,1)

The formulas for the other y;; have similarly obvious representations as straight line

programs. If we concatenate these programs within F;, so that all the entries of Y

appear in various (known!) positions on the tape, then we can save the recall steps
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for the end, and we need only compute z7,, 1127, (1 —2112%;), and (z;; —x1;) once.
With these efficiencies, the program E; introduces 1 quasi-inverse, 1 call to k, 3n
additions, and 2n multiplications. Thus the concatenation of F», ..., E,,_1 requires
2n(m — 1) multiplications, 3n(m — 1) additions, n — 1 calls to k, n — 1 quasi-inverses,
and mn recalls to collect the entries of Y in the last mn cells of the tape. Call this
concatenation I'?; we will use it later to collect nonzero rows of a matrix.

Step (2) of the algorithm requires 1 quasi-inverse, 1 subtraction, 1 addition, n
multiplications, and n recalls.

These next formulas perform step (3), on an m x n input matrix (x;;):
yn = Oforalli>1
Yij = Tiyj — T15 - Tq1 - $11:E,1(1 for all Z,j > 1.
These programs require (m — 1)(n — 1) additions, (n — 1)(m — 1) multiplications,
and mn recalls. Step (5) next requires 1 subtraction, m(n — 1) additions, 2m(n — 1)
multiplications, and m(n — 1) recalls.
To perform the reductions in step (8), consider the following formula for r;, where
j =2
rig = (L =rgg) - (rig + (= 12 miary

— T33°T13743,5

Tj-1j-1°T1j-1Tj-14))

This formula sets 71; = 0 if there is a pivot in column j, that is, if 7;; = 1. Otherwise,
the formula subtracts from 7; the effects of clearing columns < j. The reduction of
r1; requires 1 call to k, j additions/subtractions, 2(j — 2) + 1 multiplications (since

j > 2), and n? recalls, so reducing the first row has total complexity O(n?).
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The above formulas specify a straight line program I'*% such that Out,, (I'"*%, A) are
the entries of the tRREF of A. Counting the necessary operations yields asymptotic
total complexity estimates for the programs. The recursion on an m X ¢t matrix
has total complexity O(mt + t?). Summing ¢ from 1 to n yields total complexity
O(mn? + n?).

5.2.4 Collecting Nonzero Rows

Lastly, the main algorithm that computes orbit closures requires a program >
that, given an indicator vector v of Os and 1s, collects the rows ¢ of a matrix such
that the ith entry of v is 1. For example, the diagonal of R, indicates the nonzero
rows of Ry. Given R4 and its diagonal as input, the program > would output an
n X n matrix whose first rank(A) rows include the traditional RREF of A. We will
never need to compute the traditional RREF in practice, because the main algorithm
runs more efficiently using R 4.

Recall the algorithm I'” that exchanges the first row of a matrix X with subse-
quent rows until the output has 1, # 0, if possible. Define ¥ as follows: for an m xn
input matrix X and an indicator m-vector v, form a new matrix X’ by adjoining v

as a column to the left side of X:

V1 T1i1 o Tin
¥ Vg To1 -+ Ton
Um Tm1 - Tmn

After applying I'? to X', the first row of X’ with v; # 0 becomes the first row of
the output Y = (y;;). Record ry := (412, ...,Y1.n+1) and apply I'? to the last m — 1

rows of this Y. Let ¥ denote this series of m recursions of I'. Since I'? applied to
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an s x (n 4 1) matrix has total complexity O(sn), the procedure ¥ has complexity
O(m?n). Concatenating ¥ with the straight line program for the tRREF yields the

following:

Corollary V.4. Let (a;;) be an m X n matriz with entries in any field k. Then there
exists a straight line program of length O(mn? + m?n +n?) for the (classical) RREF
(rij)of (aij). The program gives constructible functions for r;; in terms of the a;;.

5.2.5 Computing Kernels of Linear Maps

To compute the kernel up to degree d of a k-algebra homomorphism, one can
write the homomorphism on elements of degree < d as a matrix in RREF. Finding
the kernel of a matrix R in RREF is equivalent to solving the system of equations

R (x1,...,2,)T = 0: for every pivot r;;, write an equation
Tj= ~Tij+1%54+1 — Tij+2Li42 — " — Tindn.

Set each free variable equal to 1 in turn, set the other free variables to 0, and read off
the vector of values in the pivot variables. These vectors give a basis for the kernel of
R, hence of the original map. The basis is canonical because the RREF is canonical.

To compute the kernel of an m xn matrix A, we use the nxn matrix R4 containing
the rows of the RREF of A: recall there is a pivot in the jth column of the RREF
if and only if the row containing that pivot is jth row of R4 = (r;;), if and only if

rj; = 1. Otherwise, r;; = 0.

Lemma V.5. Let Ry be the nxn tRREF of a matriz A. Then there exists a straight

line program 'K of length O(n?) such that Out,2(T', Ry) gives the kernel of A.

Proof. Claim that the kernel of A, is given by the following vectors ¢1, ..., ¢,, in
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terms of Ra = (r;):
jth place
¢ =1 —rj) - (=riy, —ro, ..., //1\ vy —Tnj)-

Indeed, recall that the kernel of a RREF matrix has one basis vector for each non-
pivot column. Namely, ¢; = 0 if and only if column j of the RREF has a pivot.
Otherwise, ¢; # 0, as follows: Put the free variable z; := 1. Now, r;; = 0 unless
there is a pivot in column k of the RREF. Set each pivot variable x;; equal to the
negation of the jth entry of the row containing that pivot.

Of course, 7;; = 0 whenever ¢ > j, but such simplifications complicate the formulas
without improving the asymptotic complexity. As written, each ¢, requires 2 calls
to k, 1 addition, n scalar multiplications, and n other multiplications. Upon adding

recall instructions, computing the kernel has complexity O(n?). O
5.3 Degree Bounds for Orbit Closures
We relate the degree of a variety to the degrees of polynomials that can define

that variety. By bounding the degree of an orbit closure G - p, we can bound the

degree of the defining polynomials.

Lemma V.6. Let V = V(fi,..., f.) have codimension m in A"™. Then there exist

m generic linear combinations g; = Y a;; f; such that
W :=V(g,....,9m) 2V

and W has codimension m.

Proof. Induct on the number r of given defining equations for V. The case r = 1,
implying m = 1, is clear. Assume the lemma holds for a variety defined by r — 1

equations, and consider V' = V(fy,..., f._1). If V' still has codimension m, then the
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result follows by the induction hypothesis. Otherwise, V' has codimension m — 1.
By the induction hypothesis, there exist m — 1 generic linear combinations g; of
fi,. ., fr—1 such that W' =V(gq,...,9m-1) 2 V' and W' has codimension m — 1.
Since W' is defined by m —1 equations, every component Z;. of Y/ has codimension
m — 1. It follows that on each Zj, one of f1,..., f,. is not identically zero. So for each
Zy, and for every point p € Z;, we may consider the proper hyperplane Hj, C A"

defined by the vanishing of

x1fi(p) + xofo(p) + ...+ x. fr(p) € klxy, ..., 2]

Let Hy = Mpez, Hip. Then UipHj is a closed union of finitely many subspaces of
A". Thus for any choice of (ay,...,a,) in the dense set A" — Uy Hy, the polynomial
gm = Y a;f; is not identically zero on any Z;. Therefore Y = V(g1,..., gm—1, 9m)

contains V and has codimension m. O

Let V' C A™ be an equidimensional affine variety of codimension m. Define the
degree of V' to be

deg(V) =#HNV,

where H is a generic linear subspace of dimension m. Heintz proves a stronger version

of the following statement in [18], as well as many related results.

Proposition V.7. Let V. C A" be a Zariski closed subset of degree d. Then there
exists an ideal q, generated by polynomials of degree < d, such that \/q = 1(V). In

particular, V(q) = V.

Proof. Tt suffices to find, for every point p € V| a polynomial f of degree < d such
that f vanishes on V but not at p. If V' is a hypersurface, then V' = V(f) with
deg(f) = deg(V), and we are done. Otherwise, assume V' has codimension greater

than 1. Without loss of generality, further assume that p is the origin.
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To find a polynomial vanishing on V' but not at the origin, we project V until an
image has codimension 1. Define 7: A" — P" ! by 7: (z1,...,2,) — [T1: ... 2]

Since dim7(V) < dimV < n — 1, there exists a point [L] € P"! — 7(V). Let

C(V) = 7= (x(V)), the cone over 7(V). Then L = 7—1([L]) has LN C(V) = {0}.

Assume without loss of generality that L is the x,-axis, and consider the projection

¢: A" — A" ! along L, defined by ¢: (z1,...,2,) — (21,...,7,_1). Because C(V)
is a cone, the restriction of ¢ to C'(V) is a finite map onto A”~!. In particular, ¢(V)
is closed in A", Since L is disjoint from V', ¢(0) = 0 remains outside the closed set
o(V).

Continue projecting until ¢ : A™ — A"+ gives ¢(V') with codimension 1 (and
dimension dim V' after each projection). Now, deg(¢(V)) < d. Thus there exists
a polynomial f of degree < d such that f vanishes on ¢(V') but f(0) # 0. Hence
food(V)=0Dbut fop(0) # 0. As ¢ is defined by linear polynomials, the polynomial

f o ¢ has degree < d, and the result follows. O

Now consider a linear algebraic group G acting on affine n-space. When we can
bound the degree of an orbit closure G - z, then we can produce a degree bound for
polynomials f; such that G-z = V(f1,..., f;). For an overview of bounds for the

degrees of orbits and the (polynomial) degrees of generating invariants, see [5].

Proposition V.8. Let G be a linear algebraic group of dimension m, embedded in
A with ideal 1(G) = (hy,. .., hs). Set M = max{deg(h;)}.

Suppose G acts on A™ with representation
p: G = GL, defined by p: g (pij(9)),
and set N = max{deg(p;;)}. If G- x is an orbit closure with dimension r, then

deg(G - z) < N"M*™™.
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Proof. Let d = deg(G - x). For a generic (n—r)-dimensional linear subspace H C A",
by definition d = #(G - 2N H). Let 0: g + g-x be the orbit map. Then the degrees
of the polynomials defining o are bounded by N. Hence o~ (H) = V(uy,...,u,) C G
has deg(u;) < N and has > d irreducible components.

By the first lemma above, there exist generic linear combinations f; of the gen-
erators of I(G) such that V(fi,..., fi_,) is a complete intersection and contains G.
Thus

o N H) CV (uy,. .. U, f1,. .., foem) C AL

Consider the vanishing of the homogenized polynomials

V (@1, T Frsee s Fom) C P

By a generalization of Bézout’s theorem (see [13], section 12.3.1 ), the number of

irreducible components of this variety is (generously) bounded by
[ dee(V(m)) - [ [ deg(V(F;) = [ [ des(@) - [ ] desa(f;) < N"m*~™.
i j i j
This number then also bounds d. O

Corollary V.9. With the hypotheses of the previous proposition, there exist polyno-

mials fi,..., fy such that G-z =V(f,..., fi) and

deg(f;) < deg(G -z) < N"M*“™.
5.4 Separating Orbits
Let p: G — GL, act on A" as in Section 3. For p € A" there exists an ideal ¢

such that V(q) = G - p and q is generated in degree < N"M‘ ™. We will establish

straight line programs for the orbit-separating set C by considering a generating set
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for q. We prove that these programs define invariant functions separating the orbits
of G. The length of these programs will be polynomial in the dimension n and the

degree N of the representation.

5.4.1 The Orbit Separating Algorithm

Input the embedding of G < A’ and the orbit map 0,: g — g p as above, which
varies with p. Let k[z1,...,2,] be the coordinate ring of A". Then ker o} = I(G - p),
but to define G - p it suffices to compute a k-basis for ker o, up to degree N"M t=m,
The elements of this k-basis generate q as an ideal.

For each i = 1,..., N"M* ™, the following algorithm computes a canonical k-
basis for ker o in degree < i, but for each polynomial in the basis the algorithm only
outputs constructible functions (of p) that give the non-zero coefficients of monomi-
als apearing in that basis, whatever the monomials may be. Hence the algorithm
forgets the generating set of the ideal q. This forgetting allows the algorithm to have
polynomial length as a straight line program, since the number of possible monomials
grows exponentially with n.

In the most precise sense, given a point p € A", the following algorithm con-
catenates straight line programs to output a G-invariant vector C over k. In fact,
each entry of C is a straight line program in terms of the coordinates of p. Thus
the algorithm prescribes a vector C of G-invariant constructible functions that sep-
arate orbits: points in distinct orbits produce distinct vectors. The proofs for the
G-invariance and orbit separation will follow.

Choose a monomial order for the monomials spanning k[zq,..., 2. As a pre-
liminary calculation, compute a Grébner basis and a k-basis for I(G) up to degree
NT™1M™, Let B(d) denote the set of elements of the k-basis up to degree d. Also,

for a vector w, let m,(w) denote the vector of the the first ¢ entries of w.
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Lastly, since all computations occur in k[G], we must predict the dimension of

k[G]<a-

Lemma V.10. Let m = dim G. There exists a function H(d), computable from a
Grébner basis for I(GQ), such that H(d) = dimy k[G]<q for all d > 0, and H(d) <

o@dm).

Proof. Suppose R = k[G] is generated as a k-algebra by fi, ..., f. of degree 1. Define
S =k[fit,..., f,t,t] C R[t], and claim Sy = R<4-t?, where S is graded by t-degree.
The inclusion DO is clear, and if h € S; is a homogeneous polynomial in ¢, then
the coefficients of t? can have R-degree no greater than d (less, for example, in the
term fit - t471). Let H(d) be the dth coefficient of the Hilbert series of S, which we
may compute from a Grébner basis for I(G). Then H(d) = dimy R<4. Since S has
dimension bounded by m + 1, the Hilbert polynomial for S has degree bounded by

m. Thus H(d) < O(d™). O
Algorithm V.11.

1. For j =1,...,n, let v; be the vector of coefficients of o7 (z;) with respect to the

(ordered) monomial basis of k[z ..., 2.
2. Vii=(vg, ... 0n).
3. ilzl,C():@.

4. Put the vectors of V; = (v1,...,vy,), in order, in the first k; columns of a matrix

X;; fill subsequent columns with B(iNV).
5. Compute Out(I'#, X;), the tRREF of X.

6. Compute (3 := Out(I'®, Out(I'"%, X;)), a basis for ker X;.
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7. Let Cz = Ci—l U {71'&(1)) ’ v E ﬁ}
8. IF N"M* ™ =i, THEN output C = C;, and STOP.

9. Let Y be the matrix whose rows are the vectors in V;. Let D be the first k;

entries on the diagonal of the tRREF X;.
10. Compute Y’ := Out(X, {Y, D}), the rows of Y indicated by D.
11. Let L; be the first H (i) rows of Y.

12. IF k; = #(rows of Y) < H (i), THEN pad L; with zeros so that L; has precisely

H (i) vectors.
13. Vigr := L U ({o3(21), ... op(@n)} - {v; € Li | j > H(i — 1).}) .
14, 9:=14+1.
15. GOTO (4).

The final steps of each iteration require some remarks. For step (10), recall that
the nonzero entries of the diagonal D of the tRREF of X; indicate which columns
of X; are linearly independent. These are the image vectors the algorithm should
preserve for the next iteration, so that it can proceed with a polynomial number of
multiplications. In step (13), we multiply the o (;) only by these newfound vectors.

Step (12) can be accomplished in the context of straight line programs because we
can predict the iteration ¢ at which k; > H (7) first occurs, independent of the choice
of p. At step (13) we multiply L; by all o (x;) because, in principle, all o7 (z;) could
be linearly independent modulo I(G). As i increases, the vectors in each V; describe
the images of larger monomials 2!, I a multi-index, in k[z1,...,z,]. The algorithm

terminates when we have considered a k-basis for the polynomials of degree up to
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N"M*™ that vanish on G - p. By the previous section, the elements of that k-basis

generate an ideal whose radical is I(G - p).
Proposition V.12. The constructible functions defined by the set C

1. are constant on the orbit of p € A", and hence invariant under the usual action

g flz)=flg~"-z) forg € G,
2. separate orbits.

Proof. To show that the functions defined by the straight line programs in C are
invariant, choose p € A™ and ¢ € G - p. Let X;(p) be the matrix produced in step
(4) of the algorithm in the ith iteration. Let X (p) be the first |V;| = k; columns of
Xi(p), that is, those containing the vectors in Vj(p). Now, X} (p) and X} (q) have
the same kernel, because (a) as maps k[z1,..., 2,1 = k[G]<y they have the same
basis 1, ..., x, for their domain, and because (b) the kernel of each matrix must
span I(G - p);. Thus XY (g-p) = A- XY (p) for some matrix A. In particular, X} (p)
and X/ (¢q) have linearly independent columns in the same places, and hence have
the same RREF.

So letting C;(x) denote the kernel vectors obtained on input z in the ith iteration,
we have Ci(p) = C1(g - p). As well, let L;(p) denote the set (produced in step (11)
of the algorithm) containing the linearly independent columns of XY (p). Then we
have Li(p) = {o,(%j,), ..., 05(x;,)} and Li(g - p) = {0}, (25,), ..., 0;.,(x;)} for the
same indices ji, ..., Js.

Proceed by induction on i: we may assume X (p) and X} (q) have the same
RREF and hence C;(p) = Ci(q). We may also assume the columns of X (p) and
XY (q) represent the images of the same set of monomials {z',... 2%}, for multi-

2

indicies ;. Then the lists Vi1 (p) and V;11(q) also represent the images of the same
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monomials under o7 and o, respectively. Claim again that X}},(p) and X}|,(q)
have the same RREF. By the induction hypothesis, the two matrices have the same
basis for their domain, and the kernel of each must span I(G - p);+;. These facts
prove the claim, as in the base case. Thus C;41(p) = Ci11(q), and the functions in C
are invariant.

To show the functions in C separate orbits, choose p, g € A™ such that the functions
in C take the same values at both points. In particular, C;(p) = Ci(q), so X;(p) and
Xi(q) have the same canonical kernel. As above, it follows that X;(p) and X;(q)
have the same RREF. Two facts emerge. Crucially, the kernels of o7, and o} have the
same canonical k-basis for their subspaces of degree-1 elements, because the matrices
XV (p) and XY (q) assume the same basis for the domain space k[x1, ..., z,];, namely,
Z1,...,%,. We wish to prove this for all degrees 7.

What is more, Li(p) = {o(z),),...,05(x;,)} and Li(q) = {0} (z5,), ..., 00(x5,)}
for the same indices ji, ..., js, because X} (p) and X/ (q) have linearly independent
columns in the same positions. Thus V,(p) and V5(q) list the images of the same set
of monomials z;x;, under o, and o, respectively.

Proceeding by induction, if XY (p) and X} (¢) have the same RREF and list the
images of the same monomials, then X}/, (p) and X} (¢q) also list the images of
the same monomials. By the assumption Cii1(p) = Ciy1(g), the matrices X}, (p)
and X}1,(q) also have the same RREF. Therefore the kernels of o7 and ¢ have the

same canonical k-basis for their degree-i subspaces, completing the induction. In

particular, the same ideal (fi,..., fs) defines G-p and G -¢q. Since G is a linear

algebraic group, it follows G - p = G - ¢, completing the proof. O
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5.4.2 Complexity Bounds

The bookkeeping that follows confirms that the complexity of the orbit separating
algorithm is polynomial in n and N. First, the degree bound N"M*~™ for a generat-
ing set of q requires that we compute products of N"M*~™ degree-N polynomials f;
in k[zy,...,2], fori=1,..., N"M*™. To this end, compute the monomials in the
z; up to degree N - N"M*™ with total complexity O(N“+DA4=™)) Then multi-
ply fifs--- fi and f;11 to obtain an implicit straight-line program for the product of
i + 1 distinct degree-N polynomials in k[zy, .. ., 2], with complexity O(22~2i2¢ N2¢).
For details of polynomial multiplication, see Chapter 2 of [2].

Next consider the sizes of matrices in the algorithm. Recall that for large d,

H(d) < O(d™). Hence in iteration i, the matrix X; has
ki = O(((1=DN)™ +n-[((G = 1)N)™ = (( = 2)N)™])

columns from V;, has |B(iN)| additional columns, and has (i N)‘ rows corresponding
to the monomials in k[zy,. .., 2e]<;n. Of course, |B(iN)| = O((iN)*), so the number
of rows of X; is O((iN)*), and the number of columns is O(n(iN)™ + (iN)*) <
O(n(iN)*). Now, computing the tRREF of an s x ¢ matrix has complexity O(st?+t3).

Thus the computation of tRREF(X;) has complexity bounded by
O (GN) - n?(iN)* + n*(iN)*) = O (n** N*) .

The above count of the columns of X; also yields that the computation of the kernel
of tRREF(X;) has complexity O(n?i%* N%)
In collecting the independent elements of V; in step (10), the input to the procedure

Y is a k; x (iN) matrix, where

ki = O((( = DN)" +n-[((i = HN)™ = ((@ = 2)N)"]) < O(n(iN)™).
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On an s x t matrix, ¥ has complexity O(s*t), whence step (10) has complexity
< O2(IN)?™ - (iN)").
Finally, the polynomial multiplications f;--- f; proceed through i = N"M*™,

with n multiplications for each 7. Their total complexity is
O (226—2n(NTMZ—m)2€+1N2€) =0 (ZE—InNQZ(r—‘rI)—H‘M(Z—m)(2l+1)) '

Of the other computations, the programs for the tRREF have the highest cost.
Summing their complexity from i = 1 to the degree bound, N"M* ™, yields the

following:
9 (n3(NTM€—m)3Z+1N3Z) —0 (n3N3e(r+1)+7~M(e—m)(3z+1)) 7

where, again, N is the maximum polynomial degree of the representation, M is a
degree bound for a generating set of I(G) C k[z1,. .., 2], and under this embedding
G has dimension m. Since the embedding G — A’ is fixed, we omit the constant
power of M from the asymptotic complexity.

Finally, to bound the number of relations that the algorithm computes, we sum

the column count O(n(iN)¢) of the matrices X; over all iterations 4, and obtain
O (nNé(T-i-l)-i-'r’M(Z—m)(f-‘rl))

polynomials generating the ideal q. In iteration ¢, such a polynomial has k; <
O(n(iN)™) terms, giving a bound for the number of constructible functions that the

algorithm computes:

0O (nQN(€+m+1)(r+1)M(Z—m)(€+m+1)) )

By omitting the powers of M, the main theorem follows.
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