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[1] The specific entropy (entropy density) S is examined for the outer electron radiation
belt at geosynchronous orbit and for the energetic electron population in the Earth’s
magnetotail. The outer electron radiation belt is measured with the SOPA detectors on
board six geosynchronous satellites and the energetic electrons of the magnetotail are
measured with instrumentation on board 12 Global Positioning Satellites (GPS) with a
magnetic field model used to map the GPS orbit to the magnetotail. Density n and
temperature T values are determined from relativistic Maxwellian fits to the electron
measurements, enabling the specific entropy S to be calculated. For low temperatures
the nonrelativstic specific entropy is S = T/n2/3; for a relativistic Maxwellian distribution
a relativistically correct expression for S = S(T,n) is derived and used. The outer
electron radiation belt at geosynchronous orbit local midnight (n ∼ 3 × 10−4 cm−3 and
T ∼ 140 keV) and the energetic‐electron population in the magnetotail (n ∼ 1 × 10−4 cm−3

and T ∼ 50 keV) statistically have the same specific entropy. Hence the two populations
are probably the same. This implies adiabatic transport (1) from the magnetotail to
the dipole (where the magnetotail electrons are the source of the outer electron radiation
belt) or (2) from the dipole to the magnetotail (where the magnetotail electrons are
leakage from the radiation belt).

Citation: Borovsky, J. E., and T. E. Cayton (2011), Entropy mapping of the outer electron radiation belt between the
magnetotail and geosynchronous orbit, J. Geophys. Res., 116, A06216, doi:10.1029/2011JA016470.

1. Introduction

[2] The origin of the Earth’s electron radiation belt is an
outstanding issue in magnetospheric physics; another out-
standing issue is the transport of energetic electrons between
the inner magnetosphere, the outer magnetosphere, the cusp,
and the magnetotail. Several sources (seed populations) for
the outer electron radiation belt have been suggested, includ-
ing energetic particles in the solar wind [Li et al., 1997],
substorm electron injections [Ingraham et al., 2001; Fok et al.,
2001], suprathermal electrons in the plasma sheet [McDiarmid
and Burrows, 1965; Borovsky et al., 1998a; Obara et al.,
2001; Varotsou et al., 2005], the cusp [Fritz and Chen, 1999;
Fritz et al., 2000], and the outer magnetosphere [Bezrodnykh
et al., 1984a, 1984b, 1987]. This report commences the use
of specific entropy measurements to connect particle popu-
lations to the electron radiation belt. The population focused
on is the energetic electron population in the magnetotail
(M. H. Denton and T. E. Cayton, Density and temperature
of energetic electrons in the Earth’s magnetotail derived from
high‐latitude GPS observations during the declining phase of
the solar cycle, submitted to Geophysical Research Letters,

2011), a population more energetic than the suprathermal tail
of the electron plasma sheet.
[3] Examining the value of the specific entropy S = T/n2/3

in time series data is a powerful method of identifying
plasmas. For several applications in space physics the spe-
cific entropy has been used to identify and differentiate plas-
mas in the solar wind [Burlaga et al., 1990; Crooker et al.,
1996; Burton et al., 1999; Osherovich et al., 1999; Lazarus
et al., 2003; Neugebauer et al., 2004; Pagel et al., 2004;
Borovsky, 2008a] and in the magnetosphere [Goertz et al.,
1991; Wing et al., 2007]. Typical specific entropy values
for several ion and electron populations in the solar wind
and magnetosphere are collected in Table 1, including the
values for the outer electron radiation belt calculated in
this report. The various specific entropy values from Table 1
are plotted in Figure 1, where it is seen that the specific
entropy of the outer electron radiation belt is orders of mag-
nitude higher than the specific entropy of the other collected
populations.
[4] The concept that the specific entropy S = T/n2/3 of a

plasma can be conserved under special conditions has been
used to explore plasma transport issues in the plasma sheet
of the Earth’s magnetotail [e.g., Schindler, 1975; Erickson
and Wolf, 1980; Schindler and Birn, 1982; Birn and
Schindler, 1983; Huang et al., 1989; Baumjohann and
Paschmann, 1989; Spence and Kivelson, 1990; Zhu, 1990;
Goertz and Baumjohann, 1991; Borovsky et al., 1998b; Birn
et al., 2009; Johnson and Wing, 2009] and evolution issues
for the solar wind [e.g., Eyni and Steinitz, 1978; Schwartz
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and Marsch, 1983; Freeman and Lopez, 1985; Freeman,
1988; Marsch et al., 1989; Whang et al., 1989; Goldstein
et al., 1995], magnetic clouds [e.g., Osherovich et al.,
1997; Gosling, 1999; Farrugia et al., 1999], and the
Earth’s plasma sheet [Goertz et al., 1991; Huang et al.,
1989, 1992; Wing et al., 2007; Wing and Johnson, 2009].
Further, in a collisionless plasma, S can be conserved sepa-
rately for the ions and the electrons, preserving such quan-
tities as the ion‐to‐electron temperature ratio of the plasma
[cf. Lavraud and Borovsky, 2008; Lavraud et al., 2009].
[5] The specific entropy S = T/n2/3 as a conserved quan-

tity is a concept for an adiabatic gas which collisionally
remains isotropic [cf. Jeans, 1954]. The isotropy assumption
is built into the selection of the adiabatic index G being
G = 5/3, which gives the 2/3 exponent in the expression for
S. For some of the plasmas of interest in space physics,
isotropization might be a slow process; for example, for the
solar wind at 1 AU the electron isotropization time and ion
isotropization time owing to Coulomb scattering are 8 ×
103 s = 2.3 h and 1 × 105 s = 33 h, respectively [Borovsky
and Gary, 2011], and for the magnetotail plasma sheet the
ion isotropization time owing to Coulomb scattering is 1 ×
109 s = 3000 years [Borovsky et al., 1997], although elec-
tromagnetic plasma waves may speed up the isotropization.
For the outer electron radiation belt at geosynchronous orbit
with a temperature of ∼150 keV, the whistler chorus pitch
angle diffusion coefficient is Daa ∼ 10−4 s−1 [cf. Horne et al.,
2006; R. Horne, private communication, 2010], which gives
an isotropization time of ∼104 s ∼ 3 h. Even though isotropy
is not fully enforced in plasma populations, the use of S to
track plasma transport has been successful [e.g., Borovsky
et al., 1998b; Marino et al., 2008; Smith et al., 2001; Breech
et al., 2009; Stawarz et al., 2009; Isenberg et al., 2010].

Recently, the anisotropy of the outer electron radiation belt
at geosynchronous orbit was surveyed [Borovsky and
Denton, 2011], whereas electrons with energies greater than
1 MeV can exhibit high anisotropies (with parallel‐to‐B
fluxes dominating over perpendicular‐to‐B fluxes at local
midnight [cf. Kaye et al., 1978; Selesnick and Blake, 2002;
Fritz et al., 2003]), for the bulk of the outer electron radi-
ation belt with energies of 100–200 keV the electrons are
quasi‐isotropic at geosynchronous orbit [cf. Borovsky and
Denton, 2011, Figures 2 and 6]. The energetic electrons in
the magnetotail are reported to be approximately isotropic
[e.g., Hones et al., 1968; Retzler and Simpson, 1969; Sarris
et al., 1976].
[6] In the work of Borovsky and Denton [2009] and

Borovsky and Denton [2010a] the specific entropy of the
outer electron radiation belt at geosynchronous orbit was
briefly examined with a focus on the changes in the spe-
cific entropy associated with prestorm electron precipita-
tion and with storm‐time electron heating. In this report
the specific entropy of the outer electron radiation belt at
geosynchronous orbit will be further examined, as will the
specific entropy of the energetic electron population of the
magnetotail.
[7] This report is organized as follows. In section 2.1 a

single‐particle definition of the specific entropy S is derived
and in section 2.2 a relativistic expression for the specific
entropy S is derived for relativistic Maxwellian populations.
In section 3 the relativistic specific entropy of the outer
electron radiation belt at geosynchronous orbit is examined
and in section 4 the relativistic specific entropy of the ener-
getic electrons in the magnetotail is examined. In section 5
the outer electron radiation belt at geosynchronous orbit and
the energetic electron population in the magnetotail are

Table 1. Typical Values of the Specific Entropy S = T/n2/3 for Several Ion and Electron Populations in the Solar Wind and Earth’s
Magnetospherea

Particle Population n, cm−3 T, eV S, eV cm2 Reference

Inner plasmasphere ions and electrons 2000 0.5 3 × 10−3 Comfort [1986]
Outer plasmasphere ions 100 0.75 3.5 × 10−2 Sojka and Wrenn [1985]
Slow solar wind ions 0.3 AU 90 14 0.7 Helios 0.29 – 0.35 AU
Fast solar wind ions 0.3 AU 30 44 4.5 Helios 0.29 – 0.35 AU
Slow solar wind electrons 0.3 AU 90 25 1.2 Marsch et al. [1989]
Fast solar wind electrons 0.3 AU 30 20 2.0 Marsch et al. [1989]
Slow solar wind ions 1 AU 5 5 1.7 Borovsky and Denton [2010b]
Fast solar wind ions 1 AU 3 20 10 Borovsky and Denton [2010b]
Slow solar wind electrons 1 AU 5 20 7 Skoug et al. [2000]
Fast solar wind electrons 1 AU 3 20 10 Skoug et al. [2000]
Magnetosheath ions nose: slow wind 20 500 70 Borovsky [2008b]
Magnetosheath ions nose: fast wind 12 1700 325 Borovsky [2008b]
Magnetosheath ions flank: slow wind 8 10 2.5 Paularena et al. [2001]
Magnetosheath ions flank: fast wind 5 50 15 Paularena et al. [2001]
LLBL ions dayside 5 500 170 Phan and Paschmann [1996]
LLBL ions flanks 5 500 170 ISEE‐2 magnetotail
Magnetotail CDPS 1.5 500 750 Fujimoto et al. [2000]
Geosynchronous CDPS 5 2000 700 Thomsen et al. [2003]
Near‐Earth magnetotail EPS 0.23 900 2500 Baumjohann [1993]
Geosynchronous EPS 0.8 2000 2300 Denton et al. [2005]
Distant tail IPS 0.074 2400 1.4 × 104 Borovsky et al. [1998b]
Near‐Earth tail IPS 0.23 5800 1.6 × 104 Borovsky et al. [1998b]
Geosynchronous IPS 0.84 8500 9.6 × 103 Borovsky et al. [1998b]
Distant‐tail energetic electrons 7.7 × 10−5 41,000 2.7 × 107 this report
Near‐Earth‐tail energetic electrons 1.2 × 10−4 52,000 2.6 × 107 this report
OERB geosynchronous 3.4 × 10−4 140,000 5.0 × 107 this report

aThe following notation is used: LLBL, low‐latitude boundary layer; CDPS, cold dense plasma sheet; EPS, electron plasma sheet; IPS, ion plasma sheet;
OERB, outer electron radiation belt. Note for the final three rows, the relativistic expression for the specific entropy (expression (5)) is used.
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successfully matched up. Section 6 contains discussions
about adiabatic transport of energetic electrons in the outer
magnetosphere and magnetotail. The report is summarized
in section 7.

2. Specific Entropy for Energetic Particle
Populations

[8] Pertinent to the energetic electrons in the Earth’s mag-
netosphere, in this section a single‐particle interpretation of
the specific entropy is given (section 2.1) and a relativistic
expression for the specific entropy is derived (section 2.2).

2.1. Specific Entropy and the Adiabatic Invariants
per Unit Flux

[9] For a gas the specific entropy S is conserved as the
fluid advects: this is written dS/dt = 0 [cf. Schindler and
Birn, 1978; Goertz and Baumjohann, 1991]. For a gas with
a Polytropic index G (= ratio of specific heats), the specific

entropy (entropy per unit mass) is P1/G/n [cf. Birn et al.,
2009], but in principle it can be redefined in the more famil-
iar form Pn−G, where P is the particle pressure of the gas and
n is the number density of gas particles. With P = nkBT, the
redefined specific entropy is S = T/nG−1. For an adiabatic
gas in three dimensions G = 5/3 and the specific entropy S is

S ¼ T=n2=3 ð1Þ

Note that the entropy itself can be expressed as Cv log(S)
[cf. Boyd and Sanderson, 1969, equation (6–20)], where Cv

is the specific heat at constant volume.
[10] The specific entropy S = T/n2/3 as a conserved quantity

is a concept for an adiabatic gas or adiabatic plasma which
collisionally remains isotropic [cf. Bernstein et al., 1958;
Kulsrud, 1983] (but seeMontgomery [1971, equation (2–5)]).
The isotropy assumption is built into the selection of the
adiabatic index G being G = 5/3. In this section it is shown
that the specific entropy S = T/n2/3 of a collisionless plasma

Figure 1. Typical specific entropy values S = T/n2/3 are plotted for several ion and electron populations
in the solar wind and magnetosphere. Details can be found in Table 1.
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can also be expressed in terms of the first two adiabatic
invariants of the particles plus two other conserved quanti-
ties. When a population of charged particles in a dipole
magnetic field is constantly isotropized (e.g., by pitch angle
scattering), then the behavior of the population is adiabatic
(as shown in Appendix 2 of Borovsky et al. [1981]); if the
isotropization is not constantly enforced, the population
undergoes nonadiabatic evolution [cf. Goertz, 1978].
[11] The first adiabatic invariant is m = p?

2 /B [e.g., Alfven
and Falthammar, 1963; Borovsky and Hansen, 1991] where
p? = mv? is the component of the momentum of a particle
perpendicular to the magnetic field B. For an isotropic
population of particles with temperature T, a thermal particle
has a velocity given by v?

2 = kBT/m and the first adiabatic
invariant can be redefined (nonrelativistically) as m = T/B.
The second adiabatic invariant is J = 2

R
pk ds [e.g., Northrop

and Teller, 1960; Alfven and Falthammar, 1963], where
pk = mvk is the component of the momentum of a particle
parallel to the magnetic field B and the integral

R
ds is over

the length of a flux tube. The integral
R
pk ds can be approxi-

mated as pk L where L is the length of a flux tube. Assuming
isotropy, vk = (kBT/m)1/2 for a thermal particle and the
second adiabatic invariant can be rewritten J = T1/2L. The
third conserved quantity for a population of particles in
the magnetosphere is the number of particles N in a flux
tube. This number can be written as N = nV, where n is
the number density of particles and V is the spatial volume
of the flux tube. Writing the volume of the flux tube as
V = AL, where A is the cross‐sectional area of the flux tube
and L is the length of the flux tube, the number of particles
is expressed as N = nAL. The final conserved quantity is
the total magnetic flux B in the flux tube, which can be
written as B = BA where B is the magnetic induction and A
is the cross‐sectional area of the flux tube. Collecting this
information together, the four conserved quantities are

� ¼ T=B ð2aÞ

J ¼ T1=2L ð2bÞ

N ¼ n A L ð2cÞ

B ¼ B A: ð2dÞ

Expressions (2a)–(2d) are four expressions in five unknowns:
T, B, L, A, and n. The five unknowns are not conserved
quantities; they are variables. Algebraically, using three of
the expressions to eliminate the variables A, L, and B leaves
one expression which has the two variables n and T:

N=B � J ¼ n=T3=2: ð3Þ

The left‐hand side of expression (3) is composed entirely
of conserved quantities, so both sides of expression (3) are
conserved. Expression (3) is interpreted as follows. N/B is
the number of particles per unit flux in the flux tube. Thus
the left‐hand side N/BmJ is the number density of (mJ)−1

in the flux tube, where the number density is the number
of particles per unit flux instead of the number per unit
volume. Hence N/BmJ is the amount of (mJ)−1 per unit flux

in a flux tube. Since m is an adiabatic invariant and J is an
adiabatic invariant, the quantity (mJ)−1 is also an adiabatic
invariant; it can be called a hybrid adiabatic invariant.
[12] Taking both sides of expression (3) to the 2/3 power

and recognizing from expression (1) that T/n2/3 = S, expres-
sion (3) becomes

S ¼ �JB=Nð Þ2=3; ð4Þ

where the specific entropy S is written in terms of single
particle motions in a collisionless plasma rather than fluid
variables. In expression (4) the first and second adiabatic
invariants m and J pertain to thermal particles in the popu-
lation. According to expression (4), the specific entropy S
can be interpreted as S−3/2 being the density of the hybrid
adiabatic invariant (mJ)−1 per unit flux.

2.2. Specific Entropy for Relativistic Maxwellians

[13] For a hot plasma, there are relativistic corrections
to the expression S = T/n2/3 for the specific entropy. The
specific entropy (entropy per particle) S is related to the
Boltzmann H function H =

R
f log(f) d3v as log(S3/2) = −kBH

[cf. Boyd and Sanderson, 1969, section 10–8]. For a non-
relativistic Maxwellian distribution function f(v), the inte-
gral

R
f log(f) d3v is performed to yield S = T/n2/3 [cf. Fitts

and Mucci, 1962; Chapman and Cowling, 1953, section 4.2].
For a relativistic Maxwellian distribution f(p) the H function
H =

R
f log(f) d3p is related to the entropy in the same

fashion log(S3/2) = −kBH [Alvarez, 1979; Escobedo et al.,
2003; Kaniadakis, 2009]. For a relativistic Maxwellian dis-
tribution f(E) = n (c/4pmekB

2T2) [a ea K2(a)]
−1 exp(−E/kBT)

[Cayton et al., 1989] of kinetic energy E, the integral
R
f log

(f) d3p is performed to yield

S ¼ F�2=3 n�2=3 ð5Þ

for the specific entropy, where the function F is

F �ð Þ ¼ �=K2 �ð Þð Þ exp �� K3 �ð Þ=K2 �ð Þ½ � ð6Þ
with a = mec

2/kBT and where K2 and K3 are modified
Bessell functions. The specific entropy expression (5) can be
approximated (to within 3.2%) by the expression

S � T 1þ T=137:9ð Þ1:275
� �1=1:275

n�2=3 ð7Þ

with T expressed in units of keV. Expression (7) varies as
S / T1 at low temperature (nonrelativistic) and varies as
S / T2 at high temperature (fully relativistic).
[14] The approximation (expression (7)) to the specific

entropy S can also be obtained from expression (4) for the
adiabatic‐invariant density per unit flux by (1) retaining the
relativistic expressions m = p?

2 /B and J = pkL for the m and J
adiabatic invariants [e.g., Northrop and Teller, 1960; Alfven
and Falthammar, 1963] and (2) using the facts that the
mean kinetic energy hEi = mehv2i/2 of a distribution is hEi =
3/2 kBT for nonrelativistic electrons kBT � mec

2 and that
the mean kinetic energy hEi = (hgi − 1)mec

2 is hEi = 3 kBT
for fully relativistic electrons kBT � mec

2 [e.g., Wienke,
1975; Wei‐Ke et al., 2005]. Hence the interpretation in
section 2.1 of S as the density of a hybrid adiabatic invariant

BOROVSKY AND CAYTON: RADIATION BELT ENTROPY MAPPING A06216A06216

4 of 12



(mJ)−1 per unit flux holds relativistically, with S given by
expression (5) or expression (7).

3. The Specific Entropy of the Outer Electron
Radiation Belt at Geosynchronous Orbit

[15] The energetic electrons at geosynchronous orbit are
measured by the Synchronous Orbit Particle Analyzer
(SOPA) [Belian et al., 1992; Cayton and Belian, 2007] on
board seven satellites in geosynchronous orbit (6.6 RE).
The SOPAs measure fluxes of electrons in the energy range
∼30 keV to >2MeV every 10 s. In the current study, the spin‐
averaged counting rates for each electron energy channel are
modeled as linear combinations of two Maxwellian compo-
nents plus a nonelectron “background” contribution; mini-
mizing the squared deviations between the observed andmodel
counting rates summed over 10 electron channels yields the
best fit two‐Maxwellian spectra (seeCayton and Belian [2007]
for full details). Spin‐averaged count rates (obtained by aver-
aging over the spacecraft spin) are fit rather than omnidirec-
tional count rates (obtained by integrating over the pitch angle
distribution); analysis has shown that spin‐averaged and omni-
directional quantities are almost identical for the energetic elec-
trons measured by SOPA at geosynchronous orbit (R. Friedel,
private communication, 2009).Cayton et al. [1989] found that
relativistic bi‐Maxwellians were excellent fits to the omnidi-
rectional electron fluxes at geosynchronous orbit; Pierrard
and Lemaire [1996] drew similar conclusions for the outer
electron radiation belt away from geosynchronous orbit. The
assumption of isotropy is implicit in the present data analysis;
future analysis will produce densities and temperatures of
the electron bi‐Maxwellians as functions of pitch angle. The
bi‐Maxwellian fitting describes two populations of electrons, a
“soft” population of electrons with a temperature of ∼30 keV
and a “hard” population of electrons with a temperature of
∼150 keV. The “soft” population is the suprathermal tail of the
electron plasma sheet whose appearance at geosynchronous
orbit is associated with substorm injections [Lezniak et al.,
1968; Cayton et al., 1989; Birn et al., 1998]. The hard com-
ponent is the outer electron radiation belt [Cayton et al., 1989;
Belian et al., 1996]. As an aside, note that Johnson and Wing
[2009] used (nonrelativistic) bi‐Maxwellian fits to the ion
plasma sheet population to study separately the specific
entropy of the ion plasma sheet core distribution and of the ion
plasma sheet halo distribution.
[16] From the measured count rates, the temperatures and

densities of the hard and soft components are determined from
functional fits every 10 s from each satellite. In this paper only
the hard component density and temperature are utilized. To
reduce the influence of outliers when the fits are noisy and to
produce a more manageable sized data set, median values of
the density and temperature are calculated for every 30 min of
data [cf. Denton et al., 2010]. Data from the declining phase
years 1989–2008 are used [cf.Denton et al., 2010]. This results
in 955,527 half‐hour median values of temperature and den-
sity, which is equivalent to 54.5 satellite years of data. The
specific entropy S = F−2/3 n−2/3 (expressions (5) and (7)) of
the outer electron radiation belt at geosynchronous orbit will
be calculated from these half‐hour median temperature and
density measurements.
[17] In Figure 2 the number density n, temperature T, and

specific entropy S = F−2/3 n−2/3 of the outer electron radiation

belt at geosynchronous orbit local midnight are binned. Only
measurements within ±1 h of local midnight are used. In
Figure 2 (top), log10(n) is binned. Note the asymmetry in the
distribution, with a maximum n value of n ∼ 1 × 10−4 cm−3

and a low‐density tail extending below n ∼ 1 × 10−5 cm−3. The
mean value ± standard deviation of the distribution of n values
is n = 3.4 × 10−4 ± 2.4 × 10−4 cm−3, as noted in the plot. In
Figure 2 (middle) the quantity log10(T) of the outer electron
radiation belt at geosynchronous midnight is binned, with T
measured in keV. Note that this distribution is symmetric and
varies by less than 1 decade. The mean value ± standard
deviation of the temperature distribution is T = 139 ± 45 keV.
In Figure 2 (bottom) the quantity log10(S) of the outer elec-
tron radiation belt at geosynchronous midnight is binned,
with S = F−2/3 n−2/3 (expression (5)) measured in units of
eV cm2. Note that this distribution is asymmetric with a
high‐S tail that corresponds to the low‐n tail of Figure 2
(top) (i.e., log10(S) = −2/3 log10(F) − 2/3 log10(n)). The mean
value ± standard deviation of the distribution of S values at
geosynchronous orbit local midnight is S = 8.4 × 107 ± 1.4 ×
108 eV cm2. (The standard deviation exceeds the mean value
owing to the high‐entropy tail of the distribution associated
with low‐density events.)
[18] In Figure 3 the measured values of the specific

entropy (expression (5)) of the outer electron radiation belt
are plotted as a function of local time around geosynchro-
nous orbit. Each gray point is the median value for 1/2 h of
measurements and the red points are 10,000‐point running
logarithmic averages of the gray points. As can be seen by
the red points, there is no strong trend to the specific entropy
S versus local time. Note, however, that there are strong local
time trends in the number density n and temperature T of
the outer electron radiation belt at geosynchronous orbit
[cf. Denton et al., 2010, Figure 3], which are owed to the
fact that geosynchronous local noon samples a deeper outer
electron radiation belt population (with a higher n and
higher T) than does geosynchronous orbit midnight [Hones,
1963; Pfitzer et al., 1969; Borovsky and Denton, 2010a].
Nevertheless, the specific entropy S = F−2/3 n−2/3 of these two
radial populations is quite similar.

4. The Specific Entropy of the Energetic
Electrons in the Magnetotail

[19] Omnidirectional energetic electron measurements in
the energy range ∼0.1–6 MeV on 12 Global Positioning
System (GPS) satellites are used to determine the number
density and temperature of the energetic electron population
in the Earth’s magnetotail. The measurements are from the
years 2006–2010. The instrumentation used is the Burst
Detection Dosimeter (BDD‐IIR) [Cayton et al., 1998, 2010]
operating on two early satellites and the Combined X‐ray
and Dosimeter (CXD) [Distel et al., 1999; Cayton et al.,
2010] instruments operating on 10 later satellites, with
modeling of the instrument response by Tuszewski et al.
[2002]. Densities and temperatures of the electrons are
obtained from relativistic Maxwellian fits to the count rates
(cf. Denton and Cayton, submitted manuscript, 2011). The
count rate corrected for dead time is modeled as a sum of
two contributions, nonelectron background counts plus
counts that result from a spectrum of incident electrons.
Values for the density and temperature of the electrons are
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inferred by least squares fits of relativistic Maxwellians,
minimizing the sum of the squared deviations between the
sets of true and predicted counting rates. The analysis is
optimized for the energies ∼0.1–1.0 MeV.
[20] The magnetotail energetic electron population will be

measured by the “off equatorial” GPS spacecraft (similar to the
measurements of the magnetotail ion plasma sheet by the
DMSP spacecraft [Wing andNewell, 1998], but not as extreme).
In general the energetic electron population in themagnetotail is
quasi‐isotropic [Hones et al., 1968; Retzler and Simpson, 1969;
Sarris et al., 1976], so it is easily detected by the off‐equatorial
GPS spacecraft and Liouville’s theorem preserves the number
density and the temperature of the energetic electron population
along the flux tube away from the equator.
[21] Mapping of the magnetic field line from the GPS

spacecraft to the equatorial (minimum B) plane is performed
with the T89 [Tsyganenko, 1989;Peredo et al., 1993]magnetic
field model using an IGRF internal field (see also Denton and
Cayton, submitted manuscript, 2011). The Kp value for the
T89 model is set to Kp = 2. Using the magnetic field models
the value Bsat of the magnetic field at the GPS satellite is
estimated. Computationally tracing the magnetic field line
through the satellite, the bounce invariant

R
(1 − B/Bsat)

1/2 ds
is integrated for a particle mirroring at the satellite. Using the
asymptotic expansion ofHilton [1971], an approximate value
for McIlwain’s L parameter [McIlwain, 1961] is obtained.
This L parameter is used as ameasure of the downtail distance
that the GPS satellite maps to. Onlymeasurements that map to
greater than 10 RE downtail (L > 10) are used and only
measurements made within ±1 h of local midnight are used.
The choice of L = 10 as an inner boundary is somewhat

Figure 2. The occurrence distributions for log10(n),
log10(T), and log10(S) for the outer electron radiation belt
at geosynchronous orbit local midnight as determined from
SOPA energetic electron measurements.

Figure 3. For 955,527 half‐hour measurements, the spe-
cific entropy of the outer electron radiation belt at geosyn-
chronous orbit is plotted as a function of the local time at
which the measurement was obtained. The gray points are
the individual measurements (every 20th point plotted),
and the red points are 10,000‐point running averages of
the gray points.
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arbitrary; L > 10 was chosen to be beyond the dipolar portion
of the magnetosphere.
[22] In Figure 4 the occurrence distributions of the number

density n, temperature T, and specific entropy S = F−2/3 n−2/3

of the energetic electron population of the magnetotail as
viewed by GPS are plotted. (Again, only measurements
within ±1 h of local midnight and L > 10 are included in
the binning.) In Figure 4, log10(n) is binned. Note that the
log10(n) distribution is slightly asymmetric, with a low‐
density tail. (This is similar to the log10(n) distribution
at geosynchronous orbit displayed in Figure 2 (top).) The
mean value ± standard deviation of the distribution of n
values for the magnetotail is n = 2.2 × 10−4 ± 8.2 × 10−4 cm−3,
as noted in the plot. In Figure 4 (middle) the quantity log10(T)
of the energetic electron population of the magnetotail is
binned, with T measured in keV. Note that this distribution is
symmetric and varies by less than 1 decade. (This is similar
to the log10(T) distribution at geosynchronous orbit displayed
in Figure 2 (middle).) The mean value ± standard deviation of
the temperature distribution for the magnetotail is T = 44.5 ±
14.5 keV, as noted on the plot. In Figure 4 (bottom) the
quantity log10(S) of the energetic‐electron population of the
magnetotail is binned, with S = F −2/3 n−2/3 (expression (5))
measured in units of eV cm2. Note that this distribution is
asymmetric with a high‐S tail that corresponds to the low‐n
tail of Figure 4 (top) (as is the case for the outer electron
radiation belt at geosynchronous orbit, plotted in Figure 2
(bottom)). The mean value ± standard deviation of the dis-
tribution of S values for the energetic electron population
of the magnetotail is S = 5.8 × 107 ± 1.3 × 108 eV cm2, as
noted on the plot. Denton and Cayton (2011) found that
the number density n and temperature T of this magnetotail
energetic population both decrease with increasing distance
downtail, as determined from the T89 mapping of the
GPS measurements.

5. Entropy Mapping Between the Magnetotail
and Geosynchronous Orbit

[23] The entropy mapping of the outer electron radiation
belt between the magnetotail and geosynchronous orbit is
explored in Figure 5. Here, for various particle populations
measurements of temperature T are plotted as a function of
measurements of number density n. Constant values of the
nonrelativistic specific entropy S = T/n2/3 given by expres-
sion (1) are indicated by the diagonal gray dashed lines in
the plot and constant values of the relativistic specific
entropy S = F−2/3 n−2/3 given by expression (7) are indicated
by the orange curves in the plot. SOPA measurements of
the outer electron radiation belt at geosynchronous orbit
midnight are plotted as green points in the upper left portion
of Figure 5. The median value of these points is indicated
by a white circle with a green dot. GPS measurements of
the energetic electrons in the magnetotail are split into
two groups according to downtail distance, a group with
10 < L < 22 representing the near‐Earth magnetotail and a
group with L > 22 representing the distant magnetotail. The
GPS measurements for the near‐Earth magnetotail are
plotted as blue points in the upper left portion of Figure 5
and the GPS measurements for the distant magnetotail are
plotted as red points. The median values of these two groups
are indicated by white circles with a blue dot and a red dot.

Figure 4. The occurrence distributions for log10(n),
log10(T), and log10(S) for the energetic electron population
in the magnetotail as determined fromGPS energetic electron
measurements.

BOROVSKY AND CAYTON: RADIATION BELT ENTROPY MAPPING A06216A06216

7 of 12



[24] In the lower right portion of Figure 5, density‐
temperature measurements of the Earth’s ion plasma sheet are
plotted, after Plate 1 of Borovsky et al. [1998b] (see also
Figure 6 of Wing and Johnson [2009] and Figure 3 of
Johnson and Wing [2009]); the green points are MPA‐SOPA
measurements at geosynchronous orbit midnight, the blue
points are ISEE‐2 measurements from neutral sheet crossings
in the magnetotail from 11 RE < d < 22 RE downtail distance,
and the red points are ISEE‐2 measurements from the outer
edge of the magnetotail plasma sheet which map to the distant
tail. Median values for the three populations are indicated
by white circles with colored dots. Note that all three ion
plasma sheet populations have approximately the same
value of S. The interpretation [cf. Borovsky et al., 1998b] is
that the three populations are the same population seen at
three locations as the ions convect, with n and T adiabatically
increasing as the population migrates from the distant tail
(red) to the near‐Earth tail (blue) into the dipole (green).
[25] A similar interpretation for the red, blue, and green

points of the outer electron radiation belt in the upper left
portion of Figure 5 is that they are the same population. The
interpretation would be either (1) the energetic electrons are

adiabatically heated as they move from the magnetotail to
geosynchronous orbit or (2) that the energetic electrons are
adiabatically cooled as they move from the dipole into the
magnetotail. Scenario 1 would indicate that the magnetotail
energetic electrons are a source population for the outer
electron radiation belt; scenario 2 would indicate that the
energetic electrons of the magnetotail are leakage from the
outer electron radiation belt. More investigation is required
to discern whether scenario 1 or scenario 2 is operating.

6. Discussion

[26] Specific entropy evidence has been presented that the
energetic electron population in the magnetotail is the same
population as the outer electron radiation belt at geosyn-
chronous orbit. Two questions about this can be asked: (1) Is
adiabatic motion between the magnetotail and geosynchro-
nous orbit possible for energetic electrons and (2) if so, how
much change in density and temperature is expected in going
between the two locations? These two questions are discussed
in the following two paragraphs.

Figure 5. Temperature T is plotted as a function of number density n for measurements of the outer elec-
tron radiation belt at geosynchronous orbit midnight (green points, upper left), energetic electrons in the
magnetotail at 10 < L < 22 (blue points, upper left), energetic electrons in the magnetotail at L > 22 (red
points, upper left), the ion plasma sheet at geosynchronous orbit local midnight (green points, lower
right), the ion plasma sheet in the 11–22 RE downtail distance range (blue points, lower right), and the
ion plasma sheet in the distant tail (red points, lower right). Median values of the six populations are indi-
cated by the white circles with colored dots. The black diagonal lines are curves of constant nonrelativistic
specific entropy S = T/n2/3 labeled in units of eV cm2 and the orange curves are curves of constant rel-
ativistic specific entropy S = F−2/3 n−2/3.

BOROVSKY AND CAYTON: RADIATION BELT ENTROPY MAPPING A06216A06216

8 of 12



[27] Two possible means of transport between the mag-
netotail and geosynchronous orbit are via electric field drift
or via radial diffusion. If energetic electrons are transported
between the magnetotail and geosynchronous orbit by
electric field drift [e.g., Birn et al., 1998, 2000; Fok et al.,
2001], then the transport should be adiabatic (in that the m
and J invariants are conserved) provided that the electric and
magnetic fields in the magnetosphere do not vary on time-
scales comparable to or faster than the electron bounce
period. The energetic electron bounce period in the mag-
netosphere is a few seconds or less, even in the magnetotail.
Observations of temporal changes in nightside electric fields
in the magnetosphere show timescales for change of a minute
or longer [cf. Aggson et al., 1983, Figure 4; Roux et al., 1991,
Figure 2;Pedersen, 1992, Figure 1 of;Pedersen and Escoubet,
1994, Figure 2;Kozelova et al., 2000, Figures 1 and 2]. Similar
timescales are seen for temporal changes in the nightside
magnetic field in the magnetosphere [cf. Aggson et al., 1983,
Figure 4; Kremser et al., 1988, Figures 1 and 2; Takahashi
et al., 1987, Figure 1; Lopez et al., 1990, Figure 14; Williams
et al., 1990, Figure 1; Pudovkin, 1991, Figure 7; Ohtani et al.,
1991, Figures 1 and 2; Lui et al., 1992, Table 1; Lopez et al.,
1993, Figure 5; Rastinkangas et al., 1994, Figure 4]. If ener-
getic electrons are transported between the magnetotail and
geosynchronous orbit by inward or outward radial diffusion,
than the transport should be adiabatic (in that the m and J
invariants are conserved) if the radial diffusion is driven
by fluctuations with timescales longer then the bounce peri-
ods of energetic electrons. In the quasi‐dipolar regions of the
magnetosphere radial diffusion is thought to be driven by
small‐amplitude ULF fluctuations and is thought to conserve
m and J for energetic electrons [Schulz and Eviatar, 1969;
Walt, 1971; Sarris et al., 2006]. In the magnetotail radial
diffusion could be driven by the large‐amplitude MHD tur-
bulence fluctuations of the plasma sheet [Borovsky et al.,
1997; Borovsky and Funsten, 2003; Vörös et al., 2004;
Weygand et al., 2005; Stepanova et al., 2005, 2009;El‐Alaoui
et al., 2010]. In this turbulence, conservation of the J invariant
depends on the gradient and curvature drift velocity of an
energetic electron compared with the approximately 1.5 RE

correlation length of the turbulence across the magnetic field.
Preliminary particle orbit calculations in nonturbulent mag-
netic field models (J. Birn, private communication, 2011)
indicates that electrons should move through a turbulence
correlation length in a time that is longer than their bounce
times, indicating that their adiabaticity should be conserved
while radially diffusing in the turbulence. As noted in
Figures 2 (bottom) and 4 (bottom), the measured mean
values of S = F−2/3 n−2/3 for energetic electrons tend to be
about 45% higher at geosynchronous orbit midnight than in
the magnetotail. If this measured difference in the specific
entropy S is accurate, then this would be consistent with a
nonadiabatic heating of the electrons as they move from the
magnetotail to geosynchronous orbit or a nonadiabatic
cooling as they move from geosynchronous orbit to the
magnetotail. Nonadiabatic heating could be caused, for
instance, by wave‐particle interactions with plasma waves
[e.g., Summers and Ma, 2000; Albert, 2004; Horne et al.,
2005, 2007]; nonadiabatic cooling could be caused, for
instance, by energy‐dependent electron loss.
[28] As can be seen in Figure 5, the amount of change in n

and T of the energetic electrons between the magnetotail and

geosynchronous orbit midnight is about the same for the
energetic electrons (upper left of Figure 5) and the ion
plasma sheet ions (lower right of Figure 5); in both cases the
number density at geosynchronous orbit is about a factor of
4 higher than the number density in the magnetotail. It has
been noted by Borovsky et al. [1998b] that the amount of
change in n and T seen for the ion plasma sheet is much less
than expected from the simple use of static magnetic field
models of the magnetosphere; it was argued that in time‐
dependent magnetospheres with reconnection the specific
entropy could be conserved [cf. Borovsky and Hesse, 2007]
while the total entropy (integral of the specific entropy over
the volume of a flux tube) was not conserved [cf. Birn et al.,
2006], yielding adiabatic behavior with smaller‐than‐
expected values for the compression of n. (For an example
of this conservation of specific entropy and nonconservation
of total entropy in the magnetotail, compare Figures 4a and
4d of Johnson and Wing [2009].) The case could be the
same for the energetic electrons since adiabaticity appears to
hold between geosynchronous orbit and the magnetotail and
since the same amount of density change is seen between
the two locations.

7. Summary

[29] Using number density n and temperature T mea-
surements the specific entropy values S = T/n2/3 of the outer
electron radiation belt at geosynchronous orbit and of the
energetic electron population of the magnetotail are deter-
mined. The specific entropies of these two populations
statistically match. This match indicates that the outer
electron radiation belt at geosynchronous orbit and the
energetic electrons in the magnetotail are probably the same
population, either (1) adiabatically heating moving earth-
ward or (2) adiabatically cooling moving tailward. In case 1
the energetic electrons of the magnetotail would be a source
population for the outer electron radiation belt in the dipole.
In that case a question arises as to the origin of those
energetic electrons in the magnetotail. In case 2 the ener-
getic electrons of the magnetotail are electrons leaked from
the outer electron radiation belt in the dipole and are elec-
trons being exhausted from the Earth’s magnetosphere. In
that case a question arises as to the origin of the outer
electron radiation belt electrons.
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