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CHAPTER I

Introduction

This thesis focuses on finding finiteness structural properties of local cohomology
modules over a ring and their use in the study of singularity. This work contains
results obtained in | , , , , , , ,

]. Of these, | ] is in collaboration with Daniel J. Hendndez and
Emily E. Witt, | | with Juan F. Pérez, and finally | , | with
Emily E. Witt. In addition, these projects have been under the supervision and ad-
vice of Mel Hochster. All results stated formally in this introduction appear in a

paper of the author unless otherwise indicated.

I.1 Algebra and geometry

It is well know that the equation for a conic section takes the following quadratic
form:
Az® 4+ Bry + Cy* + Dx+ Ey + F = 0.

One can classify the geometry of the section in terms of the constants in the equation.
For instance, if B> — 4AC = 0 it is a parabola. Following this example further, we
can ask about the geometry of the set of points in a euclidean space R™ defined as the
zeros of several polynomial equations fi, ..., f,. We denote that set by V(f1,..., f),
and called it an algebraic variety. Using the defining equations of V(f1, ..., f¢), we can
make sense of the concepts of dimension, irreducibility, and smoothness. The math-
ematical area that studies this interaction is Algebraic Geometry, and its algebraic
side is dominated by Commutative Algebra.

Keeping in mind the close relationship between algebra and geometry, we consider
f(zx), a polynomial in n variables and with real coefficients. We say the hypersurface

given by the points that satisfy f(x) = 0 is smooth at z = a if at least one partial



derivative g—mfi(a) is not zero. Otherwise, we say that f has a singularity at x = a.

\ v
\ ]

/1N
f smooth at (0,0) f singular at (0,0)

Not every singular point has the same type of singularity; for instance, the figures
below show three different singular curves. Measuring singularity of a curve, surface

or any variety at a point has been an object of study in geometry.
y

y y
y2—$3—$2:0 yQ—LESIO y2—339:0

Now instead of the real numbers, we consider the integers modulo p, a prime
number. Then every integer is equivalent to its remainder while applying the division
algorithm. For instance, if p = 5, then 5 = 0,6 = 1 and 12 = 2. When we take a
polynomial with coefficients over the integers modulo p, we can use the Frobenius
map, r — 7P, to classify singularities. Two important types of singularities are the
F-regular and the F-pure singularities. The F-regular singularities behave similarly
to a smooth point from the perspective of tight closure theory (see Chapter [1.6 and
[ , |). Similarly, the F-purity of singularities simplifies computations for
cohomology groups and implies vanishing properties of these groups (see Chapter
11.5). These properties are very important and much-studied in algebraic geometry
and commutative algebra | , , , ; , , ]. The

relations among these properties are the following:

Any 5 F — pure 5 F' — Regular 5 Smooth
point singularity singularity point |

The study of algebraic invariants that measure a singularity has an important
role in the study of its geometric properties. In particular, this work focuses on those

invariants that measure the difference between the types of singularities previously
described.



I.2 Local cohomology

In order to study singularities, we first introduce the main algebraic object in-
vestigated in this thesis: local cohomology (see Chapter 11.3). These modules were
first introduced by Grothendieck in the 60’s (see | ]). If M is an R-module and
I C R is an ideal, we denote the -th local cohomology of M with support in I by
Hi(M). These modules capture several algebraic and geometric properties of a ring,
R, an ideal, I, and an R-module, M, for instance, Cohen-Macaulayness of R, depth
of I, and dimension of M.

In a basic course in complex analysis one studies the difficulty of extending a
holomorphic function to a region where it is undefined. For instance, a removable
singularity is that in which it is possible to define the function at that point. A pole
of order m is a singularity that could be “controlled” with a polynomial of order m.
Therefore, the higher the order of the pole, the harder to extend the function. One of
the many strong connections between local cohomology of modules and cohomology
of sheaves is that the elements of Hj(M) give the obstruction to extending sections
of M supported off V(I) to all Spec(R). Here, as before, V(I) denotes the closed set
defined by the vanishing of elements in I.

The local cohomology modules are usually not finitely generated; however, they
satisfy finiteness properties over regular local rings containing a field and over un-
ramified regular local rings | : : : |: The set of associated
primes of H:(R) is finite (see Chapter 11.1), the Bass numbers of H%(R) are finite (see
Chapter 11.2), and inj. dim H}(R) < dimg Supp Hi(R) (see Chapter 1.2).

Lyubeznik approached these problems using modules over a ring of differential
operators (see Chapter 11.4 and | ]). Given two commutative rings A and R such
that A C R, the ring of A-linear differential operators of R, D(R, A), is defined as the
subring of Homy4 (R, R) obtained inductively as follows. The differential operators of
order zero are morphisms induced by multiplication by elements in R (Homg(R, R) =
R). An element # € Homy (R, R) is a differential operator of order less than or equal
tok+1if 6-r—r-0is a differential operator of order less than or equal to &k for

every r € R. In particular, if R = C[xy,...,z,], then

0 0

D =R(—,...,—).
(R’ (C) R<ax17 7axn>

If M is a D(R, A)-module, then My has the structure of a D(R, A)-module such
that, for every f € R, the natural morphism M — M/ is a morphism of D(R, A)-



modules. As a consequence, Hﬁ e H}ﬁ(R) is also a D(R, A)-module | ]

The only cases of regular rings for which these important structural properties have
not been shown are the regular local rings of ramified mixed characteristic p > 0. A
proof or a counter-example for the remaining case would give us a better understand-
ing of rings of mixed characteristic. Thus, the main conjecture that motivates this

research is:

Conjecture 1.2.1. Let (R, m, K) be a regular local ring of ramified mixed charac-

teristic p > 0. Then
(a) the set of associated primes of H}(R) is finite;
(b) the Bass numbers of Hi(R) are finite;
(¢) inj.dim Hi(R) < dimg Supp Hi(R).

for every ideal I and every i € N.

One of the main results of this thesis is the finiteness of the set formed by certain

associated primes of local cohomology over any regular ring of mixed characteristic:

Theorem 1.2.2 (see Theorem 111.3.5 and | ). Let (R, m, K) be a regular commu-
tative Noetherian local ring of mized characteristic p > 0. Then the set of associated

primes of Hi(R) that do not contain p is finite for every i € N and every ideal I C R.

The main tool developed to prove the previous theorem is an extension to a greater

generality of results about rings of differential operators (cf. | : : D:

Theorem 1.2.3 (see Theorem [11.2.13 and | ). Let R be a reqular commutative
Noetherian ring with unity that contains a field, F', of characteristic 0 satisfying the

following conditions:
(1) R is equidimensional of dimension n;

(2) every residual field with respect to a maximal ideal is an algebraic extension of
F;

(3) Derp(R) is a finitely generated projective R-module of rank n such that for every
mazximal ideal m C R, R,,, ®r Derp(R) = Derp(R,,).

Then the ring of F-linear differential operators D(R, F) is a ring of differentiable type
of weak global dimension equal to dim(R). Moreover, the Bernstein class of D(R, F')

1s closed under localization at one element.



Using D-modules over a polynomial or power series ring with coefficients over a

ring of small dimension, we extend some of Lyubeznik’s results to these rings:

Theorem 1.2.4 (see Theorem 1V.2.6 and | ). Let A be a zero dimensional

commutative Noetherian ring. Let R be either Alzy, ..., x,] or Al[x1,...,x,]]. Then
(i) the set associated primes of Hi(R) is finite, and
(ii) the Bass numbers of Hi(R) are finite

for every ideal I and every i € N.

Theorem 1.2.5 (see Theorem [V.2.10 and | ). Let A be a one-dimensional
ring, and let R be either Az, ..., x,] or A[[z1, ..., x,]]. Let m € A denote an element
such that dim(A/mA) = 0. Then, the set of associated primes over R of Hi(R) that
contain m is finite for every ideal I and every v € N. Moreover, if A is Cohen-
Macaulay and 7 is a nonzero diwvisor then the Bass numbers of H:(R), with respect

to a prime ideal P that contains w, are finite.

The previous two theorems recover results of Lyubeznik [ | for regular local
rings of unramified mixed characteristic, but his proofs use a different approach. The

motivation behind these theorems is to find techniques to prove Conjecture [.2.1 for

V{z,y, 21, 20
(m —axy)V[z,y, 21, ..., 20]]

Y

where (V, 7V, K) is a complete DVR of mixed characteristic. This is, to the best
of our knowledge, the simplest example of a regular local ring of ramified mixed
characteristic in which the claims of Conjecture [.2.1 are unknown. Motivated by
this example and previous results | , , ) |, Hochster raised the

following related question:

Question 1.2.6 (see Question V.0.1). Let (A, m, K) be a local ring and R be a flat

extension with regular closed fiber. Is
Assp HY pHi(R) = V(mR) N H}(R)

finite for every ideal I C R and ¢ € N7

We answer this question affirmatively for some cases:



Theorem 1.2.7 (see Theorem V.4.3 and | ). Let (A,m,K) — (R,n,L) be a
flat extension of local rings with reqular closed fiber such that A contains a field. Let
I C R be an ideal such that dim(A/I N A) < 1. Suppose that the morphism induced
in the completions AR maps a coefficient field of A into a coefficient field of R.
Then

Assp HY Hi(R)

is finite for every i € N. Moreover, if R is either Ay, ..., x,) or Al[x1,...,x,]], then
Assg HLRH}(R) is finite for every ideal I C R such that mR C /I and every j € N.

When A is not a zero-dimensional ring the local cohomology modules are not
necessarily of finite length or finitely generated as D-modules. To avoid this difficulty,
we introduce »-finite D-modules, which are D-modules that behave similarly to D-

modules of finite length.

Definition I1.2.8 (see Definition V.1.2 and | ). Let M be a D-module sup-
ported at mR and M be the set of all D(R, A)-submodules of M that have finite
length. For N € M, let C(N) denote the composition series of N as D(R, S)-module.
We say that M is X-finite if:

(1) UNEMN:Mv
(i) Unem C(IV) is finite, and
(iii) for every N € M and L € C(N), L € C(R/mR, A/mA).

This work also includes results on the finiteness of local cohomology over direct
summands of regular rings. An example of this is given when S is a polynomial ring
over a field and R is the invariant ring of an action of a linearly reductive group over
S| |. Another example is when R C Klzy,...,x,] is an integrally closed ring
that is finitely generated as a K-algebra by monomials. This is because such a ring is
a direct summand of a possibly different polynomial ring (cf. | , Proposition 1
and Lemma 1]). Another case in which an inclusion splits is when R — S is a module
finite extension of rings containing a field of characteristic zero such that S has finite
projective dimension as an R-module. Moreover, such a splitting exists when Koh’s

conjecture holds (cf. | , , ]). The results in this direction are:

Theorem 1.2.9 (see Theorem VI.1.5 and | ). Let R — S be a homomorphism
of Noetherian rings that splits. If Assg Hs(S) is finite, then Assg Hi(R) s finite for
every ideal I C R.



Theorem 1.2.10 (see Theorem VI.2.4 and | ]). Let R — S be a homomorphism
of Noetherian rings that splits such that S is finitely generated as R-module. Suppose
that S is a Cohen-Macaulay ring such that the Bass numbers of Hig(S) are finite for
every ideal I C R. Then the Bass numbers of HY(R) are finite.

Corollary 1.2.11 (see Corollary VI.1.7 and | ). There exists a Gorenstein F'-
reqular UFD, R, thatl is not a pure subring of any reqular ring. In particular, R is

not direct summand of any regular ring.

We point out that the property about injective dimension does not hold for direct
summands of regular rings, even in the finite extension case. A counterexample is
R = K[z3, 2%y, zy?,y?] C S = K|x,y], where S is the polynomial ring in two variables
with coefficients in a field K. The splitting of the inclusion is the map 6§ : S — R
defined in the monomials by 8(z%y”?) = 2%y’ if a+ 3 € 3Z and as zero otherwise. We
have that the dimension of Supp(H (ngwzy,xy{yg)(R)) is zero, but it is not an injective
module, because R is not a Gorenstein ring, since R/(x?,y*)R has a two dimensional

socle.

I.3 Applications to measure of singularity

The finiteness structural properties of local cohomology over regular rings have
been applied to define algebro-geometric invariants | , , ,

, ] or to find properties for certain kind of rings [ , ,

, |. Using the result obtained for local cohomology modules, we expand

these applications to study singularity of local rings.

1.3.1 F-Jacobian ideals

Suppose that S = Klzy,...,x,] is a polynomial ring over a perfect field K, and
f € S. The Jacobian ideal is defined by Jac(f) = (f, 887{, e i—i). This ideal plays a
fundamental role in the study of singularity in zero and positive characteristic. In this
case, Jac(f) = R if and only if R/fR is a regular ring. Another important property,
given by the Leibniz rule, is that Jac(fg) C fJac(g) + gJac(f) for f,g € S. The
equality in the previous containment holds only in specific cases | , Proposition
8] and it is used to study transversality of singular varieties | : ].

Let R be an F-finite regular local ring. We define the F-Jacobian ideal, Jg(f),
to be the pull back of the intersection of (R/fR) C H}(R) with the sum of the

simple F-submodules in the local cohomology module H}(R). The F-Jacobian ideal



behaves similarly to the Jacobian ideal of a polynomial. Like the Jacobian ideal, they

determine singularity:

e if R/fR is F-regular, then Jp(f) = R (see Corollary VII.2.11);

e if R/fR is F-pure, then R/fR is F-regular if and only if Jp(f) = R (see
Corollary VII.2.13).

e If f has an isolated singularity and R/fR is F-pure, then Jp(f) = Rif R/fR

is F-regular, and Jr(f) = m otherwise (see Proposition VII.3.1).

In particular, we have that the submodules of the local cohomology module H }(R)
give information about the singularity of R/fR or V(f). In addition, the F-Jacobian
ideal also satisfies a Leibniz rule: Jp(fg) = fJr(g9) + gJr(f) for relatively prime
elements f,g € R (Proposition VII.1.14). The Leibniz rule in characteristic zero is
important in the study of transversality of singular varieties and free divisors over the
complex numbers | : .

The F-Jacobian ideals behave well with p°-th powers Jp(f?°) = Jp(f)P? (Propo-
sition VII.1.19). This is a technical property that was essential in several proofs. This
contrasts with how the Jacobian ideal changes with p®~th powers: Jac(f?") = f*"R.

Furthermore, we define the F'-Jacobian ideal for a regular F-finite UFD such that
R¢/R has finite length as D-module (Section VII.1) and for an algebra essentially of
finite type over an F-finite local ring (Chapter VII.2).

1.3.2 Generalized Lyubeznik numbers

Lyubeznik introduced a set of invariants, now called Lyubeznik numbers, to study
rings of equal characteristic | |. Suppose that (R, m, K) is a local ring admitting
a surjection from an n-dimensional local regular local ring (.S, 7, K) containing a field.
If I is the kernel of this surjection, the Lyubeznik numbers of R, depending on two
nonnegative integers i and j, are defined as A;;(R) := dimy Exty (K, H}Lij(S)).
Remarkably, these numbers only depend on the ring R and on ¢ and j, not on .S, nor
even on the choice of surjection from S | , Theorem 4.1]. Moreover, if R is any
local ring containing a field, letting \; ;(R) := /\”(ﬁ) extends the original definition,
making the Lyubeznik numbers well defined for every such ring (see | | for a
survey on this subject).

For R containing a field, the Lyubeznik numbers of R provide essential information

about the ring, and have extensive connections with geometry and topology, including



étale cohomology and the connected components of certain punctured spectra (see,
for example, [ , , , , D-

The generalized Lyubeznik numbers were introduced by the author and Witt
[ | with the aim to extend the the study of rings via local cohomology. To
prove that these generalized Lyubeznik numbers are well defined, we formalize and
develop the theory of a functor that Lyubeznik utilized to show that his original
invariants are well defined | ]. In particular, the definition of these new invariants
relies heavily on the fact that this functor gives a category equivalence with a certain

category of D-modules, which somehow mirrors Kashiwara’s equivalence | ].

Theorem 1.3.1 (see Theorem VIII.0.10 and | ]). Let R be a Noetherian ring,
and let S = R|[[z]]. Let C denote the category of R-modules and D the category of
D(S, R)-modules that are supported on V(xS), the Zariski closed subset of Spec(S)
gwen by xS. Then the functor

G:C—D

1s an equivalence of categories, with inverse functor G:D=C given by é(N) =
Anny(zS).

Moreover, if R = Kl[y1,...,yn]], K a field, then S = K|y, ..., Yn, x]], and G is
an equivalence of categories between the category of D(R, K)-modules and the category
of D(S, K)-modules supported on V(x.S).

The definition of the generalized Lyubeznik numbers depends on the fact that
certain local cohomology modules have finite length as D(.S, K)-modules, where K is
afield and S = K{[xy,. .., x,]] for some n | , Corollary 6]. These new invariants
depend on the local ring R containing a field, a coefficient field K" C ﬁ, a collection
of ideals Iy,...,I; of R, as well as ji,...,js € N. The definition is as follows:

Definition I.3.2 (see Definition [X.1.4 and | ]). Let (R, m, K) be alocal ring
containing a field, and Rits completion at m. Let K’ be a coefficient field of R. Then
R admits a surjection m : .S —» E, where S = K[[z1,...,x,]] for some n € N, and
m(K) = K'. For 1 <i <s, fix j; € N and ideals [; C R, and let J; = ﬂfl([iﬁ) cSs.
The generalized Lyubeznik number of R with respect to K', I, ..., I, and j1, ..., Jjs,

.....



is finite and depends only on R, K', I,...,I; and j1,..., js, but neither on S nor on

.

Although the generalized Lyubeznik numbers a priori depend on the choice of
a coefficient field of ﬁ, there are some cases where only one such field exists. For
example, this happens when K is a perfect field of characteristic p > 0. Whether it

is possible to avoid the dependence of
lengthps sy HY, - - HR. Hj 7 (S) = lengthps 1) HY -+ HPZHy 7' (S)

on the choice of coefficient field of S is, to the best our knowledge, an open question.
These invariants include the original Lyubeznik numbers. As a consequence of
this new approach, our work also gives a different proof that the original Lyubeznik

numbers are well defined.
Proposition 1.3.3 (see Proposition [X.1.8 and | D. If (R,m, K) is a local
ring containing a field, then
Nig(R) = Alo(R: K')
for any coefficient field K' of R.

Generalized Lyubeznik numbers behave similarly to the original Lyubeznik num-

bers. In particular, we have the following properties:

Proposition 1.3.4 (see Proposition [X.1.10 and | ). Given ideals I, C ... C
I, of a local ring (R,m, K) containing a field, i; € N for 1 < j <'s, and a coefficient
field K" of ﬁ, we have that

.....

(il) A7 (RyK') =0 fori; > dim(R/I;_1) and 2 < j < ¢,
(iif) A2 (R K') =0 for iy > iy,

(iv) A} (R; K') # 0 for iy = dim(R/I;), and

(v) AL (R K') # 0 if iy = dim(R/I) — dim(R/15) and iy = dim(R/I;).

We also introduce a new invariant, the Lyubeznik characteristic, which is inspired

by the the definition of the Euler characteristic using the Betti numbers | ]-

10



Definition 1.3.5 (see Definition [X.1.16 and | ]). Let (R, m, K) be a local
ring containing a field such that dim(R) = d. We define the Lyubeznik characteristic
of R by

d
Xa(R) = (=DN(R).
i=0
In addition, results of Blickle | | enable characterizations of F-regularity and

F-rationality in terms of certain generalized Lyubeznik numbers.

Proposition 1.3.6 (see Proposition X.1.2 and | ). Let (R,m, K) be a com-
plete local domain of characteristic p > 0 and of dimension d, such that K is F-finite.
The following hold:

(i) If \{(R) = 1, then O%ra () s F-nilpotent.
(ii) If R is F-injective and Ni(R) = 1, then R is F-rational.
In addition, if K 1is perfect:
iii) A4(R) =1 if and only if 0%, .. is F-nilpotent.
0 HZ (R)
(iv) If R is F-rational, then N\(R) = 1.
v) If R is F-injective, then A (R) = 1 if and only if R is F-rational.
0
Moreover, if R is one-dimensional:
(vi) If & (R) =1, then R is unibranch.
vii) If K is perfect, then N (R) = 1 if and only if R is unibranch.
0

The previous theorem motivates the idea of generalized Lyubeznik numbers to
study singularity in positive characteristic. In order to make statements about this
idea we recall some results for test ideals (see Chapter 11.6). We assume that (S, m, K)
is a complete regular local ring of characteristic p > 0. We fix a radical ideal I C S
and define R = S/I. We set n = dim(5), d = dim(R) and ¢ = n — d. The test
ideal of R, 7(R), plays a crucial role in tight closure theory. For instance, this ideal
determines whether R is strongly F-regular.

If (R,m, K) is an F-finite regular local ring and I C R is an ideal such that R/I

is F-pure, there exists an strictly ascending chain of ideals

I=1CnncC...Cnw=R

11



such that (Ti[p ¥ 7)) C (TZ-[T1 : Tiv1) and 7,41 is the pullback of the test ideal of R/

[ | (see Chapter 11.6).

We first confirm that the Lyubeznik numbers measure singularity for hypersurfaces
[ J
Theorem 1.3.7 (| 1). Let (R, m, K) be an F-finite complete regular local ring,
and f € R such that R/ fR is reduced. If R/ fR is F-pure and

OCfR:T()CﬁC...CTg:R
is the flag of ideals defined above, then
C< NI (R R K.

for every K' coefficient field of R.

When R = K|[[z1,...,z,]] the previous theorem implies that, when R/fR is F-
pure, £ is a lower bound the generalized Lyubeznik numbers, N33R/ SRR/ fR).
The previous theorem says that AX™(F/f®)(R/fR) is measuring how far is an F-pure
hypersurface from being F-regular.

Developing some techniques in | |, we extend the previous theorem to Goren-

stein rings:

Theorem 1.3.8 (see Theorem X.2.9 and | |). Suppose that R is Gorenstein
and F-pure. Let
I=nnCcnncC..Cnw=R

be the flag of test ideals defined by Vassilev. Then, £ < XN(R; K') for every coefficient
field K'.

Smith | ] proved that an F-pure Cohen-Macaulay ring R is F--rational if and
only if H?(R) is a simple left R(F) module (see Chapter [1.9). We have that, for
Cohen-Macaulay rings, lengthpp H?(R) gives a measure of how far R is from being
F-rational. Using results of Lyubeznik on F-modules | ], of Blickle on intersec-
tion homology | ] and of Ma on R({F')-modules [ |, we prove that the highest
generalized Lyubeznik number Aj(R; K”) is an upper bound for length g HY (R).
This results holds for all F-finite rings even if they are not Cohen-Macaulay.

Theorem 1.3.9 (see Theorem X.3.1 and | |). Suppose that R is an F-pure
ring. Then
lengthy ) Hy,(R) < Mj(R; K')

12



for every coefficient field K'.

Furthermore, the study of the generalized Lyubeznik numbers of a Stanley-Reisner
ring, R, give connections with the simplicial complex that gives rise to R. In addition,

we find a connection with categories related to simplicial complexes (Chapter 1X.3).

Theorem 1.3.10 (see Theorem 1X.3.10 and | ). Let K be a field, S =
Klzy,...,z,], and S = K([z1,...,x,]]. Let I,...,Is C S be ideals generated by

square-free monomaials. Then

XL (S) = length g o) Hy: -~ H2HP(S)
= lengthgy, H}* - - Hi H}' (ws)
- Z dimy, [Hj - HEH} (ws)]

ac{0,1}n

Moreover, if char(K) = 0, then

N7 (S) = e(H: - HEHG(S)),

-----

where e(—) denotes D(S, K)-module multiplicity.

It is well know that there is a bijective correspondence between simplicial com-
plexes and square-free monomial ideals | |. Using this bijection, we relate the
Lyubeznik characteristic of a Stanley-Reisner ring with its simplicial complex associ-
ated to it.

Theorem 1.3.11 (see Theorem 1X.4.10 and | ). Take a simplicial complex
A on the vertex set [n]. Let R be the Stanley-Reisner ring of A, and let m be its

maximal homogeneous ideal. Then

n

(Ba) = Y (=2 E(A)].

i=—1

The previous theorem says, in particular, that the Lyubeznik characteristic does
not depend on the chosen field. This contrasts how the original and the general-
ized Lyubeznik numbers behave with respect to the characteristic of the fields (see
Example [X.4.9 and | 1)
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1.3.3 Lyubeznik numbers in mixed characteristic

We define a new family of invariants associated to any local ring whose residue field
has prime characteristic. These numbers are again defined using local cohomology
modules over a regular ring. The introduction of these invariants has the objective of
studying all rings of mixed characteristic through regular rings of unramified mixed
characteristic, whose local cohomology have finiteness properties.

If S is a regular local ring of unramified mixed characteristic, the Bass numbers
of local cohomology modules of the form H%(S) are finite (see Theorem [V.3.1 and
[ , ]). Using the theory of p-bases, and explicit constructions used in the
Cohen Structure Theorems, we prove that the Lyubeznik numbers in mixed charac-

teristic are well-defined:

Definition 1.3.12 (see Definition XI1.1.7 and | ]). Let (R,m, K) be a local
ring such that char(K) = p > 0, and let R denote its completion. By the Cohen
Structure Theorems, R admits a surjection 7 : § —» E, where S is an n-dimensional
unramified regular local ring of mixed characteristic. Let I = Ker(m) and take i, j €

N. Then the Lyubeznik number of R in mixed characteristic with respect to i and j is
defined as

Xij(R) := dimg Exty (K, Hy(S)).
This number is finite and depends only on R, i, and 7, but not on .S, nor on 7.
We have again that these new invariants behave similar to the original.

Proposition 1.3.13 (see Proposition XI.1.11 and | ). Let (R,m,K) be a
local ring such that char(K) =p > 0 and d = dim(R). Then

(i) XH(R) =0ifj>dori>j+1, and
(i) A¢a(R) #0.

Since the structure of the local cohomology over regular rings of mixed charac-
teristic is not as nice as in equal characteristic, we need to overcome some technical
difficulties by studying further the injective dimension. In particular, we find van-
ishing theorems for these local cohomology modules; therefore, for the Lyubeznik

numbers in mixed characteristic.

Theorem 1.3.14 (see Theorem XI1.2.10 and | ). Let (S,m,K) be either a

reqular local ring of unramified mized characteristic, or a reqular local ring containing
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a field. Let n = dim(S), and let I be an ideal of S such that dim(S/I) = d. Then
inj. dim(H}~%(S)) = d.

In particular, if d = dim R, X;,/d(R) # 0, and X”(R) = 0 if either i > d or j > d,
so the “highest” Lyubeznik number exists.

When R is a ring of equal characteristic p > 0, we have two notions of Lyubeznik
numbers: the original defined by Lyubeznik | | and the new one introduced in

[ ]. We give some conditions for which these two definitions agree.

Proposition 1.3.15 (see Corollary XI.3.4 and | ). Let (R,m, K) be a local
ring of characteristic p > 0 such that either dim(R) < 2 or R is Cohen-Macaulay.
Then
Aij(R) = Aij(R).
In addition, we present an example, inspired by an the triangularization of the

projective real plane, in which these invariants disagree.

Theorem 1.3.16 (see Theorem XI.4.12 and | ). There exists a regular local
ring (S,m, K) of unramified mized characteristic p > 0, and an ideal I C S, such
that S/pS is a regular ring, p € I and

Xij (S/T) = dim Ext (K, H{(S)) # dimg Extl, (K, Hyg) o(S/pS)) = Xij(S/T).
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CHAPTER 11

Background

In this chapter we introduce the concepts and tools that we need to prove the re-

sults obtained in this work. We refer to | , , | for details about asso-
ciated primes, to | | for injective modules and Bass numbers, to | : ]
for local cohomology, to | , , , , ] for D-modules in
characteristic zero, to | , , , | for D-modules in positive
characteristic, to [ , ] for F-split, F-pure and F-injective rings, to | ,

: | for tight closure to | , , | for generalized test ideals.
to | | for F-modules to [ | for R(F)-modules.

II.1 Associated primes

A prime ideal P C R is an associated prime of an R-module, M, if one of the

following equivalent conditions holds

e There is an injection R/ < M;

e there exists an element v € M such that P = Anng u.

the set of associated primes of M is denoted by Assg(M). Every zerodivisor of M
belong to an associated primes. In other words, the union of the associated primes
form the set of the zerodivisors for M. A prime ideal P C R is in the support of
M if Mp # 0, and we take Suppgr(M) = {P € Spec(R) | Mp # 0}. If M is a
finitely generated module, we have that Supp (M) is Zariski closed subset of Spec(R);
moreover, Suppgr(M) = V(Anng(M)). The minimal elements of Suppy(M) are the
same as the minimal elements of Assg(M).

If W C R is a multiplicative system, we have that

Assy g WM = {PW'R| P c Assg M and RNW = &}
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If S'is a flat R-algebra, we have that Asss(M ®r S) = Upepss, ar A58s(S/PS). In
particular, if S is a faithfully flat algebra, we have that

Assg(M ®pg S) is finite < Assg(M) is finite.

This property allows to pass to the completion of R to study associated primes, when

R is a local ring.

I1.2 Injective modules and Bass numbers

An R-module E is injective if the functor Hompg(—, F) is exact (it is always left
exact). The category of R-modules have enough injectives, this is, for every R-module
there exist an injective R-module E and an injection M — E.

An essential extension of M is an R-module with an injection M < N such that
every nonzero submodule of N non-trivially intersects the image of M. By Zorn’s
Lemma every R-module have a maximal essential extension. We have that a an R-
module is injective if and only if it has no proper essential extension. If M C FE,
where F is injective, we have that the maximal essential extension of M in E is an
injective R-module. Moreover, it is a maximal essential extension of M in an absolute
sense: it is not a properly contained in any module that is an essential extension of
M. 1t is called the injective hull of M and denoted by Er(M). Every injective module
is a direct sum of injective hulls of the form Er(R/P), where P is a prime ideal.

Given a module M over a ring S, we build a complex E* as follows, We take E° =
Er(M) and N; = Coker(M < E°). Then, we take E* = Fr(N;). By countinuing this
process, we obtain a minimal injective resolution, E*, of M. The number of copies of
Er(k)s(S/P) in E" is the i-th Bass number of M with respect to P, denoted p;( P, M)
and as well equal to dimg, /ps, Ext%(Sp/PSp, Mp). If R is a Gorenstein ring, we have
that Exts(Sp/PSp, Mp) = 1 if ht(P) =i and zero otherwise.

If (R, m, K) is a complete local ring, the injective hull of the residue field, Fr(K),
plays an important role in the study of R-module. For instance, the Matlis duality,

V' = Homp(—, ER(K), is defined using this injective module. Moreover, we have that
M= (M),

The functor Homg(M, ER(K)) is called the Matlis dual of M and Hompg(—, Fr(K))
gives an anti-equivalence between the category of Noetherian R-modules and the

category of Artinian R-modules.
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I1.3 Local cohomology

Let R be a ring, I C R an ideal, and M an R-module. If I is generated by
fi,..., f¢ € R, the Cech complex, C(i, M), is defined as

O—>M—>EB]'ij _>"'_>Mf1~~fz — 0,

Here, C(f;S) = @ Sj,..s,,» and each morphism C'(f; M) — CH(f; M) is a
J1< <G - N
localization map with an appropriate sign. For instance, if £ = 2, the complex is

0—)M—)Mfl@Mf2—>Mf1f2—>0,

where M — My, & My, sends v — (2,2) and My, @ Mj, — Mj,p, sends (f— fﬂﬁ) o
g

We define the i-th local cohomology of M with support in I as the i-th cohomology
of the complex C‘(i; S) ®g M; ie.,

; e Ker (CU(f; M) — C(f; M)
HiM) = H{CLM) = 70 (Ci=1(f; M) — Ci(f; M))

There are several ways to define local cohomology. In fact, the definition we chose
is not the most natural, although it will be advantageous for us due to the interactions
between the cited complex C*(f;S) and D-modules (see Chapter 11.1). The local
cohomology module H:(M) can also be defined as the direct limit, lim Ext%(S/It, M),

t

or as the i-th right derived functor of T';(M) = {v € M | I’v = 0 for some j € N}.

Let K(f1,..., fs; M) denote the Koszul complex associated to the sequence f =
f1y- -, fe. In Figure 11.3 there is a direct limit involving K(f}; M), whose limit is
C(f i M).

M—- M —-> M — M — M —...
VANV LN VLN VAL VL

Figure I1.3.0.1: Direct limit of Koszul complexes

Let f* denote the sequence ff,..., ff. Since

’C(i, M) = K(fl,M) ®R---®R ,C(fg;M),

18



we have that

C(i;M) =C(fi; M) ®s ... 05 C(fs; M)
= im K (f}; M) ®s ... @5 im K (5 M)

:li_gl/C(ff;M) Rs ... Qs K(fL M),

Hence, Hj(M) = lim H'(K(f; M)).

¢

The modules Hi(M) are usually not finitely generated, even when M is. For
instance, if (S,m, K) is an n-dimensional regular local ring, then HZ(S) & Eq(K),
the injective hull of K over R, which is not finitely generated unless S is a field.

We define the cohomological dimension of I by
cdpl = Max{i | H;(R) # 0}.

By the definition of local cohomology using the Cech complex, we have that cdg/ is
smaller or equal that the number of minimal set of generator of I; moreover, smaller
or equal that the number of the minimal set of generator for any ideal whose radical
is \/7 .

Local cohomology characterizes some properties of the ring. For instance, if
(R, m, K) is a local ring of dimension d, we have that R is Cohen-Macaulay if and
only if

H' (R)=0 <i#d.

In addition, R is Gorenstein if and only if it is Cohen-Macaulay and H% (R) = Ex(R).
There are strong connections between local cohomology and sheaf cohomology:
Let M be a finitely generated graded R-module, and let M be the sheaf on P"

associated to M. Then there are a functorial isomorphisms (see | , Ad.1])

HE (M) = (P H'(P", M(()) when t > 2,

[4<y/

and an exact sequence (functorial in M) of degree-preserving maps

0 — HO(M) — M — @ H (", M(¢)) — H} (M) — 0.

LeZ

Among the structural properties obtained for local cohomology is that the set of
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associated primes of H:(R) is finite for certain regular rings. Huneke and Sharp proved
this for characteristic p > 0 | |. Lyubeznik showed this finiteness property for
regular local rings of equal characteristic zero and finitely generated regular algebras
over a field of characteristic zero | |. We point out that this property does not
necessarily hold for ring that are not regular [ : |. Huneke and Sharp | ]
proved that if S is a regular ring of characteristic p > 0 and [ is an ideal of S, then the
Bass numbers of the local cohomology modules of the form H}(S ), 7 € N, are finite,
raising the analogous question in the characteristic zero case. Utilizing D-module
theory, Lyubeznik proved the same statement for regular local rings of characteristic
zero containing a field | ]. In these cases we also have that inj. dim(H:(S)) <
dim Supp(F}(S)) [11503, Ly193].

For regular rings of unramified characteristic we also have that the associated
primes and the Bass numbers of local cohomology are finite (see Chapter [V and
[ ) ]). In this case the inequality about injective dimension is weaker:
inj. dim(Hi(S)) < dim Supp(Hi(S)) + 1 | ].

Many of these properties holds for a family of functors introduced by Lyubeznik
[ . If Z C Spec(R) is a closed subset and M is an R-module, we denote by
HL (M) the i-th local cohomology module of M with support in Z. This can be

calculated via the Cech complex as follows:
(I1.3.0.1) 0= M= &My —...—> &M, 5 ;= Mpyg, =0

where Z = V(f1,..., fr) = {P € Spec(R) : (f1,..., fe) C P}
For two closed subsets of Spec(R), Z1 C Z,, there is a long exact sequence of
functors. In particular, H,(M) = H{(M).

(11.3.0.2) oo Hy = Hy, — Hy y —

Definition I1.3.1. We say that T is a Lyubeznik functor if has the form 7 = T; o
-+ 0T, where every functor 7; is either Hy,, H%l\ 2,» O the kernel, image or cokernel
of some arrow in the previous long exact sequence for closed subsets Z;, Z, of Spec(R)
such that Z, C Z;.
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I1.4 D-modules

Given rings A C S, we define the ring of A-linear differential operators of S,
D(S, A), as the subring of Hom (S, S) defined inductively as follows: the differential
operators of order zero are induced by multiplication by elements in S. An element
6 € Homu(S,S) is a differential operator of order less than or equal to k + 1 if, for
every r € S, [0,r] := 6 -r —r -0 is a differential operator of order less than or equal
to k. From the definition, if B is a subring A, then D(S, A) C D(S, B).

If M is a D(S, A)-module, then My has the structure of a D(S, A)-module such
that, for every f € S, the natural morphism M — M/ is a morphism of D(S, A)-
modules. As a result, since S is a D(S, A)-module, for all ideals Iy, ..., I, C S, and all

i, ..., €N, Hi--- HPH}' (S) is also a D(S, A)-module [ , Example 2.1(iv)].
IfS = Al[z1, ..., 2,]], then D(S, A) = S <%{f— [teN,1<i< n> C Homa(S, S)

[ , Theorem 16.12.1]. Moreover, if A = K is a field, then Sy has finite length in
the category of D(S, K)-modules for every f € S. Consequently, every module of the
form H} e HEHE (S) also has finite length in this category | , Corollary 6].

Remark I1.4.1. Let (R, m, K) be a local ring. Let S denote either R[xq,...,z,] or
Rl[x1, ..., x,]], then

1o

|t e N1 <i<n| CHomg(S,S)

[ , Theorem 16.12.1]. Then, there is a natural surjection
p:D(S,R) — D(S/IS,R/IR)

for every ideal I C R. Moreover,

(i) If M is a D(S, R)-module, then I M is a D(S, R)-submodule and the structure of
M/IM as a D(S, R)-module is given by p, i.e., §-v = p(d)-v for all § € D(S, R)
and v e M/IM.

(ii) If R contains the rational numbers D(S, R) is a Noetherian ring. Let I'; = {6 €
D(S,R) | ord(d) < i}. We have that gr' D = Slyy,. .., y,], which is Noetherian

and then so D is.

We recall a subcategory of D(S, R)-modules introduced by Lyubeznik | .
We denote by C(S, R) the smallest subcategory of D(S, R)-modules that contains S
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for all f € S and that is closed under subobjects, extensions and quotients. In partic-
ular, the kernel, image and cokernel of a morphism of D(S, R)-modules that belongs
to C(S, R) are also objects in C(S, R). We note that if M is an object in C(S, R),
then Hj' - HZ(M) is also an object in this subcategory; in particular, Hj - - - H}E(S)
belongs to C(S, R) | , Lemma 5].

A D(S, R)-module, M, is simple if its only D(S, R)-submodules are 0 and M. We
say that a D(S, R)-module, M, has finite length if there is a strictly ascending chain
of D(S, R)-modules, 0 C My C My C ... C M, = M, called a composition series,
such that M, /M, is a nonzero simple D(S, R)-module for every ¢ = 0,..., h. In this
case, h is independent of the filtration and it is called the length of M. Moreover, the
composition factors, M;,1/M;, are the same, up to permutation and isomorphism, for

every filtration.

Notation I1.4.2. If M is a D(S, R)-module of finite length, we denote the set of its

composition factors by C(M).

Remark I1.4.3. (i) If M is a nonzero simple D(S, R)-module, then M has only
one associated prime. This is because H%(M) is a D(S, R)-submodule of M for
every prime ideal P C S. As a consequence, if M is a D(S, R)-module of finite
length, then Assg M C UNGC(M) Assg N, which is finite.

(ii) If 0 - M’ —- M — M"” — 0 is a short exact sequence of D(S, R)-modules of
finite length, then C(M) = C(M")|JC(M").

Hypothesis 11.4.4. Throughout the rest of Section 11./, we will assume that S is
either or Klxy,...,x,] or K[[z1,...,x,]], where K is a field of characteristic 0. Let
D = D(S. K).

We recall some relevant definitions and properties of D-modules, and refer the
reader to [ , , , | for details. Under Hypothesis 11.4.4, we
know that D = S< o .., 2 > C Homg (S, S), and there is an ascending filtration

Oz’ ) Oxp

N={eD|ad®)>i}= @ R 2

o Ox»
ar+...+an <t
Moreover, gr' (D) 2 Sy, ...,y,), a polynomial ring over S. A filtration Q = {Q;}
of S-modules on a D-module M is a good filtration if Q; C Q;14, U Q; = M,

jEN
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[,Q; C Qi and grY(M) = @ Q;41/Q; is a finitely generated gr' (D(S, K))-module.

If T is a good ﬁltration,ﬂerll\]either dimgyr ) gry(M) nor Rad(Anngyr p) gr'(M))
depend on the choice of good filtration. For the sake of clarity, we will omit the
filtration when referring to the associated graded ring or module.

A finitely generated D-module M is holonomic if either M = 0 or dimgy(p) gr(M) =
n. The holonomic D-modules form a full abelian subcategory of the category of D-
modules, and every holonomic D-module has finite length as a D-module. Moreover,
if M is holonomic, then My is also holonomic for every f € S. As a consequence,

since S' is holonomic, every module of the form H}ﬁ e H}EHE (S) is also.

Definition II.4.5 (Characteristic variety, characteristic cycle, characteristic cycle

multiplicity). Given a holonomic D-module, the characteristic variety of M is
C(M) =V (Rad (Anngr(p(s,xy) gr(M))) € Specgr(D),

and its characteristic cycle is CC(M) = > m,;V;, where the sum is taken over all the
irreducible components V; of C'(M), and m; is the corresponding multiplicity. We
define the (characteristic cycle) multiplicity of M by e(M) = > m,.

Remark 11.4.6. If 0 — M’ — M — M"” — 0 is an exact sequence of holonomic
D-modules, then CC(M) = CC(M') 4+ CC(M"); as a consequence, e(M) = e(M') +
e(M"). In addition, CC(M) = 0 if and only if M = 0, so that e(M) = 0 if and only
if M =0 as well.

Now let S = K[x1,...,x,], and take f € S. Let NJs| be the free S¢[s]-module
generated by a symbol 5. We give N[s] a left Dy[s]-module structure as follows:

é% -t = (#g—i - s?(f?i) f=s. There exist a polynomial 0 # b(s) € Q[s] and an

operator §(s) € D[s] that satisfy

(IL.4.6.1) 5(s)f - (1@ %) = b(s)(1® f*)

in N[s] [ , Chapter 10].

Given ¢ € Z, we define the specialization map ¢, : N[s] — Ry by ¢,(vs' ® £5) =
(ivff. Thus, ¢y(d(s)v) = 6(¢)¢¢(v). Then, by applying this morphism to the result,
we have

() f =00 f".

The set of all polynomials h(s) € Q[s| that satisfy Equation 11.4.6.1 forms an

ideal of Q[s]. We call the minimal monic polynomial satisfying it the Bernstein-Sato
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polynomial of f, and denote it by(s).

If R is a reduced F-finite ring of characteristic p > 0, we have that Dr =
U.eny Hompee (R, R) | ]. We denote Homp,e (R, R) by DS). Moreover, if R is
an F-finite domain, then R is an strongly F-regular ring if and only if R is F-split
and a simple Dg-module | , Theorem 2.2].

If R is an F-finite reduced ring, W C R a multiplicative system and M a simple
Dpr-module, then W=1M is either zero or a simple Dy, -1 p-module. As a consequence,

for every Dr-module of finite length, N,

lengtthilR WIN < lengthp,  N.

I1.5 F-pure, F-split and F-injective rings

Throughout this section, R is a ring of characteristic p > 0 and F' : R — R
denotes the Frobenius morphism, 7 — 7P. If R is reduced, we define R/ as the ring
of formal ¢'"-roots of S. A ring R is F-finite if R/? is a finitely generated R-module.

We say that R is F-pure if for every R-module M, the morphism induced by the
inclusion of R < RY?, M ®pr R — M ®5 RY?, is injective. If M is an R-module, then
F acts naturally on it. If (R, m, K) is local, we say that a ring is F-injective if the
induced Frobenius map F : H! (R) — H! (R) is injective for every i € N. F-purity
implies F-injectivity, and in a Gorenstein ring, these properties are equivalent | ,

Lemma 3.3].

I1.6 Tight closure

If Ris a reduced F-finite ring, then D(R,Z) = |J, oy Hompee (R, R). Moreover, if
K is a perfect field and R = K{[x1,...,x,]], then D(R,Z) = D(R, K).

If I is an ideal of R, the tight closure I* of I is the ideal of R consisting of all those
elements z € R for which there exists some ¢ € R, ¢ not in any minimal prime of R,
such that cz? € Il9 for all ¢ = p° > 0, where !9 denotes the ideal of R generated by
¢ powers of elements in 1.

We say that R is weakly F-regular if I = I* for every ideal I of R. If every
localization of R is weakly F-regular, then R is F'-reqular. In general, tight closure
does not commute with localization, and it is unknown whether the localization of a
weakly F-regular ring must again be weakly F-regular; this explains the use of the

adjective “weakly.” If R is a local ring, we say that the ring is F'-rationall if for every
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parameter ideal I, I = I*.

A ring R is strongly F'-reqular if for all ¢ € R not in any minimal prime, there exists
some ¢ = p° such that the R-module map R — R'/4 sending 1 — ¢'/9 splits. Strong F-
regularity is preserved under localization. In a Gorenstein ring, F-rationality, strong

F-regularity, and weak F-regularity are equivalent.
We define the test ideal of R by

T(R)= (I :I").

ICR

If R is a Gorenstein ring, we have that

TR)y= () (:I)

I parameter ideal

[ , Theorem 8.23] | , Theorem 18.1].

Remark I1.6.1. Let R be a reduced ring essentially of finite type over an excellent

local ring of prime characteristic. Let 7(R) denote the test ideal of R. We know that

for every multiplicative system W C R, W™ r(R) = 7(W™'R) | , Proposition
3.3] | , Theorem 2.3]. It is worth pointing out that, in this case, 7(R) contains a
nonzerodivisor | , Theorem 6.1].

I1.7 Generalized test ideals

Test ideals were generalized by Hara and Yoshida [ | in the context of pairs
(R, 1), where I is an ideal in R and c is a real parameter. Blickle, Mustata, and
Smith | ] gave an elementary description of these ideals in the case of a regular
F-finite ring R. We give the definition introduced by them,

Given an ideal I in R we denote by I'"/?°! the smallest ideal J such that I C JP'
[ , Definition 2.2]. The existence of a smallest such ideal is a consequence of
the flatness of the Frobenius map in the regular case.

We recall some properties that we will use often
([t])l/pe c [/pl . g/

and
( [Lpe])l/ps = [ ( [[psl)l/pe
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o " i/pe] P (e) i
[ , Proposition 2.4]. In addition, (( f) > =DWf| , Proposition
3.1], where D(® = Hompg, (R, R).
Given a non-negative number ¢ and a nonzero ideal I, we define the generalized

test ideal with exponent ¢ by

7(I°) = LJ([[CP’W)[l/p*"}7

e>0

where [c] stands for the smallest integer > c.

The ideals in the union above form an increasing chain of ideals; therefore, as
R is Noetherian, they stabilize. Hence for e large enough, 7(I¢) = (I"/?]. In
particular, T(fp%) = (fs)“/pe] [ , Lemma 2.1].

An important property of test ideals is given by Skoda’s Theorem | , The-
orem 2.25]: if I is generated by s elements and ¢ < s, then 7(1¢) = I - 7(I¢71).

For every nonzero ideal I and every non-negative number ¢, there exists € > 0
such that 7(I¢) = 7(I¢) for every c < ¢ < c+¢ | , Corollary 2.16].

A positive real number ¢ is an F-jumping number for I, if 7(1¢) # 7(1¢7¢) for all
e>0

All F-jumping numbers of an ideal I are rational and they form a discrete set,
that is, there are no accumulation points of this set [ , Theorem 3.1].

Let a be a positive number. Since the set of F-jumping numbers of f is discrete
and it is form by rational numbers, there is a positive rational number < « such
that 7(f?) = 7(f7) for every v € (8, a). We denote 7(f*) by 7(f*).

II.8 F-modules

In this section, we recall some definitions and properties of the Frobenius functor
introduced by Peskine and Szpiro | |. We assume that R is regular. This allows
us to use the theory of F-modules introduced by Lyubeznik | -

Every morphism of rings ¢ : R — S defines a functor from R-modules to S-
modules, where *M = S ®g M. If S = R and ¢ is the Frobenius morphism, FrM
denote p* M. If R is a regular ring, Fr is an exact functor. We denote the e-th iterated

Frobenius functor by FTp,.

Example I1.8.1. If M is the cokernel of a matrix (7; ), then Fr(M) is the cokernel
of (r?,). In particular, if I C R is an ideal, then F(R/I) = R/I%.,
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We say that an R-module, M, is an F-Module if there exists an isomorphism of
R-modules v : M — FM.
If M is an R-module and 5 : M — F'M is a morphism of R-modules, we consider

M=lim(M % Fr 2 Py 70,
—)

Then, M is an F°-module and M % M is the structure isomorphism. In this case,
we say that M is generated by 8 : M — FEM. If M is a finitely generated R-module,
we say that M is an F-finite F-module. If £ is an injective map, then M injects into

M. In this case, we say that [ is a root morphism and that M is a root for M.

Example I1.8.2. (i) Since F'R = R, we have that R is an F-module, where the
structure morphism v : R — R is the identity.

r
p—1

(ii) For every element f € R, we take a@ = and take the F-module structure on

Ry that is generated by
-1 (p—1) 2(p-1)
RS RS RTST
We say that ¢ : M — N is a morphism of F-modules if the following diagram
commutes:
M—2 N
Um VN
FaM 2% po N

The F-modules form an Abelian category, and the F-finite F-modules form a
full Abelian subcategory. Moreover, if M is F-finite then My is also an F-finite
F-module for every f € R. In adition, if R is a local ring, every F' finite F-module

has finite length as F*-module and has a minimal root | : ].

Example I1.8.3. The localization map R — Ry is a morphism of Fr-modules for
every f € R.

Example I1.8.4. The quotient of localization map R — Ry is an Fr-finite Fz-module
for every f € R. Rs/R is generated by R/fR U Fr(R/fR) = R/ fPR.

We recall that every F°-submodule M C Ry/R is a D-module | , Examples
5.2]. We have that R¢/R has finite length as F-module because R;/R has finite
length as D-module. Let R be an F-finite regular ring. If R;/R has finite length as
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Dpg-module, then R;/R has finite length as Fr-module for every f € R. Therefore,
if R¢/R has finite length as Dr-module, then Ry/R has finitely many F-submodules

[HocO7].

I1.9 R[F]|-modules

R(F) is defined as the associative R-algebra with one generator F, with the rela-
tions F¢a = a?F* for every r € R.

Having an R(F')-module is equivalent to a morphism of R-modules
v:F(M)— M.

By adjointness, v € Hom(F M, M) corresponds to a map F, Hom(M, F,M) where
F,(m)=v(l®m).

If R is regular, every F-module is an R(F)-module and it is often called a unit
R(F)-module.

An element u € M of an R[F]-module (M,v) is called F-nilpotent if F*(u) = 0
for some ¢ € N; M is called F-nilpotent if F*(M) = 0.

Definition II.9.1. | | M is anti-nilpotent if for every R(F')-submodule, N C M,
F acts injectively on M/N.

Lemma I1.9.2 (| ). An R{F')-module is anti-nilpotent if and only if every R(F’)-
submodule s F'—Full.

Definition I11.9.3 (| : ). We define a functor D from the category of
cofinite S(F)-modules to the category of Fg-modules as

D(M) := lim (M* 5 pear Y )

to

Theorem 11.9.4 (] ). D satisfies the following properties for R{F)-modules

that are Artinian as R-modules:
e D(M) =0 if and only if M is F-nilpotent

e For every F¢-submodule N' C D(M), there exist a S(F)-module N such that
D(N) = N'.

o if N and M are cofinite, D(N) =, ., .a D(M) if and only if Ny oq Zsiry Mypq
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Theorem I1.9.5 (| ). If R is an F-pure ring, then H! (R) is anti-nilpotent for
every i € N.

Since R = S/I, we have that every R(F)-module has a natural structure of S({F)-
module. In particular, H¢ (R) is an S{F)-module.

Proposition 11.9.6 (] ). D(HL(R)) = H$(S).
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CHAPTER III

Rings of differentiable type and rings of mixed

characteristic

In this chapter we develop the theory of ring of differentiable over regular rings
of characteristic zero. In particular, we do not assume that the base ring is local,
complete or have global variables. Instead, we assume that the module differential
over the ring is a projective module (see Hypothesis [11.1.3). Then, we prove that
the localization of any regular local ring, R, of mixed characteristic p > 0 at the
characteristic satisfies this hypothesis. We emulate Lyubeznik proof for regular local
rings to conclude that the associated primes of the local cohomology modules over
R[1/p] is finite.

The results presented in this section appear in | ].

III.1 Rings of differentiable type

We start by recalling a couple of theorems from Matsumura’s book | |:

Theorem III.1.1 (Theorem 98 | ). Let (A, m, K) be a Noetherian local domain
containing the rational numbers. Suppose that A contains a field, F, such that K 1is

an algebraic extension of F. Then,
rank(Derp(A)) < dim A.

Theorem II1.1.2 (Theorem 99 in | ). Let (R,m, F) be a regular local com-
mutative Noetherian ring with unity of dimension n containing a field Fy. Suppose
that F' is an algebraic separable extension of Fy. Let R denote the completion of R
with respect to m. Let xq,...,x, be a reqular system of parameters of R. Then,

R = Fl[xy, ..., x,]] is the power series ring with coefficients in F, and Derp R is a
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free R-module with basis 0/0xy,...,0/0x,. Moreover, the following conditions are

equivalent:
e J/0x; (i=1,...,n) maps R into R, i.e. /0x; € Derg,(R);

e there exist derivation Dy, ..., D, € Derg (R) and elements ay,...,a, € R such
that Dia; = 1 if i = j and 0 otherwise;

e there exist derivations Dy, ..., D, € Derg, (R) and elements a; ...,a, € R such

that det(D;a;) & m;
e Derg, (R) is a free module of rank n (with basis Dy, ..., Dy);
e rank(Derg, (R)) = n.

Hypothesis II1.1.3. From now on, we will consider a commutative Noetherian reg-

ular ring R with unity that contains a field, F', of characteristic zero satisfying:
(1) R is equidimensional of dimension n;

(2) every residual field with respect to a mazximal ideal is an algebraic extension of
F;

(3) Derp(R) is a finitely generated projective R-module of rank n such that R, ®g
Derp(R) = Derp(R,,).

Remark IIL.1.4. In property (3), we require that R,, ®g Derp(R) = Derp(R,,)
because we are not assuming that the module of Kahler differential, Qp/g, is a
finitely generated R-module. In addition, property (3) and Theorem I11.1.1 say that

Derp(R,,) has the maximum rank possible.

This hypothesis is inspired by the properties (i), (ii) and (iii) (1.1.2) in | ].
There, R is a commutative Noetherian regular ring that contains a field, F', of char-
acteristic zero satisfying (1), (2), but instead of (3) in Hypothesis I11.1.3, there exist
F-linear derivations 0y, ...,0, € Derg (R) and a;...,a, € R such that d;a; = 1 if
i = 7 and 0 otherwise. In our hypothesis, part (3) includes more rings; for instance,
Remark [11.1.8 gives an example of a ring that satisfies Hypothesis [11.1.3 but not
(1.1.2) in | ]. However, when R is a local ring the properties are the same by
Theorem [11.1.2.
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Remark I11.1.5. Every regular finitely generated algebra over the complex numbers,
R, satisfies Hypothesis [11.1.3. This is because, by Theorem 8.8 | |, Der¢(R) =
Homp(Qpg/c, R) and Qg/c is a projective module such that rank(Qg,, c) = dim(R)

for every maximal ideal m C R.

Proposition II1.1.6. Let R be a commutative Noetherian reqular ring that contains
a field, F, of characteristic zero satisfying (1), (2), and such that there exist F-linear
derivations 0y, . ..,0, € Derg (R) and a; ...,a, € R such that 0;a; =1 if i = j and
0 otherwise. Then, R satisfies Hypothesis [11.1.5.

Proof. Theorem I11.1.2 implies that Derg, (R) = R0,1®. . .© R0, and that Derg, (R,,) =
R, 0, & ... ® R,,0, for every maximal ideal m C R, which concludes the proof of
property (3) in Hypothesis [11.1.3. ]

A proof of Proposition I11.1.6, along with several consequences, is contained in
Remark 2.2.5 in | ].

Theorem II1.1.7. Let S be a commutative Noetherian reqular domain that contains
a field, F, of characteristic zero satisfying Hypothesis [11.1.5. If there is an element
f €S such that R = S/fS is a reqular ring, then R satisfies Hypothesis [11.1.5.

Proof. We have that property (1) holds because dim S —1 = dim S,, — 1 = dim R,,, for
every maximal ideal m = nR C R, where n C S is a maximal ideal of S containing
fS. In addition, property (2) holds because every residual field of R is a residual field
of S.

We only need to prove property (3). Let n = dim(S). For every maximal ideal
n C S containing fS5, we may pick a regular system of parameters, y,...,y, for S,
such that y; = f. Then, by Theorem I11.1.2, there exist §; € Derp(S,) such that
;(y;) = 1if = j and zero otherwise; moreover, Derp(95,) is a free S,-module of rank
n generated by dq,...0,.

Let s : Derp(S) — R be the morphism defined by 0 — [0(f)], where [O(f)]
represents the class of 9(f) in R. Then, S, ®sKer(yy) is isomorphic to {6 € Derp(S,) :
If)e f-5,} =8,fo1 B S0 ...8 5,0,

Noticing that f - Derp(S) C Kerps, we define N = Keryy/(f - Derg(S)) and
point out that it is a finitely generated R-module. Let m = nR. Then, R,, ®g N =
Ry,02 @ ... ® R0, = Derp(R,,), where the last equality uses Theorem 111.1.2.

We have a morphism ¢ : N — Derp(R) defined by taking ¥[0](r) = [0(r)],
which is well defined by the definition of N. For every maximal ideal m C R,
there is a natural morphism i,, : R, ®g Derg(R) — Derg(R,,). We notice that
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(im © 1g,, ® 1) is an isomorphism between R, ® g N and Derp(R,,) for all maximal
m C R. Therefore, N,,, & R,,®@Derp(R) = Derp(R,,) for all maximal m C R. Hence,

1 is an isomorphism. O

Remark ITI.1.8. It is worth pointing out that there are examples were R satisfies
Hypothesis [11.1.3 but Derp(R) is not free. Let S = R[z,y, 2] be the polynomial ring
in three variables and coefficients over R. Let f = 22 +y*+ 2% —1. Then, R = S/fS,
the coordinate ring associated to the sphere, satisfies Hypothesis [11.1.3 but Derg(R)
is not free. Let ¢ : R* — R be the morphism given by (a,b,c) — (ax,by,cz).
Thus, Derg(R) = Ker(¢) by the proof of Theorem [11.1.7. Therefore, Derg(R) is the
projective module corresponding to the tangent bundle of the sphere, and so it is not
free. This example also shows that the conclusion of Theorem [11.1.7 does not hold
for properties (i), (i) and (iii) (1.1.2) in | ]. In that sense, Hypothesis [11.1.3

behaves better under regular subvarieties.

Main Example IT1.1.9. Let (V, 7V, K) be a DVR of mixed characteristic p > 0,
and let F' denote its fraction field. Let S = V|[[z1,...,2,41]] ®v F be the tensor
product of the power series ring with coefficients in V' and F. Let R = S/(f)S be
a regular ring where f = m — h for an element h in the square of maximal ideal of
Vi[x1,...,2ns1]]. Then, R satisfies Hypothesis I11.1.3.

Proof. Since S is as in Proposition I11.1.6 ( cf. pages 5880 — 5881 in | ]) and
m—h € §'is a regular element, we have that R satisfies Hypothesis [11.1.3 by Theorem
II1.1.7. O

Definition I11.1.10. We say that an associative ring A is filtered if there exists an
ascending filtration
Yo C X1 Cy...

of additive subgroups such that 1 € Xy, JX; = A and 3,3, C X,,; for every ¢,j € N.
We denote by gr¥(A) the associated graded ring

0D /S0 d/E D ...

Let F' be a field of characteristic 0 and R a commutative Noetherian ring with
unity containing F'. We denote by D(R, F') the ring of F-linear differential operators
of R. This is a subring of Homp (R, R) defined inductively as follows. The differential
operators of order zero are the morphisms induced by multiplying by elements in R.

An element § € Homp(R, R) is a differential operator of order less than or equal to
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j+1if[0,r] :=0-r—r-0is a differential operator of order less than or equal to j.
We have an induced filtration I' = (I'V) on D(R, F) given by IV = {6 € D(R, F) |
ord(f) < j}. As a consequence of the definition, we have that I';I"; C I';4; and that
gt (D(R, F)) = @32,V /T'"" is a commutative ring.

An example is given by a commutative Noetherian regular ring R with unity
that contains a field, F', of characteristic 0, as in Proposition [I1.1.6. In this case,
D(R,F) = R[0y,...,0,] C Homp(R, R); moreover, gr' (D(R, F)) = Ry, ..., y,] and
w.gl.dim(D(R, F)) = dim(R) (cf. Main Theorem in | ], (1.1.3) and Theorem
1.1.4 in | ], and Theorem 2.17 in | ]). We would like to have similar
properties for D(R, F) and gr' (D(R, F)) when R satisfies Hypothesis 111.1.3.

We will denote by D the subalgebra of Homg(R, R) generated by R and Derp(R),
where R = Homp(R, R) C Homp(R, R). We define an ascending filtration I'; of R-
modules in D inductively as follows. I'y = R. Given I'}, we take I"}, | as the Abelian
additive group generated by {I'}, Derx(R) -I";}. Since I'} is generated by multiplying
derivations, we have that for every § € T and f € R, [0,f] = fo —df € I'}_,.
Therefore, I'; is an R-submodule of D with respect to the structures induced by
multiplication by the left or by the right. Additionally, D C D(R, F') and I'; C T}
because Derp(R) C T';.

We have that for every s € R, Adj, : D(R, A) — D(R, A), defined by Adj,(d) =
s6 — ds, is nilpotent. Let m C R be a maximal ideal and S = R\ m be the induced
multiplicative system. Then, S is a multiplicative set satisfying the Ore condition on
the left and on the right in D(R, A) and, as a consequence, in D. Hence, ST*D(R, F)
and S™1D exist as filtered rings.

Proposition II1.1.11. With the same notation as above, D(R,F) = D as filtered

Tings.

Proof. Let m C R be a maximal ideal and S = R\ m be the induced multiplica-
tive system. We have that S~'I'; = S™'I"; by condition (3) in Hypothesis [11.1.3.
Therefore, S™'D = R,,[Qr,, r] = D(Ry, F) = ST'D(R, F) as filtered rings. O

For simplicity, we will denote D(R, F') by D and (R\ m) 'D(R, F) by D,, for
a maximal ideal m C R. We note that the inclusion D — D,, induces an inclusion
grt (D) — gr'™(D,,) of rings, and gr'™(D,,) = R,, ®r gr' (D). If M is a left or right
finitely generated D-module with a good filtration II, then D,, ®p M or M ®p D,,,
respectively, has a filtration given by R,, @Il and gr''(D,,®p M) = R,,@ger™(M).

We have that D,, is a left and right flat module over D, and D,, ®p D,, = R,, ®r
D=2 D®grR,=D,,. If Mis a left or right finitely generated D-module, there exist
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a canonical isomorphism Ext}, (M, Dp,) = S7!Ext}, (M, D) = R,, ®g Ext}, (M, D)
for every ¢ € N.

We have, by Theorem [I1.1.2, that for every maximal ideal m C R there ex-
ist elements x1,...,x4 € R, and F-linear derivations 0y,...,0; € Derp(R,,) such
that 0;(xz;) = 1 if i = j and zero otherwise. Therefore, w.gl. dim(D,,) = n and
gr'™(Dy,) = R[y1, ..., y,) is the polynomial ring with n variables and coefficients in
R, | ]

We recall the definition of a ring of differentiable type (cf. (1.1) in | D).

Definition IT1.1.12. A filtered ring A is a ring of differentiable type if its associated

graded ring is commutative Noetherian regular with unity and pure graded dimension.

Theorem I11.1.13. (D, T) is a ring of differentiable type such that gr™ (D) is a reqular

ring of pure graded dimension 2n.

Proof. Let gr' (D) be the associated graded ring. We will prove the proposition by
parts.

grt (D) is commutative: This follows from the definition of the filtration I" on D =
D(R, F).

grt (D) is Noetherian: Let Oy,...,0,, be a set of generators for Derp(R). Let ¢ :
R[z1, ..., 2m] — er' (D) be the morphism of commutative R-algebras defined by z; —
[0;]. We have, by the definition of I” = T, that ¢ is surjectve. Hence gr' (D) is
Noetherian.

grt (D) is regular: Let Q C grt (D) be a prime ideal and m C R be a maximal ideal
that contains @ N R. Then gr' (D)o = (gr' (D))o which is regular because gr' (D),
is a polynomial ring over R,,.

grt (D) has pure graded dimension 2n: Let n be a maximal homogeneous ideal of
gr’' (D). We claim that m = n N R is a maximal ideal of R. If not, there exist a
maximal ideal m’ C R strictly containing m. Then, m’ + n would be a proper ideal
of gr' (D) that strictly contains 7. Hence, gr' (D), is the localization of gr' (D),, at a
maximal homogeneous ideal, then, dim(gr' (D),) = 2n because gr' (D,,) is a ring of

pure graded dimension 2n. O]

Remark II1.1.14. Narviez-Macarro | | showed that if S is a ring containing
a field, F', of characteristic 0 and Derp(S) is a projective S-modules of finite rank,
then gr(D(S, F)) = Sym(Derg(5)). Hence, we have that gr(D) = Sym(Derp(R)) by
Hypothesis [11.1.3.

Corollary II1.1.15. D is left and right Noetherian.
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Proof. This follows from Proposition 6.1 in | |- O
Proposition II1.1.16. w.gl. dim(D) = dim(R)

Proof. Since D is left and right Noetherian, w.gl. dim(D) = l.pd(D) = r.pd(D) by
Theorem 8.27 in | |. The value to this dimension is equal to the maximum
integer j such that Ext), (M, R) # 0 for some finitely generated D-module M because
D is of differentiable type. As R,, ®g Ext},(M, D) = Ext}, (M, D,,) = 0 for every
maximal ideal m C R and integer j > n, we have that Ext{j(M ,D) = 0 for every
D-module M and for j > n. Hence, w.gl. dim(D) < n. Likewise,

Ry @p Ext}y(R, D) = Ext}, (R, Dp) # 0
for any m C R, so, Ext},(R, D) # 0. Hence w.gl. dim(D) > n. O

I1I.2 The theory of the Bernstein-Sato polynomial and the

Bernstein class of D

Throughout this section we are adapting the results of Mebkhout and Narvéez-
Macarro to R and D | |. In particular, we show that the existence of the
Bernstein-Sato polynomial and that the Bernstein class of D is closed under localiza-

tion at one element.

Definition III.2.1. Let A be a ring of differentiable type. Let M # 0 be a finitely
generated left or right A-module. We define

grade (M) = inf{j : Ext’,(M, A) # 0}.

Proposition I11.2.2. Let A be a ring of differentiable type. Let M # 0 be a finitely
generated left or right A-module. Then,

dim(M) + grade ,(M) = dim(gr" (A)).
In particular, dim(M) > dim(gr(A)) — w. gl. dim(A). Moreover, we have that
codim 4 (Ext’ (M, A)) > i

for all i > 0 such that codim (Ext’ (M, A)) # 0.
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Proof. This is a generalized form of Theorem 7.1 of section 2 in | | given by
Gabber | |. The proposition is stated in this form in Mebkhout and Narviez-

Macarro’s article as Theorem 1.2.2 [ ]- O

Definition III.2.3. Let A be a ring of differentiable type. Let M be a finitely
generated left or right A-module. We say that M is in the left or right Bernstein
class if it has minimal dimension, i.e. dim(M) = dim(gr(A4)) — w.gl. dim(A).

This class is closed under submodules, quotients and extensions. Let d denote
w. gl. dim(A). The functor that sends M to Ext% (M, A) is an exact contravariant func-
tor that interchanges the left Bernstein class and the right Bernstein class. Moreover,
M = Ext% (Ext% (M, A), A) naturally if M is in either the left or the right Bernstein
class, so that we have an anti-equivalence of categories. In consequence, the modules
in the Bernstein class have finite length as A-modules because it is a left and right

Noetherian ring (cf. Proposition 1.2.7] D

Proposition I11.2.4 (Prop. 1.2.7 in | ). Let A be a ring of differentiable
type and let f be an element in Ay. Let M be an As-module finitely generated, such
that Extfgf(M, As) =0 if i # w.gl.dim(A). Then, there exists a submodule M' C M
over A such that M’ is finitely generated with minimal dimension and M}y = M.

Through the rest of this section, F'(s) denotes the fraction field of the polynomial
ring F'[s| over the field F, and D(s) denotes the ring F'(s) ®p D with the filtration
given by F(s) @ I'". By R(s), we mean the F(s)-algebra F(s) ®x R. Similarly, D[s]
denotes F[s] @ D and R[s| denotes F'[s] @ R.

Proposition I11.2.5. R(s) is an F(s)-algebra equidimensional of dimension dim(R).
Proof. This is an immediate consequence of Theorem 2.1.1 in | ]. O

Proposition I11.2.6. D(s) is a ring of differentiable type with the filtration F(s)@pl’
such that gr”®)®rl(D(s)) is a ring of pure graded dimension 2dim(R).

Proof. Since D is a ring of differentiable type,
gt O (D(s)) = F(s) @) Fls] @r o' (D) = F(s) @ppy @rgr’ (D)[s]

is commutative, Noetherian and regular. For the sake of simplicity, we will omit the
filtration. We claim that gr(D(s)) has pure graded dimension 2dim(R) = 2n. Let
n C gr(D(s)) be a maximal homogeneous ideal and P = n N R. Let m C R be a
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maximal ideal containing P. We have that the ideal 7n,,, induced by 7, is a maximal

homogeneous ideal of

(R\m) 'gr(D(s)) = F(s) @ gt(Dn) = (F(s) @F Ru)y1, - - ynl,

the polynomial ring with coefficients on F'(s) ®p R,, and variables y1,...,y,. Then,
ht(n) = ht(n,) = 2n because F(s) ®p R, is equidimensional of dimension n by
Theorem 2.1.4 in | . O

Remark III.2.7. Theorem 3.4 in | | gives an alternative proof for rings that

satisfies the hypotheses of Proposition [11.1.6.

Let M be aleft D(s)-module in the Bernstein class of D(s). Let N be a D-module
in the Bernstein class of D such that F(s)®@r N = M. For every ¢ € F, the D-module
M, := N/(s — )N is the Bernstein class of D.

Proposition II1.2.8. With the same notation as above, we have that
dimp,) (M) > dimp(Ny),

for all but finitely many £ € F.

Proof. This is analogous to the proof of Theorem 2.2.1 in [ ]. O
Proposition II1.2.9. w.gl. dim(D(s)) = dim(R) = n.

Proof. This is analogous to the proof of Theorem 2.2.3 in | ]. O

Let NJs] be the free Ry[s]-module generated by a symbol f* and let N(s) =
F(s) ®p N[s|]. We give to N|[s| (resp. N(s)) a structure of a left D¢[s]-module (resp.
D¢(s)-module) as follows,

dgt® = (9g + sgd(f)f )

for every 0 € Derp(R) and every g € Ry[s|] (resp. g € Ry(s) ). If M is a left
D-module, we define My[s|f® := M;y[s| ®g,) N[s] = M ®p N|[s|] and M;(s)f* :=
N(s) ®@g,[s) My(s) = M ®@p N(s). This is a left D¢[s]-module (D;(s)-module), and
clearly, My[s|f5 (M(s)f®) is a finitely generated Dy[s]-module (Dy(s)-module) if M

1S.
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Proposition I11.2.10. Let M be a left D-module in the Bernstein class and let u €
M. Then, there ezists a nonzero polynomial b(s) € F[s] and an operator P(s) € D]s]

that satisfies the equation
b(s)(u® £%) = P(s)f(u® f°)
in M|s|fs.
Proof. This is analogous to 3.1.1 in | . O

Corollary III.2.11. If M is a left D-module in the Bernstein class, the My is a
finitely generated D-module.

Proof. For ¢ € Z, we define a morphism of specialization ¢, : M/[s|f> — M; by
de(us’ @ £3) = (1 ffu, such that ¢(P(s)v) = P(f)¢¢(v). Then, by applying this

morphism to the result of Proposition [11.2.10, we have

and the conclusion follows. O

Corollary II1.2.12. Let M be a left D-module in the Bernstein class. Then, My is
also in the Bernstein class for all f € R.

Proof. Since My is a finitely generated D-module by Corollary [11.2.11, it suffices to
show that dimgr(p)(gr(My)) = n. Since R,, ® M is in the Bernstein class of D,,,
we have that My is in the Bernstein class of D,, for every maximal ideal m C R
by Theorem 2.2.3 in | ]. Thus, dimgrp,,)(gr((Mm)s)) = n and, therefore
dimgy(p)(gr(My)) = n. O

Theorem I11.2.13. Let R be a reqular commutative Noetherian ring with unity that

contains a field, F', of characteristic O satisfying the following conditions:
(1) R is equidimensional of dimension n;

(2) every residual field with respect to a mazximal ideal is an algebraic extension of
F;

(3) Derp(R) is a finitely generated projective R-module of rank n such that for every
mazximal ideal m C R, R, ®r Derp(R) = Derp(R,,).
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Then, the ring of F-linear differential operators D(R, F) is a ring of differentiable
type of weak global dimension equal to dim(R). Moreover, the Bernstein class of

D(R, F) is closed under localization at one element.

Proof. This is a consequence of Theorem [11.1.13] Proposition [11.1.16 and Corollary
I11.2.12. O

The previous theorem generalizes some of the results of Mebkhout and Narvaez-
Macarro about certain rings of differentiable type | |. There, R is a commuta-
tive Noetherian regular ring that contains a field, F', of characteristic zero satisfying
(1), (2), but instead of (3) in Hypothesis [I1.1.3, there exist F-linear derivations
O1,...,0, € Derg(R) and a; ..., a, € R such that d;a; = 1 if i = j and 0 otherwise.

III.3 Local cohomology

Lemma II1.3.1. Let M be a left D-module in the Bernstein class. Then, T (M) has
a natural structure of D-module such that it belongs to the Bernstein class for every
functor T as in Definition X1./.2.

Proof. My has the structure of D-module given by

0-m/f" = (f'6-m—o(fym)/f*

for every 0 € Derp(R). Then, 7(M) is a D-module by Examples 2.1 in | ].
Since M is in the Bernstein class, My is in the Bernstein class and M — My is a
morphism of D-modules by Corollary [11.2.12. Since the Bernstein class is closed
under extension, submodules and quotients, every element in the complexes (11.3.0.1)
and (11.3.0.2) as well as the kernels, images and homology groups are in the same

class, and the result follows. O

Lemma II1.3.2. Let M be a left D-module in the Bernstein class. Then, Assg(M)

18 finate.

Proof. Suppose M # 0. Let M; = M and P; be a maximal element in the set of the
associated primes of M;. Then, N; = H?Dl(Ml) a nonzero D-submodule of M;, and
it has only one associated prime. Given N; and M;, set M,y = M;/N;. If M, # 0,
let Pjy1 be a maximal element in the set of the associated primes of M;;;. Then
Ny = H?Jj(MjH) has only one associated prime. If M, ; = 0, set N;;; = 0. Since
M, = M has finite length as a D(R, A)-module, there exist ¢ € N such that M; =0
for j > ¢, and then Ass(M) C {Pi,..., P}. O
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Theorem I11.3.3. Let R be a ring that satisfies Hypothesis [11.1.5 and let M be a
D-module in its left Bernstein class. Then, Assg(T (M)) is finite for every functor
T (=) as in Definition X1./.2. In particular, this holds for HY(R) for every i € N and
tdeal I C R.

Proof. This follows immediately form Lemmas [11.3.1 and [11.3.2. O]

Corollary I11.3.4. Let (R, m, K) be a reqular local ring of mized characteristic p > 0.
Then, the set of associated primes of T (R) that does not contain p is finite for every
functor T as in Definition X1./.2.

Proof. Let R be the completion of R with respect to the maximal ideal. Then, the set
of associated primes of 7 (R) that does not contain p is finite if the set of associated
primes of T(R) = R ®g T(R) that does not contain p is finite. We can assume
without loss of generality that R is complete. Thus, R = V|[x1,...,2,41]] or

R=Vlzi,....,zon]l/(p— W)V([z1, ..., Tps1]],

where (V,pV, K) is a DVR of unramified mixed characteristic p > 0 and h is an
element in the square of maximal ideal of V[[xy,...,2,11]], by the Cohen Structure
Theorems. Let F' be the fraction field of V. It suffices to show that

ASSR(F KRy T(R)) = ASSR(T(F Ry R)

is finite, which follows from our main example and Theorem [11.3.3. n

Theorem II1.3.5. Let (R, m, K) be a reqular commutative Noetherian local ring of
mized characteristic p > 0. Then the set of associated primes of H:(R) that do not
contain p is finite for every i € N and every ideal I C R.

Proof. This is an immediate consequence of Corollary [11.3.4. O]
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CHAPTER IV

Polynomial rings and power series rings over a

ring of small dimension

Throughout this chapter, A, and R denote commutative Noetherian rings with
unity such that R is either a polynomial ring, A[xq,...,z,], or a power series ring,
Al[z1,...,2,)]. The main aim in this chapter is to prove that the set of associated
primes and the Bass number of H:(R) are finite for every ideal I C R. In particular,
these rings include regular local complete rings of unramified mixed characteristic,
which gives a different proof for the properties in that case | ]. In addition, we
study the injective dimension of these modules and extend previous results of Zhou

[Zh098].

The results presented in this section appear in | ]

IV.1 Associated primes

Lemma IV.1.1. Let A and R be Noetherian rings such that A C R. Let M be a
D(R, A)-module of finite length. Then, Assgp M is finite.

Proof. Suppose M # 0. Let M; = M and P; be a maximal element in the set of the
associated primes of M. Then, Ny = Hp, (M) is a nonzero D(R, A)-submodule of
M, and it has only one associated prime. Given N; and M;, set M, = M;/N;. If
M1 # 0, let Pj4; be a maximal element in the set of the associated primes of M.
Then Nj = Hl‘lj(MjH) has only one associated prime. If M;; = 0, set N ; =0
and Pj;; = 0. Since M; = M has finite length as a D(R, A)-module, there exist
¢ € N such that M; =0 for j > ¢ and then Ass(M) C {P, ..., Pi}. O

Lemma IV.1.2. Let A be a zero-dimensional Noetherian ring. Let R be either
Alzy,... x| or Allx1,...,x,]]. Then, Ry has finite length as a D(R, A)-module for
every f € R.
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Proof. Since A has finite length as a A-module, there is a finite filtration of ideals 0 =
Ny C Ny C ... C Ny = A such that N;,1/N; is isomorphic to a field. Then, we have
an induced filtration of D(R, A)-modules, 0 = NgR; C NyRy C ... C NyRy = Ry. It
suffices to prove that N;.;R;/N,;R; has finite length for j = 1,...,¢. We note that
Nj1Rf/N;Ry is zero or isomorphic to (R/m)y for some maximal ideal m C A. Since
Nj1R;/N;R; has finite length as a D(R/mR, A/mA)-module, it has finite length as
a D(R, A)-module, which concludes the proof. [

Proposition IV.1.3. Let A be a zero-dimensional commutative Noetherian ring. Let
R be either Alxy, ...,z or Al[xy,...,z,])]. Then, Assg M is finite for every object
in M € C(R, A); in particular, this holds for T(R) for every functor T .

Proof. By Lemma [V.1.2, Ry has finite length in the category of D(R, A)-modules
for every f € R. If M is an object of C(R, A), then M has finite length as a D(R, A)-

module, because length is additive. O

Lemma IV.1.4. Let A be a one-dimensional ring, @ € A be an element such that
dim(A/mA) =0, and R be either Alxy, ..., x| or Al[xy,...,x,]]. Then, Ry/mRy has
finite length as a D(R, A)-module for every f € R.

Proof. The length of Ry/mR; as a D(R, A)-module or as a D(R/mR, A/mA)-module
is the same. Since A/mA has dimension zero and R/7R is either (A/mA)[x1,. .., z,)

or (A/mA)[[z1,...,x,]], the result follows from Lemma IV.1.1 and Lemma [V.1.2. O

Lemma IV.1.5. Let A be a one-dimensional ring, m € A be an element such that
dim(A/mA) =0, and R be either Alxy, ..., x,] or Al[zy,...,x,]]. Let A and R denote
A/mA and R/mA respectively. Let M be a D(R, A)-module, such that Anny(7) and
M ®g R are objects in C(R, A). Then, Anngy(m) and T(M) @g R are objects in
C(R, A) for every functor T.

Proof. We recall that 7 has the form 7 = 7, o --- o T;, where every functor 7; is
either H}, , H}l\ 2,» O the kernel, image or cokernel of some arrow in the long exact

sequence
(IV.1.5.1) LS HG (M) B HY (M) HY, (M)

for closed subsets Z1, Z, of Spec(R) such that Z, C Z;.
It suffices to prove the claim for ¢ = 1 by an inductive argument. Suppose that
T = Hz(—) where Z = Z;\ Zs for closed subsets Z7, Zy C Spec(R) such that Z, C 7.
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We note that Hj(—) = H} (—), if we choose Z; = (). The exact sequences
0 — Anny/(7) = M 5 7M — 0,

and

0—>7M—M-—M®®gR—0,

induce two long exact sequences,
o = Hi(Anngg () & HL(M) £ Hi (e M) — . ..

and

o Ho(eM) S HL(M) S HU(M @r R) — ...
Since the composition of ¢’ o ¢; is the multiplication by 7 on Hy (M), we obtain the
exact sequences
0 — Ker(p;) — AnnH%(M) () LAY Ker(¢),

and
Coker(p;) ﬁ Hy (M) ®g R — Coker(¢}) — 0.

Then, Anny; (7)) and Hy(7M) ®g R are objects in C(R, A), because Ker(y;),
Ker(¢}), Coker(y;) and Coker(¢;) belong to C'(R, A) and this category is closed under
sub-objects, extensions and quotients.

If T is a kernel, image or cokernel of a morphism in the long exact sequence
(IV.1.5.1), there exists an injection, T (M) — H;ljl (M), and a surjection H?h (M) —
T (M) for some iy1,iy > 0 and ji,j2 € {1,2}. Then,

0 — Annyp(7) — Ann (M)(ﬂ')

Zj1

and
HZQ(M) QrR—=T(M)®rR—0
are exact. Therefore, Annyy)(7) and 7(M) ®p R belong to C(R, A). O

Proposition IV.1.6. Let A be a one-dimensional ring, m € A be an element such
that dim(A/mA) =0, and R be either Alxy,...,x,] or Al[z1,...,2,)]. Then, the set

of associated primes over R of T(R) that contain 7 is finite for every functor T .

Proof. The set of associated primes of 7 (R) that contain 7 is equal to Assp Anny(g) (7).
Since Anny () is a D(R, A)-module of finite length by Lemma ['V.1.5, Assgp Annyg)(7)
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is finite by Lemma [V.1.1. O]

Corollary IV.1.7. Let A be a one-dimensional local ring, and let R = Alxy, ..., z,).
Then, Assg T (R) is finite.

Proof. Let m be a parameter for A. Then, the set of associated primes over R of
T (R) that contain 7 is finite by Corollary 1V.1.6. Since R, = Ag[z1,...,7,] and
dim(A;) = 0, the set of associated primes over R of T (R) that does not contain ,

which is in correspondence with Assg, 7 (R;), is finite by Corollary 1V.1.3. O

Corollary IV.1.8. Let (A,m, K) be a one-dimensional local domain, and let R =
Allx1, ..., z,]]. Then, Assg T(R) is finite.

Proof. Let 7 be a parameter for A. Then, the set of associated primes over R of T (R)
that contain = is finite by Corollary [V.1.6. It remains to show that the set of the
associated primes not containing 7 is finite.

We will proceed by cases. If A is a ring of characteristic p > 0. We have that R is
a regular ring by Theorem 5.1.2 in [ | because R, is the fiber at the zero prime
ideal of A. Then, Assg, T (R;) is finite by Corollary 2.14 in | ].

If A is not a ring of characteristic p > 0. We have again that R is a regular ring by
Theorem 5.1.2in | |. Let ' = A, be the fraction field of A and S = F®4R = R,.
Then, F'is a field of characteristic 0 and S is an F-algebra. We claim that S and F'
satisfy the properties:

(i) S is equidimensional of dimension n;

(ii) every residual field with respect to a maximal ideal is an algebraic extension of
E;

(iii) there exist F-linear derivations 01, ..., 0, € Derp(S) and elements 2, ..., z, € R

such that d;a; =1 if ¢ = 5 and 0 otherwise.

We will proceed following the ideas of Lyubeznik in | |. Let n C S be a
maximal ideal and let ) = nN R. Then @ is a prime ideal of R not containing f and
it is maximal among the ideals of R not containing 7. By induction on n, it suffices
to show that if P is a nonzero prime ideal of R not containing 7, then there exist
elements yi,...,y, € R such that R = A[[y1,...,y,]] and R/P is a finitely generated
R,_1/P N R,_;-module, where R, = Al[y1,...,Yn—1]]. Then, the finiteness implies
that PN R,_1 = ht P — 1, the prime ideal P is maximal among all ideals of R not

containing 7 if and only if P N R,, is maximal among all ideals of R,, not containing
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7. In addition, S/PS = (R/P) ®4 F is an algebraic extension of F' if and only if
F®4 R,_1/PN R, is an algebraic extension of F.

Let P be the image of Pin R = R/mR = k[[zy, ..., x,]]. There exist new variables
Y1, ..., Yn such that R/P is finite over R,,_1/PNR,_1, where R, 1 = K[[y1,...Yn_1]].
Let ry,...,7s € R/P be aset of generators over R,_;/PNR,_;. Lifting these variables
to R, we get that R = Al[yy, ..., yn]]. For every f € R/P there exist a finite number

of elements g11,...,91,5,01,; € R,—1 and h; ; € m with
f —_ ngTl 4+ ...+ gl’sST’S + Z hl,jvl’j.
J
We can apply the same idea to v; ; inductively to obtain a finite number of elements

Gt1y- -Gty Ut; € Ry and hyj € m' such that

(Zth uglcl) <Zzhk ugks> rs+2hmvw

Since R/P is m-adically separated and complete, we can take

=33 Mrigee-
=1 i

Then f = Giry + ... Gsrg. This proves that rq,...,r, is a finite system of generators
of R/P as an R, _1/PR,_1-module and concludes the proof of the claim that R ® 4 F
and F satisfy properties (i) and (ii). In addition, we have that z; = x; and 0; = %
satisfies (iii). Then, we have that Assgp, T (R,) is finite by using the results of D-
modules in | | as it was done in | |. Tt is proven explicitly in Theorem
I11.3.5. [

IV.2 Bass numbers

IV.2.1 Facts about Bass numbers

Lemma IV.2.1. Let (R,m, K) be a Noetherian Cohen-Macaulay ring and m € R be
a nonzero divisor. Let M be an R-module annihilated by w. Then, dimg Ext’ (K, M)
1s finite for all 7 € N if and only iof dimg Ext%/wR(K, M) is finite for all £ € N.

Proof. Let g; € R, such that 7, g1, ..., g, form a system of parameters. Let J denote
(7, g1, -, 9n)R. Using the Koszul complex to compute the free resolution of R/.J as
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an R-module and as an R/mR-module, we obtain that

length(Exty(R/.J, M)) = length(Exty . n(R/J, M))
+ length(Ext'; | p(R/J, M)).

The result follows from Lemma VI1.2.1, because R/J has finite length. ]

Lemma IV.2.2. Let R be a Cohen-Macaulay local ring, M be an R-module and m € R
be a nonzero divisor. Let R denote R/mR. Suppose that dim EXt%(K, Anny, (7)) and
dimg Ext%(K, M ®g R) are finite for all j € N. Then, dimg EX‘DE(K, M) is finite for
all 7 € R.

Proof. dimg Ext}, (K, Anny (7)) and dimg Ext} (K, M @g R) are finite for all j € N

by Lemma [V.2.1. From the short exact sequences
0— Anny(7) = M 5 7M — 0

and
0—>7M—M—M®®rR—0,

we get two long exact sequences induced by Ext:
.= Bxth (K, Annyy (7)) 2% Extl (K, M) 2 Extb (K, M) — ...,

and
= Bxth (K, mM) 2 Bxtl (K, M) % Extl(K,M @z R) — . ...

Since I(6;) injects into Ext’% (K, M ®g R), we have that dimg 3(6,) is finite. Likewise,
dim Coker () is finite, because it injects into Ext (K, Anny (7). We note that
Ext% (K, 7M) = Ker(8,) @ Coker(S,).

Since
Yoo B = Exth(K, M) 5 Exth (K, M)

is the zero morphism for ¢ € N, we have that J(v,) = 7¢(Coker(5;)). Therefore,
v(Coker () — Exth(K, M) — ¥(0;) — 0 is exact, and then dimg (Exts (K, M)) is
finite. O

47



IV.2.2 Finiteness properties of Bass numbers of local cohomology mod-

ules

Definition IV.2.3. Let A be a zero dimensional Noetherian ring. Let R be either
Alxy, ..., xp,] or Al[z1,...,2,]]. Let M be an D(R, A)-module. We say that M is
C-filtered if there exists a filtration

O=MyCM, C...CMy=M
of D(R, A)-modules, such that M;,,/M; is either zero or
(1) M;+1/M; is annihilated by a maximal ideal m; C R,
(2) M;y1/M; is an object in C(R/m;R, A/m;), and
(3) M;y1/M; is a simple D(R, A)-module.

Lemma IV.2.4. Let A be a zero dimensional Noetherian ring. Let R be either
Alxy, ... x| or Al[zy, ..., x,)]. Let M be an object in C(R,A). Then, M is C-
filtered.

Proof. We first prove the claim for R; for every f € R. Since A has finite length as

an A-module, there is a finite filtration of ideals,
0=NogCN,C...CM;=A,

such that M;,,/M; is isomorphic to a field, K; = A/m;, where m; is a maximal ideal
of A. Then, we have an induced filtration of D(R, A)-modules,

OZNORfCNlRfC...CNng:Rf.

Thus, Niy1Rf/N;R; = Ry/m;Ry, which is an object in C(R/m;R, A/m;). Then,

there exist a filtration,
Ni = Mi71 Cc...C Mi,ji = Vi1,

of objects in C'(R/m;R, A/m;), such that M;;1/M,;, is a simple D(R/m;R, A/m;)-

module. Therefore,

OZM()’lC...CMO’jlCMI,IC“-CMe,jg:Rf
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is a filtration that makes Ry a C-filtered module. By the definition of C'(R, A), it
suffices to show that if 0 — M’ % M 5 M" — 0 is a short exact sequence of objects
in C(R, A), then M is C-filtered if and only if M’ and M" are C-filtered. If M is
C-filtered with a filtration M;, we define a filtration M] in M’ by M! = a1 (M,).
Similarly, we define a filtration M} in M" by M!" = S(M;). Then, we have a short

exact sequence of short exact sequences:

0 0 0
{ { 1

0— M M, 5 M, /M —0
{ { {

0— M; g)Mi_H ﬁ} Mi-l—l/Mi —0
{ { {

0% MY 5 MY, — MY, /MY —0
{ { {
0 0 0

Since M;1/M; is either zero or a simple D(R,A)-module, M/, ,/M] is either
M;i11/M; or zero. Likewise, M/ /M is either M;.,/M; or zero. Thus, M; and
MY satisfy parts (1), (2) and (3) in Definition [V.2.3.

If M’ and M" are C-filtered modules with filtrations M) C ... C M}, and M C
... C My, we define a filtration on M by M; = a(M]) for i = 0,...¢ and M,; =
BHM]_,) for i =0 +1,....0 + " Since My, /M; = M/ /M for i = 0,...¢ and
M1 /M; = Mo /M", fori=10"4+1,...0'+ ", M; satisfies parts (1), (2) and (3)
in Definition [V.2.3. Hence, every object in C(R, A) is a C-filtered module. ]

Proposition IV.2.5. Let A be a zero-dimensional Noetherian ring. Let R be either
Alxy, ... x| or Alxy, ..., x,]]. Let M be an object in C(R,A). Then, all the Bass
numbers of M are finite. In particular, this holds for T(R) for every Lyubeznik
functor T .

Proof. We fix a prime ideal P C R and denote Rp/PRp by Kp. Since M is a
C-filtered module by Lemma [V.2.4, we have a filtration 0 = My, C ... C M, =
M such that M;, /M, is annihilated by a maximal ideal m; C R, is an object in
C(R/m;R, A/m;), and is a simple D(R, A)-module. From the short exact sequences
0— M; = M1 — M1 /M; — 0, we get long exact sequences

el EXt%P (Kp, (MJP) — Eth%P(Kp, (Mi-i—l)P)
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— Eth%P (KP, (MH-I/Mz)P) — EXt;;:(KP, (Mz>p) — ...

Then, it suffices to show the claim for M;,,/M; for i = 0,...,¢. We fix an ¢ and
denote M;,1/M; by N. Let m C A be the maximal ideal such that mN = 0. If
mR ¢ P, then N ® Rp = 0. We may assume that mR C P. Let R = R/mR. We
note that R is a regular ring containing A/m, a field. Let gi,...,gq be a system of
parameters for Rp and let fi,..., fs be the class of ¢1,...,¢4 in Rp. Since A is a
zero dimensional ring, we have that fi,..., f; is a system of parameters for Rp. Let

I ={(g1,...,94)Rp. Using the Koszul complex K, we obtain that,
Exty, (Rp/I, Np) = H'(Homg,(K(g), Np))

= Hi(HOmﬁp(K(i),Np)) = EXt%P(Ep/[EP,Np),

because Rp and Rp are Cohen-Macaulay rings of the same dimension. Using Lemma

VI.2.1 several times, we obtain that

lengthz | EXt%P(Kp, Np) < 0o < lengthg, Ext%P (Rp/IRp, Np) < o0
& lengthy  H'Homg (K(f), Np) < oo
& lengthy, H Hompg, (K(g), Np) < oo
& lengthy, Ext}, (Rp/I, Np) < 0o
& lengthy, Ext}, (Kp, Np) < 0o

Since lengthz | Ext%P(K p, Np) < 0o by Corollary 8 in | |, we have that
length, Ext}, (Kp, Np) < 0o

Hence, all the Bass numbers of M are finite. n

Theorem IV.2.6. Let A be a zero dimensional commutative Noetherian ring. Let R
be either Alzy,...,x,] or Al[xy,...,x,]]. Then,

e Assp T(R) is finite for every functor T, and
e the Bass numbers of T(R) are finite.

In particular, these properties hold for Hi(R) for every ideal I C R and every integer
1€ N.
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Proof. This is a consequence of Proposition [V.1.3 and Proposition [V.2.5. O]

Proposition IV.2.7. Let A be a Noetherian Cohen-Macaulay ring such that dim(A) =
1, and let m € A be a nonzero divisor. Let R be either Alxy,...,x,] or Al[z1,. .., z,]].
Then all the Bass numbers of T(R), as an R-module, with respect to a prime ideal P

containing ™, are finite.

Proof. Let R and A denote R/mR and A/ A, respectively. We have that Anny(g)(m)
and T(R) ® R are objects in C'(R, A) by Lemma [V.1.5. Then, their Bass numbers,
as R-modules, with respect to P are finite by Proposition 1V.2.5. Since Rp and Rp
are Cohen-Macaulay rings, we have that the Bass numbers of 7 (R) with respect to

P are finite by Lemma [V.2.1 for every functor 7. m

We claim that we cannot generalize Proposition [V.2.7 for Cohen-Macaulay rings
of dimension higher than 3. Let A = K{[s, t, u, w]]/(us+vt), where K is field. This is
the ring given by Hartshorne’s example | |. Let I = (s,t)A. Hartshorne showed
that dimy Hom4 (K, H7(A)) is not finite.

Let R be either A[zy,...,x,]) or Al[xy,...,2,]]. Let P = mR be the prime ideal
generated by m. Then,

Exty(R/P, H (R)) = Homp(R/P, H{(R))
= Homu (K, H;(A)) ®4 R = ®R/mR,

where the direct sum in the last equality is infinite. Therefore,
dimp, jmpr, Ext}, (Rp/PRp, Hi (Rp))

is not finite.

Corollary IV.2.8. Let A be a one-dimensional local Cohen-Macaulay ring, and let
R = Alzy,...,x,]. Then, all the Bass numbers of T(R), as an R-module, are finite.

Proof. Let 7 be a parameter for A. Then, the Bass numbers of T (R) with respect to a

prime ideal containing 7, are finite by Proposition [V.2.7. Since R, = Ar[z1,...,Zy]
and dim(A,) = 0, the Bass numbers of 7 (R) with respect to a prime ideal that does
not contain 7, are finite by Proposition [V.2.5. O
Corollary IV.2.9. Let A be a one-dimensional local domain, and R = Al[xy, ..., x,]].

Then, all the Bass numbers of T(R), as an R-module, are finite.

o1



Proof. Let  be a parameter for A. Then, the Bass numbers of T (R) with respect to
a prime ideal P containing m, are finite by Proposition [V.2.7.

On the other hand, the Bass numbers of 7 (R) with respect to prime ideals not
containing 7, are in correspondence with the Bass numbers of R,. We have that R,
is a regular ring that contains a field, A, by Theorem 5.1.2 in | | because R is
the fiber at the zero prime ideal of A. Then the result follows from Theorem 2.1 in
[ | and Theorem 3.4 in | ]. O

Theorem IV.2.10. Let A be a one-dimensioal ring, and let R be either Alxy, ..., x,]
or Al[xy,...,x,)]. Let m € A denote an element such that dim(A/wA) = 0. Then, the
set of associated primes over R of T(R) that contain w is finite for every functor T .
Moreover, if A is Cohen-Macaulay and 7 is a nonzero divisor, then the Bass numbers
of T(R), with respect to a prime ideal P that contains 7, are finite. In particular,

these properties hold for Hi(R) for every ideal I C R and every integer i € N.

Proof. This is a consequence of Proposition [V.1.6 and Proposition [V.2.7. O

IV.3 Local cohomology of unramified regular rings

As consequence of the results in Section 3 and 4, we are able to give a different

proof for some parts of Theorem 1 in | ].

Theorem IV.3.1. Let (R, m, K) be an unramified reqular local ring and p = Char(K).
Then:

(i) the Bass numbers of T(R) are finite, and
(ii) the set of associated primes of T (R) that contain p is finite
for every Lyubeznik functor T .

Proof. The finiteness of associated primes of 7 (R) that contain p is not affected by
completion with respect to the maximal ideal. Since completion of R respect to m is
a power series ring over a complete DVR of mixed characteristic, the result follows
from Proposition [V.1.6.

In order to prove the finiteness of the Bass numbers, We need to show that
dimg, /PR, Ext%P(Rp/PRp,T(Rp)) is finite for every prime ideal P C R. There
are two cases: p € P or not. If p € P then Rp has equal characteristic 0 and the
result follows from Theorem 3.4 in | ]. If p € P, Rp is an unramified reg-

ular local ring and its completion of Rp respect to the maximal ideal is a power
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series ring over a complete DVR of mixed characteristic. Since the dimension of
Exty (Rp/PRp,T(Rp)) as Rp/PRp-vector space is not affected by completion, the

result follows from Corollary [V.2.7. O]

IV.4 Injective Dimension

In this section, we recover and generalize some results of Zhou about injective

dimension | ].

Lemma IV.4.1. Let (A, m, K) be a regular local ring and let R be either A[[z1, . .., x,]]
or Alzy,...,x,]. Let P C R be a prime ideal containing mR and let Kp denote
the field Rp/PRp. Let M be a D(R,A)-module. Then, Ext%(Kp, Mp) = 0 for
¢ > dim(A) 4 dim(Suppg(M)).

Proof. The proof will be by induction on the d = dim(A). If d =0, then A = K is a
field and the proof follows from the first Theorem in | ]. We assume that the
claim is true for d — 1. Let yy,...,ys denote a minimal set of generator for m. Let
A= AJysA, R= R/ysR = Al[zy,...,x,]] and P = PR. Let ¥, ...,%,_; be the class
of y1,...,y4—1 in R. We note that P C R is a prime ideal and it contains mR. Let
fi,-.. fs € P be such that yq,...,y4-1, f1,... fs form a minimal set of generator for
the maximal ideal PRp. From the Koszul complex associated to y1, ..., yq-1, fi,-- - fs

in Rp, we have that for every Rp-module, N,
dimp, Exty, (Kp, N) = dimg, Exty (Kp, N) + dimg, Ext; ' (Kp, N).

In this case, we have that Anny(y,) and M/ysM are D(R, A))-modules. By the
induction hypothesis,

Extp (Kp, Annyg,(ya)) = 0 and Exty (K, Mp/yaMp) =0
for £ > d + dim(Suppg(M)) — 1 = dim(A) + dim(Suppz(M)). Then,
Exty (Kp, Anny, (yq)) = 0 and Exty, (K, Mp/yaMp) =0

for £ > d + dim(Suppz(M)).

From the short exact sequences

0— AnnMP(yd) — Mp ﬂ yde — 0
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and

O%yde—)Mp—)Mp(@RE—)O,

we get two long exact sequences induced by Ext:

... = Bxth, (Kp, Anny, (va)) — Exty (Kp, Mp)
% EXt%P(KP, yde) — ...

and
0
... = Bxty, (Kp, yaMp) = Exty (Kp, Mp)

% EXt%P(Kp,Mp ®RE) — ...

In this case, p; is an isomorphism and 6, is surjective for £ > d+ dim(Suppy(M)).

Then, 6, o p is surjective for ¢ > d + dim(Suppg(M)). Since
00 po = Ext}, (Kp, Mp) %3 Ext}, (Kp, Mp)

is the zero morphism, Extﬁp (Kp, Kp) =0 for £ > d + dim(Suppy M). ]

Proposition IV.4.2. Let A be a Noetherian ring and let R = Alxq,...,x,]. Let
P C R be a prime ideal and let Kp denote the field Rp/PRp. Let M be a D(R, A)-
module. Then, ExtG(Kp, Mp) =0 for £ > dim(A) + dim(Suppy M).

Proof. Let ) = PN A. Then, PRy is a prime ideal in R that contains QRg.
Since, Rg = Aglz1,...,x,] and Mg is a D(Rg, Ag)-module and (Mg)p = Mp, we
have that Ext}, (Kp, Mp) = 0 is zero for £ > dim(A) + dim(Supp(Mp)) by Lemma
[V.4.1. Hence, Extf;ip (Kp, Mp) = 0is zero for ¢ > dim(A)+dim(Suppy(M)), because
dim(Suppg(M)) > dim(Suppg(Mg)). O

Theorem IV.4.3. Let (A, m, K) be a regular local Noetherian ring and let R be either
Alxy, ... x| or Al[xy, ..., x]]. Let M be a D(R, A)-module supported only at mR.
Then,

inj. dim(M) < dim(A) + dim(Supp M).

In particular,

inj. dim(H}(7(5))) < dim(A),

where n = (m,xz1,...,2,)S and T is a Lyubeznik functor. In addition, if R =
Alxy, ..., x|, then

inj. dim(M) < dim(A) + dim(Supp M).
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for every D(R, A)-module, M.

Proof. This is a consequence of Proposition [V.4.2 and Proposition [V.4.2
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CHAPTER V

Flat extensions with regular fibers

This chapter studies the following related question raised by Hochster:

Question V.0.4. Let (R, m, K) be a local ring and S be a flat extension with regular
closed fiber. Is
Asss Hp,s(H(S)) = V(mS) 0 Hi(S)

finite for every ideal I C S and i € N?

Question V.0.5. Let (R, m, K) be a local ring and S denote either R[xy,...,z,] or
Rl[xy,...,z,)]. Is
Asss Hy,s(H1(S)) = V(mS) N Hi(S)

finite for every ideal I C S and ¢ € N7

It is clear that Question V.0.5 is a particular case of Question V.0.4. In Proposition
V.4.2, we show that under minor additional hypothesis these questions are equivalent.
Question V.0.5 has a positive answer when R is a ring of dimension 0 or 1 of any
characteristic (see Theorem [V.2.6, IV.2.10, and | ). In her thesis | ],
Robbins answered Question V.0.5 positively for certain algebras of dimension smaller

than or equal to 3 in characteristic 0. Namely:

Theorem V.0.6 (| ]). Let R be a domain finitely generated as an algebra over
a field, K, of characteristic 0 and S = Rlxy,...,x,| or R[[z1,...,x,]]. Suppose that
R has a resolution of singularities, Yy, which is the blowup of R along an ideal of
depth at least two. If either

e Yy has an affine open cover by only Uy and Uy where H'(Yy, Oy,) has finite
length over R,
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e Yj has an open cover by only Uy, Us, and Us where H*(Yy, Oy,) and H*(Yy, Oy,)
have finite length over R, or

o dim(R) =2 or dim(R) = 3 and R has an isolated singularity,
then Assp HY(R) is finite for any i and any ideal I C S.

In addition, several of her results can be obtained in characteristic p > 0, by
working in the category C'(S, R) (see the discussion after Remark I1.4.1).

A positive answer for Question V.0.4 would help to that the associated primes of
local cohomology modules, Hi(R), over certain regular local rings of mixed charac-

teristic, R. For example,

Viz,y, 21, .., 24l B Vz, y]] . .
(r —ay)V(z,y, 21, .., 2a]] ((71- — 2V ][z, y“) [[z1, - 2nl],

where (V, 7V, K) is a complete DVR of mixed characteristic. This is, to the best
of our knowledge, the simplest example of a regular local ring of ramified mixed
characteristic that the finiteness of Assg H}(R) is unknown.

The results presented in this section appear in | ].

V.1 Y-finite D-modules

Notation V.1.1. Thorough this section (R, m, K) denotes a local ring and S denotes
either R[z1,...,x,] or R[[x1,...,x,]]. In addition, D denotes D(S, R).

Definition V.1.2. Let M be a D-module supported at m.S and M be the set of all
D-submodules of M that have finite length. We say that M is X-finite if:

(1) Uyem N =M,
(i) Unem C(IV) is finite, and
(ili) For every N € M and L € C(N), L € C(S/mS,R/mR).
We denote the set of composition factors of M, |Jycp C(IV), by C(M).

Remark V.1.3. We have that

Assg M C U Assg M
NeC(M)

for every Y-finite D-module, M. In particular, Assg M is finite.
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Lemma V.1.4. Let M be a X-finite D-module and N be a D-submodule of M. Then,
N has finite length as D-module if and only if N is a finitely generated as D-module.

Proof. Suppose that N is finitely generated. Let vi,...,v, be a set the generators
of N. Since [y N = M, there exists a finite length module N; that contains v;.
Then, N C Ny+...+ Ny and it has finite length. It is clear that if N has finite length
then it is finitely generated. O]

Proposition V.1.5. Let 0 - M’ — M — M" — 0 be a short exact sequence
of D-modules. If M is ¥-finite, then M’ and M" are X-finite. Moreover, C(M) =
C(M"yuc(M").

Proof. We first assume that M is X-finite. We have that
M= |)NnM= ] N,
NeM N'eM

an so M is X-finite by Remark I1.4.3. Let p denote the morphism M — M"” and N” €
M" and ¢ = length, N”. There are vy, ...,v, € N” such that N” = D-v;+...+D-v,.

Let w; be a preimage of v; and N be the D-module generated by wy, ..., w,. We have
that N — N” is a surjection, and that NV has finite length by Lemma V.1.4. Therefore,
M" = Unem P(N) = Upwener N” and the result follows by Remark [1.4.3. O

Proposition V.1.6. Let 0 - M’ — M — M" — 0 be a short exact sequence of

D-modules. Suppose that R contains the rational numbers. Then, M is %-finite if
and only if M' and M" are ¥-finite. Moreover, C(M) = C(M")UC(M’).

Proof. We first assume that M’ and M” are Y-finite. Let v € M. We have a short
exact sequence
O—->MnD-v—D-v—D-1—0.

M' N D - v is finitely generated because D is Notherian by Remark II.4.1. Then,
M'N D -v has finite length by Lemma V.1.4, and so D -v has finite length. Therefore,
M = UNeM N.

Let N € M. Then, NnM'" € M" and p(N) € M". We have a short exact sequence
0= NNM —N—=p(N)—=0

of finite length D-modules, and then result follows by Remark [1.4.3.

The other direction follows from Proposition V.1.5 O

o8



Proposition V.1.7. Let M be a X-finite D-module. Then, My is X-finite for every
fes.

Proof. Let N C My be a module of finite length. We have that N is a finitely
generated D-module. Then there exists a finitely generated D-submodule N' of M
such that N C Nj. We have that N} has finite length and C(N}) = Uyeen) C(Vy)
because V; is in C(S/mS, R/m) | ]. Then,

Mf: U N C U Nf:Mf
NCM; NcM

and the result follows. O
Lemma V.1.8. Let M and M’ be X-finite D-modules. Then, M &M’ is also 3-finite.

Proof. 1t is clear that M @& M’ is supported on mS. For every (v,v") € M & M’, there
exist N and N’, D-modules of finite length. such that v € N and v € N’. Then,
N @& N' C M @ M’ has finite length and (v,v") € N & N’. Therefore,

U NeN=MmMeM,

NCM,N'CcM’

and the M @& M’ is union of its D-modules of finite length. The rest follows from
Remark [1.4.3. O

Corollary V.1.9. Let M be a X-finite D-module. Then, H:(M) is X-finite for every
tdeal I C S and 1 € N.

Proof. Let fi, ..., f; be generators for I. We have that C(f; M) is ¥-finite by Lemma

V.1.8. Then Hi(M) is also Y-finite by Proposition V.1.5. O

Proposition V.1.10. Let M; be an inductive direct system of ¥-finite D-modules.
If U, C(M,) is finite, then lil? M, is ¥-finite and C(M) C |, C(M,).
_>

Proof. Let M = 113} M; and ¢; : My — M the morphism induced by the limit. We
have that ¢;(M;) is a X-finite D-module by Proposition V.1.5. We may replace M,
by ¢¢(M;) by Remark 11.4.3, and assume that M = |JM; and M; C M. f N C M
has finite length as D-module, then it is finitely generated and there exists a t such
that N C M;. Therefore, M = |J, M; = U, Unerq, N and the result follows. O
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V.2 Associated Primes

Notation V.2.1. Throughout this section (R,m,K) denotes a local ring and S
denotes either R[xy,...,x,] or R[[z1,...,2,]]. In addition, D denotes D(S, R).

Lemma V.2.2. Let J C S be an ideal and M be an R-module of finite length. Then,
HiY(M ®g S) is a D(S, R)-module of finite length. Moreover, C(H55(M ®r S)) C
U; C(Hj5(S/mS)).

Proof. Our proof will be by induction on h = length,(M). If h = 1, we have that
Hig(R/m®prS) = Hi4(S/mS), which has finite length as a D(S, R)-module | :
Theorem 2, Corollary 3] and by Remark 11.4.1. Clearly,

C(Hjg(M ®k A)) = C(Hjg(R/m @k A)) = UC(HﬁS(S/mS))

in this case. Suppose that the statement is true for h and lengthp(M) = h + 1.
We have a short exact sequence of R-modules, 0 - K — M — M’ — 0, where
h = lengthz(M’). Since S is flat over R, we have that

0= KQQrS > MRS — M @rpS—0
is also exact. Then, we have a long exact sequence
o= HY(K®pS)— HY (M ®zS) — Hy (M @r S) — ...

Then H(M ®pr S) has finite length by the induction hypothesis and Remark I1.4.3.
In addition,

C(H}(M ®@g S)) C C(Hy(M @5 S))| JC(H) (K @5 5))
C UC(H§<S/mS)).

J

and the result follows by the induction hypothesis and Remark [1.4.3. O]

Proposition V.2.3. Let I C S be an ideal containing mS. Then H:(S) is X-finite
for every i € N.

Proof. Let fi,..., fs be a system of parameters for R and g, ..., g, be a set of gen-
erators for /. Let f' denote the sequence ff,..., ff. Let T; = {I}""} be the dou-
ble complex of D(S, R)-modules given by the tensor product K(f; R) ®r C(g; S).
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The direct limit A( f; R) introduced in Figure I1.3, induces a direct limit of dou-
ble complexes Tot(7;) — Tot(Ti41). Since li_)nglC(f;R) = C(i, R), we have that
h_gl Tot(1;) = C(M, S). Let E7 be the spectral sequence associated to T;. We have
that

By = HY(HU(K(f" S)) = EXf, = HP™Tot(T).

We notice that HI(K(f';S)) = HYK(f" R)) ®r S, because S is R-flat. Since
H(K(f*; R)) has finite length as an R-module, we have that EY{ is a D(S, R)-module
of finite length for all p, ¢ € N and that C(E%}) = U, C(H}5(S/mS)) by Lemma V.2.2,
Moreover, E}{ is a D(S, R)-module of finite length, and

c(erf) c | Je(Esy) = U C(H}(S/mS))

p.q

for r > 2. Then, C(H'(Tot(T3))) C U, C(H}(S/mS)) for every j,t € N by Remark
[1.4.3; in particular, |J,C(H"Tot(T};)) is finite and every element there belongs to
C(S/mS, R/mR). Therefore, BV} is a ¥-finite D(S, R)-module. Moreover,

H}(S) = H(C(£.0:5)) = H'(lim Tot(T})) = lin ' (Tot())

because the direct limit is exact. Hence, H:(.S) is X-finite by Proposition V.1.10. [

Corollary V.2.4. Let I C S be an ideal containing mS and Jy,...,J; C S be any
ideals. Then H’! --- HY Hi(S) is X-finite.

Proof. This is a consequence of Proposition V.2.3 and Corollary V.1.9. O]

Theorem V.2.5. Let (R, m, K) be any local ring. Let S denote either Rz, ..., )
or R[[zy1,...,x,)]. Then, Assg H cHL(S) is finite for every ideal I C S such that
dimR/I N R <1 and every i € N. Moreover, if mS C V1,

Assg H -~ I H(S)
1s finite for all ideals Jy,...,J; C S and integers j1,...,7, € N.

Proof. This is a consequence of Remark V.1.3 and Corollary V.2.4. O

Proposition V.2.6. Let (R, m, K) be any local ring. Let S denote either R[xy, . .., ,)]
or R[[xy,...,x,]]. Let I C S be an ideal, such that dim R/I N R < 1. Then,

Assg H? H(S)
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1s finite for every i € N.
Proof. Since dim R/(I N R) < 1, there exists f € R such that mS C /I + fS. We
have the exact sequence
i & ri B r7i
Then,

Asss H(S) N V(mS) C (Assg Im(a;) N V(mS)) U(Asss Im(5;) N V(mS))

Since H{; ;4(S) is a X-finite D(S, R)-module by Proposition V.2.3, we have that

Im(ay) is also X-finite by Proposition V.1.5, and so AssgIm(q;) is finite. Since

Im(83;) C Hi(Sy), AssgIm(B3;) N V(mS) = 0. Therefore,

Asss H}(S) N V(mS) = Assg H?

is finite. O]

Proposition V.2.7. Suppose that R is a ring of characteristic 0 and that dim R/(IN
R) < 1. Then H? (Hi(S) is S-finite for everyi,j € N,

Proof. Since dim R/(I N R) < 1, there exists g € R, such that mS C /(I,g)S. We
have the long exact sequence

.= Hip ys(S) = Hi(S) = Hi(Sy) = ...

Let M; = Ker(H{; ,5(S) — Hi(S)), N; = Im(H{; ,5(S) — Hi(S)) and W; =

Im(H}(S) — Hi(S,)). We have the following short exact sequences:
0— M, — H(ilyg)s(S) — N, — 0,

0— N; = Hi(S) = W; =0

and

0— W; — Hi(S,) = My, — 0.

Since mS C \/(1,9)5, H(iLg)S(S) is Y-finite by Proposition V.2.3. Then, M; and N;

is Y -finite for every ¢ € N by Proposition V.1.5. By the long exact sequences

= HI (M) — H2 GH{p 6(S) = H2 o(N;) — ..

m
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.= HL G(Ny) — H GHi(S) — H (W) — ...

and
o= HL (W3 — HY GHI(Sy) — HI o(Miyy) — ...,

HY (M), HI GHY, o(S) and H? o(M;) are S-finite for every 4,5 € N. H. (W)

m (Ivg)S . ) . : .
H) o(M;11) because H] (H};(S,) = 0. Then, H! o(W;) is X-finite, and so H? (H}(S)
is Y -finite by V.1.6. O]

V.3 More examples of Y-finite D-modules

In the previous section we gave a positive answer for specific cases for Question
V.0.5. Our method consisted in proving that H;SH}'(S ) is X-finite and then applying

Remark V.1.3. This motivates the following question:
Question V.3.1. Is H/ (Hi(S) S-finite for every ideal I € S and i,5 € N?
In this section, we provide positive examples for Question V.3.1.

Proposition V.3.2. Let (R, m, K) be any local ring. Let S denote either R[xq,. .., xy,
or R[[xy,...,x,]]. Let I C S be an ideal such that depthg I = cdgl. Then,

s Y7 (5)
18 X-finite for every i € N.
Proof. We have that the spectral sequence

EYY = H}, gH{(S) = B! = H{/' 1 (S)

converges at the second spot, because depthg I = cdg/. Hence,

Hy sHj(S) = H{y ) s(S)

and the result follows by Proposition V.2.3. O]

Proposition V.3.3. Let (R, m, K) be any local ring. Let S denote either R[xy, . .., ,)
or R[[x1,...,z,]]. Let I C S be an ideal such that Exty(S/mS, H}(S)) is a D-module
in C(R,S) for every i € N. Then, H: (HJ(S) is a X-finite D(S, R)-module for every
i,jeN.
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Proof. We claim that Exti(N @z S, HI(S)) is a D(S/mS, K)-module in C(S/mS, K)
for every ¢ € N and every finite length R-module N. Moreover,

C(Exts(N &g S, H{(S))) C | JC(Exty(K ®r S, H{(S))).

The proof of our claim is analogous to Lemma V.2.2.
The direct system Ext’(S/m’S, H}(S)) — Ext'(S/m‘*1S, HJ(S)) satisfies the hy-

potheses of Proposition V.1.10. Hence,
H! (HI(S) = lim Ext'(S/m'S, H}(S))
_>
is a X-finite D(S, R)-module. O

Remark V.3.4. The condition that Ext(S/msS, H}(S)) be a D(S/msS, K)-module
in C(S/mS, K) for every i € N is not necessary.

Let R = K][s,t,u,w]]/(us 4+ vt), where K is a field. This is the ring given by
Hartshorne’s example | ]. He showed that dimy Homa (K, H?(A)) is not finite
for I = (s,t)A. Let S be either R[xy,...,x,] or R[[z1,...,2,]]. Therefore,

Ext%(S/msS, H?(S)) = Homg(S/msS, H3(S))

= Homp(K, H?(R)) ®r S = ©S/mS,

where the direct sum is infinite. Then, Ext$(S/mS, H?(S)) does not belong to
C(S,R).

On the other hand, H? H?(S) is a direct limit of finite direct sums of S/m.S. This
direct limit satisfies the hypotheses of Proposition V.1.10. Therefore, H? H?(S) is a
Y-finite D(S, R)-module.

Proposition V.3.5. Let (R, m, K) be any local ring and let S denote Rlxy,. .., x,].
Let I C S be an ideal. Then, H! ¢HY(S) is S-finite for every i € N. In addition, if
cdgl <1, then ansH}'(S) is Y-finite for every i, j € N.

Proof. We claim that there exists an ideal J C R such that H?(S) = JS. We have
that H}(S) is a D(S, R)-module. For every f =>"_c¢,a* € H}(S) and 9 € D(S, R),
df € HY(S). Therefore, ¢, € HY(S). and HY(S) = JS, where

J=Aca | anxa € H)(9)}.
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We have that

Extl(S/mS, H)(S)) = Exty(R/mR ®r S, J @r S)
= Exth(K,J) ®s S
= @"S/mS, where u = dimg Extly (K, J),

and it is a D(S, R)-module in C(S, R) for every i € N. The first claim follows from
Proposition V.3.3.

We have that H;(S) = Hj, 5 (S/J) | , Corollary 2.1.7]. In addition, S/JS =
(R/J)[x1,...,2,) and

depthI(S/JS) = CdI(S/JS)(S/JS) =1.

The second claim follows from Proposition V.3.2. m

V.4 Reduction to power series rings

Discussion V.4.1. Suppose that (R, m, K) and (S, 7, L) are complete local rings and
that ¢ : R — S is a flat extension of local rings with regular closed fiber. Assume that
 maps a coefficient field of R to a coefficient field of S. We pick such coefficient fields,
and then ¢(K) C L. Thus, R = K[[z1,...,%,]]/I for some ideal I C K{[z1,...,z,]].
Let A = L&xR = Ll[xy,...,2,]]/IL[[x1,...,z,])]. We note that A is a flat local
extension of R, such that mA is the maximal ideal of A. Let # : A — S be the
morphism induced by ¢ and our choice of coefficient fields.

We claim that S is a flat A-algebra. Let F, be a free resolution of R/mR. Then,
A ®pg F, is a free resolution for A/mA. We have that

Tor! (S, A/mA) = H\(S @4 A®g F,)

= H,(S ®g F,) = Torf(S,R/mR) =0

because S is a flat extension. Since mA is the maximal ideal of A, we have that S is
a flat A-algebra by the local criterion of flatness | , Theorem 6.8].

Let d = dim(S/mS) and z,...,25 € S be preimages of a regular system of
parameters for S/mS. Let ¢ : Al[yi,...,y4]] = S be the morphism given by sending
A to S via 6 and y; to z;. Since

(MA+ (21,...,29)A)S =1
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and the morphism induced by ¢ in the quotient fields of A and S is an isomorphism.

Hence, ¢ is an isomorphism.

Proposition V.4.2. Questions V.0./ and V.0.5 are equivalent when we restrict them
to a local extensions, such that the induced morphism in the completions maps a
coefficient field of the domain to a coefficient field of the target.

Proof. Let ¢ : (R,m,K) — (S,n,L) be a flat extension of local rings with regular
closed fiber. Suppose that @ : R— S , the induced morphism in the completions, maps
a coefficient field of the R to a coefficient field of S. We have that Assp H?, ,Hi(S) is
finite if and only if Assg H&EH}(:S’\) is finite. Let A be as in the previous discussion
and d = dim(S/mS). The result follows, because S = Al[yi,...,yq)] and mS =
(mA)S. O

Theorem V.4.3. Let (R,m,K) — (S,n,L) be a flat extension of local rings with
reqular closed fiber such that R contains a field. Let I C S be an ideal such that

dimR/I N R < 1. Suppose that the morphism induced in the completions R— S
maps a coefficient field of R into a coefficient field of S. Then,

Assg H? H(S)

1s finite for every 1 € N.

Proof. By Discussion V.4.1, we may assume that R is complete and S is a power

series ring over R. The rest is a consequence of Proposition V.2.6. O]

Remark V.4.4. In the previous proposition, the hypothesis that @ maps a coefficient
field of R to a coefficient field of S is satisfied when L is a separable extension of K
[ , Theorem 28.3].

In the previous theorem, the hypothesis that ¢ maps a coefficient field of R toa
coefficient field of S is not very restrictive. For instance, it is satisfied when L is a
separable extension of K | , Theorem 28.3]. In particular, this holds when K is

a field of characteristic 0 or a perfect field of characteristic p > 0.
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CHAPTER VI

Direct summands

Our aim in this chapter is to prove the finiteness of associated primes and Bass
numbers of local cohomology for direct summands. We need to make some ob-
servations. Let R — S be a homomorphism of Noetherian rings. For an ideal
I C R, we have two functors associated with it, Hi(—) : R-mod — R-mod and
Hig(—) : S-mod — S-mod, which are naturally isomorphic when we restrict them to
S-modules. Moreover, for two ideals of R, I C I, the natural morphism Hj (—) —
Hj (—) is the same as the natural morphism Hj ¢(—) — H} ¢(—) when we restrict
the functors to S-modules. Thus, their kernel, cokernel and image are naturally iso-
morphic as S-modules. Hence, every Lyubeznik functor T for R is a functor of the
same type for S when we restrict it to S-modules.

As per the previous discussion, for an S-module, M, we will make no distinction
in the notation or meaning of 7 (M) whether it is induced by ideals of R or their
extensions to S and, therefore, by the corresponding closed subsets of their respective
spectra.

We wanto to point examples of direct sumands of regular rings. If S is a polynomial
ring over a field and R is the invariant ring of an action of a linearly reductive group
over S. It also holds when R C Klzy,...,x,] is an integrally closed ring that is
finitely generated as a K-algebra by monomials. This is because such a ring is a direct
summand of a possibly different polynomial ring (cf. Proposition 1 and Lemma 1 in
[ D

We would like to mention another case in which an inclusion splits. This is when
R — S is a module finite extension of rings containing a field of characteristic zero
such that S has finite projective dimension as an R-module. Moreover, such a splitting
exists when Koh’s conjecture holds (cf. | , : |). Therefore, if Koh’s
conjecture applies to R — S and T (S) has finite associated primes or finite Bass

numbers, so does T (R).
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We point out that the property inj. dim H:(R) < dimg Supp H:(R). does not hold
for direct summands of regular rings, even in the finite extension case. A counterex-
ample is R = K|z, 2%y, zy* y3] C S = K|z,y|, where S is the polynomial ring in
two variables with coefficients in a field K. The splitting of the inclusion is the map
0 : S — R defined in the monomials by §(z%y®) = 2*¢y” if a + B € 3Z and as zero
otherwise. We have that the dimension of Supp(H(Qx?,’ny’xyayg,)(R)) is zero, but it is
not an injective module, because R is not a Gorenstein ring, since R/(z?,y>)R has a
two dimensional socle.

The results presented in this section appear in | ].

VI.1 Associated Primes

Lemma VI.1.1. Let R — S be an injective homomorphism of Noetherian rings, and
let M be an S-module. Then, Assp M C{QNR:Q € Assg M }.

Proof. Let P € Assg M and u € M be such that Anngu = P. We have that
(Anngu) N R = P. Let Q,...,Q; denote the minimal primes of Anngu. We obtain
that

P:\/ﬁ: vVAnnguN R = (ﬂj@j)mR:mj(Qij)>

so, there exists a (); such that P = (); N R. Since (), is a minimal prime for Anng u,
we have that ); € Assg M and the result follows. n

Definition VI.1.2. We say that a homomorphism of Noetherian rings R — S is
pure if M = M ®r R — M ®pg S is injective for every R-module M. We also say that

R is a pure subring of S.

Proposition VI.1.3 (Cor. 6.6 in | ]). Suppose that R — S is a pure homeomor-
phism of Noetherian rings and that G is a complex of R-modules. Then, the induced
map j: H(G) — H'(G ®r S) is injective.

Proposition VI.1.4. Let R — S be a pure homomorphism of Noetherian rings.
Suppose that Asss Hig(S) is finite for some ideal I C R andi > 0. Then, Assg Hi(R)

s finite.

Proof. Since Hi{(R) — Hig(S) is injective by Proposition VI.1.3, Assg H:(R) C
Assg Hig(S) and the result follows by Lemma VI.1.1. O

Theorem VI.1.5. Let R — S be a homomorphism of Noetherian rings that splits.
Suppose that Assg T (S) is finite for a functor T induced by extensions of ideals of R.
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Then, Assg T(R) is finite. In particular, Assp Hi(R) is finite for every ideal I C R,
if Assg Hig(S) is finite.

Proof. The splitting between R and S makes 7 (R) into a direct summand of 7(5); in
particular, 7(R) C T(S). Therefore, Assgp T(R) C Assg T(S) and the result follows
by Lemma VI.1.1. O

If R is a ring containing a field of characteristic p > 0, Theorem VI.1.5 gives a
method for showing that R is not a direct summand of a regular ring. We used this
method to prove that there exists a Gorenstein strongly F-regular UFD of character-

istic p > 0 that is not a direct summand of any regular ring.

Theorem VI.1.6 (Thm. 5.4 in | ]). Let K be a field, and consider the hypersur-

face
Kir, s, t,u,v,w,x,y, 2]

(sua? + sv?y? + tuzvy + rw?z?)’

Then, R is a unique factorization domain for which the local cohomology module
H3
(z,y,2)
replaced by the localization at its homogeneous maximal ideal. The hypersurface R

(R) has infinitely many associated prime ideals. This is preserved if R is

has rational singularities if K has characteristic zero, and it is F-reqular if K has

positive characteristic.

Corollary VI.1.7. Let R be as in the previous theorem taking K of positive charac-
teristic. Then, R is a Gorenstein F-reqular UFD that is not a pure subring of any

reqular ring. In particular, R is not direct summand of any regular ring.

Proof. Since qu’z,y,z)(R) has infinitely many associated prime ideals, it cannot be

a direct summand or pure subring of a regular ring by Theorem VI.1.5, Proposition

VI.1.3 and finiteness properties of regular rings of positive characteristic (cf. | ).
[
Theorem VI.1.8 (Thm. 1 in | ). Assume that S = Klxy,...,x,] is a poly-

nomial ring in n variables over a field K of characteristic p > 0. Suppose that I =
(f1,..., fs) is an ideal of S such that ), deg fi <n. Then dim S/Q >n — ). deg f;
for all Q € Assg Hi(9).

Corollary VI.1.9. Let S = Klz1,...,x,] be a polynomial ring in n variables over a
field K of characteristic p > 0. Let R — S be a homomorphism of Noetherian rings
that splits. Suppose that I = (f1,...,fs) is an ideal of R such that ), deg(f;) <
dim R. If S is a finitely generated R-module, then dim R/P > dim R — ). deg f; for
all P € Assg HY(R).
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Proof. Since Hi(—) commutes with direct sum of R-modules, we have that a splitting
of R < S over R induces an splitting of Hi(R) < H}(S) over R. Then, by Lemma
VI.1.1, for any P € Assg Hi(R) C Assg Hi(S) there exists Q € Assp H%(S) such that
P = QNR and then dim R/P = dim S/Q > n—7)_.deg f;, and the result follows. [

V1.2 Bass Numbers

Lemma VI.2.1. Let (R,m, K) be a local ring and M be an R-module. Then, the

following are equivalent:
a) dimg (Ext), (K, M)) is finite for all j > 0;
b) length(Ext%(N, M) is finite for every finite length module N for all j > 0;

c) there exists one module N of finite length such that length(Extz%(N, M)) is finite
for all 5 > 0.

Proof. a) = b): Our proof will be by induction on h = length(N). If h = 1,
then N = K, and the proof follows from our assumption. We will assume that the
statement is true for A and prove it when length(/N) = h + 1. In this case, there is
a short exact sequence 0 - K — N — N’ — 0, where N’ has length h. From the

induced long exact sequence
.= Bxtl NN, M) — Extly (K, M) — Exth,(N, M) — ...,
we see that length(Ext% (N, M)) is finite for all i > 0.

b) = ¢): Clear.

c) = a): We will prove the contrapositive. Let j be the minimum non-negative
integer such that dim g (Ext%, (K, M)) is infinite. We claim that length(Ext’, (N, M)) <
oo for i < j and length(Ext},(N, M)) = oo for any module N of finite length. Our
proof will be by induction on A = length(N). If h = 1, then N = K and it follows
from our choice of j. We will assume that this is true for A and prove it when
length(N) = h + 1. We have a short exact sequence 0 - K — N — N’ — 0, where

N’ has length h. From the induced long exact sequence

.= Bxtl NN, M) — Extly (K, M) — Exth,(N, M) — ...,
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we have that length(Ext% (N, M)) < oo for i < j and that the map
Ext’ (K, M)/Tm(Ext}; '(N', M)) — Ext’(N, M)

is injective. Therefore, length(Ext’, (N, M)) = oc. O

Lemma VI1.2.2. Let R — S be a pure homomorphism of Noetherian rings. Assume
that S is a Cohen-Macaulay ring. If S is finitely generated as an R-module, then R

is a Cohen-Macaulay ring.

Proof. Let P C R be a prime ideal. Let x = x4, ..., x4 denote a system of parameters
of Rp, where d = dim(Rp). It suffices to show that H;(K(x; Rp)) = 0 for i # 0, where
KC is the Koszul complex with respect to x. We notice that the natural inclusion
Rp — Sp is a pure homeomorphism of rings. This induces an injective morphism of
R-modules H;(K(z; Rp)) — H;(K(x; Sp)) by Proposition VI.1.3. Thus, it is enough
to show that H;(K(z;Sp)) = 0 for ¢ # 0. Since Sp is a module finite extension of
Rp, we have that every maximal ideal () C Sp contracts to PRp and z is a system
of parameters for Sg. Then, H;(K(x;Sg)) = 0 for i # 0 and every maximal ideal
Q C Sp. Hence, H;(K(x;Sp)) = 0 for i # 0 and the result follows.

[

Proposition VI1.2.3. Let R — S be a homomorphism of Noetherian rings that splits.
Assume that S is a Cohen-Macaulay ring and S is finitely generated as an R-module.
Let N be an R-module and M be an S-module. Let N — M be a morphism of R-
modules that splits. If all the Bass numbers of M, as an S-module, are finite, then

all the Bass numbers of N, as an R-module, are finite.

Proof. Since N < M splits, we have that Ext}, (Rp/PRp, Np) is a direct summand
of Exty,(Rp/PRp, Mp), so, we may assume that N = M.

Let P be a fixed prime ideal of R and let Kp denote Rp/PRp. Since we want to
show that dimg, (Extzép (Kp, Mp)) is finite, we may assume without loss of generality
that R is local and P is its maximal ideal. Let x = xy,...,z, be a system of
parameters for R. Since R is Cohen-Macaulay by Lemma VI1.2.2, we have that the
Koszul complex, Kg(z), is a free resolution for R/I, where I = (z1,...,x,). We also
have that for every maximal ideal () C S lying over P, x is a system of parameters of
Sq because dim R = dim Sg and Sp /1S is a zero dimensional ring. From the Cohen-
Macaulayness of S and the previous fact, we have that the Koszul complex Kg(z)
is a free resolution for S/IS. Therefore, Exty(R/I, M) = H'(Homg(Kg(z), M)) =
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H(Homg(Kg(x), M)) = Exts(S/1S, M). Since
Ext(S/15, M) = ®q Exti, (Sq/1Sq, Mg)

has finite length as an S-module by Lemma VI.2.1, we have that Ext%(R/I, M) has
finite length as an R-module because S is finitely generated. Then, we have that
dimy, (Ext%(Kp, M)) is finite by Lemma VI.2.1. O

Theorem VI1.2.4. Let R — S be a homomorphism of Noetherian rings that splits.
Suppose that S is a Cohen-Macaulay ring such that all the Bass numbers of T(S), as
an S-module, are finite for a functor T induced by extension of ideals of R. If S is
a finitely generated R-module, then all the Bass numbers of T(R), as an R-module,
are finite. In particular, for every ideal I C R the Bass numbers of H:(R) are finite,
if the Bass numbers of Hig(S) are finite.

Proof. The splitting between R and S induces a splitting between 7T (R) < T(S).
The rest follows from Proposition VI1.2.3. O
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CHAPTER VII

F'-Jacobian ideals for hypersurfaces

Suppose that f € K[z,...,x,] is a polynomial over a perfect field K. We know
that the Jacobian ideal Jac(f) = (f, %{, e g"TZ) determines whether the hypersur-
face V(f) = {v € K™ | f(v) = 0} is smooth or not. Moreover, Jac(f) defines the
singular locus of V(f).

The aim of this chapter is to introduce the F-Jacobian ideal, Jg(f), of an element
in a regular ring R. This is an ideal that measures singularity in positive characteristic.
Under suitable hypothesis, it defines the locus in which R/ f R is not F-regular. Jg(f)
is connected with the sum of all simple F-submodules of the first local cohomology of
R supported at f, H}(R). In this chapter we define the F-Jacobian ideal and deduce
some of its properties.

The results presented in this chapter are part of joint work with Pérez | ].

VII.1 Definition for unique factorization domains

Notation VII.1.1. Throughout this section R denotes an F-finite regular UFD of
characteristic p > 0 such that R;/R has finite length as D(R,Z)-module for every
feR.

This hypothesis is satisfied for every F-finite regular local ring and for every F-
finite polynomial ring | , Theorem 5.6].

Lemma VIIL.1.2. Let S be a UFD and f € S be an irreducible element. Then,
NNM#0 for any S-submodules M, N C S¢/S.

Proof. Let a/f? € M\{0} and b/fY € N\ {0}, where 3,y > 1. Since S is a UFD and
f is irreducible, we may assume that ged(a, f) = ged(b, f) = 1. Then, ged(ab, f) =1,
and so ab/f # 0 in S;/S. We have that ab/f = bf?~'(a/f?) = af*='(b/f7). Then,
ab/f € NN M and it is not zero. O
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Lemma VII.1.3. Let S be a regular ring of characteristic p > 0, f € S an element
and 7 : S — S/fS be the quotient morphism. Let

T:{ICS|Iisanidel fel IP:r1=1)

and

N ={N C S;/S|N is an F-submodule}.

Then, the correspondence given by sending N to Iy = 7= 1(N N R/fR) is bijective,

with tinverse defined by sending the ideal I € I to the F-module Ny generated by
p—1

1/fS'5S P(1/fS) = 1¥/frS.

Proof. Since ¢ : R/fR :1 R/fPR is a root for Ry/R, its F-submodules are in
correspondence with ideals J C R/fR such that ¢~ (F(J)) = J | , Corollary

2.6]. We have the following generating morphisms,

0 0 0
\l/ \l/ 2 \l/ 3 2
I/fR™ FUR/ RS F2IR/ RS ..
\l/ \l/ 2 \l/ 3 2

R/fR'S R/frR ST RIfPR TS

J/ J/ 2 i 3 2
RS Ry LT Ry P

\ \ \

0 0 0

Since .J is a quotient I/fR of an ideal, F(J) = I/ f?R. Then,

I/fR=¢ " (I¥/f7)
={heR/fR| " 'heI"/f}
={heR|fFhel?}/fR
= ([P f

and the result follows. O

Lemma VII.1.4. Let f € R be an irreducible element. Then, there is a unique
simple F-module in Rs/R.
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Proof. Since Ry/R is an F-module of finite length, there exists a simple F-submodule
M C Ry/R. Let N be an F-submodule of Ry/R. Since M NN # 0 by Lemma VII.1.2
and M is a simple F-module, M = M N N. Hence, M is the only nonzero simple
F-submodule of R;/R. O

Proposition VII.1.5. Let g € R be an irreducible element and f = ¢g" for some
integer n > 1. Then, there exists a unique ideal I C R such that:

(i) fel,
(i) 14 R,
(iii) (1P : fr=YY =1, and
(iv) I is contained in any other ideal satisfying (i),(ii) and (iii).

Proof. We note that R;/R = R,/R. Let I be the ideal corresponding, under the
bijection in Lemma [X.4.7, to the minimal simple F-submodule in given in Lemma
VIL.1.4. Then, it is clear from Lemma [X.4.7 that I satisfies (i)-(iv). O

Definition VII.1.6. Let g € R be an irreducible element and f = ¢" for some integer
n > 1. We denote the minimal simple submodule of R;/R by ming, (f), and we called
it the minimal F-module of f. Let o : R/fR — R;/R be the morphism defined by
o([a]) = a/f which is well defined because R is a domain. Since image of o is R+, we
will abuse notation and consider R/fR C R;/R. We denote (¢o) ! (ming(f) N R%)
by Jr(f), and we call it the F'-Jacobian ideal of f. If f is a unit, we take ming(f) = 0
and Jr(f) = R.

Notation VIIL.1.7. If it is clear in which ring we are working, we write Jg(f) instead
of Jp,(f) and ming(f) instead of ming, (f).

Proposition VIL.1.8. Let f € R be an irreducible element. Then ming(f) is the
only simple D-submodule of Ry/R.

Proof. We claim that Ry/R has only one simple Dg-module. Since R;/R has finite
length as D-module, there is a simple D-submodule, M. It suffices to show that for
any other Dg-submodule, N C M. We have that M NN # 0 by Lemma VII.1.2,
and so M = M NN C N because M is a simple Dg-module. Since ming,(f) is an
Dg-module | , Examples 5.1 and 5.2], we have that M C ming(f).
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It suffices to prove that M is an F-submodule of R;/R. Since R/fR is a domain,
we have that the localization morphism, R/fR — R,,/fR., is injective. Then,
Suppr(R/fR) = Suppg(J) for every nonzero ideal J C R/fR. Then,

Suppr(R/fR) = Suppg(R/fRN N) C Suppg(N) C Suppr(Rs/R) = Suppr(R/f)

for every R-submodule of R¢/R by Lemma VII.1.2. Let m denote a maximal ideal
such that f € m. Thus, M,, # 0, and then, M,, is the only simple Dg, -module of
(Rf)m/Rm. Since Ry, is a regular local F-finite ring, we have that ming, (f) is a
finite direct sum of simple Dp, -modules | , Theorem 5.6]. Therefore, M, =
ming, (f) by Lemma VII.1.2.

Let 7 : R — R/fR denote the quotient morphism, and I = 7 '(R/fR N M).
We note that I # fR because R/f N M # 0 by Lemma VII.1.2. We claim that
(In[li] : f) = I, for every maximal ideal. If f € m,

I/ f = (B / [ Bn) N My = (R f Brn) Ningy, (f) = Jrg,, (f)/ 1

otherwise, I,, = Ry, = Jp,,  (f) because f is a unit in R,, Then, (IP): fp=1) = I and
so I corresponds to an Fr-submodule of R;/R, N; by Lemma [X.4.7. Moreover,

p—1 p2—p
Ny =lim(I/fR'S 1¥ /PRI ).
—

Since localization commutes with direct limit, we have that for every maximal ideal
such that f € m,

Mm = miIlFRm (f) = hi)n(‘[m/me fp_;l I[mp]/prm f:p e ) - Nlm - NI QR Rm

Therefore, M = N; because Suppg(M) = Suppg(R/f), and it is an F-submodule of
R¢/R. Hence, M = ming,(f). O

Remark VII.1.9. If f € R is an irreducible element, then:
(1) min(f) = min(f") for every n € N because Ry /R = R;/R,

(ii) Jp(f) is the minimal of the family of ideals I containing properly fR such that
(I: fP~') =1 by Proposition VII.1.5.

(iii) Jp(f) is not the usual Jacobian ideal of f. If S = F3|x,y, z, w| and f = zy+ zw,

we have that the Jacobian of f is m = (x,y, z,w)S. However, m # (mlP! : £2).
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(iv) Jr(f) = Rif and only if R¢/R is a simple F-module by the proof of Proposition
VIL1.5 and Lemma [X.4.7.

(v) Jr(f) = R if and only if Ry/R is simple Dg-module by Proposition VII.1.8.

Proposition VII.1.10. Let f;,... fi € R be irreducible relatively prime elements and
f=fi---fe. Then ming(f;) is an F-submodule of R¢/R. Moreover, all the simple
F-submodules of R¢/R are ming(fi), ..., ming(f).

Proof. The morphism Ry,/R — Ry/R, induced by the localization map Ry — Ry,

is a morphism of F-finite F-modules given by the diagram:

0 0 0

I

R/fiR“~R/fPRER/f"R— ...

\ff---ffmff Lff...ffz---ff Lfff

2

R/fRL R/ PRI R/ fPR— ..

Then ming(f;) is a simple F-submodule of Ry/R. Let N be an F-submodule of Ry/R,
and a/f" - f7* € N\ {0}. Since f; is irreducible, we may assume that ged(a, f;) = 1
and f; # 0 for some ¢ = 1...,¢. Thus, a/f; € NN Ry /R and a/f; # 0. Then,
ming(f;) C N N Ry,/R C N. In particular, if N is a simple F-submodule, then
N = ming(f;). O

Remark VII.1.11. As a consequence of Lemma VII.1.10, we have that
ming(fi) @& ... @ming(f) € Ry/R

because R, N Ry, = R for all elements g, h € R such that ged(g, h) = 1.

Definition VII.1.12. Let f;,... f; € R be irreducible relatively prime elements,
f=f0 - f7 and 7 : R — R/fR be the quotient morphism. We define ming(f)
by

ming(f1) & ... & ming(fr),

and we called it the minimal F-module of f. Let 0 : R/fR — R;/R be the mor-
phism defined by o([a]) = a/f which is well defined because R is a domain. Since
image of o is R%, we will abuse notation and consider R/fR C Ry/R. We denote
(o)~ (ming(f) N R%) by Jr(f), and we call it the F'-Jacobian ideal of f.
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Remark VII.1.13. In the local case, ming(f) is the intersection homology D-
modules L(R/f, R) previously defined by Blickle | , Theorem 4.5].

Proposition VII.1.14. Let f,g € R be relatively prime elements. Then,

Jr(fg) = fIr(g) + gJr(f).

Moreover, fJr(g) N gJr(f) = fgR

Proof. We consider R¢/R and R,/ R as F-submodules of R,/ R, where the inclusion is
given by the localization maps, 1y : Ry — Rygand vy, : Ry — Ry, Let m: R — R/ fgR
and p: R — R/fR be the quotient morphisms. The limit of the morphism induced
by the diagram

0 0 0

j Vi l f - l 5 fp3—p2
R/fRLR/prR Ry RIT

jg gpz lng

R/ FgR IR frgp RV R gy RYDL

is tf. Moreover, under this correspondence

| | |
Te(A ) FR—L 1 (5 R —T" ()P 7 R

)
i O
)

9Ir (D) FgR A2 g Je(F)9 ] 2 R 2 g T (1)) (f g R — ..
induces the isomorphism of F-modules, ¢ : ming(f) — ¢y(ming(f)). We have that
9(Jr(f)) = 7~ (minp(f) N R/fgR) C =~ (minp(f) N R/fgR) = Jr(fg)-

In addition,
(9" Tr (AP (F9)~") = gJr(f),

and it defines mingp(f) as a F-submodule of Rf,/R. Likewise,

FIr(g) € Je(fg), (fPIr(@)P : (fg)P ") = fJIr(g),
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and it defines minp(g) as a F-submodule of Ry,/R. Then,

fJIr(9) + 9Jr(f) C Jr(f9).

Since ming(f) Nming(g) = 0, we have that fJp(g) NgJr(g) = fgR.
We claim that

(fPIr(9)? + g°Jr(f)P 2 71 g7 ) = FIr(g) + gJr(f).

To prove the first containment, take
he (fP0e(g) + g* Je( /)P - f71g" ).

Then fP~'gP~'h = fPv + gPw for some v € (Jp(g))? and w € Jr(g)P. Since f
and ¢ are relatively prime, fP~! divides w and ¢P~! divides v. Thus, there exist
a,b € R such that v = g?'a and w = g?~'b. Then, a € (Jp(g)P : g*~1) = Jp(g) and
b e (Jp(f)P: fr=1) = Jp(f). Since,

frg = fPo+ gPw = fPgPla+ gPg" D,

h=fa+gbe fJr(g) + gJr(f)
For the other containment, it is straightforward to check that

FIr(g) + 9Tr(f) C (fPTr(g)P + gP T (f)P 2 77 gP7h).

Since Ny (g)+gsr(f), the F-module generated by fJp(g) + gJr(f), contains ming(f)

and ming(g),

ming(f) @ ming(g9) C Nijw(g)+970(f)-

Therefore, Jp(h) C fJr(g) + gJr(f) and the result follows. O

Proposition VII.1.15. Let 5,v € N be such that 3 < ~. Then,
FPIR(f7) € Jr(f7) € Je(f7).

Proof. Let o, : R/f* — R;/R be the injection defined by sending [a] — a/f*. We
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note that the image of oy is R# We have that the following commutative diagram,

R/f°R

N

e Ry/R

P

R/fR
Then, Rf% Nming(f) C Rf% Nming(f), and this corresponds to

FPIR(f9)/ R C Te(f)/ R

Hence, f7=PJr(f?) C Jr(f?) because f7 belongs to both ideals.

The morphism Rf% Nming(f?) 7y Rfiﬁ Nming(f) is well defined and it is equiv-
alent to the morphism Jr(f7)/f*R — Jr(f?)/f? given by the quotient morphism
R/f'R — R/fPR. Then, Jp(f7) + f°R C Jrp(f?) and the result follows. O

Remark VII.1.16. There are examples in which the containment in Proposition
VIL1.15 is strict. Let R = Fp[z] and f = x. In this case, R;/R is a simple F-module.
Then, Jr(2?) = R for every 3 € N and f7PJx(f?) C Jp(f?) for every v > B.

Corollary VIL.1.17. Let f,g € R be such that f divides g. Then, Jr(g) C Jr(f).
Proof. This follows from Propositions VII.1.15 and VII.1.14. O]

Proposition VII.1.18. Let f € R and W C R be a multiplicative system. Then,
Tey 17 () =W e, (f)-

Proof. By Proposition VII.1.14, it suffices to prove the claim for f = ¢", where g is an
irreducible element. We note that ¢ is either a unit or a irreducible element in W~ R.
We have that ming,, , (f) = ming, , (g) is either zero or a simple F-module by
Lemma VII.1.8. Then, ming _, (f) = W~ ming,(f), and so

Jryr (N IWTIR=W™'R/fW'RNming,_, (f)
=W Y (R/fRNming,(f))
=W r,(f)/fW'R,

and the result follows because f belongs to both ideals. O
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Proposition VIL.1.19. Let f € R. Then, Jr , ..(f) = Jr,(f)RY?". Moreover,
JFR(fpe) = JFR(f>[pe]'

Proof. By Proposition VII.1.14, we may assume that f = ¢" where ¢ is a irreducible.
Let ¢ denote p® and h denote the length of R;/R in the category of F-modules. Let
G : RYY — R be the isomorphism defined by r — r? Under the isomorphism G,
R}/q/Rl/q corresponds to Rg/R. Then, the length of R}/q/Rl/q in the category of
Frie-modules is h. Let 0 = My C ... C M}, = R;/R be a chain of Fp-submodules
of Rs/R such that M;,,/M; is a simple Fr-module. Let fR=Jy C ... C J, =R
be the corresponding chain of ideals under the bijection given in Lemma [X.4.7.
Since f = ¢" and g is irreducible, M; = ming,(f) and J; = Jp,(f). We note that
(JPRYa . fr=1)y = J;RY9 and J;RY? # Ji, RY? because RY9 is a faithfully flat
R-algebra.

Then, we have a strictly ascending chain of ideals
fRY?" = J,RV9 C...C J,RY" = R4

that corresponds to a strictly ascending chain of Fpi/e-submodules of le/ 1/ RY.
Since f = (g'/7), ¢'/% is irreducible and the length of R}/q/Rl/‘? is h, we have
that
Tea(f)RYVT = R = Jp ().

After applying the isomorphism G to the previous equality, we have that

Trg (N = G(JTp, (F)RYY) = G(Jr, () = T (f9)

[]

Proposition VII.1.20. Let R — S be flat morphism of UFDs and let f € R. If S
is as in Notation VII.1.1, then Jrs(f) C Jr,(f)S.

Proof. We may assume that f = ¢” where g is an irreducible element in R by Propo-
sition VII.1.14. Since S is flat, (Jp,(f)PLS : fP71) = Jp,(f)S. Let M denote the
Fg-submodule of S;/S given by Jpg,(f)S under the correspondence in Lemma [X.4.7.
If fis a unit in S, then Jp(f)S = S and the result is immediate. We may assume
that f is not a unit in S. Since Jp(f) # fR, we can pick a € Jp(f) \ fR. Then,
a = by for some 0 < v < § and b € R such that ged(b,g) = 1. Then, R/g LN R/g
is injective, and so S/gS LN S/gS is also injective. Thus, ged(b,g) = 1 in S. Hence,
b/g is not zero in S,/S. Moreover, b/g = ¢° 7 'a/f € M and it is not zero. Let
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J1,--.,9¢ € S irreducible relatively prime elements such that ¢ = gf HEER gf’f. We
have that b/g; = hb/g € S,/S 0 M \ {0}, where h = gi* - g7~ '... g7 Then,
ming, (g;) C M and so ming,(f) C M. Therefore, Jp,(f) C Jp,(f)S. O

Proposition VII.1.21. Suppose that R is a local ring. Let f € R. Then

Jr(f) = Jra(f)R,

where R denotes the completion of R with respect to the maximal ideal.

Proof. We have that ming_(f) = ming, (f) ®r R , Theorem 4.6]. Then,

Jry = (B/JR) nming, (/) = (B/fR) N ming, () @ B = T (/)R

]

Lemma VII.1.22. Let R = K|xy,...,x,|, where K is a perfect field. Let K — L be
an algebraic field extension of K, S = Llzy...,x,], and R — S the map induced by
the extension. Then, Jp,(f) = Jr,(f)S.

Proof. We can assume that f = ¢g° where g is an irreducible element in R by VII.1.14.
It suffices to show that Jp,(R)S C Jr,(S) by Proposition VII.1.20.

There is an inclusion ¢ : Ry/R — S;/S, which is induced by R — S. We take
M = (ming,(f)) N Ry/R. We claim that M is a Dp-module of Rf/R. Since K is

perfect,
1 0

Dy = | JHomg (S, S) = D(R,K) = R[Ea_xg]'

eeN

We note that Dr C Dg, and that for every m € R;/R, gzﬁ(aa—;m) = 8‘9—;¢(m). As a
consequence, aa—;m € M for every m € M. Therefore, M is a Dr-module.

Let I = M N R/fR. We note that

[ = ming, (f) N R/fR = (Jrs(f)/fS) N R/fR

and that S/fS is an integral extension of R/fR because L is an algebraic extension
of K. Let r € Jp,(f)/fS not zero, and a; € R/ fR such that ag # 0

Mt a, "t tar+ta=0

in S/fS. Then,

(A1 4. 4 ay) = —ao,
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and so ag € I = (Jr,(f)/fS) N R/fR, and then M # 0. Therefore, ming,(f) C M
and so Jp(f)/f C I. Let m: R — R/fR be the quotient morphism. Then,

T (f) C (1) = Jrs(f) N R,
and
Irp(f)S C (Jrs(f) NR)S C Jre(f).

]

Lemma VII.1.23. Let R = Klxy,...,x,], where K is an F-finite field. Let L =
KY? S =Llx,...,x,], and R — S the map induced by the extension K — L. Then

Jrs(f) = Jre(f)S-

Proof. We have that R € S C R'?. Then, by Proposition VII.1.20,

i (1) € Trs (AR C (T, (DS)RYY = T (R,
Since Jp ., (f) = Jr (f)RYP by Proposition VII.1.19,

0= Jrs(f)RY?/(Jrn(£)S)RYP = (Jpy(£)/ Tra(f)S) @5 RYP.

Therefore, Jp,(f) = Jr,(f)S because RY? is a faithfully flat S-algebra. O

Lemma VII.1.24. Let R = K|x1,...,x,], where K is an F-finite field. Let L be the
perfect closure of K, S = L{xy...,x,], and R — S the map induced by the extension
K — L. Then Jr,(f) = Jr,(f)S.

Proof. We may assume that f = ¢" for an irreducible ¢ € R by Proposition VII.1.14.
Let S¢ = KY"[xy,... x,]. Let hy,..., hy denote a set of generators for Jp,(f). In
this case, (Jpg(f)P 1 fP71) = Jp (f). Then there exist ¢;; € S such that

fp_lhj = Z C,‘J‘h?.

Since S = J, S, there exist an N such that ¢; j,h; € SV. Let I C RY be the ideal
generated by hy,...,h;. We note that 1S = Jp(f); moreover, Jr (f) N SN =1
because 5S¢ — S splits for every e € N.

We claim that (/" : f7=1) = I. We have that fP~'h, € Il by our choice of
N and so I C (IP . fr=1). 1f g € (1P : fP=1) then fP~lg € I C Jp (f)P and
g€ Jr(f)yNSN =1.
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As in the proof of Lemma VII.1.22, (Jr (f)/fS) N (SY/fSN) # 0 and then
Jrg(f) N SN =1 # fS. Therefore, Jp,, (f) C I by Proposition VII.1.5. Hence,

‘]FSN(f)S clS= JFS(f) C ‘]FSN (f)S,

and the result follows because

Jen(F)S = (Jpa(f)SN)S = Jp (f)S.
]

Theorem VII.1.25. Let R = Klzy,...,x,], where K is an F-finite field. Let L be
an algebraic extension of K, S = L[xy...,z,|, and R — S the map induced by the
extension K — L. Then Jr, (f) = Jr,(f)S.

Proof. 1t suffices to show Jg,(f)S C Jps(f) by Proposition VII.1.20. Let K* and
L* denote the perfect closure of K and L respectively. Let R* = K*[zy,...,z,] and
S* = L*xq, ..., 2y

Then,

(SR (F)S) 5" Tr (f)S™ = (Jra (/) RT)S" = Jpp. ()S" = Jre (f) = Jrs () S

by Lemma VII.1.22 and VII.1.24. Therefore,

(e (£)S/ Trs(f) @5 S* = (Jpa(£)S)S™/(Jrs(f))S™ = 0.
Hence Jp, (f)S/Jrs(f) = 0 because S* is a faithfully flat S-algebra. O

Example VII.1.26. Let R = F3[z,y|, and f = 2> 4+ y* and m = (z,y). We have
that (mlPl : fP~=1) = m. Then, Jg,(f) C m. Let F3[i] the extension of F3 by v/—1,
S = Llz,y] and ¢ : R — S be the inclusion given by the field extension. Then,
Jrs(f) = (z,y)S by Proposition VII.1.14 because x? + y* = (z + 1y)(x — iy). Since ¢
is a flat extension, Jp,(f) C Jp,(f)S. Then, m = RN Jr,(f) C RN Jp,(f)S. Hence,
Jr(f) =m.

Proposition VII.1.27. Let f € R be an irreducible element. Then,

(= (U (((fpela)[l/pe] ’f>[pe} | fp51>>

ng(azf)zl eeN
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Proof. We have that ming(f) is the intersection of all nonzero D-submodules of Ry/R
by Proposition VII.1.8. In particular, ming(f) is the intersection of all nonzero cyclic

D-modules generated by elements a/f € Ry/R. Hence,

Je(H)/f= () ((D-a/f)NnR/f)

ged(a, f)=1
— ﬂ <U (D(€)~a/fﬂR/f)>
ged(a,f)=1 \e€N

We have that b € Jr(f) if b/f € Nyeaa.p)=1 Ueen (D@ -a/f), so, for every a € R
such that ged(a, f) = 1, there exists an e € N such that b/f € D -qa/f. Thus, there
exists ¢ € Hompye (R, R) such that

ola/f) =1/f"o(f" " a) =b/f+r

Therefore, after multiplying by f?°, we have that

‘ N
i (U (=)0 s e ))
ged(a,f)=1 \e€N
because ((f*"~ta)l/7"l )[P = DO (fr"~1q).
On the other hand, if

ve N U (( (F1a [1/p}’f>“’e]:fpe_1)7

ged(a,f)=1eeN

then for every a € R such that ged(a, f) = 1, there exists an e € N and ¢ €

Homp,e (R, R) such that

JP = o7 ) +
because ((fpﬁfla%f) [1/pe}>[pe] = DE(fr"~1q). Therefore, after dividing by f7°, we
have that b/ f € Myeqqa =1 Ueen (D@ -a/f), and then b € Jg(f). 0

Theorem VII.1.28. Let f € R be such that R/ fR is a F-pure ring. If Jp(f) = R,
then R/ fR is strongly F-regular.

Proof. We may assume that (R, m, K) is local because being reduced, F' —pure and F-
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Since Jr(f) = R, for every a such that ged(a, f) = 1 there exits an e € N such that
e € [pe] e B ) _
R= (((fp ) ) g -1) by Lemma VI1.1.27. Then,

[p°]

fpe—l c <(fp6—1a) (1/p°] ,f)

Since fP'~!' & mlPl for every e € N by Fedder’s Criterion , R = (f*"~'a) [1/¢"] ;
otherwise, ((fpe_la) /7] , f) C m. Then, there exist a morphism ¢ : R — RP" of RP"-
modules such that ¢(f?"~ta) = 1. Let ¢ : R/fR — R/fR be the morphism defined by
o([x]) = [¢(fP"~'x)]. We note that ¢ is a well defined morphism of (R/f R)P-modules

such that ¢(]a]) = 1. Then, R/fR is a simple D(R/fR)-module. Hence, R/fR is

strongly F-regular [ , Theorem 2.2]. O
Remark VII.1.29. e The result of the previous theorem is a consequence of a
result of Blickle | , Corollary 4.10], as R/ f R is a Gorenstein ring. However,

our proof is different from the one given there.

e Jr.(f) = R does not imply that R/fR is F-pure. Let K = Frac(Fy[u]) be the
fraction field of the polynomial ring Fo[u], R = K[|z, y]], and f = 2*+uy?®. Then,
f is an irreducible element such that R/fR is not pure because f € (z,y)?R.
Let L = K'/2 S = L[[z,y]] and R — S be the inclusion given by the extension
K C L. Thus, f = (z — u'/?y)? in S, and then Jp (S) = S C Jr,(f)S. Then,
R = Jp,(SYNR = Jp,(f)SN R = Jp,(f) because R — S splits. Hence,
Jr,(f) = R and R/fR is not F-pure.

VII.2 Definition for rings essentially of finite type over an

F—finite local ring.

Notation VII.2.1. Throughout this section R denotes a ring essentially of finite type
over an F-finite local ring. Let f € R, 7 : R — R/ fR be the quotient morphism. If
R/fR is reduced 7; denotes 7 (7(R/fR)), the pullback of the test ideal of R/fR.

Under the hypotheses on R in Notation VII.2.1, there is an F-module and D-
module of Rs/R called the intersection homology L(R,R/fR) | , . We
have that for every maximal ideal m C R, (R\ m) " 'L(R,R/fR) = ming, (f).

Definition VII.2.2. Recall tht R/fR C R;/R be the inclusion morphism 1 %
We define the F-Jacobian, Jf(f) as the pullback to R of (R/fR) N L(R, R/fR).
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Lemma VII.2.3. Suppose that R/fR is reduced. Let I’(f) = (T}pjil} L),
Then I3(f) C PT(f) and

PR = (B )

Proof. Since, in this case, the test ideal of R/ f R commutes with localization, we may
assume that R is a local ring. We have that 7;/fR is the minimal root for ming(f)
[ , Theorem 4.6]. Then, fP11'(f) = fP~ 11y C T}pe] = 1Y), Thus, I' C I?
and fP~172 c T Moreover, I2/fR is also a root for ming(f) because I%(f)/I'(f)
is the kernel of the map

RIT\(f) ™5 R/

Inductively, we obtain that [/ C [’*', f[’*1 C [/ and that I/fR is a root for
ming(f) for every j € N and the result follows. ]

Proposition VI1.2.4. Suppose that R/fR is reduced. Then, Jp(f) = U;I%L(f).

Proof. We have that Tf% is the minimal root for L(R, R/fR). Moreover, any ideal
(f) iy TI(f)P also generates L(R, R/fR) as F-module. Moreover, U;I%(f) =
L(R,R/fR)NR/fR = Jr(f). O

Remark VII.2.5. In general, we do not have 7y = Jp(f). Let R = K|[z]|, where K
is any perfect field of characteristic p > 0. Let f = a?. Then, 7y = 2R # R = Jp(f).

In addition, Example VI1.3.3, shows another situation where 7; # Jr(f).

Remark VII.2.6. If R is an F-finite local ring, then

Tr(f) 15 Te(f)P

is a generating morphism for ming(f)) because in this case ming(f)) = L(R, R/ fR).

Corollary VII.2.7. Let S be a ring that is as in Notation VII.1.1 and as in Notation
VIL.2.1. Let f € S. Let J denote the F'-Jacobian ideal of f as in Definition VII.1.12
and let J' the F-Jacobian ideal of f as in Definition VII.2.2. Then, J = J'.

Proof. We have that in both contexts the F-Jacobian ideal commutes with localiza-

tion. We may assume that R is a regular local F-finite ring. As Jo = (JQLP] P
p—1

and Jo/fR A Jép]/pr is a root for ming(f) by Lemma VIIL.2.6, we have that

Jl = Jg. D
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Remark VII.2.8. As for every maximal ideal m C R, R,, is as in Notation VII.1.1,

we have that

o ["Jp(f) C Jr(f"),
o Jr(f*") = Jr(f)P, and

e if ged(f,9) =1, Jr(f) = fJIr(9) + gJr(f).
because those properties can be checked locally.

Proposition VIIL.2.9. Suppose that (R, m, K) is local. Let (S,n, L) denote a reqular
F-finite ring. Let R — S be a flat local morphism such that the closed fiber S/mS is
reqular L/ K is separable. Then, Jpy(f) = Jr,(f)S.

Proof. 1t suffices to proof that ming,(f)S = ming,(f). We can assume without loss
of generlization tat R/fR is reduced. We have that Jp_(f) = JFR(f)E and Jr (f) =
Jrg(f)S. In addition, the induced morphism in the completion R — S is still a flat
local morphism. Since Jry(f) C Jp,(f)S and Jr (f) C Jpﬁ(f)g by Proposition
VILT.20, Jp (f)S/Jrs(f) = (Jre(f)S/Jrs(f)) ®s S. Therefore, we can assume that
R and S are complete.

We note that R/fR — S/fS is again a flat local morphism such that the closed
fiber S/mS is regular L/K is separable by flat base change. Then S/fS is reduced
and T(R/fR)S = 7(S/fS) | , Theorem 7.2, and so I}S(f) = I}R(f)S. Hence,
Jrg(f) = Jp,(f)S by Proposition VIL.2.4. O

Corollary VII.2.10. Suppose that R is a Z"-graded ring. Let f € R be a homoge-

neous element. Then, Jp(f) is a homogeneous ideal.

Proof. 1t suffices to proof that min(f) is a Z"-graded submodule of R;/R. We can
assume that R/fR is reduced. We have that 7(R/fR) is a homogeneous ideal ideal
[ , Theorem 4.2]. This means that If%( f) is a homogeneous ideal for every j.
Therefore, Jr(f) is homogeneous and that ming(f) Z"-graded submodule of R/R.

[

Corollary VIIL.2.11. Let S be a ring that is as in Notation VII.1.1 or as in Notation
VIL.2.1. Let f € S be such that R/ fR is reduced. Then, V(Jr(f)) C Singe(S/f5S).
Moreover, if S/fS is an F-pure ring, then V(Jp(f)) = Singe(S/fS).

Proof. For every prime ideal P € V(Jr(f)), Jrs, (f) # Sp. Since Sp is as in Notation
VIL2.1, we have that 7(Sp/fSp) C Jry, (f) C PSp. Then, Sp is not F-regular and
then P € Singp(S/fS).
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Now, we suppose that S/fS is F-pure. For every prime ideal P € Sing(S/fS),
Sp/pSp is not F-regular. Then, Jg, (f) # Rp by Theorem VIL1.28. Then, P €
V(Jr(f))- u

Lemma VII.2.12. Let S be a ring that is as in Notation VII.1.1 and as in Notation
VIL.2.1. Let f € S be an element and Q) C S be a prime ideal. If Sg/fSq is F-pure,
then SQ/JFSQ (f) is F-pure.

Proof. We may replace S by Sg. Since S/fS is F-pure, we have that fP~! ¢ QWY
by Fedder’s Criterion. We have that f7=' € (Jp(f)P! : Jz(f)), and so (Jp(f)P :
Je(f)) ¢ QP Therefore, S/Jp(f) is F-pure. O

Corollary VIIL.2.13. Let f € R. If R/fR is an F-pure ring, then Jp(f) = 7¢.

Proof. We have that \/Jr(f) = /7~ 1(R/fR) by Corollary VII.2.11 because

Singp(R/fR) = V(7(R/[R))

in this case. Since R/Jp(f) is F-pure by Lemma VII.2.12, Jp(f) is a radical ideal. In
addition, 7(R/fR) is a radical ideal | , Proposition 2.5]. Hence, Jp(f) =71;. O

VII.3 Examples

Proposition VII.3.1. Let f € R be an element with an isolated singularity at the
maximal ideal m. If R,,/fR,, is F-pure, then

Te(f) = R if R/fR is F — regular

m  otherwise

Proof. Since R/ fR has an isolated singularity at m, we have that Jg(f)Rp = Rp for
every prime ideal different from m. Then, m C \/T(f) .

If R,/ Ry, is F-regular, then R/fR is F-regular, and so Jp(R) = R by Theorem
VII.1.28.

If R,,/fR,, is not F-regular, then Jp(R) # R by Theorem VII.1.28. Then, m =
\/T(f). Since R,,/fR,, is F-pure, we have that R,,/Jr(f)R,, is F-pure by Lemma
VI1.2.12. Then, R,,/Jr(f)R., is a reduced ring. Hence, Jp(f) = m. O

Example VII.3.2. Let K is an F-finite field. Let FE be an elliptic curve over K.

We choose a closed immersion of E in P% and set R = Klx,v, 2|, the completed
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homogeneous co-ordinate ring of P%. We take f € R as the cubic form defining E.
We know that f has an isolated singularity at m = (x,y, z)R. If the elliptic curve
is ordinary, then R/fR is F-pure | , Proposition 4.21] | , Theorem 2.1]).
We know that R/fR is never an F-regular ring | , Discussion 7.3b(b), Theorem
7.12]. Then, Jr(f) = m by Proposition VII.3.1.

Example VIIL.3.3. Let R = K|x,y, 2], where is an F-finite field of characteristic
p>3.Let f=a3+9y*+22€ R, and 7: R — R/fR be the quotient morphism and
m = (x,y,z)R. We have that 7, = m | , Example 6.3]. Then, m C Jg(f) by
Proposition VII.2.4.

We have that R/fR is F-pure if and only if p = 1 mod 3. We have that (m[? :
Y)Y =mif p=1mod 3, and (mlPl : f~1) = R if p = 1 mod 2. Hence,

R p=2mod3
Jr(f) =
m p=1mod 3.

Example VIL.3.4. Let R = K|xy,...,,|, where K is an Ffinite field of character-
istic p > 0. Let f = alxcfl + ...+ ay,x" be such that a = 0. We have that R/fR has

n

an isolated singularity at the maximal ideal m = (x1, ..., x,).
If dil +...+ i =1 and (p—1)/d; is an integer for every i, then R/fR is F-pure
forp>0] , Theorem 3.1] and not F-regular | , Theorem 3.1] because fP~*

-1

. € €
is congruent to c¢(xy---x,)? ~' module mPl for a nonzero element ¢ € K. Hence,

Jr(f) = R for p > 0 by Proposition VII.3.1.

Remark VIIL.3.5. Let R = K|[zy,...,x,] be a polynomial ring and f € R be such
that R/fR is reduced. We can obtain Jg(f) from 7(R/fR) by Proposition VII.2.4.
In the case where n > 3, f = 2¢ + ... 2¢ and d is not divided by the characteristic
of K, there is an algorithm to compute the test ideal of R/fR [ |. Therefore,

there is an algorithm to compute Jg(f).

Example VIL.3.6. Let R = K|xy,...,x,]|, where K is a field of characteristic p > 0.
Let f = ¢+ ...+ 2% This examples are based in computations done by McDermott
[ , Example 11, 12 and 13].

Ifp=2n=>5and d=>5,

7 = (225)1<i <5

Then, (2%, 23, 22, 2%, 22, v109732475) R = (7}2] : f)and R = (7}4] : f3). Hence, Jr(f) =

R.
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fp=3n=4andd="7,
75 = (r7a)1<ij<-

Then R = (7}3} : f?) and Jr(f) = R.
Ifp=7n=>5and d=4,

Tr = (21,...,25)R.

Then R = (7,7 : f%) and Jp(f) = R.

91



CHAPTER VIII

A key functor

In this chapter, we study a functor utilized by Lyubeznik to prove that his original
invariants are well defined (cf. | , Lemma 4.3]). In order to define the gener-
alized Lyubeznik numbers in Chapter [X, significant development of the theory of
this functor is necessary. The fact that this functor gives, in fact, an equivalence
with a certain category of D-modules is essential to the results here, as we will see in
Theorem VIII.0.10. This theorem somehow mirrors Kashiwara’s equivalence | ]
equivalence for any local ring.

The results presented in this chapter are part of joint work with Witt | ].

Definition VIII.0.7 (Key functor G). Let R be a Noetherian ring, and let S =
R][[z]]. Let G : R-mod — S-mod be the functor given by G(—) = (=) ®g S./S.

We note that the functor G is reminiscent of the “direct image” functor utilized by

Alvarez Montaner, by differs due to the base ring in the tensor product | ].

Remark VIII.0.8. For every element in u € G(M) there exist £,aq,...,qp € N,
my,...,my € M, uniquely determined, such that u = m; @ ™ + ... + m; Q =

and my # 0 because
(VII1.O.8.1)  G(M)=M®gS,/S=Meg (ED Rx_a> =@ (M ®Rx™).
aeN aeN

Moreover, GG is an exact functor and commutes with local cohomology.

Remark VIII.0.9. In fact, G is a functor from the category R-modules to the cate-
gory of D(S, R)-modules: Let M be a D(S, R)-module. Since D(S, R) = S(%aa—; |t e

N) € Homg (S, 5), it is enough to give an action of each %8‘9—; on G(M). If m®z~> €
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G(M), we define

In particular, taking o =1 and t = 3, we see that, for every 5 € N,

—1)8-1 Hp-1
(VIIL.0.9.1) m@x—ﬁz( )9

G-Dig1m® ).

Similarly, for every morphism of R-modules ¢, G(¢) = ¢ ® S;/S is a morphism
of D(S, R)-modules.

Moreover, GG is an equivalence of certain categories:

Theorem VIII.0.10. Let R be a Noetherian ring, and let S = R][x]]. Let C denote
the category of R-modules and D denote the category of D(S, R)-modules that are
supported on V(xS), the Zariski closed subset of Spec(S) given by xS. Then G :

C — D as in Definition VIII.0.7 is an equivalence of categories with inverse functor

G :D — C given by G(M) = Anny(z5).

Proof. Tt is clear that for every R-module M, G(G(M)) is naturally isomorphic to M.
It suffices to prove that for every D(S, R)-module N with support on V(z5), G(G(N))

is naturally isomorphic to N. Let M = G(N) = Anny(zS5), and let ¢ : G(M) — N be

( 1)‘1 1 o~ 1
(a—1)1 dga—1

the morphism of R-modules defined on simple tensors by m ® 7% +—
We will prove, in steps, that ¢ is an isomorphism of D(S, R)-modules.
First, we will show that ¢ is a morphism of D(S, R)-modules. Since D(S, R) =

Sz 8‘9; ; \ t G N), it is enough to show that ¢ commutes with multiplication by = and

by any t, a:ct
We first prove commutativity with

o (patme )

t'at For any t € N,

(7)) cmary)

=¢

Cfatt—1\ (=1 oottt

- ( t )(a+t—1)!8x°‘+t1m
1( 1)04—1 aOH-t—l
t_(a— 1)l Qxott= i

19 [(—1)et ge

~ tloxt ((a —1)! 8:170‘—1m>

1o

= 9%

m®x %),
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which is sufficient.

We now prove that the morphism commutes with . Note that

19 1o 1 97
Hort ~ Hozt | (t— 1) 9z

as differential operators for every t € N. We conclude that

$a(m@a™)) = p(m @ 2~*")

(_1)04—2 aa—2 B
=9 (m @ (o —2)! dra—2" 1)
_1\a—2 AQa—2
(VIIL.0.10.1) = Eal_) ol aaxa—2¢<m ® 1)
(_1)0471 aozfl B (_1)0471 aa71 -
- x(a - 1)! 8x“‘1¢(m ®27) = (a—1)! 8x“—1x¢(m ®z7)
-1 a—1 8@—1
- xéa —) 1)! Gma*1¢(m ®az7")
(_1)0171 80(71 3
(VIIL.0.10.2) =zp(m® @1 Grai? b
= zp(m @),

where (VII1.0.10.1) and (VII1.0.10.2) are due to the commutativity of éaa—;t.

It remains to prove that ¢ is bijective; we proceed by contradiction. Suppose that
there exists u = my @ = + ... + my ® v~ € Ker(¢) such that my, # 0. Then
d(mea1) = ¢(x1u) = 2 1¢(u) = 0. Thus, my = 0 because ¢|yrer.—1 is bijective,
and we get a contradiction.

We now see that ¢(Anngan(27S)) = Anny(2/S) for every j > 1 by induc-
tion, which will imply that ¢ is surjective (since N is supported on V(zS)). Since
¢(Anngn (27S)) C Anny(27S) for all j, we seek the opposite inclusion. For j =1,
take n € M = Anny(xS); then n ® 271 € G(M), so ¢(n ® ') = n. Now take
any j > 1 and assume the statement holds for 7 — 1. For any u € Anny(279),
zu € Anny(27719), so zu = ¢(v) for some v = mj_ 1 Rz + . +m 2! €
G(M) by the inductive hypothesis. Let w = mj_jz77 + ... + my ® 272 Thus,
zp(w) = ¢p(zw) = ¢(v) = zu. This means that z(p(w) —u) = 0, and so ¢p(w) —u €
Anny (2S) = ¢(Anngan (xS)) and ¢(m' @ ') = ¢(w) — u for some m’ € M by the
base case. Therefore, u = ¢p(w —m @ x~') € ¢(Anng ) (279)). O

Proposition VIII.0.11. Let R be a Noetherian ring, and let S = R[[z]]. Then M
is a finitely generated R-module if and only if G(M) is a finitely generated D(S, R)-
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module.
Proof. Given my,...,ms € M, generators for M as R-module,

-1 -1
mxr ,....,MsgQx

generate G(M) as a D(S, R)-module: by (VIII.0.9), for § € N,

8 (—1)F~1 951
(B —1)! 0xP1

m; @ x (m; @ x71),

and the set {m; ® 77 | 1 <i < s, € N} generates G(M) as an R-module.
Ifuy,...,us € G(M) is a set generators for G(M) as a D(S, R)-module, then each

u; can be written as u; = m;; @ ' + Mo @2+ ...+ myy, @ x4 for some {; € N

and m;; € M. Then {m;; ® 79 | 1 <i < s,1<j <} is also a set of generators

for G(M) as a D(S, R)-module. Since m;; ® 277 = %%(mm ® z7!), the

decomposition in (VIIL.0.8.1) implies that the m; ; must generate M. [

Corollary VIIL.0.12. Let R be a Noetherian ring, M an R-module, and S = R[[z]].
Then length (M) = lengthp g gy G(M).

Proof. If M is a simple nonzero R-module, then G(M) is a simple D(S, R)-module
since the D(S, R)-submodules of G(M) correspond precisely to R-submodules of M
by Theorem VIII.0.10. Now say that lengthp(M) = h < oo, so that we have a
filtration of R-modules 0 = My C M; C ... C M, = M such that each M; /M, is a
simple R-module. Then 0 = G(M,) C G(M;) C ... C G(M;,) = G(M) is a filtration
of D(S, R)-modules such that G(M;4+1)/G(M;) = G(M,4+1/M,) is a simple D(S, R)-
module for every j by our initial argument. Therefore, lengthp gz (G(M)) = h.
Similarly, if lengthz(M) = oo, then length g z)(G(M)) = oo. O

Remark VIII.0.13. In the following work, we often make use of the following ob-
servation: for R a ring and S = R[[z]], if P is a prime ideal of R, then (P,z)S is a
prime ideal of S since S/(P,z)S = R/P is a domain.

Proposition VIII.0.14. Let R be a Noetherian ring, M an R-module, and S =
R|[[z]]. Then Asss G(M) = {(P,x)S | P € Assr M }.

Proof. Let Q € Assg G(M), so that Q = Anng u for some u € G(M). As HYy (G(M)) =
G(M), x € Q. Thus, u € AnnguyxS = M (the isomorphism is due to Theo-
rem VII1.0.10). Moreover, we have the natural epimorphism R — S/Q with kernel
P =Anngu € Assg M. Thus, Q = (P, z)S.
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Take @ = (P,x)S, where P = Anngu € Assg M, u € M. Therefore Q) =
Anng(u® x7'). Hence, Q € Assg G(M). O

Lemma VIIL.0.15. Let R be a Noetherian ring, M an R-module, and S = R|[z]].
Then for every ideal I C R and all j € N, G (Hf(M)) = H{;fi)s(]\/[ ®r S).

Proof. Since S and S, are flat R-algebras and S,/S is a free R-module, we know that
HI(M)®rS = Hly(M®gS), HI(M)®@rS, = Hi¢(M®zS,) and H}(M)®zS,/S =
Hlo(M ®r S,/S). Moreover, the sequence

(VITL0.15.1) 0 — H}o(M ®p S) — Hig(M ®gr S,) — Hig(M ®r S,/S) — 0

is exact, so G(H}(M)) = Hl4(M ®g S,)/Hlg(M ®5 S).

On the other hand, we have a long exact sequence
o= HYy oy o(M @ S) = Hig(M ®p S) — Hig(M Qg Sp) — -

Since Hjo(M @g S) — Hjg(M @ S,) is injective by (VII1.0.15.1), the long sequence

splits into short exact sequences

0 — Hig(M ®g S) = Hig(M @g S;) = H{; ) o(M ®5 S) = 0.

Hence, G (H}(M)) = H{;;)S(M ®r S). O

Proposition VIIIL.0.16. Let (R, m, K) be a Noetherian local ring, M an R-module,
and S = R[[z]]. Fiz I,..., I ideals of R and j,...js € N. Then

G (Hf: - HEEH] (M) = By oo B GHEEL (M @5 S).

Proof. We proceed by induction on s. If s = 1, the statement follows from Lemma

VIIL.0.15. Suppose it holds for some s > 1. Let Ny = H};’ . H};H};(M) for1 <2<

s + 1, so we need to prove that G(N,y1) = H ;™' | (G(Ny)). Now,

(IS+17$)
G(Ner) = HIEP (N @5 8./ = HIG(N, @1 5,/8) = I G(GIN,).

Is+1

Consider the long exact sequence of functors
(VIIL.0.16.1) = HI (=) = B o(=) = Hy o= ®50S0) —

(IS+1,ZE)S

Since G(Nj) is supported on V(x5), Hi  ¢(G(N,) @5 S.) = 0 for all i € N, and
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G(N,) ®s Sy = 0. Moreover, Hy'!|¢(G(Ny)) = H{;"' | o(G(N,)). Hence, G(Nyy1) =
H' s (GIVG)).

S+17$)S

U

As (G is an equivalence of categories, G(Hompg(M, N)) = Hompg ) (G(N), G(M)).
Thus, M is an injective R-module if and only if G(M) is an injective object in D,
the category of D(S, R)-modules supported at V(xS). We now characterize precisely

when G(M) is injective as an S-module:

Proposition VIIL.0.17. Let S = R|[[z]|], where R is a Gorenstein ring. Given a
prime ideal P of R, let Er(R/P) denote the injective hull of R/P over R. Then
G(Er(R/P)) = Es(S/(P,x)S). Moreover, M is an injective R-module if and only if
G(M) is an injective S-module.

Proof. Let d = dim(Rp). Since R is a Gorenstein ring, S,/S a flat R-module, and
G(H4(R)) = Hg;fi)s(S) by Lemma VIIT.0.15, we have that

G(ER(R/P)) = G(Hfp, (Rp)) = GUHE(R) ©r Rp) = GHH(R)) ©r Rp = HZL (Sp).

As Sp/(P,z)Sp = Rp/PRp, (P,x)Sp is a maximal ideal of the Gorenstein ring Sp,
S0
H(dlj:;)s(Sp) = ESP (Sp/(P, Z‘)Sp) == ES (S/(P, .T)S) .

Therefore, G (Er(R/P)) = Es (S/(P,z)S). Moreover, G sends injective R-modules
to injective S-modules because every injective R-module is a direct sum of injective
hulls of prime ideals.

It remains to prove that if G(M) is an injective S-module, then M is an injective
R-module. This follows because M = Anngy(zS) by Theorem VIILO.10: any
injection of R-modules ¢ : N < N’ is also an injection of S-modules, where x acts by
zero. Then any S-module map f: N — G(M) is an R-module map and must have
image in Anngr)(2S) = M, so the induced map g : N — M is a map of R-modules
such that f =go.. [

Proposition VIII.0.18. Let R be a Gorenstein ring, and let S = R[[x]]. Since
R = S/xS, every R module has an structure of S-module via extension of scalars.
For R-modules M, N and i,j € N,

Exty(M,G(N)) = Ext’% (M, N).

Proof. Let E* = E° — E' — ... — E' — ... be an injective R-resolution of N.
Then G(E*) is an injective S-resolution for G(IN) by Proposition X1.2.9. We notice
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that Homg(M, —) = Homg(M, Homg (R, —)) as functors. Then
Homg(M,G(E")) = Homg(M, Homg(R, G(E*)) = Homg(M, E*) = Hompg(M, E*),
and the result follows. O

Corollary VIII.0.19. Let (R,m,K) be a Gorenstein local ring, and let S denote
R|[x1,...,x,]]. For every ideal I of R and all i,j € N,

dimg Ext(K, H/}" (S)) = dimg Exty(K, H{ (R)).

Proof. Using Lemma XI.1.1, apply induction on n. [
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CHAPTER IX

Generalized Lyubeznik numbers

The aim of this chapter is to define and study a family of invariants of a local ring
containing a field. This family includes the Lyubeznik numbers, but captures finer
information. These new invariants are defined in terms of lengths of certain local
cohomology modules in a category of D-modules.

To prove that these generalized Lyubeznik numbers are well defined, we formalize
and develop the theory of a functor that Lyubeznik utilized to show that his original
invariants are well defined | ]. In particular, the definition of these new invariants
relies heavily on the fact that this functor gives a category equivalence with a certain
category of D-modules. As a consequence of this new approach, our work also gives
a different proof that the original Lyubeznik numbers are well defined.

Some properties analogous to those of the original invariants hold for the general-
ized Lyubeznik numbers; however, results on curves and on hypersurfaces show that,
unlike the original invariants, the generalized Lyubeznik numbers can differentiate
one-dimensional rings, and complete intersection rings.

We compute the generalized Lyubeznik numbers associated to monomial ideals
as certain lengths in a category of straight modules, and in characteristic zero, with
characteristic cycle multiplicities as well. The study of the generalized Lyubeznik
numbers associated to certain determinantal ideals provides further examples of these
new invariants, some striking.

The results presented in this chapter are part of joint work with Witt | ].

IX.1 Definitions and first properties

Theorem IX.1.1. Let K be a field, let R = K[[x1,...,%,)], and let S = R|[[zp41]].
Let C denote the category of D(R, K)-modules, and let D denote the category of
D(S, K)-modules that are supported on V(xS). Then
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(i) G:C — D given by G(M) = M ®p S,,,./S is an equivalence of categories with
inverse G : D — C, where G(N) = Anny(25),

(ii) M is a finitely generated D(R, K)-module if and only if G(M) is a finitely
generated D(S, K)-module, and

Proof. The proofs of the statements are analogous to the those of Theorem VIII1.0.10,
Proposition VIIIL.0.11, and Corollary VIII.0.12, respectively. O

Remark IX.1.2. For a local ring (R, m, K), we say that a field K’ is a coefficient
field of R if K’ contained in R, and the composition K’ < R — R/m = K is an
isomorphism of fields. Every complete local ring containing a field has a coefficients
field by the Cohen Structure Theorems | ]-

Theorem IX.1.3. Let (R, m, K) be a local ring containing a field, and R its comple-
tion at m. Let K' be a coefficient field of R. Then R admits a surjection ™ : S —» ﬁ,
where S = K|[x1,...,x,]| for somen € N, and 7(K) = K'. For1 <i<s, fir j; € N
and ideals I; C R, and let J; = 7Y (I,R) C S. Then

length g oy HY: -+« HEH 7 (S)

is finite and depends only on R, K', I, ..., I, and ji, ..., js, but neither on S nor on

.

Proof. We may assume without loss of generality that R is complete. We know that
length g ) Hﬂz . H(]]‘zHZ_jl(S) is finite by | , Corollary 6]. Let 7' : 8" — R
be another surjection, where S" = K[[y1,. .., yw]]. Let Ji,..., J. be the corresponding
preimages of I, ..., I, in S’

Let S” = K[[z1, ..., Znsw]]. Let " : S” — R be the surjection defined by 7" (K) =
K', 7"(zj) = n(z;) for 0 < 7 <nand 7"(z;) = 7'(yj—n) for n+1 < j <n+n'. Let
JY, ..., J! be the corresponding preimages of I, ..., [;in S” under 7”. Let o : S — S”
be the map defined by a(x;) = z;. We note that 7’a = 7. There exist fi,..., fur € S
such that 7"(2z,4+;) = w(f;) for j < n’. Then z,4; — a(f;) € Ker(n”). We note that
B :S" — S defined by sending z; — z; for j < n and z,4; — f; for j < n’is an
splitting of . Then J! = (a(J;), znt1 — @(f1), -+, Znin — a(fnr))S”. Since

RBly« 9y Zny nt+l — Oé(f1)7 ceey Rp/dn T Oé(fn/)
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form a regular system of parameters, we obtain that

lengthpsn o) Hyy - - HY, H}‘{/,*”’jl (S") = lengthpg gy HY: ... HZH}(S)

by Proposition VII1.0.16 and Theorem [X.1.1. Similarly,

lengthpgn o) HYy . Hiy Hy " 9(S") = lengthpgr sy HY; - HY HYY 7 (S),

and the result follows. O

Definition IX.1.4 (Generalized Lyubeznik numbers). Let (R, m, K) be a local ring
containing a field, and R its completion at m. Let K’ be a coefficient field of R. Then
R admits a surjection 7 : S — R, where S = K[[zy,...,2,]] for some n € N, and
m(K) = K'. For 1 <i < s, fix j; € N and ideals I; C R, and let J; = 7~ '(I;R) C
S. Then the generalized Lyubeznik number of R with respect to K', I,...,I, and

T Jss

.....

is finite and depends only on R, K', I1,...,I; and j1,..., js, but neither on S nor on
7 (by Theorem 1X.1.3).
If R contains only one coefficient field, or if the election of coefficient field is clear

in the context, we simply use A7} ' (R) to denote this invariant.

Remark IX.1.5. In Definition [X.1.4 (and Theorem 1X.1.3), we rely on a choice of
coefficient field K’ C R. In some cases there is only one of such field; for instance, if

K is a perfect field of characteristic p > 0.

In general, to decide whether it is possible to avoid the generalized Lyubeznik
numbers’ dependence on the choice of coefficient field of ]?2, we would need to answer

the following question asked by Lyubeznik.

Question IX.1.6 (Lyubeznik). Let S be a complete regular local ring of equal char-
acteristic. For 1 < i < s, fix j; € N and ideals J; C S. Given any two coefficient
fields of S, K and L, is

lengthpyg gy HY: -+« HEHY ™ (S) = lengthyy g ) HY -+« HEH 77 (S)?
The answer is currently unknown even when s = 1.

Remark IX.1.7. In Definition [X.1.4, we may assume that Iy C ... C I, because
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if an R-module M is such that HY(M) = M for some ideal I of R, then H,(M) =
Hi, (M) for every ideal J of S. In addition, Ay (R, K') = Ayt ((R/ I, K').

.....

Proposition IX.1.8. If (R,m, K) is a local ring containing a field, then \; j(R) =
)\f;ljyo(R; K') for any coefficient field K' of R.

Proof. Since completion is flat and the Bass numbers are not affected by completion,
we may assume that R is complete. Take S = K{[x1,...,z,]] such that there exist a
surjective ring map 7 : .S — R such that 7m(K) = K'. Set [ = Ker(w), the preimage
of the zero ideal in R. We notice that the maximal ideal, n, of S is the preimage of

the maximal ideal, m, of R. By | , Lemma 1.4],
Xij(R) = dimg Extl(K, Hy 7 (S)) = dimg Homg (K, H: H;7(S5)).

Since H,’%H?fj (S) is isomorphic to a finite direct sum of copies of Eg(K) by | :
Corollary 3.6], and Es(K) is a simple D(S, K)-module (cf. | ]), we obtain that

dimy Homg(K, H} H7 7 (S)) = length g ) HEH7 77 (S) = A o(R; K),

and we are done. O

Remark IX.1.9. In characteristic zero, Alvarez Montaner introduced a family of
invariants using the multiplicities of the characteristic cycle of local cohomology mod-
ules | |. Like ours, this family includes the original Lyubeznik numbers; however,

this definition does not include rings of prime characteristic.

Proposition IX.1.10. Given ideals I C ... C I of a local ring (R, m, K) containing
a field, i; € N for 1 < j <s, and a coefficient field K' of }A%, we have that

(i) /\in """ (R, K') =0 foriy, > dim(R/I),

-----

(ifi) A2 (R; K') =0 for iy > i,
(iv) AL (RyK') #0 for iy = dim(R/I1), and
(v) AL (R K') # 0 if iy = dim(R/I) — dim(R/15) and iy = dim(R/I;).

Proof. We may assume that R is complete, so that it admits a surjective ring map
m: S — R, where S = K|[xy,...,x,]] for some n and 7(K) = K.
Let J; =7 1(I;) for 1 <j <s.
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As S is Cohen-Macaulay, depth; (S) = codim(S/J;) = n — dim(S/J;) = n —
dim(R/I;). We have that (i) and (iv) hold because H’ (S) = 0 if i < depth,, (S) and
Hﬁfpthz(s)(s) 0.

To see (ii), note that

inj. dim H} ' ... H? H; " (S) < dim(Supp H} "} ... H? H}~(S))
S dlm(S/J]_l) == dlm(R/IJ_l)

by | ]. Similarly, (iii) follows because
inj. dim H’"*(S) < dim(Supp HY, " (S5)) < iy.

To prove (v), choose a minimal prime P of J. Now, Rad(J;Sp) = PSp in Sp.
Then HIQSPHL(};?IESP)_Q(SP) # 0 when p = ¢ = dim(Sp/J1Sp) by | , Property
4.4(iii)]. Noting that

dim(Sp) = dim(S) — dim(S/P) = dim(S) — dim(S/J;) = n — dim(R/[;), and
dim(Sp/J1Sp) = dim(S/.J;) — dim(S/Jy) = dim(R/I;) — dim(R/I5),

we see that H?QHE(S) ®sSp # 0if iy = dim(R/[;) —dim(R/I5) and iy = dim(R/I;).
[l

Lemma IX.1.11. Given an extension of fields K C L, let R = K|[z1,...,z,]] and
S = L[[z1,...,2,]]. Via R < S, the map induced by the field extension, if M is a
simple D(R, K)-module, then M ®@g S is a simple D(S, L)-module.

Proof. We have that S = R®k L because the field extension is finite. Then M ®zS =
M® g L and the action of 0 € D(S, L) is given by d(v®a) = d(v)®a. Let ey, ..., e, be a
basis for L as K-vector space. If v € M ® L is not zero, then v = w1 ®e1+. . . +w,Rey,
for some w; € M, where at least one w; is not zero. We assume that w; # 0, an
there exist operators §; € D(R, K) such that w; = §;w; because M is simple. Let
d=0+...0p and u = e;...e,. Then v = 6(wy; ® a) = ad(w; ® 1). Since v # 0,
d(wy) # 0 and there exist € D(S, L) such that ddw; = wy. Then v '0v = w; ® 1.
Therefore for every v € M ® L not zero, v € D(S,L)-wy®1 and wy®1 € D(S,L)-v.
Hence, M ® L is a simple D(S, L)-module. O

Proposition IX.1.12. Let K C L be a finite field extension, R = K[[x1,...,x,]],

103



and S = L[[x1,...,x,]]. Then for all ideals I, ..., Is of R and all iy, ..., is € N,

..........

Proof. We have that S = R ® L because the field extension is finite. Let
0=M C... §M£=H}§H}§Hﬁ‘“(8)

be a filtration of D(R, K)-modules such that M; /M, is a simple D(R, K)-module.
Since S is a faithfully flat R-algebra, M; 1 /M; @ L = (M;11 @k L)/(M; QK L) is a
simple D(S, L)-module. Thus, A7 (R) = £ = AF5", o(S).

..........

O

Proposition IX.1.13. Let Iy,..., 1, be ideals of S = K|[x1,...,x,]], where K is a
field of characteristic zero. Then )\Z '''''''''' ?1(5’) <e (HZ - HPHP(S)).

Proof. Since H}j -~ HPH}~"(S) is a holonomic D(S, K)-module, the claim follows
from Remark 11.4.0. O

For R a one-dimensional or complete intersection ring, A, j(R) = 1if i = j =
dim R, and vanishes otherwise. However, Propositions [X.1.14 and [X.1.15 will show
that the generalized Lyubeznik numbers capture finer information that can distinguish

these cases.

Proposition IX.1.14. Let (R, m, K) be a complete local ring containing a field such
that dim(R) = 1. Fiz a coefficient field K’ of R and let Py, ... P, be all the minimal
primes of R. Then

M(R; K = N(R/P;K) + ...+ MN(R/Pi; K') + € — 1.

Proof. We proceed by induction on ¢. Suppose ¢ = 1, and take a surjection 7 : S =
K[[z1,...,2,]] » R = S/I where I = Ker(r) and n(K') = K. If P is the minimal
prime of R, then 7~!(P) = Rad(I) is the only minimal prime of I. Then

Now suppose that the formula holds for £ —1. Take a surjection 7 : S — R = S/I,
where S = K[[zy,...,x,]] and m(K') = K. Let n denote the maximal ideal of S. Let
Q; =7 1(P), so that Rad(I) = Q1N ...N Q. Let J=Q1N---NQp_1.
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Since Rad(J 4+ @Q¢) = 7, the Mayer-Vietoris sequence in local cohomology with

respect to J and ), gives the following exact sequence:
0— Hy'(S)® HE '(S) — Hy 7 '(S) — HJ(S) — 0.

where H7, ;(S) = Eg(K), a simple D(S, K)-module (cf. | ]). Then A\}(R; K’)
equals

lengthps iy Hf ' (S) = lengthps i) H) ' (S) + lengthp s gy Hey ' (S) + 1
=\ (S/J; K'Y + A (S/Qp; K'Y + 1, and inductively,
= (MN(S/Qu K") + ...+ A(S/Qu K') + £ = 2) + Xy(S/Qus K') + 1
=AN(R/P; KN 4. .+ MN(R/P; K'Y +£—1, as R/P; = S/Q;.

]

Proposition IX.1.15. Let S = K|[z1, ..., x,]|, where K is a field. Let f1,...,fr € S
be irreducible, and f = fi"* --- f;**, where each o; € N. Then

XTSI Z AT )+ NS f) -1

Proof. Since H}(S) = H! () for every ideal I C S, we may assume that a; = ... =
ay = 1. Our proof will be by induction on ¢. If ¢ = 1, it is clear. We suppose that
the formula holds for £ — 1 and we will prove it for £. Let g = fi--- fy—1. Since f;*, g

form a regular sequence, we obtain the exact sequence
0— Hyg(S) @ Hp,5(S) = Hg(S) = HE 115(S) = 0

by the Mayer-Vietoris sequence. Since H (29’ ) s(S) # 0, we have that
lengthps i) H{, ,)5(S) > 1. Moreover,

/\g_l(S/fS) = lengthD(SJ{) H}S(S)
> length s gy H,g(S) + lengthp g gy Hj,5(S) + 1
=\1S/gS) + A\o71(S/f,) + 1, and inductively,
>NTHS/ ) A AT fraS) =2+ XS/ fuS) + 1
= NS/ fi1S) 4.+ NS/ foS) + € — 1.
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Definition IX.1.16 (Lyubeznik characteristic). Let (R, m, K) be a local ring con-
taining a field such that dim(R) = d.
Fix a coefficient field K’ of R. The Lyubeznik characteristic of R (with respect to

K') is defined as
d

(R K'Y o= (1) N (R; K).

i=0
If the choice of the coefficient field is clear, we write x\(R).

Proposition IX.1.17. Let I and J be ideals of a local ring (R, m, K) containing a
field. For any coefficient field K' of _ﬁ,

AR/ K'Y+ xA(R/J; K') = xa(R/(IT+ J); K') + xA(R/IN J; K').

Proof. This an immediate consequence of the Mayer-Vietoris associated sequence for

local cohomology with respect to I and J. [

Proposition IX.1.18. If I = (f1,..., f¢) an ideal of S = Kl|z1,...,x,]|, where K
1s a field, then

S =0y 0y FWNT(S e fy)) -

§=0 1<i1<...<ij <t

In particular, if fi,..., fo form a regular sequence or if char(k) = p > 0 and S/I
is a Cohen-Macaulay ring of dimension d, then No=*(S/(f1,..., f)S), or M (S/I),

¢
respectively, equals > > (—1)n—d+izp~t (S/(fZl o fzj)) .

J=01<ir <...<i; <t
Proof. For brevity, let D = D(S, K). By the additivity of length,(—) on short exact

sequences and the Cech-like complex definition of local cohomology,

L L

Y (=1 lengthy, HY (S) = (=1) > lengthy Sy, ., .

§=0 §=0 1<i1 <. < <L

Moreover, the short exact sequence 0 — S — S, — H, (1fi1‘~~~‘ fij)<S) — 0 indicates that
length, S fiyorfiy = length, H (1f1_1._., 7i)) + 1. The first statement then follows from a
straightforward calculation from the definition of Lyubeznik characteristic using these
two observations.

The statement for a regular sequence is an immediate consequence, and the final
statement follows since the only nonvanishing local cohomology module is H}~%(S)

by [ , Proposition 4.1], since S/I is Cohen-Macaulay. O
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IX.2 Generalized Lyubeznik numbers of ideals generated by

maximal minors

Lemma IX.2.1. Suppose that K is a field of characteristic zero, R = K|xy, ..., ),
and S = K|[[z1,...,x,]]. Let f € R be homogeneous. Let Dr and Dg denote D(S, K')
and D(S, K), respectively. If for some N € N, DSfLN = Sy, then DRfLN = Ry.

Proof. For every r € N, there exists 6 = Zga% €eDg=S5 <3%1, ey %> such that

5 L= 1 . In addition, there exist u € N and homogeneous h, € R such that u > r

i 1 _ ha 1 ha _
and Paa N = fu,so5 => . Jar = 75

We have that > goha = f#77, and there exist homogeneous g, € R of degree t

such that g, = Y gy If to = (0 — ) deg(f) — deg(ha), then
=0

— Zgaha = Z Zgaytha = Zga,taha

a t=0

because f and h, are homogeneous polynomials.
Let 0 = 3 gata is € Dg. Then

1 o1 D T
5—N—2a:ga,ta%f—,v—za:ga,taﬁ— I = —F.

Hence, - 7 € Dp—s 7 and the result follows. O

Remark IX.2.2. The conclusion of Lemma [X.2.1 is not necessarily true if f is not
a homogeneous polynomial. Let m denote the homogeneous maximal ideal of R. If

f € R is any polynomial such that R,,/fR,, is a regular local ring, then even if
D(R, K)]%N # Ry, we have that D(S, K)% = Sy.

Remark IX.2.3. Let b¢(s) denote the Bernstein-Sato polynomial of f € R over R
(cf. Section I11.4). If N = max{j € N | bs(—j) = 0}, then D(R, K)fN r # Ry [ :
Lemma 1.3]. Therefore, if f € R is homogeneous, lengthp, s 5 H f)(S) > 2 by Lemma
IX.2.1.

Example IX.2.4. Let R = K[X] be the polynomial ring over a field K in the entries
of an r X r matrix X of indeterminates, and let m denote its homogeneous maximal
ideal. Let A denote the principal ideal of R generated by the determinant of X. If K

has characteristic zero, the Bernstein-Sato polynomial of the determinant of X over
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R is baet(x)(5) = (s +1)(s+2) - - (s+7), so by Remark [X.2.3, ARy /AR > 2.
In contrast, by Remark X.1.4, if K is instead a perfect field of characteristic p > 0,
then A’ ™' (R /AR,,) = 1. In particular, even when a specific Lyubeznik number is

nonzero in both characteristic zero and characteristic p > 0, their values may differ.

Example 1X.2.5. Now let R be the polynomial ring over a field K of characteristic
zero in the entries of X = [z;;], an r X s matrix of indeterminates, where r < s.
Let m denote its homogeneous maximal ideal, and let I; be the ideal generated
by the ¢ x t minors of X, and let I = I, be the ideal generated by the maximal
minors of X. By | , Theorem 1.1], H;(S_T)H(R) >~ Frp(K), 0 # HY(R) —
H(R)p,,, & Ep(R/I;+1) for iy = (r —t)(s —7) + 1,0 < t < r, and all other
Hi(R) = 0. Thus, X'~ (R /IRy) = Ao~ (R / IRy} (= Mosas(Ru/IR) = 1,
and /\?,;Z;O(Rm/IRm) = 0 for every i # r? — 1.

Let iy = (r —t)(s —r) + 1, t > 0, and suppose that )\;’Lfg_it(Rm/IRm) =0. Let C
be the cokernel of the injection Hi'(R) < Er(R/I;11), so the short exact sequence
0 — H}(R) — Egr(R/I;4+1) — C — 0 gives rise to the long exact sequence in local
cohomology:

0 — Hp H'(R) = Hy), (Er(R/I1+1)) = Hy, (C) — HYHy (R) — H)), (Er(R/I111)) — ...
Since the I,; is the only associated prime of Egr(R/I;;1) and of H}'(R),
Hy, H}(R) = Hy, (ER(R/1111)) = H,y, (Ep(R/Ti11)) =0,

so H° (C) = H} H}'(R) = 0.

If for some indeterminate zqs, the localization map Hj(R) — Hj(R),,, has a
nonzero element v in the kernel, then xgﬁ -u = 0 for some N. But then, by symmetry,
z25-u = 0 for all indeterminates o, forcing every element of Hi'(R) to be killed by a
power of m, a contradiction. Similarly, the map H}' (R).,, — Hi(R)4y, .21, 1S injective,
and by induction, the composition of these localizations, Hi(R) — Hi(R)z1y019-..ane

will also be injective. In particular,

H;(R)xaﬁ — H}(R)x11~x12~--.~xrsv and mH}(R)xaﬂ — H}(R)x11~x12~.-.-x
a’ﬁ

rs*®

Let M denote (| Hi(R),
a,
injects into Er(R/I;11), and M/H}(R) injects into Er(R/I;41)/Hi:(R) = C. Since

every element of M/Hi(R) is killed by a power of m, M/H:(R) = H? (M/Hi(R)) —

s Since zop ¢ Iy and Hi(R),,, = Er(R/1i41), M
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Figure 1X.2.6.1: EY* = HF H} (R).

[
28 — 2 0 0 0o .- 0
25 — 3| Ex(K) 0_ 0_ --- 0
2s — 4 0 0 0

: : doff_3 dlff_g QEi_3

s 0 0 0 0 0
s—1 E(zJ,sfl E21,sfl Eg,sfl . ngl,sfl E;,sfl E§+1,571 0
s—2 0 0 o - 0 0 0 0

0 1 2 .- s—1 ] s+1 s+2 [P

H° (C)) = 0. Thus, M = Hi(R).

Theorem IX.2.6. Continuing with the notation above, if r = 2 and s > 2, then
Ao(Bin/IRy) = Xoy o* (R /IRy) = Nk 0" (R /IR = 1,

and all other )\i;f;o(Rm/IRm) = 0. In particular, each A:,;fo(Rm/IRm) =0.

Proof. By | , Theorem 1.1], the only two nonzero local cohomology modules
Hi(R) are H?*®(R) = Eg(K) and H; ' (R) < Eg(R/I). Replace R by its localiza-
tion at m, and consider the spectral sequence EY? = HP H? (R) == HPt9(R) = EPI
[ ]. Now, HO H?* 73 (R) = Ep(K) and H?, H7** (R) = 0 for p > 0. In particular,
)\gf’n(R/I) = 1. Also note that dim R/I = s+ 1, since if a 2 X s matrix has vanishing
2 x 2 minors, the second row is a multiple of the first row. Since Assz Hi ' (R) = {I},
HP H: ' (R) = 0 for p > s+ 1. These observations are indicated in Figure 1X.2.6.1.

As H* (R) = Egr(K) is the only nonzero local cohomology module of R with
support in m. The only possibly nonzero E5Y = HP H{ (R) such that p + ¢ = 2s is
HH HS 1 (R), and so, since the spectral sequence maps to and from HH ™! (R)
must all be zero (since the terms from which they come or go are zero), we must
have that H*F' H: ™' (R) & EsF'*~! = ER(K), so that, as dimR — (s — 1) = s + 1,
)xiié’sﬂ(R/ IR) = 1. Moreover, every other E?? must vanish.

Since EY*% 7% = Ep(K), we see that the sole differential that is (possibly) nonzero
is d2*73 . EY%7% =~ ER(K) — ES°7'. After taking cohomology with respect
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to the d2?, we must get zero at both the (s — 1,s — 1) and (0,2s — 3) spots, so
d>*~% must be an isomorphism, and H 'H; ™1 (R) = E5* " = Ep(K), so that, as
dmR—(s—1)=s+1, )\f,;é’SH(R/IR) = 1. Since all other maps are the zero map,
and after taking cohomology with respect to d7?; we must also get zero, all remaining
local cohomology modules of the form H?HZ (R) must vanish (i.e., all except p = 0,
g=3,andp=s—1,g=s—1land p=s+1,¢=s—1), so that in these cases,
Mo(R/T) = 0. O

IX.3 Generalized Lyubeznik numbers of monomial ideals

In this section we characterize the generalized Lyubeznik numbers associated to
monomial ideals. To do so, we make use of the categories of square-free and straight
modules introduced by Yanagawa | , |; we begin with some definitions and

notation he first introduced.

Notation IX.3.1. Let S = Klzy,...,x,]|, K a field, and consider the natural N"-
grading on S. For a = (ay,...,q,) € Z", we define Supp(a) = {i | oz > 0} C [n] =
{1,...,n}. For a monomial z% = z{*--- 2% Supp(z®) := Supp(«). We say that
x® is square-free if, for every i € [n], a; either vanishes or equals one. Let e; denote
the vector (0,...,0,1,0...,0) € N*, where “1” is in the i*" entry. If F' C [n], let Pp
denote the prime ideal generated by {z; | i € F'}. If F' C [n], we will often use F’
instead of > e;; for instance, " denotes [] ;.

Given ;e%”—graded S-module M, andleg € Z, M(pB) denotes the N"-graded S-
module that has underlying S-module M, but with a shift in the grading: M (5), =
M,yp. Let wg = S(—1,...,—1) denote the canonical module of S, and let *Mon
denote the category of Z"-graded S-modules.

Definition IX.3.2 (Square-free monomial module). An N"-graded S-module M =

@ Mj; is square-free if it is finitely generated, and the multiplication map M, =
BeEN?
M., is bijective for all & € N, and all i € Supp(a). The category of square-free

S-modules is denoted Sq, a subcategory of *Mon.

If I is a square-free monomial ideal, then both I and S/I are square-free modules.
Moreover, if 0 — M’ — M — M"” — 0 is a short exact sequence in *Mon, then
M is a square-free module if and only if both M’ and M" are square-free modules.
In addition, if M is a square-free module, then Ext(M,ws) is a square-free module
for every i € N | |. Additionally, for any subset G C F' C [n], S/Pr(—G) is a
square-free module (where the grading of Pr(—G@G) satisfies [Pr(—G)]¢ = [Prli-c)-
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Remark IX.3.3. An N"-graded square-free S-module M is a simple square-free mod-
ule if it has no proper square-free non-trivial submodules. In fact, such a square-free

module is simple if and only if it is isomorphic to S/ Pr(—F') for some F C [n] | .

Proposition IX.3.4 (| , Proposition 2.5]). An N"-graded S-module M is square-
free if and only if there exists a filtration of N"-graded submodules 0 = My C M; C
. C M; = M such that, for eachi (0 <i <t—1), M; = M;/M;;;1 = S/Pr.(—F)

for some F; C [n] (and so is, in particular, a simple square-free module).

As a consequence of Proposition [X.3.4, every square-free module M has finite

length in Sq. We now recall the following definition | ].

Definition IX.3.5 (Straight module). A Z"-graded S-module M = € My is
Bezn

straight if dim(Mgs) < oo for all 3 € Z", and the multiplication map M, = M., is
bijective for all @ € Z" and all i € Supp(«). The category of straight S-modules is
denoted Str, a subcategory of *Mon.

Remark IX.3.6. If M = @ M; is a straight module, then M denotes the N"-
Bezn
graded (square-free) submodule @ Mjz. On the other hand, if M is a square-free
BeNn

module, we can define the straight hull of M, M as follows: For o € N”| let M
be a vector space isomorphic to Mg,pp(a), and let ¢, : M — Msypp(a) denote such

an isomorphism. Let § = « + e; for some i € [n]. If Supp(a) = Supp(f), w
define M, % MB by the composition M, Y Msupp(a) —> Mg, otherwise, we define

—1

@
M = Mg by the composition M —> Msupp(a) N Msupp(s) N Mﬂ. Then M is
straight, and its N"-graded part is isomorphic to M.

Proposition IX.3.7 (] , Proposition 2.7]). Continuing with the notation above,
the functor Str — Sq defined by M — M is an equivalence of categories with inverse
functor N — N.

Remark IX.3.8. Let L[F] denote the straight hull of Pp(—F). By Proposition
[X.3.7 (noting Remark 1X.3.3), L[F] is a simple straight module. We have that
L[F], = k if Supp(«a) = F, and is zero otherwise | ]. Thus, L[F] = H} (ws),
where ¢ =n — |F)|.

Remark IX.3.9. Any straight module M may be given the structure of a D(.S, K)-

module. It suffices to define an action of tl, 8‘9 z, for every 1 < ¢ <nandt > 1: Take

v € M,, where a = (aq,...,ap). If 1 < a; <t, we define tl,aa -v = 0. Otherwise,
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there exist w € My, such that ztw = v, and we define tl,aa U = ( i)w if a; > 0 and

%%v = (=1)" " (7" w if oy < 0. This observation extends in | , Remark
2.12] to any field. We note that giving this D(S, K)-structure gives an exact faithful

functor from Str to the category of D(S, K)-modules.

Theorem IX.3.10. Let K be a field, S = K[zy,...,z,], and S = K[[z1,...,x]].

Let I,..., I, C S be ideals generated by square-free monomials. Then
N3 (8) = lengthgy, Hy - HR Hp ' (ws) = Y dimy [Hy - HEH " (ws)]
ae{0,1}n

Moreover, if char(K) = 0, then )\2111 """ ’f (5) = e(Hy -~ HPHP"(S)), where e(—)

-----

Proof. Let M = Hj -+ H Hj.""(S), so that A} (S) = length,, g ) M. By apply-
ing | , Corollary 3.3] iteratively, we see that Hy* --- H?H}'" " (wg) is an straight
module. By Propositions [X.3.4 and [X.3.7, there is a strict ascending filtration of N"-
graded submodules 0 = My C M; € ... C M; = M such that each quotient M;/M;,,
is isomorphic to Pp,(—F;) = Hﬁ:pl( S), and is also a filtration of D(S, K)-modules

by Remark [X.3.9. Moreover,

~

0=My®sSCM®sSC...C My®gS=M®eg8

is a filtration of D(S, K)-modules such that

—_—

(M XKs §>/<M_1 Xs §> = Pp(— )®55 HPFlF‘(S).

Since Hﬁ;'Fil () is a simple D(S, K)-module for every F' C [n], length M®gS =

t as well.

D(S,K)

If K has characteristic zero, due to the filtration above and noting Remark [1.4.6,

COM) = zt:CC (M/ M1 ) = ZOC( ms)).

i=1
where C'C(—) denotes the characteristic cycle (see Definition 11.4.5). By | :
Corollary 3.3 and Remark 3.4], each CC( F|F|> = 17, —oeicpp ) SPeC(S). As a

result, each e (H |F|> = 1 and so ¢(M) = t. Then Xfl ’’’’’’’’’ 11(:9\) = lengthg, M =
lengthg,, M = e(M).

U
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Remark IX.3.11. The Lyubeznik numbers with respect to monomial ideals may

depend on the field, as shown in | , Example 4.6].

Remark IX.3.12. For K a field of characteristic zero, let S = K[x1,...,x,], and take

I C S an ideal generated by monomials. Let § = K [[z1,...,2,]]. Combining work of
Alvarez Montaner in [ , Theorem 3.8 and Algorithm 1] with Theorem [X.3.10
provides an algorithm to compute )\6(3\ /1 §) in terms of Pi,..., Py, the minimal

primes of I. A consequence of this algorithm is the following inequality:

NS/ < > d

1<iy<...<ig<N

where (5{1 , = Lifht(P, +...+ B,) = j +{— 1, and equals zero otherwise.

..... )

Remark IX.3.13. By Corollary [X.3.12, there is a straightforward algorithm to
compute the X(5/I5) using the minimal primes of I.

Lemma IX.3.14. Let S = K|[[z1,...,2,)], K a field. For a monomial f with
| Supp(f)| = J, lengthD(S,K) Sy = 2.

Proof. By 1X.3.10, lengthpg f) H(lxi ez (8) = 27 — 1. Since local cohomology is
independent of radical, H} (S) = H (S) =27 — 1. Due to the exact sequence

0— S — Sy = Hj(S) — 0 and the fact that S is a simple D(S, K')-module, we have

Proposition IX.3.15. Let K be a field, and let S = K|[z1,...,x,]], and let I be an
tdeal of S generated by square-free monomials f1,..., fr € S. Then

l
X (S/I) = (_1)712 Z (_1)j2deglcm(fi1 ..... flj)
=0 1<iy<...<i; <t

Moreover, if S/I is also Cohen-Macaulay, the above equation equals (—1)*\3(S/I).
¢

If, further, fi, ..., fo form a reqular sequence, this equals (—1)"~* J] (24 /i — 1)%.
i=1

Proof. Since |Supp(f;, - ... fi,)| = deglem(fi,,..., f;,), the first statement follows
from Lemma [X.3.14 and Proposition [X.1.18.
If S/I is Cohen-Macaulay, then by | , Proposition 3.1] (which is stated in

characteristic zero, although the argument is characteristic independent), H }(S) =0

for all j # ht I = n — d, and the statement follows. If the f; also form a regular
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J
sequence, lem(f;, -...- fi;) = fi, ...~ fi, and deg(f;, - ... fi;) = >_degf;, and
r=1

: (B g
Y ¥ (1p2VE T S [ 2y — [t -1y, 0

§=0 1<i1 <...<i; <l i=1 i=1
IX.4 Lyubeznik characteristic of Stanley-Reisner rings

Definition IX.4.1 (Simplicial complex, faces/simplices, dimension of a face, i-face,
facet). A simplicial complex A on the vertex set [n] = {1,...,n} is a collection of
subsets, called faces or simplices, that are closed under taking subsets. A face 0 € A
of cardinality |o| = i + 1 is said to have dimension i, and is called an i-face of A.
The dimension of A, dim(A), is the maximum of the dimensions of its faces (or —oo
if A = @). We denote the set of faces of dimension i of A by F;(A). A face is a facet

if it is not contained in any other face.

Remark IX.4.2. If A; and A, are simplicial complexes on the vertex set [n], then

A1 N Ay and Ay U Ay are also simplicial complexes.

Definition IX.4.3 (Simple simplicial complex). We say that a simplicial complex A

on the vertex set [n] is simple if it is equal to P(c), the power set of a subset o of [n].

Remark IX.4.4. If 0y, ..., 0, are the maximal facets of A, then A = P(o;)U ... U

P(oy). In particular, a simplicial complex is determined by its facets.

Notation IX.4.5. If A is a simplicial complex on the vertex set [n] and o € A, then
x? denotes [] x; € Klxy,..., ).

i€o
Definition IX.4.6 (Stanley-Reisner ideal of a simplicial complex). The Stanley-
Reisner ideal of the simplicial complex A is the square-free monomial ideal 5 = (27 |
o ¢ A)of K[xy,...,x,]. The Stanley-Reisner ring of Ais K|xy,...,z,]|/IA.

Theorem IX.4.7 (] , Theorem 1.7]). The correspondence A — In defines a
bijection from simplicial complexes on the vertex set [n] to square-free monomial ideals
of K[xy,...,x,). Furthermore, In = (O (zI"\7).

ocEA
Proposition 1X.4.8. Under the correspondence in Theorem [X. /.7, In,nn, = In, +

In, and In,un, = In, N Ia, for all simplicial complezes Ay and As.

Proof. For the first statement, we see that
27 €lpnn, 0 EANAs S ag g Ajorod Ay
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S’ €lp, orx? € In, & 1% € In, + In,.

The proof of the second statement is analogous. O]

Example 1X.4.9. Let S = K|[x1,...,z6] and let I denote the monomial ideal of S
generated by

L1X2X3, L1T2L4, L1X3L5, L1X4X6, L1X5X6, L2XL3T6, LoL4Ls, L2X5L6, L3XL4X5, L3L4T6.-

The simplicial complex associated to I corresponds to a minimal triangulation of P%,
and the projective algebraic set that I defines in P} has been called Reisner’s variety
since he introduced it in | , Remark 3].

If K =Q, then \}(R) = 31 and all other \}(R) vanish

If K =7Z/2Z, then \§(R) = 32, \3(R) = 1, and all other A\}(R) = 0.

We notice that in the previos example we have x,(R) = 31 in both cases.

Theorem IX.4.10. Take a simplicial complex A on the vertex set [n]. Let R be the

Stanley-Reisner ring of A, and let m be its mazximal homogeneous ideal. Then

n

(Ba) = Y (=2 E(A)].

i=—1

Proof. Let S = K|[x1,...,x,], and let n be its maximal homogeneous ideal. We
proceed by induction on d := dim(A). If d = 0, then A = {@}. Then In = 7, and
R =K, so that x,(Rn) =1=(-2)"= 3 (=2)""!|Fi(A)].

i=—1
Assume that the formula holds for all simplicial complexes of dimension less

or equal to d. Take a simplicial complex A of dimension d 4+ 1. Consider all
its facets, o1,...,0,. We now proceed by induction on ¢. If ¢ = 1, suppose that
Ay = P(oy), where 01 = {iy,...,i;} and dim(oy) = j. Then In, = (z; | i & 01)5,
R=Kxy,...,x,—;], and

Xa(Rm) = lengthy, o o HY, (S,) = (1)) = (1 -2y

- ZO ik (—2)k (‘;) = ’:'2211(—2)’“+1 (k i 1) = :gil(—Q)k“!Fk(A)l-

Assume that the formula is true for simplicial complexes of dimension d+ 1 with ¢
facets, and take a simplicial complex A of dimension d+ 1 with £+ 1 facets, oq,..., 0.

Let A; = P(o;) and A" = A;U...UA,. Then A = A" U Ayyy. We may assume, by
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renumbering, that dim(A,) = dim(A). Then dim(A’ N A,) < dim(A,) by our choice
of A, and as we chose the decomposition given by the maximal facets. Therefore

X (Rm) equals

X ((S/Iarua,)n) = X ((S/Iar N IA,)y) by 1X.4.8
A ((S/Iar)y) +xa((S/1a,)g) = xa ((S/(Iar + 1a,))y) by IX.1.17
((S/1ar)y) + x2((S/1a)e)y) — X ((S/(Iana,))y) by. 1X.4.8

n n

(=2 EAN] + Y (=2)TEA)] - Y (—2)TE(A N A
i=—1 i=—1

[
< =
>

Il
M= 10 114

=

(=2) L F (A + [ Fi(Ag) = [F(A N A)])

=

n

(=2 EA UA) = ) (=) E(Q)).

i=—1

[y

-.
Il

The above computation is related to work in | ].

Example IX.4.11. Let K be a field, S = K|z, %2, z3, x4, x5] be a polynomial ring
over K, and m = (x1, 2y, x3, x4, 75) its maximal homogeneous ideal. Consider the
ideal I = (xyx3, 2124, Tox3, ToT4, Tows) of S. Note that R := S/I is the Stanley-

Reisner ring of the simplicial complex is such that
|F_1(A"UA)| =1, |Fo(A"UAY)| =5, |FL(A"UAY)| =5, and |FR(A"UA,)| =1,

Using Theorem [X.1.10, we get that xA(R,) =1-14+(—=2)-5+4-54(=8)-1 = 3.

Remark IX.4.12. In characteristic zero, Alvarez Montaner has given formulas for
|Fe(A)| in terms of the characteristic cycle multiplicities of H} (Kl[x1,...,z,]) (cf.
[ , Proposition 6.2])

Remark IX.4.13. Theorem [X.4.10 shows that the Lyubeznik characteristic of a
Stanley-Reisner ring does not depend on its characteristic, although its Lyubeznik

numbers do have such a dependence (cf. | , Example 4.6]).
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CHAPTER X

Lyubeznik numbers measure singularity

Results of Blickle | | enable straightforward characterizations of F-regularity
and F-rationality in terms of certain generalized Lyubeznik numbers.
If S is an F-finite regular local ring and R = S/I is F-pure, Vassilev | ]

showed that there is a strictly ascending chain of ideals
I=1yCnnC...C=R

such that (Ti[p I ;) C (Ti[f_]l : Ti+1) and 7,41 is the pullback of the test ideal of S/7;.
Suppose that R = S/fS is an F-pure hypersurface and that

0ocfS=ncCcncC...Cw=R

is the flag of ideals previously introduced. The author and Pérez | | showed
that ¢ < AS““‘R) (R; K') for every coefficient field K’ of R.

Suppose that S is local, that R = S/fS is F-pure, and that K is perfect. In
this case, A\a™(R) = 1 if and only if R is F-regular [ : ]. This fact
and the previous theorem say that the Lyubeznik number, )\gim(R)(R; K'), measures
how far R is from being F-regular. The main aim of this chapter is to generalize
this property to all Gorestein F-pure rings (Theorem X.2.9). Moreover, we also give
support that the generalized Lyubeznik numbers measure singularity for any F-pure
rings by using R(F)-modules (cf. Theorem X.3.1).

The results presented in this chapter are part of joint work with Hernandez and
Witt | ].
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X.1 Relations with F-rationality and F-regularity

We recall Blickle’s results | , Theorem 4.9, Corollaries 4.10 and 4.16].

Theorem X.1.1 (Blickle). Let (S,m, K) be a regular local F-finite ring of charac-
teristic p > 0. Let I be an ideal such that R = S/I is a domain of dimension d
and codimension c. Then H{(S) is a simple D(S, Z)-module if and only if 034 ) is

F-nilpotent. As consequences,

(1) If R is F-rational, then H§(S) is a simple D(S,Z)-module. If R is F-injective,
then R is F-rational if and only if H{(S) is a simple D(S,Z)-module.

(2) If d =1, then H(S) is a simple D(S,Z)-module if and only if R is unibranch.

These results indicate that the generalized Lyubeznik numbers detect F-regularity

and F-rationality, as we see in the following proposition.

Proposition X.1.2. Let (R, m, K) be a complete local domain of characteristicp > 0
and of dimension d, such that K is F-finite. For any coefficient field K' of R, the
following hold.

(i) If Nd(R; K') = 1, then 0%a gy is F-nilpotent.

(i) If R is F-injective and Ni(R; K') = 1, then R is F-rational.
In addition, if K is perfect, then:

(iii) M(R) =1 if and only if O0%a () s F-nilpotent.

(iv) If R is F-rational, then N\(R) = 1.

(v) If R is F-injective, then A3(R) = 1 if and only if R is F-rational.
Moreover, if R is one-dimensional, we have that:

(vi) If \(R; K') = 1, then R is unibranch.

(vii) If K is perfect, then Ni(R) =1 if and only if R is unibranch.

Proof. Take any surjective ring map © : S — R, where S = K[[z1,...,2,]] and
m(K) = K', and let I = Ker (). Since D(S,Z) C D(S, K), lengthpg ) Hy~4(8) =
M(R; K') = 1 implies that H}~%(S) is a simple D(S,Z)-module. Then (i) and (ii)

are consequences of the main statement and part (1) of Theorem X.1.1, respectively.
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If K is perfect, D(S,Z) = D(S,K) by | ], so 1 = A(R) precisely when
HP~%(S) is a simple D(S, Z)-module. Then (iii), (iv), and (v) are consequences of the
main statement and part (1) of Theorem X.1.1. Similarly, (vi) and (vii) follow from
Theorem X.1.1 (3). O

Corollary X.1.3. Let (R,m,K) be a complete local Gorenstein domain of charac-
teristic p > 0, of dimension d, and such that K is F-finite. The following hold:

(i) If R is F-pure and Ni(R) = 1, then R is F-reqular.
(i) If R is F-pure and K is perfect, then R is F-regular if and only if Ai(R) = 1.

Proof. For a Gorenstein ring, F-rationality and F-regularity are equivalent | l;
additionally, F-injectivity and F-purity are equivalent | , Lemma 3.3]. The

result follows. O

Remark X.1.4. Let R = K[X] be the polynomial ring over a perfect field K of
characteristic p > 0 in the entries of an r x r matrix X of indeterminates. Let m
denote its homogeneous maximal ideal, and let A denote the principal ideal of R
generated by the determinant of X. Then R/A is F-rational [ , Theorem 9], so
by Proposition X.1.2 (iv), A(R./AR,,) = 1.

Remark X.1.5. In general, the Lyubeznik number A4(R) is bounded by below by the
number of minimal primes of R that have dimension d. Let (R, m, K) be a complete
local ring of dimension d. Take any surjective ring map © : S — R, where S =
K[z, ..., x,]] for some n. Let I denote the kernel of the surjection. Let Py,..., Py
be the minimal primes of I. By iteratively using the Mayer-Vietoris sequence, we find
that Hp (S) @ ... & Hf, (S) € H{(S). Therefore, A{(R) > (.

As a consequence, R is a domain if it is equimensional and A4(R) = 1. Thus,
several results of Proposition X.1.2 can be obtained by assuming only that R is

equidimensional.

Remark X.1.6. Let I be an ideal of an F-finite regular local ring S, and suppose
that the quotient ring S/IS is F-pure. Let 71 denote the pullback of the test ideal
of S/I to S, and inductively let 7; denote the pullback of the test ideal of the ring
S/1i—1 to S. As demonstrated by Vassilev, the corresponding chain of ideals is of the
form

(X.1.6.1) ICncnC...Cn==5

=
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for some ¢ > 1, and each quotient S/7; is F-pure | ]. Let K' C @ be
any coefficient field. The following result, which connects this filtration with the
generalized Lyubeznik numbers, is due to the first author and Pérez | | If
I = (f) is principal and ¢ is the length of the chain determined by the 7; as in
(X.1.6.1), then if d = dim(S/fS), N(S/fS; K') > ¢.

By definition of the test ideals, we see that ¢ = 1 if and only if the quotient S/ fS is
F-regular, and so the inequality above shows that the generalized Lyubeznik number
M(S/fS; K') must be large whenever S/fS is “far” from being F-regular. This
bound also shows that the hypersurface S/ fS must be F-regular if A(S/fS; K') = 1;

Corollary X.1.3 provides a partial converse to this statement.

X.2 Lyubeznik numbers and test ideals

Discussion X.2.1. In this section we assume that R is a Gorenstein ring. We have
that A := S/I is also a Gorenstein ring. We also have a short exact sequence of S
and A-modules

0—=1I/I"" 5 A R0

where the map A — R is the quotient morphism. We have an induced map in the
local cohomology, HY (A) — HZ(R). If we consider these modules over S and use

local duality, we obtain a map:
Ext$(R,S) — Ext$(A, S)

On the other hand, if we consider the local cohomology modules over A and use local

duality for A, we obtain a map:
Homa(R, A) — Homu (A, A).

Since E4(K) = Anngg(x) IP!, we have that both maps are the same. We have that
R = Homyu(R, A) = Ext$(R,S) and that A = Homy (A4, A) = Extg(A,S) because
both rings are Gorenstein. We fix an identification among the modules. We have that
the map

R = Ext$(R, S) — Extg(A,5) = A

is defined by multiplication by an element f € S. In fact, this element depends on

the election of the identifications made before.

Definition X.2.2. We say that an element f € S| as described in Discussion X.2.1 is
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a hypersurface reduction of I. We denote by HR(I) all the hypersurface reductions
of I.

Remark X.2.3. Let f € HR(I) and g € S. Then g € HR(I) if and only if there
exists a unit v € R such that f = u?~'g mod I,

Example X.2.4. If | is generated by a regular sequence, g1, ..., gs, then
g gl € HR(D).

Example X.2.5. Suppose that I C K[[x1,...,z,]] is generated by square free mono-
mials, 2%, ..., 2%, where o; = (a1, ..., ;) € {0,1}" and 2% = 27" - - - 23,"". Then
xgp_l)MaX{aiil} .. xglpfl)MaX{ai,n} c HR(I)

Proposition X.2.6. Every hypersurface reduction of I, f € HR(I) satisfies the

following properties:
(a) R I Ais injective;
(b) I= (1" f);
(c) f2el,and f €I ifp+#2;
(d) fpt(f) < 5.

Proof. (a) We have that R 5 A s equivalent to Homy (R, A) — Homyu (A, A),

which is injective.

(b) We have that fI C I”! because that map R 7y A is well defined. Since it is
injective, we have that (I”! : f) C I. Combining these two, we obtain that
I =1l f).

(c) By the previous claim, we have that 1S; = (IP/S; : fS;) = IPLS;. This is
possible if and only if 1.5y = Sy. Therefore f € V1. Let v € N be the minimum
integer such that f* € I. Then, f*t' € I”). Suppose that u # 1. Since S is
regular, we have that P9 & [Pl Thus, p(u — 1) < u so

< =1
p_u—l +u—1’

which is possible only when p = 2 and u = 2.
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e—1

(d) Since f? € I, we have that f2. f1*7+-2""" ¢ [Pl for every e € N. Then,

3+p+...+pt
fpt(f) < o

. . . . 1
By taking limits when e — oo, we obtain fpt(f) < =
[

Lemma X.2.7. Let f € HR(I) and X = —. Then, R is F-pure if and only if

p—1
fpt(f) = \. In particular, the locus in which R is not F-pure is V(7(f*7¢) + I).

Proof. We note that R 5oAis given by the map Homa(R, A) — Homyu(A, A). The
image of this map is the kernel of the induced map Hom (A, A) — Hom(I/I7 A),
which is given by all the elements a € A such that al C I, Therefore, fS + I? =
(I : I). We have that

fpt(f) = A = f & mP by Lemma X 2.6
& S+ P % mP!
o (_][P} 1) ¢ mP!
< R is F-pure by Fedder’s Criterion.

Let @ C S be prime ideal containing I. We notice that (IP : 1)Sg = (f + IIP)Sg,
and so, f € HR(I1Sg). Therefore,

Rgnot F —pure & f € Q¥Sy & 7 ((fSg)* ™) # S & 7(f*) C Q.

]

Remark X.2.8. Since Extg(R,S) — Extg(A,S) is a root morphism for the local
cohomology H§(S) and this is equivalent to R EN A, every F-submodule of H§(S) is
given by an ideal I C J C S such that fJ C JPI. Twoideals J; C J; generate the same
F-submodule of H$(S) if and only if there is an e € N such that f*#+-2""" J, ¢ J{pe}.

Theorem X.2.9. Suppose that R is Gorenstein and F-pure. Let
I=1CnnC...Cw=R
be the flag of test ideals defined by Vassilev. Then, £ < N(R; K') for every coefficient

field K'.

122



Proof. Let I =19 C ...7, = R denote Vassilev’s flag of test ideals. Since
fe(.n= (To[p] 1 7Tp) C (Tl[p] 1) C ... C (Te[p] S Tp),

we have that fr; C Ti[p]. It suffices to prove that 7;,; generates a different F'-submodule
of H{(S) than 7.

Suppose not; then there exists an e such that fitr+-+r

e—1

Ti+1 C Tz-[pe]. Since R/Tj
is F-pure for every j, we have that both 7; and 7, are radical ideals. Therefore, we

can choose a minimal prime @ of 7; such that (7,41)g = Sg. Hence,

e—1 € e
FErE (e =< (r)g] < (QSe)™.

Then the F-pure threshold of f is strictly smaller than 1/(p—1) and 7(fY/®=1=<S5)
Sg, which is a contradiction because 7( f P%l_e) = S by Lemma X.2.6 and this ideal

commutes with localization. O

X.3 Lyubeznik Numbers and R(F)-modules

Since R = S/I, we have that every R(F')-module has a natural structure of S(F)-
module. In particular, H%(R) is an S(F)-module. Smith | | proved that an F-
pure Cohen-Macaulay ring R is F-rational if and only if HZ (R) is a simple left R{F)
module. We have that for Cohen-Macaulay rings, lengthp p H?(R) gives a measure
of how far R is from being F-rational. Using results of Lyubeznik on F-modules
[ ], of Blickle on intersection homology [ | and of Ma on R(F)-modules
[ ], we prove that the highest generalized Lyubeznik number Ad(R) is an upper
bound for lengthp,p, H?(R). This results holds for all F-finite rings even if they are

not Cohen-Macaulay.

Theorem X.3.1. Suppose that R is an F-pure ring. Then
lengthp Hy(R) < /\g(RQ K')

for every coefficient field.

Proof. We have that
lengthpp He (R) = length,, . D(Hy(R)).
by Lemma [1.9.2, Theorem [1.9.4, and [1.9.5. Therefore, by Proposition [1.9.6,
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lengthg HZ(R) = length, . qD(HL(R))

= length._,,,q P(H{(5)) < lengthpg gy Hi(S) = M(R; K).
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CHAPTER XI

Lyubeznik numbers in mixed characteristic

Our aim in this chapter is to define a new family of invariants associated to any
local ring whose residue field has prime characteristic. In particular, these new invari-
ants are defined for local rings of mixed characteristic. These invariants are defined
somewhat analogously to the Lyubeznik numbers. Moreover, we study properties
of these Lyubeznik numbers in mixed characteristic and investigate when they agree
with the (original) Lyubeznik numbers.

If S is a regular local ring of unramified mixed characteristic the Bass numbers
of local cohomology modules Hi(S) are finite (see Theorem 1V.3.1 and | :

]). Using the theory of p-bases, and explicit constructions used in the Cohen
Structure Theorems, we prove that the Lyneznik numbers in mixed characteristic are
well defined (see Theorem XI.1.6 and Definition XI.1.7)

Motivated by analogous properties of the Lyubeznik numbers in equal charac-
teristic, we study properties of these invariants (cf. | , Properties 4.4]). Some
similar vanishing properties hold, as well as analogous computations for complete
intersection rings (see Propositions XI.1.11 and XI.1.12). Moreover, the “highest”
Lyubeznik number in mixed characteristic of a local ring for which these invariants
are defined is a well-defined notion: if d = dim(R), then X”(R) = 0 if either ¢ > d or
j > d (see Theorem XI1.2.10 and Definition XI.2.11).

When R is a local ring of equal characteristic p > 0, both the Lyubeznik numbers
and the Lyubeznik numbers in mixed characteristic of R are defined. We find that
these invariants agree when R is Cohen-Macaulay, or if dim(R) < 2 (see Corollary
X1.3.4). However, we give a specific example for which X”(R) # A\ j(R) for some
1,7 € N, employing the work of Singh and Walther on Bockstein homomorphisms of
local cohomology and a computation of Alvarez Montaner and Vahidi | : ]
(see Remark X1.4.11 and Theorem XI.4.12).

The results presented in this chapter are part of joint work with Witt | ].
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XI.1 Definition and properties

Lemma XI.1.1. Let S = R|[z]], where (R, m,K) is a Gorenstein local ring. Then
for every ideal I of R, and alli,j € N,

dim g Extl (K, H ) 5(S)) = dimg Extp(K, H(R)).

Proof. For G the functor defined in Chapter VIII, G(H}(R)) = Hg;rl)(S) by Lemma

s

VIILO.15. Since R is Gorenstein, Proposition XI.1.1 indicates that Extly(M, G(N)) =
Ext’ (M, N) for all R-modules M and N. Therefore,

Exti(K, H 1 5(5)) = Extip(K, H(R)).
]

Corollary XI1.1.2. Let (R, m, K) be a Gorenstein local ring, and S = R[[z1, ..., x,]].
For every ideal I of R and all 1,5 € N,

dimg Exts(K, H/}"  o(S)) = dimg Exty(K, H{(R)).
Proof. Using Lemma XI.1.1, apply induction on n. O

Definition XI.1.3 (p-independent, p-base). Let K be a field of characteristic p > 0.
A finite set of elements Ty, ..., T, € K— K7 is called p-independent if [KP[T}, ..., T, :
KP] = p™. An inifinite set of elements in K — K? is p-independent if every finite subset

is. A maximal p-independent subset of K” — K is called a p-base for K.

Remark XI.1.4. We recall some results related to the Cohen Structure Theorems
that will be useful in proving that our new invariants are well defined. See | ]
for details.

For any field K of characteristic p > 0, there exists a complete Noetherian DVR
(V,~V, K) with residue class field K. In fact, if (V,4V,K) and (W,~¥'W, K’) are
complete Noetherian DVRs of mixed characteristic p > 0 such that K = K’ then
V =2 W as well. Given an isomorphism ¢ : K — K’, take a p-base A C K for K, and
let A’ C K’ be the corresponding p-base for K’ under . If T C V is a lifting of A
to V, and T C W is a lifting of A’ to W, then the natural bijection T' — T" extends
uniquely to an isomorphism V' — W.

Suppose that (R, m, K) is a complete local ring of mixed characteristic p > 0.
Then R contains a coefficient ring as a subring V' C R, i.e., V' =V or V' = V/4*V
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for some ¢ > 0, where (V,7V, K) is a complete Noetherian DVR, and the induced
map on residue fields V/4V — R/m is an isomorphism. In fact, the Cohen Structure
Theorems indicate that given a coefficient ring V' C R, there exists a surjection
p:Vlx1,...,z,]] & R such that p(V) = V' (and we can take n to be the embedding
dimension of R/pR). A key point in the proof of this fact is that for every lifting
T C R of a p-base A C K of K to R, there is a unique coefficient ring V' C R of R
that contains 7.

If (R,m,K) is a complete local ring of equal characteristic p > 0, then R is
a homomorphic image of some K[[z1,...,z,]] by the Cohen Structure Theorems.
Thus, if (V,~V, K) is a complete Noetherian DVR, the composition V{[z1, ..., z,]] -
K|[z1,...,z,]] = R is surjective. Thus, any complete local ring (R, m, K) such that
char(K) = p > 0 is the homomorphic image of V[[z1, ..., z,]], where V' is a uniquely-
determined (up to isomorphism) mixed characteristic complete Noetherian discrete

valuation domain.

Lemma XI.1.5. Let (R, m, K) be a complete local ring of mized characteristic p >
0, and let V!, W' C R be coefficient rings of R. Let (V,vV,K) and (W,~vW,K) be
complete Noetherian DVRs. Let n = dimg(m/m?). Then there exist surjective ring

maps
p1:S1:=Vl]zy,...,z,)]] > R and py: Sy :=Wly,...,un)] > R

such that p1 (V) = V" and po(W) = W'. Moreover, there is an isomorphism ¢ : S3 —
Sy such that p1 = ps o ¢.

Proof. Let A and A be a p-bases for K that are taken in the choice of V/ and W".
There exist a map p; : V' — V' given by choosing preimages t, € V of A € A under
the composition V' — V' — K. Similarly, we have a map py : W — W’ given by
ss € W, where § € A.

Pick elements uy, . .., u, € m such that the u; form a basis for m/m?, and extend
p1 to a map S; — R by pi(z;) = w;. Similarly, extend ps to a map Sy — R by
p1(yi) = ui.

By construction, p; and py are surjective. Let o, € S5 be elements such that
p2(on) = p1(ty) for every A € A. Then there exists a unique coefficient ring VCS,
such that oy € V for every A € A (see Remark XI.1.4); moreover,

t) +— o) defines an isomorphism ¢ : V' — V. Now, extend this map to ¢ : S; — Ss
by ¢(z;) = y;. The induced map K = S,/(v,z1,...,x,) — So/d(v,21,...,2,)5 is
well defined, char (Sy/¢(v, 21, . ..,2,)S2) = p, and v must be in the image of ¢. Thus,
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¢ is surjective. As S; and Sy have the same dimension, ¢ is, in fact, an isomorphism.
Since p2 o ¢(z;) = pi(y;) = u; and p2 0 ¢(tx) = p2(0x) = pi(ta) by construction,
p1=p20 9. u

Theorem XI.1.6. Let (R, m, K) be a local ring such that char(K) = p > 0, admitting
a surjection w: .S — R, where S is an n-dimensional unramified reqular local ring of
mized characteristic. Let [ = Ker(w), and take i,7 € N. Then

dimg Exty (K, H}(S))

1s finite and depends only on R, v, and j, but not on S, nor on .

Proof. Bach dimg Ext% (K, H}7/(S)) is finite (cf. Theorem 1V.3.1 | ) D,
so it remains to prove that these numbers are well defined. As the Bass numbers with
respect to the maximal ideal are not affected by completion, we may assume that the
rings are complete.

Fix a coefficient ring W of R, and take (V,vV, K) a complete Noetherian DVR
such that W =V or W = V/v*V for some ¢ > 0. First, we take surjective ring maps
7:T — Rand 7' : T" - R, where T' = V[[z1,..., 2o 1]], T = V][Y1,- - Yn—1]],
7(V) =W, and 7|y (r) = 7'|y(r) for every r € V. Let m’ denote the maximal ideal
of T".

Let T" = Vl{z1,...,Zpn_1,Y1,---,Yn—1]], and let 7”7 : T” — R be the surjective
ring map defined by 7”|v (1) = 7|v(r) = 7’|v(r) for every r € V, n”(z;) = m(x;), and
7"(y;) = ©'(y;). Let I” = ker(n”), and let o : T — T" denote the injection, so that
" oa =m. As 7 is surjective, there exist fi,..., fp.o1 € T such that 7”(y;) = 7 (f;)
for j <n'—1. Then y; — f; € Ker(n”). Note that 8 : 7" — T, defined by S(z;) = x;,
B(y;) = fj, and B|y = idy, is a splitting of o. Then

[H = Im(a) D ker(ﬁ) = ([7y1 - fla sy Yni—1 — fn’fl)T”'

Since

V,T1,...,Zn-1,Y1 _f17"'7yn'—1_fn'—1

form a regular system of parameters for 7", Corollary XI.1.2 indicates that

Uy Z1y ey Zn-1s2n — @ f1)y ooy Znran—2 — & frr—1)
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form a regular system of parameters for 7", Corollary XI.1.2 indicates that
dimyc Extl, (K, Hi™ 7(T")) = dimg Extl. (K, Hy 7 (T)).
By an analogous argument,
dimg Ext, (K, Hi™ 7(T")) = dimg Extly, (K, HY (1)),
SO
(X1.1.6.1) dimg Ext (K, H'(T)) = dimg Extl, (K, HY 7 (T")).

Now we proceed to the general case. Take 7 : S := V[[zy,...,2,-1]] - R and
7S =Wy, ..., Yw-1]] » R, where V and W are complete Noetherian DVRs
with residue field K, and 7|y is a surjection of V' onto V' and x|y is a surjection of
W onto W', where V' and W' are coefficient rings of R.

Let N = dimg(m/m?)+1. Let S; = V[[x1,...,zn]] and Sy = W|[yi, ..., yn]], and
let py : S1 — R, and py : So — R, and ¢ : S; — S5 be the maps ensured by Lemma
XL15;51e, p(V)=V"and po(W) =W’ and ¢ : S; = Sy; moreover, p; = ps 0 ¢.

By (XI.1.6.1), we have that

dimg Extl, (K, H} 7(S))) = dimg Exty(K, H} 7/ (S)) and

dimy; Extls, (K, H) 7 (S5)) = dimg Bxtly, (K, H} 7(S")).

In addition, the isomorphism ¢ allows us to deduce that
dimy Ext(K, Hy' (81)) = dimg Exty, (K, Hy 1/ (S2)),

which concludes the proof.
]

Definition XI.1.7 (Lyubeznik numbers in mixed characteristic). Let (R, m, K) be
a local ring such that char(K) = p > 0. By the Cohen Structure Theorems, the
completion R admits a surjection 7w : S —» E, where S is an unramified regular local
ring of mixed characteristic. Let I = Ker(w), n = dim(S), and i,5 € N. Then the

Lyubeznik number in mized characteristic of R with respect to i and j is defined as

Xij(R) := dimg Exty (K, H;7/(S9)).
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Note that by Theorem XI.1.6, the X”(R) are well defined and depend only on R, i,
and j.

Remark XI.1.8. In Definition XI1.1.7, we need to take the completion of R for
the Cohen Structure Theorems to ensure the existence of a surjection from an un-
ramified regular local ring S of mixed characteristic, 7 : S — R. If such a map
exists without taking the completion, then X”(R) = dimg EXt%(K , H%_j (5)) =
dimg Exty (K, H7(S)), where I = Ker (7).

Remark XI.1.9. Fix (R, m, K), a local ring of equal characteristic p > 0. There
exists a surjection from an n-dimensional unramified regular local ring of mixed char-
acteristic, 7 : S —» R; the induced map 7 : S/pS — R is also surjective. If I = Ker(7)
and I’ = Ker(n’), I is the preimage of I’ under the canonical surjection S — S/pS. In
this case, both the Lyubeznik numbers, \; ;(R) = dimg Extis/pS(K, HY77H(S/pS)),

and the Lyubeznik numbers in mixed characteristic,

\ij(R) = dimg Extl (K, H}7(9)),

are defined.
Remark XI1.1.9 naturally incites the following question:

Question XI.1.10. Is X”(R) = )\, ;(R) whenever both are defined, i.e., for every
local ring (R, m, K) of any equal characteristic p > 0 and all 7, j € N7

In Corollary X1.3.4, we prove an affirmative answer to Question XI.1.10 when R
is Cohen-Macaulay, or dim(R) < 2. However, Remark X1.4.11 and Theorem XI1.4.12
give an example of a Stanley-Reisner ring over Fy for which the answer is negative.

The Lyubeznik numbers in mixed characteristic satisfy similar vanishing proper-

ties to those of the original Lyubeznik numbers.

Proposition XI1.1.11. For (R,m,K) a local ring such that char(K) = p > 0 and
d = dim(R),

(i) Xij(R)=04ifj>dori>j+1, and
(ii) Aaa(R) # 0.

Proof. The completion of R, }A%, admits a surjection m : S —» f{, where (5,7, K)
is an unramified regular local ring of mixed characteristic and of dimension n. Let
I = Ker(m).
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For (i), the first statement holds since H}7(S) = 0 for j > dim(S/I) = dim R =
d, and the second since inj. dimg H} 7 (S) < dimg H} 7 (S) + 1< j+1 | ].

To prove (ii), first note that by an analogous argument to the proof of | ,
Property 4.4(iii)], H;fH?_d(S) # 0. We will prove that de(R) # 0 by contradicting
this fact. Suppose that Ag 4(R) = Extd(K, Hy~4(S)) = 0.

We claim that Ext%(M, H?~%(S)) = 0 for every finite-length S-module M. We
will prove this by induction on h = lengthg(M). If h = 1, then M = K, and the
statement holds by assumption. Suppose that the statement is true for all N with
lengthg N < h 4 1, and take M with lengthg M = h + 1. Then there exists a short
exact sequence 0 — K — M — M’ — 0, where M’ is an S-module of length h. The

long exact sequence in Ext gives:
- — Ext&(M', Hp~%(S)) — Ext&(M, H}~4(S)) — Ext&(K, Hp4(S)) — -+ .

Now, Ext&(K, H~%(S)) = Ext4(M’, H=%(S)) = 0 by the inductive hypothesis, so
that Ext&(M, H7~%"1(S)) = 0, and the claim follows.

This claim implies that Ext(S/n, HF~%(S)) = 0 forall £ > 1. Then HgH?_d(S) =
lim Ext$(S/n', Hy=%(S)) = 0, the sought contradiction. O

¢
Proposition XI1.1.12. Let (V,pV, K) be an complete DVR of unramified mized char-
acteristic p > 0, and let S = V{[z1,...,x,]]. Let f1,..., fr €S be a regular sequence.
Then
_ 1 i=j=n+1-1¢
)\i:j(S/(fh"'aff)): )
0 otherwise

Proof. Our proof will be by induction on ¢. If £ = 1, since Ext% (K, Sy) = 0 for i > 0,
the short exact sequence 0 — S — Sy, — Hj ¢(S) — 0 indicates ExtL(K,S) =
Ext (K, Hj 5(9)).

Suppose that the formula holds for £ —1 and we will prove it for £. From the exact

sequence

0= H 4 (s(S) = HI L 6o(Sp) = HiGE 0 s(S) =0,

(f1yeesfo (f1,-nfe—1) (f1,--fe)S

we obtain that Extly (K, Hiy f..,f@)S(S)) = Ext{ (K, H(”flf”}[ s(S)) for every i > 0

because Ext%(K, H f._JE)S(Sle)) = 0. O
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XI.2 Existence of the highest Lyubeznik Number in Mixed

Characteristic

Lemma XI1.2.1. Let (V,pV, K) be a complete DVR of unramified mized characteristic
p >0, and let S = V{[zy...,2,)]. Then Endpsyvy (Es(K))=V.

Proof. Let ¢ € Endpsyvy (Es(K)) C Endg (Es(K)) = S; ¢ must correspond to
multiplication by some r € S. Thus, d(rw) = rd(w) for every w € Eg(K) and
0 € D(S,V). We will prove that r € V' by contradiction. If r € V| we may assume
there exists @ = (ay,. .., a,) € N'\{(0,...,0)} such that r = a+bz*+ >  cgaP,

BENyﬁZIexa
where a,b,c3 € V and b # 0. Then for every j € N,
(—1)r=t g (=1)on=1 gon 1 r
7" ... - -
al Ox(! o 0xGr Py -, pigPTh . pant]
a b

, + —
p]x?ﬁ'l ce a’/’%n‘i’l Payx,
On the other hand, for every j € N,

(_1)(11—1 aal (_1)an—1 aan r

E :
ap!l 0xf ap!  Ox¢npixy - xy,
(—1)a~t gn (—1)on=1 gan a a
= o1 n mj = +1
ol O0x(! ! Oxgmpixy -z, platT e pontl
Then ——% + = % ,s0 b € pV for every 5 € N. This means
pJg}ll Lpln plT1Tn p]xll gl

that b = 0, a contradiction. Thus, r € V. Since every map given by multiplication

by an element in V' is already a map of D(S,V)-modules, we are done. O

Proposition XI1.2.2. Let (V,pV, K) be a complete DVR of unramified mized char-
acteristic p > 0, and let S = V][xy...,2,]]. Let N C Eg(K) be a proper D(S,V)-
submodule. Then N = Annpgg(r) p’S for some ¢ € N.

Proof. Let v € N be such that v € Anngg k) p’S but v & Anngg k) p~1S. We claim
that D(S,V)-v = Anngg k) p’S by induction on £. If ¢ =1, Anngg iy pS = Egps(K),
a simple D(S, K)-module, and the claim holds. Now, we suppose the claim true for
¢ — 1. Since Annpy) p'S/ Anngy k) p*'S = Eg)ps(K), there exists an operator
0 € D(S,V) such that 9v = 1/p‘ay-- -z, + w for an element w € Anng,x) p'~'S.
Then pov € Anngg(x) pi S\ Annggr) p“~2S. Thus, there exists an operator § such
that pddv = w by the induction hypothesis, so 1/p‘x; - - -z, = (0 — pdd)v. Therefore,

Anngg k) pt=D(S,V)-1/ptxy -2, CD(S,V)-v C Anngg k) p’, proving our claim.
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Since N # Eg¢(K), ¢ = inf{j € N | 1/p’z;---x, € N} is a natural number.
Hence, N = D(S,V) - 1/p‘z; -+ -z, = Annpy ) p'S. ]

Lemma XI1.2.3. Let (V,pV, K) be a complete DVR of unramified mized characteristic
h

p>0,andlet S =V|xy...,x,]|. Let M C P Es(K) be a D(S,V)-submodule. Then
i=1

M 5 M is surjective if and only if M is an injective S-module.

Proof. Suppose that M is an injective S-module. Since Eg(K) 5 Eg(K) is surjective
and M = @ Eg(K), M 5 M is also surjective.
]

Now assume that M B M is surjective. We will show that M is injective by
contradiction. Suppose that M # Eg(M). As M is a D(S,V)-module supported
only at the maximal ideal, inj. dim(M) < 1 (see Theorem I'V.4.3 and | : D).
Let 0 > M — F, 2 E5 — 0 be a minimal injective resolution of M; in particular,
Ey # 0. Let pu; = Exty(K,M). Now, py is finite and less than or equal to h.
Let (—)* = Homg(—, Es(K)) be the Matlis duality functor. From the short exact
sequence 0 — E3 % 5m 5 M - 0, we obtain that Ej is a free module of finite

rank less than or equal to puq, so, Fy = é Es(K). By Lemma XI1.2.1, ¢ is given by
a 1 X po-matrix with entries in V. Thltjsi @* 1 S** — SM can be represented as a
matrix by the transpose of a matrix that represents ¢. We may consider ¢* as a map
of free V-modules, ¢* : V#2 — V# . By the structure theorem for finitely-generated
modules over a principal ideal domain, there are isomorphisms ¢, : V¥ — V# and
w9 @ VH2 — VH2 such that ¢1¢*ps is a matrix whose entries are zero off the diagonal.
That is, we have the following commutative diagram.

V#H2 il e

.
Ve P19" P2 v

Let ay,...a,, €V be the elements on the diagonal of ¢1¢*p,, and let v: V' — N
be the valuation. Since Eg(M) = E; — E, is surjective, none of a4, ...,a,, is zero.
Since Fy # 0 and the injective resolution 0 — M — Fj 2 FEy — 0 is minimal,
none of ay,...,a,, are units in V. Then ay,...,a,, € pV \ {0}. We extend ¢; as a

isomorphism of S-modules, ¢; : S#* — S*i. Then ¢! : E; — Fj; is an isomorphism of
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D(S,V)-modules. We obtain the following commutative diagram.

¢

0 M B, E, 0
wIT w*{] j%ﬂ;
0— Ker(pidp}) —= By — 2 o By 0

11— 2 H2
Therefore, M = Ker(psdp;) = @ Es(K)+ @D Anng, ) p*'*)S, a contradiction as
i=1 i=1

p1—p2 H1—p2

2 o
@ ES(K) —+ @ AnIlES(K) pU(CLi)S ;p> @ ES(K) + @ AHHES(K) pv(ai)S
= =1 i=1 i=1

is not surjective. O

Lemma X1.2.4. Let (V,pV, K) be a complete DVR of unramified mized characteristic
p>0,andlet S =Vl]xy...,2,]|. Let m denote the maximal ideal of S, and let I C S
be an ideal such that dim(S/I) = 1. Then H? H?(S) =0 and H! H}(S) = Er(K).

Proof. Let f € m be an element not in any minimal prime of I, so /T + fS = m. We
have the short exact sequence 0 — H}(S) — Hp(Sy) — H}Z‘:}S(S) = Fg(K) — 0.
Since f € m and H}(Sy) = H}(S) s, HYLH7(Sy) = 0, which implies that H), H(S) =
0. Moreover, H H(S) = Es(K). O

Lemma XI1.2.5. Let (V,pV, K) be a complete DVR of unramified mized characteristic
p>0,andlet S=Vzy...,x,]]. Let I C S be an ideal of pure dimension 2. Then

H}(S) is an injective S-module supported only at the mazimal ideal.

Proof. Let R denote S/pS. The short exact sequence 0 — S 5 S — R — 0
induces the long exact sequence --- — HP(S) 5 H}S) — HP(R) — 0, where
H?(R) = 0 by the Hartshorne-Lichtenbaum Vanishing Theorem, as /T + pS # m.
Thus, HP(S) 5 H}(S) is surjective. Now, His,(Sp) = 0 for every prime ideal P
not containing I. If I € P and P # m, then dim(S/P) = 1 and Hj, (Rp) = 0
by the Hartshorne-Lichtenbaum Vanishing Theorem because I has pure dimension
2 and \/ISp # PSp. Therefore, H?(R) is a D(S,V)-module supported only at the
maximal ideal. Since dimy Ext%(K, H}(S)) is finite, H}(S) is injective by Lemma
XI1.2.3. O

Lemma XI1.2.6. Let (V,pV, K) be a complete DVR of unramified mized characteristic
p>0, andlet S = Vxy...,x,]|. Let m denote the mazimal ideal of S, and let [ C S
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be an ideal of pure dimension two. Then HO H}'(S) = H! Hy~'(S) = 0. Moreover,
HP(S) = Eg(K)®? for some a € N, and H2 Hy~1(S) = Eg(K)®*+!. In particular,

H2 HY1(S) is an injective S-module.

Proof. Let f € m be an element not in any minimal prime of /. Then /I + fS # m.
Applying the Hartshorne-Lichtenbaum Vanishing Theorem, since H}'(S) is supported

at m by Lemma X1.2.5, we obtain the exact sequence
0— H}7'(S) — H} '(Sy) = H} 5(S) — H}(S) — 0.
Splitting the sequence into two short exact sequences, we obtain
0— H}7'(S) = H} '(Sf) = M =0, and 0— M — H}, ;4(S) — H}(S) — 0.

These induce the following long exact sequences:

0 — Hy, (H}H(S)) — Hp, (H] ™ (Sy)) — H, (M)
— H, (Hy~(S)) = Hy, (Hy 7 (Sy) = Hy, (M)
— H3 (H7H(S)) — Hy, (H;~(Sy)) — Hy (M) — 0,

and

0 — Hy, (M) — Hy (HY ps(S)) — Hy (H7 ()
— H, (M) = H,, (H7, 15(S)) — Hpy, (H}(5))
— Hy (M) = HE (H 5(S)) = Hy (HF(S)) — 0.

Since all HI H}'(Sf) = 0, we know that HO H;~'(S) = H2(M) = 0. Since
dim(S/(I + fS)) = 1, H)H}, ;5(S) = H2H}, ;4(S) = 0 by Lemma XI1.2.4, which
implies both that H% (M) = H} H}'(S) = 0 and that H. (M) = H2H;"'(S). In
addition, H! H?(S) = H2 H(S) = 0 by Lemma XI.2.5. Thus, we have a short exact
sequence

0 — Hy H}(S) = HLH}~'(S) = H) H}, ;5(S) — 0.

By Lemma XI.2.5, H7(S) is an injective S-module supported only at m, and its
Bass numbers are finite by Theorem [V.3.1 and | , ], so HY H(S) =
H}(S) = ER(K)®“ for some v € N. Moreover, by Lemma X1.2.4, H} H}, ;4(S) =
Es(K).

Thus, we have the short exact sequence 0 — Eg(K)®® — H2H!(9)
Es(K) — 0, which splits, so that H2 H}'"'(S) & Eg(K)®a+!,

0O 4
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Corollary XI.2.7. Let (V,pV, K) be a complete DVR of unramified mized charac-
teristic p > 0, and let S = V[[xy...,x,]]. Let I be an ideal of S of pure dimension
two. Then HéH}(SQ) is injective for every prime ideal Q of S.

Proof. This follows from Lemmas XI.2.4 and XI1.2.6. O

Lemma X1.2.8. Let (V,pV, K) be a complete DVR of unramified mized characteristic
p >0, and let S = V][xy...,2,]]. Let I be an ideal of S such that dim(S/I) = 2,
and let m denote its maximal ideal. Then HS H}*(S) = HLHy (S) = 0 and

H2 HY1(S) is an injective S-module.

Proof. Take J; and Js, ideals of pure dimensions 1 and 2, respectively, such that I =
Ji1 N J,. By the Mayer-Vietoris sequence of local cohomology, H}~'(S) = H(S).
Thus, for all j, HI Hy~(S) = Hi H'~'(S), and the result follows by Lemma X1.2.6.

O

Proposition XI1.2.9. Let (V,pV, K) be a complete DVR of unramified mized charac-
teristicp > 0, S = Vl[x1...,x,]], and m the mazimal ideal of S. For an ideal I C S
with dim(S/I) = d, HS Hy~Y(S) ds an injective S-module and HI Hy~4(S) = 0
forj >d.

Proof. We proceed by induction on d. If d = 0,1, or 2, we have the result by Lem-
mas X[.2.4 and XI1.2.8. Suppose that d > 3 and the statement holds for d — 1. If
Assg H'™%(S) # {m}, we pick an element r € m that is neither in any minimal prime
of I, nor of H7~%(S), which is possible because Assg Hy~%(S) is finite (see Theorem
[V.3.1 and | : ]). On the other hand, Assg H;"%*(S) = {m}, we pick
an element 7 € m not in any minimal prime of I. We have that H%(H}~4(S) =
HIPHA32(S) and HI, HY =" (S) = HITHY%(S) = 0 for j > d as in the proof
of | , Proposition 2.1] because the conclusions of in | , Lemmas 2.3 and 2.4]

hold in our case. Hence, the result follows by the induction hypothesis. O

Theorem XI.2.10. Let (S, m, K) be either a regular local ring of unramified mized
characteristic, or a regular local Ting containing a field. Let n = dim(S), and let I be
an ideal of S such that dim(S/I) = d. Then inj.dim H}~%(S) = d.

Proof. We need to prove that Ext’(Rq/QRqg, H}RQ(RQ)) = 0 for every prime ideal
Q of R, all i € N, and all j > d. We may assume that @) is m because if Q T m,
then dim Rq/IRq < d and inj. dimp, Hip (Rq) < dimg, Hip, (Rq) < d by | :
Theorem 5.1].
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We proceed by induction on n. If n = 0, S is a field and the result follows. Assume
that the statement holds for all such S of dimension less than n.

Since the theorem is already true for regular local rings that contain a field (cf.
[ , , 1), we will focus on the case where S is an unramified regular
local ring of unramified mixed characteristic.

Let B* = (E* — E? — ...) be a minimal injective resolution for H}~**'(S). By
[ , Theorem 5.1], EY = 0 for j > d + 1. For every prime ideal Q C S, Sg is
either an unramified regular local ring of mixed characteristic or a regular local ring
containing a field. Moreover, dim(Sg/ISg) < d — 1 for every prime ideal @) C m.
Thus, (E%)g = (E%1)g = 0 by the inductive hypothesis. Hence, E4 and E*™! are
supported only at m.

Let M = Im(E4! — EY) = Ker(E? — E41). It suffices prove that M is an
injective S-module. The modules H7 H?~%(S) can be computed from the complex
HY(E*) = (HY(E") — HY(E?) — HY (E3) — ...). Let

BY =Im (HY(E/) — HO(EY)) and 27 = Ker (HO,(E7) — HO,(E/HY).

Note that Z% = M since E; and E4,; are supported only at m. Since inj.dim Z7 < 1
and inj. dim H7 H7~%(S) < 1 by the proof of | , Theorem 5.1] or by Theorem
[V.4.3, as in the proof of | , Theorem 5.1], we obtain that B7 is injective from

the following short exact sequences:
0— 2/ - HY(F) — B’ -0, and 0 — B! — Z7 — HJ (H}%(S)) — 0.

Since HY H?~%(S) injective by Proposition X1.2.9, we know that Z¢ = M is injective
due to the short exact sequence 0 — B! — Z¢ — HIJ H?%(S) — 0. Therefore,
E4i1 =0, so inj. dim H}~4(S) = d. O

Definition XI.2.11 (Highest Lyubeznik number in mixed characteristic). For a lo-
cal ring of dimension d, (R, m, K), such that char(K) = p > 0, the highest Lyubeznik

number of R in mized characteristic is Xd,d(R).

Note that the nomenclature “highest” is justified by Theorem XI.2.10. Moreover, we

may also justify the following definition:

Definition XI.2.12 (Lyubeznik table in mixed characteristic). For (R, m, K) a local
ring such that char(K) = p > 0 and d = dim(R), the Lyubeznik table of R in mized
characteristic is the (d + 1) x (d + 1) matrix A(R), where K(R)w = X”(R) for
0<ij<d
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Remark XI.2.13. Recall that for a local ring R of dimension d containing a field,
the Lyubeznik table of R is defined as the (d + 1) x (d + 1) matrix A(R) such that
A(R);; = \ij(R) for 0 < i,j < R. This matrix contains all nonzero Lyubeznik
numbers, and is also upper triangular, since A; j(R) = 0 if either ¢ > j or j > d
[ , Properties 4.4i, 4.4ii].

On the other hand, Proposition XI.1.11 and Theorem XI[.2.10 imply that the
Lyubeznik table in mixed characteristic contain all nonzero Lyubeznik numbers in
mixed characteristic. However, Proposition XI.1.11 only implies that the Lyubeznik

table in mixed characteristic is nonzero below the subdiagonal.

XI.3 Examples where the Lyubeznik numbers in equal char-
acteristic and the Lyubeznik numbers in mixed charac-

teristic are equal

Lemma XI1.3.1. Let (V,pV, K) be a complete DVR of unramified mized characteristic
p>0,andlet S = V[xy...,1,]]. Let M be an S-module such that dimg Ext (K, M)
is finite for all i € N. Suppose that M 5 M is surjective. Then for alli € N,

dimg Exty (K, M) = dimg Extis/pS(K, Anny, pS).

Proof. Let R = S/pS and N = Anny(pS). The short exact sequence 0 — N —
M 5 M — 0 induces the long exact sequence

0 — Ext%(K, N) — Ext%(K, M) 5 Ext%(K, M) — Exts(K,N) — --- .
Since multiplication by p is zero on Ext% (K, M), we have short exact sequences
0 — Extl (K, M) — Exty(K, N) — Exty(K, M) — 0.

for all i € N, so that dimg Ext (K, N) = dimg Ext (K, M)+dimg Ext (K, M). We
can compute Exts(K, N) using the Koszul complex, K, with respect to the sequence
P, 21,...,T, inS. On the other hand, we can compute Extﬁ{(K, N) using the Koszul
complex, KC, with respect to the sequence i, ..., T,, in R. Now, K(N) is the direct

sum of IC(N) and an indexing shift of the same complex by one. This means that

dimg Extl (K, N) = dimg Ext ' (K, N) + dimg Ext%(K, N), so
dimg Ext ' (K, M) + dimg Exty (K, M) = dim Extly (K, N) + dimg Ext’i (K, N).
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Since dimg Extg' (K, M) = dimy Ext;' (K, N) = 0, we have that dimy Ext%(K, M) =
dimg Ext%(K, N) as well. Inductively, dimy Extl (K, M) = dimg Ext’ (K, N) for all
1> 0. [l

Corollary XI1.3.2. Let (V,pV, K) be a complete DVR of unramified mized charac-
teristic p > 0, and let S = V|[zy...,x,]]. Let I be an ideal of S such that S/I is a
Cohen-Macaulay ring of characteristic p. Then for alli,j € N,

dimy Exty,s(K, Hjg) o(S/pS)) = dimg Exty(K, H 77 (9)).

Proof. Let R = S/pS. The short exact sequence 0 — S 2 'S - R — 0 induces
the short exact sequence 0 — HP YR) — Hy*(S) B Hp~4*(S) — 0 since

H(R) = 0 by | , Proposition 4.1]. Since H'~%(S) = 0 Hi(S) 5 Hi(S) is
injective for i # n —d + 1, and Hy~%(S) = 0. The result then follows from Lemma
XI.3.1. [

Proposition XI1.3.3. Let (V,pV, K) be a complete DVR of unramified mized char-
acteristicp > 0, and let S = V[[z1...,x,]]. Let I be an ideal of S containing p, such
that dim(S/I) < 2. Then

dimg Ext§,s(K, Hjg/ o(S/pS)) = dimg ExtG (K, H7H7(S)).

Proof. Let R = S/pS. Consider the following cases.

If dim(S/I) = 0, H}tY(S) = Es(K) and H}P(S) = Eg(K). In this case, we have
that dimg Extds/ps(K, H?ST/‘;S(S/pS)) = dimg Ext$ (K, HP™74(9)) = 1.

If dim(S/I) = 1, the short exact sequence 0 — S % S — R — 0 induces a
long exact sequence 0 — HI' '(R) — H}S) 5 HP(S) — 0 by the Hartshorne-
Lichtenbaum vanishing theorem. The proposition then follows from Lemma X1.3.1.

Suppose that dim(S/I) = 2. First assume that I has pure dimension 2. Let «
be the number of connected components of Spec(A) \ {m}, where A = ]5/\[ " is the
strict Henselization of R/I. In fact, a = dimg Exth(K, H}"%(S/pS)) (cf. | :
Proposition 2.2]).

We prove the statement by induction on «. If o = 1, the short exact sequence
0-SB5S-R—0
induces the short exact sequence
0— H' 2(R) — HY(S) 2 HY1(S) — 0,
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since HP"'(R) = 0 by | , Theorem 2.9]. The proposition then follows from
Lemma XI.3.1. If a > 1, we pick ideals J,...,J, such that [ = J; N ...N J,, and

-~

each Jy defines a connected component of Spec(A)\ {m}. Let J denote J1N...NJ,_1.

Using the Mayer-Vietoris sequence, we obtain an isomorphism H}~'(S)® H}'(S)
H}7(S) because v/J + J, = m. Then

dimy Extg (K, H}~(S)) = dimg Ext$ (K, H}7'(S)) + dimg ExtZ (K, H}'(S)) = a.

By Lemma XI1.2.6, [ , Lemma 1.4] and | , Proposition 2.2], the other num-
bers are determined by a.

For the general case such that dim(S/I) = 2, let Py, ..., P, be the minimal primes
of dimension one of I, and let ()1, ..., Qs be the minimal primes of dimension two of
I.Let J;=P,N...0P and J, = Q,N...NQ,. We claim that Ext’ (K, Hy~'(S)) =
Exté(K, H?;l(S)). Let fi,..., fo € Jo\I such that I+(fi,..., f¢)S = Jo. We proceed
by induction on /; first assume that ¢ = 1. Since H;~(S) = H}'(S), H} ' (Sy,) = 0.

The long exact sequence
0= Hj 1 5(S) = Hy7'(S) = HP 7 (Sp,) = HY, 1,6(S) = H7(S) = H}(Sp,) =0,

then indicates both that H}L;}IS(S) =~ H}7'(S), and that 0 — H}, , 4(S) — HP(S) —
Hp(S;) — 0 is exact. Hence, Extl(K, H'7'(S)) = Ext(K, H}:;ls(S)). Moreover,
I+ 1S C Jy is an ideal of dimension 2, whose minimal primes of dimension 2 are
Py, ..., P.. If we assume that the claim is true for ¢, the proof for ¢ 4+ 1 is analogous

to the previous part. O

Corollary XI1.3.4. Let (R,m, K) be a local ring of characteristic p > 0. If R is a
Cohen-Macaulay ring or if dim R < 2, then fori,j € N, X”(R) = \ij(R).

Proof. Since dimension, Cohen-Macaulayness, and both Lyubeznik numbers are pre-
served after completion, we can assume that R is complete. Then the result follows

from Corollary X1.3.2 and Proposition X1.3.3. O]
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XI.4 An example for which the equal-characteristic and the

Lyubeznik numbers in mixed characteristic differ

Remark XI.4.1. A certain minimal triangulation of the real projective plane P%

defines the Stanley-Reisner ideal of K|z, ..., z4] generated by the ten monomials
L1T2x3, L1T2T4, T1X3Ls5; T1T4xe, L1Ts5T6, L2X3L6, L2X4xs, T2ls5le, L3Lals, T3L4L6-

The projective variety defined by this ideal is called Reisner’s variety | , Remark
3.

Throughout this section, we will often refer to the following ring and ideal.

Notation XI.4.2. Let R = Zy)[z1,...,2¢]. Moreover, let I denote the ideal of R

generated by 2 and the ten monomial generators from Remark XI1.4.1.

Remark X1.4.3. It is easily checked that for I C R as in Notation X1.4.2, depth,;(R) =
4. With p = 2, this means that the short exact sequence 0 - R - R, — R,/R — 0

induces the long exact sequence
(X1.4.3.1) 0 — H}(R,/R) — H7(R) — H7(R,) — H}(R,/R) — -+ .

Since p=2 € I, Hi(R,) =0 for all i € N, so H{(R,/R) = H;"(R).

Remark XI.4.4. Given a polynomial ring A over Z, an ideal a of A, and a prime
p € Z, the short exact sequence 0 — A/pA B A/p?A — A/pA — 0 induces
the Bockstein homomorphisms 0; : HI(A/pA)—HIT'(A/pA) for each j € N, the
connecting homomorphisms in the long exact sequence for local cohomology. For
a C Zxy, ..., e generated by the ten monomials given in Remark XI.4.1, Singh and
Walter showed that the Bockstein homomorphism 05 is nonzero if and only if p = 2
[ , Example 5.10].

Proposition X1.4.5. For I C R from Notation X1.J.2 and p = 2, the map
H}(R,/R) = H}(R,/R)

15 not surjective.

Proof. Since depth;(R) = 4 and Hi{(R,/R) = H;"'(R), H{(R,/R) = 0 for i < 3 by

the long exact sequence in local cohomology (see Remark X1.4.3). For every ¢ € N,
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L
the exact sequence 0 — R/p‘R — R,/R % R,/R — 0 induces a long exact sequence

(XL4.5.1) 0 HYR/P'R) — HY(R,/R) % H}(R,/R) — HR/p'R) — --- .

In particular, H}(R/p‘R) = Anngs(r,/r) (p*R).
As the direct limit functor is exact, the limit of the direct system of short exact

sequences

0— R/pR —2~ R/p*R—— R/pR——0

i )| )|

0—— R/pR—"~ R/p*R —= R/p*R ——0

| ’| )|

0—— R/pR—"~ R/p*R——~ R/p*R ——0

} | }

is the short exact sequence 0 — R/pR — R,/R = R,/R — 0. Moreover, H}(R,/R) =

lim H J(R/p'R). We obtain the following isomorphism of sequences.
¢

0 — H}(R/pR) —2— H}(R/p*R) —— H}(R/pR) Z— ...

- - -

0 — Anny g,/ PR —= Ay, ) PR == Ann s, /g pPR— -

By Remark X1.4.4, 03 is nonzero, so that 7 is not surjective, so the map
AnnH?(Rp/R) sz —p> AnnH?(Rp/R) pR

is not either, and multiplication by p on H}(R,/R) is not either. ]

Remark XI1.4.6. Let A = Fay1,...,ys], and let J = (y1y2, Y2Us, Y3Ya, YaUs, Ysy1 )-
Then J = (ya,y3,y5) N (Y1, Y3, Ya) N (Y1, Y2, ya) N (Y1, Y3,Y5) O (Y2, Y4, Ys), and A/ J is
a graded Cohen-Macaulay ring of dimension 2, where the classes of y; + y2 + y3 and
Y1 + Y4 + ys form a homogeneous system of parameters. Then H%(A) # 0 if and only
if i =3[ , Proposition 4.1]. (See | , Proposition 3.1] for an analog in

characteristic zero.)
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Lemma X1.4.7. For I C R from Notation XI1./.2, H} (R/2R) is supported only at
the mazimal ideal (2,1, ..., %g).

Proof. Let R = R/2R = Fy[x1,...,76). As IR is a square-free monomial ideal, by
[ , Proposition 2.5] and | , Proposition 2.7], every prime in Assg Hf(R) is
of the form (2,;,,...,2;,)R for some {iy,...i;} C {1,...,6}. Thus, it suffices to
show that each H}(R),, = 0.

First consider H}(R),,; the other cases are analogous. For A := Fylxy, ..., x5
and J := (129, Tox3, 374, 475, v571) C A, H}(A) = 0 by Remark X1.4.6. Since
Alxgles = Rag is a flat extension, H3(R),, = H4(A) ®4 Ry = 0. As JR,, = IRy,
H}(R)4 = H3(R) 4 = 0. O

Corollary XI1.4.8. Take I C R from Notation XI1.J.2, and let S = Em, where m 1s
the maximal ideal (2,21, ...,x¢) of R. Then for p =2,

Coker ((H}(S,/8) 5 H}(S,/9)) = H}(S/pS) = Es)ps(Fy).

Proof. Note that S = 2(2)[[x1, oo xgl] 2(2) the 2-adic integers, and that S/pS =
Fo[[z1, ..., x6]]. By Lemma XI1.4.7, H}(S/pS) is supported only at m, so H}(S/pS) =
H? H}(S/pS), and thus is injective by | , Corollary 3.6]; as its Bass numbers are
finite [ |, H}(S/pS) = Eg/ps(F2)®* for some a € N. By the calculation in | :
Example 4.8] (see Remark X1.4.11), dimp, Homg, (Fa, H7(S)) = X2(S/pS) = 1, so
that o = 1 and H}(S/pS) = Ega5(F2).
Now, for p = 2, Coker (H?(SP/S) X H}S(Sp/S)> injects into H}(S/pS) = Esyps(F2)

by the long exact sequence (induced by 0 — S/pS — S,/S 5 S,/S — 0)

0 — H}(S/pS) — H3}(S,/S) B H3(S,/S) — H(S/pS) — ....

Thefore, this cokernel is a D(S/pS,Fs)-submodule of Eg/,g(Fy), itself is a simple
D(S/pS,Fy)-module. Since it is nonzero by Proposition XI1.4.5, we are done. ]

Corollary X1.4.9. There exists a reqular local ring S of unramified mixed charac-

teristic p = 2, and an ideal I of S containing p, so that the map
Hj(S) = Hi(S)

18 not surjective.

Proof. Again, take I C R from Notation XI[.4.2, and let S = ﬁm, where m =
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(2,21, ...,26)R. Then by Corollary XI1.4.8, Coker <H}l(5’) A H}*(S)) = Fgps(Fa) #
0. O

Proposition XI1.4.10. Take I C R from Notation X1.J.2, and let S = ]:?m, where
m=(2,x1,...,26). Then F):M(S/[S) =1 ifi=j =3, and vanishes otherwise.

Proof. For brevity, let I denote IS, and let p = 2. In | , Theorem 1, Example
1], it is shown that H7(S/pS) = 0 (relying on the fact that char(S/pS) = 2). By
Corollary X1.4.8 and Remark X1.4.3, the short exact sequence 0 5 S — S — S/pS —

0 then gives rise to the long exact sequence
oo HNS) B HYS) — HX(S/pS) > H(S) B HI(S) » 0 — HYS) B ...

Thus, multiplication by p on H?(S) and H?(S) are injective maps, which implies that
H?(S) = HY(S) = 0 since p € I. Moreover, Hi(S) = 0 for i > 6 as well, so by again
noting Corollary XI1.4.8, H4(S) # 0 if and only if i = 4.

This means that the spectral sequence EY? = HP HI(S) — HEM(S) = ERf
converges at the second stage. Thus, H3 H}(S) = H/ (S) = Eg(]Fz), and all other
HP H1(S) vanish. Since all H? H}(S) are injective S-modules, [ , Lemma 1.4]
indicates that the Bass number dimg, Ext%(IFo, H(S)) = dimp, Homp, (F2, H? H{(.S))
for all p,q € N. Since dim(R) = 7, we have that

Xij(R) = dimg Homg(Fy, H) HI7(S)) = 1

if © = j = 3, and vanishes otherwise. O]

Remark XI.4.11. Using work of Alvarez Montaner and Vahidi, and of Singh and
Walther, we finally may conclude that that the Lyubeznik numbers in mixed charac-
teristic do not always agree the original Lyubeznik numbers. Take I C R as defined
in Notation XI1.4.2. Let S} = Fy|[x1,. .., z¢]], and Sy = 2(2)[[:1:1, o Te)]

0010 0000

0000 ~ 0000
A(S1/15,) = A(S2/1S5) =
CVIEVE DR (/19 =1 o o

0001 0001

This indicates that if A is the completion of the Stanley Reisner ring of the ideal in
Remark X141 with K = Fy, then Aga(A) = Ay3(A) = 1, while Xga(A) = Ay 3(A) = 0.

In particular, this gives a negative answer to Question X1.1.10.
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We note that the computation in Remark XI.4.11 is related to work in |

Theorem X1.4.12. There ezists a regular local ring (S, m, K) of unramified mized

characteristic p = 2, and an ideal I of S, such that for some i,j € N,

dimg Exty(K, Hi(S5)) # dimg Ext}, o(K, Hjg] o(S/pS)).

Proof. Take I C R from Notation XI.4.2, and let S = }A%m, where m = (2, xy,...,xg).
Then dimg Exty(K, H(S)) = 0 # 1 = dimg Extg),o(K, Hfg,,5(S/pS)) by Proposi-
tion X1.4.10. ]
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