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Web Appendix A

Here we give the proofs of the main results. For notational simplicity, we take K; = K,

and let C' denote a generic constant that might assume different values at different places.

Proof of Theorem 1.
Let ag = (af,,...,af,)” be a pK dimensional vector that satisfies [Jag; — ag;Bllc =
O(K=4),1 < j < s (such approximation rates are possible due to our smoothness

assumption (C2) and well-know approximation properties of B-splines) and ag; = 0,5 > s.
Let r, = D(\/K/n+K‘d+)\1 + o) for some constant D > 0 and u € RPX with ||u|| = 1.
We have

,C(a(] + rnu) — ,C(a()) = Q(a(] + rnu) — Q(a(])

—n > o (2o + rwgll) + 03 pay (llao )

J J
—n Y pr([lagy + rauglle) + 1 pa, (Jlags|le)
7 7

N

Q(ag + ryu) — Q(ap)
+Cn(M\ + Az)zrn||uj||>
J

= Q(ap +ru) — Q(ag) + Cpn(A + A2)rn, (A1)

where in the inequality above we used [px(|s|) — pa(|t])] < Als —t].



Using (5.3) and Lemma A.6 in Huang (1999), we have

Q(ag + rpyu) — Qag) < n?ry(VK + \/log(1/ry,)) + EQ(ag + ryu) — EQ(ag)

< 0P (VE +/log(1/ry)) — Cnr? + Oy (K +nK~27).

Thus (A.1) is smaller than zero if D (in the definition of r,,) is chosen to be large enough.
This shows the existence of a local maximizer a with ||a — ag|| = O,(r,) = Op(\/m +
K=+ ).

The above convergence rate can be further improved to ||a — ag||? = O,(K/n + 1/K?%)
as follows. First note that since the model is fixed as n — oo, we can find a constant
C > 0 such that |lag;|| > C when j < s and ||agj||. > C when j < p;. Since ||a —
ao||> = 0,(1) by the convergence rates proved above and that A;,\s = o(1), we have
P (pa,(laosll) = pa (1811)) — 1if j < s. Similarly P (px,([lagslle) = pa, (18;]lc)) — 1 if

7 < p1. These facts imply that

p p
n > o (185]) — 2 pa (lagsl) = 0,
=i =1

and

p p
n Yo (llaglle) —n D pa (laglle) >0,
j=1 j=1
with probability tending to 1. Removing the regularizing terms in (A.1) and using the
same reasoning as before, the rates are improved to ||a — ag||> = O,(K/n + 1/K?*).
The rates of convergence for ||a; — ag;||* immediately imply the rates for ||a;(w) —

ao;(w)||? by the property (de Boor, 2001); that is,

C1llaj B, — af;B,|* < [|a; — ag;||* < Caolla] B; — aj;B,]|?



for some constants C7, Cy > 0.

Proof of Theorem 2.

We only show part (b) concerning constansistency as an illustration since proof for part
(a) is similar. Suppose for some p; < j < s, ﬁ?B does not represent a constant. Define a*
to be same as a except that a; is replaced by its projection onto the subspace M, that is

a; = a;1x, where a; = (3, 8;x)/K. Noting that [|a}[|. = 0, we have

= Q(a) — Q(@") —npx, (1a;1]) + npa, (185]1) — npa, (ll351][c)-

As in the proof of Theorem 1, we have P (p,\1(||§j||) > p,\1(||§;||)) — 1, and thus
0 < Q(a)— Q@) — npa,(llajlle)-
Similar to the proof of Theorem 1, we have the bound
1Q(3) — Q@")| = O,(VnK +nK%)|a—a"|| = O,(VaK + nK~%)||a. (A.2)

On the other hand, since ||4;||. = ||&; — ag;||c = O, ((K/n)Y2 + K=4) = 0()\y), we have

a. (1125l]c) = A2l|ajl|c, with probability tending to 1, (A.3)
by the property of the SCAD penalty function. Noting that [|a—a*|| = [|a; —a}|| = [|a;]].

and combining (A.2) and (A.3), we have a contradiction if ||a;||. > 0.

Proof of Theorem 3.

Given that the correct structure is selected (this happens with probability tending to one

by Theorem 2), maximization of the penalization function is same as the maximization of



the partial likelihood based on the correct structure. The asymptotic normality immedi-
ately follows from Huang (1999) since as we noted when using splines varying-coefficient

models is almost identical to additive models in asymptotic theory.
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Web Appendix B

Here we present more simulation results.
Example 1. This example is the same as the example presented in the main text except
for that we set n = 600. The results are reported in Tables B.1-B.4 and Figure B.1. Figure

B.2 plots some estimates of the coefficients for both n = 300 and n = 600.
[Table 1 about here.]
[Table 2 about here.]
[Table 3 about here.]
[Table 4 about here.]
[Figure 1 about here.|
[Figure 2 about here.|

Example 2. In this example, we generate data from a model with three varying



coefficients with ag(w) = 10w(1l — w), ape(w) = 2sin(27w), aps(w) = 2sin(2rw)/(2 —
sin(27w)). We still have three constant coefficients (g3, s, vo5) = (2,1, —2) and p = 8.
In this example, we only use v = 0.04 which results in roughly 20% censored observations.
Other aspects of data generation are the same as before. Tables B.5 and B.6 show the
variable selection results and the MSE for n = 300 respectively. Tables B.7 and B.8 are for
n = 600. Figure B.3 shows the prediction errors. Coefficients estimates for some generated

datasets are shown in Figure B.4.
[Table 5 about here.]
[Table 6 about here.]
[Table 7 about here.]
[Table 8 about here.|
[Figure 3 about here.|
[Figure 4 about here.|

Example 3. (Higher dimension) In this example, we use the setup of Example 2 with
v = 0.04 and p = 0.1. Different from the previous example, we increase the dimension
of the full model to p = 20 (with 3 varying coefficients and 3 constant coefficients). The
results are shown in Tables B.9 and B.10, and Figure B.5. The results are still reasonably

good although the computation is much slower than p = 8.
[Table 9 about here.|

[Table 10 about here.]



[Figure 5 about here.|

Example 4. (Effects of knots) In this example, we use the same setup as in Examples 2
and 3, with v = 0.04, p = 0.1, n = 300 and p = 8, 20. We consider different choice of K to
study the effect of K on estimation. In particular, we consider K = 4,5,6,7,8 (note K = 4
is the smallest possible number of basis functions when cubic spline is used). The results
are shown in Tables B.11, B.12 and Figure B.6 (here we only show the doubly penalized
estimator, not estimator with a single penalty). To facilitate comparison, in the figure we
restrict the y-range to [0,0.05] in all panels. From Figure B.6, we see that the results are
similar for K = 4,5, 6,7 but much worse for K = 8, which is due to overfitting. Although
not shown here, we also consider n = 600. For this larger sample size, all results are
similar for K from 4 to 8. We did not try larger K due to computational time constraint,
although one naturally believes if K is too large overfitting will occur and the performance

will become worse.
[Table 11 about here.|
[Table 12 about here.|

[Figure 6 about here.|
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Figure B.1. For Example 1. Summarizing prediction errors for the simulation example
with n = 600. Left column: v = 0.04 (20% censoring); Right column: v = 0.15 (50%
censoring).
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Figure B.2. Plots showing randomly picked 20 estimates for the four nonzero coeffi-
cients in Example 1 with p = 0.1 and v = 0.04 (25% censoring). The first three rows show
the results of the oracle estimator, doubly penalized estimator with BIC, and doubly
penalized estimator with AIC respectively, for n = 300. The last three rows show the
results for n = 600. The red solid curves represent the true coefficient values.
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Figure B.3. For Example 2. Summarizing prediction errors for the simulation example.
Left column: n = 300; right column: n = 600.
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Figure B.4. For Example 2. Plots showing estimates for the six nonzero coefficients
in Example 2 with p = 0.1 and v = 0.04 (20% censoring), with 20 randomly generated
datasets. The first three rows show the results of the oracle estimator, doubly penalized
estimator with BIC, and doubly penalized estimator with AIC respectively, for n = 300.
The last three rows show the results for n = 600.
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For Example 3. Summarizing prediction errors for the simulation example.
Left panel: n = 300; right panel: n = 600.
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Figure B.6. For Example 4. Summarizing prediction errors for the simulation example
as K changes from 4 to 8. The first row corresponds to p = 8 and the second row
corresponds to p = 20.



For Example 1. Model selection results for SCAD estimators with either one penalty or two penalties, using AIC

Table B.1

and BIC for tuning parameter selection, with n = 600 and v = 0.04 (25% censoring).

n Method #nonpar  #correct nonpar #con #correct con
0.1 SCAD2P.BIC 1.12(0.38) 1(0) 3.03(0.51)  2.88(0.38)
SCAD2P.AIC 1.53(0.78) 1(0) 2.98(0.93)  2.56(0.70)
SCADIP.BIC 3.97(0.28) 3.94(0.24) N/A N/A
SCADIP.AIC 4.46(0.81) 4(0) N/A N/A
0.3 SCAD2P.BIC 1.16(0.42) 1(0) 3.02(0.55)  2.84(0.42)
SCAD2P.AIC 1.49(0.67) 1(0) 3(0.88) 2.58(0.60)
SCADIP.BIC 3.96(0.45) 3.87(0.32) N/A N/A
SCADIP.AIC 4.61(0.94) 4(0) N/A N/A
0.6 SCAD2P.BIC 1.20(0.45) 1(0) 3.02(0.65) 2.8(0.45)
SCAD2P.AIC 1.43(0.64) 1(0) 3(0.94) 2.6(0.63)
SCADIP.BIC 3.58(0.53) 3.56(0.50) N/A N/A
SCADIP.AIC 4.54(0.97) 3.95(0.24) N/A N/A
0.9 SCAD2P.BIC  1.4(0.60) 0.86(0.35) 2.29(1.39)  1.83(1.11)
SCAD2P.AIC  1.80(0.75) 0.98(0.14) 2.62(1.21)  1.97(0.91)
SCADIP.BIC  2(0.85) 1.98(0.82) N/A N/A
SCADIP.AIC  4.06(1.38) 3.23(0.79) N/A N/A




For Example 1. Model selection results for SCAD estimators with either one penalty or two penalties, using AIC

Table B.2

and BIC for tuning parameter selection, with n = 600 and v = 0.15 (50% censoring).

n Method #nonpar  #correct nonpar #con #correct con
0.1 SCAD2P.BIC 1.14(0.45) 1(0) 2.98(0.55)  2.83(0.46)
SCAD2P.AIC  1.41(0.75) 1(0) 2.94(0.91)  2.64(0.72)
SCADIP.BIC 3.95(0.49) 3.85(0.35) N/A N/A
SCADIP.AIC 4.72(1.07) 3.98(0.14) N/A N/A
0.3 SCAD2P.BIC 1.21(0.45) 1(0) 3.02(0.58)  2.83(0.43)
SCAD2P.AIC 1.57(0.81) 1(0) 2.88(1.06)  2.48(0.78)
SCADIP.BIC 3.76(0.59) 3.67(0.51) N/A N/A
SCADIP.AIC 4.70(1.04) 3.94(0.24) N/A N/A
0.6 SCAD2P.BIC 1.34(0.55) 1(0) 2.76(0.87)  2.56(0.73)
SCAD2P.AIC  1.60(0.80) 1(0) 2.81(1.18)  2.34(0.89)
SCADIP.BIC 3.40(0.72) 3.31(0.64) N/A N/A
SCADIP.AIC  4.67(1.08) 3.83(0.40) N/A N/A
0.9 SCAD2P.BIC 1.31(0.54) 0.72(0.45) 1.66(1.56)  1.23(1.15)
SCAD2P.AIC 1.83(0.82) 0.96(0.19) 2.17(1.40)  1.59(1.03)
SCADIP.BIC 1.68(0.71) 1.66(0.68) N/A N/A
SCADIP.AIC  3.82(1.76) 2.94(1.06) N/A N/A




Table B.3

For Exzample 1. MSE for five estimated coefficients, with n = 600 and v = 0.04 (25% censoring).

p Method o Qo o3 Qy Qs
0.1 ORACLE 0.066(0.052) 0.039(0.043) 0.028(0.037) 0.041(0.049) N/A
SCAD2P.BIC 0.135(0.108) 0.066(0.075) 0.044(0.063) 0.064(0.072) 0(0)
SCAD2P.AIC 0.108(0.072) 0.062(0.064) 0.046(0.065) 0.062(0.071) 0.002(0.011)
SCADIP.BIC 0.195(0.126) 0.229(0.173) 0.239(0.229) 0.282(0.226) 0(0)
SCADIP.AIC 0.173(0.089) 0.187(0.109) 0.175(0.107) 0.207(0.117) 0.011(0.040)
0.3 ORACLE 0.067(0.056) 0.044(0.051) 0.037(0.041) 0.046(0.053) N/A
SCAD2P.BIC 0.131(0.106) 0.074(0.086) 0.058(0.077) 0.070(0.078) 0(0)
SCAD2P.AIC 0.118(0.104) 0.070(0.075) 0.058(0.071) 0.073(0.074) 0.003(0.014)
SCADIP.BIC 0.228(0.143) 0.241(0.168) 0.307(0.285) 0.391(0.341) 0(0)
SCADIP.AIC 0.189(0.095) 0.224(0.129) 0.202(0.128) 0.233(0.131) 0.013(0.046)
0.6 ORACLE 0.081(0.069) 0.071(0.081) 0.063(0.068) 0.062(0.070) N/A
SCAD2P.BIC 0.165(0.173) 0.118(0.138) 0.118(0.160) 0.127(0.134) 0.009(0.032)
SCAD2P.AIC 0.148(0.146) 0.110(0.125) 0.108(0.142) 0.124(0.129) 0.011(0.030)
SCADIP.BIC 0.381(0.231) 0.393(0.241) 0.599(0.388) 0.940(0.720) 0(0)
SCADIP.AIC 0.256(0.145) 0.352(0.213) 0.347(0.248) 0.403(0.296) 0.021(0.062)
0.9 ORACLE 0.186(0.232) 0.274(0.320) 0.235(0.276) 0.177(0.214) N/A
SCAD2P.BIC 0.584(0.669) 0.676(0.853) 0.588(0.433) 1.240(1.514) 0.039(0.124)
SCAD2P.AIC 0.401(0.460) 0.442(0.487) 0.489(0.427) 0.707(0.885) 0.048(0.124)
SCADIP.BIC 1.233(0.695) 2.082(0.936) 0.959(0.148) 3.521(1.052) 0.001(0.002)
SCADIP.AIC 0.795(0.396) 1.247(0.889) 0.932(0.524) 1.820(1.172) 0.056(0.161)




Table B.4

For Exzample 1. MSE for five estimated coefficients, with n = 600 and v = 0.15 (50% censoring).

p Method o Qo o3 Qy Qs
0.1 ORACLE 0.113(0.085) 0.058(0.062) 0.051(0.081) 0.063(0.083) N/A
SCAD2P.BIC 0.181(0.142) 0.087(0.124) 0.090(0.168) 0.086(0.126) 0.006(0.031)
SCAD2P.AIC 0.163(0.131) 0.082(0.108) 0.078(0.134) 0.082(0.116) 0.009(0.035)
SCADIP.BIC 0.294(0.216) 0.334(0.275) 0.364(0.306) 0.414(0.339) 0(0)
SCADIP.AIC 0.264(0.156) 0.275(0.182) 0.261(0.189) 0.322(0.233) 0.047(0.126)
0.3 ORACLE 0.111(0.085)  0.068(0.075) 0.059(0.094) 0.063(0.077) N/A
SCAD2P.BIC 0.199(0.165) 0.094(0.125) 0.098(0.170) 0.095(0.115) 0.008(0.029)
SCAD2P.AIC 0.163(0.136) 0.101(0.123) 0.093(0.169) 0.101(0.133) 0.010(0.029)
SCADIP.BIC 0.385(0.312) 0.424(0.359) 0.491(0.366) 0.708(0.685) 0(0)
SCADIP.AIC 0.284(0.153) 0.339(0.215) 0.312(0.232) 0.377(0.258) 0.037(0.102)
0.6 ORACLE  0.128(0.112) 0.114(0.141) 0.115(0.166) 0.097(0.113) N/A
SCAD2P.BIC 0.248(0.244) 0.164(0.209) 0.209(0.316) 0.217(0.343) 0.010(0.035)
SCAD2P.AIC 0.222(0.220) 0.167(0.214) 0.191(0.293) 0.202(0.325) 0.014(0.037)
SCADIP.BIC 0.658(0.373) 0.719(0.559) 0.757(0.335) 1.430(1.075) 0.001(0.010)
SCADIP.AIC 0.415(0.247) 0.523(0.353) 0.510(0.311) 0.626(0.442) 0.057(0.118)
0.9 ORACLE 0.288(0.304) 0.483(0.582) 0.526(0.696) 0.337(0.412) N/A
SCAD2P.BIC 0.910(0.850) 1.113(1.230) 0.744(0.377) 2.283(1.737) 0.068(0.231)
SCAD2P.AIC 0.635(0.646) 0.779(0.870) 0.627(0.431) 1.270(1.453) 0.085(0.216)
SCADIP.BIC 1.280(0.678) 2.450(0.841) 0.968(0.109) 3.890(0.546) 0.001(0.004)
SCADIP.AIC 1.060(0.602) 1.762(1.046) 0.980(0.434) 2.313(1.387) 0.137(0.415)




For Example 2. Model selection results for SCAD estimators with either one penalty or two penalties, using AIC

Table B.5

and BIC for tuning parameter selection, with n = 300 and v = 0.04 (20% censoring).

p Method #nonpar  #correct nonpar #con #correct con
0.1 SCAD2P.BIC 3.08(0.96) 2.66(0.62) 2.88(1.02)  2.56(0.70)
SCAD2P.AIC  4.44(1.21) 2.98(0.14) 1.98(1.21)  1.71(1.04)
SCADIP.BIC 5.68(0.89) 5.63(0.78) N/A N/A
SCADIP.AIC  6.90(0.93) 6.00(0) N/A N/A
0.3 SCAD2P.BIC 2.84(0.97) 2.52(0.73) 3.20(0.94)  2.66(0.55)
SCAD2P.AIC  4.30(1.25) 2.95(0.19) 2.20(1.29)  1.84(1.09)
SCADIP.BIC 5.53(0.93) 5.46(0.83) N/A N/A
SCADIP.AIC  6.97(0.85) 5.99(0.14) N/A N/A
0.6 SCAD2P.BIC 2.78(0.99) 2.44(0.73) 3.24(1.08)  2.56(0.64)
SCAD2P.AIC 4.02(1.25) 2.76(0.47) 2.37(1.38)  1.87(1.07)
SCADIP.BIC 4.64(1.37) 4.60(1.34) N/A N/A
SCADIP.AIC  6.85(0.86) 5.94(0.24) N/A N/A
0.9 SCAD2P.BIC 2.32(0.68) 1.92(0.69) 1.52(1.47)  1.22(1.15)
SCAD2P.AIC  3.20(1.01) 2.40(0.70) 2.26(1.4)  1.72(1.05)
SCADIP.BIC 2.84(0.91) 2.83(0.91) N/A N/A
SCADIP.AIC 5.65(1.89)  4.85(1.26) N/A N/A
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For Example 2. Model selection results for SCAD estimators with either one penalty or two penalties, using AIC

Table B.7

and BIC for tuning parameter selection, with n = 600 and v = 0.04 (20% censoring).

p Method #nonpar  #correct nonpar #con #correct con
0.1 SCAD2P.BIC 3.11(0.50) 2.87(0.32) 2.92(0.60)  2.77(0.41)
SCAD2P.AIC 4.22(1.11) 3.00(0) 2.06(0.93)  2.00(0.96)
SCADIP.BIC  6.00(0.28) 5.95(0.19) N/A N/A
SCADIP.AIC 6.53(0.70) 6.00(0) N/A N/A
0.3 SCAD2P.BIC 3.02(0.47) 2.82(0.38) 3.04(0.63)  2.80(0.40)
SCAD2P.AIC  3.96(0.94) 3.00(0) 2.26(0.92)  2.14(0.83)
SCADIP.BIC  5.95(0.46) 5.84(0.37) N/A N/A
SCADIP.AIC  6.62(0.69) 6.00(0) N/A N/A
0.6 SCAD2P.BIC 3.02(0.65) 2.72(0.49) 2.92(0.72)  2.66(0.51)
SCAD2P.AIC 3.62(0.74) 2.86(0.35) 2.62(0.87)  2.31(0.68)
SCADIP.BIC 5.61(0.69) 5.58(0.60) N/A N/A
SCADIP.AIC 6.64(0.74) 5.97(0.14) N/A N/A
0.9 SCAD2P.BIC 2.52(0.83) 2.14(0.78) 2.41(1.43)  1.90(0.97)
SCAD2P.AIC 3.20(1.01) 2.53(0.67) 2.60(1.09)  2.10(0.67)
SCADIP.BIC 3.40(1.07) 3.39(1.07) N/A N/A
SCADIP.AIC  6.28(1.25) 5.51(0.67) N/A N/A
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Table B.9
For Example 3. Model selection results for SCAD estimators with either one penalty or two penalties, using AIC
and BIC for tuning parameter selection, with p = 20 and v = 0.04.

n Method #nonpar  #correct nonpar #con #correct con
n =300 SCAD2P.BIC 2.93(1.10 2.40(0.72) 3.42(1.54)  2.46(0.73)

SCAD2P.AIC  4.68(1.42 2.85(0.42) 3.55(2.18)  1.91(0.80)
SCADIP.BIC 5.51(0.99 5.34(0.87) N/A N/A
SCADIP.AIC  9.06(5.00 5.88(0.38) N/A N/A

) 3.27(1.07)  2.67(0.51)

SCAD2P.AIC  4.32(1.15 3(0) 3.30(1.78)  2.17(0.84)
SCADIP.BIC  5.91(0.50 5.88(0.48) N/A N/A
(

)
(1.42)
500
n =600 SCAD2P.BIC 3.22(0.61) 2.90(0.30
T
SCADIP.AIC 7.38(1.41) 6(0) N/A N/A
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For Example 4. Model selection results for SCAD estimators with either one penalty or two penalties, using AIC

Table B.11

and BIC for tuning parameter selection, with n = 300, p = 8, 20.

K Method #nonpar  Fcorrect nonpar #con #correct con
p=2
K =4 SCAD2P.BIC 3.40(0.85) 2.82(0.38) 2.71(0.93)  2.47(0.76)
SCAD2P.AIC  4.35(1.10) 2.94(0.24) 2.14(1.14)  1.80(0.99)
K =5 SCAD2P.BIC 3.14(0.75) 2.78(0.46) 2.92(0.90)  2.62(0.63)
SCAD2P.AIC  4.31(1.13) 2.96(0.19) 2.17(1.11)  1.84(0.91)
K = SCAD2P.BIC 3.08(0.96) 2.66(0.62) 2.88(1.02)  2.56(0.70)
SCAD2P.AIC  4.44(1.21) 2.98(0.14) 1.98(1.21)  1.71(1.04)
K =7 SCAD2P.BIC 2.91(0.98) 2.53(0.73) 3.17(1.04)  2.60(0.60)
SCAD2P.AIC  4.48(1.39) 2.95(0.19) 2.04(1.46)  1.67(1.06)
K =8 SCAD2P.BIC 3.07(1.12) 2.38(0.75) 2.42(1.03)  2.16(0.79)
SCAD2P.AIC  4.73(1.03) 2.92(0.27) 1.14(1.07)  1.13(1.02)
p =20
K =4 SCAD2P.BIC 3.72(0.94) 2.71(0.50) 2.87(1.36)  2.22(0.79)
SCAD2P.AIC  5.42(1.51) 2.88(0.32) 3.17(1.65)  1.92(0.85)
K =5 SCAD2P.BIC 3.11(1.04) 2.60(0.60) 3.13(1.36)  2.46(0.81)
SCAD2P.AIC 4.96(1.52) 2.90(0.30) 3.59(2.29)  1.90(0.97)
K =6 SCAD2P.BIC 2.93(1.10) 2.40(0.72) 3.42(1.54)  2.46(0.73)
SCAD2P.AIC  4.68(1.42) 2.85(0.42) 3.55(2.18)  1.91(0.80)
K =7 SCAD2P.BIC 3.16(1.11) 2.53(0.64) 3.42(1.83)  2.36(0.85)
SCAD2P.AIC 4.63(1.47) 2.78(0.46) 3.35(2.66)  1.81(1.03)
K =8 SCAD2P.BIC 3.06(1.13) 2.28(0.83) 2.34(1.15)  2.04(0.94)
SCAD2P.AIC  4.71(1.36) 2.81(0.43) 1.42(1.16)  1.28(1.05)
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