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CHAPTER I

Foundations: Equivariant Stable Homotopy Theory

1.1 Introduction

Our goal is to advance understanding of the homotopical equivariant complex
cobordism spectrum MUg of a finite abelian group G. This will be accomplished
on the one hand by concrete computation of the coefficients of MUg over the non-
equivariant unitary cobordism ring MU, generalizing results of Kriz [21], and on the
other hand, by concrete computation of the equivariant formal group law arising from
MUg, insofar as MU is a complex oriented cohomology theory. The computation
of (MUyg), introduces a new Isotropy Separation Spectral Sequence, which tool has
broader application to the computation of the coefficients of equivariant spectra. We
will at times use cohomological grading MU and at other times use homological
grading (MUg),. as convenient, since in any case these graded rings are just re-
indexings of each other.

The interest in equivariant formal group laws follows the non-equivariant case,
where Quillen’s Theorem establishes the universality of the formal group law corre-

sponding to cobordism MU* among formal group laws (cf. Ravenel [29]).

Theorem I1.1. (Quillen) For any formal group law F over any commutative ring



with unit R there is a unique ring homomorphism 6 : MU* — R such that
F(J},y) = 9FU<x7y)7

where Fy is the formal group law p*(zr) = Fy(z @ 1,1 @ x) € MU*[[xr ® 1,1 ® z]],

and p : CP>® x CP* — CP* is the tensor product map.

That such a universal formal group law exists is trivial. Simply let
Flz,y)=z+y+ Zai,ﬂiy‘j
2%

over the ring L generated by the a; ; subject to the minimal set of relations so that F'
is a formal group law. Lazard [22] was the first to study the structure of this formal
group law in detail, and for this reason the ring of the universal formal group law,
which we know by Quillen’s theorem to be isomorphic to the complex cobordism
ring, is denoted by L and is called the Lazard ring. Quillen’s proof of Theorem 1.1 in
[28] exhibited the isomorphism between the formal group law corresponding to the
complex cobordism ring M U™ and the universal formal group law over the Lazard ring
L. Formal group laws in the non-equivariant sense play a crucial role in building a
lexicon between algebraic and topological information. Quillen’s Theorem represents
a key piece of this correspondence, allowing us to study the complex cobordism ring
using the algebra of formal group laws.

There is a corresponding notion of equivariant formal group laws. Any complex-
oriented equivariant cohomology theory has a naturally associated equivariant formal
group law. Since MU¢ admits a natural complex orientation, there is an associated
equivariant formal group law. Conjecture 2.4 of Greenlees [13] suggests that this
equivariant formal group law is algebraically universal for equivariant formal group

laws, and this is the proposed equivariant analog to Quillen’s Theorem. If proved,



Greenlees’ Conjecture will allow similar algebraic methods to those developed in the
non-equivariant case to be carried over to the study of equivariant spectra.

Before we can proceed to compute the equivariant complex cobordism ring, we
must develop a sufficient scaffold of knowledge in equivariant stable homotopy theory.
One may ask, why should I care about equivariant stable homotopy theory? Beside
its inherent interest and anology with nonequivariant homotopy theory, Hill, Hopkins,
and Ravenel’s solution of the Kervaire Invariant One problem [16] demonstrated the
applicability of the structures of equivariant stable homotopy theory to important
problems in mathematics. Hill, Hopkins, and Ravenel show that elements of Kervaire
invariant one in myj+1_oS5° exist only for j < 6, so that smooth framed manifolds of
Kervaire invariant one exist only in dimensions 2, 6, 14, 30, 62, and possibly 126.
Their proof relies heavily upon the structures of equivariant stable homotopy theory,
and the study of a Z/8-spectrum €.

Omitting some details, the Z/8-spectrum ) is constructed by considering the
smash product

MUr AN MUgr AN MUg N MUk

of four copies of the real cobordism spectrum as a Z/8-spectrum with action

(21, 2, T3, 24) — (T, T1, T2, T3).

Q) is then obtained by inverting an equivariant version of the Bott periodicity class
and taking homotopy fixed points. The nonexistence of elements of Kervaire invariant

one follows from three theorems proved by Hill, Hopkins, and Ravenel [16]:

Theorem 1.2. (Detection Theorem) Elements of Kervaire invariant one have nonzero

images in the homotopy groups of €Q.



Theorem 1.3. (Periodicity Theorem) The homotopy groups of Q are periodic with

period 256.

Theorem 1.4. (Gap Theorem) The homotopy groups of ) in degrees —4 < i < 0

are all zero.

The result follows.

There have also been substantial recent developments within equivariant stable
homotopy theory, many of which concern complex cobordism, which will be discussed
in Section 1.5. Comezana and May [8] proved a completion theorem for complex
cobordism, and Greenlees and May [15] proved localization and completion theorems
for modules over complex cobordism. Kriz [21] computed the equivariant complex
cobordism ring of the p-primary cyclic group, and Strickland [31] gave a description
of generators and relations for the equivariant complex cobordism ring of Z/2. Sinha
[30] gave a non-constructive description of generators and relations for MUg when G
is a torus, and deduced generators for all abelian groups. Greenlees [13] proved that
the equivariant formal group law associated with the equivariant complex cobordism
spectrum classifies equivariant formal group laws over Noetherian rings. In light
of this recent progress, there has been a resurgence of interest in the subject, and
there is much to be gained from building up concrete algebraic descriptions of the
important objects of equivariant stable homotopy theory, and perhaps chiefly from
developing such an understanding of equivariant complex cobordism.

Thus, we proceed to develop equivariant stable homotopy theory at a level suitable
for our applications, and in the mean time note a curious result obtained by the
author and Kriz [3] pertaining to the foundations of the theory. In later chapters,

we will provide the promised computations in equivariant complex cobordism.



1.2 The Equivariant Stable Homotopy Category

Our exposition most closely follows the standard source: Lewis, May, and Stein-
berger’s foundational book FEquivariant Stable Homotopy Theory [23]. Let G be
a compact Lie group. A G-universe is a countably infinite dimensional real inner
product space on which G acts by isometries, which is the direct sum of its finite
dimensional G-invariant sub-inner product spaces, which contains infinitely many
copies of all of its finite-dimensional sub-inner product spaces, and which contains a
trivial representation of G. A complete G-universe U is a universe which contains
every irreducible representation of G. Recall that the regular representation of a
group G is the representation afforded by the action of GG on itself by left translation.
If G is finite, this is given as the free real vector space generated by the elements
of GG, and can be decomposed as the direct sum of the irreducible representations
of G with multiplicity their dimensions. If G is finite, the countable sum of copies
of the regular representation gives a canonical complete G-universe, and since this
work concerns finite groups, we will usually refer to the complete G-universe. A based
G'-space is a based topological space equipped with a continuous G-action which acts
trivially on the basepoint. Given a finite-dimensional subrepresentation V' of U, the
one-point compactification of V' with basepoint at oo is a based G-space, denoted
SY. For V.C W, write W — V for the orthogonal complement of V in W. For any

based G-space X define the suspension and loop spaces by V as
WX =XASand QYX = F(SY, X),

where X \Y = (X xY)/(XVY) and F(X,Y) is the function space of based G-maps
from X to Y.

We are now in a position to define equivariant prespectra. An indexing space



in a G-universe U is a finite dimensional G-invariant sub-inner product space. An
indexing sequence is an increasing sequence A = {A;|i > 0} of indexing spaces such
that Ag = {0} and U = UA;. An indezing set A is a set of indexing spaces which
contains an indexing sequence. A G-prespectrum D indexed on an indexing set A
consists of based G-spaces Dy for each finite-dimensional subrepresentation V' € A,

and, for V- C W both in A, structure maps
o :SV"VDy — Dy,

such that o : £°Dy — Dy is the identity map, and for V .C W C Z, the following

diagram commutes:

nZ-w

(1.1) $Z-WyW-V D, c . 2Z-WDy,

-] l

ZZiVDV Dy.

Thus, whereas nonequivariant spectra are indexed over the integers, G-prespectra are
indexed over finite-dimensional representations of G. Let G'T denote the category of

based G-spaces. Because of the space-level adjunctions
GTEVX,Y) =2 GT(X,Q"Y),

the maps o0 : X"~V Dy — Dy are equivalent data to based G-maps

o : Dy — QW=V Dy satisfying a similar commutative diagram, namely:

(1.2) Dy 7 - QWY Dy

q Jov-vs

QZ_VDZ — QW_VQZ_WDZ.

A map f: D — FE of G-prespectra indexed on A is then a collection of based G-maps

fv : Dy — Ey for V € A finite-dimensional G-representations, such that for V-C W



the following diagram commutes:

Vv

w
(1.3) SW-Vp, — . _sw-vp,
fw

While equivariant stable homotopy theory can be developed over arbitrary in-
dexing sets, we will usually work with the standard indexing set consisting of all
finite-dimensional subrepresentations of U. Moreover, we will usually work over the
complete universe U.

Following Lewis-May-Steinberger [23], the category of G-prespectra indexed over
the complete universe U in this way is denoted GPU. A G-prespectrum is an inclu-
sion prespectrum if the structure maps ¢ are all inclusions. A G-prespectrum is a
G-spectrum if the maps o are all homeomorphisms, and the category of G-spectra
indexed over U is denoted GSU. The forgetful functor [ : GSU — GPU has a left
adjoint L : GPU — GSU. In general, a construction of the functor L is complicated,
but for inclusion prespectra D - prespectra whose structure maps ¢ are all inclusions

- we have

LD = colim AVE*® Dy,

where AVY>® : GT — GSU is thought of as “shift desuspension”, and is left adjoint
to the Vth space functor 2°°Ay,, both of which will be defined later. Because G-
prespectra were defined constructively and are well-understood, results about spectra
are generally proved for prespectra first then mapped over using L. For instance,
GSU has all colimits because GPU does, and left adjoints preserve colimits. GSU
also has all limits.

We will need to define a smash product

A:GSU x GT — GSU



of a spectrum with a space. This is defined as follows:

Definition I.5. Let D € GPU be a G-prespectrum, and X € GT be a based G-
space. Then D A X is defined by (D A X)y = Dy A X for representations V', with

structure maps
c=0cA1: SV V(DyAX)2 YV Dy)AX = Dy A X.

The spectrum level functor is then defined by letting EAX = LIEAX) for E € GSU
and X € GT. One can define X A D and X A F analogously, and they are naturally

isomorphic to D A X and E A X, respectively.
We can also define function spectra.

Definition I.6. For D € GPU and X € GT, F(X,D) € GPU is defined by

F(X,D)y = F(X, Dy), with structure maps
& : F(X,Dy) - P(X, Q" VD) =2 QVVF(X, Dy).

Definitions 1.5 and 1.6 allow us to define cylinders F A I, cones CE = E A I,
suspensions XE = E A S1, free path spectra F(I,, E), path spectra PE = F(I, E),
and loops QF = F(S', E), where S, I, and I, all have trivial G-action, and the
subscript “+” denotes union with a disjoint basepoint. One also gets generalized
suspensions XY E = E A SV and generalized loops QVE = F(SV, E) of spectra.

Several other functors are of interest. There is a “zero-th space functor”
GPU — GT
which sends D + Dy. This gives by restriction a functor

Q> GSU — GT.



Infinite loop G-spaces and G-maps are those spaces and maps, respectively, which
lie in the image of 2°°. This is an important class of spaces, studied for instance by
May in [25]. A good reference is the book [4] of Adams.

Conversely, for a space X € GT, there is associated a suspension G-prespectrum
D such that Dy = ¥V X, and the maps o : ¥~V Dy — Dy are determined by the

natural isomorphisms " ~V¥V X =~ ¥W X. We obtain a functor
Y GT = GSU

by taking X*°X = LD, D as above. X% is left adjoint to Q> ([23], Proposition
[.2.3).
Analogous to the zero-th space functor, we have for any Z in our indexing set the

Zth space functor

OCAy : GSU — GT,

i.e. Q°Az(E) = Ez. This functor also has a left adjoint, denoted
A?S> GT — GSU.

It is constructed as follows: first map GT to GPU by sending X to the prespectrum
D such that Dy = XY=2X if Z C V, and Dy = {*} otherwise, and whose maps
are given by the obvious isomorphisms X" =V¥V-4X =~ ¥W-2X . Then apply the
functor L.

Let R denote the trivial representation of G. Then the functor AR" ¥ is denoted
simply by A"Y>, and likewise S®" is denoted simply as S™, X&" =: X" etc. We can
also define the sphere spectra S™ € GSU (in both positive and negative dimensions)
by

St =128 =y"y>*s0 . 57 = A" S0 for n > 0.
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For closed subgroups H C G, we can define generalized spheres
n = (G/H), A S".
This allows us to define the homotopy groups, for H C G, n € Z, E € GSU:
™E = 7(S}, E)q

is the homotopy classes of based G-maps from S} to E.
Now we are in a position to define the weak equivalences in GSU. A map

f: D — Ein GSU is a weak equivalence if for all H C G and n € Z, the map
fo:mHD = 1l E

is an isomorphism.

Before we can construct the equivariant stable category, we need to define the
proper equivariant notion of cell spectra. E € GSU is a G-cell spectrum if there
are subspectra E, (for n > 0) of E, wedges J, of spheres S}, (in positive and/or
negative dimensions), and maps j, : J, — E,, such that Ey = *, E, ;1 = Cj, is the
mapping cone, and E = UE,. j,| ss are called attaching maps, and {E,} is called
the sequential filtration of E. A map f : E — F of G-cell spectra is sequentially
cellular it f(E,) C F), for every n > 0. A G-cell subspectrum of a G-cell spectrum
E is a subspectrum A C E that is itself a G-cell spectrum with sequential filtration
{A,}, such that A, C E,, and the composite CS}, - A, C A C Eis a cell of F
with image in E,. This just means that A is a union of cells from FE.

A G-CW spectrum is a G-cell spectrum such that the attaching maps S}, — E,
factor through only cells of dimension at most ¢q. Thus, if E is a G-CW spectrum,
we obtain another filtration {E™} of E called the skeletal filtration, where E™ is

the n-skeleton of E, or the union of cells of ¥ with dimension at most n. A map
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f: E — F of G-CW spectra is cellular if it preserves the skeletal filtration, so that
f(E™) C F™.

Let GCU denote the category of G-CW spectra indexed over the complete universe
U and cellular maps. Appropriate analogs of the Cellular Approximation Theorem,
Homotopy Extension and Lifting Property, Whitehead’s Theorem, and the Brown
Representability Theorem all apply (cf. [23], pp. 29-30). We document these results

here.

Theorem 1.7. (Cellular Approzimation) A map f : D — E of G-CW spectra that is
cellular when restricted to a cell subspectrum A of D is homotopic rel A to a cellular
map. Thus, any map of G-C'W spectra is homotopic to a cellular map and any two

homotopic cellular maps are cellularly homotopic.

Theorem 1.8. (HELP) Suppose D is a G-cell spectrum, A a cell subspectrum of D,
and e : E — F is a weak equivalance of G-spectra. Suppose hiy = eg and hig = [ in

the diagram

4 DAI" ——

20 21

Then there are maps h and g making the diagram commute, and the inclusion A — D

s a cofibration.

Theorem 1.9. (Whitehead’s Theorem) If e : E — F is a weak equivalence of G-
spectra and D is a G-cell spectrum, then e, : w(D, E)g — (D, F)g is a bijection.

If E and F are G-cell spectra, then e is an equivalence of spectra.
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Theorem 1.10. (Brown Representability Theorem) A contravariant functor
T : hGCU — Set,

where Set denotes the category of sets, is representable as TE = ©(E, F)g for a
G-CW spectrum F' if and only if T takes wedges to products and homotopy pushouts

to weak pullbacks.

In this context homotopy pushout is a double mapping cylinder and a weak pull-
back satisfies the existence part of the definition of a pullback, but not necessarily
the uniqueness part.

Thus it is possible, given a spectrum F € GSU, to make a natural choice of a
weakly equivalent spectrum in GCU. In other words, working in homotopy categories,
there is a functor I' : hGSU — hGCU and a natural weak equivalence v : 'E — E
for E € GSU. This is Theorem 1.5.12 of [23].

The equivariant stable homotopy category hGSU is then defined by formally
inverting the weak equivalences in hGSU. The exact procedure is discussed in Lewis-
May-Steinberger [23], but the crucial points are as follows. A spectrum D € hGSU

is cocomplete if for every weak equivalence of spectra e : EF — F,
e.:m(D,E)g — w(D, F)g

is a bijection. By Whitehead’s Theorem, G-CW spectra are cocomplete in the ho-
motopy category of G-spectra, and by the Cellular Approximation Theorem every
G-spectrum E admits a cocompletion, which is the weak equivalence v : 'E — E.
We can then formally invert the weak equivalences, with maps from X — Y in the
resulting category corresponding to maps I'’X — I'Y', with composition carried over

from hGSU. Note then that the functor I' : \GSU — hGCU is an equivalence.
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The process of inverting weak equivalences in this way can be done in more general
categories; the appropriate concept is the notion of a model category, as discussed in
Dwyer and Spalinski [10]. A model category is a category C with three distinguished
classes of morphisms, called weak equivalences, fibrations, and cofibrations, having all
the properties than one would expect morphisms so named to have. This is a useful
general concept for many applications in homotopy theory.

The equivariant stable category hGSU is a closed symmetric monoidal category,
meaning it has an associative, commutative, unital smash product functor (with
unit the sphere spectrum S = $°°S5%), and a right adjoint function spectrum functor.

hGSU can be called a stable category because of the Desuspension Theorem:

Theorem 1.11. (/23], Theorem 1.6.1) For all finite dimensional real representations

V' of G, the natural adjunction maps

n:E—Q'SVE,

c:YWOVE - FE

in hGSU are isomorphisms, so that ¥V and QV are inverse self-equivalences of

hGSU.

The analogous result is not true before passage to the stable category. The Desus-
pension Theorem is proved by constructing inverse adjoint equivalences AV and Ay of
hGSU, and such that A" is naturally equivalent to QV, hence Ay is equivalent to £V
The result follows. We will construct AV and Ay in the Section 1.4. Theoerem 1.11
allows us to write ¥~V E for QY E, since we can think of this as desuspension by the

representation V.
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1.3 Homology and Cohomology

Just as in the nonequivariant case, the stable category hGSU is equivalent to
the category of cohomology theories on G-spectra, where such cohomology theo-
ries are graded on the free abelian group RO(G) generated by the irreducible G-
representations. A wirtual representation is an element a =V — W € RO(G), where
V and W are sums of distinct irreducible representations. For a € RO(G) as above,
we define a generalized sphere by S® := £~" SV Given a spectrum E € hGSU, we

can now define E-homology and E-cohomology by
E)Y =[S" Y ANE]g and E®Y =[Y,XE|s for G-spectra Y,

as should be familiar from the non-equivariant case (cf. Adams [5]). We have not yet
defined the smash product of two spectra, but we will do so shortly, thereby making
sense of the above definitions. Of cousre, E*(Y) and E,(Y) are modules over 7, (E).
E, denotes the E-homology of a point, which is isomorphic to 7,(E®). E* is the
E-cohomology of a point, and is also isomorphic to 7, (E“) as non-graded rings. The
only difference between F, and E* is the grading, and in fact £* = E_,. We will
have occasion below for both perspectives.

A spectrum E also gives (co)homology theories at the level of based G-spaces,

namely

E.X =E(S°X) and E*X = E*(X®X) for X € GT.

All of this is recorded in [23].
We need now to define the smash product of two G-spectra, and this can be done in
a coherent manner. In the process we will also define the function spectrum functor.

The constructions work as follows. First, we define an external smash product on
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prespectra

A GPU x GPU — GPU DU

(D AN E)(V@Z) = DV A EZ

with structure maps
SWSY=A Dy AN By 2 SVV Dy ASYTPE, 7 Dy A By

for prespectra D and E. The spectrum level definition is obtained by use of the
functor L, namely D A E'= L(ID A LE) for spectra D and E.

We can also definite an external function spectrum functor
F:GPUxGPUDU — GPU.

Here F(D, E)y = PU(D, E[V]), where E[V]| € GPU is the prespectrum with Zth
space E[V]z = Eygz and structure maps induced by those of E. The structure maps

of F(D, E) are given by
& : PUD, E[V]) — PUD,QVVEW]) = QY =VPU(D, E[W]).

If £ is a G-spectrum, then F'(D, F) is also a spectrum, so F' restricts to a functor
on categories of spectra. The external smash product is left adjoint to the external
function spectrum functor ([23], Proposition I1.3.4).

Next, for a G-linear isometry f : U & U — U, one obtains a change of universe

functor f*: GSU — GSU © U defined by (f*E)y = Eyv), with structure maps
o EW_VEf(V) = Ef(v) ASW=V LIS Ef(v) VAN Sf(W)_f(V) —7 Ef(W).

f* has a left adjoint f, : GSU & U — GSU, defined as follows.
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Definition I.12. For a prespectrum D € GSUDU, (f.D)y = fol(v)/\SV7f(f_l(v)),

with structure maps

Dyory A SVHUT N A GWV e Dy A SHETHIN=FGTH) p W1 )

NN Dy A GITHW) =71 V) A gW—F7H W) _yonl D1y A gW=F(F~H W)

We can now definite internal smash products and function spectra for spectra

D, E € GSU by
DAE=f.(DANE) and F(D,E)=F(D,fE),

where the smash product and function spectra functors on the right are the external
versions. These functors give G-spectra in GSU as output. While this does depend
on the choice of G-linear isometry f : U4 & U — U. The following theorem from

Lewis-May-Steinberger saves us from this potential problem.

Theorem 1.13. (/23] Theorem 11.1.7) The functors f. : GSU — G — GSU’ induced
by the various G-linear isometries f : U — U’ induce canonically and coherently

naturally equivalent functors on passage to the stable categories hGSU and hGSU'.

Thus, we have constructed coherent smash product and function spectrum func-
tors for the stable category hGSU. The (co)homology theories defined above are

with respect to this smash product.

1.4 Shift Desuspension and Loop Space of Suspension Spectra

The functors Q®Ay : GSU — GT and AVE® : GT — GSU defined above are
actually composites of the functors Q2 : GSU — GT and X*° : GT — GSU with
functors Ay, AV : GSU — GSU, respectively. We will define AV and Ay for a real G-

representation V' now, following Lewis-May-Steinberger [23]. The following functors,
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though constructed on the prespectrum level, preserve spectra, and hence restrict to
endofunctors of GSU.

Write Y = U & V> (pull out all the copies of V' for bookkeeping purposes). The
finite dimensional representations in U may be written as W = Z + V" for some

Z C U and some n > 0. For D € GPU, define
5'+ : D(Z+V”*1) — QVD(Z_H/n)

to be & composed with the homeomorphism QY Dz yn) — QY D(z4yn) which rein-
terprets the loop coordinate as the (Z + V™) — (Z + V™) coordinate rather than
the (Z + V") — (Z + V") coordinate.

We can now define AV D as a prespectrum by AY Dzyyny = QY Dy if n = 0 and

AVD(Z+Vn) = D(Z+V”*1) if n > 1. We define
& . AVD(Z+V’H) — QWﬁZAVD(W_;'_Vn)

and
5' . AVD(Z+Vn) — QVAVD(Z_;’_Vn-‘rl)
in terms of the original & corresponding to D to be ¢ = QY5 if n = 0, and 6 = 7,
if n>1.
Similarly, we define Ay D(zyny = D(z4yn+1y, with structural maps defined in an

analogous way using the map

g_ . D(Z+V") — QVD(Z_H/n-H),

which is the composition of the original & corresponding to D and the inverse of
the homeomorphism used to construct 6,. Define ¢ to be the ordinary ¢ for D for
Z+VrCcW+Vrando_ for Z+ V™ C Z+ V™ Ay and AV are inverse adjoint

equivalences of GSU ([23], Lemma 1.7.2).
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Now evidently shift desuspension AV and loop space 2V are isomorphic functors
on passage to the stable homotopy category hGSU, though they are not in general
the same before inverting the weak equivalences. Nevertheless the present author and
Kriz show in [3] that shift desuspension and loop space do correspond for suspension
spectra - that is, spectra of the form »*°X for a based G-space X- before passage to
the stable category, and that is the main result of the paper referenced. This result
should perhaps have been obtained earlier, except that it was generally assumed to

be false. We present the theorem and its proof here.

Theorem 1.14. (Abram and Kriz, [3]) For any X € GT, there is a natural isomor-
phism

AVE*X = QVE*X
in GSU.

Proof. Let A(V) denote the indexing set of all finite-dimensional real G-representations
containing V. Let E(V) be defined as a spectrum in GSA(V) by defining, for

W e A(V),
(1.4) E(V)w = Ew_vy.

To define the structure maps, we need some notation. Let pd) denote the E-

structure map ¢ : Bz — QW=ZEy,. Then E(V) has structure maps

(1.5) BTN =B Ty

That the diagram (1.2) commutes for E (V) follows from its commutativity for E, so
E(V) is a G-spectrum after application of the spectrification functor L.

The spectrum E(V) just constructed is in fact naturally isomorphic to QVE. To

see this, note that for W € A(V'), the structure maps

(16) E&},/VVI__‘}/ cEy_y — QVEW
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give an isomorphism
(1.7) EWV)w — QY Ey.

That this gives an isomorphism on the level of spectra follows from the evident

diagram
&Wlfv
(1.8) Ew_v = OV YRRy
&vavi lQW’WagvV,v
QV Ey OV WAV Ey..

1=W'

But by (1.2) both compositions in (1.8) are equal to v~ '4y;,_,, where v is the natural

isomorphism QW =VOW' =W Ey, — QW' =V Ey.. In more detail, composing vy .y o
QW' =Wl oW Y, whichis %\ by (1.2). Composing vy with the bottom
row with the left column gives vy _w 0 QY& o &l _\,, which is a1}/, by (1.2).

By cofinality, AY¥>°X is naturally isomorphic to LD, where D € GPA(V) is the

prespectrum with W-th space
Dy =3SVVX,

with the obvious structure maps. This gives a functor from GPU to GPA(V),
and this commutes with spectrification (the functor L) on inclusion prespectra. We

obtain an isomorphism

LD = E(V),
ie.
(1.9) AVE>*X 2 QVYeX,
which is what was to be proved. O

Despite Theorem 1.14, it is widely expected that shift desuspension and loop

space should not correspond in general, since the obvious spectrum level maps fail
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to commute with the structure maps due to a switch of isomorphic representation

summands in the definition of AY. Surprisingly, this issue has not yet been settled.

1.5 Equivariant Complex Cobordism

Having developed the relevant foundations of equivariant stable homotopy theory,
we are now in a position to define our key object of study, namely, the homotopical
equivariant complex cobordism spectrum M Ug. First we will recall some geometrical
history and definitions. An almost complex structure on a smooth real manifold M
of even dimension is a complex structure on its tangent bundle 7/, i.e. a map
J : E(1y) — E(7a) which maps each fiber R-linearly into itself, and such that
J(J(v)) = —v for every v € E(1p). An almost complex structure J on M is a
complex structure if every point x of M has a neighborhood U such that there is
a diffeomorphism h : U = C" whose derivative is complex linear. A smooth real
manifold M of arbitrary dimension (not necessarily even) is stably complex if there
is a k > 0 such that M @ R* admits a complex structure. Similarly M admits a
stably almost complex structure if M @R* admits a complex structure on its tangent
bundle. A manifold admits a stably complex structure if and only if it admits a
stably almost complex structure (cf. [27]). Two closed stably complex n-manifolds
are cobordant if together they comprise the boundary of an (n+1)-dimensional stably
complex manifold. Cobordism is an equivalence relation, and the set of equivalence
classes is a graded ring under disjoint union and Cartesian product. Call it the
complex cobordism ring, and denote it QU. Let MU(n) be the Thom space of the
universal complex n-bundle v, : EU(n) — BU(n). With structure maps induced by
the classifying map of the bundle ~, & 1, where 1 is a trivial line bundle, we get a

nonequivariant spectrum MU. MU has a very nice description.
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Theorem 1.15. (Milnor) The coefficient ring
]\40:,< = Z[(L’l,ZEQ,ZL’& .. ]

for elements xy, € mop, MU .

QU and MU* are isomorphic rings. The Pontrjagin-Thom construction - to which
we will return - provides the map QY — MU*, and the map MU* — QU is given
by smooth approximation and a transversality argument. This works as follows,
following Milnor and Stasheff [27]. Let f : MU* — m,(MU) be an isomorphism of
rings (non-graded), and suppose x € MU*. Then f(x) € m.(MU) is represented by
some map g : S™ — MU for some n. S™ is compact, so g has image inside some
MU(n). Now MU (n) is the Thom space of the canonical bundle v, : EU(n) —
BU(n). MU(n)—{oo} can be given the structure of a smooth manifold, and we can
approximate g by a homotopyic map g such that g(z) = g(z) for every z € g~!(c0)
and such that g is smooth on g=*(MU(n) —{oc}). It can also be arranged for g to be
transverse to the zero cross-section BU(n). Then ¢~'(BU(n)) is a smooth manifold,
and its cobordism class depends only on the homotopy class of g. This cobordism
class is the image of x € MU* in QY. Complex cobordism gives a generalized
(co)homology theory via the spectrum MU.

Equivariantly (for compact Lie groups GG) one can also define a geometric notion
of cobordism. QF, is the cobordism ring of smooth closed G-manifolds M equipped

with an equivalence class of embeddings
M-V oeR",

where V' is a complex G-representation, and the equivalence relation on embeddings

is defined in a standard way. In the end, the cobordism groups defined geometrically
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can be characterized as the homotopy groups of an equivariant spectrum that is not
indexed over the complete universe. The resulting equivariant cohomology theory is
not graded by representations. These naive equivariant complex cobordism groups
are very difficult to compute explicitly, perhaps as hard as the stable homotopy
groups of spheres.

One needs therefore a new notion, and the correct idea was first studied by tom
Dieck [33]. tom Dieck’s equivariant homotopical bordism spectrum MU is what I
call equivariant complex cobordism, following Kriz [21], and we define this presently.
First, we must recall some basic definitions and geometric constructions. If X is an
inner product space on which G acts by isometries, and n is a non-negative integer,
the G-equivariant Grassmannian Gr(n, X) is the set of all linear G-subspaces of X
of dimension n. The Grassmannian Gr(n, X) can itself be given the structure of a
G-space.

We will also need the Pontryagin-Thom construction, which works as follows.
Suppose p : . — B is a real vector bundle over the paracompact base space B.
The Thom space T(E) with respect to the bundle E' is defined as follows. Since B
is paracompact, the vector bundle p : E — B can be metrized. Let D(E) be the
subspace of elements of F with norm at most 1, and let S(E) be the subspace of E
with norm exactly 1. There is a corresponding “disk bundle” with total space D(FE)

and a “sphere bundle” with total space S(F). The Thom space T(E) is defined by
T(E) :=D(E)/S(FE).

One can also define the Thom space without reference to a metric. The sphere bundle
S(F) is formed by taking the one-point compactification of each fiber. The Thom
space is then given by joining all the points of S(E) which were added when forming

the sphere bundle and using this as the basepoint.
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We will define MUg = LD for a suitable prespectrum D. Define D by
Dy =Gr(n, U V)",

where on the right-hand side Gr(n, W) denotes the Thom space by the canonical
n-dimensional complex line bundle of the Grassmannian G-space of n-dimensional
C-subspaces of W. Here n is the complex dimension of the representation V. The
structure maps are induced by the classifying maps for v @ (W — V).

MUyg¢ is a ring spectrum, but it is not Noetherian. This has proven to be an
obstacle to calculation (cf. Greenlees [13]), so nice descriptions of MU are difficult
to obtain in general, but for G a finite abelian group useful descriptions may be
obtained, and this is what we develop in the next chapter. I will note also that the
homotopy groups m,(MUg) have a geometric interpretation as stabilized cobordism
groups, given as the direct limit under suspension. This was done by Brocker and
Hook [6].

The relationship between geometric and homotopical equivariant cobordism is not
as simple in the equivariant case. The Pontrjagin-Thom construction still works, but
transversality is false, so

MU 2 QY.

This was studied by Wasserman [35].
We recall now some recent results pertaining to equivariant complex cobordism.
In [31], Strickland gives an explicit and simple description of MUy, via generators

and relations:

Theorem 1.16. (Strickland) Let L = {3 a;;a'y’} denote the Lazard ring. Let R be

generated over L by elements s;; (i,7 > 0) and t; (i > 0) subject to the following
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relations:

s10 = 1;

sio = 0 for v > 1;

bk — Sok = Sootk+1:

Sjk — ik = S00Sj+1,k-
Give R a grading by |si;| = |a;;| = 2(1 —i—j) and |tx| = 2(1 — k). Then there is an

tsomorphism R = ]\4U2/2 as graded MU*-algebras.

Such explicit descriptions for more general M Ug would be valuable, and this is
a worthy area for further research. To obtain his result, Strickland makes use of a
pullback diagram of Kriz [21] describing MUy, to which we will return. A good
first step toward a more general result would be a similar diagram for M Uy, for more

general G. In Chapter II we give such a description for G finite abelian.

In [13], Greenlees proves the following theorem:

Theorem 1.17. (Greenlees) For a finite abelian group G, MU, classifies G-equivariant
formal group laws over Noetherian rings, in the since that there is a homomorphism
of rings from the G-equivariant analogue L¢g of the Lazard ring to MUY that is

surjective and whose kernel is Euler-torsion, Euler-divisible and Z-torsion.

Euler-torsion and Euler-divisibility refer to being torsion and divisible with respect
to equivariant Euler classes. We will return to the concept of equivariant Euler classes
soon. Greenlees conjectures that MU classifies G-equivariant formal group laws in
general for any abelian compact Lie group G. This motivates a study of the algebraic
structure of the equivariant formal group law of equivariant complex cobordism, and

this is discussed in Chapter III.
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1.6 Sinha’s Computation

The goal of the present thesis is to give an explicit description of the equivariant
complex cobordism ring (MUg). of a finite abelian group. Another computation of
(MUg), is due to Sinha [30]. Sinha’s computation relies heavily upon the following

theorem of Comezana [8].

Theorem 1.18. (Comezana) For any abelian group G, (MUg). is a free MU,-

module concentrated in even degrees.

To state Sinha’s result, we will need to know what is meant by an equivariant
Euler class. Let CPg® = CP(U) be the complex projective space on the complete
G-universe, and let g be the corresponding universal bundle. Since MUg admits a
canonical complex orientation, we can let e € MU zT(’Yg) be the orientation class,
where T' denotes the Thom space. Let V be a finite dimensional complex repre-
sentaiton of G of real dimension 2k. Then there is a corresponding Euler class
ey € ]\/ﬁJZGkT(WG ® V), where in 7¢ ® V, the V' is thought of as a G-gundle over a
point. This is given as follows, following Kriz [20]. If L is an irreducible complex

—2

G-representation, then e, € MU,T (e ® L) is the image of e under the map
— 2 — 2

(1.10) MUGT(ve¢) = MUGT (e ® L)

induced by the classifying map ¢ : CPg® — CPg° of the bundle 7¢ ® L. Now if

V:Ll@LQEB---EBLk,then

(1.11) ev =[]e,

where the product on the right hand side of 1.11 is calculated by the Thom diagonal.
We will discuss equivariant complex orientation more in Chapter I1I, where they will

be used to compute equivariant formal group laws.
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Let (S*)™ be a torus, let V' be a non-trivial irreducible complex representation
of (S1)", and let ey be the Euler class associated to V. Let K(V) < (S)" be the

subgroup that acts trivially on V', and for all subgroups H of (S)" let
O (MU MU
resy; © : (MUgiyn) = (MUpg).

be the homomorphism of algebras obtained by restriction to the subgroup H. By

Comezana’s Theorem, we may fix a splitting sy of resg(l‘)/j as MU,-modules, though

this splitting need not be unique nor a ring homomorphism. Let Sy serve as an

1\n

abbreviation for the composition s, o resgf(‘)/). Sinha defines an M U,-linear operation

Iy : (MUgiyn ) = (MU(g1yn ). as follows:

Definition 1.19. (Sinha) For x € (MUgiyn)s, T'v(z) € (MUig1yn), is the unique

class such that

ey - I'v(z) =2 — By(x).
Sinha’s computation in [30] is accomplished by the following theorem.

Theorem 1.20. (Sinha) As an MU,-algebra, (MU g1yn), is generated over the op-
erations I'y by the classes ey and [CP(m @ V)|, where m ranges over the natural
numbers and V ranges over the non-trivial irreducible complex representations of

(S1)™, subject to the following relations:
(a) evlv(z) =z — Py ()

(b) Ty (By(z)) =0

(¢) Tv(ev) =1

(d) Ty (xy) =Ty (2)y + Bv(x)lv(y) + Tv(Bv(z)Bv(y))
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Ly(Tw(z)) = Tw(lv (@) I'w (Tv (Bw (z)))

—Tw(Tv(ew))Bv (Tw(z)) — Tw(Lv (Bv (ew) By (Tw(z))),

for any classes x and y in (MUg1yn),.

Sinha also gives a surprising short exact sequence
0 = (MUgnyn)e = (MUs1yn)s iy (MUg(v))« = 0.

This short exact sequence can be used to recover generators of (MUg). for any
abelian group G. Due to the highly non-constructive proof of Comezana’s Theo-
rem [.18, Sinha’s generators are therefore necessarily non-explicit. What is remark-
able about Theorem 1.20 applied to (MUg:), is that changing generators within the
choices allowed leads to an isomorphism of rings with relations of the same form.

In the next chapter, we will develop a more explicit algebraic description of
(MUyg). for a finite abelian group G. In the sense that we both make heavy use
of localization by inverting Euler classes, our techniques are similar to that of [30].
However, utilizing the well-known Tate diagram, we obtain a more explicit descrip-
tion of (MUg). as an MU,-module. In the case G = Z/p" our description takes the
form of an n-fold pullback diagram, generalizing the result of Kriz [21] for G = Z/p.
The description for a general finite abelian group is as the limit of a diagram ob-
tained from several multifold pullbacks, one for each maximal series in G. Thus, we
rely on induction arguments, and our result does not extend beyond the finite case.
Nonetheless, we believe this work will facilitate computations in equivariant stable

homotopy theory that were not possible before.



CHAPTER II

Computing The Equivariant Complex Cobordism Ring

Our goal is to build on the techniques of Kriz [21] to compute coefficients of the
G-equivariant complex cobordism ring MUg. We will develop this theory for G a

finite abelian group.

2.1 Previous Work: The Case G =7Z/p

Let F denote Lazard’s universal formal group law, and let V¢ denote the G-fixed

points of V. In [21], Kriz proves the following theorem.

Theorem II.1.

(2.1) (MUy,). MU, [ug, u; " 8]0 > 0,k € (Z/p)~]

| &

MU.[[ul]/([p]Fu) = MU, [[u]] /([p]ru)[u™"]

15 a perfect square and a pullback of rings, where v is localization and gb(bl(f)uk) 15 the
coefficient of ' in x +p [k]pu, where b,(;)) = 1. This determines ¢, since its target is

a domain.

A perfect square is a diagram that is both a pushout and pullback of abelian

groups. To prove this theorem, Kriz considered the Tate diagram

28
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(2.2)

(EZ/ps A MUgzj,)%/P (MUyz,,)%/P ®L/P MUy,

. | |

(EZ/p,. A F(EZ/p,, MUy, \2/? —= F(EZ/p,, MUy,)“/? —— MUy,

The bottom right corner of the diagram denotes the Tate spectrum
(2.3) E¢ = (EG A F(EG,,Eg))C,

when E is a G-spectrum. The top right corner of the diagram is the geometric fixed

points of MUz, which are defined as follows.

Definition II.2. For a G-spectrum E over a complete universe U, D := [ F,
Il : GSU — GPU the forgetful functor from spectra to prespectra, the geometric

fixed points are defined by

®CE = L(limy~" Df).

Lewis-May-Steinberger observe that, for £ € GSU, N <G, and J = G/N, UV
the J-universe obtained by taking N-fixed points of each finite dimensional subrep-
resentation of I, there is a natural weak equivalence in JSUY:

e~

(2.4) ®NE ~ (EF[N] A EYN,

where F[N| = {H C G : N is not contained in H}. Thus, these spectra have the
same homotopy groups. The notation of familes F and their classifying spaces EF
will be revisited and explained in Section 2.2.

Proposition 2.5 of [21] states that, after passage to Z/p-equivariant homotopy

groups, the right-most square of the diagram (2.2) becomes the diagram (2.1). The
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hardest part of the proof of Theorem II.1 is then to compute the map ¢, for which
Kriz used tom Dieck’s calculation of the geometric fixed points ®%/? MUy, /p in [34].

One useful property is that EZ/p has an infinite sphere model. Namely, if V' is the

direct sum of the nontrivial irreducible real representations of Z/p, then

(2.5) EZ/p = 5> = holiﬂ(So cSVcs ).
We will see the relevant techniques again, so we will not repeat Kriz’s argument

here.

2.2 The General Case

The main result of the present thesis is the extension of Kriz’s computation,
recorded in Section 2.1, to the case of a finite abelian group. This result is also
recorded in the paper [2]. Before we can state the result, we need to recall some

definitions from Lewis-May-Steinberger [23].

Definition I1.3. A family F of subgroups of a finite group G is a collection of
subgroups that is closed under subconjugation. Given a family F, a based G-space
E is an F-space if the isotropy group of each of its points other than the basepoint
is in F. An F-CW compler is a G-CW complex such that the domain of every
attaching map is of the form S} for some H € F. An F-space E is said to be
universal if, for any (unbased) F-CW complex X, there is a unique homotopy class
of G-maps X — EJF. EJF must have the homotopy type of a G-CW complex,
and this restriction ensures that EJF is unique up to equivalence. An alternative
characterization is that (EF)¥ be empty if H ¢ F and nonempty and contractible

if H € F. EG is universal for the trivial family {e}.
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Having defined EF, EF is defined via a cofibration sequence
EF, — S° = EF.

Therefore EF T a5t H ¢ F and EF Tkt H € F. The main families needed
for this work are the family F(H) of subgroups contained in a given subgroup H C G,
and the family F[H| of subgroups not containing H. As is standard, we write EG/H
for the universal space EF(H ), and this is consistent with the definition of EG above.

Let G be a finite abelian group. Let P(G) denote the partially ordered set of all
nonempty sets S = {Hy C Hy C --- C Hi} of subgroups of G which are totally
ordered by inclusion. The ordering on P(G) is given by S < T if and only if S C T}
that is, every subgroup in S is also in 7.

Let X be a G-equivariant spectrum indexed on the complete G-universe U. We

define a functor

F:FG7le(G) — GSU

as follows:

(2.6)

['(S) = F(EG/Hy,, EF[H)) N F(EG/Hy1,,... N F(EG/H, , EF[H| AN X)...)).
There is a canonical natural morphism of G-spectra

(2.7) Y — F(EG/H,,EF[H|AY),

and the effect of I' on arrows is defined by iterating these maps. Iterating the maps

(2.7) also gives a canonical natural transformation
(2.8) Constx — T,

where Consty is the constant functor on P(G) with value X. The following theorem

1s our main result:
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Theorem I1.4. For a finite abelian group G and X = MUg the G-equivariant
complex cobordism spectrum, applying the homotopy groups functor m, to (2.8) gives

an 1somorphism
(2.9) MUg, == lim(S)..
<7

By a transitivity argument, it suffices to take the inverse limit on the right side
of (2.9) over the restriction of I to the subset P'(G) C P(G) of sets S consisting
of either a single group or a pair of groups H; C H, which do not contain any
intermediate subgroups. Also note that the validity of the isomorphism (2.9) in
the category of abelian groups automatically implies its validity in the category of
commutative rings, since the isomorphism concerns an inverse limit.

Before we prove Theorem II.4, we will compute the functor I app,. Together

with Theorem II.4, this computation will constitute an explicit description of the

—_~—

ring (MUg), for the finite abelian group G. By (2.4), (EF[H,] A MUg)H* is the

geometric fixed points &1 MUg. Tt follows by Corollary 10.4 of [33] that

P

(2.10) (EF[Hi] A MU = MUG, [uf", u\)i > 0, L € H7),

where A* = Hom(A, S') and A = A — {0}. We set ug)) = uyz. Under the canonical
map of (2.10) into

(EFIHIAF(EG,, MUg))i" = MUg,[[uc|L € H]]/(up+rus = upw)lug'|L € Hi),
we have

(2.11) u(Li) + the coefficient of 2’ in  +5 uy.

We will proceed via an induction argument. Assume we have calculated the

coefficients of the H;_;-spectrum

—_——

(2.12) MUs; 1 = (EF[H; \JAF(EG/H, ,,... EF[H,] A MUg)...))"-1.
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MUsg ;_y is a split H;/H;_;-spectrum only for j = 2. Here a G-spectrum F is split
if there is a nonequivariant map ¢ : £ — E¢ such that the composite E — E¢ — E
with the inclusion E¢ — E is homotopic to the identity. In any case, the Borel

cohomology spectral sequence associated with

(2.13) F(EG/H;_, ., MUg;_1)s

14

collapses by evenness. It follows that (2.13) has an associated graded object isomor-

phic to
(2.14) (MUs,;_1)s*BH;/H;_;.

The coefficients

——~——

(2.15) (EF[H;) A F(EG/H, H

—14, MUs j-1))s”

are computed from (2.13) by inverting the Euler classes uy, of the irreducible complex
representations L of H; which are non-trivial on H;.

Let R;, for j € {0,...,k}, be G/H -representatives of the irreducible non-trivial
complex H;/H;-representations, where Hy = {e} and Hy; = G. Define a ring
(2.16)

As = MUJug,uzf uifli > 0,L € Ro [ [ [T Be- M € Ro ][+ ] Bi-1. N € Rol.
We define a topology 7Tg on the ring Ag as follows. A sequence of monomials

Q H UZ(L’t) S AS

LeR: [ 11 R

with
0+ a, € MU Jur", ul?)i > 0,L € Ry
converges to 0 if and only if there exists a j € {1, ..., k} such that n(L, t) is eventually

constant in ¢ for L € R;, i > j, and n(L,t) ="' oo for L € R;. A sequence (p;) from
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Ag converges to 0 if and only if for all choices of monomial summands m; of p;, the
sequence of monomials (m;) converges to 0 in t. A set T' C Ag is closed with respect
to Tg if and only if the limit of every sequence in T' convergent in Ag is in 7.

We can define a closed ideal Is C Ag as follows. Let Ig be generated by the

relations

m
Up, +F UL, = E Upg,
F

i=1

where
LyLy = H M,
=1

and there is a j € {1,...k} such that
LI,LQ € Rj

and
M, € RJ'HHHRk
Since Ag, Ts, and Ig depend on the group G, we will sometimes denote them by

Ac s, Tas, and I g, respectively, when there is a possibility of ambiguity. We are

now able to describe the coefficients of the spectrum I'(S)..

Theorem I1.5. For S € P(G), the coefficients of the image of S under the functor

I': P(G) — GSU are
(2.17) ['(9). = (As)3,/Is,
i.e. the completion of Ag with respect to Tg, modulo the closed ideal Is.

What is meant by the completion of Ag at Tg is the following. With Tg, Ag is
a topological ring. There is a topological ring R containing Ag as a dense subring
enducing 7 as the subspace topology, and such that R is complete. R can be

constructed by Cauchy sequences in the standard way.
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Proof. We will proceed by induction on the order of G and the order k of S. If
|G| =1 the statment is obvious, and for £ = 1 the computation (2.10) of tom Dieck

is already sufficient. Suppose k£ > 1, and assume Hj; # G. Filter the ring

(AG,S)TG,S /IG,S

by powers of the ideal

(ur|L € Ry).

The associated graded ring is by definition

(Ams) 7, o/ Tms)llucl L € Bill/ (ur +r un = wpm),

which coincides with (2.14) by the inductive hypothesis. The filtration coincides with
the Borel cohomology spectral sequence, so the statement follows.

Remaining is the case Hy = G. In this case we have, by definition,

(Ac.s)7, o/ Mas = (Acs—c) /Ic.s—ic[up'|L € Ry).

7A—G,S—{G}
This is I'(S). by the induction hypothesis and (2.10). O

We still need to compute I' on arrows. This is determined by
Uy, — Uy,

and

u(Li) — coeffi(x +p up).

Since the description of I'(S), in Theorem IL.5 depends on choices of G/H;-
representatives of the irreducible complex H;.;/Hj-representations, we need also
to understand the nature of this dependence. Thus, we must specify how our de-

scription changes when different representatives are chosen. For j > 1, replacing L
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with M; € Rj.1 [[--- ]I Rk, we use the relation
Urr = ur +F Unp, TF T F UM,
For 7 = 1, we use the relation
up +rx=up+r (Upy +F 0 Uy, FFT).
This is done by comparing coefficients at x?, where
Upy +F - +HF UM, TR

is expanded as a power series in .

Having completed our description of the functor I', it remains is to prove The-
orem II.4. Before we proceed to the proof, we will prove an easier derived state-
ment. Note that the natural transformation (2.8) induces a canonical morphism of

G-spectra
(2.18) nx : X — holimI.
%

Theorem I1.6. nx is an equivalence of G-spectra for any G-spectrum X.

Proof. We will proceed by induction on the order of G. If |G| = 1, the statement
is obvious. Assume inductively that the statement is true for G’-spectra whenever
|G'| < |G]. Let

P(G) = {S € P(@)|G ¢ 8.
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Let D be the diagram

—~——

(2.19) EF[GIAX

o

Transitivity of homotopy limits gives an equivalence
(2.20) holimI" — holim D.
— —

Recall that EG/G = . Clearly if H C G, there is a canonical inclusion P(H) C

P(G). Let
Q={HCG}

be partially ordered by inclusion. Consider the functor
—

on Q.

There is a canonical equivalence

(2.21) holim(holim T'ps)) —~ ho lim Tlp gy

«—

where the left-most homotopy limit is taken over ().

Since by the induction hypothesis
F(EG/H+, X) — holim FP(H)
%
is an equivalence for every H € @, (2.21) gives a canonical equivalence

(2.22) F(EF[Gly, X) = holim F(EG/?;, X)|q —~ ho im Ty
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It follows that if we let £ be the diagram

——~——

(2.23) EF[GIA X

o

F(EF[G)+,X)— EF[G] A F(EF[G]., X),

the canonical map
(2.24) holim& — holim D
+— +—
is an equivalence. This commutes with the canonical morphism
(2.25) X — holimé&.
—

The fiber of the canonical morphism

P

X — EF[G]
maps to the fiber of the bottomw row of £ by the canonical equivalence
EF|Gl4 NX — EF[G]+ N F(EF|G]4+, X),
hence the canonical morphism (2.25) is an equivalence, which proves the theorem. [

While the derived Theorem I1.6 was proved for any G-spectrum X, the isomor-
phism (2.9) of the main Theorem II.4 concerns the equivariant complex cobordism
spectrum MUg, and relies on its specific properties. We will prove Theorem 11.4 by
induction. Extending the methods of Section 2.1, the computation of M Ug requires
an isotropy separation argument, with computations at various fixed point spectra.
The definition (2.6) of I' comes from iterating the Tate diagram construction and
computing geometric fixed points, and this entails a discussion of a slightly more

general class of spectra. Namely, we have the following definition.
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Definition I1.7. The generalized equivariant complex cobordism class MU = | MU¢

is the smallest class of G-equivariant spectra for all G finite abelian such that:
(1) MUg € MUg;

(2) If R e MU and H C G, then the geometric fixed points

—_—

®"R = (EF[H]AR)" € MUgm;

(3) If R € MUg, then F(EG,R) € MUg.
Elements of MU are called generalized MU¢ ’s.
A crucial feature is the following.

Proposition I1.8. The completion theorem of [15] and the statements of Section 7

of [13] remain valid with MUg replaced by R, where R is any generalized MUg.

Before proving Proposition IL.8, it is timely to restate the cited results. We give
partial versions of these results to avoid the unecessary digression that would be
required to introduce the various definitions and constructions required to state the
precise versions of these results. For complete versions, the reader is therefore referred

to the cited work. The augmentation ideal of Jg of a ring R, with respect to a group

G is the kernel Jg = ker(RY — R.).

Theorem I1.9. (Greenlees and May, [15] Theorem 1.3) Suppose G is a finite group
or a finite extension of a torus. For any sufficiently large finitely generated ideal

I C Jg, Jg the augmentation ideal of (MUg)x,
EG+ ANMg— F[(Mg) and (M(;)f — F(EG+, MG)
are equivalences for any MUg-module Mg, where

I';(Mg) = {x € Mg|IVz =0 for some N},
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and the subscript T denotes completion at the ideal I.

Lemma IL.10. (Greenlees, [13] Lemma 7.1) If H] (Mg) = 0 for i > 0 then
M — H}(Mg) induces an isomorphism in local cohomology Hj(-), hence also an

1somorphism HZ]() for 1> 1. Here Mg is an MUg-module, and we are referring to

local (co)homology and local Cech cohomology.

Here Cech cohomology is a theory based on open covers, but a rigorous review

would take us too far afield.

Lemma I1.11. (Greenlees, [13] Lemma 7.2) K(MUg) = K(F(EG+, MUg)), where

for an MUg-module X, K(X) is defined by the exact sequence
0= K(X) = XS(EG) - H/(X°).

Corollary I1.12. (Greenlees, [15] Corolllary 7.3) MUg A EG and

F(EG,,MUg) A EG are isomorphic in odd degrees.

We can now prove Proposition I1.8.

Proof. All generalized MU¢’s arise by beginning with MU, for some finite abelian
group A, and successively applying the functor ®# or F(EK,,?) for subquotients
H, K of A. If only geometric fixed point functors are applied, we obtain an MUg-
algebra R where R, is flat over (MUg), by Corollary 10.4 of Greenlees [13]. In this
case the proofs of Theorem I1.9, Lemma II.10, Lemma II.11, and Corollary 1I.12
apply without alteration, replacing MU by R.

If the construction of R from MU, requires the application of function spectrum
functors of the form F(EK,,?), then the coefficients of R, are still known by the
tom Dieck style computations used when computing I'(S).. We see that the Euler
classes of representations still generate the augmentation ideal of R,, and the proofs

of the cited results still carry over. O
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We are now ready to prove Theorem II.4.

Proof. The statement of Theorem 11.4 is actually valid with MUg replaced by any
element R € MU, and we will prove this. We argue by induction on the order
of G. For |G| = 1, the statement is clear. Now suppose |G| > 1 for a given G. If

{e} # H C G, let My be the subdiagram of I" given by

(2.26) ... F(EG/H,, EF[H] A R)

i

—_—— —_—— —_—

F(EG/{e}y, EF[{e}] NR)——...EF[H'| N F(EG/{e},, EF[{e}] N R),
where H' ranges over all subgroups H C H' C (G. The dots in the diagram are
an abbreviated notation, indicating that the top and bottom right corners of the
diagram actually consist of diagrams indexed over the subset of P(G) containing
only sets S with H C Hj, the smallest subgroup from S. This subset is isomorphic
to P(G/H). Recall also that E?Eg}] = S°.

For a given H # {e}, we can take homotopy limits at the top and bottom right

corners of (2.26) to get a diagram

e~

(2.27) EF[H|AR
|
F(EG,, MU) — EF[H] A F(EG., R).

We can combine the diagrams (2.27) for the various H # {e} by putting in the
canonical arrows between the corresponding upper right and lower right corners
induced by inclusions of the subgroups H. This is equivalent to the homotopy limit of
the diagram formed by taking the union of the diagrams Mg, and this is isomorphic
to I'.

Alternatively, we can take homotopy limits over H # {e} in the upper and lower
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right corners of (2.27) to obtain the ordinary Tate square for R:

(2.28) EGAR

|

F(EG,,R)—= EG A F(EG,,R).

By the induction hypothesis, the coefficients of the upper right and lower right
corners of (2.27) equal the inverse limits of the coefficient functor applied to the
corresponding parts of the diagram (2.26). Consider the spectral sequences corre-
sponding to the homotopy limits of the upper right and lower right corners of (2.27).
The vertical arrows of (2.27) give isomorphisms in filtration degrees at least 1 of the
Es-terms of these spectral sequences, and hence these terms may be ignored. This
follows from the first sentence of the proof of Lemma II.11 in [13], which is valid for
R by Proposition I1.8. It follows that the corners of the diagram (2.28) for R are
obtained as the non-derived limits of the corresponding parts of T'.

The homotopy limit of the Tate square can only have a derived term in filtration
degree 1, but such a term cannot exist because it would create odd degree elements in

(MUg)s, which cannot exit by [8]. This concludes the proof of the main theorem. [J

2.3 An Illustration: The Case G = Z/p"

Having proved our main theorem, we will now illustrate our result in the case

G =Z/p", and will provide a lower-level argument for our result in this case.

Theorem I1.13. Let uy, denote [p*|pu, and
Ry = MU, Juj,u; 07 > 0,5 € {1,2,...,p" — D[[uggll/ (0" ] rum),
Sk = MU,[uj,u;* b1 > 0,5 € {1,2,...,p" = Wlluwl)/ ("M rup) w1,

R" = MU,[uj,u;,0)i > 0,5 € {1,2,...,p" — 1}].

J
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Then (MUgypn )y is the n-fold pullback of the diagram of rings

(2.29) R"

l¢n—1
wn 1

Rn—l — Sn—l

l¢n—2

Ry ——= 5,

B

R, U S,
l@ﬁo
R, ﬂ> So

The maps 1y are localization by inverting upy), and the maps ¢ are determined
by the properties of sending upgy1) to [plpup and b§~i)uj to the coefficient of z* in
T 45 [J]rup- ¢" 1 is determined by the property of sending b;i)uj to the coefficient

of z' in x +F [j]rupy.
Proof. Beginning with the cofibration of Z/p™-spaces
EZ[p", — S° — EZ/p",

smash with MUgzj,» and F(EZ/p",, MUz) to obtain the Tate diagram, whose

right square is

P

(2.30) (MUzjpn )2/7" (EZ[p™ N MUz )%7"

| |

F(EZ/p", MUz )" MUz,

This is a pullback square, since the left vertical map
(EZ/pn+ A MUZ/p")Z/pn — (EZ/pn+ A F(EZ/pn+, MUZ/p”))Z/pn

of the Tate diagram is an isomorphism.
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We will be able to compute the bottom row of (2.30), but to compute the top right
we will have to express it as a pullback. This is done by considering another Tate
diagram. In particular, consider the exact sequence 0 — P, — Z/p" — Q1 — 0,
where Py = Z/p, and Q, = Z/p"~'. We first take the P;-fixed points of

—_——

EZ/[p™ N MUz Beginning with the cofibration of @;-spaces

EQ1+—>SO—>E—ZQ/1

—_— —_——

and smashing with (EZ/p* A MUz )™ and F(EQ1 ., (EZ/p* A MUz )™), then
taking ();-fixed points gives a Tate diagram, whose left vertical map is an isomor-
phism and whose right square is therefore a pullback of rings:

(2.31)

—_— —_

(EZ/p™ A MUz jpn)P1) (EQi A (EZ/p™ AN MUz )1)@1

| |

P —_~—

F(EQ: ., (EZ/p" A MUy )™)@ —— (EQy A F(EQ1,, (EZ/p™ A MUz )P1))@r.

Notice that the top left corner of (2.31) is

—_—— —_——

(BZ/p™ N MUzpn)™)@" = (EZ/p™ A MUz )",

which is also the top right corner of (2.30). We will show later how to compute the
bottom row of (2.31). The difficulty is again to compute the top right corner.
For the sake of notation, it is convenient to note now that

—_—

2.32 EZ/pm AN MUz;0) = P MU, .
/p /p

—_—~—

This follows from (2.4) and the fact that EZ/p" = EF[P;], which is true because
both sides of this equation have fixed point set * with respect to the trivial subgroup
{e}, and fixed point set S° with respect to any other subgroup of Z/p™. The top

right corner of (2.31) can then be written as (Efél AN O MUz )@
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As may be anticipated, we proceed by considering the exact sequence
0= P — Q1 — Qs — 0, where P, & Z/p and Qy = Z/p" . Rather than taking
():1-fixed points all at once, we begin by taking P»-fixed points (E\él /\(IDPlMUZ/pn)P2.

A useful computation is the following.

Lemma I1.14. Let P? denote the subgroup of Z/p" isomorphic to Z/p*. Then
(2.33) (EQy A ®" MUz )" = &7 MUy pn.

Proof. EQ, = Eﬁg], so by (2.4) the left hand side of (2.33) is @@ MUz ,». The

equation we have to verify is

(2.34) (BEF[P A (EF[P A MUz )Y = (EF[P2 A MUz )"
But both sides of (2.34) are isomorphic to (E/]-"V[Pl] A MUZ/pn)PQ. O

Now we are ready to give the induction argument. For 1 < k < n, let P* denote
the subgroup of Z/p™ isomorphic to Z/p*. Suppose we have already considered the
exact sequence 0 — P, — Qp_1 — Qr — 0, for P, =2 Z/p, Qp_1 = Z/p"**1 and
hence Qp = Z/p"*. We are trying to compute (E\Q/k A @PkMUZ/pn)Qk. We consider
an exact sequence 0 — Ppy1 — Qp — Qpy1, with Py &2 Z/p and Qpq = Z/p" k1,
and rather than taking @i-fixed points all at once, we begin by taking P -fixed
points. Now (E\Q/k A <I>Pkl\/[UZ/pn)PkJrl = @PHIMUZ/pn, and the proof is the same as

that for Lemma II.14. Taking the cofiber sequence of () 1-spaces
EQk_HJr — SO — EQk+17

and smashing with <I>Pk+1MUZ/pn and F(EQp41,, <I>Pk+1MUZ/pn), then taking Q-

fixed points, gives a Tate diagram whose left vertical map is an isomorphism and
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whose right square is the pullback of rings:

(2.35)

(@ MUz )0t (5@:1 AP MUy ) 1

| |

F(EQpi1,, ®7" MUz pn )91 —— (EQp1 A F(EQpi1,, @7 MUyzjpn)) @441,

Of course, if k = n — 1 then @Pk+1MUZ/pn = CDZ/”nMUZ/pn, Qr+1 = {e}, and there
is no need to consider a pullback diagram such as (2.35), since tom Dieck’s method
is in that case already sufficient for computation. The result of this induction is a
description of (MUz,n)2/P" as an n-fold pullback diagram as in (2.29).

Since T, (M Uz )2/P" = W*Z/pnMUz/pn = (MUgzjpn), it remains only to compute,

on homotopy, the maps

(2.36) Uy F(EQu,, " MUz ) — (EQp A F(EQy,, ®7 MUy ),

(2.37) 6k : F(EQpi1,, 7 MUz )%+ = (BEQy A F(EQy,, 7 MUygjpn ),
and
(2.38) 6" OE MUy e — (EQuy A F(EQu_y,, @7 MUz ).
Lemma II1.15.
T (F(EQu @ MUzjpn)?) =
MU Juj, w001 > 0,5 € {12, 9% = DY][[ugg)) /("] pup)-
Proof. First, observe that

(2.39) O MUy jpn = (EF[P¥] A MUz )™ = (S®V A MUy )™,

where V' is the direct sum of infinitely many copies of each irreducible representation

of Z/p™ which is nontrivial on the subgroup P*.
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Recall that MUgz/» = LD for a prespectrum D over the complete universe U such
that Dy = Gr(n,U & W)™, where Gr(n,W) is the Z/p"-space of n-dimensional
complex subspaces of W, n the dimension of W, and the superscript 7, denotes

Thom space. Also recall that
k .
®PkMUZ/p" — hE)n Z—WP Dg/k’

following Definition I1.2. Let V; be the irreducible representation of Z/p™ on which
the generator acts by e2™/?". For each i € {1,2,...,p" — 1}, let U’ be the direct

sum of infinitely copies of each V; such that j =4( mod p*). Now

(Gr(n,u & W)™)™" 22 (Gr(n,U)™)" =

\/ Gr(m, UT* Y™ A Grky, U)o A= AGr(kye_, U 1)

Ogm,kjgn;zjepkx kj=n—m
Then if dim(W NU*) = I; and dim(W NUP") = m/, m/ —m + 3P — k; =0,
and
_wPk k
> Dl

\/ 272 Gr(m, U™ )" NS Gr (e U)o A AT T G (e U
Taking the colimit, the right hand side becomes
(2.40) \/ MU NS BUL A -+ ASPE 20 BU

As was done in [21] for G = Z/p, we wish to write (CDPkMUZ/pn)* as a ring of Laurent
series over (MU A BU, A---A\BU,), in variables u;. For j € {1,2,...,p"—1}, select
jo = j( mod p*), and let u; denote the element of v, —2M Uz multiplication by

which gives (Vj, — 2)-periodicity of (MUgzn ). Define bg-i) so that bg-i)uj corresponds
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to the homotopy class b; € MU, BU(1); = MU {bg,b1,bs,...,b

yh—1} in the wedge

summand of (2.40) with m > 0, k; = d;; (the Kronecker delta), [; = 0 for all <. Then
(2.41) (@7 MUz ) = MU, Juj,u; 05710 > 0,5 € {1,2,...,p" — 1}].

We are interested in F(EQk+,Q)PkMUZ/pn)Qk. Because @PkMUZ/pn is a split

spectrum,

F(EQy,, ®" MUzn)? = F(BQy,, MU. Juj,u; ' 0 > 0,5 € {1,2,...,p" —1}]).

J
The homotopy groups are calculated by considering the Gysin cofibration sequence

n—k

BQy, — CPP — (CP=)m"

where the right hand side is the Thom space, y; the canonical line bundle on CP>.

This gives the lemma. O]

Greenlees and May [14] then give that the map 1, is localization by inverting the
Euler class. At the top right of the diagram (2.29), it is clear by the computations

of tom Dieck that

(2.42) (®%7" MUszpn )y = MU, Juj,u; ', 0 )i > 0,5 € {1,2,...,p" — 1}].

J
It is important to note that our construction in non-canonical, since for u; we
require a choice of representative jo = j(mod p*). Nonetheless the other choices
must lie in the image of ¢,. Now that the map ¢, sends b;i)uj to the coefficient at
z' of  +p [j]rupy follows from the same proof method used by Kriz (Lemma 2.14,
[21]). The computation of the map ¢™~! is also the same. We will give the argument,

for the map

Ok : Ry — Sk,
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recalling that

Rk-‘rl = MU*[U,]‘, uj_la by)h > Oa] € {1’ 27 s 7pk+1 - 1}]Hu[k+1]ﬂ/([pn_k_l]Fu[kJrl])a

and
Sk = MU.[uj,u; ' b > 0,5 € {1,2,....p" = D[]l /("] rup) ] -

Due to the similarity with Kriz [21], we will follow his notation and narrative for the
remainder of this section. From this point, I have nothing to add to Kriz’s argument,
and include it just for completeness. First, consider the Z/p™-equivariant complex
line bundle £ = 7, ® @/ on CP> x EZ/p", where Z/p" acts trivially on CP>,
7, is the canonical line bundle on CP*, and o’ is the equivariant line bundle on
a point arising from the representation o’ : Z/p® — C* for which the generator
acts by e?0/P" pulled back to EZ/p", jo representatives chosen earlier. To make
the theorem true, we should choose jo = j. Recall that CPZ* = CP{U} refers to
the space of complex lines in the complete G-universe U, and 7 ¢ is the canonical

G-equivariant complex line bundle on this space. There is a map of line bundles
w:& = Mz
obtained by considering the inclusion CP> C CPz7 ,, which gives a map
P Y1,z/pm-
There is also a composition
EZ/p" —/*"" BZ/p" — CP*,

inducing a map

Aol = .
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The map w is defined to be the composite map
E=mn®@al =1y Py g,
There is another map
(2.43) V&= Nz
given as follows: Let CPy° = CP{U’}. Consider the map on based spaces
CP>* x EZ/p" — CP* 2 CP;* C CPgjn.

The pullback of 4 z/,» under this map is { = 73 ® o/, and this therefore defines the
map ¢ of (2.43).
By the classification of Z/p™-complex line bundles, the maps w and 1) are homo-

topic through maps of equivariant line bundles. Therefore, the map
(2.44) CPX A EZ[pt — CPP == CPy°, — ((Cpg?anr)*rl,z/p”

is Z/p™-homotopic to
(2.45)

CP® N EZ[p", =" (CP* x BL/p") = CPY — CPgj,. — (CPg3, ).

The target of (2.44) and (2.45) maps to X2M Uz . Since MUz, is a ring spectrum,

and by adjunction, we get two maps

CPYP NMU — F(EZ/p", MUzyn),
which on coefficients are maps

MU,CP>® — /%" (EZ/p", MUyg)).

The map coming from (2.44) sends b; to the image of bg-i)uj.
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To calculate the image of b; under the map coming from (2.45), recall that the

splitting MU — MUz, induces an isomorphism

(2.46) mF(BZ/p", MU) = 72" F(EZ/p%, MU) — 727" F(EZ/p, MUz/pn).

The map coming from (2.45) is the composition of (2.46) with the coefficients of
MU ANCP® — X *F(BZ/p"}, MU),

which is adjoint to

MUNBZ/p" x CP®), —

MU ACP® = MU A (CPP)" = MU AS2MU — S72MU.

The map

BZ/p" x CPY® — CPY® — (CPE)" — X °MU
is the class
(2.47) x4 [jlrug € MU*(BZ/p" ® CP™),

where u generates MU*BZ/p" and = generates MU*CP>. The map (2.46) is, on

coefficients, the slant product with (2.47). Since b; and 2z are dual,

bi/x +r [flrup

is the coefficient of = +p [j]pup at 2’. That ¢y sends up41) to [p]ruy is clear. This

concludes the proof of Theorem I1.13. O]

To summarize, we have described the equivariant complex cobordism ring (M Ug ).
as the limit of a diagram I'. When G is the cyclic p-group G = Z/p", T' takes the

form of an n-fold pullback diagram, obtained by successively expanding the top right
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corner of Tate diagrams by other Tate diagrams. For G finite abelian, I' is obtained
by gluing together several n-fold pullback diagrams I'(S) arising from maximal chains
S={H, € Hy C --- C H,} of subsgroups of G (i.e. no intermediate subgroups).
The diagrams I'(S) can also be obtained by expanding the top right corners of a
succession of Tate diagrams. (MUg), is obtained by taking homotopy groups on I
and taking a limit. The argument of Section 2.2 gives a new Isotropy Separation
Spectral Sequence (ISSS) for computing the coefficients of equivariant spectra E by
looking at the various fixed point spectra. The computation goes through because

the ISSS collapses for the spectrum F = MUy, since (MUg). is in even degrees.



CHAPTER III

Equivariant Formal Group Laws

3.1 Introduction

Before defining equivariant formal group laws, we will need some preliminaries
from algebra and character theory. If R is a ring and I an ideal of R, R; refers to

the localization of R at I, which is
(3.1) R[:{%me Rand b ¢ I},

informally speaking. Now an ideal I in a ring R also determines a topology, called
the Krull topology, on R. A basis of neighborhoods of 0 € R for the Krull topology
is given by the powers I™ of the ideal I. The completion of R with respect to the

Krull topology is given by
(3.2) R:=limR/I".
—

If R; = R, R is called complete at the ideal I. Let G be a finite abelian group. Let
G denote the character group of G, which is the group of group homomorphisms
f G — C*. An abelian group of order n has n characters fi,..., f,, and these are
the irreducible complex representations of the group.

Let E be a G-equivariant spectrum. Kriz [20] makes the following definition.

Definition III.1. A G-equivariant formal group law consists of:

93
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(1) A ring R complete at an ideal I and a cocommutative, coassociative, counital

comultiplication

A:R— R®R (ROR=(R® R)igrerer):

~

(2) An I-continuous map of rings € : R — E*[G]” compatible with compultiplication:

R R®R

"

(G — B*[C] ® E*[CT"

(3) A system of elements 2, € R, L € G such that
R/(z1|L € G) 2 E,

and

and
z;, = (e(L) ® 1)A(xzy) for L € G.

~

Here the ~ in E*[G]  refers to discretization. The cocommutativity, coassociativity,
and counitality of a comultiplication are determined by diagrams dual to those which
determine commutativity, associativity, and unitality of a product. v is the natural

comultiplication.

Greenlees [13] makes an equivalent definition of equivariant formal group laws for
compact Lie groups, but I adopt Kriz’s definition because I believe its explicit nature
adds to the clarity of our discussion.

Kriz [20] shows that a complex orientation on a G-equivariant spectrum E over the

complete universe U specifies a G-equivariant formal group law with R = E*CPg°.
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Here CPg® = CP(U) is the complex projective space on the complete G-universe. A
complex orientation on a G-spectrum F is a class x € E*(CPg) which satisfies the
appropriate equivariant analogues of the Thom theorems, but we will not admit of
this digression. The interested reader is referred to [27] for an historical perspective
on Thom'’s theory. Kriz’s proof is constructive, and our goal is to trace this construc-
tion to compute the equivariant formal group law corresponding to the equivariant
complex cobordism spectrum MUg, for the case where G is a finite abelian group.
We can do this because M Ug has a canonical complex orientation. In fact, MUg is
the universal complex-oriented G-spectrum, in the sense that the complex orienta-
tions of a ring spectrum E are in bijective correspondence with maps of ring spectra
¢ : MUg — E, which maps send the orientation class of MU to that of E. Here
a ring spectrum F is a spectrum with a homotopy associative and homotopy unital
product p: EAE — E, with unit map n: S — E, S the sphere spectrum. It is well
known that MU is a ring spectrum.

The computation of the equivariant formal group law of MU is of interest be-
cause of Conjecture 2.4 of [13], which asks whether the coefficient ring of equivariant
complex cobordism classifies equivariant formal group laws in the same way that
non-equivariant cobordism classifies traditional formal group laws, vis 4 vis Quillen’s
Theorem ([29], Theorem 1.3.4). Greenlees [13] shows that the equivariant complex
cobordism ring classifies equivariant formal group laws over Noetherian rings, but
the general result is still unknown. Allow us to formulate Greenlees’ Conjecture in

this way:

Conjecture III.2. For any complex oriented G-equivariant spectrum E there is
a unique homomorphism of rings 0 : MUY — E* such that 0 induces maps that

send the structures (1), (2), and (3) for the canonical equivariant formal group law
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corresponding to MUgq to the corresponding structure for E.

Our goal at present is to describe the equivariant formal group law corresponding

to MUyg for G a finite abelian group, with an eye toward Greenlees’ Conjecture I11.2.

3.2 The Case G=7Z/p

Let us begin by considering the case G = Z/p. Then we may write
G = {1,a,0?,..., a1},

Let v be the canonical line bundle on CPg°. Let E = MUg. Then E has a canonical
complex orientation, hence gives an equivariant formal group law by Theorem 3 of

[20]. We will match notation with Definition III.1 to describe this equivariant formal

group law. [20] gives R = E*CPg” = MUy, CPp3 . and

(3.3) I= (H xL> = (ﬁxak> = (ﬁxk> (defining x := zyk ).

LeG

The elements x; are Thom classes xj, € E2T(7G ® o), where T' denotes Thom
space. These are obtained as follows. Let xy € EQT(fyg) be the orientation class.

Now let ¢ : CPZ — CPZ classify 7¢ ® o, i.e. ¢*(7a) = 7¢ ® . Then we define
i, = Im(E2T(7g) =27 BT (v ® o).

Let U = ®"_, o*. Now the product on the right hand side of (3.3) is to be calculated
by the Thom diagonal A; : T(ve ® U) — AVZi T(ye ® o).

Lemma 7 of [20] gives that R = E*CPg° is complete at I, and
E*(CPX x CPZ) =~ R®R.

The comultiplication A is induced by the map classifying the ®-multiplication of line
bundles:

w:CP x CP — CPZ,
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i.e. for line bundles £ = f*vg, w = ¢"va, E @ w = (u(f x g))*.
Now we need to define the map € : R = MUy, CP77 — E*[G] = MUg/p[i/\p]v.

This is done by choosing a basepoint *; in each connected component of

cry)¥= ][ cpr~

o EZ/p

€ is the induced map in cohomology of the G-equivariant map

H*L—>G.

LeG

All of the above is documented in [20]. Our goal is to understand better the
algebraic structure of the ring MU /p(CP 7). Now by Lemma 7 of [20], we have the

following;:
(3.4) MUy, CPy, = MUz, {{xo, Tox1, ToT122, . . .} }.

In (3.4) the terms on the right hand side are a flag basis of the complete universe U,

and MUz, {{xo, zox1, Zox122, ...} } denotes

o0
g QiToxy - * - Ty

=0

The Borel cohomology

TP (F(BL/ps, MUz, CPg5,) —=n /P (F(EZL/ps, MUg,) CP)

= 1P (F(EZ/py, MUzy))][z]].

The elements zj, are in MU,[[u]]/([p]ru)|[[zo]], with MU,[[u]]/([p]ru) as in [21].
The xj are given by the relation zy = x¢ +r [k]Fu, which corresponds to the final
relation of (3) in the definition of equivariant formal group laws above. Recall the

pullback diagram
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(MUZ/p)* MU*[ukaulzlvbl(;)h > 07 k € (Z/p>><]

| )

MU.[[u]l/([plru) = MU.[[u]]/([plru) [u™"].

The element gb(bg)uk) is the coefficient of z' in = +5 [k]ru, so we can use this to

compute the ring MUg/p{{xo, ToT1, ToX1Ta, . ..} } = R. In particular, clearly we can
write zp € MU,[[u]]/([p]ru)[[x]] as a sum in the terms © = g, zox1, Tox122, . . . With

coefficients in MU} Ip but by applying the obvious map
MU, fug, g, b5 )i > 0,k € (2/p))[[2]] = MU [[ull/([p)rw)[u"][[2],

we are able to write xj in terms of the elements u,;, uj’l, b§i), and z = x.
In particular, z = x¢ +r [k]ru, so the coefficient ¢; € MU, [[u]]/([p]ru) of z{ in

the expansion of xj, is qb(ukb,(j)). Thus xj, is the image under ¢ of the element

i ukbg)xi,
i=0

where b;o) =1.

Theorem 11.2 of Greenlees [13] allows us to write

p—1 p—1
(35)  ®"*MU;,CPg, = [[ 2“" MU, [kl = [ %" MU3,, [+ [K] pul].
k=0 k=0

Now the elements béi) lend themselves the following description, also following

Greenlees [13]: form a flag basis for @Z/pMUg/p(CP(@OO o)) for a fixed k. Here

k» k

“0”” denotes the direct sum of infinitely many copies of the representation «o”.
Then take the dual basis of ®%/?(MUyz,).CP(@,, o). This dual basis consists of

the elements b,(f) .

The equation (3.5) allows us to obtain R = MUy, CPp7 as the pullback of the
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diagram
(3.6) R [T MU*[uz, ;b0 > 0, € (Z/p) ][]
|+
MU ([[u]]/([p]ru)([=]] ; hoo MU ([l /([p] ) [u= ][]
Now we need to describe the maps ¢ and . Certainly ¢ (u) = Z;é u, and

() = [[2=y(zx —r [k]pu). The map ¢ = 1= ! ¢;, where gbj(ukb,(f)) is the coefficient
of (x; —p [j]Fu)" in an expansion of x; +r [k — j]pu in terms of z; —r [j]ru, and
¢i(w;) = ;.

To complete the description of the equivariant formal group law corresponding
to equivariant complex cobordism, we must describe R®R and the coproduct R —
R®R.

R®R also has a description via a pullback diagram of rings:

(3.7)

R®R

1225 [122 MU*[uj, u; ' 010 > 0,5 € (Z/p) ][, yr]]

ld

MU[[u]]/([plru)[[z, y]] 1= TT= MU*[[ull/([plrw) [u= [k, 0]
1)’ is the obvious map x H HT O(Z‘k —r [klpu), y — Hz;é Hf;é(yr —r [r]ru),

—1 -1 —1 -1
u = [T [T7Zg u. The map ¢ = [[7- [[7= &}, where &).(z;) = 2, ¢,.(y-) = yr,

Jr?

and ¢;r(ukb,(f)) is the coefficient of (z; —r [j]Fu)’ in an expansion of x; +p [k — j]pu
in terms of z; —p [j]pu.

To define the coproduct R — RRR, it suffices to define maps from the top right,
bottom right, and bottom left of (3.6) to the corresponding rings in (3.7), compatible
with those diagrams. The map MU*[[u]]/([p]ru)[[z]] — MU*[[u]]/([p]ru)[[z,y]] is

determined by v +— u and x +— x +r y. The map

p—1p—1

TT M [}/ e Vsl — [T LT MO ) el e )

k=0 r=0
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is determined on the kth component by u + [], ., _, v and
Tk = [, 4hy—i(Thy +F Ury), and the other factors zero. By k; + ky = k we of course

mean ki + ke = k( mod p). Finally, the map

p—1
[T MU Tug, 05", 610 > 0,5 €(Z/p) ) [[24]
k=0

p—1p—1

= [T I MU [y, 056571 > 0,5 € (2/p) ) [[w, v

k=0 r=0
is determined by the kth component factor maps u; + [ ], ., 1 tj; by) = | PR bgi),

and @y = [, i (T, +F Yr,). This completes our description of the equivariant

formal group law corresponding to MUz,

3.3 The General Case

The description of the equivariant formal group law for MUz, in the previous
section followed immediately from Kriz’s papers [21] and [20]. It is not surprising,
then, that our description of MUg for G a finite abelian group in Section 2.2 allows
for an analagous description of the equivariant formal group laws in this case. We
adopt here the notation of Section 2.2.

To describe the formal group law for MUg, we need to describe the rings R
and R®R, the ideal I, the system of elements z; € R for L € @, the coproduct

A: R — R®R, and the map ¢ : R — E* [@]V It follows from [20] that

(38) R:MUE;CPEO gMUé{{1,$L1,$L1@L2,...}}7

where Ly @ Ly @ - -+ is any splitting of the complete G-universe U. The elements
x, € MU 2GT(7G ® L) are Thom classes, computed just as in [20], where 74 is the
canonical line bundle on CPg°. The ideal I is

(3.9) I=|]]x].

LeG
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where the product on the right is computed by the Thom diagonal just as in Sec-

tion 3.2. We define

(310) L1 ®Lo® DLy — Hl’Lll‘LQ T

and now the right hand side of (3.8) is well-defined.
Now MU{ is a split MU*-module, and the splitting map MU — MU induces

an isomorphism

(3.11) ©(F(EG., MU)) = nf (F(EGy, MU)),

and it follows that

(3.12) 7Y (F(EG., MUg)*CP) = MU, [[ur|L € G*])/(ur, +r urr = ura)[[x]].

We are now able to give a better description of the elements z. Clearly,

(313) Top =T € MU*HUL|L < G*]]/(UL +rupy = ULM)HJI]],
while
(3.14) Tr = Xo +F UL

Theorem 11.2 of [13] gives

(3.15) OMULCPy = [ ®°MU[[x)l = [] @MU +r uL)).
LeG* LeG*

We now turn our attention to the ring R, seeking an explicit description. In fact,
following Theorem II.4 and (3.8), such a description is not difficult to obtain. Let
S={H, C Hy C --- C Hy} € P(G), and recall that we may assume that there are

no intermediate subgroups between H;_; and H; for all j. Then I'(S) is the k-fold
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pullback of a diagram Ng of the form

(3.16) Q"

l¢k1
Yr—1

Qk—l — Sk—l

l¢k2

QQ — Sk—2
iabl
Q1 -2~ 5
l¢0
Qo 2~ 5.

Here

Q=] (As;.8)7, o/ i, sllucll € Bll/(ur +p unr = urn)[[2]];

*
LEHJ-

Si= ] (An,9)7, o/ T sllunlL € R\l (ur +p uar = urar)[[])-

LeHs, |
Q" is defined similarly to the rings )}, also using the computations in the proof of
Theorem II.5. The maps of Ny are determined by the maps of the diagram T'(S),
together with the conditions

(3.17) T H xar +r (up —upy).

M=L( mod Hj)
for the horizontal maps and

(318) T — I,

for the vertical maps. Taking the union of the diagrams Ny over the various series

S gives a diagram I, and R is the limit of I, i.e.

(3.19) R = holimT'%.
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Having computed R, we must compute R®R, though this is now fairly standard. Let
N differ from the diagram N only insofar as whenver we would adjoin [[2]], instead
adjoin [[z1,yr]]. The maps are determined by the maps of Ng and the corresponding
mappings for the elements y;. The union of the diagrams N} gives a diagram I'”, of

which RRR is the limit, so that
(3.20) R&R = ho limTg.

Now the coproduct A : R — R®R is not difficult to describe at the level of the
diagrams I'" and I'”. The corresponding map I'" — I'” is determined by the identity

map I' = I', and the condition

(321) T —r H (J]M +r yN)
MN=L(mod Hj)

for the maps @Q; — @} and S; 1 — S},
Finally the map ¢ : R — E* [@]V is the induced map in cohomology of the G-
equivariant map

(3.22) [+ —¢.

Leq

where xj, is a chosen basepoint in the appropriate connected componenet of

(Ccry)? =] cpr~.

LeG

This works exactly the same as for the case G = Z/p above. This completes our
description of the equivariant formal group law corresponding to the equivariant

complex cobordism spectrum MUy of a finite abelian group.

3.4 The Case G=7Z/p"

There is intricate structure hiding beneath the surface of our description of the

equivariant formal group law for MUg in the previous section. To illucidate the
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discussion, and as a special case of Section 3.3, we now compute the equivariant
formal group law given by the complex orientation on MUz,». Much of the structure

follows immediately from Kriz [20]. Namely,
(323) R = MU%/pnC 57;0“ = MU%/pn{{l, LIy XL L Ly - - }},

for L1 @ Ly & - -+ any splitting of the complete universe . The ideal [ is
(3.24) I= ( 11 a:L>,
LEL/p"
where the elements x; are Thom classes, and the product computed by the Thom

diagonal as before. We define

(325) LL1®Lo® DLy — H L1 TLy Ty

so the right hand side of (3.23) is now well-defined.
We want to understand better the structure of the ring R via the description of
(3.23). Just as for the case G = Z/p, the splitting map MU — MUz~ induces an

isomorphism
wlV (F(EZ/pY, MU)) = 7l/P" (F(EZ/pl, MUzypn)),

so that 727" (F(EZ/ptL, MUz ) CPg,) = MU [[ul] /([p"]u)[[2]]. For

0<j<p"!letx; =1z, bethe Thom class in m;/pnT(VZ/pn@)aj) given as before,
where yz,n is the canonical line bundle on CFz7 .. Thus the ideal I = (H?Z)l ;).
It is clear that the elements z; may be written as series in g, ox1, ToT122, . .. With
coefficients in MU} e We give a more useful description of the elements z; arising
from the diagram of Theorem I1.13. Of course zo = x € MU, [[u]]/([p"]ru)[[z]], and
x; = %o +5 [jlru. Let Ry, Sk, 0 <k <n—1, and R" be as in Theorem II.13, and

refer to that theorem for notation. Then the element ujby) of R™ maps to an element
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of S,,_1 that does not include the term u[jlal], so this element really lives in R,,_;. For
0 < k < n, the resulting element of R, maps to an element of S;_; which does not
include the term u[;l_l}, so it really lives in R;_;. This allows us to map the elements
ujby) of R™ to Ry = MU,[[u]]/([p"]Fu); call this map ¢. Then there is an implied

map ¢ : MUJub"li > 0.1 < j < p" —1]{fa]] = MU [[u]]/([p"]r)[[a]). Since u,b”

maps to the coefficient of 2’ in x +p [j]ru, z; is the image under ¢ of the element

i u;j bg-i)xi,
i=0

just as was true for the case G = Z/p. We would also like a nice description of the
ring

R = MU, (CPzy,n) = MUz, {{U}}
as a product, as we had for the case G = Z/p. Greenlees’ Theorem 11.2 [13] gives us

the following;:

(3.26)
n__1 n__1
L MU {{U}}—pH LY MU, W [[25]] —pH L MU, [ 5 [)
Z./p™ = z/pm V5] = Z/pn F J]FU”'
j=0 Jj=0

Moreover, we obtain R as an n-fold pullback, using Theorem I1.13. Let us recall

the notation of that theorem:

upy = [p"ru;
Ry = MU, [uj,u; ', 07 > 0,5 € {1,...,p" — W[[up]) /(0" ] pugy);
Sk = MU, Juy,u; 00l > 0,5 € {1, p* — 1] [[uggl/ (" ) [y ]

R" = MU.[uj,u;,bi.0,5 € {1,...,p" —1}].

Also, the map ¥y, : R, — S} is localization by inverting wy), and the map ¢y :

Ry 1 — Sk is determined by the property of sending b§i)uj to the coefficent of 2* in
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= +r [jlpup, and upiq) — [plpug. The map ¢"~ ' : R" — S,_; is defined similarly.

Recall then that MUy~ is the pullback of the diagram

(3.27) R"

l¢n—1
Pn—
Rnfl 41) Snfl

l¢n2

Ry ——= S,

o

R, Lgl
\L%
Ry -2~ .

The various powers of the Euler class which are invertible on this diagram allow
for certain product decompositions of the ring R = MU /pn(Cng’pn. Let R™, Sk, Ry

stand for the cohomology rings now, rather than homology. Then R is the pullback

of the following diagram of rings:

(3.28)

HkE(Z/p")* R[]

i¢n1
¢n—1

ke@pn—1ye Bnallowl] = ez /pm) Sn-allze]]

ez Billen] —2 ey Sillzal]

l%

Rollt]] — TTeeqzyp- Sollzal].
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The horizontal maps, as implied, are induced by the maps 1), and the condition
i = ] =j(mod py(@r +r [j — rlFup). The vertical maps are induced by the maps
¢r and the condition z; — z; for all j.

There is a similar description of RQR as a pullback:

(3.29) 1. rE(Z)pm) R"ka,yrﬂ

l¢n 1
wn 1

Hk re(Z/pn—1)* R” 1[[Ik7y7’]] Hk re(Z/pm)* Sn 1[[%&;%“

¥
Hk,re(Z/p)* Rl[[wka yr]] — Hk,re(Z/p2)* 51[[£L’k, yr”

i%

Rollz, yl] —2 TT,eizp)- Solln, url.

The maps are determined by the maps of (3.28) and the corresponding conditions
for y,. Namely, under the horizontal maps, y, — HSET( mod pk)(ys +r [r = slpup).
Under the vertical maps, y, — y,.

It remains to specify the coproduct A : R — R®R on the terms of the diagrams
(3.28) and (3.29). The map [,z Billzel] = [k e@/py Liller ve]l is deter-
mined by the identity map on R; and the condition @y + [T, L pp(Thy +F Yry),
where by ki + ks = k we of course mean ky + ko = k( mod pJ) The map on the top
right of the diagrams is defined similarly. The map

IT Siall=l = I Siallze vl

ke(z/pi)* k.re(Z/pi)*

is determined by the identity map on S;_; and the condition

Ty — H Thy TF Y-
ki1+ko=k
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-~

Finally, the map € : R — E*[G]" is constructed just as in the general case. This com-

pletes our description of the equivariant formal group law corresponding to MUz pn.

3.5 Conclusion

We have given explicit algebraic descriptions of the equivariant complex cobor-
dism ring MUg and its corresponding equivariant formal group law for G a finite
abelian group. The corresponding description of MUy, by Kriz [21] was used by
Strickland [31] to give generators and relations for MUyz/,. The present work should
allow Strickland’s computations to be carried over for more general groups GG. More-
over, the description of the equivariant formal group laws in Section 3.3 provide an
avenue of approach toward Greenlees’ Conjecture II1.2. The resolution of Greenlees’
Conjecture could allow for a lexicon to be built up between the topology of equiv-
ariant stable spectra and the algebra of equivariant formal group laws, as was done
non-equivariantly following Quillen’s Theorem I.1.

There is also reason to believe that the Isotropy Separation Spectral Sequence used
in Section 2.2 to compute the equivariant complex cobordism ring can be applied to
the study of other important equivariant spectra. The RO(G)-graded coefficients of
the equivariant Eilenberg-MacLane spectra, for instance, are still unknown beyond
the case G = Z/p™, which case was resolved by Hu and Kriz [18]. The Isotropy
Separation Spectral Sequence could very well facilitate this computation over a finite
abelian group.

Other worthy computations include that of spectra constructed from real cobor-
dism MR, such as the spectrum €2 defined by Hill, Hopkins and Ravenel [16], and
discussed in Section 1.1. Hill, Hopkins, and Ravenel obtain their results without

computing explicitly the coefficients of 2, and this computation may yet enhance
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the power of their methods.

In conclusion, the methods and results of this thesis clear the path for much
future research in and around equivariant stable homotopy theory, and it is the
author’s hope to continue this research program to the expansion of the empire of

mathematical knowledge.
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