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ABSTRACT

Group, Lattice and Polar Codes for Multi-terminal Communications
by

Aria Ghasemian Sahebi

Chair: S. Sandeep Pradhan

We study the performance of algebraic codes for multi-terminal communications.
This thesis consists of three parts: In the first part, we analyze the performance of
group codes for communications systems. We observe that although group codes are
not optimal for point-to-point scenarios, they can improve the achievable rate region
for several multi-terminal communications settings such as the Distributed Source
Coding and Interference Channels. The gains in the rates are particularly significant
when the structure of the source/channel is matched to the structure of the underlying
group. In the second part, we study the continuous alphabet version of group/linear
codes, namely lattice codes. We show that similarly to group codes, lattice codes
can improve the achievable rate region for multi-terminal problems. In the third part
of the thesis, we present coding schemes based on polar codes to practically achieve
the performance limits derived in the two earlier parts. We also present polar coding
schemes to achieve the known achievable rate regions for multi-terminal communi-
cations problems such as the Distributed Source Coding, the Multiple Description

Coding, Broadcast Channels, Interference Channels and Multiple Access Channels.



CHAPTER I

Introduction

Approaching information theoretic performance limits of communications using
structured codes has been of great interest for the last several decades. The ear-
lier attempts to design computationally efficient encoding and decoding algorithms
for point-to-point communication (both channel coding and source coding) resulted
in injection of finite field structures to the coding schemes. In the channel coding
problem, the channel input alphabets are replaced with algebraic fields and encoders
are replaced with matrices. Similarly in source coding problem, the reconstruction
alphabets are replaced with a finite fields and decoders are replaced with matrices.
Later, these coding approaches were extended to weaker algebraic structures such as
rings and groups [1-3,7,18,19,23,24,28,29,35,42,45]'. The motivation for this are
two fold: a) Finite fields exist only for alphabets with size equal to a prime power,
and b) For communication under certain constraints, codes with weaker algebraic
structures have better properties. For example, when communicating over an addi-
tive white Gaussian noise channel with 8-PSK constellation, codes over Zsg, the cyclic
group of size 8, are more desirable over binary linear codes because the structure
of the code is matched to the structure of the signal set [2], and hence the former

have superior error correcting properties. As another example, construction of polar

!Note that this is an incomplete list. There is a vast body of work on group codes. See [19] for
a more complete bibliography.



codes over alphabets of size p”, for » > 1 and p prime, is simpler with a module
structure rather than a vector space structure [54,58,66]. Subsequently, as interest in
network information theory grew, these codes were used to approach the information-
theoretic performance limits of certain special cases of multi-terminal communication
problems [26,57,75,78]. These limits were obtained earlier using the random coding
ensembles in the information theory literature.

In 1979, Korner and Marton, in a significant departure from tradition, showed that
for a binary distributed source coding problem, the asymptotic average performance
of binary linear code ensembles can be superior to that of the standard random cod-
ing ensembles. Although structured codes were being used in communication mainly
for computational complexity reasons, the duo showed that, in contrast, even when
computational complexity is not an issue, the use of structured codes leads to su-
perior asymptotic performance limits in multi-terminal communication problems. In
the recent past, such gains were shown for a wide class of problems [4,42,50, 56, 72].
In [42,60], an inner bound to the optimal rate-distortion region for the distributed
source coding problem is developed in which Abelian group codes were used as build-
ing blocks in the coding schemes. Similar coding approaches were applied for the in-
terference channel and the broadcast channel in [52,53]. The motivation for studying
Abelian group codes beyond the non-existence of finite fields over arbitrary alphabets
is the following: The algebraic structure of the code imposes certain restrictions on the
performance. For certain problems, linear codes were shown to be not optimal [42],
and finite Abelian group codes exhibit a superior performance. For example, consider
a distributed source coding problem with two statistically correlated but individually
uniform quaternary sources X and Y that are related via the relation X =Y + Z,
where 4 denotes addition modulo-4 and Z is a hidden quaternary random variable
that has a non-uniform distribution and is independent of Y. The joint decoder wishes

to reconstruct Z losslessly. In this problem, Abelian group codes over the cyclic group



Z, perform better than linear codes over the Galois field of size 4. In summary,
the main reason for using algebraic structured codes in this context is performance
rather than complexity of encoding and decoding. Hence information-theoretic char-
acterizations of asymptotic performance of Abelian group code ensembles for various
communication problems and under various decoding constraints became important.

Such performance limits have been characterized in certain special cases. It is
well-known that binary linear codes achieve the capacity of binary symmetric chan-
nels [25]. More generally, it has also been shown that g-ary linear codes can achieve
the capacity of symmetric memoryless channels [23] and linear codes can be used to
compress a source losslessly down to its entropy [41]. Goblick [3] showed that bi-
nary linear codes achieve the rate-distortion function of binary uniform sources with
Hamming distortion criterion. Group codes were first studied by Slepian [68] for the
Gaussian channel. In [6], the capacity of group codes for certain classes of channels
has been computed. Further results on the capacity of group codes were established
in [7,8]. The capacity of group codes over a class of channels exhibiting symmetries

with respect to the action of a finite Abelian group has been investigated in [18].

The thesis is organized as follows: Chapter II is devoted to the introduction of
finite Abelian group codes and the performance of such codes is studied for point-to-
point problems. We study both the channel coding and the source coding problems
for arbitrary discrete memoryless sources and channels. Our contribution in this
chapter is the source coding result and the generality of the channel coding result.
Furthermore, we employ joint encoding and decoding schemes based on joint typical-
ity, resulting in a simplified derivation. The existing results on the performance of
Abelian group codes include [18] in which the performance of Abelian group codes over
symmetric channels is investigated and [42] in which Z, alphabets are considered.

In Chapter III, we study the performance of these codes for some multi-terminal



problems. We derive an achievable rate region for the distributed source coding
problem and interference channels as examples of multi-terminal problems in which
structured codes prove to be superior to traditional random codes. Further results
for other problems can be obtained in the same fashion. In Chapter IV, we con-
sider a class of non-Abelian groups and investigate the coding performance of codes
over these groups. The contribution of this chapter is the characterization of the
ensemble of all group codes over Dihedral groups and showing that the average per-

formance of this ensemble can be superior to other coding schemes for some examples.

Lattice codes are the analogue of linear/group codes for the the case where the
channel inputs or the source reconstructions take values from a continuous alphabet
(R for example). In Chapter V, we discuss the performance of lattice codes for some
multi-terminal communications problems namely the Gelfand-Pinsker, the Wyner-
Ziv and the distributed source coding problems. For the Gelfand-Pinsker and the
Wymner-Ziv problems, we show that nested lattice codes are optimal. For the dis-
tributed source coding problem, we derive an achievable rate region which is strictly

larger that known achievable regions.

In Chapters VI and VII, we study polar codes. Polar codes were originally intro-
duced as linear codes achieving the symmetric capacity of channels with binary input
alphabets. They were later generalized to achieve the symmetric rate-distortion func-
tion for sources with binary reconstructions. Traditionally in information and coding
theory, random ensembles of codes are considered and the average performance over
the ensemble is evaluated. In contrast, polar codes constitute the first class of codes
with an explicit construction with a (sub)-optimal performance. We make the obser-
vation that polar codes can be extended for arbitrary DMCs and DMSs if they are

considered as nested group codes. In other words, we extend polar codes to achieve



the symmetric capacity of arbitrary DMCs and the symmetric rate-distortion func-

tion for arbitrary DMSs.

Our next contribution is to show that polar codes are optimal (in the Shannon
sense) for both channel coding and source coding problems. We also show that polar
codes are optimal for many multi-terminal communication problems in the sense that
they achieve the best known achievable rate regions for such problems. This includes
the distributed source coding problem, the Korner-Marton problem, the multiple ac-
cess channel, and computation over MAC. For the broadcast channel, we show that
polar codes achieve Marton’s inner bound with one additional constraint on auxiliary

random variables.

In summary, the thesis consists of results on the performance of structured codes

for the following problems:

e Abelian group codes:

Point-to-point channel coding

Lossy source coding

Distributed source coding

The interference channel

e Non-Abelian group codes (over Dy, only):

— Point-to-point channel coding

— Computation over multiple-access channels
e Lattice Codes

— Point-to-point channel coding problem with state information (Gelfand-

Pinsker problem).



— Lossy source coding with state information (Wyner-Ziv problem)

— Distributed source coding
e Polar codes

— Point-to-point channel coding (symmetric capacity)
— Lossy source coding (Symmetric rate-distortion)

— Point-to-point channel coding (Shannon capacity)

Lossy source coding (Shannon rate-distortion)

Distributed source coding (Berger-Tung and Korner-Marton problems)

Multiple access channels and computation over MAC

Broadcast channels

— Multiple descriptions Coding



CHAPTER II

Abelian Group Codes for Point-to-Point

Communications

In this chapter, we focus on two problems. First, we consider the lossy source
coding problem for arbitrary discrete memoryless sources in which the distortion in
measured using a single-letter criterion and the reconstruction alphabet is equipped
with the structure of a finite Abelian group G. We derive an upper bound on the
achievable rate-distortion function using group codes over G of some arbitrarily large
block-length n. The average performance of the ensemble is shown to be the sym-
metric rate-distortion function of the source when the underlying group is a field i.e.
the Shannon rate-distortion function with the additional constraint that the recon-
struction variable is uniformly distributed. For the general case, it turns out that
several additional terms appear corresponding to subgroups of the underlying group
in the form of a maximization and this can result in a larger rate compared to the
symmetric rate for a given distortion level.

In the second part, we consider the channel coding problem for arbitrary discrete
memoryless channels. Without a loss of generality, we assume that the channel input
alphabet is equipped with the structure of a finite Abelian group G. We derive a
lower bound on the capacity of such channels achievable using group codes which

are subgroups of G". We show that the achievable rate is equal to the symmetric



capacity of the channel when the underlying group is a field; i.e., it is equal to the
Shannon mutual information between the channel input and the channel output when
the channel input is uniformly distributed. Similarly to the source coding problem,
we show that in the general case, several additional terms appear corresponding to
subgroups of the underlying group in the form of a minimization and the achievable
rate can be smaller than the symmetric capacity of the channel.

It can be noted that the bounds on the performance limits as mentioned above
apply to any arbitrary discrete memoryless case. Moreover, we use joint typicality
encoding and decoding [21] for both problems at hand. This will make the analysis
more tractable. In this approach we use a synergy of information-theoretic and group-
theoretic tools. The traditional approaches have looked at encoding and decoding of
structured codes based on either minimum distance or maximum likelihood. We in-
troduce two information quantities that capture the performance limits achievable
using Abelian group codes that are analogous to the mutual information which cap-
tures the Shannon performance limits when no algebraic structure is enforced on the
codes. They are source coding group mutual information and channel coding group
mutual information. The converse bounds for both problems will be addressed in a

future work.

2.1 Preliminaries

The Source Model

The source is modeled as a discrete-time memoryless random process with each
sample taking values from a finite set 2" called alphabet according to the distribution
px. The reconstruction alphabet is denoted by % and the quality of reconstruction
is measured by a single-letter distortion functions d : 2" x Z — R*. We denote

this source by (2, % ,px,d). For two sequences € = (z1, -+ ,x,) € Z™ and u =



(uy, -+ ,u,) € %™, with a slight abuse of notation, we denote the average distortion

by

The Channel Model

We consider discrete memoryless channels used without feedback. We associate
two finite sets 2" and % with the channel as the input and output alphabets. The
input-output relation of the channel is characterized by a conditional probability law

Wy x (y|z) for x € 2" and y € #. The channel is specified by (2, %, Wy x).

Review of Groups

In this section, we review some of the basic concepts of group theory. For a more
complete discussion, we refer the reader to [16]. A group (G,+) is a set G together

with a binary operation + such that

e Foralla,be G,a+beG.

e Forall a,b,ce G,a+ (b+c)=(a+b)+c

e There exists 0 € G such that a +0+04+a=a € G.

e For all a € G, there exists b € G such that a+b=b+a = 0.

If in addition to the above, the following condition is satisfied
e Foralla,be G,a+b=0+a.

then the group is called Abelian. We focus on finite groups, i.e., groups whose set is
finite. When the group operation is clear from the context, we sometimes denote the
group (G, +) simply as G. Given a group G, a subset H of G is called a subgroup of

G if it is closed under the group operation. In this case, (H,+) is a group in its own



right. This is denoted by H < G. A coset C of a subgroup H is a shift of H by an
arbitrary element a € G (i.e., C' = a+ H for some a € (). For a subgroup H of G,
cosets of H is G form a partition of G. The number of cosets of H in G is called the
indez of H in G and is denoted by |G : H|. The index of H in G is equal to |G|/|H|
where |G| and |H| are the cardinalities of G and H respectively. If |G| is a power
of a prime p, we say G is a p-group. For a prime p dividing the cardinality of G, a
Sylow-p subgroup of G is a subgroup of G whose cardinality is a power of p which is
not contained in another p-subgroup of G.

Given two groups (G, +¢) and (K, +), a mapping ¢ : G — K is called a homomor-
phism if for all a,b € G, ¢p(a +¢ b) = ¢(a) +x ¢(b). The groups G and K are called
to be isomorphic if there exists a bijective homomorphism ¢ between G and K. In
this case, we write G = K.

All groups referred to in this chapter are Abelian groups.

Group Codes

Given a group G, a group code C over GG with block length n is any subgroup
of G™. A shifted group code over G, C + b is a translation of a group code C by a
fixed vector b € G". When the underlying group G is a finite field, the group code is
a subspace over GG and is called a linear code. Group codes generalize the notion of
linear codes over fields to sources with reconstruction alphabets (and channels with

input alphabets) having composite sizes.

Achievability for Source Coding and the Rate-Distortion Function

For a group G, a group transmission system with parameters (n, ©, A, 7) for com-
pressing a given source (Z°,% = G, Px,d) consists of a codebook C, an encoding

mapping Enc(-), and a decoding mapping Dec. The codebook C is a shifted group

10



code over GG whose size is equal to @ and the mappings are defined as

Enc: 2" —{1,2,...,60},

Dec: {1,2,...,0} = C
such that
P[d(X”,Dec(Enc(X”))) > A] <rT

where X" is the random vector of length n generated by the source. In this transmis-
sion system, n denotes the block length, log @ denotes the number of “channel uses”,
A denotes the distortion level, and 7 is a bound on the probability of exceeding the
distortion level A.

Given a source (2, % = G, Px,d), a pair of non-negative real numbers (R, D) is
said to be achievable using group codes if for every € > 0 and for all sufficiently large
numbers n, there exists a group transmission system with parameters (n, ©, A, ) for

compressing the source such that
1
—log® < R+, A<D +e, T<e€
n

The optimal group rate-distortion function R*(D) of the source is given by the infi-

mum of the rates R such that (R, D) is achievable using group codes.

Achievability for Channel Coding

For a group G, a group transmission system with parameters (n, ©, 1) for reliable
communication over a given channel (2" = G, %, Wy x) consists of a codebook C,
an encoding mapping Enc(-), and a decoding mapping Dec(:). The codebook C is a
shifted subgroup of G™ group code over G whose size is equal to © and the mappings

are defined as

Enc: {1,2,---,0} - C

Dec: %" — {1,2,--- ,0}

11



such that

°1
> 5 W (y[Bne(m)) < 7
m=1 y:Dec(y)#£m
or equivalently,
o1

Z 6 Z ]l{m:Enc(m)} Z Wn(y|m>]l{m7éDec(y)} <7

m=1 IS AL yegyn
Given a channel (2" = G, %, Wy|x), the rate R is said to be achievable using group

codes if for all € > 0 and for all sufficiently large n, there exists a group transmission

system for reliable communication with parameters (n,©, 7) such that
1
—log® > R — ¢, T<e
n

The group capacity of the channel C' is defined as the supremum of the set of all

achievable rates using group codes.

Typicality

Consider two random variables X and Y with joint probability mass function
pxy (z,y) for (x,y) € & x% . Let n be an integer and let € be a positive real number.
The sequence pair (x,y) belonging to 2™ x #™ is said to be jointly e-typical with
respect to pxy if

€

Ealcd

1
Vae X, Vbe ¥ : EN(a,b|ac,y)—pr(a,b) <

and none of the pairs (a,b) with pxy(a,b) = 0 occurs in (z,y). Here, N(a,b|x,y)
counts the number of occurrences of the pair (a,b) in the sequence pair (x,y). We
denote the set of all jointly e-typical sequence pairs in 2™ x #™ by A?(X,Y).

Given a sequence ¢ € A?(X), the set of conditionally e-typical sequences A?(Y|x) is

defined as

AlYz) ={y e 7" |(m,y) € AL(X,Y)}

12



Notation

In our notation, P is the set of all primes, Z* is the set of positive integers, Rt
is the set of non-negative reals, and for a prime p and a positive integer r, Z, is the
cyclic group of order p”. Since we deal with summations over several groups in this

thesis, when not clear from the context, we indicate the underlying group in each
(@)
~~

summation, e.g., summation over the group G is denoted by Z Direct sum of

groups is denoted by € and direct product of sets is denoted by ).

2.2 The Ensemble of Abelian Group Codes

In this section, we use a standard characterization of Abelian groups and introduce

the ensemble of Abelian group codes used in the thesis.

2.2.1 A Characterization of Abelian Groups

For an Abelian group G, let Z(G) denote the set of all prime divisors of |G| and
for a prime p € Z(G) let S,(G) be the corresponding Sylow subgroup of G. It is
known [36, Theorem 3.3.1] that any Abelian group G can be decomposed into a direct
sum of its Sylow subgroups in the following manner

G= P S (2.1)
pEZ(G)
Furthermore, each Sylow subgroup S,(G) can be decomposed into Z, groups as

follows:

$(G) = D Ly (2:2)
reZp(G)

where Z,(G) C Z* and for r € %,(G), M, is a positive integer. Note that Zﬁf””“

is defined as the direct sum of the ring Z, with itself for M, , times. Combining

13



Equations (2.1) and (2.2), we can represent any Abelian group as follows:

My r

® Ou-0 OO 29

pEP(G) reZy( pEZ(G) reZp(

IIZ

where Z;T) is called the m™ Z,- ring of G or the (p,r,m)™ ring of G. Equivalently,
this can be written as follows
cx @
(p,r,m)e¥9(G)

where 4 (G) C P x Z1 x Z* is defined as:
g(G) = {(pa r m) ePx 7" x Z+|p € @(G),T’ € %p(G)ﬂn € {1a27 e 7MP7T}}

This means that any element a of the Abelian group G can be regarded as a vector
whose components are indexed by (p,r,m) € 4(G) and whose (p, 7, m)™® component
aprm takes values from the ring Z,-. With a slight abuse of notation, we represent
an element a of G as

a= @ Up,rym
(p,r;m)€9(G)
Furthermore, for two elements a,b € G, we have
a+b= @ Ap,rm Fpr Oprom
(p,r;m)€Y(G)

where + denotes the group operation and +,- denotes addition mod-p". More gener-

ally, let a, b, --- , 2z be any number of elements of G. Then we have
atbt-tz= P (Gprm o bprm o Zprm) (2.4)
(p,r,m)€Y(QG)

This can equivalently be written as

[a+b+--+ Z]p,r,m = Qprm Fpr Oprm +pr = Fpr Zprm

th

where [-],.m denotes the (p,r, m)" component of it’s argument.
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Let Ig,pm € G be a generator for the group which is isomorphic to the (p, r, m)™

ring of G. Then we have

(&)
~~

a = Z ap,r,mHG:p,r,m (25)
(p,r,m)€94(G)

where the summations are done with respect to the group operation and the mul-
tiplication ay, mlgprm i by definition the summation (with respect to the group
operation) of L., . m to itself for a, .., times. In other words, a, ;. mlG.p.rm is the short

hand notation for

(@)

ap,’r,m]IG:p,r,m - E I[G:p,r,m

i€{1, aprm}
where the summation is the group operation.
Example: Let G = Zy & Z3 @ Z3. Then we have Z(G) = {2,3}, S2(G) = Z4 and
S3(Q) = Zs & 73, %:(Q) = {2}, Z3(G) = {1,2}, Mas =1, M3; =1, M35 =2 and

9(G) ={(2,2,1),(3,1,1),(3,2,1),(3,2,2)}

Each element a of G can be represented by a quadruple (ag21, @311, @321, a322) where
ag21 € Zy, a311 € Z3 and azn1,a322 € Zy. Finally, we have Iga01 = (1,0,0,0),
Igs11 = (0,1,0,0), Igs21 = (0,0,1,0), Igs20 = (0,0,0,1) so that Equation (2.5)
holds.

In the following section, we introduce the ensemble of Abelian group codes which

we use in this chapter.

2.2.2 The Image Ensemble

Recall that for a positive integer n, an Abelian group code of length n over the
group G is a subgroup of G™. Our ensemble of codes consists of all Abelian group
codes over G, i.e., we consider all subgroups of G". We use the following fact to

characterize all subgroups of G™:
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Lemma IL.1. For an Abelian group G, let ¢ : J — G be a homomorphism from
some Abelian group J to G. Then o(J) < G, i.e., the image of the homomorphism
is a subgroup of G. Moreover, for any subgroup H of G there exists a corresponding

Abelian group J and a homomorphism ¢ : J — G such that H = o(J).

Proof. The first part of the lemma is proved in [16, Theorem 12-1]. For the second
part, Let J be isomorphic to H and let ¢ be the identity mapping (more rigorously,

let ¢ be the isomorphism between J and H ). O

In order to use the above lemma to construct an ensemble of subgroups of G", we
need to identify all groups J from which there exist non-trivial homomorphisms to
G™. Then the above lemma implies that for each such J and for each homomorphism
¢ : J — G", the image of the homomorphism is a group code over GG of length n and
for each group code C < G™, there exists a group J and a homomorphism such that
C is the image of the homomorphism. This ensemble corresponds to the ensemble of
linear codes characterized by their generator matrix when the underlying group is a
field of prime size. Note that as in the case of standard ensembles of linear codes, the
correspondence between this ensemble and the set of Abelian group codes over G of

length n may not be one-to-one.

Let G and J be two Abelian groups with decompositions:

G= P zw

(p,r,m)e¥(G)

I= P zy

(g,8,0)e4(J)

and let ¢ be a homomorphism from J to G. For (¢, s,1) € 9(J) and (p,r,m) € 4(G),

let

9(q,s,))=(p,rym) = [Qs(]lqu,s,l )]p,r,m
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where I, 5; € J is the standard generator for the (g, s,1)™ ring of J and [¢(L;.4.51)]p.rm
is the (p,r,m)™ component of ¢(Is,.;) € G. For a = D ys1yew() Gasi € J, let
b = ¢(a) and write b = B, , ,)cw (@) bprm- Note that as in Equation (2.5), we can

write:

~ N
a = E aq,s,l]IJ:q,s,l

(/)

2
- Z Z ]IJ:q,s,l

(QVSJ)Gg(J) ie{lz"' 7aq,s,l}

where the summations are the group summations. We have

bp,r,m = a’)]p,r,m
() (J)
~ =~
= ¢ HJ:q,s,l
(g,8,)e9 ze{l, g1}
p,rm
(@) (@)
(a)
= Z Z (b (]IJ:q,s,l>
(g,5,1)€9(J) i€{l, ,aq,s,1}
p,r,m

(Zpr) (Zpr)
~~

B —
- Z Z [¢ (HJ:q,s,l)]pﬂﬂ,m

(q’s’l)eg(‘]) i€{1,~~- 7aq,s,l}

(c)
= Z Qg.s,l [¢ (]IJ:q,s,l)]pmm

= Z Qgq,s,19(q,s,1)—(p,r,m)
(g,8,1)e9(J)

Note that (a) follows since ¢ is a homomorphism; (b) follows from Equation (2.4); and
(c) follows by using ag,s 1 [¢ (Lr.q,5.)],,,,, as the short hand notation for the summation
of [¢ (]IJ:quvl)]w’m to itself for a, s, times.

Note that g(gs1)—(prm) represents the effect of the (g, s, [)*" component of a on

the (p,r,m)™ component of b dictated by the homomorphism. This means that the
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homomorphism ¢ can be represented by
(Zp’")

=~
o) = P > st mrm) (2.6)

(p,r,m)e¥(Q) (¢,5,1)€Y(J)
where ag s19(4,5,1)—(p,r,m) 15 the short-hand notation for the mod-p” addition of g s 1) (p,r,m)

to itself for a,s; times. We have the following lemma on g s1)—s(p,r,m):
Lemma I1.2. For a homomorphism described by (2.6), we have

Y@ sy~ prm) =0 Ifp#q

Yash)—prm) €D Ly Ifp=q,1 =5

Moreover, any mapping described by (2.6) and satisfying these conditions is a homo-

morphism.
Proof. The proof is provided in Appendix 2.7.0.1. n

This lemma implies that in order to construct a subgroup of G, we only need to

consider homomorphisms from an Abelian group J to G such that
2(J) € 2(G)

since if for some (¢, s,1) € 4(J), ¢ ¢ P2(G) then ¢(a) would not depend on a, ;. For

p € Z(G), define
rp, = max %,(G) (2.7)

We show that we can restrict ourselves to J’s such that for all (¢, s,1) € 4(J), s <.

For (¢,s,l) € 9(J), assume s > r,. Then for all (p,r,m) € 4(G), if p = ¢, we have

s > 1. Let (p,r,m) € 9(G) be such that p = g. Since g(g,s,)—(p,rm) € Zpr and r < 1y,

we have

(a'q,s,lg(q,s,l)ﬁ(p,r,m)) (mOd pr) = ((aq,s,l) (mOd pr>g(q,s,l)~>(p,r,m)) (mOd p’r)

= ((agsy) (mod p")g(gs)—prmy) (mod p")
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This implies that for all @ € J and all (q,s,l) € ¢(J), in the expression for the
(p,,m)™ component of ¢(a) with p = ¢, a,s; appears as (a,;) (mod ¢"). There-

fore, it suffices for a4 s; to take values from Z, s and this happens if s < r,.

To construct Abelian group codes of length n over G, let G = G™. we have

nMp r
o= D DE- D DDA - D w ey
peP(G) r€Xp peP(G) reZ, m=1 (p,r,m)e¥(G™)
Define J as
rq kg
- P @qus - P z{) = 70! (2.9)
€D (G €2 (G) s=1 I=1 (¢,8,1)€9(J)

for some positive integers kg ;.

Example: Let G = Zg ® Zg P Z5. Then we have

J = Zk21@Zk22@Zk23@Zk31@Zkaz@zksl

Define
- S
geZ(G) s=1
and wy s = qu for g € Z(G) and s =1,--- ,r, so that we can write
rq kwg,s

P PPz (2.10)

€2 (G) s=1 I1=1
for some constants w, s adding up to one.
The ensemble of Abelian group encoders consists of all mappings ¢ : J — G" of

the form

(Zpr)

=
¢(a) = @ Z Qq,s,09(q,s,1)—(p,r,m) (2]-1>

(p,r,m)€4(G™) (¢,s,1)€¥4(J)
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for a € J where g(g,s)—@rm) = 0 if P # 4, 9(g,5,)—(p,r,m) is @ uniform random variable
over Zy if p=q,7 < s, and g(g.5.1)=(p,r,m) 15 @ uniform random variable over p"~*Z,

if p=¢q,r > s. The corresponding shifted group code is defined by
C ={¢(a)+ Bla € J} (2.12)
where B is a uniform random variable over G".

Remark 11.3. An alternate approach to characterizing Abelian group codes is to con-
sider kernels of homomorphisms (the kernel ensemble). To construct an ensemble of
Abelian group codes in this manner, let ¢ be a homomorphism from G™ into J such

that for a € G",
(qu)

~~
¢((I> = @ Z Ap.rmY(p,r,m)—(g,s,0)

(g,8,1)e9(J) (p,r,m)€e4(G™)

where g rm)—(qs) = 0 if ¢ # P, gprm)—(qs is a uniform random variable over
Zgs it ¢ = p,s < r, and gprm)—(qs,0) 15 @ uniform random variable over p*~"Zs if
q = p,s > r. The code is given by C = {a € G"|¢(a) = ¢} where ¢ is a uniform
random variable over J.

In this paper, we use the image ensemble for both the channel and the source coding

problem; however, similar results can be derived using the kernel ensemble as well.

Remark 11.4. For an Abelian group G, define
2(G) ={(p,r)lp € 2(G),r € %,(G)} (2.13)

Consider the smaller ensemble of codes consisting of homomorphisms from Abelian

groups J of the form

I= @ z (2.14)

(pr)€2(G)

for some integer k& and some w,,’s adding up to one. The rate of a code in this

ensemble is equal to

1 k
R p— —1 = — .
~log || " Z rw,,, log p (2.15)
(p,r)€2(G)
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It can be shown that the average performance of codes over this ensemble is equal to
the average performance of the ensemble of all codes considered above. In the rest of

this paper, we consider this simpler ensemble to prove the achievability results.

2.3 The Performance of Abelian Group Codes

In this section, we provide an upper bound on the rate-distortion function for a
given source and a lower bound on the capacity of a given channel using group codes
when the underlying group is an arbitrary Abelian group represented by Equation
(2.3). We start by defining seven objects and then state two theorems using these
objects, and finally provide an interpretation of the results and these objects with

two examples.

2.3.1 Definitions

For an Abelian group G, define
2(G) ={(p,7)lp € 2(G),r € Z,(G)} (2.16)

We denote vectors 6, w and 6 whose components are indexed by (p,r) € 2(G) by

(Op.r) (p.r)e2(G)s (Wpr)prye2(@) and (Opr)preo(q) respectively. For 6 = (0,.,)p.ne2(c),

define

0(0) = min _|r— s/t + 6,
(4.5)€:2(G)
=P (pr)e2(G)

Note that 6 and 6 = H(é) correspond to unique subgroups Hy and Hy of J and G

respectively where

Hy= @ v»zyr <J

(p,r)€L(G)
Hy = @ peP*TZ;T) <d
(p,r,m)€e9(G)
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To give some intuition about the function 8(-), we state that for any homomorphism
¢:J — G", we have ¢(H;) < Hy and for some homomorphism ¢ : J — G", we have

¢(H,) = Hy. Let

o= {o(é)

(Ogs)areaie 0 < 0ys <5 | (2.17)

This set corresponds to a collection of subgroups of G which appear in the rate-
distortion function. In other words only certain subgroups of the underlying group
rather than all of them become important in the rate-distortion function. This will

be clarified in the proof of the theorem. For 6 € @, define

_ Z(pn“)e,@(G) Oprwp,r logp
E(p,r)eQ(G) rwy, - logp
Let X and U be jointly distributed random variables and let [U]y = U + Hy be a

Wy (2.18)

random variable taking values from the cosets of Hy in G. We define the source coding

group mutual information between U and X as

1

I€ (U X) = i — (log — — H([U]y|X 2.19

LX) =, i e (e - HEOWN) 219
wp, r=1

where 0 is a vector whose components are indexed by (p,7) € 2(G) and whose (p, )
component is equal to 0.

Let X and Y be jointly distributed random variables and let [X]y = X + Hy be
a random variable taking values from the cosets of Hy in G. We define the channel

coding group mutual information between X and Y as

19 (X:Y) = i (1 H,l — H(X|YV[X ) 2.20
ce(X3Y) wmg}ggg(c)%gl_we og | Hy| — H(X[Y[X]o) (2:20)
S wp =1 T

where 7 is a vector whose components are indexed by (p,7) € 2(G) and whose (p, )

component is equal to 7.

2.3.2 Main Results

The following theorem provides an upper bound on the rate-distortion function

achievable using group codes..
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Theorem 11.5. For a source (Z',% = G,px,d) and a given distortion level D,
let pxy be a joint distribution over X~ X U such that its first marginal is equal to
the source distribution px, its second marginal py is uniform over % = G and such
that E{d(X,U)} < D. Then the rate-distortion pair (R, D) is achievable using group
codes where R = 1%, (U; X).

Proof. The proof is provided in Section 2.4.2. m

When the underlying group is a Z,- ring, this result can be simplified. We state

this result in the form of a corollary:

Corollary II1.6. Let X, U be jointly distributed random variables such that U is
uniform over % = G = Z, for some prime p and positive integer r. For 6 =
1,2,--+,r, let Hy be a subgroup of Z,- defined by Hy = p’Z.,- and let [U], = U + H,.
Then,

19, (Us X) = wlax £ 1([U]: X)

Proof. Immediate from the theorem. O

The following theorem is the dual channel coding result to Theorem II.5.

Theorem I1.7. For a channel (2" = G, % ,Wy|x), the rate R = I, (X;Y') is achiev-

able using group codes over G.
Proof. The proof is provided in Section 2.5.2. O

When the underlying group is a Z,- ring, this result can be simplified. We state

this result in the form of a corollary:

Corollary II.8. Let X, Y be jointly distributed random variables such that X is

uniform over & = G = Z, for some prime p and a positive integer r. For § =
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0,1,---,r — 1, let Hp be a subgroup of Z, defined by Hy = p’Z, and let [X], =

X + Hy. Then,
G . . r—1 r .
I16.(X,Y) = thak " 1(X; V| [X]y)
Proof. Immediate from the theorem. m

When dealing with group codes for the purpose of channel coding, an important
case is when the channel exhibits some sort of symmetry. The capacity of group
codes for channels with some notion of symmetry is found in [18]. The next corollary
states that the result of this paper simplifies to the result of [18] when the channel is

symmetric in the sense defined in [18].

Corollary I1.9. When the channel (2" = G, %, Wy x) is G-symmetric in the sense
defined in [18], i.e. if

1. G acts simply transitively on 2 (trivially holds for this case)
2. G acts isometrically on %
3. Forall z,g € G,y € &, W(ylz) = W(g-ylg + x)

then I¢ (X;Y) is equal to the rate provided in [18, Equation (33)].

Proof. The proof is provided in Section 2.5.3. O]

2.3.3 Interpretation of the Results

In this section, we try to give some intuition about the result and the quantities
defined above using several examples. At a high level, w,, denotes the normalized
weight given to the Z, component of the input group J in constructing the homo-
morphism from J to G", and 0 indexes a subgroup Hy of G that comes from a set
e. wief([U]g;X) in source coding and m[(X;Y\[X]g) in channel coding denote

the rate constraints imposed by the subgroup Hy. Due to the algebraic structure
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of the code in the ensemble, two random codewords corresponding to two distinct
indexes are statistically dependent, unless G is a finite field. For the source coding
problem, when the code is chosen randomly, consider the event that all components
of their difference belong to a proper subgroup Hy of G. Then if one of them is a
poor representation of a given source sequence, so is the other with a probability that
is higher than the case when no algebraic structure on the code is enforced. This
means that the code size has to be larger so that with high probability one can find a
good representation of the source. For the channel coding problem, when a random
codeword corresponding to a given message index is transmitted over the channel,
consider the event that all components of the difference between the codeword trans-
mitted and a random codeword corresponding to another message index belong to a
proper subgroup Hy of G. Then the probability that the latter is decoded instead of
the former is higher than the case when no algebraic structure on the code is enforced.
Example: We start with the simple example where G = Zg. In this case, we have
P(G) = {2} and 2(G) = {(2,3)}. For vectors w, 0 and 0 defined as above, we have
w= w3 =1, 0= é2,3 and ¢ = 0, 3. Recall that the ensemble of Abelian group codes
used in the random coding argument consists of the set of all homomorphisms from
some J = Z§w2’3 — 7k Any 0 = égg, with 0 < ég,g < 3 corresponds to a subgroup Kj

of the input group J given by
Ky = 2097k

Similarly, any 6 = 0,3 with 0 < 053 < 3 corresponds to a subgroup Hy of the group

space G" given by
Hy = 2"377
In this case, it turns out that if

0 =0(0) =05 =10 (2.21)



then for any random homomorphism ¢ from J into G™, and for any a € J with
a € 20257k\ 2025417k (a) is uniformly distributed over H}. The set © consists of
all vectors 6 for which there exists at least one such a. Note that this set corresponds
to a collection of subgroups of G™. The quantity 1 —wy is a measure of the number of
elements a of J for which ¢(a) is uniform over Hy. It turns out that for this example,
©=1{0,1,2,3} and wy =0, w; = %, Wy = % and w3 = 1.

Example: Next, we consider the case where G = Zy ® Zs3. In this case, we have
P(G) ={2,3} and 2(G) = {(2,2), (3,1)}. For vectors w, 0 and 6 defined as before,

we have w = (U)Q’Q,U}&l), é = (é272, é371) and 8 = (0272, 0371). The ensemble of Abelian

group codes consists of the set of all homomorphisms from some J = Z,"“** & Z5"**.

Any vector 0 = (9272,%,1) with 0 < é272 < 2and 0 < é371 < 1 corresponds to a

subgroup Kj of the input group J given by
Ké — 2é2’2ZZw2’2 @ 393,1Z]§w3,1

Similarly, any 6 = (622,031) with 0 < 655 < 2 and 0 < #3; < 1 corresponds to a

subgroup Hy of the group space G™ given by
Hy = 2277 @ 3% 71
It turns out that if

62’2 — é272 (222)

031 = 03,1 (2.23)

then for any random homomorphism ¢ from J into G", and for any a = (5,v) € J
with § € 20227522\ 20221175022 and ~ € 3017551\ 30511755 5(q) is uniformly

distributed over Hy. Moreover, for this example we have

6 = {(0,0),(1,0),(2,0),(0,1),(1,1),(2,1)}
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2.4 Proof for the Source Coding Problem

2.4.1 The Coding Scheme

Following the analysis of Section 2.2.2, we construct the ensemble of group codes
of length n over G as the image of all homomorphisms ¢ from some Abelian group
J into G™ where J and G™ are as in Equations (2.10) and (2.8) respectively. The
random homomorphism ¢ is described in Equation (2.11).

To find an achievable rate for a distortion level D, we use a random coding argu-
ment in which the random encoder is characterized by the random homomorphism ¢,
a random vector B uniformly distributed over G™ and a joint distribution pxy over
Z X 7 such that its first marginal is equal to the source distribution py, its second
marginal py is uniform over % = G and such that E{d(X,U)} < D. The code is
defined as in (2.12) and its rate is given by (2.15).

Given the source output sequence x € 2™, the random encoder looks for a code-
word u € C such that u is jointly typical with = with respect to pxy. If it finds at
least one such u, it encodes x to w (if it finds more than one such u it picks one of
them at random). Otherwise, it declares error. The decoder outputs u as the source

reconstruction.

2.4.2 Error Analysis

Let x = (x1, -+ ,2,) and v = (uy,--- ,u,) be the source output and the en-
coder/decoder output respectively. Note that if the encoder declares no error then
since « and w are jointly typical, (d(z;, u;))i=1.... » is typical with respect to the distri-
bution of d(X,U). Therefore for large n, *d(z,u) = £ 377" | d(z;,w;) ~ E{d(X,U)} <
D. Tt remains to show that the rate can be as small as I, (X;U) while keeping the

probability of encoding error small.
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Given the source output = € 2™, define

alz) = Z Liuecy = Z Z]l{¢ )+B=u}

u€ A (U|z) u€A?(Ul|z) a€dJ

An encoding error occurs if and only if a(z) = 0. We use the following Chebyshev’s

inequality to show that under certain conditions the probability of error can be made

arbitrarily small:

var{a(z)}

PO == gawy?

We need the following lemmas to proceed:

Lemma I1.10. Fora,a € J, u,u € G™ and for (q,s,l) € 4(J), let é%s,l € {0,1,---

be such that
CNLq,s,l — Qg,s, c qéq’s’qus\qé%&H‘qus
For (p,r) € 2(G) define

-\ . ot A
0,.(a,a) = (q,ﬁ)lé%u) Ir—s|" + 6,
a=p

and let 0, = 0,,(a,a). Define the subgroup Hy of G as
Ho= @ "z
(p,r,m)e9(G)

Then,

L Ifi—ueH}

0 Otherwise

Proof. The proof is provided in Appendix 2.7.0.2

Lemma II.11. Fora € J and § = (0,,)prcac), let

To(a) ={a € J|¥V(p,r) € 2(G),0,,(a,a) =0,,}

28



where 0,,.(a,a) is defined as in the previous lemma. Then we have

|Tp(a)| < H pr=Opr)kwpr _ onR(1—wp)
(p,r)€2(G)

In particular, |Ty(a)| does not depend on a. We denote this by |Ty| = |Ty(a)|.
Proof. The proof is provided in Appendix 2.7.0.3 O

Lemma I1.12. Fora € J and u € G, we have

1
P(¢(a)+ B =u) =
G|
Proof. Immediate from Lemma I1.10. [
We have
E{a(z)} = Y Y P(¢(a)+B=u)
u€A?(Ulz) aeJ
_ [AZUl)] - |J]
G
and

E{a(@)} =Eq > > Ligw+s-vs@s-a

u,a€ AP (Ul|z) a,acd

= Y Y P{sle)+B=u¢(a)+B=a})

u,0€ AP (Ulx) a,aed

:ZZ Z Z Z Gn |H€|n

0€6 acJ ue AP (Ulx) G€Tp(a) G€AZ (Ulx)
u—u€Hyg

Note that the term corresponding to § = 0 is upper bounded by E{«a(z)}?. Using

Lemma I1.14, we have
AP(U]2) 0 (u Hy)| < 27010100000
Therefore,
var{a} = E{a(z)’} — E{a(z)}*

<D AL U)] - |Ty| -

0o
040

onlH (U|[U]6X)+0(6)]

|G- | Hy|"

29



Therefore,

B var{a( )}
PO =0% @y

nR(1—wp) . o—n[H(U|X)—H(U|[U]sX)— n
< Z 2 2 Ia]
[T [Hq"
040

Note that H(U|X) — H(U|[U]¢X) = H([U]p|X) and |J| = 2"¥; therefore,

P(a(z) = 0) <
S exy { — n[H(UIIX) ~ log 6 #] + 0B~ 0(0)] )

0co
640
In order for the probability of error to go to zero as n increases, we require the

exponent of all the terms to be negative; or equivalently,
1
R> w—<log G Hy| - H([U]9|X))
0

with the convention % = oo. Therefore, the achievable rate is equal to

n_ —<1 G H,| - X>
Wp,r, (Lri“l)IéQ(G) Igleégi Wp Ogl 6| ([ ]9| )
S wp =1 070

2.5 Proof for the Channel Coding Problem

2.5.1 The Coding Scheme

Following the analysis of Section 2.2.2, we construct the ensemble of group codes
of length n over G as the image of all homomorphisms ¢ from some Abelian group
J into G™ where J and G™ are as in Equations (2.10) and (2.8) respectively. The
random homomorphism ¢ is described in Equation (2.11).

To find an achievable rate, we use a random coding argument in which the ran-
dom encoder is characterized by the random homomorphism ¢ and a random vector
B uniformly distributed over G". Given a message u € J, the encoder maps it to

x = ¢(u) + B and x is then fed to the channel. At the receiver, after receiving the
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channel output y € #™, the decoder looks for a unique @ € J such that ¢(a) + B is
jointly typical with y with respect to the distribution px Wy |x where px is uniform

over GG. If the decoder does not find such « or if such @ is not unique, it declares error.

2.5.2 Error Analysis

Let u, x and y be the message, the channel input and the channel output respec-
tively. The error event can be characterized by the union of two events: E(u) =
Ey(u) U Ey(u) where Ej(u) is the event that ¢(u) + B is not jointly typical with
y and FEs(u) is the event that there exists a @ # u such that ¢(a) + B is jointly
typical with y. We can provide an upper bound on the probability of the error
event as P(E(u)) < P(Ey(u)) + P(E2(u) N (Ey(u))¢). Using the standard approach,
one can show that P (Fi(u)) — 0 as n — oo. The probability of the error event
Es(u) N (E1(u))® averaged over all messages can be written as
Prvg(Ea(u) N Z | 7] Z T4 (u)+ B=2) Z WY x (y]2) L zae st 0a)+ Bean (X[y)}

ued 17! zegn yeAr (Y1)
The expected value of this probability over the ensemble is given by E{P,,,(E2(u) N

(B (u))€)} = Pepr where

Z Z Y Wk lo)P (d(u) + B=w,30€ J: i # u.é(@) + B € AN(X]y))
ueJ xeG" ye A (Y |z)
Using the union bound, we have

Perr Z Z Z Z Z Wy ix (ylz) P (¢(u) + B =z, ¢(a) + B

uEJ xGG” yeAr(Y|z) u UGJ €A (X|y)

I
L
S~—

Define © as in Equation (2.17) and for # € © and u € J, define Ty(u) as in Lemma

II1.11. It follows that

err_z Z Z Z Z Z WY\Xylx (()—FB:IL‘,QS(’&)—{—B:jf)

uEJ xEG" yeA?(Y|z) 9;@ u€Ty(u) AP (X|y)
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Using Lemmas I1.10, I1.14 and II.11, we have

err‘_zz Z Z Z Z WY\Xy’ |G\”]H|”

06@ ueJ xEG” yEAL(Y|z) u€Ty(u) ZEA™(X|y)
$€$+H9n

1 1

SN EY Y Y Wl o0

96@ uEJ xEG” yeA(Y|z) u€Ty(u)

[ (X|Y[X]p)+0(e)

|T| -

0cO
0F#r

Equivalently, this can be written as

P, < %expz { _ n[ — (1 —wp)R — H(X|Y[X]y) + log |Hy| — 0(6)} }
0Fr

Therefore, the achievability condition is

R = min
9c0 1 — wy
O#r

(1og | Hol — H(X|Y[X]0))

If we maximize over the choice of w, we can conclude that the rate R = I¢,(X;Y) is

achievable.

2.5.3 Simplification of the Result for Symmetric Channels

In this section, we provide a proof of corollary I1.9. Note that since we take
Z = G, we can take the action of G on 2" to be the group operation. We need to
show that for all subgroups H of G, I(X;Y|[X]) = Cy where X = X + H and Cy is
the mutual information between the channel input and the channel output when the
input is uniformly distributed over H; in other words, Cy = I(X;Y|[X] = H). This

in turn follows by showing that for all ¢ € G

I(X:Y|[X] = g+ H) = I(X; Y|[X] = H)
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This can be shown as follows:

w
I(X;Y|[X] =g+ H) = wlz)
c€g+H P(y)
T YyeY
T+
(y|Z + g) log —(lyD’Zj) 9)
zGHyEi/ y
(@) N Wi(g-ylz+g
W(g-y|Z + g)log ( P<‘> )
EHyEW Yy
ZZ W (y|2) log M;(EA;E)
;veHye@/ Yy

= I(X;Y[[X] = H)

where (a) follows since the action of g on % is a bijection of # and (b) follows from
the symmetric property of the channel. Using this result, it can be shown that the
rate provided in [18, Equation (33)] is equal to IS, (X;Y). The difference in the
appearance of the two expressions is due to the fact that in [18, Equation (33)] the
minimization is carried out over the subgroups of the input group whereas in the
expression for I¢ (X;Y) the minimization is carried out over the resulting subgroups

of the output group.

2.6 Examples

In this section, we provide a few examples for both the source coding problem
as well as the channel coding problem. We show that when the underlying group is
a field, the source coding group mutual information and the channel coding group
mutual information are both equal to the Shannon mutual information. We also

provide several non-field examples for both problems.

2.6.1 Examples for Source Coding

In this section, we find the rate-distortion region for a few examples. First, we

consider the case where the underlying group is a field i.e. when G = Z* for some
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prime p and positive integer m. In this case, we have Z(G) = {p}, Z,(G) = {1},

M,; = m and 2(G) = {(p,1)}. Since the set 2(G) is a singleton, the only choice

for the weights is w = w,; = 1 and
0 ={0,1}
For 6 = 1, we have wy = 0 and [U]yp = U. Therefore,
I, = I(U: X)

This means when the underlying group is a field, the rate is equal to the regular
mutual information between U and X when U is a uniform random variable.
Next, we consider the case where the reconstruction alphabet is Z,. In this case,

we have p = 2 and r = 2. Therefore,

2
R = miax S 1([U5; X)

= max(21([U]1; X), 1(U; X))

where U is uniform over Z,, X is the source output and [U], = U +2'Z4 = X +{0, 2}
and the joint distribution is such that E{d(U, X)} < D. Therefore,

2I([U]1; X) = I(U +{0,2}; X) + I(U + {1,3}; X)
Hence,
R=max ([(U; X),I(U+{0,2}; X))+ I(U +{1,3}; X))

Next, we consider the case where the reconstruction alphabet is Zg. For this

source, we have p = 2 and r = 3. Following a similar argument as above we have:
3
R = max ([(U; X), 5[([[]]2; X),3I([Uls; X))

where U is uniform over Zg, X is the source output, [U]; = U + {0,2,4,6} and
(Ul = U +{0,4}.
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Similarly, for channels with input Zgy, we have p = 3, r = 2 and
R =max (I(U; X),21([U]1; X))

where U is uniform over Zg, X is the source output and [U]; = U + {0, 3,6}.
Finally, we consider G = Zy X Z4. In this case, Z(G) = {2}, Z»(G) = {1, 2},

2(G) = {(2,1),(2,2)}, 0 = (0,0) and w = (wy,ws) such that wy + wy = 1. We

have © = {(0,0), (0,1),(1,1),(1,2)}. For § = (0,1) we have wy = 21522 = _L_ for

w1 +2ws2 14ws?

w2
1+wo?

0 = (1,1) we have wy = and for 6 = (1,2) we have wy = 0; therefore,

. 14+ w
R = i s (14 ) (Ul X0, 2 (Ui ). (o)
w1 ,W! 2
. 1 + Wao
= Iin max (1 4+ w2) I ([Ulp=(0,1); X), " I([U]p=(11); X), I(U; X)
The minimum of R is achieved when
1+w
(L + wo) I([Ulo=(0,1); X) = " I([U)p—1.1); X)

or equivalently

Therefore,

R =max (I([Ulo=1,1; X) + I([Ulp=0,1); X), [(X;Y))

2.6.2 Examples for Channel Coding

In this section, we find the achievable rate for a few examples: First, we consider
the case where the underlying group is a field i.e. when G = 77" for some prime p
and positive integer m. As in the source coding case, the only choice for the weights
is w = w,; =1and © = {0,1}. For § = 0, we have wy = 1 and [U]y is a trivial

random variable. Hence

I8, =1(U; X)
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This means when the underlying group is a field, the rate is equal to the regular
mutual information between U and X when U is a uniform random variable.
Next, we consider the case where the channel input alphabet is Z4. In this case,

we have p = 2 and r = 2. Therefore,

1 2
R = min
6=

02—460
=min(/(X;Y),2I(X;Y|[X]1))

I(X;Y[[X]o)

where the channel input X is uniform over Z,, Y is the channel output and [X]; =

X +2'Z4 = X +{0,2}. Therefore,
2I(X;Y|[ X)) =I(X;Y|X €{0,2}) + I(X;Y|X € {1,3})
Hence,
R=min(I(X;Y), I(X;Y|X €{0,2}) + I(X;Y|X € {1,3}))

Next, we consider a channel of input alphabet Zg. For this channel we have p = 2

and r = 3. Following a similar argument as above we have:

3

R = min (I(X;Y), §I(X§YHX]1)7 31(X3YHX]2)>

where the channel input X is uniform over Zs, Y is the channel output, [X]; =
X +{0,2,4,6} and [X], = X + {0,4}.

Similarly, for channels with input Zgy, we have p = 3, r = 2 and
R =min (I(X;Y),20(X; Y|[X]1))

where the channel input X is uniform over Zgy, Y is the channel output and [X]; =
X +{0,3,6}.

Finally, we consider G = Zy x Z,. In this case, Z(G) = {2}, %»(G) = {1, 2},
2(G) ={(2,1),(2,2)}, r = (1,2) and w = (wy, wy) such that wy +wy = 1. We have
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e ={(0,0),(0,1),(1,1),(1,2)}. For 6 = (0,0) we have wy = 1, for § = (0, 1) we have

witwy — _1 _ and for § = (1, 1) we have wy =

Wo = w1+2w2 1+ws

w2
T therefore,

) 14w
R = max min ( 2](X§ Y|[X]0:(1,1))a (1 + w2)](X; Y|[X]9=(O,l))a ](X§ YHX]e:(o,o)))

w1,W2 Wo

) 14w
— max min ( 21X Y[ Xo—1n)), (1 + wo) I(X; Y [ Xoeo), T(X; Y))

wi,Ww2 Wao
The maximum of R is achieved when

1+WQ
Wa

IX Y[ Xp=n) = (1 + w2) [(X5 Y[ [X]o=01)

or equivalently

Therefore,

R=min (I(X;Y|[X]p—a,1) + 1(X; Y[ X]oz0,1)), [(X;Y))

2.7 Appendix

2.7.0.1 Proof of Lemma I1.2

We first prove that for a homomorphism ¢, g(g.s1)—(p,rm) Satisfies the above con-
ditions. First assume p # ¢. Note that the only nonzero component of 1., ; takes

values from Z,s and therefore

(/)

=~
qS]IJ:q,s,l = Z ]IJ:q,s,l =0

7":17"'7qs
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Note that since ¢ is a homomorphism, we have ¢(¢°L;.,, ;) = 0. On the other hand,

$(q°Ls:q,50) = 9( Z Ls:q,s.)
1
)

p7r7m

= @ qsg(q,s,l)%(p,r,m)
(p,rym)eZ(G)

Therefore, we have ¢°g(q.s.1)—(prm) = 0 (mod p") or equivalently ¢°g(q.s.1)—@prm) = CP"
for some integer C'. Since p # ¢, this implies p"[g(g,s,1)—(p,r,m) and siNce Gg 51— (prm)

takes value from Z,-, we have g s1)—@prm) = 0.

Next, assume p = ¢ and r > s. Note that same as above, we have ¢(¢°l.,s;) = 0 and
¢(quJ:q,s,l) - @ qsg(q,s,l)%(p,r,m)
(p,r,m)e¥(G)
and therefore, ¢°g(g,s,1)=(p,r,m) = 0 (mod p"). Since g(q.s.1)—(p,rm) takes values from Z,-

and p = ¢, this implies p"°|g(g,s.)—(p,r,m) OF equivalently gig.si—prm) € P *Zipr.

Next we show that any mapping described by (2.6) satisfying the conditions of

the lemma is a homomorphism. For two elements a,b € J and for (p,r,m) € 4(G)
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we have

Da+0)m= |0 B (g1t bost)
(¢,8,1)e4(J)

L p,r,m

- ) -

=
= ¢ Z (aq,s,l +q5 bq,s,l)]IJ:q,s,l
(g,8,0)€9(J)

L dprm
i (/) (/)
~ N ~~
=l 2 2. L
(g,8,0)€F(J) i=1,,04,5,1F¢3bg,s,1
- p,rym
[ @ (@)
~~ ~~
= > >, ¢ (Ly:q.1)
(¢,8,)€9(J) i=1, ,aq,5,1Fq5bg,s,1
- p7r7m

A~
= Z [(15 (]IJ:(I7571)]p7T,m

= ~~
= Z 9(g,s,1)—(p,r,;m) (224)
(q,S,l)Eg(J) 1—17"' 7aq,s,l+qs bq s,l
On the other hand, we have
[qb(a’) + ¢(b)]p7r7m = [Qs(a)]p,r,m +pr [¢(b)]p7r7m
(Zyr) (Zyr)
~~ ~~
= Z Aq,519(q.5.)~(p.rm) | Tp Z bq,5.19(g,5.)— (p.r;m)
(g,8,1)e%(J) (g,8,1)e9(J)
(Zyr) (Zyr) (Zypr) (Zyr)
~~ ~~ ~~ ~~
= Z Z 9(a,5,0)—(p,rm) [Tpr Z Z 9(a,5.)—(p.r,m)
(g,8,1)€EY(J) =1, ,aq,5,1 (g,8,1)e9(J) i=1,,bg,s,1
(Zyr) (Zypr)
~ = ~ =
= Z 9(q,s,1)—(p,r,m) (225)

(a,8,0)€9(J) 1=1,-+ ,aq,5,1+bg,s,1

where the addition in a4 s; + by, is the integer addition.
In order to show that ¢ is a homomorphism, it suffices to show that under the condi-

tions of the lemma, Equations (2.24) and (2.25) are equivalent. We show that for a
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fixed (g, s,l) € 4(J), if the conditions of the lemma are satisfied, then

(Zypr) (Zpr)

~~ ~~
> Y(a.s)>prm) = > Y(g.5.)~(pr.m) (2.26)
izl:"':aq,s,l+bq,s,l Z':L"’vaq,s,l'i'quq,s,l

Note that if p # ¢, then both summations are zero. Note that we have

(Zpr) (Zpr)

= =
E : 9(g,s,l)=(p,r;m) = 9(q,5.)—(p,r;m)

i=1,- ,aq,s,l‘f'bq,s,l =1, 7<aq,s,l+bq,s,l) (mod pr)
and

(Zpr) (Zpr)

=~ =

E : 9(a,80)=(p,r,m) = § : 9(a,s,1)=(p,r,m)

i=1, ,aq,s,1F¢sbg,s,1 i=1,- ,(aq’s’l-i-qsbq’s’l) (mod p7)

If p=gqand r <s, then we have (a,s; +¢ bgsy) (mod p") = (ags; + bgsy) (mod p")
and hence it follows that Equation (2.26) is satisfied. If p = ¢ and r > s, since

9a,s.)—(prm) € D' 2Ly We have

(Zyr) (Zpr)
=~ =
E : 9(q,s,l)=(p,r;m) = E : 9(q,5,0)=(p,r;m)
i=1,-- vaq,s,l+bq7s7l =1, ,(aq,s,l‘qu,S,L) (mod ps)

and hence it follows that Equation (2.26) is satisfied.

2.7.0.2 Proof of Lemma II1.10

Note that since g si)—(pr,m)’s and B are uniformly distributed, in order to find
the desired joint probability, we need to count the number of choices for g, s 1) prm)’s
and B such that for (p,r,m) € 4(G"),

(Zpr)
~~

Z Qq,s,19(q,s,1)—(p,r,m) +pr Bp,r,m = Up,r,;m
(g,s8,0)e9(J)

(Zp’”)
=~

E , g,519(g,5.0)—prm) | Tor Bprm = Uprm
(g,8,1)€9(J)
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and divide this number by the total number of choices which is equal to

|G|n . H H pmin(r,s) _ |G|n . H H pmin(r,s)

(p,r,m)EG(G™) (g,8,1)€4(J) (p,r,m)€Y(Q) (g,s,1)€4(J)
q=p q=p

min(r,s) gppears since the number of choices for 9(q,s,)—(prym) 18 T if

where the term p
p=gq,r < s and is equal to p® if p = ¢q,r > s. Since B can take values arbitrarily
from G™, the number of choices for the above set of conditions is equal to the number

of choices for g(q.s,1)—(p,r,m)’s such that,

(Zpr)
=~

Z (Qg,s0 = Ag.50)I(as.0)=(prm) | = Uprim — Uprm
(a.5,0)€4(J)
Note that for all (¢, s,1) € G(J), (Ggs1 — Ag.51)9(q5.)—prm) € P’ Zyr. Therefore we
require @y, ., — Uprm € PP Zy and therefore we require @ —u € HJ or otherwise the
probability would be zero.
For fixed p € Z(G) and r € %,(G), let (¢*,s*,1*) € 4(J) be such that ¢* = p and

Opr = |17 — "+ Opr gt

)

For fixed (p,r,m) € ¢4(G"), and for (q,s,l) # (¢*,s*,1*), choose g(g,s1)—(p,r,m) arbi-

trarily from it’s domain. The number of choices for this is equal to

n

H pmin(r,s)

(p,r,m)E%(G) (%Sé):egu)
(g,8,0)#(q*,s",1*)
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For each (p,r,m) € 4(G"), we need to have

(aq*’s*?l* - aq*7s*7l*)g(q*is*7l*)%(p7'rim)

(Zpr)
~~

= Up,rm — Uprm — Z (Gg,s5,0 = Ag,5,0)9(q,5,0) > (pr;m)
(g,5,0)€9(J)
(g,s,0)#(q",s",1")
Note that the right hand side is included in p% " Z,» and (G« g j — A« o 3+) is included
in péq*ﬁs*ﬁl*Z(q*)(s*). We need to count the number of solutions for g« ¢« i) (p,rm) i

p""‘s*ﬁZpr. Using Lemma I1.13, we can show that the number of solutions is equal

to péq*’S*’l*. The total number of solutions for ¢ is equal to

n

H H pmin(r,s) . péq*,s*,l*

(p,r,m)e’d  (q,s,1)€9(J)

(g,8,0)#(q*,s*,1*)

Hence we have

o rmesie| 211 @anesn P
P (¢(a)+B=u,¢(a)+B=u) = (@)
|:H(p7T,m)€{¢(G) H(q’s’éEf(ﬂmln(r’s)

péq* 75* vl*
- H pmin(r,s)
(prsm)EH(G)  (a5,0)€Y()

q=p
(q7s’l):(q* 78* 7l*)

Note that for (q,s,l) = (¢*, s*,1*) we have

min(r, 5) = min(r, s°) = — |r = ' =7~ (0 — e 1)
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Therefore, the above probability is equal to

n B n

Oy o% 1 1
DN A R U (R |

7 — 9 N —6 * gk [*
(prm)eY  (gsl)e9(J) P (O =0 v7) (prm)€d  (q,51)€9(J)

pra q=p
(g,8,0)=(g",s*,l") | (g,8,0)=(g",s*,l")
- n
12 -0
o T _ H n
wrmyey L |Hol

Since the dither B is uniform, we conclude that

pu)+ B==x 11
¢(i) + B =i |G| [Hyl

2.7.0.3 Proof of Lemma II.11
Let a € Ty(a) be such that for (q,s,l) € 4(J),
Qg5 — Qg1 € ¢"0 Ly \g" ' Ligs
for some 0 < 6,,; < 5. Since for all & € Ty(a) and all (p,r) € 2(QG)
. + A
- +0 sl — 0 r
(p,sle)léréu) | — s 48,0 P,

we requireé s1 > 0, for all (p,s,l) € 4(J). This means for (q,s,l) € 4(J), Gy,
s, P, a5,

can only take values from
9q75Z
g5t ¢ a*

The cardinality of this set is equal to ¢*~%. Therefore,

@< [ %= T oot

(g,8,)€9(J) (9,5)€2(G)

The last part of the proof is straightforward given the definitions of wy and R.
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2.7.0.4 Useful Lemmas

Lemma 11.13. Let p be a prime and s,r a positive integer such that s < r. For

a € Zy and b € Zyr, letOSéSsandéﬁGﬁrbesuchthat

a € p’Z,\p" 7

b S pQZpr

Write a = péa for some invertible element o € Z,r and b = p’B for some B € B €

{0,1,--- ,p"=% — 1}. Then, the set of solutions to the equation ax (mod p") = b is
{P a8 +ia i = 0,1, p' — 1]

Proof. Note that the representation of b as b = p?S3 is not unique and for any B
of the form 8 = B+ ip" for i = 0,1,--- ,p? — 1, b can be written as p?3. Also,
the representation of a as a = péoz is not unique and for any & = o + ip“é for
1=20,1,--- ,pé — 1, we have a = péd. The set of solutions to ax = b is identical to

the set of solutions to péx = p’a~1B. The set of solutions to the latter is
{P a8 +iap i = 0,1, p' — 1]

It remains to show that this set of solutions is independent of the choice of a and
B. First, we show that the set of solutions is independent of the choice of 5. For

B =B+ jp ? for some j € {0,1,--- ,p” — 1}, we have
{pe—éa—IB + ia_lpr_é“ - 07 17 o apé - 1}
= {p@‘éof1 (B + 0 °) +ia P i = 0,1, — 1}
= {pa*éa*lﬁ +(i+)a =01, pf — 1}

a

= {pa_éa_lﬁ + ia_lp”_éli =0,1,--- ,pé — 1}

—
N

where (a) follows since the set p’”_é{(), 1,--- ,pé — 1} is a subgroup of Z,» and jpr_é

lies in this set.
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Next, we show that the set of solutions is independent of the choice of a. For
a =« —i—jp”_é for some j € {0,1,--- ,pé — 1}, we have
5 (ofl _ a—1jpr—éd—1> 1

1

Therefore, it follows that the unique inverse of & satisfies ™! —a~! € oflpr_éZpr.

Assume a1 = oL + ka~1p"~%. We have,

{0 B4 ia i =01, p0 — 1}
— {pé'fé (Oéil + kaflpr7é> 6 4 <Oéil + kaflprfé) prié‘l _ O, 1, . ’pé . 1}
= {pe_éoflﬁ + (Z + ik:pr_é + kﬂpe_é> a_lp’”_é\i =0,1,--- ,pé — 1}
(a)

= {pe_éa_lﬂ + Z.Oé_lpr_éli = 07 17 e 7pé - ]-}

where same as above, (a) follows since the set p”_é{O, 1,--- ,pé — 1} is a subgroup of

Z, and (ikp“é + krﬁpafé)pr*é lies in this set. O

Lemma 11.14. Let X be a random variable taking values from the group G and for
a subgroup H of G, define [X] = X + H. Fory € AX(Y) and v € AX(X|y), let

z = [z] =x+ H". Then we have
(z+ H") N AL (X]y) = AL (X|2y)
and
(1-— E)QH[H(XD/[XD*O(G)] <|(z+ H") N AMX|y)| < on[H (XY [X])+0(e)]

Proof. First, we show that (x + H") N A?(X|y) is contained in A”(X|zy). Since z
is a function of x, we have (z,z,y) € AM(X,[X],Y). For 2’ € (x + H") N AX(Xy),
we have [2'] = o' + H* =z + H" = z and (2/,2,y) = (¢, [2'],y) € A?(X,[X],Y).
Therefore, 2’ € A?(X|zy) and hence,

(z+ H") N AN (Xy) € AH(X]2y)
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Conversely, for @’ € A?(X|zy), since (z,z) € A?(X, [X]) where [X] is a function of
X, we have [2']| = z. This implies 2’ € z + H" = x + H™. Clearly, we also have

x' € A?(X|y). The claim on the size of the set follows since (z,y) € A?([X]Y). O

2.7.0.5 How to Compute the Rate

For (p,r) € 2(G), define

0 = {9 € Olv(p.r') € 2(G) : 2r > Doy

T r!

and distribute the break evens so that ©", (p,r) € 2(G) forms a partition of ©. Let
(w3 ) pre2) be the optimal weights (need not be unique) and let ©* be set of the
maximizing 6’s for the optimal rate. Define #(G) = {(¢p/,7') € 2(G)|w}, . # 0}.
Since 77, (p,r) € 2(G) forms a partition of @, we have §* € OP" for some (p,r) €
2(G). For (p',r") € 2(G) such that (p/,r") # (p,r), if there is no 6* € O©* such

, and increase some of the other weights to get

YA
that 6 € ©F", we can decrease wy, .

a better rate which is a contradiction. Hence, the optimal weight can be found as
follows:

Let . (G) be a subset of 2(G) and Let R(.(G)) be an empty set. For (p,r) € . (G),

choose 67" from ©P" and solve the system of equations:

For all (p,r) € #(G) and 0§ = 67", iI([U]@;X) =C

We
(pr)es(G)
where C' is an arbitrary constant. Given the solutions w,,,, (p,r) € .(G), find C and

add it to the set R(.#(G)). Do this for all choices of 0”"’s and take the maximum of

the set R(Z(G)). We also minimize the rate over the choice of .7 (G).
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CHAPTER III

Abelian Group Codes for Multi-terminal

Communications

3.1 Nested Codes for Channels with State Information

Consider a point-to-point channel coding problem with channel state information
available at the transmitter. Denote the channel by (Z2°,.,% W) where 2 is
the channel input alphabet, .¥ is the channel state alphabet and % is the channel
output alphabet and for the channel input x € %2 and the channel state s € .7,
W (y|z,s) denotes the conditional probability of observing y € % in the channel
output. We assume 2" = G for some Abelian group G. We study the performance
of “nested random /group codes” and “nested group/random codes” for this problem.
These ensembles are important because they can be used in many multi-terminal

communications such as broadcast channels and interference channels.

3.1.1 Nested Random/Group Codes for Channel Coding

A nested code consists of an outer code which is partitioned into smaller inner
codes and the set of messages is equal to the set of inner codes. We employ a nested
code in which the inner code is a group code and the outer code consists of random

shifts of the inner code. Let C;, = {¢(a)|a € J} where ¢ and J are defined in (2.11)
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and (2.14) respectively and let

2nR

Cout = U <Cin + Bm>

m=1

where B,,’s are iid random variables distributed uniformly over G". Note that the
rates of the inner and outer codes are equal to Ry, = %log |J| and Roy = Rin + R

where R is the communication rate of our coding scheme.

The encoding and decoding rules are as follows: Given a messagem € {1,2,--- ,2"%},

and the channel state s € ., define

a(m,8) =Y > Liga)B.=a)

acJ zeAP(X|s)
Note that if a(m,s) > 0, then there exists at least one a € J with ¢(a) + B,, €
A?(X|s). In this case, the encoder picks one such a and sends © = ¢(a) + B,, over
the channel. The encoder will declare an encoding error if a(m, s) = 0. Although it

may be unnecessary, it is convenient in the proofs to assume that the encoder declares

error if a(m, s) < % We denote this error event by Err.. We also assume

ZmEAQ’ (X|s) ﬂ{¢(a)+B7,L::v}
a(m,s) :

that a € J is picked with probability

At the decoder, after receiving the channel output y € %™, the decoder looks for
a unique message m € {1,2,---, 2"} for which there exists a € J with ¢(a) + By, €
A (X|y). If it doesn’t find such 7 (Errg;) or if it finds multiple such m’s (Errg), it

declares error.

We show that if
R<I(X;Y)—I7.(X;5)

then the probability of all the errors (Err., Errg and Errg) approach zero as the

block length approaches infinity. Note that by the standard typicality results [20,
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Theorem 3.1.2] one can show that with probability approaching one as the block
length increases, ¢(a) + B, € A(X|y). Therefore, the probability of the error event
Errg; vanishes as the block length increases. It suffices to show that for any choice of
weights (W) (p.re2(q), the probability of the two error events Err, and Errgy vanish

if
1
Rin > w—@(log G Hy| — H(X],1S))

R+Rin<j(X;Y)

3.1.1.1 The Error Event Err,

Note that given the message m and the channel state s™, the error event Err,

|J][ A2 (X]s

occurs if a(m, s) < AR ). We bound the probability of error using the following

Chebyshev’s inequality:

P(Erre|m, s) — P(a(m7 s) < |J| - |A?(X|8)|) < var{a(m, s)}

2-1G| ~ E{a(m, s)}?
We have
E{a(m,s)} =Y Y P(¢(a> + B, = a;)
acJ xcAr(X|s)
_ - AR (X s)|
G|
and
E{a(m, s} = 3 P(gb(a) 4 By = @, 6(d@) + By, = a:)
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Therefore,

var{a(m, )} = E{a(m, 5)*} — E{a(m, s)}?

DRI IED I N I

96@ acJ xcAr(X|s) a€Ty(a) Z€A(X|s)

scem+H"
.y 17| - 2P lHXIS)+8] |7, | . 9nlH(X[[X]eS)+3]
=4 (G- | Hyl"
640

Hence,

n|Ty| - 2nlH(XIX]oS)

G
P(Erre|m,s> Z |J‘ on[H(XIS)+3] . | Hp[n

0cO
040

Note that |J| = 2% and |Tp| = 2700 and H(X|S)— H(X|[X]pS) = H([X]y|S).

Therefore, for § € © and 6 # 0, we require
1
Ry > w—e(log G+ Hy| ~ H((X],)

3.1.1.2 The Error Event Erryg

Let Err = Errg N Erré N Errg,. Then the probability of the error event Err is

equal to
2nR 1
P(ETT> - on onR Z Z ps Z Z {a(m,s)>7m'lﬁ%ﬂ§‘s)‘}a(m7 3)1{¢(a)+3m:m}
m=1 sne.gn acJ xeAr(X|s)
2nR
PORUCITD 35 Slb SRR TR,
yeEY " m=1 acJ z€A?(X|y)
mAm
2n
2.1G"
Pl DT ¥ s
m=1 se.7" acJ zeAr(X|s) €
2nR
YDRICTEND 35 SIS SRR TR
yeyn m;él acJ e AP (X|y)

20



Therefore,

onR
G
E{P(Err} QLZ ZPS Z Z | E ’A’n |X] an ylx, s)
m=1 se.s" acJ xcAr(X|s) yeyn
onR

S S P(60)+ By ==,0(@) + By = &)

ﬁw;l acJ zeAr(X|y)

2nR

2.
2nRZZpS Z Z 1J| - |An ZW”y|azs)
m=1ses" acJ e Ar(X|s) yeyn
onR

XY Y o

m 1 acJ e Ar(X|y)
onk ’J| . 2n[H(X|Y)+5} )
<
G

Therefore, we require to have

R+ Ry, <log|G|— H(X|Y) =I(X;Y)

3.1.2 Nested Group/Random Codes for Channel Coding

We employ a nested code in which the outer code is a group code and the inner
code is obtained by random binning of the outer code. Let Coy = {¢(a) + Bla € J}
where ¢ and J are defined in (2.11) and (2.14) respectively and B is uniformly dis-
tributed over G™. Define the random mapping s : J — {1,2,--- 2"} where R is
the rate of communication and for a € J, s(a)’s are independent and uniformly dis-

tributed over {1,2,---,2"%}. Note the rate of the outer code is Roy = + log|J].

The encoding and decoding rules are as follows: Given a message m from the set
{1,2,---,2"} and the channel state s € ", define

$)=Y D> Ligwi=rs@-m)

acJ xcAr(X|s)

Note that if a(m,s) > 0, then there exists at least one a € J with s(a) = m and

¢(a)+B € A?(X|s). In this case, the encoder picks one such a and sends x = ¢(a)+B
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over the channel. The encoder will declare an encoding error if a(m, s) = 0. Although

it may be unnecessary, it is convenient in the proofs to assume that the encoder de-

|| A2 (X]s)]|

SR aTe We denote this error event by Err.. We also

clares error if a(m,s) <

@€ A (X|s) H{o(a)+B=w,5(a)=m}
a(m,s) .

assume that a € J is picked with probability 2

At the decoder, after receiving the channel output y € #™, the decoder looks for
a unique message m € {1,2,---,2"%} for which there exists a € J with s(a) =
and ¢(a) + B+ € A(X|y). If it doesn’t find such m (Errg) or if it finds multiple

such m’s (Errgs), it declares error.

We show that if I, (X;S) < I€(X;Y), then for any rate
R<IZ.(X;Y) — I(X;5)

the probability of all the errors (Err., Erry and Errgs) approach zero as the block
length approaches infinity. Note that by the standard typicality results [20, Theo-
rem 3.1.2] one can show that with probability approaching one as the block length
increases, ¢(a) + B € A(X|y). Therefore, the probability of the error event Errg
vanishes as the block length increases. It suffices to show that for any choice of

weights (wp.r)(p.re2(c), the probability of the two error events Err. and Errgy vanish
if
Row — R > I(X;8)
1
Rou < — (log [Ho| = H(X|[X]sY))
9

assuming I¢ (X;S) < IS (X;Y).

3.1.2.1 The Error Event Err,

Note that given the message m and the channel state s, the error event Err,

occurs if a(m, s) < % We bound the probability of error using the following
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Chebyshev’s inequality:

P(Erre|m, s) — P(oz(m’ s) < | J] - |A?(X|S)|> < var{a(m, s)}

- o2-22R G ) T El{a(m, s))?
We have
E{a(m,s)} = Z Z ( )+ B=a,s(a) = m)
acJ xcAr(X|s)
_|J]- AN (X]s)]
and
E{a(m, s’} = ) P(¢(a) + B = @,6(a) + B = @, 5(a) = m, 5(a) = m)
a,a€d ¢, gcAn(X|s)
-> Y s
ac€J x€ AP (X]|s)
1
DD DD S DD D e
acJ x€ AP (X|s) 0€O acTy(a) TEAP(X]s)
0F#r a:Ex-i—H"
Therefore,

var{a(m, s)} = E{a(m, s)*} — E{a(m s)}?

_ |J]-1A(X]s) 1
- onR . |G‘n ZZ Z Z Z 22nR,|g|n,|H9|n

66@ acJ xeAr(X|s) acTy(a) T€AX(X]s)

67£ x€x+H”
| | ’An X| Z U’ on [H(X|S)+9] . |T9| 2n[H(X|[X]95)+5]
— 2nR ’G‘n = 22nR |G’n ‘Hg’n
640
0F#r

Hence,
G|™ - |Ty| - on[H(X|[X]eS)+4]
| J| - 2 HXIS)+0] . | Hy|n

P(E < _Zeler |
( Welm’3> =TI 2nEXIS)+3] Z

9;&0
0F#r

Note that |.J| = 2"flout and |T,| = 2"1=%¢)Fout and H(X|S)—H (X|[X]sS) = H([X]]5).
Therefore, for 8 € @, 8 #£ 0, and 0 # r, we require

1
Rows > w—a(log|G L Hy| — H([XMS))

Rout - R> 10g|G‘ _H(X’S)
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These conditions are equivalent to the following conditions:

1
Rous > w—9<10g|G : Hol — H([X)o|S))

Rout_R>10g’G‘_H(X’S)

for € © and 0 # r.

3.1.2.2 The Error Event Errg

Let Err = Errg O Erre N Errg,. Then the probability of the error event Err is

equal to
2nR 1
P(Err) = 5 A3 YAy St (a(m,a)> 2L Tl 0@+ Bz s(@=m)
m=1sne.sn acJ xeAP(X]|s)
2nR
DoWylzs) Y Y Y L@s-as@-n)
yewn =1 acJ 2EA"(X|y)
m#m
1 25 2. 9nk |G|
i 1 s(a)=m
2 mzlsnezynps lleZJwEAHZX )| |- JAR(X|s™)]| {¢(a)+B=z,s5(a)=m}
2nR
SoWryle,s) > > Y Lis@s=s.s@—n)
yeyn ﬁz;l acJ e A (Xy)
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Therefore,

onR

2. 2" G| n
E{P(ETT>}— QnRZ PIFHODIEDS ]~ [An(X )] > W(ylz.s)
m=1 se.s" acJ xcAn(X|s) yeyn
onR

S S P(o()+B =2, 6(a)+ B = ,5(a) = m, 5(a) =

[n?él acd £ AP (X|y)

2.2 |GJ" o
SanZZPS Z Z ]| - |AnX‘Sn’ZW (yl, s)
m=1snesn acJ xcAr(Xl|s) yeyn

2nR

PRI IS Cr

1 0€O acTy(a) €A (X|y)
zET+H)

onlH(X|[X]gY)+3] 9

|T9| :
<

0eO
0#r

Therefore, we require to have

Rout < Igc (X§ Y)

3.2 Nested Codes for Sources with Side Information

Consider a point to point source coding problem with side information available
at the decoder. Denote the source by (2°,., % ,pxs,d) where 2, ¥ and % are
the source, side information and reconstruction alphabets correspondingly, pxs is the
joint distribution of the source and the side information and d : 2" x Z — R™" is the
measure of reconstruction. We assume % = G for some Abelian group G. We study
the performance of “nested random/group codes” and “nested group/random codes”
for this problem. These ensembles can be used in multi-terminal communications

problems such as the distributed source coding and the multiple description coding.

3.2.1 Nested Random/Group Codes for Source Coding

We employ a nested code in which the inner code is a group code and the outer

code consists of random shifts of the inner code. Let Ci, = {¢(a)|a € J} where ¢ and
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J are defined in (2.11) and (2.14) respectively and let

onR

Cout = U <Cin + Bm)

m=1
where B,,’s are iid random variables distributed uniformly over G™. Note that the
rates of the inner and outer codes are equal to R;, = %log |J| and Rouwy = Rin + R

where R is the compression rate of our coding scheme.

The encoding and decoding rules are as follows: Given a source sequence x € 2",

define
onR
a@) =Y > D Ls@in=ul
m=1 a€J ucA?(U|x)
Note that if a(x) > 0, then there exists at least one m € {1,--- ,2"%} and one a € J

with ¢(a) + B, € A?(Ul|x). In this case, the encoder picks one such pair and sends m
to the channel. The encoder will declare an encoding error if a(x) = 0. Although it
may be unnecessary, it is convenient in the proofs to assume that the encoder declares

. TLR‘ . n .
error if a(x) < W We denote this error event by Err.. We also assume

that the pair (a,m) is picked with probability Z"EAE(U':Z)(BWHS":"}.

At the decoder, having access to s and m, the decoder looks for a unique a € J
such that ¢(a|)+ B, € A*(Uls). If it doesn’t find such a (Errgy) or if it finds multiple
such a’s (Errg), it declares error.

We show that if

R<I(U; X) - 18 (U;S)

then the probability of all the errors (Err., Errg and Errg) approach zero as the

block length approaches infinity. Note that by the standard typicality results [20,
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Theorem 3.1.2] one can show that with probability approaching one as the block
length increases, ¢(a) + B,, € A(U|x). Therefore, the probability of the error event
Errg; vanishes as the block length increases. It suffices to show that for any choice of
weights (W) (p.re2(a), the probability of the two error events Err, and Errgy vanish
if

R+ Ry, > I(U; X)

Ry, < ]ch(U7 S)
We first show that the error events vanish if for any 8 € ©, § # 0,

R+ we Ry, > j([U]g,X)

Riﬂ < ICGC(U7 S)

3.2.1.1 The Error Event Err,

Note that given the source sequence x, the error event Err, occurs if a(x) <

w We bound the probability of error using the following Chebyshev’s

2G|
inequality:
2" | J] - [AR (Ul _ var{o(z)}
= < € <
P(Errz) = P(a() < 2. 1G] ) < E{a(a)}?
We have

2nR
Elaz)} =YY 3 P<¢(a) + By = u)
m=1 acJ ueA?(U|x)
_ 2] JAN(U])]
G["
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and
2nR

E{a(z)’} = Zl ZJ ; | )P<¢(a) + By, = u,$(@) + By, = u)
m,m=1a,a€J u,ucA?(U|s
2nR

IE T XYY S g

m=1 acJ ucAr(U|z) €O acTy(a) uc A% (U|x) | |
ucut+Hy

2nR

tX Y Y o

m,m=1a,a€J u,ucA?(U|s)
m;ém

2nR . |J| X 2n[H(U|X)+5} . |T49| . Qn[H(U\[U}QX)Jré} 22nR X |J|2 . |A?(U|:B)|2

< +
2 Gl [Hol" €z
640
Therefore,
var{a(z)} = E{a(z)’} - E{a(z)}?
R | J| - e HWIX)+] Ty | . gnlH(UIU]e X)+]
<
G- [Hal"
640
Hence,

G| - [Tp| - 2nH (XI1X]oS)+9

P(Erre’w> < Z 2nR | J| - 20 H(XIS)+] . | Hy |

0c0
020

Note that |J| = 2" and |Tj| = 2"(!=«)%in and H(U|X)—H(U|[U]sX) = H([U]s|X).

Therefore, for § € © and 6 # 0, we require

R+ wpRin > <log G Hy| — H([UMX))

3.2.1.2 The Error Event Errg

Let Err = Errg N Erré N Errg,. Then the probability of the error event Err is

equal to
2nR
P(Err)_ Z ZPXS:I:S ZZ Z W
reL ™ se S m=1 a€J ucA?(U|x)

> Y le@s.—w

acJ ucAr(U|s)
a#a
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Therefore,

2nR

2-|G|"
E{P(Err } < DD phsles) Y Do D 201 |- [A2(Ul)]

xeZ ™ se. S m=1 a€J ueA?(U|z)

D P(¢(a) + B, = u,$(@) + By, = u)

acJ ucAr(U|s)
aa

onR 2 ) |G‘n
<D phslms)d D> D onf | ] - |[Ar(Ulz)]
reX ™ se S m=1 a€J ueA?(U|x)

SY Y e

0cO acTy(a) we A (U|s)
OF#r ueu—i—H"

. onlH(U|[U]5S)+6]

|T| -

0eO
0#r

Therefore, we require to have R;, < ﬁ<10g|]:l9| - H(UHU]@X)) for all § € O,

6 # r. Equivalently,

Ry, < IS, (U;S)

3.2.1.3 Simplification of the Rate Region

In this section, we show that if Ry, < I (U;S) then
max (1og G+ Hy| — H([U]y|X) — ngin> = log |G| — H(U|X) —
S

60
We show this by contradiction. Note that the right-hand-side is equal to the left-

hand-side for § = r. Assume for some 6 € O, 6 # 0,
log |G : Hy| — H(U|[U]pX) — wpRin > log |G| = H(U|X) = R
Then we have
(1= wy) Ry > log |G| — H(U|X) ~ (1og |G : Hy| ~ H(U|[U}yX))
— log |Hy| — H([U]s|X)
which is a contradiction by the definition of I%, (U;S) if we have the Markov chain

U+ X+ S.
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3.2.2 Nested Group/Random Codes for Source Coding

We employ a nested code in which the outer code is a group code and the inner
code is a random subset of the outer code. Let Cou = {¢(a) + Bla € J} where ¢
and J are defined in (2.11) and (2.14) respectively and B is uniformly distributed
over G". Define the mapping s : J — {1,2,---,2"%} such that for a € J, s(a)’s
are iid random variables uniformly distributed over {1,2,---,2"%} where R is the
communication rate of the coding scheme. Note that the rates of the inner and outer

codes are equal to Ry = %log |J| and Ri, = Rou — R.

The encoding and decoding rules are as follows: Given a source sequence x € 2™,

define
a@ =, D>, Vewrs-u
acJ ucAr(U|x)

Note that if a(a) > 0, then there exists at least one a € J with ¢(a) + B € A™(U|x).
In this case, the encoder picks one such pair and sends m = s(a) to the channel.
The encoder will declare an encoding error if a(x) = 0. Although it may be un-
necessary, it is convenient in the proofs to assume that the encoder declares error if

a(x) < W We denote this error event by Err.. We also assume that a € J

uc AL (U|x) ﬂ{¢(a)+3:u}

is picked with probability 2 (@)

At the decoder, having access to s and m, the decoder looks for a unique a € J
such that ¢(a|) + B € A?(U|s) and s(a) = m. If it doesn’t find such a (Errg) or if

it finds multiple such a’s (Errqs), it declares error.

We show that if

R<IC (U;X) - I(U;S)
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then the probability of all the errors (Err., Erry and Errg) approach zero as the
block length approaches infinity. Note that by the standard typicality results [20,
Theorem 3.1.2] one can show that with probability approaching one as the block
length increases, ¢(a) + B € A (U|x). Therefore, the probability of the error event
Errg; vanishes as the block length increases. It suffices to show that for any choice of

weights (W) (p,rc2(c), the probability of the two error events Err. and Errgy vanish
if
Rout > Igc.<U;X)

Row — R < I(U; S)

3.2.2.1 The Error Event Err,

Note that given the source sequence @, the error event Err. occurs if a(x) <

%G('Z'm)'. We bound the probability of error using the following Chebyshev’s in-
equality:
|J] - A2 (Ulz)]y _ var{o(z)}
P(E . ) —Pp < ¢ <
rrele (O‘<“3) = 2GR ) = E{a(z)}?
We have
2nR
Ela@)}=>Y Y ( )+ B = u,s(a) = m>
m=1 acJ ucA?(U|x)
- A (U=)]
G["
and

2nR

Ela@ =Y Y % P<¢(a) + By, = u,$(@) + By = @, s(a) = m, 5(@) = m)
m,m=1a,a€J u,ucA?(U|s)

SR VID DO DD UL ¢ oz

m,m=1 a€J ucA?(U|x) 0€O acTy(a) wcA?(U|x)
uEu—i—H"

on[H(U|X)+3] Ty - on[H(U|[U]eX)+0]

/] -
<
2 |G - [Hol"
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Therefore,

var{a(z)} = E{a(z)’} — E{a(x)}?
on[H(U|X)+9] |T | onlH(U|[U]eX)+4]

Z | J] -
|G|™ - [Hg|"

Hence,

n|Ty| - 2nlH(XI(X]oS)

G
(E””e|f'3> Z |J| onH(X]S)+e] . | Hy|n

0cO
040

Note that |.J| = 2"fout and |T| = 2n1=w¢)Fout and H(U|X)—H(U|[U]sX) = H([U]s|X).

Therefore, for § € © and 6 # 0, we require
woRows > (1og G Hy| — H([U]9|X)>
Equivalently, we require

Rout > [fc.(U§X)

3.2.2.2 The Error Event Erry

Let Err = Errg N Erré N Errg,. Then the probability of the error event Err is

equal to
2nR 1
{¢(a)+B=u,s(a)=m}
RCOED DI 3 DD pRCer e
xeEZ ™ s€ S m=1 a€J ucA?(Ulx)

Z Z 1 {$(@)+Bm=1u,s(@)=m}

acJ weAr(Uls)
a#a
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Therefore,

il 2.1GI"
B{pEm} < 30 3 sl Y30 S 22 | J] - | Ar(Ua)]
reEL ™ s S m=1 a€J ueA?(U|x) €

Sy P<¢>(a) + By = u,$(@) + By, = u>

acJ weAr(Uls)
a#a
2nR

2-1G|"
<D s > > 220k | | [Ar(Uz)]

TEZ ™ €S m=1 aeJ ucAr(Ulx)

DI DD P

969 a€Ty(a) we A (U|s )
uE’llr‘rHém

.on [H(U|[U]gS)+96]

<y Ik
2nR ’He‘n

0O
OFr

Therefore, we require to have (1 — wy)Rowy — R < <log |Hg| — H(U][U]gS)) for all
0eO,0Fr.
3.2.2.3 Simplification of the Rate Region

In this section, we show that if Ry > I, (U; X) then

Iggg(l — wo) Row — (log |[Ho| — H(UI[U]eS)) = Rout — <log G| = H(UIS))

We show this by contradiction. Note that the right-hand-side is equal to the left-

hand-side for # = 0. Assume for some 0 € O, 0 # r,
(1= w) Rows — (log [Ho| = H(U|[U)99)) > Fow — (log |G| = H(U]S))
Then we have

woRou < log |G| = H(U|S) = (log |Hol — H(U|[U],S))

= log |G : Hy| — H([U]y|S)

which is a contradiction by the definition of I€, (U;S) if the Markov chain U «+» X <

S holds.
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3.3 Distributed Source Coding

In this section, we consider a distributed source coding problem with one distortion
constraint and provide an information-theoretic inner bound to the optimal rate-
distortion region using group codes. This inner bound strictly contains the available

bounds based on random codes.

3.3.1 Preliminaries
3.3.1.1 The Source Model

Consider two distributed sources generating discrete random variables X and Y.
Assume X and Y take values from alphabets 2" and % respectively with joint dis-
tribution pxy(-,-). The source sequence (X", Y™) is independent over time and
has the product distribution P((X™Y") = (x,y)) = [[, pxy(zi,v;) for @ =
(1, -+ x,) € X" and y = (y1, - ,yn) € #™. We consider the following dis-
tributed source coding problem: The two components, X and Y, of the source are
observed by two encoders which do not communicate with each other. Each encoder
communicates a compressed version of its input through a noiseless channel to a
joint decoder. For a discrete set %, the decoder wishes to reconstruct a function
f: X X% — Z of the sources with respect to a general fidelity criterion. Let ¥
denote the reconstruction alphabet, and the fidelity criterion is characterized by a
mapping: d : Z X ¥ x % — R*. We restrict our attention to additive distortion
measures, i.e., the distortion among three n-length sequences « = (z1,--- ,z,) € 27,
y=(y1, - ,yn) €E¥"and 2 = (51, , 2,) € 2™ is given by

n

. 1 .
d(wv Yy, Z) = ﬁ Z d<xza Yi,s Z’L)

=1

We denote this distributed source by (2, %, %, pxy,d).
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3.3.1.2 Achievability and the Rate-Distortion Region

Given a distributed source (27, %, %, pxy, d), a transmission system with param-

eters (n,01,60,, A) is defined by the set of mappings
Enc; : %‘n_>{1727”"@1}7 Encsy: @n%{1,2,...,@2} (31)

Dec: {1,...,01} x {1,...,0,} — 2™ (3.2)

such that the following constraint is satisfied.
E{d(X", Y™ Dec (Ency (X", Encz(Y"))>} < A. (3.3)

We say that a tuple (R;, R, D) is achievable if for all € > 0 and for all sufficiently

large n, there exists a transmission system with parameters (n, ©;, @y, A) such that

1
—log®; < R;+¢ fori=1,2
n

A<D +e.

The performance limit is given by the optimal rate-distortion region which is defined

as the set of all achievable tuples (R, Rs, D).

3.3.1.3 The Berger-Tung Region

An achievable rate region for the problem defined in Section 3.3.1.2 can be ob-
tained based on the Berger-Tung coding scheme [15,70] as follows: Let % and ¥ be
two finite sets and let U and V be two auxiliary random variables distributed over %
and 7 according to the conditional probabilities Py x and Pyy respectively. Define
g: U XV — % as that function of U and V that gives the optimal reconstruction
Z with respect to the distortion measure d(-, -, ) so that E{d(X,Y, g(U,V))} is min-

imized.
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With these definitions, an achievable rate region for this problem is as follows:
For a given distributed source (27, %, % pxy,d) let D be a distortion level for the
reconstruction. Let U and V' be auxiliary random variables for which there exists a
function g¢(-,-) such that E{d(X,Y,¢(U,V))} < D. Then the rate-distortion tuple
(R1, R2, D) is achievable if

Ry > I(X;U|V)
Ry > I(Y; V|U)

Ri+ Ry, > (XY, UV)

This assertion follows from the analysis of the Berger-Tung problem [15,70] in a

straightforward way.

3.3.1.4 The Korner-Marton and the Ahlswede-Han Schemes

Consider a distributed source coding problem in which two distributed binary
sources X and Y seek to communicate the sum of the two sources Z = X + Y to a
centralized decoder losslessly. Korner and Marton [41] propose a coding scheme based
on binary linear codes to achieve the rates Ry = Ry = H(Z). For certain cases, this
rate is not achievable using the Berger-Tung scheme. Ahlswede and Han [9] propose
a two layered coding scheme, consisting a Berger-Tung layer and a Korner-Marton
layer to achieve the following rate region: Let P and () be finite auxiliary random
variables satisfying the Markov chain P <> X < Y < ). Then the rate pair (Ry, Ry)

is achievable if

Ry > I(X; P|Q) + H(Z|PQ)
Ry > I(Y;Q|P) + H(Z|PQ)

R+ R, > I(XY; PQ) + 2H(Z|PQ)
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3.3.2 The Main Result

In this section, we provide an inner bound to the achievable rate-distortion region
which strictly contains the Berger-Tung rate region. The following theorem is the

main result of this section.

Theorem II1.1. For the distributed source (2, %, % pxy,d), let U, V, P and Q
be random variables jointly distributed with XY such that U and V' take values from
an Abelian group G, and P and Q) take values from finite sets &2 and 2 respectively.

Assume the following Markov chains hold

P XYoo

U+ (PX)+ (V,Q)«<V
and assume there exists a function g: G X & x 2 — % such that
B{d(X.Y,9(Z P.Q)} <D

for Z =U +V where + is the group operation. We show that with these definitions

the rate-distortion triple (Ry, Ra, D) is achievable where

Ry > I(X; PlQ) + I(U; X P) — IZ,.(Z; PQ)
Ry > I(Y;QIP) + I(V;YQ) — IS, (Z; PQ)

Ri+ Ry > I(XY; PQ) + I(UV|XY PQ) - 21S, (Z; PQ)

Note that the case where U and V are trivial, corresponds to the Berger-Tung
scheme and the case where P and @) are trivial, U = X, V =Y and the alphabets
are binary corresponds to the Korner-Marton scheme. When P and ) are non-
trivial, U = X, V =Y and the alphabets are binary this scheme corresponds to the

Ahlswede-Han scheme.
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3.3.3 The Coding Scheme

In order to show the achievability, it suffices to show the achievability of the

following corner point:
Ry =I(X; P) + I(U; XP) = I{,.(Z; PQ)
Ry =I1(Y;QIP)+I(V;YQ) — IZ.(Z; PQ)

To show the achievability, we use a random coding argument as follows: Let C, be

the code designed for the random variable P defined as follows:

¢, = {61, 6,(2), - €2}

where R, is the rate of this code and for ¢ = 1,---,2"% (C,(i)’s are iid random
variables uniformly distributed over A?(P). For the random variable @), we use a

nested code in which the outer code is defined as

Coo = {CalD). G2, -+, €,(27) |

where R,, is the rate of the outer code and fori = 1,--- , 2" C,,(i)’s are iid random
variables uniformly distributed over A”(Q). The outer code is partitioned into inner

codes using the mapping
m: Cpo — {1,2,-++ 2"}

where R, is the transmission rate for sending () and for ¢ € Cg, m(c)’s are iid
random variables uniformly distributed over {1,2,--- 2"} Note that the codes
for P and () are unstructured random codes. In the next layer of coding, we use
structured random codes to transmit U 4+ V' where the random variables U and V' are
transmitted using nested codes with a common inner code. Let C4 be a group code

over (G defined as follows:

Cy =A{¢(a)la € J}
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where the Abelian group J and the homomorphism ¢ are defined according to (2.14)
and (2.11) respectively. The code C, is the common inner code between U and V
and its rate is given by (2.15). The outer code for U is defined as
Cw= |J si+C,
i€{l, 2nRu}
where R, is the transmission rate for sending U and for i = 1,---, 2" s,’s are iid

random variables uniformly distributed over G™. Similarly, the outer code for V is

defined as
Cvo = Ui€{17.__ ’QnRv}ti —|— Cg

where R, is the transmission rate for sending V and for i = 1,---,2"% ¢,’s are
iid random variables uniformly distributed over G". In the above code construc-
tions, different random variables are assumed to be independent unless otherwise
stated. For convenience, we also define the mappings s : Cy, — {1,---,2"%} and
t:Cp — {1, ,2""} where for i € {1,---,2""} and ¢ € s; + C,, s(c) = s; and

the map ¢ is similarly defined.

The encoding and decoding rules are as follows: Given a source pair (x,y) €
X x @ ifx ¢ AM(X), the X-encoder declares error (Err,); otherwise it looks for
p € C, such that p € A?(P|z). If it finds such p, it is sent to the decoder; otherwise,
it declares error (Erry). Similarly, if y ¢ A?(Y'), the Y-encoder declares error (Erry);
otherwise it looks for ¢ € C,, such that ¢ € A?(Q|y). If it finds such g, m(q) is
sent to the decoder; otherwise, it declares error (Err,). This stage of encoding is

essentially the Berger-Tung layer of the coding scheme.

In the second stage of encoding, assuming that no error occurred in the first stage,

the X-encoder looks for u € C,, such that u € A"(U|xp). Given the sequences
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x € 27" and p € ", define

onRy

a@,p) =Y Y D Lgayrscw

i=1 a€J ucA?(Ulz,p)

Note that if a(x, p) > 0, then there exists at least onei € {1,--- ,2"%} and one a € J
with ¢(a) + s; € A?(Ulzx, p). In this case, the encoder picks one such pair and sends
i to the channel. The encoder will declare an encoding error if a(x, p) = 0. Although

it may be unnecessary, it is convenient in the proofs to assume that the encoder

2nfu | J|| A2 (Uz,p

AR )l We denote this error event by Err,. We

declares error if a(x, p) <

ZueAQ(U\m,p) Lig(@)+s;=u}
a(x,p) ’

also assume that the pair (a,) is picked with probability
Similarly, assuming that no error occurred in the first stage, the Y-encoder looks for

v € C,, such that v € A”(V]yq). Given the sequences y € #™ and g € 2", define

2nR»U

Bl@p)=> Y > Lmitu

Jj=1 beJ veAZ(V]y,q)
Note that if 8(y,q) > 0, then there exists at least one j € {1,---,2"%} and one
b e J with ¢(b) +t; € A?(Vl]y, q). In this case, the encoder picks one such pair and
sends j to the channel. The encoder will declare an encoding error if S(y,q) = 0.

Same as above, it is convenient in the proofs to assume that the encoder declares error

) 2" | J|- | AR (V]y,9)] i
if By, q) < g . We denote this error event by Err,. We also assume
ZvGAQ(V\y,Q) ]1{¢<b)+tj:”}

that the pair (b, j) is picked with probability Blya)

At the receiver, assuming no encoding errors occurred in either of the terminals,
p, m(q), s(u) and t(v) are available. The decoder sets p = p and looks for g € C,,
such that g € A?(Q|p). If it does not find such g it declares error (Err;). In the next
stage of decoding, assuming no error occurred in the first stage, the decoder looks
for z € A?(Z|pq) for which there exist u € C,, and v € C,, such that s(u) = s(u),

t(v) = t(v) and w+ v = z. If it does not find such 2, it declares error (Err;).
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3.3.4 Error Analysis

In Section 3.3.3, we defined the error events Err,, Err,, Err,, Err,, Err,,
Erry, Errg and Err;. In addition, we define the following error events which may
not be necessarily observable at any terminal: The error event Err,, is the event

(x,y) ¢ AN(XY); Erryzq is the event that ¢ # q; and Err,y; is the event that
zZ#z.

First we show that if none of the error events occur, then (z,y,p, q, 2) € AX (XY PQZ).
This is equivalent to showing (x,y,p, q, z) € A?(XY PQZ) where z = u + v and in
turn, it suffices to show (x,y,p, q, u,v) € AZ(XY PQUYV). Note that (x,y,p, q, 2) €
AN XY PQZ) implies x, y and g(2,p,q) are jointly typical which in turn implies
dz,y,9(2,0,q)) =~ E{d(X,Y,9(Z,P,Q))} < D. We need the following Markov

lemma:

Lemma IT1.2. Let X, Y, Z be random variables taking values from finite sets £, %, Z
respectively such that the Markov chain X < Y < Z holds. Forn = 1,2,---, let
(™, y™) € AMXY) and let K™ be a random vector taking values from 2™ with

distribution satisfying (for simplicity of notation we call them x,y, K respectively)
P (K = z) < pyy(zly)e™”
for some €, — 0 as n — oco. Then, as n — 0o
P((x,y,K) e AX(XYZ)) =1
Proof. Provided in Section 3.3.6.1. ]

Note that if the error event Err,, does not happen, (z,y) € A?(XY) and there-
fore, the regular Markov lemma implies that (x,y, p,q) € A?(XY') since the Markov

chain P <+ X < Y < @ holds. Assuming that Err, does not occur, let K € ™ be
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the output of the encoder. We have

2nRu

1
An(U {#(a)+si=u}
P(K = u|¢p, s, 89, Z Z Zc lmz;: ) oo
acJ 1=1 p
2nRu
- Z Z Lto(a)+si=u.ueAr Ule.p)}
acJ 1=1
ZQZ 2|G|n Lot +amumear viwp)}
> ~ 2nRu. \A”(U|w p)| Si=u,u P
Therefore,
2
P(K =u) <

—1 n
~ AU, p)] O
Let U™ be distributed according to pfy vy po(-|@, y, P, q) = pZ‘XP(-kI:,p). It is known

that for u € A?(U|x,p), P(U" =u) > IA”?Z% for some J,, converging to zero.

This implies that there exist a sequence ¢, converging to zero such that
PK =) < P(U™ = u)e"™" = iy plulz p)e=”
Consider the Markov chain U «+ (P, X) <> (Y, Q) and use Lemma I11.2 for (x, p), (v, q), K.
It follows that with high probability, (z,y,p, q,u) € A?(XY PQU). Similarly, using
the above argument for v and considering the Markov chain (U, P, X) < (Y, Q) <V,
we can show that with high probability

(x,y,p,q,u,v) € AZ(XYPQUV) (3.4)

Next we show that the expected value of the probability of all of the error events

vanish zero as n increases for the following rates:
R, > I(X;P)
Reo > 1(Y; Q)
Ry > 1(Y;Q) —I1(P;Q) = I(Y;Q|P)
Ry < I5.(Z; PQ)
Ry+ R, >I(U; XP) = R, > I(U; XP) — IS.(Z; PQ)

R,+R,>1(V;YQ)= R, > I(V;YQ) - IS.(Z; PQ)
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This will show that the claimed rates are achievable since Ry = R, + R, and

Ry = R, + R,

It is straightforward to show that the probabilities of the error events Err,, Err,,
Erry, fall exponentially by n. It also follows from the standard approaches that the
probabilities of the error events Err,, Err, and Err,.; vanish as n increases [15,70].

It remains to show the same for Err,, Err,, Errs, Errg and Err,;

3.3.4.1 The Error Events Err, and Err,

For the source output € 2™, assuming that Err, did not occur, let p be

the output of the first step of encoding. The error event Err, occurs if a(x,p) <

2nfu | J| | AL (Ulz,p)|

. We bound the probability of error using the following Chebyshev’s

inequality:

2 |- AUl p)ly  vorfoe.p)

P(Erru|a:,p> = P<04(=’L'7P) < 2-1G|" ~ E{a(z,p)}?

We have

2nRu

E{a(z.p)}=> > Y  P(éa)+si =u)

1=1 a€J ucAr(Ul|z,p)

Note that ¢(a) + s; is uniform over G"; therefore,

QnRu

Bo@p}=>Y Y o

=1 a€J ueAr(Ulz,p)

1

=2 1] AUl p)] -
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Furthermore,

2nRu 2nRu

E{amp ZZ Z ZZ Z P((b(a)—l—si:u,(b(d)—l—sj:ﬁ)

i=1 acJ ueAr({U|z,p) j=1 acJ ucAr(U|z,p)

ZZ S Y PO+ si=u @)+ s =)
1=1 a€J ucA?(U|zx,p) acJ ucAr(U|z,p)

2nRu

ZZ Z S5 Y Péa) +si=u.6@) +s; =)

Ar(Ulz,p) j=1 acJ ucAr(U|x,p)
J#

2nBu

Yy ¥ Z S ’G}VLP(qb(d—a):ﬁ—u)
=1 a€J ueA?(U|x,p) acJ ucAr(U|x,p)

2nftu

=

2nfu 1
Z Z | |2n

acJ ueAr(U|x,p) j7é1 acJ ucAr(U|x,p)

J
g 11
<]E{awp}2+zzz Z Z Z ]G|”\Hg|”
9€6 i=1 acJ uedr (Ule.p) G€T)() BEAL Uz,

ueH 0
Therefore,

2nRu

wa@p}<Y XY Y Y Y

|G| [Hy|"
0@ i=1 acJ u€A?(Ulx,p) a€Ty(a) REAZ (U|,p)

u—ucHy
1 1
< onltu Ty - on[H(U|XP)+elon[H(U[XP[U]p)+e] __~
% |G [Hy|"
Therefore,
|G‘n ’T9| . onH(U|X P[Ulp)
P(Erru|ic,P> Z ’J| nR,onH(U[XP) | Hy|"

Note that by Lemma I1.11, |Tp| = 2"F1=w0)  Therefore, R, < I%, (Z; PQ) implies for

all € © such that 0 # r,

17| - 20 (Z1PQIZ10)
| Hg|™

—0
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as n increases. Note that

H(U|XPUL) < H(UIXP) — H([UJ| X P)
2 H(UIXPQV) = H([U)s| X PQV)
= H(U|XPQV[Uls)
— H(UV|XPQV[U],)
9 H(VZ|X PQV[Z]s)
— H(ZIXPQV(Z)y)

< H(Z|PQ|Z]y)

where (a) follows since [Uly is a function of U; (b) follows since the Markov chains
U<+ (P,X) <+ (Q,V)and [U]y < P < (Q,V) hold; and (¢) holds since there are
one to one correspondences between (U,V) and (V,Z) and between ([U]y, V) and
(V,[Z]p). Therefore, for § #r,

|Ty| - 2nHWUIXPWle) || . 2nH(ZIPQIZ]0) 0
_>
| Hol" - | Ho|"
Note that for § = r, we have
ITy| - 2nHWIXPIU))
=1
| Ho|"
Therefore, it remains to show that
GI" — 0
|J| - 27 Ru2nH(UIXP)
as n — oo. Note that |J| = 2"fs; therefore,
G|" G|"
G [€] o

| J[ - 2nRu2nH (U[XP) = 9n(Ry+Ru)QnH(U|XP)

since Ry + R, > log |G| — H(U|XP). With a similar argument, we can show that the

probability of the event Err, approaches zero as n increases.
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3.3.4.2 The Error Events Err; and Err;

Equation (3.4) implies that with hight probability, the choice of ¢ = g satisfies
the conditions ¢ € Cy and ¢ € AZ(Q|p). Therefore, the probability of the error
event Erry vanishes as n increases. Similarly, 2 = z = u + v satisfies the necessary
conditions and it is straightforward to show that the probability of the event Err;

approaches zero as n — 00.

3.3.4.3 The Error Event Err,;

Let Err be the event that the error Err..; occurs but none of the other error

events occur. Then the probability of the error event Err is equal to

onRp 9nRqo
PEr) s Y He@n) Y Y Lowsennn
(x,y,p,9) CAT (XY PQ) k=1 I=1

QnRu

1
>0 X oz, p) Le@rs—)

i=1 a€J ueAr(Ul|z,p)

2nRU

1
ZZ Z 5 Lis)1t,=0) Z Z]l{¢(5)+si+tj=2}

=1 beJ veAr(V]y,q (y q) z€eAZ (Z|p,q) ceJ
z#z

Qan QWRqo

< Z p&Y(aj’ y> Z Z ]I{Cp(k):p@qo(l):q}
(z,y,p,q) €A (XY PQ) k=1 [=1
onRy

2GI"
22 2 E LI AT )]

=1 a€J ucAr(U|x,p)

2nRU

2|G|"
Z Z Z onR, . ||A|n(v|y Q)] Lieo )+t;=v} Z Z T4 )+si+t;=2}

=1 beJ veAr(V|y,q) z€A}(Z|p,q) ceJ
z#z
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Therefore,

2nRu

Q"R” JA(Pl)| 2" - A Q!y
]E{ (Err) } Py .
(, y)EXA; XY))(Y |A€(P)| |A =1 ;uGA;U:h: D)
nRy
2G| : 2|G
2t |J| - [A(Ule, p)| 22 2 g 7] -142(V]y, q)l

Jj=1 ceJ veA?(Vl]y,q)

Z ZP< )+si=u,¢(c )+Si+t]’:u+v,¢(6)+Si+t]’:2>

2€A(Z|p,q) c€J

z#z
QnRu
n ne 2|G|"
< 2 P2 ) > > sara
(@,y)eAn = . 2nftu - J| - |Az(Ulz, p)|
Y)EA(XY) =1 aeJ ueAr(Ulx,p)
2nRU

2|G|"
2.2 > onRy . m A2(V]y, q)]

j=1 ceJ veAr(V]y,q)

Z Z Z |G|2n.|H9|n

0€O zc A (Z|p,q) ¢€Ty(c

OFr z€z+H"
427 | Tyl - onlH(Z|[Z]g PQ)+e]
i | Hol"
0F#r

Therefore, we require to have R, < #<log|H9\ — H(Z\[Z](;PQ)) for all 6 € O,

1—wyg

0 # r. Equivalently,
R, < I.(Z: PQ)

3.3.5 Examples

Consider a two-user distributed source coding problem in which the two sources X
and Y take values from Z, and a centralized decoder in interested in decoding the sum
of the two sources losslessly. Furthermore, assume that X is uniformly distributed
over Z4 and Y = —X + Z where Z is independent from X and is distributed over
Z4 such that pz(0) = 1 — 7 and pz(1) = pz(2) = pz(3) = § for some 7 € (0,1). Let

Ry and Rj be the rates of the two encoders. Using unstructured codes (Slepian-Wolf
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coding), a sum rate of R = Ry + Ry = H(X,Y) is achievable. We have
R=H(X,Y)=H(X,~X +Z) = H(X) + H(Z) = 2+ h(r) + rlog 3

where h(-) denotes the binary entropy function. Using the scheme proposed by
Krithivasan and Pradhan [42], the mod-4 operation can be embedded in Abelian
groups Zy, Zz, Zis and Z3. Let the auxiliary random variables U and V' be equal to
X and Y respectively and let P and ) be trivial random variables. It turns out that

the rate pair (R, Rs) is achievable where
_&:Jﬁ:2—mm<2—H@)2—ﬂﬂwD):mm<H@%ﬂﬂMD)

where [Z] = Z+{0,2}. Therefore, a sum rate of R = R1+Rs = 2 max <H(Z), 2H([Z])>
is achievable using the scheme proposed in [42]. Note that any a € Z4 can be uniquely
represented by a = a+a where a € {0,1} and a € {0,2}. Now consider the following
assignments for the auxiliary random variables: Let P = X , Q = ?, U= X and
V =Y. It can be verified that X +Y = g(U+V, P,Q) = ()?—H/}) (mod 2)+ X +V.

Therefore the new coding theorem implies that the following sum rate is achievable:

R=R,+Ry=I(XY;XY)+ H(X +Y|XY)
= H(XY)+ HX +Y|XY)
—H(XZ)+ H(Z|XZ)
=H(XZZ)

~

=H(X)+ H(Z)

Figure 3.3.5 compares the sum rate for the coding schemes for different values of
7. As can be seen in the figure, the scheme based on group codes presented in this

section outperforms the other schemes.
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Figure 3.1: Comparison of the performance of random codes vs. group codes for a dis-
tributed source coding problem. As can be seen in the picture, group codes
outperform random codes as the structure of the code is matched to the desired
function of the two sources.

3.3.6 Appendix
3.3.6.1 Proof of Lemma II1.2

It suffices to show that for alla € 27, b€ % and c € Z,

1
‘_N(awb?cla:vyv K) _pXYZ(aa b7 C) — 0
n

with probability one as n — oo where N(a,b,c|z,y, K) counts the number of occur-

rences of the triple (a, b, ¢) in the vector of triples (x,y, K). We have

1

—N(a,b,c]w,y,K) _pXYZ(a7 b7 C) S
n

1
pxvz(a,b,c) — EN@’ blz, y)Wgy(K]y)‘

1 1
+ ‘EN<a7b‘wvy)Wg|Y(K’y) - EN(GH b,C|fB,y, K)’

Note that it follows from standard typicality results that the first term in the equation

above vanishes as n increases almost surely. Next, we show that the second term also
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vanishes almost surely. We have

1 1 1 &
EN(aa b‘.’]), y)Wg\Y(K’y> _N(aa ba C‘CE, Yy, K) = 5 Z]l{mi=a,y¢=b} [pY|Z(C‘yi) _]I{Ki:c}:|
=1

n
_n : K]
=1
where for i =1,2,--- ,n,

0 = pyiz(clyi) — Lixi=c)

Let Z" be a random vector generated according to pzy (-|y) and define

@ = leZ(C|yi) —lizi=g

Note that both 6; and 6; are binary random variables taking values from the set
{pzy (clyi), 21y (clyi) — 1} and |6;],0;| < 1. We have E{f;} = 0 and var{6;} < 1. It
follows from [Proposition 1, Zhiyi Chi’s paper| that 0; satisfied the large deviations

principle with a good rate function I(-) such that

P (M > t) < i)

n

where I(t) is positive. For b € {pzy(c|y:), pzy (clys) — 1}", we have

P(#=b)= Z P(K =2z)
L zEZT
Zz;éc‘ if bi=pzy (cly:)
zi=c if bi=pz|y (cly:)—1

> Py (2ly)ec”

zezn
zitc if bi=pz|y (clyi)
zi=c if bi=pzy (clyi)—1

— e p (é - b)

IN
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We have

b:|m|>nt

o =

<em" Z P (é = b)
b P 3

< oI —en)

Note that since e "!()=¢) ig summable, the Borel-Cantelli lemma implies that for all

t >0,

1 n
li — 0;] <t
1msup|nz | <

n—00 -
=1

Therefore, |2 37" | 6;| — 0 as n — oo almost surely.

3.4 The 3-User Interference Channel

3.4.1 Problem Definition and the Coding Scheme

Consider a three-user discrete memoryless interference channel with inputs Xj,
X, and X3 and outputs Y7, Y5 and Y3. Assume that X; takes values from a finite set
Z1 and X, and X3 take values from an Abelian group G. The decoder 1 decodes
X; and Z = X, + X3 jointly where + is the group operation and decoders 2 and 3
decode X5 and X3 respectively.

The encoder 1 uses the random code
Crl = {Cr1(1)7 T 7Cr1(2nR1>}

where R is the rate of the first user and C,1(1), - - -, C,;(2"%) are iid random variables
uniformly distributed over A”(X;). The encoder 2 uses a nested code whose outer

code is a shifted group code C, + by over G where b, is uniform over G™ and

Cy ={¢(a)la € J}
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where ¢ and J are defined in (2.11) and (2.14) respectively. The code C, is the

common code between X, and X3 and its rate is equal to

k
R, = - Z rwp, log p
(pr)e2(G)

The outer code is partitioned into inner codes by the mapping
s:J—{1,2,--. 2"}

where R, is the rate of the second encoder and {s(a)}.c; are iid and uniformly
distributed over {1,2,---,2"%2}  Similarly, encoder 3 uses a nested code whose outer
code is C, 4 b where bs is uniform over G" and whose inner code is determined by

a mapping
t:J—{1,2,... 2"}

where Rj3 is the rate of the third encoder and {t(a)},c; are iid and uniformly dis-
tributed over {1,2,---,2"%:}  Note that the above random codes and random map-
pings are independent from each other unless otherwise stated.

The encoding and decoding rules are as follows: Given a message m; € {1,-- 2"},
the encoder 1 sends C,;(m;). Given a message my € {1,---,2"%2} the encoder 2
looks for a € J such that ¢(a) + by € A’(X,) and s(a) = mo. If it finds such a,
it sends xo = ¢(a) + by over the channel; otherwise it declares error (Erre). Simi-
larly, given a message ms € {1,---,2"%} the encoder 3 looks for b € J such that
o(b) +bs € A*(X3) and t(b) = mg. If it finds such b, it sends &3 = ¢(b) + bz over the
channel; otherwise it declares error (Err.3).

At the receiver side, the decoder 1 after receiving y; € %", looks for an index
my € {1,---,2""1} and z € C,+by+bs such that (C,q (1), 2) € AM( Xy, Xo+X3]y1).
If it does not find such a pair or if it finds more than one such index m, it de-
clares error (Errg;). The receiver 2 after receiving y, € %", looks for the index

ey € {1, , 2"} for which there exists a unique a € J with ¢(a) + by € A™(Xs|y,)
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and s(a) = my. If it does not find such ma, it declares error (Errg). The decoding

rule for the third receiver is similar to that of the second receiver.

In the following, we show that the expected value of the probability of all the error

events over the ensemble approach zero as the block length increases if

Ry < [(X1: Y2 2)

Ri+ R, < I(X1; Y1) + 1..(Z; X1Y7)
R, — Ry > log|G| — H(X)

Ry < I5.(X2;Ya)

R, — Ry > log |G| — H(Xs)

Rg < IcG.}c.(X:%;YB)

and R, > IS (Xy;X5). In the following analysis, for simplicity we are assume

H(X,) = H(X3) so that one group code can be used for both terminals.

3.4.2 FError Analysis
3.4.2.1 The Error Event Err.s:

Given a message my € {1,2,---, 2"} define
02 (m2) = Z Z ]]-{¢(a)+b2::v2,s(a):m2}
acJ IEQGA?‘(XQ)
To simplify the analysis, we use the following modified encoding rule: If 6;(my) <
E{02(mo

5 )} declare error otherwise pick one such a uniformly and send 25 = ¢(a) + bs.

We use Chebyshev’s inequality as follows.

E{@g(mQ)}) S Val"{02<m2)l’
2 E{6(m2)}

P(Erres|ms) = P(0a(mg) <
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We have

E{92m2}—z Z a) + by = 9, 5(a) = my)

acJ .’EQEA”(XQ)

1 1
_Z Z W.anb

acJ :EQGA"(XQ

AR ()
’G’n . 9nRy
and
E {65(my)?} = Z P (¢(a)+by=13,¢(a)+by =22, s(a) =my, s(a) =my)

7 11 N
:Z Z Z W-W-P(s(a):mg,s(a)—mg)

0€O acJ a €Ty (a) mQEA"(XQ) ZQEA" X2
11:261‘2+H"

1 1
’G’n 2nR2

1 1 1
+ Z ) Z Z |G|n ) ‘H‘9|n ) 22nR2
0€O acJ CLETg(a) szA”(X )mQGAn(XQ)
0F#r :ZZQG:BQ-i-H

|1~ A2 (Xa)| ZIJI |To| - |AZ(Xo)| - [AZ(X5) O (22 + Hy)|

- R . . 92nR
e GI" - [ Ho" - 2P
T

where, r is a vector whose components are indexed by (p,r) € 2(G) and whose

(p, 7)™ component is equal to r. Using Lemma I1.14, we get

LA™ n[H(X2)+e|on[H (X2|[X2]e)+e]
e (et} < PLAZCG) | LT 20

|G‘n,2nR2 = ’G’n |H0’n,22nR2
0+#0,0#r
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For some € > 0 such that ¢ — 0 as n — co. Here, 0 is a vector whose components
are indexed by (p,r) € 2(G) and whose (p, 7)™ component is equal to 0. We have

|G|™ - |Ty| - on[H (X2|[X2]e)+e]
|H€|n . |J| . 2’”[H(X2)7E]

|G‘n X 2nR2
P(Brreglms) < ][ - 2nH (X2)—d * %
€

0£0,0£r

n

Note that |J| = 2"fs, |T,| = 27(1=e)Rs and ||HG9|\" = |G : Hy|". In order for the

probability of error to go to zero, we require

Ry — Ry > log |G| — H(X>)

1
R,> max —[log|G : Hy| — H([X2)o)]
0O Wy
040,047

which is equivalent to

Ry — Ry > log |G| — H(X>)

1
R, > rél%cw—a[log G : Hy| — H([Xa]s)]

or
R, — Ry > log |G| — H(X)

R, > IS (Xy; X,)

3.4.2.2 The Error Event Errg:

We have
271R2

Pavg(ETTdQ N ET7“22) = onft; Z Z ]l{UaeJ{¢(a)+b2:w2,s(a):m2}}P(w2 is sent)

ma=1 xo€c A7 (X2)

Z PYyix, (Y2l®2)1 Ry - . . ~
e L Uity Unesf000) + b = o s(0) =

ma#ma
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Therefore,

QnRQ QnRQ

E{P(Errqs)} QnRQ Z Z E{Q Z Z ngIXz (Yalz2) Z
m2=1 xo€ A7 (X2) 2 aEJ Yo EXL m27£=1

Mo#ms

Z ZP a)+by =22, ¢(a)+by=xs) P (s(a) =my, s(a) =12)
BrEAN (Xalyy) ac]
onRy  9onRg

2nR2 Z Z ZZ Z ]E{92 m2} Z pYQ\X2 (Yo|x2)

ma=1 mgo=1 a€J a€J xoc AP (X Yo €Y
MaFma a#a

Y P(g(a)+ba=as, ¢(a) +by=12) P (s(a) =ma, s(a@) =11s)
Z2€ AT (X2|y,)
gnfiz  onk

2nR2 Z Z ZZ Z Z {92( Z pY2|X2 (Yo|2)

ma=1 1ho=1 a€J €O acTy(a) maCA?(X. y S
ma7#ma 0F#r

Z 1 1
. ‘G‘n . |H0‘n 22nR2
Z2€ AL (X2|y,)

To€xo+Hy

. on[H (X2|[Xz2]eY2)+e]

|T| -
Z |H0‘n

0cO
0#r

Therefore, in order for the probability of error to go to zero, we require
ond (Xz|[X2]pY2) | |Ty| onH (X2|[X2leY2) . 9n(l-wp)Ry

— — 0
| Hg|™ | Hg|™

for 6 # r or equivalently, we need to have

1
Ry < 7= log| Hyl = H(Xa[[XeJoY2)

for 6 # r. Therefore, it is sufficient to have R, < IS (Xo;Ys).

3.4.2.3 The Error Event Errg:

Let P; be the probability that both x; and @+ @3 are decoded incorrectly and let
P be the probability that x; is decoded incorrectly but @, 4+ x3 is decoded correctly.
We have

Pog(Errag N Errs, N Erréy N Erréy) < P+ P
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where

1 onRq onRg onR3 2
(E S S ITHERI ) SRS i pppes
mi1= 11‘1€A"(X1) ma=1 m3= 1m2€A" Xz)
2
Z TS0 (o VL Z p§1|X1(y1|$17w27w3>
23 €A7(X3) E{03(ma)} ey
2nR1
Z Z ]l{(;S(a)—i—bz:azg,¢(b)+b3:m3,s(a):mg,t(b):mg}
mi1=1 a,beJ
mi#my
Z ]1{:?n:Crl(ﬁu)}]l{aa,i)eJ:¢(a)+b2+¢(5)+b3:z}
(f1,2)€A?(X1,X2+X3‘y1)
2#m2+m3
and
onky onRy onRg
P2—2anz Z]I{Crl(ml) fl}ang Z 2nR3 Z Z
mi1= 1$1€A”(X1 mo=1 m3= 1m2€A”(X2)
2 2
Z Z pY1|X1(yl|$17332,333)
E{f2(m2)} 23€AT(X3) E{0(m3)} yle@n
2nR1
Z Z Lig(a)+ba=2,6(5)+bs=w3,5(a)=ma t(b)=ms} Z Liai=c,1 (i)}
fn;é:l a,beJ (71,22t ®3)EAD (X1,X2+X3|y1)
17£m

Note that the event {3a,b € J : ¢(a) + by + ¢(b) + by = 2} is equal to the event

{3¢ € J: ¢(¢) + by + by = Z}. Therefore, using the union bound, we get

2nR1 on Ro 2nR3
P1—2anz Z]l{cﬂ(ml _xl}QnRg Z 2nR3 Z Z
mi1=1z,€A7(X1) mo=1 m3=1xo€ A7 (X2)
2 S 2 ST e (e, @)
— vi|x, (Y1121, T2, T3
Bifa(m)} 2= Bllsms) 25,
onRy
Z Z L{¢(a) +br=w2,6(b)+bs=2s,5(a)=ms,t(b)=ms} Z
=1 abe] (£1,2) €A (X1, X2+ X3ly1)
m17$m1 275w2+w3

L —co(my D, L@ +barbs=3)
c#a+b
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Therefore,

onRy onRg onRg3

E{Pl}— 2”Rlz Z]l{crl (m1 —ml}2nR2 Z 2nR3 Z Z

mi1= 11‘1€A”(X1 mo=1 m3= 1m2€A"(X2)
x3€AM(X3)

4 n
E{0:(m2)} - E{03(m3)} Z Pyaix, (W1]T1, o, 3)

y1EY"

onRy

mi1=1 a,beJ 0€O (z1,2)€A(X1,X2+X3| | | ‘ € (‘(1)‘
a 1' z 3 y1) cETg(aer)
M oFr Ftxotwms

P(¢(a+b)—|—b2+b3:w2+w3,¢(5)+b2+b3:§)

2nR1 2nR2 2nR3

1
= ﬁz Zﬂ{eﬂ (ma —xl}QnRg Z QnR3 Z Z

mi1=1z,€A?(X1) mo=1 m3=1xo€ AT (X2)
:1:3€A6 (Xg)

4
E{QQ(mQ)} E{Qg(m3 } Z pYﬂXl y1|x1am2,$3)

y1EY"

2nR1

1 1 1
2 22 2 TGF A GF Tl

mi1=1 a,beJ €O (SC1 Z)EA (X1,X2+X3\y1) EET@(G"rb)

mi1F#my OFr zZewot+az+HY
2TLR1 21’1, H(X1|Y1)+€] 2n[H(Z|[Z]9X1Y1)+€] . T
33 =
0cO
OFr

Note that |Ty| = 2"(1=#0)%s Therefore, in order for the probability of error to go to

zero, it suffices to have
Ry + (1 —wp) Ry < I(X1; Y1) + log [Hy| — H(Z|[Z]p X1 Y1)

for @ # r. For optimum weights {wp, }pre2(q), the condition Ry + Ry < I(Xq;Y1) +
I..(Z; X1Y1) implies

) 1
Ry < (I(X::Y1) = Ry) + min —— [log | He| — H(Z[Z)sX1Y3)
0o 1 — wy

0#r
@ V) 1 _
= min— (&) = B + min - [log | Hy| = H(Z[[Z]sXaY1)]
0Fr 0#r
< min [[(X1:Y3) — Ry + log | Hy| — H(Z|[Z]pX1Y1)]
e
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which is the desired condition. In the above equations, (a) follows since the maximum
of 1 — wy is attained for # = 0 and is equal to 1.

Similarly, for P, we have

2nR1 onRg onR3
]E{PQ} — 2 nRk Z Z]]'{CT‘l ml CC1} 2nR2 Z 2nR3 Z Z
mi1=1z1€A?(X1) mo=1 m3=1 xoc AP (X2)

2 2
E{65(m»)} L0 ()L T1, Lo, T
E{0:(mo)} wge;:(x3)E{93(m3) Z pmxl(yﬂ 1, T2, T3)
on k1

1
2. 2 \GIZ”Q"R“‘ 2"32 2 A2 (X))l

fnl 1 abeJ (fl,£B2+-’D3)€A?(X1,X2+X3‘y1)
mi1#£my

onRi1  on[H(X1|Y1,Xa+X3)+e]
onlH(X1)—€l

<

Therefore, it suffices to have Ry < I(X3; Y1, Xo + X3).
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CHAPTER IV

Non-Abelian Group Codes

There are several results in the literature suggesting that non-Abelian group block
codes do not exhibit a good coding performance. Although there is no known general
method to construct such codes, it is believed that these codes have poor Hamming
distance properties and are inferior to Abelian group codes. In this paper, we show
that to the contrary of this view, non-Abelian group codes can have a good coding
performance and should not be ignored. We show that these codes can be superior
to their Abelian counterpart if they are employed with joint typicality decoding.
Moreover, we show that in certain multi-terminal communication problems such codes
outperform random codes and other known structured codes by achieving points
outside the known rate region. To do so, we construct the ensemble of non-Abelian
group codes over Dihedral groups which constitute an important class of non-Abelian

groups.

4.1 Introduction

Algebraic codes are an important class of codes in coding and information theory
and the information-theoretic performance limits of such codes have been studied
extensively in the literature [7,18,23,35,42,57,61]. Tt is known that linear codes are

optimal for the point-to-point symmetric channel coding problem when the size of
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the channel input alphabet is a prime power [23,25]. These codes are also optimal
for the lossless compression of a binary source [41]. Linear codes are a special class
of algebraic codes which can only be defined over finite fields, hence over alphabets
of size a power of a prime. The natural extensions of linear codes over arbitrary
alphabets are called group codes which are classified as Abelian (commutative) and
non-Abelian (non-commutative) group codes.

Structured codes are equally important in the multi-terminal communications
problems. It is shown in [41] that for a special case of the distributed source coding
problem, the average performance of the ensemble of linear codes can be superior
to that of random codes. In recent years, this phenomenon has been observed for
a wide class of multi-termianl problems [42, 50, 55]. Thus, characterizations of the
information-theoretic performance limits of these codes became important. However,
the structure of the code restricts the encoder to abide by certain algebraic constraints
and hence the performance of such codes is inferior to random codes in some com-
munication settings. For example, linear codes are the most structured class of codes
and for some problems in multi-terminal communications, they are not optimal.

Abelian group codes are a generalization of linear codes which are algebraically
structured and can be defined for any alphabet. Group codes were first studied by
Slepian [68] for the Gaussian channel. In [6], the capacity of group codes for certain
classes of channels has been found. Further results on the capacity of group codes
were established in [7,8,61]. Abelian group codes can outperform unstructured codes
as well as linear codes in certain communications problems [42]. It turns out that
for the point-to-point communications, Abelian group codes are inferior to linear and
random codes.

The class of Abelian group codes is a small fraction of group codes. Another
step towards reducing the constraints of the code while maintaining some algebraic

structure would be to consider non-Abelian group codes. However, It has been sug-

91



gested by several authors that non-Abelian group codes are inferior to Abelian group
codes [27] [34] [46]. Moreover, they suggest that asymptotically good group codes
over non-Abelian groups may not exist.

In this chapter, we consider the problem of evaluating the performance of non-
Abelian group codes. Since there is no known method to construct such codes, we
first characterize an ensemble of non-Abelian group block codes over an important
class of non-Abelian groups, namely the Dihedral groups. We show that these codes
can be characterized by the product two “dependent” linear subcodes each built on
one of the two generators of the group. The dependency of the two linear subcodes
is dictated by the fact the the two subcodes must commute to ensure the closure of
the code under the group operation. This is much like any code over Abelian groups;
the difference is that in the Abelian case, the commutativity of the linear subcodes
is automatically satisfied and hence the subcodes can be chosen independently.

We use this ensemble for a simple point-to-point channel and observe that typical
codes in this ensemble achieve the symmetric capacity of this specific channel. We
show that this could not have been possible if we were to restrict ourselves to any
Abelian subgroup of the input alphabet. Moreover, we show that this performance is
superior to the performance of Abelian group codes built for this channel. We also
consider a multi-terminal communications problem in which two users send codewords
over a multiple access channel and at the receiver, we wish to reconstruct the product
of the two codewords where the product is the group operation. We show that these
codes are superior to random codes as well as linear codes in certain cases. We use a

combination of algebraic and information-theoretic tools for this task.
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4.2 Preliminaries

4.2.0.4 Dihedral Groups

A dihedral group of order 2p is the group of symmetries of a regular p-gon, in-
cluding reflections and rotations and any combination of these operations. A dihedral
group can be represented as a quotient of a free group as follows: Dy, = (z, y[aP =
1,y?> = 1,zyxry = 1). Dihedral groups are an important class of non-Abelian groups.
Note that N = (z|z? = 1) = {1, z,--- ,2P"} is a normal subgroup of D,. The group
D¢ is the smallest non-Abelian group. Note that for two elements g, h in Dg, g - h

may not be equal to h - g.

4.2.0.5 Typicality

We use the notion of strong typicality throughout this chapter (See Section 2.1).

4.2.0.6 Notation

For a set A, |A| denotes its size (cardinality) and for g an element of a group G, |g|
denotes its order. Let x be a generator of the group G whose order is a non-negative
integer p and let u = (u1,---,u,) be a vector in Z7. Then x* denote the element

(¥, at) of G™.

4.3 Group Codes over Dy,

Although there has been a lot of work on the properties of group codes in the
literature, there is no universal approach to constructing the ensemble of such codes
over arbitrary groups. Indeed, even for the smallest non-Abelian group, namely
Dg, the ensemble of group codes is not characterized. We do so in this section by
constructing an ensemble of group codes over the group D,,. First, we consider the

case where p is a prime. The following theorem is the main result of this section:
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Theorem IV.1. Direct: Let N be a subgroup of {1,z,--- ,aP~'}* 2 7% and let M be
a subgroup of @;_ {1, x%y} =73 for some aq,--- , 0, € {0,1,--- ;p—1}. If N and
M commute i.e. if N-IM =IM-IN, then C=IN-IM = M-IN s a group code over Ds,.
Converse: Let C be any group code over Doy, of length n. Then, C can be decomposed
as C =N -M where N < {1,z,--- 2P~} = Z2 and M < @;_ {1, 2%y} = Zj for
some o, -+ o, € {0,1,--- ;p—1} such that N-M =M - IN.

Note that this theorem facilitates the construction of group codes over Dy,. Note
that the two subcodes IN and IM are linear codes which can be easily constructed
by taking the images of homomorphisms i.e. for some positive integer [ and matrix
G € Zbm N = {2"“lu € ZL} and for some positive integer k and matrix H € Z5*"

and numbers ay, - ,a, € {0,1,--- ,p — 1}, M = {(z%y, .- 2%y)*H|v € Zk}

where (2, .-+, z%y)" is an element of D3, whose ith component is 2%y if the ith
component of vH is one and is 1 otherwise. Note that some care should be taken
when choosing the matrices G and H to ensure that the two subcodes commute.

The proof of the direct part of Theorem IV.1 is standard and will be provided in a
more complete version of this work. The converse part of the theorem guarantees
that all group codes can be constructed in this manner; i.e. all group codes can be
decomposed into two subcodes which commute. The rest of this section is devoted to

proving the converse. We do so using the following lemmas.

Lemma IV.2. For all g € Dy,, we have

a) |g| € {1,2,p,2p}. Specially g°* = 1.

b) g € N".

c) g" € {ly,ay, - 2Py}

d) If |g| = 2 then g € {1,y,xy,--- , 2P~ 1y}".

e) If |g| = p then g € N"™.

Proof. The proof is standard and will be provided in a more complete version of this

work. 0
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Lemma IV.3. For C < D}, let N = CN N". Then we have |C| = 2"|IN| for some

2p’

non-negative integer r.

Proof. Note that N™ is a normal subgroup of Dj. Therefore the product CN™ is also

a subgroup of D} and hence |[CN"| divides |D}| = (2p)". Furthermore, we have

IC| - IN"| [C]-p"
CN"| = =
| | |C N N7 |IN|

It follows that % divides 2" and this implies |C| = 2"|IN| for some non-negative

integer 7. O

In the following, we consider the implications of this lemma for a few special cases.
These special cases are useful in proving the general case described in Lemmas V.4

and IV.5.

Special Case r = 0: In this case, the code C is contained in the subgroup N™

of Dy,. This means C is a linear code.

Special Case r = 1: In this case, we have |C| = 2|IN|. Since N =CnN N" # C,
there exist an element g; € C such that ¢g; ¢ N". Since N C C and ¢; € C, we must
have IN U INg; C C. Note that different cosets of a subgroup are disjoint, therefore
IN U Ngy| = 2|IN| = |C|. Therefore, we must have C = IN U Ng;. By part (b) of
Lemma IV.2 we have ¢g> € N™. By the closure of the code C under multiplication,
we also have g7 € C. Therefore, we have g2 € IN or equivalently N = INg?. Note that
since g1 ¢ IN, IN and ¢;IN are disjoint. Since ¢;IN C C, we have Ng; = ¢;IN. Note
that g2 € IN implies Ng; = INg?. Let hy = ¢5. By part (c) of Lemma IV.2 the order
of hy is at most two. Therefore, we have C = IN U INh; where h; takes values from
{1,y, 2y, -+, 2P 'y}". Furthermore, Ng; = ¢;IN implies Nh; = hIN and g, ¢ N"

implies h; # 1. Note that always h? =1 € IN.
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To summarize this case, for r = 1, we have C = IN U INh; for some h; €
{1,y, 2y, , 2P 'y}™ such that hy # 1 and Ny = h;IN. These conditions imply
INUNA; = (N, hy).

Now Assume C = (NN, g;) where C N N™ = IN. Then similarly to the above ar-
guments, we have g2 € IN. Also note that for integers a,b, if a + b is even, then
g¢INg® C N™ and g¢INg® C C. Since |g*INg®| = |IN|, we require g¢INg® = IN. Similarly,
we can show that if a+b is odd, then g¢INg® = INg;. This implies any sequence formed
by IN and g; can be reduced in one of the following two forms: IN or Ng;. Hence, the

size of C = (IN, g1) can be at most 2|IN| if we require N = C N N™.

Special Case r = 2:  Similarly to the above case, for r = 2, we can show
C = N U Nhy UNhy U Nhyhy for some hy,hy € {1,y, 2y, -, 2P 'y}" such that
hi,he # 1,hy # he, Nh; = h;IN for j = 1,2 and hy, hy commute. These conditions
imply N U NA; U INhy U INA by = (N, hy, ho).

We address the general case in the following lemma:

Lemma IV.4. For C < Dy, let N = CN N". Write C = (N, g1, , gx) for some
elements g1, -+ ,gr € C. Then we have

(a) Forall j =1,---k, g;IN = Ng; and g7 € N.

(b) For all A C [1,k] and for all permutations m: A — A,

N (H gw(j)> =N (H gj> (4.1)

(€) €= Uacpp []N (HJ'GA gj)]

Proof. The proofs of parts (a) and (b) are through induction on k. We have shown

above that these statement are valid for £ = 1,2. Assume that they are true for all
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k < K —1 for some positive integer K > 3. We show that this implies the statements
are true for k = K.

Proof of (a): For j =1,--- K, let ¢' = (N,g;). We have N C C' N N" C
CNN"™ = NN . Therefore, C'"N™ = IN and hence we can use the induction hypothesis
to conclude g;IN = INg; and g7 € N.

Proof of (b): If |[A| <K —1,1let C'=(IN,g; : j € A). Similarly to the argument
above, we can show that €' N N® = IN and therefore we can use the induction
hypothesis to conclude (4.1). Now assume |A| = K or equivalently A = [1, K| and

fix a permutation 7 : A — A. If 7(K) # 1, use part (a) to write

Gn(1) ** Gr(K-1)In ()N = Gr(1) * ** Gr(rr—1)INGr(r0)

—~

i)
=0 I 9| Nowio
Jel2,KN\{m(K)}

=g II  9/|9%wN
JER KN (=)}

(#4)
=0 H 9; IN=g1g2--- g N
jel2,K]

where in (i) and (i7) we use the induction hypothesis for k = K — 1. If n(K) = 1,

use the induction hypothesis for k£ = 2 to write

Gr() ** In(K-1)Ir(K)N = gr(1) * ** Ir() G (x—1) N

After this step, we can use the same argument as above to show (4.1).

Proof of (¢): For any w € C = (N, gy, , gx) we can find a sequence of integers
i1, and §B; for ¢ € Z such that w € INJ[,, (gf‘“ » -g?““]N'B). Using the
result of part (a) and the fact that N* = IN, we get w € IN[[,., (g7 -+~ g™*).
Using the result of part (b) to reorder elements we obtain w € IN (glZ L gg" ok )
Using the result of part (b) and the fact that gjz € N for j = 1,--- k, we get
weN (912 @i (mod2) gkz i (mod 2)>. This is equivalent to w € IN (HjeA gj> for
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Lemma IV.5. For C < D3, we can find elements hy,--- b, € {1,y, 2y, - ,oP 1y}
and a subgroup N < N™ such that C = (N, hy,--- , hg) and
(a) For allj=1,--- ,k, h;IN = INh;.

(b) All hj’s commute.

Proof. Let N =CnN N" and write C = (IN, gy, - - , gx) for some elements gy, -+ , gy €
C. For j = 1,---,k, define h§0) = g?. Define hy = h§°) and for j = 2,--- Kk,
define h; sequentially as follows: For [ =1,---,j — 1, let h{ = h{ Vppl " Vpal ="
and finally let h; = hg-j It is straightforward to verify that with these definitions
C = (N, hy,- -, hg) and (a) and (b) are satisfied. The complete proof will be provided

in a more complete version of this work. O

We are ready to prove the converse part of Theorem IV.1. For any C < D, let

IN=CNN" and let M = (hy,--- , hg) where hy,--- , hy are as in Lemma IV.5. Is it

straightforward to verify that IN and IM satisfy the conditions of the theorem.

Remark IV.6. Although in this section we addressed the case where p is a prime,
Theorem IV.1 is valid for arbitrary Dihedral groups Dy, for an arbitrary integer ¢ > 3.
The difference is that in the general case, the subcode IN need not be a linear code
but rather it is an Abelian group codes over the cyclic group Z,. The construction

of Abelian group codes has been addressed in [61].

4.4 The Ensemble of Codes

In this section, we present an ensemble of codes which consists of all non-Abelian
group codes over Dy, for some prime p. We make use of Lemma IV.5 to construct an

ensemble of codes of length n as follows:

e Fori=1,--- n, choose ay, - ,a, € {0,1,--- ,p}.
e For some 1 < m < n, choose a partition P = {Py,---, P,,} of [1,n] so that for
i=1,---,m, |P| =rn for some 0 < r; < 1.

98



For some 0 < k < n, choose subsets I, -+, I} of [1,m].

For j=1,--- k, let Aj = Uicr, .

For j = 1,--- K, let hj = (hyj,-- -, hnj) € Dy, where h;; = 1if i € A; and

hij = ZL’aiy if ¢ € A;

e Forsome0 < x < landfori =1,---,m, Let G; be amatrix in {0, 1, 2}[L#rinlxFm
e A message is indexed by a set J C [1, k| and by u; € ZQ”"""] fori=1,---,m.
The encoder maps the message (J, uy, -, Uy) to

EnC(J, T ,Um) — Gl umGn H hj
jed
The rate of each code in this ensemble is equal to R = L(k+ >, kr;logp).
The rest of this section is devoted to proving that this ensemble contains all group
codes. As in the statement of Lemma IV.5, let C = (N, hy, -, hy) and for j =

1’... 7]{;, let hj:(hljy"' 7hnj)'

Lemma IV.7. For i = 1,--- ,n, there exists a; such that for all j = 1,--- )k,

hji € {1, xaiy}.

Proof. Fix an ¢ € [1,n] and assume there exists a j € [1, k] with h;; # 1. Since h;; €
{1,y,2y, -+, 2P 'y}, we can let h;; = x*y for some «;. Since all of h;’s commute,
for all j/=1,--- ,k, we have h;jh;y = hij-h;j where h;; € {1,y,xy, -+, 2P 1y}. This

can only happen if h;; € {1,2%y}. This proves the claim. ]
Forj=1, -,k let A; = {i|hij =1}.

Lemma IV.8. If Nh; = hiIN, then N = N4, © Nae such that Proj,, (INa¢) = 0 and
Projse (N4, ) = 0.
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Proof. Let ¢ = (g1,---,92) be a vector in IN and with a slight abuse of notation
let’s write g = ga, © gac and hy = ha, 1 © hac1 (Note that hya,; is a vector of
all ones by definition and h4e; is a vector of elements of the form x%y). We have
highi = ga, @g;% € C. Since hyjghy € N™, we must have high; = ga, ® gAT% e N.
Therefore, (g]lfLL(]hl)pT+1 = ga, ® 14 € N. With a similar argument, we can show

that 14, ® gac € N. To complete the proof, let

N4, = {ga, ® 1ac|g € N} = Proj,, (IN)

Nag = {14, ® gaglg € N} = Proj o (IN)

In other words, we have shown that if Ni; = hIN, then N = Proj 4, (N) & Proj 4. (IN).
[l

Lemma IV.9. The subcode IN can be decomposed as

Proof. By Lemma IV.8, for all j = 1,--- ,k, we have N = ProjAj(]N) @ Proj 4.(IN).
We have

N = Proj (ProjAl (N) & ProjAg(]N))@
Proj (Proj 4, (IN) & Proj . (11\1))
= ProjAlﬂAz (IN> D ProjA%ﬂAz (N)@

Proj4,na5(IN) @ Proj aena (IN)

This proves the lemma for K = 2. The general case can be proved in a similar

fashion. O

Define the collection of sets P as

P ={(njes 45) N (Njes 45)1J € [1,K]}
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Then P forms a partition of [1,n] as P = {P,---, P, } such that each A; can be
written as union of P’s. To summarize, we have N = @;", Projp (IN). In the

construction above, the matrix (; is used to form the subgroup Projp, (IN).

4.5 Examples: Non-Abelian Group Codes Can Have a Good

Performance

In this section, we consider two simple examples. These examples are chosen so
that the construction and analysis of the ensemble of non-Abelian group codes and
the computation of the achievable rate becomes simple. In the first example, we show
that the achievable rate using non-Abelian group codes can be strictly larger than the
rate achievable using Abelian group codes for the point-to-point problem. We also
show that this rate is not achievable if we restrict ourselves to any Abelian subgroup
of the alphabet. In the second example, we consider a scenario in which two users
try to communicate the sum of two symbol streams with a joint decoder through a
multiple access channel. We show that for this specific example, the achievable rate
using non-Abelian codes can be strictly larger than the rate achievable using random
codes. This shows in certain multi-terminal communications problems non-Abelian
group codes can be beneficial by achieving points which are not achievable using other
type of codes.

In both examples, the parameters of the ensemble of codes is as follows: [y =
oo =0, =0, m=n, P, ={i}, r, = %, [ is a fixed parameter determined by the
rate of the code, Iy, --- , I; are uniformly random, x = 1 and Gj is uniformly random.
Note that with these parameters, N = N™ and M = {y*#|v € Z4} for some uniformly

random k X n matrix H.
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4.5.1 Example 1: Point-to-Point Problem

Consider the channel depicted in Figure 4.1. The Shannon capacity of this channel

22, o
Ty =

Figure 4.1: A simple channel with input Dg.

is C' = log6 — h(e) bits per channel use. It turns out that using the joint typicality
decoding, the average code in the ensemble of non-Abelian group codes can achieve
the shannon capacity R = log6 — h(e). If we restrict ourselves to Abelian subgroups
of Dg we can achieve (in bits per channel use) 1.585 for {1, x, 2%}, 1 — h(e) for {1,y}
and 1.000 for {1, zy}and {1, 2%y}. All of these rates are less than the rate achievable

using non-Abelian group codes.

4.5.2 Example 2: Computation Over MAC

In this section, we use the ensemble of codes constructed in Section 4.4 for a
problem of computation over multiple access channels. Consider the two-user MAC
depicted in Figure 4.2 where X, Z take values from the Dihedral group Dg and Y

takes values from a finite set .

X
Dg Multiplier ° W=X-7 Y
Z

Figure 4.2: Two user MAC: Computation of Dg operation.

When the inputs of the channel are x, z € Dg, the channel output is y € % with
conditional probability Wy xz(y|z,z). Let n be the block length and let C; C Dg

and Cy C Dg be codebooks corresponding to Users 1 and 2 respectively. If User 1
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sends a message * € C; and User 2 sends a message z € C,, the decoder wishes
to reconstruct @ - z losslessly where the multiplication is the component-wise group
operation.

Note that in this example, the MAC is multiplicative in the sense that the two ter-
minals get multiplied (the group operation) and then the result is passed through a
point-to-point channel. The channel Wy y is taken to be the channel of Example 1.
The encoding/decoding strategy is as follows: Let C; = {Byz"y""|u € Z3,v € 75}
and Cy = {y""2"Bylu € 73, v € ZE} for some H € Z5*". The decoder, after receiv-
ing the channel output, looks for a unique codeword in C; - Co which is jointly typical
with the channel output. If it doesn’t find such a codeword, it declares error. The
average probability of error for the codes in this ensemble is given by

Py = 3271_12% Z Z Z W$|W(y|x - 2)

zeCq z€Co yc@m

Z Liwearwiy)

weC;-Co
wWHL-Z

This probability of error approaches zero as n increase for R < log6 — h(e) bits
per channel use which is equal to the point-to-point capacity of the channel. If
we restrict ourselves to the Abelian subgroup {1, z,2?}, we can show that the rate
R = 1.585 is achievable. The achievable rate using random codes is equal to R =
I(XZ;Y)/2 = (log6—h(e))/2. We observe that for this example, non-Abelian group
codes outperform Abelian group codes and Abelian group codes outperform random
codes. This is due to the fact that the structure of the channel is matched to the

structure of non-Abelian group codes.
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CHAPTER V

Lattice Codes for Multi-terminal Communications

5.1 Nested Lattices for Point-to-Point Communications

In this section, we show that nested lattice codes achieve the capacity of arbitrary
channels with or without non-casual state information at the transmitter. We also
show that nested lattice codes are optimal for source coding with or without non-

causal side information at the receiver for arbitrary continuous sources.

Lattice codes for continuous sources and channels are the analogue of linear codes
for discrete sources and channels and play an important role in information theory
and communications. Linear/lattice and nested linear/lattice codes have been used
in many communication settings to improve upon the existing random coding bounds
[17,41-44, 50, 55,69].

In [17] and [43] the existence of lattice codes satisfying Shannon’s bound has been
shown. These results have been generalized and the close relation between linear and
lattice codes has been pointed out in [44]. In [76], several results regarding lattice
quantization noise in high resolution has been derived and the problem of constructing
lattices with an arbitrary quantization noise distribution has been studied in [30].
Nested lattice codes were introduced in [79] where the concept of structured bin-

ning is presented. Nested linear/lattice code are important because in many com-
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munication problems, specially multi-terminal settings, such codes can be superior
in average performance compared to random codes [42]. It has been shown in [77]
that nested lattice codes are optimal for the Wyner-Ziv problem when the source
and side information are jointly Gaussian. The dual problem of channel coding with
state information has been addressed in [71] and the optimality of lattice codes for
Gaussian channels has been shown. In [51] it has been shown that nested linear codes
are optimal for discrete channels with state information at the transmitter.

In this section, we focus on two problems: 1) The point to point channel coding
with state information at the encoder (the Gelfand-Pinsker problem [31]) and 2) Lossy
source coding with side information at the decoder (the Winer-Ziv problem [74] [73]).
We consider these two problems in their most general settings i.e. when the source and
the channel are arbitrary. We use nested lattice codes with joint typicality decoding
rather than lattice decoding. We show that in both settings, from an information-

theoretic point of view, nested lattice codes are optimal.

5.1.1 Preliminaries
5.1.1.1 Channel Model

We consider continuous alphabet memoryless channels with knowledge of channel
state information at the transmitter used without feedback. We associate two sets 2~
and % with the channel as the channel input and output alphabets. The set of chan-
nel states is denoted by . and it is assumed that the channel state is distributed
over . according to Ps. When the state of the channel S is s € %, the input-
output relation of the channel is characterized by a transition kernel Wy xg(y|z, s)
forx € 2 and y € %. We assume that the state of the channel is known at the
transmitter non-causally. The channel is specified by (27, %, ., Pg, Wy|x s, w) where

w: Z x . — RT is the cost function.
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5.1.1.2 Source Model

The source is modeled as a discrete-time random process X with each sample tak-
ing values in a fixed set 2" called alphabet. Assume X is distributed jointly with a
random variable S according to the measure Pxg over 2 x.¥ where . is an arbitrary
set. We assume that the side information S is known to the receiver non-causally.
The reconstruction alphabet is denoted by % and the quality of reconstruction is
measured by the average of a single-letter distortion functions d : 2" x Z — R*. We

denote such sources by (2, , %, Pxs,d).

5.1.1.3 Linear and Coset Codes Over Z,

For a prime number p, a linear code over Z, of length n and rate R = glogp is
a collection of p* codewords of length n which is closed under mod-p addition (and
hence mod-p multiplication). In other words, linear codes over Z, are subspaces of
Z,. Any such code can be characterized by its generator matrix G € Z’;X". This
follow from the fact that any subgroup of an Abelian group corresponds to the image
of a homomorphism into that group. The linear encoder maps a message tuple u € Z’;
to the codeword x where = uG and the operations are done mod-p. The set of all
message tuples for this code is Z’; and the set of all codewords is the range of the

matrix G. i.e.
C = {uGlueZ} (5.1)

A coset code over Z, is a shift of a linear code by a fixed vector. A coset code of
length n and rate R = glog p is characterized by its generator matrix G € Z’; *™ and
it’s shift vector (dither) B € Z7. The encoding rule for the corresponding coset code

is given by z = uG + B, where u is the message tuple and x is the corresponding
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codeword. 1i.e.
C={uG+BlueZ} (5.2)

In a similar manner, any linear code over Z, of length n and rate (at least)

R = ”T_k log p is characterized by its parity check matrix H € Z’;X”. This follows
from the fact that any subgroup of an Abelian group corresponds to the kernel of a
homomorphism from that group. The set of all codewords of the code is the kernel

of the matrix H; i.e.
C={ueZ)Hu=0} (5.3)

where the operations are done mod-p. Note that there are at least p"* codewords
in this set. A coset code over Z, is a shift of a linear code by a fixed vector. A coset
code of length n and rate (at least) R = ”n;k log p can be characterized by its parity

check matrix H € Z’;X" and it’s bias vector ¢ € Z’; as follows:
C={ueZ)|Hu=c} (5.4)

where the operations are done mod-p.

5.1.1.4 Lattice Codes and Shifted Lattice Codes

A lattice code of length n is a collection of codewords in R"™ which is closed under
real addition. A shifted lattice code is any translation of a lattice code by a real vector.
In this paper, we use coset codes to construct (shifted) lattice codes as follows: Given

a coset code C of length n over Z, and a step size v, define

A(C,7,p) =7(C - L) 55

where 1 = (1,---,1) € Z7. The corresponding mod-p lattice code A(C,~,p) is the

disjoint union of shifts of A by vectors in ypZ™. i.e.

ACy,p) = | o+ 4)

VEPL™
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It can be shown that this definition is equivalent to:

—1
A(C,y,p) = {’y(v—pT)h)E 7", v modpeC}

Note that A(C,~,p) C A(C,~,p) is a scaled and shifted copy of the linear code C.

5.1.1.5 Nested Linear Codes

A nested linear code consists of two linear codes, with the property than one of
the codes (the inner linear code) is a subset of the other code (the outer linear code).
For positive integers k and [, let the outer and inner codes C; and C, be linear codes

(k+1)xn

over Z, characterized by their generator matrices G € Z)" and G’ € Z, and

their shift vectors B € Z; and B’ € Z; respectively. Furthermore, assume

G
G = , B'=DB
AG
For some AG € Z’;X”. In this case,
C, = {aG + mAG + Bla € Z,,m € ZL} (5.6)
C; = {aG + Bla € ZL} (5.7)

It is clear that the inner code is contained in the outer code. Furthermore, the inner
code induces a partition of the outer code through its shifts. For m & Z’; define the

mth bin of C,; in C, as
B, = {aG + mAG + Bla € Z.,}

Similarly, Nested linear codes can be characterized by the parity check representa-
tion of linear codes. For positive integers k and [, let the outer and inner codes C, and

C; be linear codes over Z, characterized by their parity check matrices H € Zﬁox" and
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H' € Z,(,HZ)X" and their bias vectors ¢ € Z, and ¢ € Zi* respectively. Furthermore

assuime:

For some AH € Z}*" and Ac € ZF. In this case,
Co={ueZ)|Hu=c}, (5.8)
C; = {u € Z!|Hu=c, AHu = Ac} (5.9)
For m € Z’; define the mth bin of C; in C, as
B, = {u € Z}|Hu=c, AHu = m}

The outer code is the disjoint union of all the bins and each bin index m & Z’; is

considered as a message. We denote a nested linear code by a pair (C;, C,).

5.1.1.6 Nested Lattice Codes

Given a nested linear code (C;, C,) over Z, and a step size v, define

p—1
Ai(@;,%p) = ’Y(Ci - T>’ (5~10)

—1
Ao(Covlyyp) = V(Co - p—)

5 (5.11)

Then the corresponding nested lattice code consists of an inner lattice code and an

outer lattice code

/L(Cla %p) = UUGpZ" (’YU + Az) (512)

Ao(Coy 77p) = UUEpZ" ('YU + Ao) (513)

In this case as well, the inner lattice code induces a partition of the outer lattice code.

For m € Z}, define

(5.14)
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where B,, is the mth bin of C; in C,. The mth bin of the inner lattice code in the

outer lattice code is defined by:

%m = UvEPZ” (71} + %m)

The set of messages consists of the set of all bins of A; in A,. We denote a nested

lattice code by a pair (A;, A4,).

5.1.1.7 Achievability for Channel Coding and the Capacity-Cost Function

A transmission system with parameters (n, M, I, 7) for reliable communication
over a given channel (2, %, ., Ps, Wy |xs,w) with cost function w : 2" x ¥ — R*

consists of an encoding mapping and a decoding mapping

e: " x{1,2,.... M} - 2"

f:@"—={1,2,...,.M}

such that for all m =1,2,..., M, if s = (s1,--+ ,s,) and z = e(s,m) = (x1,- - ,z,),
then

1 n
— iysi) < I'
n;w(x Si)

and
1
Ep, {mz SPr(f(Y") # mIX" = (", m>>} <r
Given a channel (27, % ,.%, Ps, Wy|xg,w), a pair of non negative numbers (R, W)
is said to be achievable if for all ¢ > 0 and for all sufficiently large n, there exists
a transmission system for reliable communication with parameters (n, M, I, 7) such

that

1
—logM > R — ¢, I'<W +e, T<e¢
n
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The optimal capacity cost function C'(W) is given by the supremum of C' such that
(C, W) is achievable.

5.1.1.8 Achievability for Source Coding and the Rate-Distortion Function
A transmission system with parameters (n, ©, A, 7) for compressing a given source
(2,7, %, Pxs,d) consists of an encoding mapping and a decoding mapping
e: 2" —={1,2,---,0},
g: " xA{1,2,--- O > U"
such that the following condition is met:
P(d(X", g(e(X"))) > A) <7

where X™ is the random vector of length n generated by the source. In this transmis-
sion system, n denotes the block length, log © denotes the number of channel uses, A
denotes the distortion level and 7 denotes the probability of exceeding the distortion
level A.

Given a source, a pair of non-negative real numbers (R, D) is said to be achievable
if there exists for every € > 0, and for all sufficiently large numbers n a transmission

system with parameters (n,©, A, 7) for compressing the source such that
1
—log® < R+ ¢, A<D +e, T<e¢
n

The optimal rate distortion function R*(D) of the source is given by the infimum of

the rates R such that (R, D) is achievable.

5.1.1.9 Typicality

We use the notion of weak™® typicality with Prokhorov metric introduced in [47].

Let M(R?) be the set of probability measures on R¢. For a subset A of R? define its
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e-neighborhood by
A¢ = {z € R%3y € A such that ||z —y|| < ¢}

where || - || denotes the Euclidean norm in R?. The Prokhorov distance between two

probability measures Py, P, € M(RY) is defined as follows:

7a(Pr, P2) =inf{e > 0| P, (A) < Py(A) + € and

Py(A) < Py(A°) +¢ ¥ Borel set A in R}

Consider two random variables X and Y with joint distribution Pxy(-,-) over 2~ X
% C R2 Let n be an integer and € be a positive real number. For the sequence pair
(x,y) belonging to 2™ x #™ where © = (21, ,x,) and y = (y1,- - , yn) define the

empirical joint distribution by

wy A B Z]]-{.I,EAyZGB}

for Borel sets A and B. Let P, and P, be the corresponding marginal probability

measures. It is said that the sequence x is weakly* e-typical with respect to Px if
T (pxy PX) <€

We denote the set of all weakly™ e-typical sequences of length n by A?(X). Similarly,

2 and y are said to be jointly weakly™ e-typical with respect to Pxy if

(ny, Pxy) <e

We denote the set of all weakly™ e-typical sequence pairs of length n by A?(XY).
Given a sequence x € AP, the set of conditionally e-typical sequences AZ(Y|x) is

defined as

AlYx) ={y € " |(,y) € AUX,Y)}
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5.1.1.10 Notation

In our notation, O(e) is any function of € such that lim. o O(¢) = 0 and for a set

G, |G| denotes the cardinality (size) of G.

5.1.2 Nested Lattice Codes for Channel Coding

We show the achievability of the rate R = I(U;Y) — I(U;S) for the Gelfand-

Pinsker channel using nested lattice code for U.

Theorem V.1. For the channel (2, % ,.7, Ps, Wy|xs,w), let w : & — R" be a
continuous cost function. Let % be an arbitrary set and let SUXY be distributed over
XU XX XY according to PsPyisWxjusWy|sx where the conditional distribution
Pyis and the transition kernel Wx s are such that E{w(X)} < W. Then the pair

(R, W) is achievable using nested lattice codes over U where R = I(U;Y) — I(U; S).

5.1.2.1 Discrete U and Bounded Continuous Cost Function

In this section we prove the theorem for the case when U = U takes values from
the discrete set v(Z, — p%l) where p is a prime and 7 is a positive number. We
use a random coding argument over the ensemble of mod-p lattice codes to prove
the achievability. Let C, and C; be defined as (5.6) and (5.7) where G is a random
matrix in Z", AG is a random matrix in ZF*" and B is a random vector in Z.
Define A;(C;,v,p) and A,(C,,~,p) accordingly. The ensemble of nested lattice codes
consists of all lattices of the form (5.10) and (5.11). The set of messages consists of
all bins B, indexed by m € Z’;,.

The encoder observes the massage m € Z’; and the channel state s € . and looks
for a vector u in the mth bin 98,, which is jointly weakly* typical with s and encodes
the massage m to z according to Wxsy. The encoder declares error if it does not

find such a vector.
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After receiving y € #™, the decoder decodes it to m € Z’; if m is the unique tuple
such that the mth bin 98,, contains a sequence jointly typical with y. Otherwise it

declares error.

Encoding Error

We begin with some definitions and lemmas. Let

S = [_Tw’ g]n nyz" (5.15)

For a € Z’;, m € Zé, define

g(a,m) =~ ((aG +mAG + B) — @)

g(a,m) has the following properties:

Lemma V.2. Fora € Z,, and m € ZF, g(a,m) is uniformly distributed over S'. i.e.

Forue s,

Plg(a,m) = u) = pi

Proof. Note that B is independent of G and AG and therefore aG + mAG + B is a

uniform variable over Z. The lemma follows by noting that

SIZ’Y(ZZ— (p;D)

]

Lemma V.3. For a,a € Z, and m € Z} if a # a then g(a,m) and g(a,m) are

independent. i.e. Forue S" andu € 5,

P(g(a,m) = u, g(a,m) = @) = =
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Proof. 1t suffices to show that aG +mAG + B and aG + mAG + B are uniform over

Z;, and independent. Note that for u,u € Z7,

P (aG 4+ mAG + B = u,aG + mAG + B = )
=P (aG+mAG+ B =u,(a—a)G=1u—u)

2 P(aG +mAG+ B =u) x P((a—a)G =i — u)
w 1

p2n
where (a) follows since the B is uniform over Zy and independent of G and (b) follows

since B and G are uniform and a —a # 0 [l

Lemma V.4. For a,a € Z, and m,m € Z; if m # m then g(a,m) and g(a,m) are

independent. i.e. Foru e S" andu € S’,

Lo . 1
P(g(aam) = u,g(a, m) = U) = ﬁ
Proof. The proof is similar to the proof of the previous lemma and is omitted. m

For a message m € Z’; and state s € ", the encoder declares error if there is no
sequence in ‘B, jointly typical with s. Define

0(s) = Z ]l{ueAQ(U\s)} - Z ]l{g(a,m)eA?(U\s)}

uEBm, acZl,

Let Z be a uniform random variable over ~y (Zp — @) and hence Z" a uniform

random variable over S’. Then we have

B{0(s)} = > P(2" € A1(01s))

a€Z,

we need the following lemmas from to proceed:

Lemma V.5. Let Pxy be a joint distribution on R? and Px and Py denote its
marginals. Let Z™ be a random sequence drawn according to Py. If D(Pxy||PzPy) is

finite then for each 6 > 0, there exist €(6) such that if € < €(6) and y € A?(Py) then

1
lim sup - log P;((Z",y)€ A (Pxy) < —D(Pxy||PzPy)+¢
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Proof. This lemma is a generalization of Theorem 21 of [47]. The proof is provided

in the Appendix. O]

Lemma V.6. Let Pxy be a joint distribution on R? and Px and Py denote its
marginals. Let Z™ be a random sequence drawn according to Py. Then for each

€,0 > 0, there exist €(¢,d) such that if y € AZ(Py) then
1
lim inf - log P7((Z2",y) € A} (Pxy)>—D(Pxy| PzPy)—¢

Proof. This lemma is a generalization of Theorem 22 of [47]. The proof is provided

in the Appendix. O]

Using these lemmas we get
E{0(s)} = p12‘”[D(PasllePs)+0(e)]

Similarly, let Z" = g(a,m) and Z" = g(@,m). Note that Z" and Z" are equal if a = @

and are independent if a # a. We have

E{0(s)’} = 3 P(Z”,Z” c AQ<U|3)>

a,a€Z},

=Y P(z" e Ax0ls))

acZ,
2
+ 3 (Z"eA" 0ls ))
aaEZl
a#a
_ pl2—n[D(PUSHPZPS)+O(e)]

+pl(pl o 1)27271[[)(1305.szps)+0(6)]

Therefore

var{6(s)} = E{8(s)*} — E{0(s)}?

< o nID(Pys | P2Ps)+O(0)]
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Hence,

P(0(s) = 0) < P (|0(s) — E{0(s)}| = E{6(s))

(a) Var{ﬁ( )}
- E{0(s)}*

< plonID(Pys | P2Ps]+O()

/\

Where (a) follows from Chebyshev’s inequality. This bound is valid for all s € $".
Therefore if

l
EIOgP>D(PUs||PZPS) (5.16)

then the probability of encoding error goes to zero as the block length increases.

Decoding Error

The decoder declares error if there is no bin *B,, containing a sequence jointly
typical with y where y is the received channel output or if there are multiple bins
containing sequences jointly typical with y. Assume that the message m has been
encoded to = according to Wy sy where u = g(a,m) and the channel state is s. The
channel output y is jointly typical with u with high probability. Given m, s, a and u,
the probability of decoding error is upper bounded by

P < 30 S P (gla,m) € A2(Uly)lgla,m) € AZ(U]y))

mGZkaEZl
m;ém

(a )plpk2 n[D(Pgy | Pz Py )+0(€)]

Where in (a) we use Lemmas V.4, V.5 and V.6. Hence the probability of decoding

error goes to zero if

l
logp < D(Pyy | PzP) (5.17)
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The Achievable Rate

Using (5.16) and (5.17), we conclude that if we choose L logp sufficiently close
to D(Pyg||PzPs) and £ log p sufficiently close to D(Py4||PzPs) we can achieve the
rate

R =" logp = D(Poy |P2Py) ~ D(PyglP2P)

= I(U;Y) - I(U;S)

5.1.2.2 Arbitrary U and Bounded Continuous Cost Function

Let Q = {A;, Ay,--- , A, } be a finite measurable partition of R?. For random
variables U and Y on R? with measure Pyy define the quantized random variables

Ug and Yy on ) with measure
Puoy, (A, Aj) = Puy (Ai, Aj)
The Kullback-Leibler divergence between U and Y is defined as
D(U|Y) = sup D(UlYo)

where D(Ug||Yg) is the discrete Kullback-Leibler divergence and the supremum is
taken over all finite partitions @) of R¢. Similarly, the mutual information between U

and Y is defined as
[(U;Y) = sup I(Ug; Yo)
Q

where I(Ug; Yy) is the discrete mutual information between the two random variables
and the supremum is taken over all finite partitions @ of R%.

We have shown in Section 5.1.2.1 that for discrete random variables the region given
in Theorem V.1 is achievable. In this part, we make a quantization argument to
generalize this result to arbitrary auxiliary random variables. Let S, U, X,Y be dis-
tributed according to PsPysWxjusWy|x where in this case U is an arbitrary random

variable. We start with the following theorem:
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Theorem V.7. Let %, C F#5, C --- be an increasing sequence of o-algebras on a
measurable set A. Let F., denote the o-algebra generated by the union U2 .%,. Let

P and Q be probability measures on A. Then
D(P|z,[1Ql7,) = D(P|#.]Q|#.) as n — oo

where P|g denotes the restriction of P on F.

Proof. Provided in [33] and [14] for example. O
For a prime p > 2, a real positive number v and for : =0--- ,p — 1 define
—v(p—1

Define the quantization Q. , as Q, = {Ao, As,- -, Ayp_1} where

AO = (_OoacLO]
Ai = (ai717ai], fOI' 7, = 1’.., ’p_z

Apfl = (ap*% —|—OO)

Let the random variable U%p take values from {ao, - - - , a,—1} according to joint mea-

sure

A~

Pypixy(U =a;, SXY € B) = Psyxy(U € A;, SXY € B) (5.18)

For all Borel sets B C R?. For a fixed v, let p < ¢ be two primes. Then the o-algebra
induced by @, is included in the o-algebra induced by @), ,. Therefore, for a fixed

v, we can use the above theorem to get
[(U’(g%p; Y’:%,p) — [(U|gz%oo; Ylf@,u) as p — o0 (519)

where Uz, . is a random variable over Q. o, = {4;|i € Z} where A; = 4(vi, y(i+1)]
with measure Py, (4A;) = Pu(4).

Let 79 = 1 and define ~,, = 2% Note that if m > n then %,  is included in .7, .
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Also, since dyadic intervals generate the Borel Sigma field ( [49] for example), the
restriction of U to the sigma algebra generated by U5 ,.%, . is U itself. We can use

Theorem V.7 to get
IUlz, .;Y|z, ) = I(U;Y) asn — oo (5.20)

Combining (5.19) and (5.20) we conclude that for all € > 0, there exist I" and P such

that if v < I" and p > I then
[1(Ul7,,:Yz,,) = 1(U;Y)| <e
Since quantization reduces the mutual information (Xg — X — Y), we have
I(Ul5,,:Y|5,) < I(U|5,,;Y) < I(U;Y)

Therefore |I(U|#,,;Y) — 1(U;Y)| < e. Alsonote that I(U|z, ;Y) = I(U,,;Y) since

we define the joint measure to be the same. Therefore

‘[(U Y) - I(U;Y)( <e (5.21)

'Y7p’

With a similar argument, for all e > 0 there exist v and p such that
‘z(Uw; S) — I(U; S)] <e (5.22)

if we take the maximum of the two p’s and the minimum of the two +’s, we can say
for all € > 0 there exist v and p such that both (5.21) and (5.22) happen.
consider the sequence PSU7 ,x asm,p— 0. In the next lemma we show that under

certain conditions this sequence converges in the weak™® sense to Pgyx.

Lemma V.8. Consider the sequence Py  where n — oo and p is such that
Yn,P
Yup — 00 as n — oo (Take p to be the smallest prime larger than 2" for example.).

Then the sequence converges to Psyx in the weak™ sense as n — oo.
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Proof. 1t suffices to show that the three dimensional cumulative distribution function
Fgg  x converges to Fgyx point-wise in all points (s,u,z) € R® where F' is contin-
uous. Let (s,u,x) be a point where F' is continuous and for an arbitrary € > 0, let §

be such that

|Fsux(s,u—6,2) — Fsyx(s,u,x)| < e

|Fsux(s,u+06,x) — Fsyx(s,u,x)| <e

Let p be such that v, = Qin < 6 and find p accordingly. Then there exist points a;, a;

such that a; € [u — ¢, u] and a; € [u,u + J]. We have

Fsyx(s,u—d,x) < FSU%,,X(& a;, )
< Fop,  x(s,u,7)
S FSUWH,pX('S? g, Qf)

S FSU)((S,U + (5, .CE)

Therefore FSUWPX(S, u,x) — Fsyx(s,u,x)| < e. This shows the point-wise conver-

gence of I SO, X O

The above lemma implies Ep_,  {w(X,S)} converges to Epg, , {w(X,S)} <W
since w is assumed to be bounded continuous.
We have shown that for arbitrary Pys and Wx sy, one can find PU\ g and WXl SO

induced from (5.18) such that U is a discrete variable and

IU:Y) = I(U;S) =~ [(U;Y) — I(U; S)

Ep

S

Ux{w(X7 S)} ~ EPSUX{w(X7 S)}

Hence, using the result of section 5.1.2.1, we have shown the achievability of the rate
region given in Theorem V.1 for arbitrary auxiliary random variables when the cost

function is bounded and continuous.
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5.1.2.3 Arbitrary U and Continuous Cost Function

For a positive number [, define the clipped random variable X by X = sign(X)min(l, | X|)

and let Y be distributed according to Wy k(- 2) = Wyx (-, 2).

Lemma V.9. Asl — oo, I(U;Y) — I(U;Y).

Proof. Note that for Borel sets By, By, B3 if By C (—I,1) then

PUX}A/<B17 BQ) B3) = PUXY(Bla B27 B3)
For any € > 0, let @ = {A1,---, A} be a quantization such that
[(Ug; Yo) = I(U;Y)| <€

For an arbitrary 6 > 0, assume [ is large enough such that Px((—[,1)) > 1 —4. Then
Puov, (Ai, Aj) = Puxy (A R, Aj)
= Puxy (4, (—=1,1), Aj)+ Poxy (A, (oo, —l]U[l, 00), 4;)
S PUXY(Aia (_la l)7 Aj) + PUXY(RJ (_007 _l] U [lv 00)7 R)
= Puxy(Ai, (=11), Aj) + Px (=00, =[] U[l,0))
< Puy(A Aj)+6

= Pyogo (A Aj) +0
Also,

Pugyvy(Ai, Aj) = Puxy (A, R, A))
> Puxy (A, (=1,1), Aj)
= Py (A, (=11), A;)
> Pygy(Ai, R, Aj) =6
= Pyy(Ai, Aj) — 0

= PUQ}A/Q (A'M AJ) - 5
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Since the choice of § is arbitrary and since the discrete mutual information is

continuous, we conclude that as €,d — 0 (hence | — c0), I(U;Y) — I(U;Y). O

Since X is bounded and w is assumed to be continuous, w is also bounded. This

completes the proof.

5.1.3 Nested Lattice Codes for Source Coding

In this section, we show the achievability of the rate R = I(U; X) — I(U; S) for

the Wyner-Ziv problem using nested lattice codes for U.

Theorem V.10. For the source (2,7, % ,Pxs,d) assume d : X x U — R
is continuous. Let U be a random wvariable taking values from the set % jointly
distributed with X and S according to PxsWy x where Wy x (|-) is a transition kernel.
Further assume that there exists a measurable function f : . X U — Z such that
E{d(X, f(S,U))} < D. Then the rate R*(D) = I(X;U)—I1(S;U) is achievable using

nested lattice codes.

5.1.3.1 Discrete U and Bounded Continuous Distortion Function

In this section we prove the theorem for the case when U takes values from the
discrete set v(Z, — p%l) where p is a prime and -y is a positive number. The gener-
alization to the case where U is arbitrary and the distortion function is continuous
is similar to the channel coding problem and is omitted. We use a random coding
argument over the ensemble of mod-p lattice codes to prove the achievability. The
ensemble of codes used for source coding is based on the parity check matrix rep-
resentation of linear and lattice codes. Define the inner and outer linear codes as
in (5.8) and (5.9) where H is a random matrix in Z", AH is a random matrix in
Z';X", ¢ is a random vector in Zé and Ac is a random vector in Z’;. Define A;(C;, 7, p)

and A,(C,, 7, p) accordingly. The set of messages consists of all bins 9B,, indexed by

k
mGZp.
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For m € Z’;, Let 9B,, be the mth bin of A; in A,. The encoder observes the source
sequence r € 2™ and looks for a vector u in the outer code A, which is typical with x
and encodes the sequence x to the bin of A; in A, containing u. The encoder declares
error if it does not find such a vector.

Having observed the index of the bin m and the side information s, the decoder looks
for a unique sequence u in the mth bin which is jointly typical with s and outputs

f(u, s). Otherwise it declares error.

Encoding Error

Define S as in (5.15). For u € S define

1 p—1
g(u)-;u—i—T

g(u) has the following properties:

Lemma V.11. Foru e 9,

1
P(ue A,)=P(Hg(u)=c) = o
i.e. All points of S lie on the outer lattice equiprobably.

Proof. Follows from the fact that ¢ is independent of H and is uniformly distributed

over Z;. O

Lemma V.12. Foru e S andu € S’, if u # a,
PueA,,ue,)=P(Hg(u)=c,Hg(a) =c) = =

i.e. All points of S’ lie on the outer lattice independently.
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Proof. Note that

P(Hg(u) = ¢, Hg(u) = ¢)

Where (a) follows since ¢ is uniform and independent of H and (b) follows since H

and c¢ are uniform and g(#) — g(u) is nonzero. O

For a source sequence x € 2", the encoder declare error if there is no sequence
u € A, jointly typical with x. Define

0(z) = D Luear oy

u€No

Let Z be a uniform random variable over v(Z, — £%)) and Z" a uniform random

variable over S’. We need the following lemmas to proceed:

Lemma V.13. With the above construction |A,| = p™~! with high probability. Specif-

cally,

P (rank(H) =1) =

>1—

and hence the probability that |A,| = p™~! is close to one if n is large. Furthermore,

fori=1,2,--- 1,

7 pn(l—i)

P (rank(H) = i) < (z>w

Proof. The first part of the lemma follows since the total number of choices for H

is equal to p™ and the number of choices with independent rows is equal to (p" —

(p"—p)(p"—p*) -+ (p"—p'~1). Now we show the upper bounds. For a matrix H to

125



have a rank ¢, there should exist ¢ independent rows and the rest of the rows must be
a linear combination of these rows (There are p’ of such linear combinations). Hence

the total number of such matrices is upper bounded by
l i—1N (i~
(Z> (" = D" =p)@" =p*) - " =Y

The lemma follows if we upper bound this quantity by

( ) pnzpz(l—z)
2

Lemma V.14. With 0(x) and Z™ defined as above, we have

2[
pn(l—l)

B{O(a)} > (1= P (27 € AN(019))

E{0(z)} < p"'P (zn e Ag(ms)) +

Proof. Write the random lattice A, as {u1(A,), u2(As), -+ ,u.(A,)} where r is the
cardinality of A, and uq(A,), ua(A,), -+, u,.(A,) are picked without replacement from
A,. Tt follow from Lemma V.11 that given |A,| = r = p"~! ui(A,), ua(A,), - -+, up(Ay,)
are each uniformly distributed random variables over S’. To see this note that for

arbitrary u € S’, since uy(4,), u2(A,), - -+, u,(A,) are picked randomly from A,
Pu=u(A) = P(u=w(4,) = = P(u =)

Therefore

P(ue A,) Z P (u Ap))
=rP(u=u(A,)) = —~
p
Hence if 7 = p"~! then u;(A,) is uniform over S’. This argument is valid for all

i=1,---,r and hence if r = p"~! then u;(A,) is uniform over S’. Note that

E{6(2)} = E{E{0(z)[|Ao| = r}}
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The conditional expectation on the right hand side of this equation is upper bounded

by p"~" and for » = p"~! it is equal to

E{0()|4] = 9"} = B{ ) Luean@on)

u€,

= E{Z LAy ean (@}

- ip (u ) € A”(ny))

n 1

ZP (Z” c A”(U|x)>

— P (Z” € A?(U|x)>

Where (a) follows since u;(4,) is uniformly distributed over S’ for all ¢ = 1,--- ,r.
Next note that

E{0(z)} =Y P(|A| = r) E{0(x)|| 4| = r}
< P(|A|=p" ") rP (zn c A’j(mx))

-1
+ ZP (’Ao’ _ pnfz) pnfi
=0

. 2!
n—I n n
<p P<Z EAE(U‘S)>+W
Similarly,
pn
E{0(x)} = > P (|4, = r) E{O(x)[|4,] = r}
r=0
> P (|4, = p" ') rP <Z” € A?(U|x)>
1 n—l n n(T;
(1= P (27 € Ax(0]))
m
Therefore,

E{9(8>} = pn_ZQ_"[D(PﬁX||PZPx)+O(e)}
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Similarly,

02’ = D Laear(tley

u,UE A,

=D Liewooy+ D Luwaear@my

u€, uFUE A,

<D Tpew@on + D Lacan@ien

u€No u,u€EN,

It can be shown that

E{6(x)*} = B{|4,}P(2" € A7(0]x))
~ 2
+ E{|Ao|}2P<Z" € A?(U|a:)>
< plg—nlD(Pyx|IPz Px)+0()]

+ p2(n—l)2—2n[D(PUX||PZPX)+O(€)}

Hence
var{f(z)} < pr2 PFoxlIPzPx)+0(0)]

Hence,

var{f(z)} e i
PlO(s) — 0) < < - (D) gnlD(Py x| P2 Px)+0(0)
0O =0 Ey =7 -
Therefore if
{
- logp <logp — D(Py x| PzPx) (5.23)

then the probability of encoding error goes to zero as the block length increases.

Decoding Error

After observing m and the side information s, the decoder declares error if it does

not find a sequence in the bin B,, jointly typical with s or if there are multiple of
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such sequences. We will show that the probability that a sequence @ # w is in the
same bin as u and is jointly typical with s goes to zero as the block length increases if
’%l log p > log p— D(Py4||PzPs). The probability of decoding error is upper bounded
by

P.. g (u € B, u € Ag(ms))

Z (u € B, (Z" e Ag(ms))
p"

— £ 9-n[D(PygllPzPs)+0(e)]
pk+l

Hence the probability of decoding error goes to zero if

kE+1

logp > logp — D(Py || Pz Ps) (5.24)

The Achievable Rate

Using (5.24) and (5.24), we conclude that if we choose L log p sufficiently close to
log p — D(Pp || PzPx) and £t log p sufficiently close to log p — D(Py s/ Pz Ps) we can

achieve the rate

k
R = —logp
n

~ D(Pyx||PzPx) — D(Pygl|PzPs)
= I(X;U) - I(S;0)

5.1.4 Appendix

5.1.4.1 Proof of Lemma V.5

The proof follows along the lines of the proof of Theorem 21 of [47]. Let Q =

{A1, Ag, -+, A, } be a finite partition of R. Let Qxyz, Qxy, @xz, Qvz, Qx, Qy and
)z be measures induced by this partition, corresponding to Pxyz, Pxy, Pxz, Pyz,

Px, Py and Py respectively. For the random sequence Z" = (Zy,---,Z,) and the
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deterministic sequence y = (y1, -+ ,y,) let @, be the deterministic empirical measure

of y and define the random empirical measures

Qzy(Ai, Aj) Zl{z ALy}

= E ZZI ]l{ZieAi}

for i, = 1,2,---,r. As a property of weakly* typical sequences, for a fixed ¢; > 0,
there exists a sufficiently small € > 0 such that for a sequence pair (z,y) € A"(XY)

and for all ¢,j =1,2,--- ,r,
|Quy(Ai, 4)) — Qxv(Ai, A))| < &

where Qxy is the joint empirical measure of (z,y). It follows that the rare event

(Z™,y) € AZ(XY) is included in the intersection of events
{’QZy(Az‘aAj) - QXY(AiaAj)‘ <e} (5.25)
for¢,5 =1,2,--- ,r. Therefore

Q7 (2" y) € AL(XY)) <

QY ( ﬂ {’QZy(AiaAj) - QXY(AiaAj)‘ < 61})

i,j=1

Let €(9) be such that for j =1,---  r,

’Qy QY( )‘ <e€

Qy( i)
Qy (4;)

Note that if Qy(A;) = 0 then Qxy (A, A;) = 0 and hence

1—¢ < <l+¢

|Qzy(Ai, Aj) — Qxy (Ai, Aj)| = Qzy (A, 4))
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and (5.25) is satisfied. If we choose €; smaller than any nonzero Qy(A;) it follows
that @Q,(A;) > 0 whenever Qy(4;) > 0. Now assume that Qy(A;) > 0 and hence
Q,(A;) > 0. Define

_ Qxy (A Aj)
QX‘Y(AZ|AJ) - QY(A]) ’
- Qzy(Ai, A))

Ai Aj = -

If Qy(A4;) > 0, the event in (5.25) is included in the event
{1Q21(Ail A7) Qy (4;) — Qx1y (Ail 4))Qy (4))
+Qx v (Ai 4))Qy(4;) — Qxy (Ail A))Qy (A7) e} (5.26)
Note that
|Qxpy (Ail 4))Qy (4;) — Qx1y (Ail 4)Qy (4))]

= Qx 1y (Ail4)) |Qy(4;) — Qv (4))]

<€1

Therefore (5.26) implies
{|Q 21y (AilA))Qy(A) — Qx 1y (Ai] A;)| Qy(4;) < 261}

And this implies

261

{1 Q1 (AilA))Qy(4)) — Qv (Ail 4))| < oA i=e)
Let
&= mx 2a
° oyliso QAN —a)

then the event in (5.25) is included in the event
{1Qz1y (Al 4))Qy(4;) — Qxpy (Ail4))] < e
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Therefore

Q7 (2" y) € AL (XY)) <

Q| (N {1Qzu(AlA) — Qv (Ail4)] < e}
QYZ&:J'LO

Note that since y is a deterministic sequence and Z;’s are iid, the events
{|Qz1(AilA)) — Qxpy (Ail4))] < e}
are independent for different values of j =1,--- 7. Let n; = nQ,(A;). Then,

Q7 (2" y) € AL (XY)) <

T

H Q7 (ﬂ {|Qzy(Ail4;) — Qxpy (Ai]Aj)| < @})

7j=1
Qy (A;)>0

Since for Qy (4;) > 0, n; — 0o as n — 00, it follows from Sanov’s theorem [22] that

1
lim sup — log
n—oo ]

7 (ﬂ {|Qz1y(Ail4;) — Qxpy (AilAj)| < 62})

— [D@Qxy (1A)1Qz () — 6]
where 0; — 0 as e, — 0. Therefore

lim sup — long ((Z2",y) € ALXY))

< Z lim sup jD(QX|Y( 1A4)[1Qz(+))

n—oo

QY(A )>0

T

< ) (- a)@Qv(4y) [DQxy (1ANIQz ()~ 4]
QY%XJ'1)>O
—(1 =€) D(Qxy||Q2zQy) + 6
where ¢ — 0 as e — 0. For finite D(Pxy||PzPy) the statement of the lemma

follows by choosing the quantization ) such that D(Q xy||@zQy) is sufficiently close
to D(nyHPZpy)
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5.1.4.2 Proof of Lemma V.6

The proof follows along the lines of the proof of Theorem 22 of [47]. Let Q =

{A1, Ay, -+, A,} be a finite partition of R. Let Qxyz, Qxy, @xz, Qvz, Qx, @y and
()7 be measures induced by this partition, corresponding to Pxyz, Pxy, Pxz, Pyz,
Px, Py and Py respectively. For the random sequence Z" = (Zy,---,Z,) and the
deterministic sequence y = (y1,- -+, yn) let Qy be the deterministic empirical measure

of y and define the random empirical measures

Qzy(Ai, Aj) Zﬂ{z ALy}

= Z Lizea
=1
For arbitrary 6 > 0, let () be such that
T(Qxy, Pxy) <€

7T<QZYa PZY) <e€

|D(Pxy||PzPy) — D(Qxv||QzQy)| <€

We show that for such a quantization, under certain conditions, the probability of

the event

{W(QZy, Qxy) < 6}

is close to the probability of the event
{W(sz,PXy) < 56}

It follows from Theorem 18 of [47] that for arbitrary €, > 0, there exists some € > 0

such that for all n greater than some N if y € AZ(Y), then

lim P(ﬂ'(pzy,sz)<€) >1—90

n—oo

lim P(W(sz,sz) < 6) >1—0

n—oo
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Consider the event

{W(sz Qxy) < €,m(Pzy, Pzy) < €,m(Qzy, Qzy) < 6}

This event implies

7(Pzy, Pxy) < 7(Pzy, Pzy) + ©(Qzy, Pzv)
+1(Qzy, Qzy) + m(Qzy, Qxv)

+ m(Qxy, Pxy) < 5e

Therefore

P (F(sz,ny) S 56) Z

P (71(Qzy, Qxy) < €,m(Pzy, Pzy) < €,Qzy,Qzy) < €)

The right hand side can be lower bounded by

1-P (W(sz,Qxy) > 6) (5.27)
— P (7(Pzy, Pzy) > €) = P (Qzy, Qzv) > ¢ (5.28)
> P (W(sz,QXy) < 6) —0—90 (529)

Note that for arbitrary ¢’ and for sufficiently large n,
P (W(sz, QXY)) > 9—nD(Q@xv[|QzQy)+d']
Since ¢, ¢ are arbitrary and D(Qxy||QzQy) =~ D(Pxy||PzPy), it follows that

P (W(pZyv Pxy) < 56) > 9—nlD(Pxy[|PzPy)+é+d] _ 95

5.2 Distributed Source Coding

In this section, we consider a distributed source coding problem in which the
sources can take values from continuous alphabets and there is one distortion con-

straint. We provide an information-theoretic inner bound to the optimal rate-distortion
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region using group codes which strictly contains the available bounds based on random
codes. The problem definition and the Berger-Tung rate regions are the continuous

alphabets versions of those provided in Section 5.2.

5.2.1 The Main Result

In this section, we provide an inner bound to the achievable rate-distortion region
which strictly contains the Berger-Tung rate region. Without a loss of generality,
we assume that all the alphabets 27, %/, 3 P 2.,V , Z are included in a Polish

space Z.

5.2.1.1 Finite Auxiliary Random variables and Bounded Continuous Dis-

tortion Function

In this section, we consider the case where the sources are not necessarily discrete
but all of the auxiliary random variables are finite (subsets of #). We generalize the

definition of the channel coding mutual information as follows:

1

IS (X:Y) = ' D 5.30
e (X5Y) wp,r,(I;,l%)éQ(G)%gl—WQ (Pxx1,v | [PwPxY) (5.30)
> wp,r=1 T

where W is uniformly distributed over GG. The following theorem is a generalization

of Theorem III.1 to the case where the sources are not necessarily finite.

Theorem V.15. For the distributed source (Z°,%, %, pxy,d) assume the distortion
function d is bounded and continuous. Let U, V, P and Q be finite random variables
gointly distributed with XY according to the channel Ppoivxy such that U and V
take values from a finite Abelian group G, and P and Q take values from finite sets

P and 2 respectively. Assume the following Markov chains hold

]5<—>X<—>Y<—>Q

U (P,X) < (Y,Q) &V
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and assume there ezists a bounded and continuous (with respect to its first argument)

function g : G x ¥ x 2 — % such that
E{d(X.v.9(2,P,Q)} < D

for Z =U+V where + is the group operation. We show that with these definitions
the rate-distortion triple (Ry, Ra, D) is achievable where

Ry = I(X; PIQ) + D(pgxpllpwpxp) — 15.(Z: PQ)

Ry = I(Y;QIP) + D(pyyollpwpye) — 16.(2: PQ)

Ry+ Ry > I(XY; PQ) + D(pyyxy po | IPviniPxy pg) — 215, (7 PQ)
where W and W' are independent random variables uniformly distributed over G.

The rest of this section is devoted to proving this theorem. In order to prove the

theorem, it suffices to show the achievability of the following corner point:
Ry = 1(X; P) + D(pg pllpynxp) — 16.(2; PQ)
Ry = I(Y;QIP) + D(pyyollpypyo) — 15.(Z; PQ)

The proof of this theorem is similar or the proof of Theorem III.1 with the difference
that we use the notion of weak* typicality instead of the strong typicality. We need

to show the following for the proof to go through:

Size of the Typical Set:

Lemma V.16. Let X and P be jointly distributed random variables distributed ac-
cording to the measure pyp such that X is a random variable over a Polish alphabet
2 and P is a finite random variable over &2. Let x be a weakly™ typical sequence in

Z™ then for any € > 0 there exists a 0 > 0 such that

9log|Z|=D(py pllpxpyiy) =6 < ]A?(]s]m)\ < 9log | Z|=D(px pllpx Py ) +6
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where W is a uniform random variable over & independent of X and P and § can

be made to go to zero as € — 0.

Proof. Let W™ be random variable uniformly distributed over 22". Then we have
AL (Plz)| = |2|"pf, (W™ € AY(Plz) €) = | 2|"p, (2, W") € AL(XP) €)

The rest of the proof follows from Lemmas V.5 and V.6. A special case is where
both X = X and P are finite which is the standard strong typicality result since

log | 2| — D(pspllpgpp) = H(P|X). O

Probability of the Typical Set and the Regular Markov Lemma:

Let X and Y be two random variables over polish alphabets with joint distribution
pxvy. It is shown in [47] that the probability of the typical set P((X™, Y™) € A?(XY))
approaches one as € — 0 and n — co. Let & € A?(X) and let Y be distributed
according to py x (+[z) then it is shown in [47] that P((x,Y™) € A?(XY)) approaches

one as € — 0 and n — oo (the regular Markov Lemma).

Probability of a Typical Sequence:

Let X and P be jointly distributed random variables distributed according to the
measure pxp such that X is a random variable over a Polish alphabet 2" and Pisa
finite random variable over 2. Let x be a weakly* typical sequence in 2™. Then,

for any p € A"(P|z) and for any such e > 0 there exists a § > 0 such that

1 1
< p D <
Olog |Z|=D(py pllpxpyy)+5 — pPIX(p|m) — 9log|Z|-D(py pllpxpy,)—0

where W is a uniform random variable over & independent of X and P and 6 can be
made to go to zero as € — 0. To show this, let ()1, Q)s,- be a sequence of increasing
finite quantizations such that the sigma field generated by U, .Z. is equal to .#x and

let [X]o, and [x]g, be the corresponding quantized random variables and sequences.
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Such a sequence exists by [47, Lemma]. It remains to show that

lim Pp|[x]q, (pllx]q,) = ppx (PlT)

1—00

. 1 1

lim ———>—F5 - ) T Slog|Z|-Dpes -
Z_>o<>20g| |- (p[X]Qipllp[x]QipW) olog|Z|=D(px pllpxPyi,)

The first equality holds since ppy is a channel (see [47, Definition 2]). The second
equality holds since by definition, D(P[X}QPHP[X]@PW) — D(pypllpxpp) and since

m is a continuous function of x.

The Strong Markov Lemma:

Lemma III.2 can be extended to the case where X and Y are not necessarily finite:

Lemma V.17. Let X,Y, Z be random variables taking values from Polish alphabets
X, % Z respectively such that Z is finite and the Markov chain X <Y < Z holds.
Forn =1,2,---, let (x™, y™) € A(XY) and let K™ be a random vector taking
values from Z™ with distribution satisfying (for simplicity of notation we call them

x,y, K respectively)
P (K = z) < pyy(z[y)em”
for some €,, - 0 as n — oo. Then, as n — oo
P((x,y,K) € A(XYZ)) =1
Proof. Provided in Section 5.2.3.1. O]

Law of Large Numbers and the Convergence of the Average Distortion:

We need to show that for (z,y, z,p, q) € AN(XYZPQ),
1 n
E Z d(xlv Yiy Ziy Pis %) — E{d(X7 Y7 g(Z7 P» Q))}
i=1

By definition of weak* typicality (and weak convergence of measures), the above
happens if the function d(X,Y, ¢g(Z, P,Q)) is bounded and continuous. A sufficient

condition is to have d bounded and both d and g continuous.

138



5.2.1.2 Arbitrary Auxiliary Random Variables and Bounded Continuous

Distortion Function

If we restrict the result of the previous section to the case where the Abelian
groups are finite fields, then the following rates are achievable for finite auxiliary

random variables:
Ry = I(X; P) + D(pyxpllpipxp) — D0zpallowpsg)
Ry = I(Y;Q|P) + D(ppyollpwpyo) — D(pzpol IPippo)
Where Z = U + V and W is a uniform random variable over the finite field. For

random variables X, P, Q, U, Z, let the random variables Z’, P’, Q" be identically dis-

tributed to Z, P, ) and be independent of X, P,Q), U, Z. Define

U 1 X 1 P 1
r(X, P,Q.U, Z) = supinf E{log p[U]Ql”X]Ql[P}QI([Z}Q . P],Q Do)
Q Q2 DI 0, |1Pay @0, ([Z]0: [[P"]0:1Q]@,)

where the supremum and infimum are taken over the set of all finite partitions of the
Polish space and similarly define (Y, P, Q,V, Z). Then, the above rates are equivalent

to

~

Ry = 1(X; P) 1 1(X, P, 0.0, 2)
R2:[(Y7Q‘P)+T(Kp7Q7V72)

It is straightforward to generalize the above result to the case where & and 2 are

not necessarily discrete to achieve the following corner point:

Ry =I(X;P)+1(X,P.Q,U,Z)
Ry =I1(Y;Q|P) +r(Y,P,Q,V,Z)
Definition 5.2.1. Let % =V = % = % be Polish spaces and let f : % x ¥V — Z

be an arbitrary function. Let G, Gs, G3, - be a sequence of finite fields and with

a slight abuse of notation, for ¢ = 1,2,---, define the corresponding quantization
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mappings as follows:

_11Gi—>%

Fori=1,2,---,let U; = ¢ Y (q;(U)), Vi = ¢ (¢;(V)) and Z; = q{l(qi(U) +a; Qz‘(V)).
We say that the function f(-,-) is embeddable in the sequence G1, Gs, - - - if there exist
quantization mappings so that the sequence (X,Y, P, Q, U, Vi, Z) converges weakly
(in distribution) to (X,Y, P,Q,U,V, Z).

Lemma V.18. Let (XY, P,Q, m, f/;, Z) be a sequence of random variables converg-
ing in distribution to (X,Y, P,Q,U,V,Z). Then

T(X7P7Q70i72i) — T(X>P7Q7U7 Z)

r(Y,P,Q,V;, Zi) = r(Y, P.Q,V. Z)
if the quantities on the right-hand-side exist.

Proof. For any € > 0, let (); and (), be finite partitions such that

Pt]g, I(X]e, (Ple, ([Ule: [[X ] [Plo))

TX7P7Q7U7Z _Elog / /
( )~ P20, [P0, (@10, ([Z )0 [P]0:[@],)

H<e

Using [47, Lemma 7], we can restrict attention to partitions @; and Qs consisting of
continuity sets. It can be verified that T(X' P, @, U,Z ) is a continuous function of the

probability masses when all random variables are finite. Let 6 > 0 be such that if the

~

total variation distance between a probability mass functions of (X ,P.P.Q,U,Z )
and ([X]Q17 [P]Ql7 [P]QQ [Q]Q27 [U]Qm [Z]QQ) is less than ¢ then

~

R B.0.0.2) — Eflog PUlg, I1X]o, (Plo, ([Ule: [ X [Ple)) 1 <

€
D20, 1P0, 1@, (£ 1@a [P]@a[@@,) 7| — 2

Let N be such that for ¢ > N, the total variation distance between the probability

mass density of ([X;]o,, [Py, [P0y, [@ay, [Uilar, [Z!]0,) and the probability mass
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density of ([X]o, [Plor, [P]ors [@Qgss [Uloys [Z']g,) is less than 6. Then for i > N,

we have

Ao PlUlo, (X0, (Plo, ([Ul@: [[X]@: [Pla,)

5o B €
T(Xia-P'hQianaZi) _E{log } S -
P2y [P0, @0, ([Z]0a] [P 0:[€]q,) 2
Therefore,
T(Xu P7QaU7 Z) _T(Xivpz';@hﬁiyzi) S €
for all i > N. O

Theorem V.19. For the distributed source (2, %, %, pxy,d) assume X, % and
Z are polish spaces and assume the distortion function d : 2 x % X ¥ — RT is
bounded and continuous. Let U, V', P and @) be random variables jointly distributed
with XY according to the channel ppouvixy such that U and V take values from a
polish spaces % =V =%, and P and Q) take values from sets &2 and 2 respectively.

Assume the following Markov chains hold

P& XY —Q

U+ (LX)« (Y,Q)«V

Let Z = f(U, V) for some function f(-,-) which is embeddable in a sequence G1,Ga, - - -
of finite fields. Assume there exists a continuous function g : Z X &P x 2 — % such

that
E{d(X,Y.9(Z P.Q)} <D

Then, ifr(X, P,Q,U, Z) and r(Y, P,Q,V, Z) exist, the rate-distortion triple (Ry, Ry, D)

1s achievable where

R1:I<X,P>+T(X,P,Q,U,Z)

Ry = 1(Y;Q[P) + (Y, P,Q,V, Z)
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Proof. Note that for ¢+ = 1,2, U; and V; are functions of U and V respectively.

Therefore, the following Markov chains hold:

P XY e

The weak convergence of (X,Y, P, Q, U, Vi, ZZ) to (X,Y, P,Q,U,V,Z) and the conti-

nuity of the functions g and d and the boundedness of d imply that

B{d(X,Y, 9(Z;, P,Q) | - B{d(X,Y,g(Z P,Q))} <D
Therefore, the rate-distortion tuple (Ry, Rs, D) is achievable where
Ry =I(X;P)+r(X,P.Q,U;, Z;)
Ry = 1(Y;QIP) + (Y, P.Q, Vi, Z,)
The proofs follows since

r(X,P,Q,U;, Z;) = (X, P,Q,U. Z)

r(Y,P,Q,V;, Z;) — r(Y,P,Q,V, Z)

5.2.1.3 Arbitrary Auxiliary Random Variables and Bounded Continuous

Distortion Function

The result above can be generalized to the case where the distortion function is
continuous but not necessarily bounded. The approach is similar to the one proposed
in Section 5.1.2.3 and is omitted.

5.2.1.4 Calculation of the Rates for Distributions with Densities

In this section, we calculate the rates r(X, P,Q,U, Z) and r(Y, P,Q,V, Z) for the

case where all probability density functions are defined. It is straightforward to show
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that in this case,

fU|XP(U|XP) }
fz1pq(Z2'1P'Q)

= h(Z|PQ) — h(U[|XP)

r(X,P,Q,U,Z) = ]E{ log

Similarly, we can show that
so that the rate-distortion tuple (R, Rs, D) is achievable where

Ry = I(X; P) + h(Z|PQ) — h(U|XP)

Ry = I(Y:Q|P) + h(Z|PQ) — h(V|Y Q)

5.2.2 Examples

In this section, we present two examples of mappings which are embeddable in a
sequence of finite fields.
Real Addition is Embeddable in a Sequence of Fields:

Let all alphabets be equal to R and let f(U,V) = U+ V where + is the real addition.

1

5> and let p; be the smallest prime larger than 2% (so that

Fori=1,2,---,let v, =

vipi — 00 as @ — 00). Let the sequence of finite fields be defined by G; = F,, for

i =1,2,---. Define the quantization mappings ¢; : R — G; and ¢; ' : G; — R as
follow:
0 T <~ 4y
pi—1 x>+ (pi— 1)y =29 —
0 (k) = T, =0 pi— 1
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Note that this is essentially a uniform quantizer. We show that with these quantizers,
the real addition is embeddable in the sequence G1, Gy, - -. It suffices to show that
(X,Y,P,Q, UZ,‘A/,,Z) converges in probability to (X,Y,P,Q,U,V,Z). We need to

show that for any €, > 0, there exists N > 0 such that for all ¢ > IV,
PU=U| <6,|V=Vi| <6,|Z—Z] <8)>1—¢

Let L be such that P(U € (—L,L),V € (—L,L)) > 1 — £ and let N be such that

3

fori =N, v < g and 7;p; > 4L. These conditions guarantee that |U — Uz\ < g and

|V — V;| < % with probability larger than 1 — £. Furthermore, under the condition

yip;s > 4L and for |ul, |v| < L we have ¢; '(¢;(u) +¢, ¢:(v)) = ¢ *(q:(u)) + ¢; *(g:(v))
where the addition on the right-hand-side is the real addition. We have
P(1Z = Zi| > 6) < P(1Z = Zi| > 6,|U| < L,|V| < L)+§
= P(U+V =0;=Vi| 28U S LIV < L)+ <

SP(|U—U,~|+|V—VZ-I25,|U|§L,|V|SL)+§

€
3
Mod-27 Addition is Embeddable in a Sequence of Fields:

This case is similar to the previous case. The rate-distortion tuple (Ri, Ry, D) is

achievable where

Ry = I(X; P) + h(Z|PQ) — h(U|XP)

Ry = I1(Y;Q|P) + h(Z|PQ) — h(V|Y Q)

where Z = U +V (mod 27).

Other examples:
Real addition in R" and mod-27 addition in R" can be embedded in the sequence I .

R* with multiplication operation is embeddable in F,, with pre-mappings u — logu
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and v — logv and the post mapping log z — 2. (2%, ) is embeddable in I, with log

pre-mappings.

5.2.3 Appendix
5.2.3.1 Proof of Lemma V.17

Let fxyz be a generating field defined over 2" x # x 2 according to [47, Cor. 8§].
By definition of weak™® typicality (see Definition 11 and Theorem 1 of [47]), we need
to show that for any set S in fxyz, lim, o Pryx(S) = Pxyz(S) with probability
one. Any open set in fyyz can be represented as a disjoint countable union of sets
of the form A x B x C where A € 2, Be€ % and C € Z. Let fx, fy and fz be
generating fields over 2", % and 2 respectively defined as in [47, Cor. 8]. It suffices
to show that for all A € fx, B € fy and C € f,

|Pz7y,K(A, B, C) — nyz<A, B, C)‘ —0
with probability one as n — oo. We have

|Puy.i (A, B,C) = pxyz(A,B,C)| <

Ipxyz(A, B,C) = PoyWyy (A, B,C)| + |PoyWay (A, B,C) — Pyy (A, B,C)|
Note that w-lim,, o P, , = pxy. Therefore, [47, Lemma 16] implies w-lim,, o Py, 1x =
pxyz with probability one. This implies lim,, o0 Psy 1 (4, B, C) = pxyz with proba-
bility one or equivalently, the first term in the equation above vanishes as n increases

almost surely. Next, we show that the second term also vanishes almost surely. We

have

_ _ 1 <
PoyWyy (A, B,C) — Py k(A,B,C) = - Z Lzeageny Wy iz(Clyi) — Lik,ecy]
i=1

1 n
:E;Qi
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where for : =1,2,--- ,n,

0i = Lzeayeny [Wyiz(Clyi) — Ixiecy]

It suffices to show that
E zn:é 150
ng
almost surely as n — oo where
0; = Wy 1z(Cly:) — Lixiecy
Let Z" be a random vector generated according to Wy (-|y) and define
b: = Wy z(Cly) — Lizecy

Note that both 6; and 91 are binary random variables taking values from the set
{Wzy (Cly:), Wz (Cly;) — 1} and [6;],16;] < 1. We have E{6;} = 0 and var{f;} < 1.
It follows from [Proposition 1, Zhiyi Chi’s paper| that 0; satisfied the large deviations

principle with a good rate function I(-) such that

» (u . t) S

n

where I(t) is positive. For b € {Wyy (Cly:), Wz (Cly;) — 1}, we have

P(é:b): 3 P(K = 2)
zEZL™
bi=Wzy (Clyi)=z:¢C
bi:WZ‘y(C|yi)—1:>Zi€C

n Enn
Z Wy (2]y)e™
ZEZL™
bi=Wyzy (Cly:)=z:¢C
b¢:WZ‘y(C|yi)—1:>Zi€C

IN

_enp (i =)
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We have

<em NP (é’ - b)

b:|%|2nt

< e—nlID=en)

Note that since e "(1)=¢n) ig summable, the Borel-Cantelli lemma implies that for all
t >0,
li |1 ié | <t
imsup |— i| <
Ui i=1

n—o0

Therefore, [£ 37 | 0| — 0 as n — oo almost surely.
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CHAPTER VI

Polar Codes for Point-to-Point Communications

6.1 Polar Codes for Arbitrary DMCs

In this section, we show that polar codes with their original (u,u + v) kernel,
achieve the symmetric capacity of discrete memoryless channels with arbitrary input
alphabet sizes. It is shown that in general, channel polarization happens in several,
rather than only two levels so that the synthesized channels are either useless, perfect
or “partially perfect”. Any subset of the channel input alphabet which is closed under
addition, induces a coset partition of the alphabet through its shifts. For any such
partition of the input alphabet, there exists a corresponding partially perfect channel
whose outputs uniquely determine the coset to which the channel input belongs. By
a slight modification of the encoding and decoding rules, it is shown that perfect
transmission of certain information symbols over partially perfect channels is possi-
ble. Our result is general regarding both the cardinality and the algebraic structure
of the channel input alphabet; i.e we show that for any channel input alphabet size
and any Abelian group structure on the alphabet, polar codes are optimal. Due to
the modifications we make to the encoding rule of polar codes, the constructed codes

fall into a larger class of structured codes called nested group codes.

Polar codes were originally proposed by Arikan in [10] for discrete memoryless
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channels with a binary input alphabet. Polar codes over binary input channels are
shifted linear (coset) codes capable of achieving the symmetric capacity of chan-

nels. These codes are constructed based on the Kronecker power of the 2 x 2 matrix

10

and are the first known class of capacity achieving codes with an explicit
11

construction.

It is known that non-binary codes outperform binary codes in certain commu-
nication settings. Therefore, constructing capacity achieving codes for channels of
arbitrary input alphabet sizes is of great interest. In order to construct capacity
achieving codes over non-binary channels, there have been attempts to extend polar
coding techniques to channels of arbitrary input alphabet sizes. It is shown in [66]
that polar codes achieve the symmetric capacity of channels when the size of the
input alphabet is a prime. For channels of arbitrary input alphabet sizes, it is shown
in [66] that the original construction of polar codes does not necessarily achieve the
symmetric capacity of the channel due to the fact that polarization (into two levels)
may not occur for arbitrary channels. In the same paper, a randomized construction
of polar codes based on permutations is proposed. In this approach, the existence
of a polarizing transformation is shown by a random coding argument over the en-
semble of permutations of the input alphabet. In another approach in [66], a code
construction method is proposed which is based on the decomposition of the compos-
ite input channel into sub-channels of prime input alphabet sizes. In this multilevel
code construction method, a separate polar code is designed for each sub-channel of
prime input alphabet size. In [48], the problem of channel polarization using arbitrary
kernels is studied and several sufficient conditions are provided under which a kernel
can polarize a non-binary channels. It is shown in [65] that the two-level polarization

of arbitrary DMC’s can be achieved using a variety of non-linear polarizing transforms.
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Another related work is [5], in which the authors have shown that polar codes,
with their original (u,u + v) kernel, are sufficient to achieve the uniform sum rate
on any binary input MAC and it is stated that the same technique can be used for
the point-to-point problem to achieve the symmetric capacity of the channel when
the size of the alphabet is a power of 2. In a recent work, it has been shown in [54]
that polar codes achieve the symmetric capacity of channels with input alphabet size
a power of 2. The difference between the approach proposed in [5] and the result
of [54] is that in the former, the channel’s input alphabet is assumed to be the group
7y (with componentwise mod-2 operation) for some integer r and in the latter, the
channel’s input alphabet is assumed to be the group Zy- (with mod-2" operation)
for some integer r. Both of these cases can be recovered from the general result we
propose in this paper depending on how the channel input alphabet is endowed with
an Abelian group structure. The techniques used in [54] to prove the polarization,
although not explicitly using the group-theoretical terminology, are similar to the
techniques used in [58] and the current paper when they are specialized to channels
of size 2" with mod-2" operation. However in [54], the convergence of Bhattacharyya
parameters is shown through a new “martingale convergence” type result which is

different from the approach of this paper.

In this section, we show that with a slight modification of the encoding and decod-
ing rules, polar codes, with their original (u,u+v) kernel, are sufficient to achieve the
symmetric capacity of all discrete memoryless channels. Our result is general regard-
ing both the cardinality and the algebraic structure of the channel input alphabet; i.e
we show that for any channel input alphabet size and any Abelian group structure on
the alphabet, polar codes are optimal. This result was first reported in [58]. We use

a combination of algebraic and coding techniques and show that in general, channel
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polarization occurs in several levels rather than only two: Suppose the channel input
alphabet is G and is endowed with an Abelian group structure. Then for any subset
H of the channel input alphabet G which is closed under addition (i.e any subgroup of
G), there may exist a corresponding polarized channel which can perfectly transmit
the index of the shift (coset) of H in G which contains the input. As an example, for
a channel of input alphabet Zg, there are four subgroups of the input alphabet: i) {0}
with cosets {0}, {1}, {2}, {3}, {4} and {5}, ii) {0,3} with cosets {0,3}, {1,4} and
{2,5}, iii) {0, 2,4} with cosets {0,2,4} and {1, 3,5} and iv) Zg. For polar codes over
Zg, the asymptotic synthesized channels can exist in four forms: i) can determine
which one of the cosets {0}, {1}, {2}, {3}, {4} or {5} contains the input symbol,
(perfect channels with capacity log, 6 bits per channel use), ii) can determine which
one of the cosets {0,3}, {1,4} or {2,5} contains the input symbol (partially perfect
channels with capacity log, 3 bits per channel use), iii) can determine which one of
the cosets {0,2,4} or {1,3,5} contains the input symbol (partially perfect channels
with capacity 1 bit per channel use), iv) can only determine the input belongs to
{0,1,2,3,4,5} (useless channel). Cases i,ii,iii and iv correspond to coset decomposi-

tions of Zg based on subgroups {0}, {0,3}, {0,2,4} and {0,1,2,3,4,5} respectively.

Although standard binary polar codes are group (linear) codes, the class of ca-
pacity achieving codes constructed and analyzed in this paper are not group codes.
If polar codes are used in their standard form, i.e. when only perfect channels are
used and partially perfect and useless channels are ignored, it can be shown that they
will form group codes. It is known that group codes do not generally achieve the
symmetric capacity of discrete memoryless channels [6,18]. Hence, one could have
predicted that standard polar codes cannot achieve the symmetric capacity of arbi-
trary channels and a modification of the encoding rule is indeed necessary to achieve

that goal. Due to the modifications we make to the encoding rule of polar codes, the
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constructed codes fall into a larger class of structured codes called nested group codes.

6.1.1 Preliminaries
6.1.1.1 Symmetric Capacity and the Bhattacharyya Parameter

For a channel (27, %, W), the symmetric capacity is defined as I°(W) = I(X;Y)
where the channel input X is uniformly distributed over 2" and Y is the output of
the channel; i.e. for ¢ = |27,

= 303 Wl lo A

T€EX ye@/ E W (y|7)
:EEX

The Bhattacharyya distance between two distinct input symbols x and z is defined

as

ZWiwzy) = > /W (yle)W (y]7)

yeY

and the average Bhattacharyya distance is defined as

Z(W) = %{ q(q—l_l)Z(W{m})

THT

6.1.1.2 Binary Polar Codes

For any N = 2", a polar code of length N designed for the channel (Zy, %, W)

is a linear (coset) code characterized by a generator matrix G and a set of indices

A C{l,---, N} of almost perfect channels. The generator matrix for polar codes is
10

defined as Gy = ByF®" where By is a permutation of rows, ' = and ®
1 1

denotes the Kronecker product. The set A is a function of the channel and deter-
mines the locations of the information bits. The decoding algorithm for polar codes

is a specific form of successive cancellation [10].
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6.1.1.3 Polar Codes Over Abelian Groups

For any discrete memoryless channel, there always exists an Abelian group of the
same size as that of the channel input alphabet. In general, for an Abelian group,
there may not exist a multiplication operation. Since polar encoders are character-
ized by a matrix multiplication, before using these codes for channels of arbitrary
input alphabet sizes, a generator matrix for codes over Abelian groups needs to be
properly defined. In Appendix 6.1.6.1, a convention is introduced to generate codes

over groups using {0, 1}-valued generator matrices.

6.1.1.4 Notation

We denote by O(e) any function of € which is right-continuous around 0 and that
O(e) > 0aselO.
For positive integers N and r, let {Ag, A1,---, A} be a partition of the index set
{1,2,--- ,N}. Given sets T} for t = 0,--- ,r, the direct sum €p;_, T/ is defined as

the set of all tuples ul¥ = (uq,--- ,uy) such that u; € T; whenever i € A;.

6.1.2 Motivating Examples

A key property of the basic polarizing transforms used for binary polar codes
is that they have perfect and useless channels as their “fixed points”; in the sense
that, if these transforms are applied to a perfect (useless) channel, the resulting
channel is also perfect (useless). Moreover, these type of channels are the only fixed
points of these transformations. In the following, we try to demonstrate that for
non-binary channels, the basic transforms have fixed points which are neither perfect
nor useless. Consider a 4-ary channel (Zy, %', W) and assume the channel is such
that W(y|u) = W(ylu + 2) for all y € # and all u € Zyg; i.e. the channel cannot

distinguish between inputs v and u + 2. Consider the transformed channels W~ and
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W originally introduced in [10] (Refer to Equations (6.32) and (6.33) of the current

paper). It turns out that

W (y1, yo, urluz) = W (y1, yo, ur]ug + 2)

W™ (y1, y2lur) = W (y1, yo|ur + 2)

for all y1,y2 € ¢ and all uy,uy € Z4. This observation is closely related to the fact
that {0,2} is closed under addition mod-4; i.e. the fact that {0, 2} forms a subgroup
of Z4. This means that the transformed channels inherit this characteristic feature of
the original channel, in the sense that they cannot distinguish between inputs u; and
u; +2 (i =2 for W+ and i = 1 for W~). This suggests that even in the asymptotic
regime, the transformed channels can only distinguish between the sets {0,2} and
{1,3}, and not within each set. In the following, we give an example for which such

cases indeed exist in the asymptotic regime.

Consider the channel depicted in Figure 6.1. For this channel, the symmetric
capacity is equal to C' = I(X;Y) = 2—e— 2\ bits per channel use. Depending on the
values of the parameters € and A, this channel can present three extreme cases: 1) If
A = 1, this channel is useless. 2) If € = 1, this channel cannot distinguish between
inputs  and u + 2 and has a capacity of 1 bit per channel use. 3) If e = A = 0, this
channel is perfect and has a capacity of 2 bits per channel use.

Given a sequence of bits bybs - --b,, define W% as in [10, Section IV], and
let I(W0b20n) he the mutual information between the input and output of Wib2-bn
when the input is uniformly distributed. We can find I(WW°1t2t») using the following
recursion for which the proof can be found in Appendix 6.1.6.2.

Define g = e and \g = \. Fori=1,--- ,n,
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Figure 6.1: Channel 1: The input of the channel has the structure of the group Z4. The
parameters € and A take values from [0, 1] such that e + A < 1. E; and Ej are
erasures connected to cosets of the subgroup {0,2}. The lines connecting the
output symbols 0,2, 1,3 to their corresponding inputs, represent a conditional
probability of 1 — e — X. For this channel, the process I(W?20n) can be
explicitly found for each n and the multilevel polarization can be observed.

o If b, =1, let
€ = €1 + 261\ (6.1)
Ai = )\1271
o If b; =0, let
e =261 — (€, +26101) (6.2)

A= 2X\i1 — A2,

Then we have I(W?020n) =2 — ¢, — 2), bits per channel use.
Consider the function f : [0,1]2 — [0,1]%, f(e,A) = (€* + 2eA, A?) corresponding to
Equation (6.1). The fixed points of this function are given by (0, 1), (1,0) and (0, 0).
Similarly, consider the function g : [0,1]* — [0, 1]%, g(e, A) = (26 — (€2 + 2eX), 2A — \?)
corresponding to Equation (6.2). It turns out that the fixed points of g are the same
as those of f. This suggests that in the limit, the transformed channels converge to
one of three extreme cases discussed above. Figures 6.2 and 6.3 show that it is indeed
the case and depict the three level polarization of the mutual information process
I(Whib2tn) to a discrete random variable 1> as n grows.

When N = 2" is large, let Ny be the number of useless channels (corresponding

to the width of the first step in Figure 6.3), N; be the number of partially perfect
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channels (corresponding to the width of the second step in Figure 6.3) and Ny be the
number of perfect channels (corresponding to the width of the third step in Figure

6.3). Since the mutual information process is a martingale, it follows that

N N N.
C:]E{]Oo}zwox0+ﬁlxl+w2x2

where C' is the symmetric capacity of the channel. Consider the following encod-
ing rule: For indices corresponding to useless channels, let the input symbol take
values from {0} (from the transversal of the subgroup Z, of Z, i.e. fix the input).
For indices corresponding to partially perfect channels, let the input symbol take
values from {0,1} (from the transversal of the subgroup {0,2} of Z4). For indices
corresponding to perfect channels, let the input symbol take values from Z, (choose
information symbols from the transversal of the subgroup {0} of Z,). It turns out
that this encoding rule used with an appropriate decoding rule has a vanishingly small

probability of error as N becomes large. The rate of this code is equal to

1
R = N (Nology 1 4+ Ny log, 2 + Ny log, 4)

This means R = C' is achievable using polar codes.

Next, we consider a channel with a composite input alphabet size. Consider the
channel depicted in Figure 6.4. We call this Channel 2. It turns out that given
a sequence of bits biby - - -b,, the transformed channel W2t ig (equivalent to) a
channel of the same type as Channel 2 but with possibly different parameters e, A and
~v. At each step n, the corresponding parameters can be found using the following

recursion: Define ¢ =€, \g =X and 79 =7. Fori=1,--- | n,
o Ifh; =1, let

Vi =Y 4 29161 + 291N
€ = 6,?71 + 2’}/1',162;1 + 26,1 N1 (63)

i = )\,2_1 — 27161
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o Ifb; =0, let
Yi = 291 — (%’271 + 27161 + 2’71‘—1)\@'71)
6 =261 — (€2 + 2161 + 26,1 0i_1) (6.4)
Ai =221+ 279161 — ()\7,271)

Then we have
](Wb1b2~~'bn) — 10g2 6 — Yn 10g2 2 — €n 10g2 3 — >\n 10g2 6

The proof of the recursion formulas for Channel 2 is similar to that of Channel 1 and
is omitted. The fixed points of the functions corresponding to Equations (6.3) and
(6.4) are given by (0,0,0), (1,0,0), (0,1,0), (0,0,1), (—1,0,1), (0,—1,1), (1,1,—1),
and (—1,—1,2), out of which (0,0,0), (1,0,0), (0,1,0) and (0,0,1) are admissible.
Note that (0,0,0) corresponds to a perfect channel with a capacity of log, 6 bits per
channel use, (1,0,0) corresponds to a partially perfect channel which can perfectly
send the index of the coset of the subgroup {0, 3} to which the input belongs and has
a capacity of log, 3 bits per channel use, (0,1,0) corresponds to a partially perfect
channel which can perfectly send the index of the coset of the subgroup {0,2,4} to
which the input belongs and has a capacity of log, 2 bits per channel use, and (0,0, 1)
corresponds to a useless channel. This suggests that in the limit, the transformed
channels converge to one of these four extreme cases. This can be confirmed using
the recursion formulas for this channel as depicted in Figures 6.5 and 6.6. With
encoding and decoding rules similar to those of Channel 1, we can show that polar
codes achieve the symmetric capacity of this channel.

In the next section, we show that polar codes achieve the symmetric capacity of

channels with input alphabet size equal to a power of a prime.

6.1.3 Polar Codes Over Channels with input Z,-

In this section, we consider channels of input alphabet size ¢ = p” for some prime

number p and a positive integer r. In this case, the input alphabet of the channel can
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be considered as a ring with addition and multiplication modulo p”. We prove the
achievability of the symmetric capacity of these channels using polar codes and later
in Section 6.1.4 we will generalize this result to channels of arbitrary input alphabet

sizes and arbitrary group operations.

6.1.3.1 Z, Rings

Let G = Z, = {0,1,2,--- ,p" — 1} with addition and multiplication modulo p"
be the input alphabet of the channel, where p is a prime and r is an integer. For

t=0,1,---,r, define the subgroup H; of G as the set:

Ht - ptG = {Oupta 2pt7 Tty (prt - 1>pt}

and define H,;; = (. Fort =0,1,--- ,r, define the subset K, of G as K; = H,\ H;,1;
i.e. K, is defined as the set of elements of G which are a multiple of p’ but are not
a multiple of p'™'. Note that K, is the set of all invertible elements (i.e. set of all
elements with a multiplicative inverse) of G and K, = {0}. Let T} be a transversal
of H; in G; i.e. a subset of G containing one and only one element from each coset
of H; in G. One valid choice for T} is {0,1,--- ,p" — 1}. Note that given H; and Tj,
each element g of G can be represented uniquely as a sum g = g + g where g € T;

and g € H;.

6.1.3.2 Recursive Channel Transformation

It has been shown in [10] that the error probability of polar codes over binary
input channels is upper bounded by the sum of Bhattacharyya parameters of certain
channels defined by a recursive channel transformation. Hence, the study of these
channels is essential to show that polar codes achieve the symmetric capacity of

channels. A similar set of synthesized channels appear for polar codes over channels

158



with arbitrary input alphabet sizes. The channel transformations are given by:

WG obn) = 37 W (s + )W (g (65
uheG
W o,y = W (3o + )W () (6.6
for y1,y2 € # and uy,us € G. Repeating these operations n times recursively, we
obtain N = 2" channels I/V](\,1 ), e ,W](VN). For ¢ =1,---, N, these channels are given
by:

i i— 1
WY ) = Y s W N [u) Gy)

ull €GN~
where G is the generator matrix for polar codes.
For the case of binary input channels, it has been shown in [10] that as N — oo,
these channels polarize in the sense that their Bhattacharyya parameters approaches
either zero (perfect channels) or one (useless channels). In the next part, we formally
state the following multilevel polarization result: In general, when the input alphabet
is a prime power, polarization happens in multiple levels so that as N — oo, these

channels become useless, perfect or “partially perfect”.

6.1.3.3 The Multilevel Polarization Result

In this section, we state the multilevel polarization result for the Z,- case and we
prove it in the subsequent section. First, we define some quantities which are used in
the statement and the proof of multilevel polarization. For an integer n, let J,, be a
uniform random variable over the set {1,2,--- /N = 2"}.

1) Define the random variable I"(W) as
W) = I(X;Y) (6.7)

where X and Y are the input and the output of ng,‘]”) respectively and X is uniformly

distributed. It has been shown in [10] that the process I°, I I? --- is a martingale

159



for the binary case. The same proof is valid for the general case as well. Hence
E{I"} = I°.
2) For an integer n and for d € G, define the random variable Z}(W) = Zd(W](VJ"))

where for a channel (G, %, W),

Zy(W) = % SOS VI GW e 1 d)

z€G ye¥

1
= - Z Z(W{x,x+d}) (68)
q zeG

Note that similar to the Bhattacharyya parameter, Z;(W) takes values from [0, 1].
In the extreme case when Z4(W) is zero, for any x € G, the channel can completely
distinguish between x and = + d. On the other hand, when Z;(WW) is one, for any
x € G, the two input symbols z and = + d are equilikely given any channel output.

3) Let H be an arbitrary subgroup of G. Note that any uniform random variable de-
fined over G can be decomposed into two uniform and independent random variables
X and X where X takes values from the transversal T of H and X takes values from

H. For an integer n, define the random variable I}, (V) as
(W) = I(X;Y[X) = I(X;Y|X) (6.9)

where X and Y are the input and the output of WJ(VJ") respectively. These processes
along with Z7 (W) processes are used to show the convergence of the mutual infor-
mation process to a discrete random variable.

4) For t =0,---,r, define the random variable Zt(ng,i)) = ¢, Za(W) and the
random process (Z1)™ (W) = Zt(WJ(\,J")) where J, is a uniform random variable over
{1,2,--- ;N = 2"}. We will see later that these processes are related to the proba-

bility of error incurred by polar codes.

The following theorem states the multilevel polarization result for the Z,- case:
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Theorem VI.1. Foralle > 0 and B < i, there exists a number N = N(e) = 2" and
disjoint subsets A§, Aj, -+, AS of {1,--+ N} such that for t =0,--- ,r and i € A,
[(W](Vi)) —tlog,p| < € and Zt(W](Vi)) < 2729 Moreover, as € — 0, % — py for

some probabilities po,- -+ ,p, adding up to one.

6.1.3.4 Proof of Multilevel Polarization

In this section, we prove the multilevel polarization through a series of lemmas.

In the first lemma, we show that I}; (W) is a super-martingale.

Lemma VI1.2. For an arbitrary group G and for any subgroup H of G, the random

process 17 (W) defined by Equation (6.9) is a super-martingale.

Proof. Define the channels W~ and W as in (6.32) and (6.33). Define the random
variables Uy, Us, X1, X5, Y7 and Y, where Uy and U, are uniformly distributed over
G, X = Uy + U, where addition is the group operation, X, = Us and Y] (respectively
Y,) is the channel output when the input is X; (respectively X5). Decompose the
random variable U; into two uniform and independent random variables (71 and 171

where [71 takes values from the transversal T" of H and [71 takes values from H.

Similarly define, 62, )?1, )?2 and ﬁQ, )~(1, )~(2. We need to show that
(U3 YiYa|Oh) + 1(Us; iYUh|U) < 21(X05 Y] X7)
Note that [(X; Y1|)A(1) =[(X;; Y1) — I()?l;Yl). Since I" is a martingale, we have
I(Ui;Y1Ys) + I(Uy; Y1YoUs) = 21(X;Y)
Therefore, it suffices to show

I(ﬁquYQ) + [((72;5/15/2[]1) > 21()?1;3/1)
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We have

[(Uy; 1YaUy) = I(Uy; VY504 Uy)
= [(Uy; 1YoUy) + 1(Us; U, Y1 Y5 Uy )

> [(Us; V1Y)
Hence,

I(Uy: Y1 Ya)+1(Us; Y1Y2Uy ) > I(Uy: Y1 Yo+ 1(Us; Y1 Y2 U
= [(U,U; V1Y5)

D IR K; ViYs) =21 (X Y1)

—~

where (a) follows since (71 and (72 are recoverable from )?1 and )?2 and vice versa as
shown in the following: To show the forward direction, let U] and Uj take values from
G and let X| = U]+ U} and X}, = Uj. We need to show that if X7 is in the same coset
of H as X; (i.e. if X] — X, € H or equivalently X, = X;) and X} is in the same coset
of H as X, (i.e. if XJ— X5 € H or equivalently )?é = )?2), then U] is in the same coset
of H as U; (i.e. Uf —U; € H or equivalently l/]\{ = (71) and U} is in the same coset of
H as Uy (i.e. Uy — U, € H or equivalently U} = U,). Note that X} — X, € H implies
Uy—U, e H and X| — X; € H implies U] + U, — Uy — Uy € H. Since Uy — Uy, € H
(and hence Uy —Uj € H), Uy — Uy € H + Uy — Uj implies U] — Uy € H. For the other
direction, note that )?1 =TnN ((71 + (72 + H) and )?2 = (72. O

The next lemma is a restatement of Lemma 2 of [66] with a slight generalization:

Lemma VI1.3. Suppose B,, n € Z" is a {—,+}-valued process with P(B, = —) =

P(B, = +) = % Suppose I, and T, are two processes adapted to the process B,

satisfying the following conditions
1. I, takes values in the interval [0, 1].

2. I, converges almost surely to a random variable I,.
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3. T, takes values in the interval [0, 1].

4. Thi1 = T? when B,y = +.

5. Foralle > 0, there exists 6 > 0 such that forn € 7, T,, < ¢ implies I, > 1—e.

6. For all e > 0, there exists 6 > 0 such that forn € Z*, T, > 1—0 implies I,, < €.
Then Ty, = lim,_,oo T), exists with probability 1 and I, Tw, both take values in {0,1}.
Proof. The proof follows from Lemma 2 of [66] in a straightforward fashion. O

In the next lemma, we show that for any d € G, the random process Z converges

to a Bernoulli random variable.

Lemma VI1.4. For all d € G, Z}(W) converges almost surely to a {0,1}-valued
random variable Z°(W) as n grows. Moreover, if d € G is such that (d) = (d)
then Z%(W) = Zg*(W) almost surely; i.e. the random processes Z}(W) and Zy (W)

converge to the same random variable.

Proof. Let H = (d) be the subgroup of G generated by d and let M be a maximal
subgroup of H. Let
d = argmax Z,(W) (6.10)

acH
agM

In Lemma VI.3, let I" (Here we use the notation I" instead of I, for notational
convenience) be equal to the process I}, (W) — I},(W) where I}, (W) and I}, (W) are
defined by Equation (6.9) and let 7}, be equal to the process Z7, (W) defined in (6.8).
We claim that ™ and 7, satisfy the conditions of Lemma VI.3. The proof is given in

the following:

Recall that a uniform random variable X over G can be decomposed into two uniform

and independent random variables X taking values from H and X taking values from
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the transversal of H in G. Similarly, the uniform random variable X over H can
be decomposed into two uniform and independent random variables X taking values
from M < H and X taking values from the transversal of M in H. Using the chain

rule, we have:

I(X;Y|X)=I(XX:Y|X)

= I(X;Y|X) + I[(X;Y|XX)

Note that ;? € M and ()A( ,)A? ) indicate the coset of M in G to which X belongs.
Therefore, the equation above implies that for each n, I}7,(W) — I}, (W) = I()/%; Y])A()
where X and Y are the input and the output of the channel W](VJ"). Note that ;?
takes values from cosets of M in H and X takes values from cosets of H in G. There-
fore, I ()% :Y|X) is the mutual information between the coset of M in H to which X
belongs and Y given the coset of H in G to which X belongs. Since )Q( can at most
take % values, by choosing the base of the log function to be equal to % condition

(1) of Lemma VI.3 is satisfied.

We have shown in Lemma VI.2 that both processes I (W) and I},;(W) are super-
martingales and hence both converge almost surely. This means that the vector valued
random process (I3 (W), I}, (W)) converges almost surely (refer to Proposition 5.25

of [37]). Hence condition (2) is satisfied.

Condition (3) trivially holds and condition (4) is shown in Lemma VI.16 in Ap-

pendix 6.1.6.3.

To show (5), assume Z7 (W) < § for some § > 0 to be determined later. Let Ty
be a transversal of H in G and let Ty be a transversal of M in H. Given X € tyz+H

for some ty € Ty, the joint probability distribution of cosets of M in ty + H and the
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channel output is given by:

pltr+ty+M,y) 2 P(X=ty+ty+m,Y=y|Xe€ty+H)

meM

_Z X=tyu+tyu+mY =y)
meM XGtH+H)

Py /|G

_ G|

= t t

W (y|t t
| H| Z ’ g+t + m)
meM
where t,; takes values from T);. The corresponding channel is defined as:

ﬁzmeM W (ylta + tar +m)
P(XEtH+tM+M|X€tH+H>

|M| > W(ylty + ta +m) (6.11)

meM

W(y|tH +tM + M) =

Note that the input of this channel takes values from the set {tg +ty + M|ty € Tos}

uniformly and the size of the input alphabet is § = || M“ which is a prime (since M is

maximal in H). Furthermore, by definition I(W) = ](X; Y|X = ty). It is shown in

Appendix 6.1.6.4 that Zy (W) < § implies Z(W) < C6 for a constant C' = %

Therefore, part (1) of Lemma VI.14 in Appendix 6.1.6.3 implies

]

. q
W) >log — L _qog — 9
(W) 2 logs = =15 ~ 8 1w [Gp

where the base of the logarithm in the calculation of the mutual information is set to

be ¢q. This result is valid for all tg € Ty. Therefore

Iy(W) — = > PX X Y|X =ty)
tg€eTy
q
>log, ———————
= ST H] |G
Hence, for any ¢ > 0, any choice of 0 < § < lf;‘ G guarantees for n € 7+,
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To show condition (6), assume that Z%(W) > 1 — 4. For the channel W defined
as above, it is shown in Appendix 6.1.6.5 (An alternate proof for the Z, case is pro-
vided in Appendix 6.1.6.6) that Zs (W) > 1— 6 implies Zusy, 4 (W) > 1 — 204200
Since the input alphabet of the channel W has a prime size and d’ € H\M, we can
use Lemma VI.15 in Appendix 6.1.6.3 to conclude that Z(W) > 1 — %2??52 and

therefore, 1 — Z(W)? = (1 + Z(W))(1 — Z(W)) < 2(1 — Z(W)) < M2 Now

we use part (2) of Lemma VI.14 in Appendix 6.1.6.3 to conclude

=2 )
49G°v/20 — O <05

I(W) <2(g—1)log-

for a constant C' = 4¢(q—1)log, e % where as above, the base of the logarithm in

the calculation of the mutual information is set to be ¢g. This implies:

(W) = Iu(W) = 3 PR = ta)I(X;Y|X = ty)

tg€Ty

<Cvo

Hence, for any € > 0, any choice of 0 < § < (5)4 guarantees for n € Z*, Z7,(W) >

So far, we have shown that for any d € G, for H = (d) and d’ defined as in (6.10), the
random variable Z7, (W) converges to a Bernoulli random variable. Note that so far
the proof is general and applies to arbitrary groups as well. We will use this part of
the proof later in Section 6.1.4. Next, we show that when G = Z,-, for any de H\M
(including d itself), Z%(W) converges to a Bernoulli random variable. Moreover, us-
ing the fact that they all take values from {0, 1}, we show that for all such d’s, they
converge to the same random variable. To see this, note that if Z), < ¢, it follows
that Z% < ¢ for all d € H\M (since by definition, a = d’ achieves the maximum

of Z,(W) among all « € H\M) and if Z}, > 1 — ¢ it follows from Lemma VI.17 in
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Appendix 6.1.6.3 that for all d € (d') = H, 25 >1-— ¢*0. Note that when G = Z,,
H\M is the set of all elements d such that (d) = (d). This completes the proof of the

lemma. L]

The next lemma gives a sufficient condition for two processes Z; and Z7 to con-

verge to the same random variable. Recall that for 0 <t <r —1, K, = H,\Hy41.

Lemma VI.5. If d, de K, Jor some 0 <t <r—1, then Zy and Z3 converge to the

same Bernoulli random variable.

Proof. Note that d,d € K, implies (d) = (d) = H,. Therefore, Lemma VI.4 implies

Zg and Z% converge to the same Bernoulli random variable. O

For t = 0,1,---,r — 1, pick an arbitrary element k; € K;. The lemma above

suggests that we only need to study Zj,’s rather than all Z;’s.

Lemma VI.6. Fort <s<r—1, if Zy, > 1—0 for some k; € Ky, then Z,, > 1— ¢

for all ks € K.
Proof. Follows from Lemma VI.17 in Appendix 6.1.6.3 and the fact that ks € (k;). O

This lemma implies that for the group G = Z,- all possible asymptotic cases are:

=1

Case 0: Z, = 1,2, = 1,2}, =1,--- , Z,

r—1

Case 1: 2, =0,2, =1, %, =1,--- , Z)_, =1

Case 2: Zko :O,Zk:1 :O,Zkz = 17 7Zk»,n71 =1

Caser: 7, =0,%;, =0,%, =0, , Zy,_, =0,

where for t = 0,---,7, case t happens with some probability p;,. This implies
(Z")")(W) converges to a random variable (Z")(>) (W) almost surely and P ((Z*)(*) = 0) =
D et Ds.

Next, we study the behavior of I™ in each of these asymptotic cases.
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Lemma VI.7. For a channel (Z,,% W), let t be an integer taking values from
{0,1,---,r}. For any ¢ > 0, there exists a 6 > 0 such that if Zy, < 6,72y, <
Oy oo iy < 0,04, > 1 =06, Z, ., >1—=0 forallks € Ks (s=0,---,r—1),

then tlogyp —e < I(W) < tlogyp + €.

Proof. Note that for all s = 0,--- ,r — 1, M, = (k) is a maximal subgroup of (k,).
In the proof of Lemma V1.4, if we let d = ko and My = (k1), the choice of § = ’%
guarantees that (1 — €/log, q)logyp < Ig(W) — Lyy(W) = I(W) — I (W) < log, p
(in bits). Similarly, it follows that (1 —€/log, ¢) logy p < Ing, (W) —In,,, (W) < logy p
forall 0 < s <t—1. For s > t, the choice of § = (@)4 guarantees In, — Iy, <

(€/log, q) logy p = €/r (in bits). Therefore,

W) =I1aW)=> (In,(W) = In,,,(W))

<
—

T
= o

(IMs<W> - IM5+1(W)) +

Z (I, (W) = Iz, (W)
< Z:log2p+ > el
S
and
1) = Ia(W) = (1. (W) = Tup,, (1)) +
2_5 (I, (W) = Iy, (W)

> (1 - 6/ log, Q) log, p

S

Il
=)

> tlogyp —€

168



We have shown that the process I"™ converges to the following r+1 valued discrete

random variable: I*° = tlog, p with probability p, for t =0,--- | r.

We are now ready to prove the theorem: For the channel (Z,-, %", W), consider the
vector random process V" = (Z, Z;! ,--- , Z; _,I"). We have seen in the previous
section that each component of this vector random process converges almost surely.
Proposition 5.25 of [37] implies that the vector random process V" also converges

almost surely to a random vector V*°. The random vector V*° is a discrete random

variable defined as follows:

t times r—t times

——
PlIV®=(0,---,0,1,--- 1, tlog,p) | =p:
for t = 0,1,--- ,r where p,’s are some probabilities. This implies that for all § >

0, there exists a number N = N(J) = 2"® and disjoint subsets A3, A,---, A% of
{1,---, N} such that for t = 0,--- ,r and i € A?, st(st;)) <6§if0<s<tand
ZkS(W]S;)) >1—4if t <s < r. This implies if i € A? then Zt(W](Vi)) < ¢d. Moreover,
as 0 — 0, % — p; for some probabilities pg, - - - , p, adding up to one.

For € > 0, let § be as in Lemma VI.7. Then, for t = 0,--- ,r and i € A}, we have
I(W) = tlog, p| < e. Similarly, for € > 0 if we let § = €/q, we get Z{(W)) < e.
For any ¢ > 0, taking the minimum of the two d’s guarantees the existence of a
number N = N(e) = 2™ and disjoint subsets A§, AS,---, AS of {1,---, N} such

that for t = 0,--- ,r and 7 € Aj,

I(Wz(vi)) - tlogzp‘ < € and Zt(W](Vi)) < €. Finally,

in Appendix 6.1.6.7, we show that for any 8 < % and fort =0,--- ,r,

lim P ((Zt)(") < 2-23") > P (2 =0) (6.12)

n—0o0
This rate of polarization result concludes the proof of Theorem VI.1.
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6.1.3.5 Encoding and Decoding

In the original construction of polar codes, we fix the input symbols corresponding
to useless channels and send information symbols over perfect channels. Here, since
the channels do not polarize into two levels, the encoding is slightly different and we
send “some” information bits over “partially perfect” channels. At the encoder, if
1 € Aj for some t = 0,--- ,r, the information symbol is chosen from the transversal
T; uniformly and not from the whole set G. As we will see later, the channel W](\f) is
perfect for symbols chosen from 7; and perfect decoding is possible at the decoder.
Let 2% = D, T{qi be the set of all valid input sequences. For the sake of analysis, as
in the binary case, the message u is dithered with a uniformly distributed random
vector bY € @;_, HtA i revealed to both the encoder and the decoder. A message
vl € Z% is encoded to the vector Y = (vi¥ + bY¥)Gy. Note that ud¥ = vl + b)Y is
uniformly distributed over G,

At the decoder, after observing the output vector y¥, for t = 0,--- ,r and i € AS |

use the following decoding rule:

i1

) = argmax W (yV, ai | g)
geb;+Ty

U = fl(yivv ai_l

where the ties are broken arbitrarily. Finally, the message is decoded as 01 = 4 —b}.

The total number of valid input sequences is equal to

T

r r
2NR — H ’E||At| — Hpt\AH ~ ptPtN
t=0 t=0 t=0

Therefore, R ~ >, pitlog, p. On the other hand, since I" is a martingale, we have
E{I>*} = I°. Since E{I*} = >} pitlog, p, we observe that the rate R is equal to

the symmetric capacity I°. We will see in the next section that this rate is achievable.
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6.1.3.6 Error Analysis

In this section, we show that the error probability of polar codes approaches zero

as the block length increases when the rate of transmission is equal to the symmetric

capacity of the channel.

Let B; be the event that the first error occurs when the decoder decodes the ith

symbol:

{ u17y1 GGNX@N|VJ<Z u] f](y17u1 1)7
wi # filyy ui™h)

C{(u,y) € GN x FN|u; # filyy,ui )}
Fort =0, ---,r and ¢ € Af, define

B = { Wl yY) € G s oV (Wl i ug) <

W](\f) (y, u'™!|@;) for some @; € b; + Ty, U; # ul}

Lemma VI.8. Fort=0,---,r andi € A;, P(E;) < qQZt(W( )).

(6.13)

(6.14)

Proof. For u; € G, write u; = b;(u;) + v;(u;) where b;(u;) € H; and v;(u;) € T;. We
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have

uy Y1

1 W(i) (yN’ ui! ;)
S AT D R b
ulV yN @ €b; (ug)+T% N (?h y Up |Uz)

Ui Fu,
1 1
=2 | 2 el

1 ., N q N q

Uy Uit
Z Wy, ui @)

Ui €b; (ui)+Ty W](\;) (y{V7 ull_l |u1)

Ui Fu;

1. ‘ WD (N i1 i
RIS BENLACULT R
ui,y{\’q aiebi(ui)Jth\ W' (15 uy |ug)

Ui Fu;

1 i i—1) ~ i i
=> - Z\/Wj(v)(y{f uTa )W (il ud )

u; €G i—1 N

ﬁiebi(ui)+TtU1 1
Ui Fu;
_ 1 A W(i)
- Z - {ui,ﬂi}( N )
u; €G q
U €b; (u;)+ Ty
Ui Fu;

For u; € G and u; € b;(u;) + Ty, if u; # @;, then w;, 4; are not in the same coset
of H; and hence w; — u; ¢ H;. Therefore, u; — u; € G\ H;. Note that for d = u; — w;,

Z{ui,ﬁi}(Wz(vi)) < qu(W](\;)). Since d € G\ Hy, we have Zd(W](\[i)) < Zt(Wﬁ)) and hence,
Ztuag (W) < g2 (W)
{uiaui} N =~ q N
Therefore, P(E;) < ¢|T;|Z' (W) < 22t (W ). .

The probability of block error is given by P(err) = >, (> .c T P(B;). Since
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B; C E;, we get

Plerr) <> 3" ¢ 24(Wy) (6.15)

t=0 i€ AS

(a) < n

<> l4flg2™ (6.16)
t=0

< N2 (6.17)

for any (8 < % where (a) follows from Theorem VI.1. Therefore, the probability of

error goes to zero as € — 0 (and hence n — 00).

6.1.4 Polar Codes Over Arbitrary Channels

For any channel input alphabet there always exist an Abelian group of the same
size. In this section, we generalize the result of the previous section to channels of

arbitrary input alphabet sizes and arbitrary group operations.

6.1.4.1 Abelian Groups

Let the Abelian group G be the input alphabet of the channel. It is known
that any Abelian group can be decomposed into a direct sum of Z,- rings [16]. Let
G = @le R, with R, = Zp;l where p;’s are prime numbers and 7;’s are positive
integers. For ¢t = (t1,tq,- -+ ,t) with ¢, € {0,1,--- r;}, there exists a corresponding
subgroup H of G defined by H = @le pfl R;. For a subgroup H of G define Ty to

be a transversal of H in G.

6.1.4.2 Recursive Channel Transformation
The Basic Channel Transforms

The transformed channels W+ and W~ and the process I"(WW) are defined the

same way as the Z,- case through Equations (6.32), (6.33) and (6.7).
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Asymptotic Behavior of Synthesized Channels

For d € G, define Z7 (W) similarly to (6.8) where ¢ = |G| and for H < G, define
I (W) by Equation (6.9). The following lemma is a restatement of Lemma VI.4.

Here, we prove it for arbitrary groups.

Lemma VI.9. For all d € G, Z}(W) converges almost surely to a {0,1}-valued
random variable Z3°(W) as n grows. Moreover, if d € G is such that (d) = (d)
then Z5(W) = ZF(W) almost surely; i.e. the random processes Z% (W) and Zj (W)

converge to the same random variable.

Proof. Similarly to the proof of Lemma V1.4, let H = (d) and let M be any maximal
subgroup of H. Define
d = argmax Z,(W) (6.18)

a€H
a¢ M

It is relatively straightforward to show that in the general case as well, Z% (W) con-
verges to a {0, 1}-valued random variable Z3°(W). Indeed this part of the proof of
Lemma VI.4 is general enough for arbitrary Abelian groups. Here we show that this

implies Z (W) also converges to a Bernoulli random variable.

Let |H| = Hle qi* where ¢;’s are distinct primes and a;’s are positive integers. Note
that H is isomorphic to the cyclic group Zg|. For i = 1,---  k, define the subgroup
M; = (q¢;) of Zu (and isomorphically of H) and let d; = argmaxggﬁi Z,(W). Note
that for ¢ = 1,---  k, M; is a maximal subgroup of 7y (and isomorphically of H).
Therefore, for i = 1,--- | k, Zg; (W) converges to a {0, 1}-valued random variable. If
for some i = 1,--- ,k, Zgy (W) < 0 it follows that Z;(W) < § (since d € H\M;) and
if forall i = 1,--- k, Zyg(W) > 1 =4, it follows from Lemma VI.18 in Appendix
6.1.6.3 that Z;(W) > 1 — 2k¢®5 for any d € (d,,d},--- ,d}). Next, we show that

(dy,dy,--- ,d}) = H and this will prove that if for all 4 = 1,--- [k, Zg(W) > 1 -6
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then Zy(W) > 1 — 2kq*0. For i = 1,--- ,k, since d; ¢ M; it follows that d; # 0

(mod ¢;). Let

k k
a =

=1 j=1

JFi
Then we have a Z 0 (mod ¢;) for all ¢ = 1,--- | k. This implies (a) = H and hence
(dy,dy, -+ ,d}) = H. Therefore, if in the limit Zy (W) = 0 for some i = 1,--- , k then
Zy(W) =0and if Zy(W) =0 for all i = 1,--- ,k then Z4(W) = 1. This proves that

Z (W) converges to a Bernoulli random variable.

If d € G is such that (d) = (d) then it follows that d € H and d ¢ M; fori =1,--- , k.
Therefore if in the limit Zy (W) = 0 for some ¢ = 1,--- ,k then Zz(W) = 0 and if
Zg(W) = 1forall i = 1,--- ,k then Z;(W) = 1. This proves that the random

processes Z5 (W) and Zj(W) converge to the same random variable. O

In the asymptotic regime, let dy, da, - - - , d,,, be all elements of G such that Z,, (W) =
1 and assume that for all other elements d € G, Z;(W) = 0 (we can make this as-
sumption since in the limit Z,’s are {0, 1}-valued). It is shown in Lemma VI.18 in Ap-
pendix 6.1.6.3 that if Z, (W) =1for i =1,--- ,m then for any d € (dy,dy,--- ,dp),
Z;(W) = 1. Therefore, (dy,da,- - ,dm) C {di,ds,- - ,dy} and hence we must have
{di,dg,- -+ ,dpn} = (dy,ds,--- ,d,,) = H for some subgroup H of G. This means all
possible asymptotic cases can be indexed by subgroups of G. i.e. for any H < G,

one possible asymptotic case is

1 ifde H,
e Case H: Zu(W) =

0 Otherwise.

where for H < G, case H happens with some probability py.

Next, We study the behavior of I™ in each of these cases.
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Lemma VI.10. For a channel (G, % W) let S be a subgroup of G. For any e > 0
there ezists a 0 > 0 such that if Zg > 1—20 ford € S and Zy < § ford ¢ S, then

log, % —e < I°(W) < log, % +e.

Proof. Let 0 =My C M, C---C My 1 CS=M C My, C---CG = M for some
positive integer k£ < log, |G| be any chain of subgroups such that M;_; is maximal in

M, for s=1,--- k.

Fix some s € {1,--- ,t} and let H = M, and M = M, ; and let Ty be a transver-
sal of H in G and let T); be a transversal of M in H. For d € H, we have
ZgW) > 1—4. For ty € Ty define the channel W (y|ty + ta + M,_;) similar to
(6.11). We have shown in Appendix 6.1.6.5 that if for some d € H\M, Z;(W) > 1—-§

then Zyys, (W) >1— 2q Vqﬁ\‘sﬂp. Since the input alphabet of the channel W has a
prime size (see Lemma VI.19 in Appendix 6.1.6.3), we can use Lemma VI.15 in Ap-
pendix 6.1.6.3 to conclude that Z(W) > 1 — % VMZf_‘SQ. Now, similarly to the proof

of Lemma VI.4, we use part (2) of Lemma VI.14 in Appendix 6.1.6.3 to conclude
I(W) < CV/6 for C = 4G(G—1) log, e %. This result is valid for all ty € Ty. Since

I(W) =I1(X;Y|X = ty), we conclude that

Ly,(W) = Iy, (W) = Ig(W) — Iy (W)

Y PR IR -

tgeTy

<COVs

Fix some s € {t + 1,--- ,k} and let H = M, and M = M, and let Ty be a
transversal of H in G and let T); be a transversal of M in H. For d € H\M, we have
Z4(W) < 6. For the channel W defined as above, we have shown in Appendix 6.1.6.4

that if for all d € H\M, Zys(W) < § then Z(W) < BnBUEL Therefore, part (1) of
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Lemma VI.14 in Appendix 6.1.6.3 implies I(W) > log, #@. We conclude that

I, W) = Ing, (W) = Ig(W) — Iy (W)
= log, !
1+ H|-|G|d
|MS|/|MS—1|
> 14+ |GJ2%

> log

Therefore,

IeW)=)_(1nW) = Lat, (W) £ (Ina(W) = Las,_ (W)

s=t+1

k
> > (W) = I,

s=t+1
k
|MS|/|MS—1|

> logy —————
> ) logy IG[26

s=t+1

G

> log, % — klogy(1+ |G|?0)

The choice of 0 < § < 2‘/67:

|§1 will guarantee that I°(WW) > log, % — €. Similarly,

IcW)=> (I (W)= Tng (W) 4> (Ian(W) = Lns,_ (W)

s=t+1

t k |M|
< ZC%—I— Z log, i 81|
s=1 s=t+1 ST

< kCV5 + log, %

The choice of 0 < § < (%)4 will guarantee that I°(1W) < log, % +e. O

We have shown that the process I™ converges to the following discrete random

variable: 1> = log, % with probability py for H < G.

For H < G, define the random variable Z7(W\)) = Y.,y Zo(Wy) and the ran-
dom process (ZH)W(W) = ZH (W](VJ")) where J,, is a uniform random variable over
{1,2,--- , N =2"}. Note that (Z#)™ (W) converges almost surely to a random vari-

able (Z7)*)(W) and P ((Z27)>) = 0) = > gy ps-
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Summary of Channel Transformation

For the channel (G, %, W), the convergence of the processes I"™ and (Z)" for
H < G implies that for all € > 0, there exists a number N = N(¢) and a partition
{AY|H < G} of {1,---, N} such that for H < G and i € AY,, ](W](\f)) = logQ% +
O(e) and ZH(W](\;)) = O(€). Moreover, as € — 0, % — pg for some probabilities
ru, H < G.

In Appendix 6.1.6.7, we show that for any 8 < % and for H < G,

lim P ((ZH)(") < 2—2‘*") > P ((24)) = 0) (6.19)
n—oo
=2
S<H

We have proved the following theorem:

Theorem VI.11. For all € > 0, there exists a number N = N(e) = 2" and a
partition {A|H < G} of {1,--- N} such that for H< G and i € A5, (W) =
log, % +0(e) and ZHW) < 272 Moreover, as e — 0, % — py for some

probabilities py, H < G.

6.1.4.3 Encoding and Decoding

At the encoder, if ¢ € A9 for some H < G, the information symbol is chosen
from the transversal Ty arbitrarily. Let 2% = @y g Tﬁf" be the set of all valid
input sequences. As in the Z, case, the message u}’ is dithered with a uniformly
distributed random vector b € €@ n<a H Al revealed to both the encoder and the
decoder. A message vi¥ € Z% is encoded to the vector ¥ = (vi¥ + bV)Gy. Note
that ul = vV + b is uniformly distributed over G*.

At the decoder, after observing the output vector 4V, for H < G and i € A, , use

the following decoding rule:

;= filyY, @i7Y) = argmax Wy, @i~ g)

g€bi+TH

178



where the ties are broken arbitrarily. Finally, the message is recovered as ¢ =
al¥ — Y.
The total number of valid input sequences is equal to

|G| |[Am|
2= Il = 11 ()

H<G H<G

Therefore, R ~ ZHgG % log, % On the other hand, since I" is a martingale,
we have E{I>} = I°. Since E{I*} = >, _¢ pulog, %, we observe that the rate R
converges to the symmetric capacity I° as € — 0. We will see in the next section that
this rate is achievable.

It is worth mentioning the complexity of these codes is similiar to the binary case;

i.e. the complexity of encoding and the complexity of successive cancelation decoding

are both O(N log N) as functions of code blocklength N.

6.1.4.4 Error Analysis

For H < G and i € Ay, define the events B; and E; according to Equations (6.13)
and (6.14). Similar to the Z, case, it is straightforward to show that for H < G and
i€ Ay, P(E;) < ¢ZH" (W](\;)) where ¢ = |G|. The probability of block error is given
by Plerr) =) g ZieA% P(B;). Since B; C E;, we get

P(err) < Z Z qQZH(W](\,i))

H<G icAS,
< > Ayl 29-2°"
> y:dlli

H<G

<¢’N27"

for any 8 < % Therefore, the probability of block error goes to zero as ¢ — 0

(n — o0).
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6.1.5 Relation to Group Codes

Recall that for an arbitrary group G, the polar encoder of length N introduced
in this paper maps the set Py g Tf}H to GV where for a subgroup H of G, Ty is
a transversal of H and {Ay|H < G} is some partition of {1,---, N}. Note that the
set of messages @y e TI‘;‘H is not necessarily closed under addition and hence in gen-
eral, the set of encoder outputs is not a subgroup of GV; i.e. polar codes constructed
and analyzed in Sections 6.2.2 and 6.1.4 are not group encoders. To the contrary,
standard polar codes (i.e. polar codes in which only perfect channels are used) are
indeed group codes since their set of messages is of the form G4 @ {0}{1-NNA for

some A C {1,---, N} which is closed under addition.

It is worth mentioning that polar encoders constructed in this paper fall into a
larger class of structured codes called nested group codes. Nested group codes consist
of two group codes: the inner code C; and the outer code C, such that the inner code
is a subgroup of the outer code (C; < C,). The set of messages consists of cosets of

C; in C,. For the case of polar codes, the inner code is given by

C; = [EB HA#
H<G
m € @ HAH}

= {mG
H<G

and the outer code is the whole group space: C, = G¥. To verify that this is indeed

G

the case, it suffices to show that the set of codewords of polar codes [ H<G T |G
has only one common element with each coset of C;. Equivalently, it suffices to

show that for my,my € G, if m1G — myG € C;, then either m; ¢ Dy TI’;‘H or

my ¢ @HgG TI?H'

Lemma VI1.12. For N = 2" where n is a positive integer, the generator matriz

corresponding to polar codes Gy = ByF®™ is full rank.
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Proof. Since Gy = ByF®" where By is a permutation of rows, it suffices to show
that F®" is full rank. Note that the rank of the Kronecker product of two matrices is
equal to the product of the ranks of matrices and the rank of F'is equal to 2. Hence

we have rank(G) = rank(F®") = 2" = N. O

This lemma implies that if m{G — moG € C; then m; — moy € ®H§G HA# | This
means either m; ¢ @y g TH or my ¢ @ H<G T . This proves that polar codes

are indeed nested group codes.

In this section, we consider two examples of channels over Z,4. The first example
is Channel 1 introduced in Section 6.1.2. Based on the symmetry of this channel, we
show that polar codes achieve the group capacity of this specific channel. The intent
of the second example is to show that in general, polar codes do not achieve the group
capacity of channels. In order to find the capacity of polar codes as group codes, we
use the standard construction of polar codes, i.e. we only use perfect channels and

fix partially perfect and useless channels.

6.1.5.1 Example 1
Consider Channel 1 of Figure 6.1. Define Hy = {0,1,2,3}, H; = {0,2} and
Hy = {0} and define Ky = {1,3}, K; = {2} and K, = {0}. For this channel we have:
IP21(X;Y)=2—¢—2\
BEIX;Y)=1—(e+))
(L) £ IX3Y)=1—(e+ ) =1}
where X is uniform over Z,, X; is uniform over H; and X/ is uniform over 1 + H;.
The capacity of group codes over this symmetric channel is equal to [61]:
C =min(IY, I3 + (I5)") = min(2 — € — 2),2 — 2¢ — 2))

=2—2e—2\
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All possible cases for this channel are
e Case 0: Z* =4 =1,Z=1
e Case 1: Z{° =252 =0,25° =1
o Case 2: Z{* =7 =0,23°=0

As we saw in Figures 6.2 and 6.3, this result agrees with the asymptotic behavior

of I" predicted by the recursion formulas (6.1) and (6.2).

Define I(W?0b2t) = [(X;Y) where X, Y are the input and output of Wib2=tn
and X is uniform over Z,. Similarly, define I(W?"b2t) = J(X;;Y) where X,
Y are the input and output of W% and X, is uniform over H; and define
Iy (Whibzbn) = [(X1:Y) where X|, Y are the input and output of W2 tn and
X7 is uniform over 1+ H;. Define the mutual information processes I}, I3 and (I5)"
to be equal to [(Wbtib2-bn) = [, (Ty/b1b2bn) and [5(WPibzbn) where for i = 1,--- | n,
b;’s are iid Bernoulli(0.5) random variables. For this channel, we can show that
Ly(Whb2bny = I8 (Whib2bo) = 1 — (¢, + \,,) and conclude that (I, + I5)" = I3 + (I5)"
is a martingale. Therefore I} and (I + I5)™ converge almost surely to random vari-
ables I3° and (I + 15)> respectively. This observation provides us with an ad-hoc
way to find the probabilities p;, ¢ = 0,1,2 of the limit random variable I3® for this

simple channel. We can show the following for the final states:
ecase 0 = [*=0,(lL+1)>*=0
ecase l = [ =1(I,+1)*=0

e case 2 = [* =2 (I, + I})* =2

182



Therefore, we obtain the following three equations:
E{I;} =po-04p1-14+p-2=1 =2—¢€—2X
E{(Iy + 15)*}=po-0+p1 -0+ pe-2= (Is+1})" =2—2¢—2)\
pot+pr+p=1
Solving this system of equations, we obtain:
p=1l—e—A=0C/2
pr =10 — (I + 1})°

po=1— (I} — (L +15)°/2)
We see that the fraction of perfect channels is equal to the capacity of the channel
achievable using group codes and therefore, polar codes achieve the capacity of group
codes for this channel.

6.1.5.2 Example 2

The channel is depicted in Figure 6.7. We call this Channel 3. For this channel,

when A = 0.2 we have:

1°=I(X;Y) = 0.6390

(I3 + I5)° = 0.2161

The rate C' = min(I2, (I +15)°) = (Io+ 1)? = 0.2161 is achievable using group codes
over this channel [61].

For this channel, we have three possible asymptotic cases:
e Case 0: Z*=1,Z5°=1=1=0,(IL+1)>*=0
e Case 1: Z°=0,Z°=1=I=1,(I+I})>* =0
e Case 2: /3 =0,2°=0= I =2, (I, + I})>* =2
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Therefore we obtain the following three equations:

E{If} =po-0+pi-1+p;-2

E{(Ilo + 13)*} =po- 0+ p1- 0+ py - 2

pot+pi+pr=1
Therefore, the achievable rate using polar codes over this channel is equal to R =
2py = E{(I» + I})*}. We have E{(I> + I})'} = 0.2063 which is strictly less than

(I, + I})°. The following lemma implies R = E{(I, + I,)*} < E{(L, + I})'} < C =

(Iy + 15)° and completes the proof.

Lemma VI.13. For a channel (Zy,% , W), the process (Is + 15)",n = 0,1,2,--- is

a super-martingale.

Proof. Follow from Lemma V1.2 with H = {0, 2}. O

6.1.6 Appendix
6.1.6.1 Polar Codes Over Abelian Groups

Given a k x n matrix GG, of 0’s and 1’s, one can construct a group code as follows:
Given any message tuple u* € G*, encode it to u* - G,,. Where the elements of G,
determine whether an element of «* appears as a summand in the encoded word or

not. For example consider the generator matrix

Gy =
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Then u?* - G4 is defined as

1 0 0 O U + U + Uz + Uy
1 010 U3 + Uy

U UgUzUy) - =
1 100 U + Uy
1111 Uy

Using this convention, we can define a group code based on a given binary matrix

without actually defining a multiplication operation for the group.

6.1.6.2 Recursion Formula for Channel 1
Recursion for W+

We show that W (corresponding to b; = 1) is equivalent to a channel of the
same type as W but with different parameters €; and A\; corresponding to € and A

respectively; where,

€1 = €2 4 2e\

)\1:)\%

We say an output tuple (y1, 4o, u1) is connected to an input us € Zy it W (y1, yo, ui|ug) =

W (1 ]ur + u2) W (yolup) is strictly positive.

First, let us assume the output tuple (yi, o, u1) is connected to all us € Z,. Then
W (y2|ug) must be nonzero for all uy and hence yo = Es3. Similarly since W (y;|u; +us)
is nonzero for all uy (and hence all u; + ug) it follows that y; = Ej3. Therefore
WH(Es, E3,uq|ug) = }1)\2 for all uy, us € Z,4 and these are all output tuples connected
to all inputs (with positive probability). Since all of these output tuples are equiva-
lent we can combine them to get a single output symbol connected to all four inputs

with probability \2.
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Next we show that if an output tuple is connected to an input from {0,2} and
an input from {1,3}, then it is connected to all inputs. Consider the case where
the output tuple (y1,ys2,u1) is connected to both 0 and 1 i.e. W (yp,y2,u1|0) and
W (y1,y2,u1|1) are both nonzero. Then since W(y2|0) # 0 and W(ys|l) # 0, it
follows that yo = F3. Similarly since W (y;|u1) # 0 and W (y;|uy + 1) # 0, it follows
that y; = F3. We have already seen that for all u; € Z,4, the output tuple (E3, Fs3,u;)
is connected to all input symbols. The proof is similar for other three cases i.e. when
(Y1, Yo, uy) is connected to 0 and 3, when (yi, o, 1) is connected to 2 and 1, and when

(y1, Yo, u1) is connected to 2 and 3.

Next we find all output tuples which are connected to both 0 and 2 but are not
connected to 1 or 3. Let (y1,y2, u1) be an output tuple such that W+ (yy, ya, u1]0) # 0,
W (y1, y2, u1]2) # 0, WH(y1, y2,1|1) = 0 and W (y1, yo, u1]3) = 0.

First assume u; € {0,2}. Since W(y2|0) # 0 and W (y2|2) # 0, it follows that
yo € {Ey, E3} and since W (y1|uy) # 0 and Wy |ug + 2) # 0, it follows that y; €
{E1, E3}. Note that for y; = E3 and y, = Ej, the output tuple is connected to
all inputs and therefore all possible cases are y; = Ey,yo = Ey, y1 = E1,yo = Ej3
and y; = F3,y2 = E;. In all cases it can be shown that W™ (y,y2,u1|1) = 0 and
W (y1, y2,u1]3) = 0. Hence for u; € {0,2}, (E1, E1,u1) is connected to 0 and 2 with
probabilities T€? and is not connected to 1 or 3. (Ey, F3,u1) is connected to 0 and 2

1
with probabilities }16)\ and is not connected to 1 or 3. (Ej3, Fy,uy) is connected to 0
and 2 with probabilities %6)\ and is not connected to 1 or 3.

Now assume u; € {1,3}. Same as above we have y, € {E}, E3} and since W (y;|uq) #
0 and W (y1|uy +2) # 0, it follows that y; € {Es, E5}. In this case, all possible cases
are y; = Ey,y9s = F1, y1 = FEa,yo = E3 and y; = E3,y, = E;. In all cases it can
be shown that W (yy, ya,u1]1) = 0 and W (y1, ¥, u1|3) = 0. Hence for u; € {1, 3},

(E2, Fy,uy) is connected to 0 and 2 with probabilities iez and is not connected to 1 or
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3. (Esy, E5,uy) is connected to 0 and 2 with probabilities ;116)\ and is not connected to
Lor3. (B3, By, u) is connected to 0 and 2 with probabilities 1€ and is not connected
to 1 or 3.

Therefore, there are four equivalent outputs connected to 0 and 2 with probabilities
;1162 and not connected to 1 or 3 and there are eight equivalent outputs connected

to 0 and 2 with probabilities %6)\ and not connected to 1 or 3. Since all of these

outputs are equivalent, we can combine them into one output connected to 0 and 2

1 1
4 (162) + 8 (4_16)\> = ¢ + 2e\

Now we find all output tuples which are connected to both 1 and 3 but are not

with probabilities

connected to 0 or 2. Let (y1, Y2, u1) be an output tuple such that W (yy, ya, u1|1) # 0,
W (y1,y2, u1|3) # 0, WH(y1, 2, u1|0) = 0 and W (y1, v, u1|2) = 0.

First assume u; € {0,2}. Since W(yz|l) # 0 and W(ys|3) # 0, it follows that
y2 € {Es, E3} and since W(y;|u; + 1) # 0 and W(yi|uy + 3) # 0, it follows that
y1 € {Es, E5}. Note that for y; = E3 and y3 = Es, the output tuple is connected
to all inputs and therefore all possible cases are y; = Ea,ys = E», y1 = Es,ys = Fjs
and y; = F3,y, = F5. In all cases it can be shown that W (y1,y2,u1]/0) = 0 and
W (y1, Y9, u1]2) = 0. Hence for uy € {0,2}, (Es, Es,uq) is connected to 1 and 3 with
probabilities iez and is not connected to 0 or 2. (Es, F3,u;) is connected to 1 and 3
with probabilities }16>\ and is not connected to 0 or 2. (E3, Fy,up) is connected to 1
and 3 with probabilities ie)\ and is not connected to 0 or 2.

Now assume u; € {1,3}. Same as above we have y, € {F5, F3} and since W (y;|u; +
1) # 0 and W (yi|u; + 3) # 0, it follows that y; € {E;, E3}. In this case, all possible
cases are y; = Fy,yo = Fy, y1 = E1,ys = E3 and y; = F3,y, = Es. In all cases it can
be shown that W (y1, y2,u1]0) = 0 and W (y1,y2,u1|2) = 0. Hence for u; € {1, 3},
(E1, Eo,uy) is connected to 1 and 3 with probabilities 1¢2 and is not connected to 0 or

4

2. (E1, E3,uy) is connected to 1 and 3 with probabilities %6)\ and is not connected to

187



0 or 2. (Es3, By, uy) is connected to 1 and 3 with probabilities }le)\ and is not connected
to 0 or 2.
Therefore, there are four equivalent outputs connected to 1 and 3 with probabilities

1

462 and not connected to 0 or 2 and there are eight equivalent outputs connected to

1 and 3 with probabilities ie)\ and not connected to 0 or 2. Same as above, since all
of these outputs are equivalent, we can combine them into one output connected to

1 and 3 with probabilities €2 + 2e).

We have shown that there is (equivalently) one channel output (call it E5) con-
nected to all inputs uy € Z, with conditional probability A; = A? and we have shown
that if a channel output is connected to more that one input but is not connected
to all inputs, it is either connected to {0,2} and is not connected to {1,3} (call it
E) or it is connected to {0,2} and is not connected to {1,3} (call it F;). 0 and
2 are connected to E; with probabilities ¢; = €% + 2e\ and 1 and 3 are connected
to Ey with probabilities ¢; = €? + 2eA. Then for each input us € Z, these exist
several outputs which are only connected to us and not other inputs and whose sum

of probabilities add up to 1 — e¢; — A;. This completes the proof for WT.

Recursion for W~

We show that W~ (corresponding to by = 0) is equivalent to a channel of the
same type as W but with different parameters €; and \; corresponding to € and A

respectively; where,
€ = 2¢ — (62 + 26)\)
AL =2\ — )2
Note that each channel output is a pair (y1,y2) € {0,1,2,3, E1, Ey, E5}?. The channel

W~ can be shown to be as following:
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Output pairs (0,0), (1,1), (2,2), (3,3) are only connected to input 0 each with con-
ditional probability }L(l — € — A\)%2. This is equivalent to one channel output only
connected to 0 with probability (1 — e — X\)%.

Output pairs (0,2), (1,3), (2,0), (3,1) are only connected to input 2 each with con-
ditional probability %(1 — € — A\)%2. This is equivalent to one channel output only
connected to 2 with probability (1 —e — \)%

Output pairs (0,3), (1,0), (2,1), (3,2) are only connected to input 1 each with con-
ditional probability }1(1 — € — A\)%. This is equivalent to one channel output only
connected to 1 with probability (1 —e — \)%

Output pairs (0,1), (1,2), (2,3), (3,0) are only connected to input 3 each with con-
ditional probability }1(1 — € — A)?. This is equivalent to one channel output only
connected to 3 with probability (1 —e — )2

Output pairs (0, E1), (1, Es), (2, E1), (3, Es), (F1,0), (E1,2), (F2, 1), (E2,3) are only
connected to inputs 0 and 2 each with conditional probability }16(1 —¢e— ). Output
pairs (E1, E1), (E2, Ey) are only connected to inputs 0 and 2 each with conditional
probability %EZ. This is equivalent to one channel output only connected to 0 and 2

with probability

1 1
61:8X1€(1—6—)\)+2X562

= 2¢ — (62 + 2(—:)\)

Output pairs (0, E»), (1, E1), (2, Ey), (3, E1), (E1,1), (E1,3), (E2,0), (E,2) are only
connected to inputs 1 and 3 each with conditional probability }16(1 —¢e—A). Output
pairs (E1, Es), (FE2, F1) are only connected to inputs 1 and 3 each with conditional
probability %62. This is equivalent to one channel output only connected to 1 and 3
with probability 2¢ — (€2 + 2¢e)).

Output pairs (0, E3), (1, E3), (2, E3), (3, E3), (F3,0), (Fs, 1), (Fs,2), (Es,3) are con-

nected to all inputs each with conditional probability i)\(l — ¢ — ). Output pairs
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(E1, E3), (Es, E3), (Es, E1), (E3, Es) are connected to all inputs each with conditional
probability %O\. Output pair (E3, F3) is connected to all inputs with conditional prob-
ability A2. This is equivalent to one channel output only connected to all inputs with

probability
1 1 9
€1 = 8 X ZA(l—e—A)+4>< 56)\+)\
=2\ —\°

We have listed all 49 channel outputs and the corresponding probabilities. This com-

pletes the proof for W~.

6.1.6.3 Some Useful Lemmas

Lemma VI.14. Let W be a channel with prime input alphabet size §. We have the

following relations between (W) (in bits) and Z(W):

1. I(W) = log, rr=tzmm

2. I(W) <2(7—1)(logye)y/1 — Z(W)?
Proof. This lemma is a restatement of Proposition 2 of [66]. O

Lemma VI.15. Let W be a channel with prime input alphabet size q§ and define
d' = argmax, 4 Zo(W). If Zy(W) > 16 for some § > 0, then Z(W) > 1—q(q—1).

Proof. This lemma has been proved in [66] (Lemma 4). O

Lemma VI.16. For any d € G, we have

ZaW™H) = Zy(W)?
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Proof. By definition, Z;(W™) is equal to

‘Z\/ Wy [urru W (o | uz) Wy: [urtuzrd) W(yz | us+d)

U1€G
ueG
Y1 yQGOI
- Z Z \/W Yolu2)W (ya|ug + d)
ugEGyzEf/
- Z Z \/W y1|u1—|—u2 <y1IU1+U2+d>
u1€Gy1€gJ/
- Z Z VW (yolu2) W (y2us + d)
u2€Gy2€@
- Z > VW yili)W (i + d)
ulEG y1E€Y
= Za(W)?

[
Lemma VI.17. For d € G, if Zy;(W)

> 1— 6 for some § > 0, then for d € (d),
Z;(W) >1— ¢*0 where ¢ = |G|.

Proof. First note that

ZZ\/W yl2)W (yl + d)

zEG yewy

—1- 5. 2 [V - VTGl + )]

xEG yeX

Therefore Z;(W) > 1 — § implies

) WW(ylx) —VW(ylz + d)r < 2¢6

yeW
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for all # € G. Since d € (d), we have d = id for some i < q. Therefore,

1-Z —1——22\/Wy]:1: (y|lz + id)
zGGyE@
:—ZZ\/ (ylz) — VW ( |x+zd)}
zeGyeoy )

[i—1

== Z > (VI +id) - VWil + (G + 1>d>)]

:JcEG ye® Lj=0

ZZZ[\/W yl + jd) = VW (ylz + (j + 1)d )}

mGG‘ ye# j=0

S S S [V - T G 0]

xGG 7=0 ye&

35222‘15

zeG j=0

< g6
OJ

Lemma VI1.18. Fordy, - ,d, € G, if Zg,(W) > 1-6, Zg,(W) > 1=0,--- , Zy, (W) >

m

16, then Zz(W) > 1—2mg?6 for any d € (dy,dy, -+ ,d,,) where de (dy,dy, -+ ,dy)

1s the subgroup of G generated by dy,--- ,d,,.

Proof. We prove this theorem for m = 2. The general case is a straightforward
generalization of this case. Similarly to the proof of Lemma VI.17, for all z € G, we

have

S VIVl - VITlle + @) < 205

yeY

for | = 1,2. Since d € (dy,ds), it can be written as d = idy, + jdy for some integers
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1,7 < q. Therefore,

1= ZyW) = é S S VWG W e + ids + )
z€G ye¥

— 2_1612 Z [\/W(y|x) — VW (y|z +id, +jd2)r

z€G ye¥

1 [Z (VIVle+ kdy) — VW (glo + (b + 1))

= 2_
q k=0
yew

—|—Z<\/W(y|x+z‘d1+kd2)—\/W(y|x+id1+(k+1)d2)>]

<2 (i [Vl k) /Wyl + (E )]

k=0
yeY

+Z[\/W(y!x+id1+k’dz) - \/W(yp’ﬂdﬁ(k“)dz)r)

k

Lemma VI1.19. For an Abelian group G, let M be a mazximal subgroup. Then the

index of M in G is a prime.

Proof. Since M is normal in G, there is a one-to-one correspondence between the

subgroups of the quotient group G/M and the subgroups of G containing M. By

maximality of M, the latter only contains G and M (which is not equal to G). Hence,

the only subgroups of G/M are {0} and G/M (which is not equal to {0}). Hence

the order of G/M must be a prime.
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6.1.6.4 Upper Bound on Z(W)

Assume Zy (W) < 4. This implies

—ZZ\/Wyps (ylz+d) <o

ocEG yey

for all d € H\M. Therefore for each = € G,

Z \/W (y|lz)W (y|z + d) < ¢6 (6.20)

yeW

The Bhattacharyya parameter of the channel W, Z(W), is given by:

Z \/W (yltw + tar + M)W (ylty + th, + M)

tv tM GTM
ty#thy,

1/|M
= /| |Z (Wltu+tar+m) Wiylty+t),+m')

yegf meM m/'eM
tarsth €T
tar#t,

1/|M
= /| |Z > Wyltu+tar+m)Wiylty+t),+m’)
tMtMeTMmm
tM#ﬁ\/I

1/|M| Z Z\/W (yltar +tar+m)Wylt g+t +m’)

6@ m,m’
tar, t]\IeTM
tM?éth

q—l

Let x =ty +ty+mand 2’ =ty +t),+m'. Note that x —a2’ =ty —t),+m—m' € H
since ty, th,,m,m’ € H. Also note that since ty; # t); and m—m' € M,z — 2" ¢ M.

Now we use (6.20) to conclude:

20V) < ——— li > oY w

qq_l t/ ETMmmGM
tM?ét
L1 |H .y M- |H]-|G]
< Mg = ——————§
< Za-npn' ) M = TE
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Remark V1.20. For an arbitrary Abelian group G, let H < G be an arbitrary sub-
group and let M be any maximal subgroup of H. If for all d € H\M, Z;(W) < &
then with a similar argument as above we can show that Z(W) < %(5 where

W is defined by (6.11).

6.1.6.5 Lower Bound on Zy ., p(W)

Assume Zy (W) > 1 — 6. Define
1 /
De(W)=35.2 > W(yle) - Wigla + )
z€G ye¥
First we show that Zy (W) > 1 — 6 implies Dy (W) < /20 — 62. Define the following

quantities:

W(ylz) + W(y|z + d')
Qey = 9

1 !/
e = 5 W yle) = Wyl + &)

Then we have

Zd’(W) = é Z Z \/(‘JZ,?J - 517,?4)(%3,?4 + 5ﬂc,y>

zeG ye¥

Also we have

q zeG ye¥
and
0< 5az,y < Guy
Note that
ZeW)s  max é DD i, —E,

aY
éZzeG Zyé@ dﬂc,y:D v€Gye¥
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The Lagrangian for this optimization problem is given by

ZZ GGy — 2, — <szw >

mGG yew z€G ye¥

we have

0 @ dw - A
and

0? 2

Od? < = _% =0

.y (qm,y - dx,y) 2

Define v = —% to get d,, = %q@y. We have Zye@ ¢y = 1, therefore,

_sz‘”y ZZ qu,y

zEG ye xGG yeX

1+7 qzz%y

zeG ye¥

Therefore we have D =

'~ and hence d,, = Dgq,,. For this choice of d,, we

have

‘ZZ\/ qua:y

xEG yeX ze€Gye¥

_VI-D?

Therefore, we have shown that Zy (W) < /1 — Dg(W)2. This implies that Dy (W) <
V20 — 6%

Next, we show that Dg(W) < § implies Dy sy (W) < ;Lj\f”. By definition,
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Dy ityin(W) is equal to

1

5% (W (ylta+ta+M) — W (ylty+ty+d+M)|

yew
tp €T

:é |_]\14|2;J ZW(y|tH+tM+ m) _ZW<y|tH+tM+ d+m)

yeX|meM meM
tpETM

11
< il > W (ylta+tar+m) =W (ylty +ty+d +m)]
q yeW
tp €T
meM

This shows that Dy (W) < & implies Dgrys,, 420 (W) < %\ff\'

Q|

Next, we show that Dy (W) < ¢ implies Zy (W) > 1 — 5. We need the following

lemma:

Lemma VI.21. For constants 0 < a <b <1, withb—a <9,

a+b 9
b > i
Vab > 3

Proof. Note that

b
a;L —\/@ﬁ max a+$—\/ax

0<z—a<s 2

We have

a >0

2at =

for all z > a. Therefore the maximum is attained at x = a + 0. Therefore,

g atax B
ox 2 =

N | —

2 - 2

The maximum of the right hand side is attained at a = 0, hence,

a+b )
_ <
2 \/a_b_2
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Assume Dy (W) < §. By definition, we have 1 — Zy (W) is equal to

- g SN VW W+ d)

z€G ye¥

-y (W(WHW@'W') - ¢W<y|x>w<y|:c+d’>)

2
q yeX
zeG

IS S Wl - Wiyl + o)

zeG ye¥

= Dg(W)

where (a) follows from Lemma VI.21 with a = W(y|z), b = W(y|lz + d’) and
§ = |[W(y|lx) — W(y|lz + d’)|. This shows that Dgy(W) < § implies Zy (W) > 1 — 6.

We have shown that Zy (W) > 1 — ¢ implies Dy(W) < /20 — 2. This implies

b 2¢v/25—62 C T 2qv/25—52
Dy ityrm(W) < qq’|—M| and this in turn implies Zy ¢, (W) > 1 — q(ﬂT\'

Remark V1.22. For an arbitrary Abelian group G, let H < G be an arbitrary sub-

group and let M be any maximal subgroup of H. If for some d € H\M, Z;(W) > 1-4

: . z 29v/25— 57
then with a similar argument as above, we can show that Zg,, (W) > 1 — %70

where W is defined by (6.11).

6.1.6.6 Alternate Proof for a Lower Bound on Zy ., /(W)

In Appendix 6.1.6.5, we proved that Zy(W) > 1 — ¢ implies Zg s, (W) >

1 _ 2(1\/ 25—52
M|

for a slightly different statement: If Zy(W) > 1 — 6 then Zy s, (W) > 1 — ¢%6

for the general case. In this part, we give a shorter proof for the Z, case

Assume Zy (W) > 1— 6. It follows that for all z € G,

53 [Vl - Vil T )] =

yey

1= VW (yle)W (yle + &) < g6

yeX
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For any d € (d'y we have d = id for some i < ¢q. Therefore, for any z € G,

1= ew \/W(y|x)W(y]x +d) is equal to

2> [V - i a]

yeY

33 |5 (VG - V)|

<SS VWOl ) - VWG G 0D

<> 0<% (6.21)

By definition, Zd/+tH+M(W) is equal to

- Z VWt + tar + M)W (ylts + tag +d + M)

yeX
tM €Ty

——Z Z‘MP (Y|t e tar+m) Wyt g+ ta+d+m’)

ye?y meM
tpr €T \m' eM

Syl
ye@

tMETM
m,m’eM

>— mez\/Wy\tH—{—tM—i—m) (y\tH+tM+d’+m’)

t]V[ETM ye@

) (y\tH+tM+d’+m’)

where (a) follows since /- is a concave function. Let z = tg + tyy +m and 2/ =
ty +ty+d +m'. It follows that 2’ —x = d' 4+ (m' —m). Since d’,m',m € H we have
' —x € H. Since G and hence H are Z,- rings it follows that d' € H\M generates
H; hence 2/ — z € (d'). We can use (6.21) to get

- 1 .
Z sty (W) > — mllgM(l — %) =1—-¢%
tv €T e

6.1.6.7 The Rate of Polarization

Recall that for t = 0,--- ,r, (Z})® = > den, Zd(WJ(VJ”)) where J,, is uniform over

{1,2,---,2"}. Fort = 0,---,r, define (Z¢, )™ = maX¢ g, Zd(W](VJ")) where J,, is

max
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same as above. Since for all d € G, Zy;(W™) = Z4(W)? it follows that Z (W) <

max

Zt (W)2. Tt has been shown in [66, p. 6] that

max

Za(W™) <2ZJ(W)+ Y Za(W)Zara(W)

A40
At—d

Note that for any A € G, d ¢ H; implies that either A ¢ H; or d+ A ¢ H,. Therefore,
d ¢ H; implies either Z,(W) < Z!

max

(W) or Zapa(W) < Z,

max

(W) (or both). Since
ZA(W) and Zz A(W) both take values from [0, 1], it follows that

ZAW) Zgya(W) < Z¢

max

(W)

Therefore, for any d ¢ Hy, Zy(W~) < 2Z,(W) + qZ!,..(W). Hence
t — o —
Zmax(W ) - géa}{}f Zd(W )
< t
< max (224(W) + ¢Znax(W))

< (q+2)Z (W)

max

Since for all d € G, Z} converges to a Bernoulli random variable it follows that
(Zt. )™ also converges to a {0,1}-valued random variable (Z%, )(>). Note that
P((ZLy ) =0) = P((Z2")>*=0) = >.._,ps. Therefore, (Z},,)™ satisfies the

max max

conditions of [13, Theorem 1] and hence

lim P (24,0 < 27%") = P ((Z4) ™ = 0)

max max
n—oo

max max

for any 8 < 1. It clearly follows that lim,,_, P <q(Zt ) < 2_2[3"> = P ((ZL,) > =0).
Note that the event {(Z%)™ < 272"} includes the event {q(Z!,.)™ < 272"}, There-

fore,

lim P ((24) <272") > P ((2) = 0)

n—oo

Similarly, for an arbitrary Abelian group G and a subgroup H of G, define
(Zan

max

) = max ¢y Zd(W](VJ")) where J,, is defined as above. It is straightforward
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to show that (Z )™ satisfies the conditions of [13, Theorem 1]. Therefore, with an

argument similar to above, we can show that,

lim P ((27)" <272 ) > P ((2%)* = 0)

n—oo

for any § < %

6.2 Polar Codes for Arbitrary DMSs

In Section 6.1, we have shown that polar codes can achieve the symmetric capacity
of arbitrary discrete memoryless channels regardless of the size of the channel input
alphabet. It is shown in [39] that polar codes employed with a successive cancelation
encoder can achieve the symmetric rate-distortion function for the lossy source coding
problem when the size of the reconstruction alphabet is two. This result is extended
to the case where the size of the reconstruction alphabet is a prime in [38]. In this
section, we show that polar codes achieve the symmetric rate-distortion bound for
the lossy source coding problem when the size of the reconstruction alphabet is finite.
We show that similarly to the channel coding problem, polar transformations applied
to (test) channels can converge to several asymptotic cases each corresponding to a
subgroup H of the reconstruction alphabet G. We employ a modified randomized

rounding encoding rule to achieve the symmetric rate-distortion bound.

6.2.1 Preliminaries
6.2.1.1 The Rate-Distortion Function

It is known that the optimal rate-distortion function is given by:

R(D) = min I(X;U)
U|X
EpoU‘X {d(X’U)}SD
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where pyx is the conditional probability of U given X and pxpy|x is the joint dis-
tribution of X and U.

The symmetric rate-distortion function R(D) is defined as follows:

R(D) = ;}nin I(X;U)
U|X
EPXPU‘X{d(X»U)}SD
pu=1

where py is the marginal distribution of U given by py(u) = > 4 px(2)pux (u|x)

and ¢ is the size of the reconstruction alphabet % .

6.2.1.2 Channel Parameters

For a test channel (%, 2 ,W) assume % is equipped with the structure of a
group (G,+). The quantities I°(W) = I(U; X), Z(W,a) and Z(W) are defined
similarly to Section 6.1.1.1. In addition, we use the following two quantities in the
paper extensively:

D(W) = 2—1q SO (Walu) — Wialu+ d)

UEU X

DulW) = 5 3= 3= (Wlalu) = W(alu-+ )

uEU reX

where d is some element of G and + is the group operation.

6.2.2 Polar Codes for Sources with reconstruction alphabet Z,-

In this section, we consider sources whose reconstruction alphabet size ¢ is of the
form ¢ = p" for some prime number p and a positive integer r. In this case, the
reconstruction alphabet can be considered as a ring with addition and multiplication
modulo p". We prove the achievability of the symmetric rate-distortion bound for
these sources using polar codes and later in Section 6.2.3 we will generalize this result

to sources with arbitrary finite reconstruction alphabets.
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6.2.2.1 Recursive Channel Transformation
The Basic Channel Transforms

For a test channel (% = G, 2, W) where |G| = ¢, the channel transformations

are given by:

1
W (a1, mafun) = Y =W (w1 |ua + uh)W (wa|uh) (6.22)
ubeG
1
W+<£If1, $2,U1|U2) = 5W(:c1]u1 + UQ)W(QZ'Q’UQ) (623)

for 1,20 € 2 and uy,us € G. Repeating these operations n times recursively, we

obtain N = 2" channels I/VZ(\,1 ), e ,W](VN). For ¢ =1,---, N, these channels are given
by:
i i— 1
W i) = Y0 W e G (6.24)
ufYHEGN_’

where G is the generator matrix for polar codes.
Let V{¥ be a random vector uniformly distributed over GV and assume the random
vectors ViV, UYN and XV are distributed over G x GY x 2V according to
1 N
pyruNxn (V1 Uy, 2t) = q_N]l{ul ey L] W (ilus)
i=1
The conditional probability distribution induced from the above equation is consistent

with (6.24). We use this probability distribution extensively throughout the paper.

6.2.2.2 Encoding and Decoding

Let n be a positive integer and let Gy be the generator matrix for polar codes
where N = 2". Let {A4;|0 <t < r} be a partition of the index set {1,2,---,N}.
Let b)Y be an arbitrary element from the set @;_, H{*. Assume that the partition
{A4]0 <t < r} and the vector b)Y are known to both the encoder and the decoder.

The encoder maps a source sequence ¥ to a vector v) € G by the following rule:
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Fori=1,--- N, if i € A, let v; be a random element g from the set b; + T; picked

with probability
Pv;-|vf—1,xff (gloi ™ 2l)

P V; = == g
=) Pyt (b + T o)

This encoding rule is a generalization of the randomized rounding encoding rule used
for the binary case in [39].

Given a sequence v) € G| the decoder decodes it to vI¥ G y.
For the sake of analysis we assume that the vector b is uniformly randomly dis-
tributed over the set @;_, H{* (Although it’s common information between the en-
coder and the decoder). The average distortion is given by ~E{d(X{',U{¥)} and the

rate of the code is given by

1 T T ‘Atl
R = N; |A¢|log [T;| = ; —y tlogp

6.2.2.3 Test Channel Polarization

The following result has been proved in [59]: For all € > 0, there exists a number
N = N(e) = 2™9 and a partition {A§, A, -+, A} of {1,---, N} such that for ¢t =
0,---,rand i€ Af, Zd(W](Vi)) < O(e)ifd € Hy for 0 < s <t and Zd(W](\,i)) >1—-0(e)
ifde Hyfort <s<r. Fort=0,---,randi € Af, we have [(WJ(\;)) = tlog(p) +O(e)
and Z' (W) = O(e) where

ZH(W) = gﬂ S Zu(w)

A¢ .
Moreover, as € — 0, l—J\;| — p¢ for some probabilities pg, - - - , p;.

In the next section, we show that for any g < % and fort =0,---,r,

lim P ((Zt)(”) >1- 2—2‘3") > P (2 =1) (6.25)

n—o0
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Remark VI1.23. This observation implies the following stronger result: For all € >
0, there exists a number N = N(¢) = 2™9 and a partition {Ag, A5, -, A} of
{1,---,N} such that for t = 0,--- ,r and i € A{, I(WJ(Vi)) = tlog(p) + O(e) and

Zt(W](\f)) > 122" Moreover, as ¢ — 0, % — p, for some probabilities pg, - - - , ..

6.2.2.4 Rate of Polarization

In this section we derive a rate of polarization result for the source coding problem.
In this proof, we do not assume ¢ is a power of a prime and hence the rate of
polarization result derived in this section is valid for the general case.
It is shown in [13] (with a slight generalization) that if a random process Z,, satisfies

the following two properties

1
Zni1 < kZ, w.p. 5 (6.26)

1
Zns1 < Z% w.p. 3 (6.27)

for some constant k, then for any § < i, lim, . P(Z, < 272"y = P(Z, = 0).
We prove that the random process Dg satisfied these properties. First note that by

definition

~ 1 1
Dd(W+) = 2—q g E | [5W(£L’1’U1 + Uz)W($2|u2)
ueG $1,$2€G¢@/
(S

1 2
—5W(x1|u1 + ug + d)W (x2|ug + d)

If we add and subtract the term %W($1|u1 + ug)W(x2|ug + d) to the term inside

brackets and use the inequality (a + b)* < 2(a® + b?) with

a = W(xy|uy +ug) W(a|ug) — Wz [ug + ug) W(xe|us+d)
b= W(xﬂul + UQ)W(Q?Q’UQ + d)

— W(:z:ﬂul + uo + d)W(xQ‘UQ + d)
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we obtain
~ n 1 2
DaWh<o->, > 5
q u€G $1,$2€%',U1GG q
(W(z1]uy 1) W(@a |un) — W (1 |[uy +u2 ) W(2s|us +d))?
+ (W($1|U1 + UQ)W([E2|U2 + d)

—W(zy|uy + ug + )W (z2|us + d))Q} (6.28)

This summation can be expanded into two separate summations. For the first sum-
mation, we have

DDV

UQEG x1, o€ u1EG q

(W(x1|u1 +u2)W(9c2|u2) —W(xllul +U2)W($2‘U2+d))2

S—zz—z >

uzeG r1,02€ 2 ,u1€G

W(331|U1 + UQ)2 (W($2|U2) — W(IQlUg + d))2

2q 1 2
< 2 2q Z Z [L'Q’Ug (I'Q‘UQ"‘CZ))

ueG T2 €& s

— zf)d(W) (6.29)

Similarly, for the second summation we can show that

2
Z Z —2 $1|U1 + UQ)W(Z'2|U2 + d)

uzeG T1,r2€ 5?”
u1€G

—W(xl|u1 + U9 + d)W(l’2|U2 + d))2

< gf)d(W) (6.30)

Therefore, it follows from (6.28), (6.29) and (6.30) that condition (6.26) is satisfied
for k =2
q
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~ - 2
Next we show that Dy(W~) < (Dd(W)> . Note that

Dy(W™) =

Z Z [(é Z W (21 |vy +112)W(x2|v2)>

1}1€G r1,22€Z veG

_ (% Z W(x1|vr +d+ Uz)W($2|U2)>]

112G

=5 Z Z [ZW@M@ W (z1|v1 + va)

1)16G x1, IQGQ/ v €G

—W(zi|v1 +d+ 1}2))]2

The squared term in the brackets can be expanded as

1
_2 Z W (wo]va)W (w2]vh) (W (z1|vy + va)—

) UQGG

W x|y +d + vo)) (W x|y + vh) — W(xy|vy + d + vh))

Therefore, Dy(W ™) can be written as a summation of four terms Dy(W~) = Dy +
D5 + Dy + Dy where

Dy = Z Z Z W (22|v2)

v1€G 1, a:gef v2,vhE€G

W(a:ﬂvé)W(xﬂvl + o)W (x1|v1 + vg)

Dy = Z Z Z W (x2|v2)

v1€G 1, 3526% v2,vh€G

W(xglvg)W(xl\vl + vy + d)W (z1]v1 + vh + d)

Dy = Z Z Z W (x2|v2)

’U1€G 1, mzeﬁy v2,wh€G

W(x2|v§)W(x1\v1 + vg)W (x1|v1 + vy + d)

D, = Z Z Z W (z2|vg)

v1€G 1, :BQGJ v, 4G

N

W (xa|vg)W (21 |v1 + vo + d)W (21|01 + 0))
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For d € G define

Sa( QqZZWx\ W(z|v+d)

veG el

Note that Sy(W) = S_q(W). We have

= — Z Z W (xo|v9) W (22|v5)

72€Z va,05€G

Z Z W (z1|vy + vo) W (x1|vy + v))

U1€G 1€EX

= 2 Z Z W{L‘2|U2 «T2|Ué)Sv27vé(W)

22€ 2 va,0heG

7 Z Z Z W(w2|va) W(w2|va — a)Sa (W)

r2€Z v12€G  aceG

U2 va—a
:_ZS 2 Z Z W (xa|va)W (z2]ve — a)
aeG qngGxQGI
_ _ZS
aEG
_ _ZS
aGG

With similar arguments we can show that

Dy — 3; Sy (W2
Dy = 32(:; Su(W)S0a(W)
Di =23 S,(W)Suma(IV)
P
Therefore
DuW) = 3 (501" = 5,(0¥)5,-4(W)
- EGEG (SulIV) = SuraW))
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Note that

Da(W) = 2—1(1 S5 (Wale) - W(alo + d))’
vEG xeX
= 25,(W) — 2S54(W)

Therefore

(Da(W)) = 4(So(1W) — 5(W))?

8 N 2
To show that Dy(W~) < (Dd(W)> it suffices to show that S,(W) — S,_a(W) <
So(W) — Sy(W). We will make use of the rearrangement inequality:
Lemma VI.24. Let w be an arbitrary permutation of the set {1,--- n. Ifa; < --- <

a, and by < --- <, then

i a;b; > i a;br (i)
i—1 i—1

The rearrangement inequality implies that So(W) — Sy(W) > S,(W) — Se_a(WV).
Therefore it follows that condition (6.27) is also satisfied and hence lim,,_,., P(D? <
272"y = P(D¥ = 0). It has been shown in Appendix D of [59] that Dg(1W) < e

implies Z4(W) > 1 — €. This completes the rate of polarization result.
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6.2.2.5 Polar Codes Achieve the Rate-Distortion Bound

The average distortion for the encoding and decoding rules described in Section

6.2.2.2 is given by

Davg: Z p%(xi\f) Z Z

el €N bl i H't vl bl +@]_o T,
)

ﬁ H Pw|vli—1,X{V(9|U1 » L1
t=0 i€ Ay vaf*l,xf\’(bi + Tt|“§717 1311\7)
o1
(H |Ht|At> (21, 01 Gv)
t=0
-y ae) Y%

A

e N bNe@_, H't vNebN +@r_, T/

. va{’*l,x{v (gl 2t)

t=0 i€ Ay PWIVlH,X{V(bi + TtM_la ') - | Hyl
d(xl » U1 GN)

This can be written as
Davg = EQ{d(XiN7 ‘GNGN)}

where the distribution () is defined by

P\/i|vli*1,xf\’<vi|vi_17 y)

Py yviet xov (b + Tyloyt ) - | Hy

Q(vih}zl‘_la :L,iV) =

and
Q(z)) = px (z7)
and hence

N
Q(vy, ay :H (DAY
L .

PV|vf*1 XN (Ui‘vi_l Ty

cA, V|V’ 1XN(b +Tt|U , o)) - [Hyl

’:1
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Recall that
N
P(v,27') = HPVZ-\VIFHX{V(W’U}A’%{V)
i=1
The total variation distance between the distributions P and @) is given by

IP=Qlty.= Y. QY 2Y) = Py, )]

N eGN zNea N

= > i) Y Q) — P(ol|2))]

ey N oV eGN

We have

S QN a)) — P al)

N€GN
= > (T et
oV eGN t=0 i€ A b +Tt‘v ’ {V> ' |Ht|

- <H H P(“i|vi_1a$iv)>|
>y

t=0 (€A

(@) Z

NEGN

P ; i—1 N )
(Gt 2 P o))
P(bi + Ti|vy ", 2y") - [Hy

r
H H P(v;Jvi™t o)
t=0 j=1

JEAL
H H ’U,|UZ ! {E{V)
t=0 j=i+1 b +T;5|U {V> ’ |Ht|
]GAt i

where in (a) we used the telescopic inequality introduced in [39]. It is straightforward

to show that

1
|P—Qllt+. <ZZ {) P(b; +Tt]v’1'_1,l’{v) - | Hy N 1‘}

t=0i€ A
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It has been shown in Appendix D of [59] that if Z;(W) > 1—e¢ then Dy(W) < 2e— €.
Therefore if Zd(W](Vi)) > 1—¢for all d € H we have

YRS DINEDS

vi€G yiteGi-1aNey N
WP e o) = W i 2l s+ d)

< 2 — €2
Therefore for all v; € G

> W e el ) - W 2+ d)
vifleGFl
Nea N

< 2q(2¢ — €%)
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We have

1 )
E{|— — P(T|Vi L XN
{7 - P x)

= > Pitha)

vifleGi—l,x{VGgQ”N

1
= 2w’ 2 Plonihe

i—1 i—1
vy €G*
xf’eﬁf‘fN

- ¥

1
T [@Wm L Ng)

TleGitlaNeg N 19€Ty
|
deH

<Y &It
leEGi—l,x{VE%N 9g€Ty
1 i
der Tt
S S S
gET dEH “leGgi-laNea N
(W (v 2t lg) = W(vy 2y |g + d)
< 2q(2¢ — €%)
| Hy|
Therefore for if for all d € Hy, Z; > 1 — € then for § = f%f) we have

1 .
P{‘m_P(bi+E|‘/1 laXfV)

b<a

A similar argument as in [39] implies that

1
Davg - NEQ{d(vau ‘/YINGN)}
1 N N 1 «
< SEAAAXY VYGN)} + 2; | Al dinax§
where dp.x 18 the maximum value of the distortion function. Note that

Ep{d(X{",V;"Gn)} = ND
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Therefore,
Dawg < D + ! i'A |dmaxd
avg = N t|Ymax
t=0

Note that from the rate of polarization derived in Section 6.2.2.4 we can choose €
to be € = 272", This implies that as n — oo, D + % Do [At|dmaxd — D. Also
note that the rate of the code R = 3 ;_, |A—]\;|tlogp converges to » ,_, pitlogp and
this last quantity is equal to the symmetric capacity of the test channel since the
mutual information is a martingale. This means the rate I(X;U) is achievable with

distortion D.

6.2.3 Arbitrary Reconstruction Alphabets

For an arbitrary Abelian group G, The following polarization result has been
provided in [59]: For all € > 0, there exists a number N = N (¢) = 2" and a partition
{AY|H < G} of {1,---, N} such that for H < G and i € A5, Zy(W{) < O(e) if
de Hand Z;W{) >1—-0() ifd ¢ H For H < G and i € A5, we have
I(WY) = log [ + O(e) and Zf (W) = O(e) where

70 (W) = ﬁ S Z(W)
deH

Moreover, as € — 0, lA—Jéfl — py for some probabilities py, H < G.

As mentioned earlier the rate of polarization result derived in Section 6.2.2.4 is valid

for the general case. Therefore it follows that for any g < % and for H < G,

Tim P ((ZH)(”) >1- 2*2""> > P ((2H) ) =1) (6.31)
=1- Z PH
S<H

Remark VI1.25. This observation implies the following stronger result: For all ¢ > 0,

there exists a number N = N(e) = 2™ and a partition {A%|H < G} of {1,---,N}

214



such that for H < G and i € A5, (W) = log %—FO(&) and ZH(W{) > 1-2-2"

Moreover, as € — 0, |A—A§f| — py for some probabilities py, H < G.

The encoding and decoding rules for the general case is as follows: Let n be a
positive integer and let G be the generator matrix for polar codes where N = 2".
Let {Ay|H < G} be a partition of the index set {1,2,---, N}. Let bY¥ be an arbitrary
element from the set @, g H*¥. Assume that the partition {Ay|H < G} and the
vector bY are known to both the encoder and the decoder. The encoder maps a source
sequence ) to a vector vl¥ € G by the following rule:

For a subgroup H of G, let Ty be a transversal of H in G. For ¢ =1,--- N, if
1 € Ay, let v; be a random element g from the set b; + Ty picked with probability

Pv;-|vf—1,xff (gloi ™ 2l)
)

) i—1
P‘/;'|V1l71,X{V<bi+TH’/U1 ,1‘1

P(vi=g) =

Given a sequence vi' € GV, the decoder decodes it to v G y.
It follows from the analysis of the Z, case in a straightforward fashion that this
encoding/decoding scheme achieves the symmetric rate-distortion bound when the

group G is an arbitrary Abelian group.

6.3 Nested Polar Codes for Point-to-Point Communications

In this section, we show that nested polar codes achieve the Shannon rate-distortion
function for arbitrary (binary or non-binary) discrete memoryless sources and the
Shannon capacity of arbitrary discrete memoryless channels.

Polar codes for lossy source coding were investigated in [40] where it is shown
that polar codes achieve the symmetric rate-distortion function for sources with bi-
nary reconstruction alphabets. For the lossless source coding problem, the source

polarization phenomenon is introduced in [11] to compress a source down to its en-

tropy.
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It is well known that linear codes can at most achieve the symmetric capacity of
discrete memoryless channels and the symmetric rate-distortion function for discrete
memoryless sources. This indicates that polar codes are optimal linear codes in terms
of the achievable rate. It is also known that nested linear codes achieve the Shannon
capacity of arbitrary discrete memoryless channels and the Shannon rate-distortion
function for arbitrary discrete memoryless sources. In this paper, we investigate the
performance of nested polar codes for the point-to-point channel and source coding
problems and show that these codes achieve the Shannon capacity of arbitrary (binary
or non-binary) DMCs and the Shannon rate-distortion function for arbitrary DMSs.

The results of this chapter are general regarding the size of the channel and source
alphabets. To generalize the results to non-binary cases, we use the approach of [62]
in which it is shown that polar codes with their original (u,u + v) kernel, achieve the
symmetric capacity of arbitrary discrete memoryless channels where + is the addition

operation over any finite Abelian group.

6.3.1 The Lossy Source Coding Problem

In this section, we prove the following theorem:

Theorem VI1.26. For an arbitrary discrete memoryless source (", % ,px,d), nested

polar codes achieve the Shannon rate-distortion function.

For the source (27, % ,px,d), let % = G where G is an arbitrary Abelian group
and let ¢ = |G| be the size of the group. For a pair (R, D) € R?, let X be distributed
according to py and let U be a random variable such that E{d(X,U)} < D. We
prove that there exists a pair of polar codes C; C C, such that C; induces a parti-
tion of C, through its shifts, C, is a good source code for X and each shift of C; is

a good channel code for the test channel py ;. This will be made clear in the following.
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Given the test channel pxy, define the artificial channels (G, G, W,) and (G, 2" x
G, W) such that for s,z € G and z € 2", W,(z|s) = pu(z — s) and Wy(z, z|s) =
pxu(z,z — s). These channels have been depicted in Figures 6.8 and 6.9.

Let S be a random variable uniformly distributed over G which is independent
from X and U. It is straightforward to show that in this case, Z is also uniformly
distributed over G. The symmetric capacity of the channel W, is equal to I(W,) =
log ¢g—H (U. For the channel W, it is shown in [63] that the symmetric capacity of the
channel W, is equal to I(W,) = logq — H(U|X). We employ a nested polar code in
which the inner code C; is a good channel code for the channel W, and the outer code
C, is a good source code for W;. The rate of this code is equal to R = I[(W,) —I(W,.).

Therefore,
R=logq—H(U|X) - (logq—H(U)) = I(X;U)

Note that the channels W, and W are chosen so that the difference of their symmetric
capacities is equal to the Shannon mutual information between U and X. This enables
us to use channel coding polar codes to achieve the symmetric capacity of W, (as the
inner code) and source coding polar codes to achieve the symmetric capacity of the
test channel W (as the outer code). The exact proof is postponed to Section 6.3.1.2
where the result is proved for the binary case and Section 6.3.1.3 in which the general
proof (for arbitrary Abelian groups) is presented.

The next section is devoted to some general definitions and useful lemmas which

are used in the proofs.

217



6.3.1.1 Definitions and Lemmas

For a channel (27, %, W), the basic channel transformations associated with polar

codes are given by:

1
Wy, yalun) = Y =W (ynlug + up)W (ya|uh) (6.32)
ubeG q
1
W+(y17 Yo, Ut |ug) = 5W<?Jl’u1 + u2) W (y2|us) (6.33)

for y1,o € % and uj,us € G. We apply these transformations to both channels
(G,G,W,) and (G, Z x G,W;). Repeating these operations n times recursively

for W, and W, we obtain N = 2" channels Wc(lj\),, e 7Wc(,]]VV) and Ws(ljz,, e ,Ws(fzvv)

respectively. For ¢ =1,--- , N, these channels are given by:
: - 1
WG o) = Y0 W ERY6)
vf\ilEGN_i
: , 1
WY o) = Y a2 6)
vl €GN

for 2V o € GV, 2V € 2N where G is the generator matrix of dimensions N x N
for polar codes. For the case of binary input channels, it has been shown in [10] that
as N — oo, these channels polarize in the sense that their Bhattacharyya parameter
gets either close to zero (perfect channels) or close to one (useless channels). For
arbitrary channels, it is shown in [62] that polarization happens in multiple levels so

that as N — oo channels get useless, perfect or “partially perfect”.

Definition VI.27. The channel (G, %], W) is degraded with respect to the channel
(G, %, W) if there exists a channel (%, %7, W) such that for z € G and y; € %1,

Wiy le) = > Walyale)W (y1y2)

Y2 €Y

Lemma VI1.28. If the channel (G, %, W) is degraded with respect to the channel
(G, %, W5) in the sense of Definition VI.27, then for any d € G, Za(W1) > Zg(Ws).
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Proof. Provided in a more complete version of this work [63]. [

A special case of this lemma is when G = Z, and d = 1. In this case, the lemma

implies, Z(W;) > Z(Ws,) if W is degraded with respect to Ws.

Lemma VI1.29. The channel W, is degraded with respect to the channel W in the

sense of Definition VI.27.

Proof. In Definition VI.27, let the channel (2" x G, G, W) be such that for z, 2’ € G
and x € 27, W(z|x, ') = L=y O

Let the random vectors X{¥, U} be distributed according to P%y; and let ZY be
a random variable uniformly distributed over GV which is independent of XV, UN.
Let SYY = Z) — U} and VN = SVG™! (Here, G™! is the inverse of the one-two-one
mapping G : GY — G¥). In other words, the joint distribution of these random

vectors is given by

N N _N _N
pleSNUNXNZN(Ul LS, Uy, Ty, 2)

1
= q_Npﬁv(U<x{V’u]1V)]l{s =N Gur=N -] G}

6.3.1.2 Source Coding: Proof for the Binary Case

The standard result of channel polarization for the binary input channel W, im-
plies [10] that for any € > 0 and 0 < 3 < %, there exist a large N = 2" and a partition
Ap, Ay of [1, N] such that for t = 0,1 and i € Ay,

f(WC(ZJ)V) - t‘ < € and such that for
ieA Z(WC(?V) < 27N Moreover, as € — 0 (and N — 00), |At| — p; for some po, py

adding up to one with p; = I(W,).

Similarly, for the channel W, we have the following: For any € > 0 and 0 < 8 < %
there exist a large N = 2" and a partition By, By of [1, N] such that for 7 =0, 1 and

i € B,

f(Wg,) — T‘ < € and such that for i € By, Z(WS(?V) < 27N Moreover, as

IBI

e =0 (and N — o0), — ¢, for some o, q; adding up to one with q; = I(W,).
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Lemma VI.30. Fori=1,--- N, ZW3) > 2(WR).
Proof. Provided in a more complete version [63]. O

To introduce the encoding and decoding rules, we need to make the following

definitions:

Ay = {z e [1,N] ‘Z(Wc{?v) > 2*Nﬁ}

By = {i €1, N] ‘Z(Ws(f])\,) >1-277 4

and A; = [1,N]\Ap and By = [1,N]\By. For t = 0,1 and 7 = 0,1, define A;, =
Ay N B,. Note that for large N, 27N <1 — 27N and therefore, Lemma VI.30 im-
plies A;o = 0. Note that the above polarization results imply that as N increases,

Al [(W,) and 2 — T(w7,).

N

Encoding and Decoding

Let z¥ € G be an outcome of the random variable ZY known to both the
encoder and the decoder. Given a source sequence z € 2V, the encoding rule is
as follows: For i € [1, N], if i € By, then v; is uniformly distributed over G and is
known to both the encoder and the decoder (and is independent from other random

variables). If i € By, v; = g for some g € G with probability

Py, =g) = pr{vZ{va—l(g’iEiv, 2,0

Note that [1, N] can be partitioned into Agg, Aoy and A, (since Ajg is empty)
and By = Ao, B1 = Aoa U Ay, Therefore, v_1" can be decompose as U{V =
VAgo T VAg, + Va,, in which vy, is known to the decoder. The encoder sends v, ,

to the decoder and the decoder uses the channel code to recover vy, ,. The decoding

rule is as follows: Given 20, v4,, and vy, ,, let D4y, = va,, and 0a,, = va,,. For
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1€ A171, let

0; = argmax I/VCN(Z1 O 1\9)
geG

Finally, the decoder outputs z{¥ — 9V G.

Error Analysis

The analysis is a combination of the-point-to point channel coding and source
coding results for polar codes. The average distortion between the encoder input and
the decoder output is upper bounded by

1 N N, i—1
D SFOVIED o L0 (T
NEGN aNea N vNeGN i€By

(dmam Liozoy + d(xl 721 G))

where we have replaced pw|X{vZ{va-1(vi|m{V, 2N 0t with p(vgad, 2, vt for sim-

plicity of notation and d,4, is the maximum value of the d(-, -) function. Let q(zd, 2) =

p(x),z) and

Ifi € By

N =

q(vilyz vy ) =

) 1NN, i—1 .

It is shown in [63] that we have Dg,, < Dy + Dy + D3 where

Dl - E p(U{V7 xi\/j Z{V)dmax : ]l{z};év} (634)
1;1 21 NegN
NE%N

U1 ,21 NegN
NGJLVN

D3 = Z |q(U{V7xJIV72{V) p(v{V7$]1V7Z{V)|
oV 2NeGN

m{VEL%”N

(e Loy + e, 5 = 0'G)) (6.36)
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The proof proceeds as follows: It is straightforward to show that Dy — D as N
increases. It can also be shown that Dy — 0 as /N increases since the inner code is
a good channel code. Finally, it can be shown that D3 — 0 as N increases since the
total variation distance between the P and the ) measures is small (in turn since the

outer code is a good source code). For the complete proof, please see [63].

6.3.1.3 Source Coding: Proof for the General Case

The result of channel polarization for arbitrary discrete memoryless channels
applied to W, implies [62] that for any ¢ > 0 and 0 < § < %, there exist a
large N = 2™ and a partition {Ag|H < G} of [1, N] such that for H < G and

i € Ap, I_(WC(ZJ)V) —log% < € and ZH(WC(?V) < 27N, Moreover, as ¢ — 0 (and

N — ), % — ppg for some probabilities py, H < G adding up to one with

> m<gPrlog % = I(W,).

Similarly, for the channel W, we have the following: For any e > 0 and 0 < 8 < %,
there exist a large N = 2" and a partition {By|H < G} of [1, N] such that for

H < G and i € By, ]_(WS(Z])V) - log% < € and ZH(WS(ZJ)V) < 27N, Moreover, as
[Bal|
N

with ZHgG qu logi—g; = I(W).

e =0 (and N — o0), — gy for some probabilities ¢y, H < G adding up to one

Lemma VL.31. Fori=1,--- N and ford € G and H < G, Zg(W.) > Zy(W )
and Z7(WR) > 27(WR).

Proof. Provided in a more complete version [63]. O

We define some quantities before we introduce the encoding and decoding rules.
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For H < G, define

Ap={iel, N]’ZH(WC{"}V) <oV

3K < Hsuch that 25 (W) < 2—Nﬁ}

By — {@ e, N])ZH(WS}V) <1-27V,

3K < H such that Z5(W),) < 1 2*N*’3}

For H < G and K < G, define Ayx = Ay N Bg. Note that for large N,
27N <1 — 27N and therefore, if for some i € [1,N], i € Ay, Lemma VI.31 implies
ZH(WS(Z])V) <1—2"N and hence i € Ux<uBk. Therefore, for K £ H, Agx = 0.

Therefore {Ay x|K < H < G} is a partition of [1, N]. Note that the channel polar-

|Am|

ization results imply that as N increases, - — pg and ‘B—;' — qy.

Encoding and Decoding

Let ¥ € GY be an outcome of the random variable Z known to both the
encoder and the decoder. Given K < H < G, let Ty be a transversal of H in G
and let Tx<py be a transversal of K in H. Any element g of G can be represented
by g = [9lx + [9lTi<y + 9]y for unique [g]x € K, 9|1, € Tr<n and [g]r, € Th.
Also note that Tx<py + Ty is a transversal Tx of K in G so that g can be uniquely
represented by ¢ = [g]x + [g]r, for some [g]r, € Tx and [g|r, can be uniquely
represented by [g]r, = [glryc- + [9]Ty-

Given a source sequence ri¥ € 2™V, the encoding rule is as follows: For i € [1, N],
if i € Ay g for some K < H < G, [v;]x is uniformly distributed over K and is
known to both the encoder and the decoder (and is independent from other random
variables). The component [v;]r, is chosen randomly so that for g € [v;]x + Tk,

N picl)

Py xNzN i—1(g|:EN 23, U
P(v;=g9) = Vil X1 2T Vy 127191

Py, xNzNvi—t ([vilre + Tlad', 2 017")
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Note that vy can be decomposed as vy = [v)|x + [v'] 1., + [0 ], (With a slight

abuse of notation since K and H depend on the index i) in which [v1']x is known to

the decoder. The encoder sends [v] to the decoder and the decoder uses the

Tk<n
channel code to recover [v1']7,,. The decoding rule is as follows: Given 21", [v)]x and
(01 7> and for i € Ap g, let

o (4) (LN si—1
v; = argmax Won (21,01 g)
g€vilk+Hvilrge oy +TH

Finally, the decoder outputs z¥ — #{'G. Note that the rate of this code is equal to

R = E — log —
N Og|[§|
K<H<G

A G A G
S | H,K|10 IG| 3 | H,KI10 |G|

N R N ]|
K<H<G K<H<G

%j(Ws)_Ii(WC) :I(X;U)

Error Analysis

The average distortion between the encoder input and the decoder output is upper

bounded by

1 1
Z_NZprl Zm

eGN NeaN vNeGN
H g|x17217U’i 1)
K<G B Uz + TK|$1 72{\[7 ) ’K’
(dmaaz ]]-{viv} + d(xl 721 G))

) N _N _i—1\ : : N _N .i—1 . ..
where pWX{vZ{VVf_1(-|x1 , 2,7 ) is replaced with p(-|z7', 21", v] ") for simplicity of

notation. The rest of the proof is essentially similar to the binary case. For the

complete proof, please see [63].

6.3.2 The Channel Coding Problem

In this section, we prove the following theorem:
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Theorem VI1.32. For an arbitrary discrete memoryless channel (2, %, W), nested

polar codes achieve the Shannon capacity.

For the channel let 2" = G for some Abelian group G and let |G| = ¢. Similarly
to the source coding problem, we show that there exists nested polar code C; C %,
such that C, is a good channel code and each shift of C; is a good source code. This

will be made clear later in the following.

Let X be a random variable with the capacity achieving distribution and let
U be uniformly distributed over G. Define the artificial channels (G, G, W) and
(G, % x G,W,) such that for u,z € G and y € ¥, W(z|u) = px(z — u) and
We.(y, z|lu) = pxy(z — u,y). These channels have been depicted in Figures 6.10 and
6.11.

Note that for u,z, 2 € Gandy € ¥, puxyz(u, z,y, 2) = pu(w)px ()W (y|2) L {—uta)-
Similarly to the source coding case, one can show that the symmetric capacities of
the channels are equal to I[(W,) = logq — H(X) and I(W,) = logq — H(X|Y). We
employ a nested polar code in which the inner code is a good source code for the test
channel W, and the outer code is a good channel code for W,.. The rate of this code is
equal to R = I(W,) — I(W,) = I(X;Y). We only present our encoding and decoding
rules here. The proofs can be found in [63]. To introduce our encoding and decoding

rules, we need to make some definitions.

Let n be a positive integer and let N = 2". Similar to the source coding case, for
t = 1--- N, define the synthesized channels WC(ZJ)V and WS(Z])V Let the random vector
U} be distributed according to pfy (uniform) and let V¥ = UNG~! where G is the
polar coding matrix of dimension NV x N. Note that since GG is a one-to-one mapping,

VY is also uniformly distributed. Let YV and Z) be the outputs of the channel W,
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when the input is U}N. For H < G, define

Ay — {z € [1,N]‘ZH(WSJ)V) <1-27V,
BK < Hsuch that ZK(WS(ZJ)V) <1- 2_NB}
By — {z e, N]‘ZH(WC{?V) <2V

i _NB
3K < H such that ZX(W7),) < 27V }

For H < G and K < G, define Ay x = Ay N Bgk. Note that for K < H < G,
ZH(W) < ZK(W). Also note that Z# (W) < Z#(W}) Therefore, if K ¢ H then

Apx C {@ c [1,N]’2‘Nﬂ < ZHW9) <

ZH W) <1-27}

Since ZH(WC(ZJ)V) and ZH(WS(ZJ)V) both polarize to 0,1, as N increases AHT’K — 0 if

K £ H. Note that the channel polarization results imply that as N increases,

|Am| B
Bal  py and Bal — gy

The encoding and decoding rules are as follows: Let 21¥ € G be an outcome of the
random variable Z{V known to both the encoder and the decoder. Given K < H < G,
let Ty be a transversal of H in G and let Tx<py be a transversal of K in H. Any
element g of G can be represented by g = [g]k + 9|1 + [g]7,, for unique [g]x € K,
[9)7xc<r € Tk<n and [g]7, € Ty. Also note that Tx<y + Ty is a transversal Tk of K
in G so that g can be uniquely represented by ¢ = [g]x + [g]r, for some [¢]r, € Tk
and [g]r,, can be uniquely represented by [g]r, = [g]ri_y + [9]7y-

Given a source sequence ri¥ € 2™V the encoding rule is as follows: For i € [1, N],
if i € Ay for some K < H < G, [v;]x is uniformly distributed over K and is
known to both the encoder and the decoder (and is independent from other random

variables). The component [v;] is the message and is uniformly distributed but

Trk<n

is only known to the encoder. The component [v;]7, is chosen randomly so that for
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1

p‘/iIX{\’Z{\’Vl“l(g‘x{Va Z{V7 v )

—1
Pyyxy znvi-1 (vl + Wil + Trlet’, 207, 07)

Fori € [1,N],if i € Ay for some K £ H, [v;]y is uniformly distributed over H and

is known to both the encoder and the decoder and the component [v;]r,, is chosen

randomly so that for g € [v;|g + Th,

) N _N ,i—1
pVi‘X{VZ{VVIZ’l (g|$1 y21 5 U1 )

Py, xyzvvi-i ([vila + Tl 2, oY)

P(v; = g) =

For the moment assume that in this case v; is known at the receiver. Note that
for i € [1,N], if i € Ay g for some K < H < G, v; can be decomposed as v; =
[vil i + [Vi] 15 < iy + Vil in Which [v;] is known to the decoder. The decoding rule is
as follows: Given z{v and for ¢ € Ay i for some K < H < G, let
0; = argmax W(fl])v(zfv 00 g)
9l k +vilTg  yp +TH

It is shown in [63] that with this encoding and decoding rules, the probability of error
goes to zero. It remains to send the v; i € Ay with K j{ H to the decoder which
can be done using a regular polar code (which achieves the symmetric capacity of the
channel). Note that since the fraction % vanishes as N increases if K £ H, the

rate loss due to this transmission can be made arbitrarily small.
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Figure 6.2: The behavior of I(W?"b2tn) for n, = 14 for Channel 1 when ¢ = 0.4 and
A = 0.2. The three solid lines represent the three discrete values of I°° with
positive probability.

Mutual Information
o o o
> o =] -
T T T

o
[N
T

o

o . . . . I I I
2000 4000 6000 8000 10000 12000 14000 16000
Index

Figure 6.3: The asymptotic behavior of I(Wb102bn) N = 2n = 24 98 212 914 for Channel
1 when the data is sorted. We observe that for this channel, all three extreme
cases appear with positive probability. In general, it is possible to have fewer
cases in the asymptotic regime.
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Channel Inputs ~ {

Channel Outputs

Figure 6.4: Channel 2: A channel with a composite input alphabet size. For this channel,
the process I can be explicitly found for each n and the multilevel polarization
can be observed. E7, EFs and FEj3 are erasures corresponding to cosets of the
subgroup {0,3} and E; and Ej are erasures corresponding to cosets of the
subgroup {0,2,4}. The lines connected to outputs Ej, Fy and E3 correspond
to a conditional probability of -, the lines connected to outputs F; and FEj
correspond to a conditional probability of €, the lines connected to the output
FEg correspond to a conditional probability of A, and the lines connected to
outputs 0, 1,2, 3,4 and 5 correspond to a conditional probability of 1 —v—e— A.
The parameters 7, €, A take values from [0, 1] such that v+ ¢+ A < 1.
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Figure 6.5: Polarization of Channel 2 with parameters v = 0,¢ = 0.4, A = 0.2. The middle
line represents the subgroup {0,2,4} of Zs.
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Figure 6.6: Polarization of Channel 2 with parameters v = 0.4,e = 0, A = 0.2. The middle
line represents the subgroup {0, 3} of Zs.

Figure 6.7: Channel 3
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Figure 6.8: Source Coding: Test channel for Figure 6.9: Source Coding: Test channel for

the inner code (the channel cod- the outer code (the source coding
ing component). component).
e | i 1
! < | ' x——s{ Wy
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T we weo

Figure 6.10: Channel Coding: Channel for Figure 6.11: Channel Coding: Channel for
the inner code. the outer code.
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CHAPTER VII

Polar Codes for Multi-terminal Communications

In this section, we show that polar coding schemes achieve the known achiev-
able rate regions for several multi-terminal communications problems including lossy
distributed source coding, multiple access channels, broadcast channels and multiple

description.

7.1 Introduction

Among the existing works on the application of polar codes for multi-terminal
cases we note [11,12] for distributed source coding, [5,67] for the multiple access

channels and [32] for broadcast channels.

In Section 6.1.1.1, we showed that nested polar codes can be used to achieve
the Shannon capacity of arbitrary discrete memoryless channels and the Shannon
rate-distortion function for discrete memoryless sources [64]. In this chapter, we
show that nested polar codes can achieve the best known achievable rate regions for
several multi-terminal communication systems. We present several examples in this
chapter, including the distributed source coding problem, multiple access channels,
computation over MAC, broadcast channels, multiple description coding, to illustrate

how these codes can be employed to have an optimal performance for multi-terminal
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cases. The results of this chapter are general regarding the size of alphabets using

the approach of [62].

7.2 Distributed Source Coding: The Berger-Tung Problem

In the distributed source coding problem, two separate sources X and Y com-
municates with a centralized decoder. Let 2, % and %, 7 be the source and the
reconstruction alphabets of the two terminals and assume X and Y have the joint
distribution pxy. Let di : Z X Z — R" and dy : # x ¥ — RT be the dis-
tortion measures for terminals X and Y respectively. We denote this source by
(X, %, %,V ,pxy,di,ds). Let U and V be auxiliary random variables taking val-
ues from % and ¥ respectively such that U <+ X < Y < V, E{d,(X,U)} < D,
and E{ds(Y,V)} < D, for some distortion levels Dy, Dy € R*. It is known by the

Berger-Tung coding scheme that the tuple (Ry, R, Dy, Ds) is achievable if

Ry >1(X;U)—1(U;V)

Ry 2 I(Y;V) = I(U; V)

R+ Ry > I(X;U)+ I(Y;V)—1I(U; V)
In this section, we prove the following theorem:

Theorem VII.1. For a source (X, %, %,V ,pxy,di,ds), assume % and ¥V are

finite. Then the Berger-Tung rate region is achievable using nested polar codes.
It suffices to show that the following rates are achievable:
Ry =1(X;U)—-1(U;V), Ry=1(Y;V)

Let G be an Abelian group of the size larger than or equal to the size of both
% and ?. Note that for the source Y, we can use a nested polar codes as in-
troduced in [64] to achieve the rate I(Y;V). Furthermore, we have access to the

outcome v} of V{V at the decoder with high probability. It remains to show that
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the rate Ry = [(X;U) — I(U;V) is achievable when the sequence v)¥ € GV with

do(yl,v]) < D, is available at the decoder.

Given the test channel px 7, define the artificial channels (G, G?, W,) and (G, 2 x

G, W) such that for s,z € G and x € 2,
WC(UVZ'S) :pVU(U,Z—S), Ws<x72’8) :pXU($>Z_5>

These channels have been depicted in Figures 7.1 and 7.2. Let S be a random variable

Py o e x
1 \ ' 1 \ ,
S ——@ — 7 S——@ — 7

Figure 7.1: Distributed Source Coding: Test Figure 7.2: Distributed Source Coding: Test
channel for the inner code (the channel for the outer code (the
channel coding component). source coding component).

uniformly distributed over G which is independent from X and U. It is straightfor-

ward to show that in this case, Z is also uniformly distributed over G. Similarly to
the point-to-point result [64], we can show that the symmetric capacities of the chan-
nels W, and W, are given by I(W,) =logq— H(U|V) and I[(W,) = logq — H(U|X).

We employ a nested polar code in which the inner code is a good channel code for

the channel W, and the outer code is a good source code for W,. The rate of this

code is equal to R = I(W,) — I(W.) = I[(X;U) — I(U; V). The rest of this section is

devoted to some general definitions and lemmas which are used in the proofs.

Lemma VIIL.2. The channel W, is degraded with respect to the channel Wy in the
sense of [63, Definition III.1].

Proof. In the Definition [63, Definition III.1], let the channel (2" x G, G? W) be

such that for v, 2,2’ € G and x € 27, W(v, 2|z, 2') = py|x (v|2) L=z O

Let N = 2" for some positive integer n and let G be the corresponding N x N

generator matrix for polar codes. For i = 1,--- | N, and for 2V, al¥ € GV, oV € ¥V
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and 2z € 2N let

i 1
W e a) = Y W EN oY eY6)

all €GN

W@l 4 a ey = Y

N N—i
a;\ €GN

(1’1 ) Zl ’ajlvG)

Let the random vectors X{", YN, UN, V{¥ be distributed according to Py and
let ZN be a random variable uniformly distributed over G¥ which is independent of
XN YN UN VN, Let SN = Z) — UN and AY = SNG~! (Here, G! is the inverse
of the mapping G : G — G¥). In other words, the joint distribution of the random

vectors is given by
N N N _ N N _N
pANSNUNVNXNZN(al ;81 UL,V T, 2))

1
N N , N
quXUV<'r1 Uy 5 Vg )]l{s =alV Gup=2) —alV G}

Sketch of the proof The following theorems state the standard channel coding and

source coding polarization phenomenons for the general case.

Theorem VII.3. Foranye >0 and0 < 8 < 1, there exist a large N = 2" and a par-

tition {Ag|H < G} of [1, N| such that for H < G andi € Ag, I(Wc(z)v) log }H} <€

and ZH(W(i])V) < 277 Moreover, as ¢ — 0 (and N — o), !

h py for some

H|
N

—>
probabilities py, H < G adding up to one with 3 pmlog IG‘ = I(W,).

Theorem VII.4. Foranye >0 and0 < 8 < %, there exist a large N = 2" and a par-

tition { Bg|H < G} of [1, N| such that for H < G andi € Ap, I_(W ~) — log }gl <€

and ZH(W(i])\,) < 27N Moreover, as e — 0 (and N — o0), @ — qy for some

S,

probabilities qir, H < G adding up to one with )y g qu log % = I(W,).
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For H < G, define

Ay = {z el N](ZH(WC{?V) < 2N
IK < H: 25w, < 2—N‘3}
B

By = {z c [1,N]‘ZH(W§}V) <1-27V,

BK < H:Z5W9) <1- 2-N‘*}

For H < G and K < G, define Agyx = Ay N Bg. Note that for large N,
2-N? < 1 — 27N This implies for i € Apy, we have ZH(WS(Z])V) <1-2"" and
hence i € Ug<yBk. Therefore, for K ﬁ H, we have Ay = 0. This means
{An k|K < H < G} forms a partition of [1, N]. Note that as N increases, % — P

|Bri|
and = — qg.

The encoding and decoding rules are as follows: Let z¥ € G be an outcome of the
random variable Z{V known to both the encoder and the decoder. Given K < H < G,
let Ty be a transversal of H in G and let Tx<py be a transversal of K in H. Any
element g of G can be represented by g = [9]x + 9|1, + [g]7,, for unique [g]x € K,
[9)7x<r € Tk<n and [g]7, € Ty. Also note that Tx<y + Ty is a transversal Tk of K
in G so that g can be uniquely represented by g = [g]x + [g]7, for some [g]7,, € Tk
and [g]r, can be uniquely represented by [g]r, = [glrxey + [9]7y-

Given a source sequence ri¥ € 2V the encoding rule is as follows: For i € [1, N],
if i € Ay for some K < H < G, [a;|x is uniformly distributed over K and is
known to both the encoder and the decoder (and is independent from other random
variables). The component [a;|7, is chosen randomly so that for g € G,

v N N _i-1
pAi|X{Vz{VA;—1(9|x1 ;21,07 )

Py 7y ai- (@il + Trelad, 21 ar™)

P(a; = g) =

Note that ai can be decomposed as a7’ = [v |k + [a) |1, + [a] |1y, in Which [a7']x

is known to the decoder. The encoder sends [al'] to the decoder and the decoder

Tk<H
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N

NM7,,- The decoding rule is as follows: Given 27",

uses the channel code to recover [a]

vV, [ad]x and [a] and for i € Ay k, let

TKSH’

~

— (%) -1
a; = argmax T/VCN(Z1 oY atg)
g€lailx+lailry y+TH

Finally, the decoder outputs z¥ — aG. Note that the rate of this code is equal to

_ |AH,K| |H|
AP Dy b

K<H<G
| Ank|, |G| |Ankl, |G
Z N 08 K| Z N 08 |H]|

= I(Wy) = I(W.) = [(X;U) = [(U; V)

7.3 Distributed Source Coding: Decoding the Sum of Vari-
ables

For a distributed source (2" x %, pxy) let the random variable U and V take

values from a group G. Assume that U and V satisfy the Markov chain U <> X <

Y < V and assume E{d(X,Y, g(U+V)) < D} for some function g. For W =U +V,

we show that the following rates are achievable:
Ry =HW)—-HU|X), Ry=HW)-H(V[Y)

The source X employs a nested polar codes whose inner code is a good channel code
for the channel (G, G, W, x) and whose outer code is a good source code for the test

channel (G, 2" x G, W, x) where for s,t,q,2 € G and x € 2,
WC,X<q‘S+t) :pW(q_S_t>aWS,X(xazls):pXU<x7z_5)

Similarly, the source Y employs a nested polar code whose inner code is a good
channel code for the channel (G, G, W,y) and whose outer code is a good source

code for the test channel (G, % x G, W,y) where for s,t,¢q,7 € G and y € ¥,

Wey (qls+t)=pw(qg—s—t), Wy (y,r|t) =pyv(y,m—1)
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These channels are depicted in Figures 7.3, 7.4, 7.5 and 7.6.

Figure 7.3: Korner-Marton Problem, Termi-
nal X: Test channel for the inner
code.

Figure 7.5: Korner-Marton Problem, Termi-
nal Y: Test channel for the inner
code.

Figure 7.4: Korner-Marton Problem, Termi-
nal X: Test channel for the outer

code.
| i 1
! 1
T——E R

Figure 7.6: Korner-Marton Problem, Termi-
nal Y: Test channel for the outer
code.

We need to show that W, x is degraded with respect to W x (and W,y is degraded
with respect to Wy ). To show this, in the definition of degradedness [63, Definition

I11.1], we let the channel (G, 2" x G, W) be such that that for ¢,z € G and z € 2,

W(qlz,z) = pvix(q — 2|z).

7.4 Multiple Access Channels

Let the finite sets 2~ and % be the input alphabets of a two-user MAC and let 2
be the output alphabet. In order to show that nested polar codes achieve the capacity
of a MAC, it suffices to show that the rates Ry = I(X; Z|Y) = H(X) — H(X|Y Z)
and Ry = I(Y;Z) are achievable. It is known from the point-to-point result [64]
that the Y terminal can communicate with the decoder with rate I(Y; Z) so that
yY is available at the decoder with high probability. It remains to show that the
rate R is achievable for the X terminal when y{’ is available at the decoder. Let G

be an Abelian group with |G| = |Z7|. Define the artificial channels (G, G, W) and
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(G, % x Z x G,W,) such that for u,z € G and y € ¥,
W5<S|U) - pX(S - u)7 Wc(y7 z, SIU’) = pXYZ(S - uY, Z)

These channels have been depicted in Figures(7.7) and (7.8).

N : X V.2
1 : 1 \ :
U—:—b(—%—)—;—» s U——»E s
R R S
Figure 7.7: Multiple-Access Channels: Figure 7.8: Multiple-Access Channels:
Channel for inner code. Channel for outer code.

Similarly to previous cases, one can show that the symmetric capacities of the
channels are equal to I(W,) = logq — H(X) and I(W,) = logq — H(X|Y Z). We
employ a nested polar code in which the inner code is a good source code for the test
channel W, and the outer code is a good channel code for W,.. The rate of this code is
equal to R = I(W,) — [(W,) = I(X; Z]Y). Here, we only give a sketch of the proof.
First note that the channel Wj is degraded with respect to W, so that the the source
code is contained in the channel code.

For s € GV, y) € Z" and 2 € 27V let

i : 1
WY, e a) = Y W sV e)6)

i n — 1
Wc(,])\f (y{\l?'zl 7‘9{\/7@1 ! |al) :Z N—1 WcN<y{V?Z{V7‘SiV‘aiVG)

Let the random vectors Xi¥, YN, UY, ViV be distributed according to P§y and
let SV be a random variable uniformly distributed over G which is independent
of XN VN UN VN, Let UN = SV — X}V and AY = UNG™'. The encoding and
decoding rules are similar to those of the point-to-point channel coding result; i.e., at
the encoder, the distribution p AN A1 is used for soft encoding and at the decoder,
WC(Z])V(y{V , 27, sV a'1a;) is used in the successive cancelation decoder to decode al.
The final decoder output is equal to z{¥ — aYG. Note that since yi¥ is known to the

decoder with high probability, it can be used as the channel output for W..
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7.5 Computation over MAC

In this section, we consider a simple computation problem over a MAC with input
alphabets 27, % and output alphabet 2. The two input terminals of a MAC, X
and Y are trying to communicate with a centralized decoder which is interested in
the sum of the inputs S = X + Y where + is summation over a group G. We show
that the rate R = min(H (X), H(Y)) — H(S|Z) is achievable using polar codes. The
terminal X employs a nested polar code whose inner code is a good source code for
the test channel (G, G, W x) and whose outer code is a good channel code for the

channel (G, Z x G, W, x) where for u,v,7, 2 € G and z € &,
Wi x (r|u) =px (r—u), We x (2, qlu+v) =psz(¢g—u—v, 2)

Similarly, the terminal Y employs a nested polar code whose inner code is a good
source code for the test channel (G, G, Wy ) and whose outer code is a good channel

code for the channel (G, Z x G, W.y) where for u,v,t,2 € G and z € Z,
Wiy (tlv) =py (t—v), Wey (2, qlutv) =psz(¢—u—v, 2)

Note that the two terminals use the same channel code. These channels are depicted

in Figures 7.9, 7.10, 7.12 and 7.11.

----------- 'S > 7
: X ! LY !
: | ' U+ V- L + Q
U I 1 R ----- V[; C;(- - - -
IRRRITEREEE
Figure 7.10: Computation Over MAC, Ter-
Figure 7.9: Computation Over MAC, Termi- mianl X: Channel for outer
anl X: Channel for inner code. code.

Similarly to previous cases, one can show that the symmetric capacities of the
channels are equal to I(W,) = logq — H(X) and I(W,) = logq — H(X|Y Z). We
employ a nested polar code in which the inner code is a good source code for both

test channels Wy x and Wy and the outer code is a good channel code for W, x =
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Figure 7.11: Computation Over MAC, Ter- Figure 7.12: Computation Over MAC, Ter-
mianl Y: Channel for inner mianl Y: Channel for outer
code. code.

We.y. The rate of this code is equal to R = I[(W,x) — max(I(W; x),I(Wyy)) =
min(H(X),H(Y)) — H(S|Z). It is worth noting that it can be shown that the inter-

section of the two source codes is contained in the common channel code.

7.6 The Broadcast Channel

In this section, we show that polar codes achieve the capacity of a broadcast chan-

nel (2, % x Z,W,w) when & = G for some arbitrary Abelian group G.

Let X be a random variable over £~ such that E{w(X)} < D and let Y, Z be the
corresponding channel outputs. Let U,V be random variable over G satisfying the
Markov chain UV < X <« Y Z such that there exists a function g : G* — 2 with

g(U, V) = X. It suffices to show that the following rates are achievable
Ri=IU;Y)-1(U;V)=H(U|Y)-H(U|V), Re=1(V; Z)

Note that the Z terminal can use a point-to-point channel code to achieve the desired

rate. It remains to show that the rate Ry is achievable when v] is available at the

encoder.

Define the artificial channels (G, G? W,) and (G,% x G,W.) such that for

s,v,2€ Gand y € ¥,

WS(U7Z|8) - pUV(Z - S7U)7 Wc(y7z|3) - pUY(Z - Say)
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LU — v =U‘r’-*" y
1 \ : ! \ :
S—:—»ED—.—»Q S—:—»GD—-—»Q

Figure 7.13: Broadcast Channels: Test chan- Figure 7.14: Broadcast Channels: Test chan-
nel for inner code nel for outer code

These channels have been depicted in Figures(7.13) and (7.14).

Similarly to previous cases, one can show that the symmetric capacities of the
channels are equal to I(W,) = log g— H(U|V) and I(W,) = logq— H(U|Y). Note that
to guarantee that Wy is degraded with respect to W,, we need an additional condition
on the auxiliary random variables. It is sufficient to assume that the Markov chain
U < X <V holds.

We employ a nested polar code in which the inner code is a good source code for
the test channel W, and the outer code is a good channel code for W,. The rate of

this code is equal to R = I(W,) — [(W,) = I[(U;Y) — I(U; V).

7.7 Multiple Description Coding

Consider a multiple description problem in which a source X is to be reconstructed
at three terminals U, V and W. There are two encoders and three decoders. Terminals
U and V have access to the output of their corresponding encoders and terminal W
has access to the output of both encoders. The goal is to find all achievable tuples
(R1, Ry, D1, Dy, D3) where Ry and R, are the rates of encoders U and V' respectively
and Dy, Dy and D3 are the distortion levels corresponding to decoders U, V and
W respectively. D;, Dy and D3 are measured as the average of distortion measures
di(+,-), di(+,-) and dy(-,-) respectively. Let U, V and W be random variables such
that E{d;(X,U)} < Dy, E{d2(X,V)} < Dy and E{d3(X, W)} < D3. We show that
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the tuple (Ry, Ry, D1, D2, D3) is achievable if

Ry > I(X;U)
Ry > I(X;V)

Ri+ Ry > I(X;UVW) + I(U; V)

It suffices to show that the rates Ry = I[(X; UVW)—=I(X;V)+1(U;V), Ry = I(X;V)
are achievable. The point-to-point source coding result implies that with Ry =
I(X;V) we can have v at the output of the second decoder with high probability. To
achieve the rate R; when v} is available, first we note that Ry = H(U) - H(U|VX) +
HW|UV) - H(W|UVX). We use a code with rate Ry; = H(U) — H{U|VX) for
sending U and another code Ry = H(W|UV) — HW|UV X) for sending W. The

corresponding channels are depicted in Figures 7.15, 7.16, 7.17 and 7.18.

b Y i
1 1
1 | ! ) 1
S O ; 4 S s :- ------- ; 4
W.u Ws.u

Figure 7.15: Multiple Description Coding, Figure 7.16: Multiple Description Coding,

Terminal X: Channel for inner Terminal X: Channel for outer
code. code.
| i 1 | E i 1
" . R NI
1 \ : ! \ :
r——@ —> R T——@ > R
W, w W@,W

Figure 7.17: Multiple Description Coding, Figure 7.18: Multiple Description Coding,
Terminal Y: Channel for inner Terminal Y: Channel for outer
code. code.

7.8 Other Problems and Discussion

In this paper, we studied the main multi-terminal communication problems in

their simplest forms (e.g., no time sharing etc.). The approach of this paper can
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be extended to the more general formulations and to other similar problems. The
approach presented in this paper can also be extended to multiple user (more than
two) cases in a straightforward fashion. We briefly discuss the 3-user MAC as an
example. Consider a 3-user MAC with inputs W, X and Y and output Z. We have
seen in Section 7.4 that with rates Rx = I(X;Y Z) and Ry = I(Y; Z), we can have
access to z) and y{ at the decoder with high probability. The channels Wy, and
W.w depicted in Figures 7.19 and 7.20 can be used to design a nested polar code of
rate Ry = [(W; Z|XY) for terminal W.

LA RN T
1 : 1 \ :
U S U @ S
L. 1 L .- 1
W; W{:

Figure 7.19: Three User MAC: Channel for Figure 7.20: Three User MAC: Channel for
inner code. outer code.
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