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Summary--Yield studies including uniaxial tension, uniaxial compression and biaxial 
stress states (developed with internally pressurized thin wall tubes} were conducted with 
high density polyethylene. The experimental results are compared with a predicted yield 
locus based upon a pressure-modified yon Mises criterion. Agreement was quite reasonable 
although a slight degree of anisotropy was noted in the test material. Since this same 
yield criterion has earlier been shown to provide excellent agreement with glassy amorphous 
polymers it appears unnecessary to employ different criteria for different polymers if one 
is concerned with macroscopic yielding. 
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NOTATION 

principal stresses 
absolute value of compressive yield stress at atmospheric pressure 
absolute value of tensile yield stress at atmospheric pressure 
axial stress normalized with respect to T 
circumferential (hoop} stress normalized with respect to T 

INTRODUCTION 

A YIELD cri terion for isotropie, glassy amorphous  polymers  was proposed 
recent ly  1 and  is, in essence, a pressure-modified yon  Mises-type which accounts  
for  differences in tensile and  compressive yield stress. The contr ibut ions  by  
Whi tne y  and  Andrews,  ~ Sternstein and  Ongchin 3 and  Bauwens 4 were no ted  1 
and  comparisons of  these efforts were discussed in two different works. 1, 5 F o r  
the  purposes of  this paper ,  such comparisons are unnecessary,  bu t  f rom all 
of  the  a forement ioned  studies there  is unanimous  agreement  t h a t  the  magni tude  
of  the  mean  normal  stress or the  "hydros ta t i c  componen t "  of  the  applied stress 
s ta te  does influence the  macroscopic yield behavior  of  glassy amorphous  polymers.  

To tes t  the  credence of  a proposed yield criterion, i t  is the  usual pract ice to 
obta in  an  adequa te  number  of  exper imenta l  points which are compared  wi th  a 
predic ted  yield locus as p lo t ted  in two-dimensional  stress space. I t  should be 
realized, however,  t h a t  the  m a x i m u m  range of  mean  normal  stress t h a t  is 
developed in such invest igat ions is re la t ively  small. This can be overcome by  
determining the  uniaxial  tensile and/or  compressive yield stress under  ever-  
increasing fluid pressure such t h a t  the  range of  mean  normal  stress is vas t ly  
increased. These points  have  been discussed recent ly  b y  Caddell et al. 6 

One might  quest ion whether  a single yield cri terion is applicable for all types  
of  isotropic polymers ,  wi th  the  principal  concern being directed towards  the  

* True stresses are implicit throughout this paper. 
967 
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inf luence o f  c rys ta l l in i ty .  B o w d e n  a n d  J u k e s  ~ have ,  for  example ,  p r o p o s e d  th ree  
d i f ferent  cr i ter ia  for  use wi th  va r ious  p o l y m e r s  t h a t  " d e f o r m "  different ly .  As  
the re  has  been  re l a t ive ly  l i t t le  i n f o r m a t i o n  pub l i shed  in r ega rd  t o  the  mac ro -  
seopic y ie ld  b e h a v i o r  o f  c rys ta l l ine  po lymers ,  th is  s t u d y  was  c o n d u c t e d  t o  
de t e rmine  ff t he  cr i te r ion  sugges ted  b y  R a g h a v a  1 wou ld  be appl icable  to  
c rys ta l l ine  as well as a m o r p h o u s  po lymer i c  solids. 

Cer ta in ly ,  t he  y ie ld  b e h a v i o r  o f  p o l y m e r s  is a f fec ted  b y  s t ra in  ra te ,  s-l° 
t e m p e r a t u r e  s , l ° ,u  a n d  a n i s o t r o p y  as caused  b y  o r i en t a t i on  effects, 12-~ and  
these  p a r a m e t e r s  m u s t  be fu l ly  exp lo red  if  one is i n t e re s t ed  in d e d u c i n g  t he  
overa l l  y ie ld  b e h a v i o r  o f  a pa r t i cu l a r  mater ia l .  H o w e v e r ,  since t he  i n t en t i on  
o f  t h e  w o r k  r e p o r t e d  in th is  p a p e r  was  t o  explore  t he  po t en t i a l  app l i cab i l i ty  
o f  a p a r t i c u l a r  y ie ld  cr i ter ion,  no  a t t e m p t  has  been  m a d e  to  de t e rmine  w h a t  
modi f ica t ions  in t he  cr i ter ion m i g h t  be needed  to  e x t e n d  i ts  usefulness  b y  
inc lud ing  t he  a d d e d  affects o f  t he  a f o r e m e n t i o n e d  pa rame te r s .  This  is in keep ing  
wi th  o t h e r  pub l i ca t ions  ~-4 in which  a s imilar  goal  was  pursued .  

SUGGESTED YIELD CRITERION 

The form of criterion which has proved quite acceptable for glassy amorphous polymers 
is, 

(al - az) s + (as-- a3) s + (as-- al) s + 2(al + as + as) ( C -  T) = 2CT, (1) 

where al, as, as are principal stresses while C and T are the absolute values of compressive 
and tensile yield stress, respectively, as measured under atmospheric conditions of pressure. 

Note that  the influence of the mean normal stress, am, enters through the term that  
sums the three principal stresses; additionally, if the tensile and compressive yield stresses 
are equal, equation (1) reduces to the standard form of the yon Mises criterion. 

Since the type of studies discussed in this paper reduce to uniaxial or biaxial stress 
states, equation (1) is rewritten for the case where as = 0. In  essence this simplified 
equation can then be transformed into a plot of a yield locus in al, as space. By performing 
a number of experiments along different loading paths, the validity of the proposed 
criterion can then be determined. For the biaxial or plane stress case, equation (1) 
becomes 

a~ + a~ + (al + as) (C- T) - al as = OT. (2) 

A normalized form of (2) has been found useful; this results by defining two normalizing 
factors, 

R l = a l / T  and R s = a ~ / T .  

Application of R, and R~ into equation (2) results in the following form, 

R~ + R ~ -  R 1R~ + (RI + R~) [(C/T)-  1] = C/T. (3) 

EXPERIMENTAL PROCEDURE 

Commercial rods of high density polyethylene were obtained in the form of 1"5 in. dia. 
solid rounds and were used in the "as-received" condition. As it was possible that  
variations might exist among these rods, they were coded l, 2 and 3 for future reference. 
All tests were conducted at a temperature of about 25°C on an Instron Testing Machine 
whose crosshead speed was constant at  0.05 era/rain. 

(a) Uniaxial tengion test 
From each bar, tensile specimens were produced with the longitudinal axis of the 

specimen being parallel to the axis of the original bar. Specimens had a uniform gage 
section of 4 in. length with a cross section that  was 0.300 x 0.300 in. square. The overall 
length was 6 in. with the ends of the specimens being threaded for adaptation to grips on 
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a 500-kg Instron Machine (Model TM-SM). Specimen elongation was measured with an 
Instron Strain Gage Extensometer  (Type G51-11M). This had a 1-in. gage length and an 
allowable nnlform extension of 10 per cent. The load was sensed by a standard Instron 
load cell whose calibration was checked periodically with dead weights. A record of load-  
elongation was obtained on the Instron chart recorder, with the output  of the extensometer 
used to drive the chart. Contraction in the lateral directions during a test was, in general, 
measured simultaneously using fiat micrometers. Comparative contraction measurements 
were also obtained using two ~_stron Transverse Strain Sensors (Type G57-12M). Agree- 
ment  with micrometer values was so close tha t  most of these data were obtained with 
micrometers because of simplicity. These measurements were used to evaluate true stress 
and also to check on possible anisotropic behavior of the material. By converting the 
longitudinal and lateral measurements to axial and lateral strains, Poisson's ratio was 
calculated. This was used in certain analyses of experimental results obtained from thin 
wall tube tests. Calibration of the extensometer and transverse sensors was performed 
with the aid of the table-actuating mechanism from a toolmaker 's microscope; this 
calibrating device was accurate to the order of 10 -4 in. 

(b) Oompression tests 

Direct compression tests were conducted on specimens machined in both the axial and 
radial directions from the bar stock. The specimens were of ½ × ½ in. square cross-section 
and ~ in. high. They were compressed between two hardened and ground platens, and to 
minimize frictional effects, molybdenum disulphide grease was used as a lubricant at the 
piaten-specimen interface. Load was recorded on a gear-driven chart, while the change in 
the height of specimens was deduced by knowing chart speed and the Instron cross-head 
speed. Because it was necessary to make corrections for the machine stiffness during the 
change of specimen height, the combined stiffness of the compression load cell and the 
Instron was earlier determined by compressing the cross-head against the load cell. 

Lateral  dimensional changes were found with the aid of an Instron Transverse Strain 
Sensor which was mounted across two parallel faces. I t  was assumed that  changes in 
each lateral dimension were reasonably similar and spot checks with micrometers indicated 
this to be a good assumption. Calibration of the sensor was discussed previously and 
during an actual test, the output  of the sensor was recorded on a two-channel Sanborn 
Recorder (Model 152-100A). 

(c) Thin-wall tube tests 

Thin-wall tubes having an external diameter of 0.890 in. and wall thickness of 0.040 in. 
were machined from the bar stock. The overall length of the tubes was 6 in. with the 
test  section length being 2½ in. To ensure concentricity and to hold close tolerances on 
the wall thickness, care had to be exerted during machining. The sequence of machining 
was as follows: (a) first, a ~ in. dia. hole was drilled; (b) this was then enlarged to H in. dia.; 
(e) subsequently, two reamers of ~ in. and ~ in. dia. were used to finish the hole to the 
required dimensions. The tube was then mounted on a mandrel for the finish macblnlng 
of the outer diameter. In  this way excessive twisting of or distortion of the tube was 
avoided. The cutt ing fluid was hydraulic oil which was also eventually used as the fluid 
for providing internal pressure with the tubes. The particular cross-seetion of the tube 
was chosen so that  the load capacity of the Instron machine was not exceeded during 
any of these tests. 

The tubes were loaded under either tension or compression by Instron crosshead 
movement  and the internal pressure was produced by a hydraulic pump. In  order to 
achieve radial loading (the ratio of axial stress to tangential stress being constant), the 
ratio of load to pressure was predetermined for a particular value of the stress ratio. 
As the axial load increased, the pressure was also increased by continued actuation of a 
hand pump. Since the cross-head speed was quite low, sufficient t ime was available for 
increasing the pressure to a predetermined value, thereby closely approaching a true radial 
loading path. Concern might  be expressed in regard to a variat ion in strain rate in the 
circumferential direction between one tube test and another. In  terms of experimental 
limitations any potential  effects were minimized by using the lowest possible cross-head 
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speed c o n c u r r e n t  w i t h  a p ressure  increase  t h a t  k e p t  pace  w i t h  the  change  in axia l  load 
in  o rder  to  m a i n t a i n  as close to  a c o n s t a n t  s t ress  r a t io  as possible.  Ea r l i e r  s tud ies  s, ~' 
s u p p o r t  our  feelings t h a t  a n y  s l ight  differences in  s t r a i n  r a t e s  e n c o u n t e r e d  in th i s  s t u d y  
h a d  a t r u l y  m i n i m a l  effect on  t h e  f indings.  

Var ious  " c o n s t a n t  s t ress  r a t i o "  t e s t s  were conduc t ed  in the  t e n s i o n - t e n s i o n  a n d  
t e n s i o n - c o m p r e s s i o n  q u a d r a n t s  (i.e. f irst  a n d  four th )  of the  yield locus. I n  add i t ion ,  
t e s t s  were  pe r fo rmed  w i t h  t he  e q u i v a l e n t  of a n  " o p e n - e n d e d "  t u b e ;  th i s  p r o v i d e d  a va lue  
of  t h e  t a n g e n t i a l  or  hoop  yie ld  stress.  Deta i l s  of th i s  test ,  as well as a comple te  desc r ip t ion  
of  t h e  genera l  t u b e  tes ts ,  are  ful ly descr ibed  b y  R ~ g h a v a .  5 

Axia l  d e f o r m a t i o n  (e i ther  ex tens ion  or con t r ac t ion )  was m e a s u r e d  w i t h  t he  same  
e x t e n s o m e t e r  used  for  t ens ion  tes t ing ,  while  t a n g e n t i a l  s t r a in s  were e v a l u a t e d  b y  m e a s u r i n g  
t he  e x t e r n a l  d i a m e t e r  of  t he  t u b e  w i t h  mic romete r s .  Some effort  was  e x p e n d e d  to  measu re  
t h e  a c t u a l  t h i ckness  of  t he  t u b e s  d u r i n g  loading  b y  us ing  a n  i n d u c t a n c e  p i ckup  as discussed 
elsewhere.  1~ I-Iowever, i t  was  found  t h a t  t he  changes  in t u b e  th i ckness  were on ly  a few 
t h o u s a n d t h s  of  a n  inch.  Such smal l  changes  could no t  h a v e  been  used in t he  c o m p u t a t i o n  
of s t resses  a n d  s t r a i n  w i t h  sufficient  re l iabi l i ty .  I n s t e a d  it  was  found  exped i en t  to  use 
t he  pr inc ip le  of vo lume  c o n s t a n c y  to d e t e r m i n e  b o t h  t he  th ickness  s t r a i n  a n d  the  ins t an -  
t a n e o u s  th ickness .  I n  o rder  to  check  t he  va l i d i t y  of th i s  a s s lnnp t ion ,  t ens ion  t e s t s  were 
c o n d u c t e d  on  tubes  w i t h o u t  us ing  i n t e rna l  pressure  a n d  t rue  s t ress  va lues  were found  
b y  us ing  areas  based  u p o n  c o n s t a n c y  of vo lume.  The  t rue  s t r e s s - s t r a i n  cu rve  o b t a i n e d  
in th i s  w a y  was iden t ica l  w i t h i n  e x p e r i m e n t a l  e r ror  to  t he  t rue  s t r e s s - s t r a i n  curve  
d e t e r m i n e d  w i t h  a s t a n d a r d  solid tens i le  spec imen.  

R E S U L T S  

Fig.  1 shows typ ica l  tensi le  t r ue  s t r e s s - t r u e  s t r a i n  resul ts ,  t he  impl i ca t ion  be ing  t h a t  
t h e  b e h a v i o r  of  t h e  t h r e e  i nd iv idua l  rods  was  n o t  ident ical .  Addi t iona l ly ,  t he  difference 
b e t w e e n  t h e  two  curves  ident i f ied w i t h  b a r  n u m b e r  3 ind ica tes  a degree of  an i so t ropy .  

Values  of  "y ie ld  s t ress '  were based  u p o n  t he  use of  a 0.003 offset as i l l u s t r a t ed  in 
Fig. 2. I t  m i g h t  be  n o t e d  t h a t  m a n y  more  t e s t  po in t s  were p lo t t ed  in th i s  low s t r a i n  
region t h a n  a re  s h o w n  on Fig. 1. 
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"s 

FIG. I. 

3 ' 0  - - -  

1o -- ~ ex~ '~ • Tension test rod I 

A7  A Tensiontest rod 2 
x Tension test rod 3 

/ • Hoop test rod 3 05 - -  • e  

[ I I 1 I I J ~ i i 
05  I0 15 20  2.5 30  35 40 45  50 

True strain ( E ) ,  % 

Tensi le  t r u e  s t r e s s - t r u e  s t r a i n  curves  for t he  t h r ee  rods  of  
po lye thy lene .  

Fig.  3 shows t he  d i rec t  compress ion  resu l t s  for t l le t h r ee  b a r s ;  no te  t h a t  these  
compress ion  t e s t s  were c o n d u c t e d  in  t he  axia l  d i rec t ions  of  t he  or ig inal  bars .  Compress ive  
yie ld  s t ress  was  also d e t e r m i n e d  us ing  t h e  0.3 pe r  cen t  offset. I t  shou ld  be  n o t e d  here  
t h a t  compress ion  tes t s  c o n d u c t e d  in t h e  rad ia l  d i r ec t ion  of  t he  ba r s  d id  n o t  dup l i ca te  t he  
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Fro.  2. I l l u s t r a t i o n  of  "y ie ld  s t r e s s "  b a s e d  u p o n  a 0.3 pe r  cen t  offset 
( s t a n d a r d  tens i le  t e s t  for rod  1). 

3 - -  

x 

~. I • Rod I 

. / / 2 "  • Rod2 
/ s "  x Rod 3 

I I I I 1 I I ] I I 
o o.s I o l.s 2.o 25 3.0 35 4.0 4 5  50  
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FIG. 3. Compressive true stress-true strain curves for the  three rods of  
polyethylene .  

plots  s h o w n  in  Fig.  3, t h u s  t h e r e  was l i t t le  ques t ion  t h a t  t he se  t h r e e  ba r s  e x h i b i t e d  a 
degree  of  an i so t ropy .  More  will be  sa id  of  t h i s  l a t e r  on. W i t h  t h e  t u b e  tes ts ,  i nd iv idua l  
cu rves  of  hoop  s t ress  (as) a n d  axia l  s t ress  (al) were  p l o t t e d  aga in s t  t h e  "effect ive  s t r a i n " .  
T h e  de ta i l s  r ega rd ing  t h e  d e t e r m i n a t i o n  of th i s  s t r a i n  f u n c t i o n  are  d iscussed e lsewhere  1, 5 
a n d  Fig.  4 shows typ ica l  r e su l t s ;  t h i s  t e s t  was  for  a load ing  p a t h  whose  s t ress  r a t io  (al/a~) 
was  - 2 . 2 5 .  I n  effect, t h e  hoop  s t ress  (as) was  tens i le  whi le  (al) was  deve loped  t h r o u g h  a 
c o m b i n a t i o n  of  i n t e r n a l  p ressure  a n d  ax ia l  compression. F r o m  Fig.  4 i t  can  be  seen t h a t  
two  va lues  m a y  be  d e t e r m i n e d  a t  y ie ld ing  us ing  t h e  0.3 pe r  cen t  offset a n d  t h a t  t he  r a t i o  
of  these  is j u s t  a b o u t  - 2-25. T h u s  t h e  i n t e r r e l a t i o n s h i p  b e t w e e n  a 1 a t  yield,  a~ a t  yield,  
a n d  t h e  load ing  p a t h  m u s t  be  m a i n t a i n e d .  Because  t he re  was usua l ly  a l i t t l e  less s c a t t e r  
of  p o i n t s  w i t h  t h e  h ighe r  s t ress  level  cu rve  (whe the r  a~ or  a.~), t h a t  "y ie ld  s t r e s s "  was  
d e t e r m i n e d  f rom t h e  offset a n d  t h e  co r r e spond ing  y ie ld  s t ress  for  t he  lower  cu rve  wa~ 
ca l cu la t ed  u s ing  t h e  k n o w n  s t ress  ra t io .  Tab le  1 con t a in s  t h e  n u m e r i c a l  a n d  n o r m a l i z e d  
va lues  of  s t resses  a t  y ie ld ing  for  t h e  t e s t s  c o n d u c t e d  in  t h i s  s tudy .  Because  of  t he  v a r i a t i o n s  
in  C a n d  T f o u n d  a m o n g  t h e  ba r s ,  t he  n o r m a l i z e d  s t ress  va lues  m a k e  a m o s t  sensible  fo rm 
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for  p lo t t ing .  The ra t io  of  G / T  var ied  somewha t  a m o n g  the  th ree  bars  bu t  r a t h e r  t h a n  
a t t e m p t  to  p lo t  a theore t ica l  yield locus for t he  ex t r eme  v~lues, an  in t e rmed ia t e  value of  
1.3 was  selected.  Us ing  th is  n u m b e r  in equa t ion  (3), a n u m b e r  of  combina t ions  o f / f l  
a n d  R 2 were  found  a n d  the  locus of  such  po in t s  is shown as t he  solid line in Fig.  5. Actua l  
t e s t  da ta ,  as t abu l a t ed  in Table  1, are also shown  in th is  figure. 

~_ ~ at "yield" is -1075psi .~ 

/Compres '  ax' s ( ) / "  / 

/ / % at'~,ield' is 475psi 

o s . /  - / .  / - ~ " "  ,~ . . /  /-" . I . ~ - ~ -  / 
. , ~  / e /  / /  Tensile hoop 

e / -  j ~ ' ~  / stress (a z) 

0 0,5 I O 1.5 

Effective true strain (E], % 

FIG. 4. Typical  p lo t  o f  biaxia l  s t resses (a l  and  a2) vs t rue  effective 
s t ra in ,  g, for a loading p a t h  whose  s t ress  ra t io  (al/a2) was abou t  - 2.25. 
The  use of  0.3 per  cent  offset for each curve is ind ica ted ;  rod  2 mater ia l .  

TABLE 1. ACTUAL AND NORMALIZED VALUES OF YIELD STRESS 

OF POLYETHYLENE SUBJECTED TO DIFFERENT STRESS STATES 

R o d  a l (ps i )  a2(psi)  
No. (axial) ( tangential)  R 1 = a l / T  R 2 = a2/T 

1 1325" 0 1.0 0 
- 1695~ 0 - 1.28 0 

1325 650 1-0 0-5 
1200 1200 0.905 0.905 

1275" 0 1.0 0 
- -  1675t 0 -- 1.32 0 

-- 800 800 -- 0.63 0.63 
-- 550 1025 -- 0.43 0.80 

-- 1075 475 --0"84 0.37 

1325" 0 1.0 0 
- -  1695 t 0 -- 1-28 0 

0 1400 0 1.05 
- -  1525 425 -- 1.15 0.32 

- -  350 1060 -- 0.265 0.80 
740 1500 0.56 1.13 
425 1350 0.32 1.02 

* These values  are  used  as T for each  rod.  
1" These  values,  in abso lu te  form,  are used  as C for each  rod,  

t hus  J -- 1695 ] = 1695 etc.  
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FrG. 5. Comparison of a predicted normalized yield locus based upon 
equation (3) for a C/T ratio of 1"3 with experimental results for 

specimens made from three rods of polyethylene. 

D I S C U S S I O N  ON D E F I N I T I O N  OF " Y I E L D  S T R E S S "  

Various methods are used to define the yield stress of polymers and all are, in essence, 
arbitrary. Some authors ~, ~, 7, i0,12, 16 have used the maximum load as the yield load. 
One can find both the nominal  stress and true stress associated with this maximum load 
being called the "yield stress" in such papers. Certainly, this difference in definition makes 
little sense and should be avoided. With  ductile met~/~ the same phenomenon of a 
m~ximum load occurring at  the onset of tensile instability (or "necking") is encountered; 
historically, the tensile strength or ult imate strength is associated with this point on the 
load-extension curve. Thus if one uses the nominal  stress at  ul t imate load as the yield 
stress, what  should be defined as the tensile strength ? The key point here is tha t  for 
engineers who are interested in both metals and polymers, this situation is both confusing 
and misleading. I n  addition, with polymers such as polystyrene that  do not  exhibit the 
type of "load drop" discussed above, or with its removal by  cold working, iT, 18 another 
definition of yield stress must  be concocted. This has led others ~, le. 1s to use an "extrapo- 
lation" technique. 

To the authors of this paper it seems more sensible, at  least in terms of consistency, to 
employ one definition of yield stress tha t  is applicable to all polymers we have thus far 
studied. This is why the traditional "offset method" has been used here. I t  is certainly 
open to debate as to what pereent offset is most reasonable, but  it may be of help to 
note tha t  we have used values from 0.3 to 0.9 per cent in this study and have found 
equivalent correlation between a predicted yield locus and our normalized experimental 
values. Thus we have selected 0"3 per cent offset for purposes of presentation; similar 
correlations, using this same definition of yield stress, have been published earlier 1 using 
glassy amorphous polymers as test materials. 

C O N C L U S I O N S  

I t  w o u l d  seem f r o m  Fig .  5 t h a t  t h e  modi f i ed  y o n  Mises c r i te r ion ,  as expressed  

i n  i t s  m o s t  gene ra l  f o r m  b y  e q u a t i o n  (1), p rov ides  r e a s o n a b l e  p r e d i c t i o n s  in  
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regard to the macroscopic yield behavior  of  high densi ty  polyethylene.  Tha t  
this same criterion has been found acceptable where glassy amorphous  polymers  
are used makes it seem unnecessary to use different yield criteria for polymers  
of  vary ing  s t ructural  conditions. These observations are correct if the various 
materials are reasonably isotropic. 

There was a degree of  anisot ropy noted  in these three test  bars, first by  a 
difference in compressive behavior  when tested in the axial and  radial  directions 
(which showed greater  var ia t ion than  seen in Fig. 3), and secondly in the 
difference in axial and hoop tensile yield stress as can be seen for rod 3 in Table 1 
and in Fig. 3. I t  is suggested tha t  this condition could contr ibute  to the slight 
discrepancy between theory  and experiment  as seen in Fig. 5; the added effect 
of anisot ropy is being studied current ly  by  the authors.  
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