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Weighted Polynomial Approximation on the Integers

By
L. A. RuBeLl) and B. A, TavrLor

We prove here some polynomial approximation theorems, somewhat related to
the Szasz-Miintz theorem, but where the domain of approximation is the integers,
by dualizing a gap theorem of C. RExNvYI for periodic entire functions. In another
Paper [7], we shall prove, by similar means, a completeness theorem for some special
sets of entire functions.

It is well known (see, for example [1]) that if £ is the space of all entire functions in
the topology of uniform convergence on compact sets, then the dual space of con-
tinuous complex-valued linear functionals on E may be represented as Ey, the space
of entire functions of exponential type. Now let % (1) be the space of entire functions
of period 1. Then it may be shown that the dual of Z (1) can be represented as g (1),
Where K (1) is the following quotient space of Eg: define f ~ g for functions f, ge Eg
if { — g is a multiple of sinzz, and let Eo(1) be the space of equivalence classes of Ey
modulo this relation of equivalence. Now Ep(1) is apparently the same space as the
Space of restrictions of functions in Eg to the integers Z. Each such restriction is
Just a two-sided sequence of complex numbers, of at most exponential growth. Con-
versely, it is easy to interpolate any such sequence by an entire funetion of exponential
type. Thus, the dual of E(1) is just the space of all such sequences. Actually, we
establish this identification by another procedure.

To any theorem about periodic entire functions will correspond a theorem about
the space of sequences described above. In [6], C. RENYI proved an interesting gap
theorem, reproduced below. We show by means of duality that certain theorems of
Polynomial approximation are equivalent to this theorem. The domain of approxima-
tion is the integers in one case, and the positive integers in another case. To our
knowledge, the problem of polynomial approximation on the integers has not been
tonsidered except in the note [3]. We know of no direct proof of our results. Ulti-
mately, the RENYT result depends on a simple application of Rolle’s theorem. It
would be of interest to have more precise gap theorems than the RENYI theorem
and also to have direct proofs of the results we prove by means of it.

Theorem (C. RényI). Let F(2) be a periodic entire function such that F(0) =0
and Fn) (0) = 0 for n € N, where N is a set of positive integers of lower densily exceeding
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1/2, in the sense that lim inf r-1N(r) > 1/2 as r — co, where N (r) is the number of
elements of N that do not exceed r. Then F must be the null function ¥ = Q.

We shall use the following notation. Let I" be the collection of all two-sided

sequences b = {bi}, k = 0, 41, 4-2, ... of complex numbers by, of at most exponen-
tial growth; that is |bx| = A exp(B|k|) for some constants 4 and B. Let 1", be
the collection of one-sided sequences d = {d;}, £ =0, 1,2, ..., of complex numbers

dy of at most exponential growth. If p is any polynomial, then p|, (respectively
2|z,) belongs to I'(respectively to I';). We call such elements of I"and I'y polynomials.

By N, we denote any collection of non-negative integers, with 0 adjoined. We shall
stress throughout the paper that 0 € N. By Py (respectively P}) we denotc the
collection of all polynomials in I” (respectively I;) with exponents lying in N, that is

pE) =D anx, ay — 0 for ngN.

We shall be concerned with finding conditions on N such that Py be dense in I’
(respectively that P} be dense in 1"y} where I"and I'y are given appropriate topologies.
The topologies we introduce are familiar from the theory of sequence spaces. Denote
by I"™* (respectively I'¥) the collection of all sequences @ = {ax}, k=0, +-1, +-2, ...
(respectively ¢ = {cx}, k£ =0,1,2,...) such that > |aghy| < oo for cach bel
(respectively such that > |cgdi| << oo for cach d e l%). It is easy to verify that
a € ™ if and only if |ax|Y% - 0 as | k]| — oo, with a similar statement for I"¥, For
each a € [™, the mapping || |o: I'— R of I” into the real numbers R, given by

[blla =2 bk ax|

is a seminorm on ['. The collection of all such seminorms, as @ varies over ['¥,
determines a locally convex topology on I, the so-called normal topology [4, p. 410].
A similar procedure gives a corresponding topology on I, and we shall suppose
from now on that I"and I", are equipped with these topologics. We may now state
our approximation results.

Theorem 1. If N has lower density greater than 1/2, then Py is dense in I

Theorem 2. If N contains a set of even (respectively odd) integers, of positive lower
density, then P} is dense in Iy,

We prove these results by showing that they are cquivalent to RENYI’s theorem.

We shall require three well-known preliminary results.

Proposition 1. There is a linear one:one correspondence between I'* and the collection

of periodic entire functions of period 2mi given as follows. Let F(z) be such a function.
Then

(1) Fle) = > agerz,

where

2ni

(2) ar = —2—35 /F(z) ekedz.
o
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F urthermore,
3) [akll/””—>0 as |k|-—>oa,

80 that the series in (1) converges absolutely and uniformly on every compact set. Conversely,
for each sequence {ar} such that (3) holds, the expression (1) defines an entire function
of period 271

Proposition 2. The pairing of I' and I™* defined by
4) <b,u>:2bkak, bel, acl™
establishes I'* as the topological dual space of I,

Proposition 3. T'he pairing of I'y and 1'F defined by
(5) <d,6>=2dkck, del',, GE]‘_?_:
establishes 1" as the topological dual space of 17 .

Proposition 1 may be found in [8, p.361]. Propositions 2 and 3 are easy to verify
and are given as an example in [4, p. 424]. We shall now prove that Theorem 1 is
equivalent to RENYT’'s theorem. From Proposition 1, we know that an entire funec-
tion F of period 2mi is of the form F(z) = Zak exp (kz) for some a = {ax} in 1™,

e€nce oo
Fm0)=>arkr, n=0,1,2,..,

Using the convention that 00 = 1. Consequently, RExv1’s theorem is equivalent to
the following result.

Proposition 4. Suppose that N has lower densily greater than 1/2 and that 0 € N.

Ifa={aplelM* andif o
Zaklcﬂzo for each nelN

ﬂlenak:OforkzO, :tl,:t2, .

Now it is easy to sce that Theorem 1 is also equivalent to Proposition 4. For by
the Hahn-Banach theorem, Py is dense in I"if and only if the only continuous linear
functional on I" which annihilates Py is the zero functional. By Proposition 2, each
Continuous linear functional L on I' is of the form L(b) = b, a> for some a e I'%.
Moreover, the continuous linear functional determined by a € I™* annihilates Py
if and only if > agk® = 0 for each n e N. However a e I™ represents the zero
functional if and only if @ = 0, £ =0, +1, 2, .. and the proof is done.

We shall now show that Theorem 2 is equivalent to RExvyI's theorem. Qur first
step is to deduce the following two results from RENYT's theorem.

Proposition b. If F is an even periodic entire function and if F™ (0) = 0 for every n
n a collection N of even nonnegative infegers, with 0 e N, such that N has positive
lower density, then F must be the null function F = 0.

Proposition 6. If F is an odd periodic entire function, and ¢f F(0) = 0 for each
% in a collection N of odd nonnegative infegers, such that N has positive lower density,
then F must be the null function F == 0.
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These results follow easily from the R#NYT theorem since the union of the odd
(respectively even) positive integers with a set of even (respectively odd) integers
of positive lower density must have lower density exceeding 1/2. Now Proposition 5
und Proposition 6 together imply RENYI’s theorem as we see on writing F = F; 4 F2
where Fy(2) = §(F(2) + F(—2)), Fa(z) = §(F(z) — F(—z2)). We now prove that
Proposition 5 is equivalent to Proposition 7 below and that Proposition 6 is equi-
valent to Proposition 8 below.

Proposition 7. If ¢ = {c} belongs to 'y and if zckk‘" = 0 for n in a collection N,
with 0 € N, of even nonnegative integers, and of positive lower density, then cp =0
Jor k=0,1,2,....

Proposition 8. If ¢ = {cz} belongs to I'y and if Z cxk® = 0 for n in a collection N
of odd positive integers, except that 0 € N, and of positive lower density, then cx = 0
for k=0,1,2,....

To prove that Propositions 5 and 7 are equivalent, let ¢ = {cx} belong to I'; and

define oo
F(z) = Z ey (ek7 4- e—kz)
K=o
Then F is an even periodic entire function. Furthermore, if n is even and positive,
then o0
Fm(0) =2 epkn,

k=1
so that the equivalence is clear. A similar proof shows that Propositions 6 and 8
are equivalent.

It remains only to prove that Theorem 2 is equivalent to Propositions 7 and 8
together. This follows from the Hahn-Banach Theorem, by the same argument as
that given after Proposition 4.

An interesting question is whether the hypothesis on the parity of the elements
of N can be dropped from Theorem 2. (It is easy to construct sets of nonnegative
integers of positive lower density whose even and odd parts have lower density zero.)
An investigation of this question could perhaps lead to a new proof of RENYI’s
theorem.
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