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Universal voltage-current characteristics are presented for a planar diode, showing the general
transition from the Fowler—Nordheim relation to the Child—Langmuir law. These curves are
normalized to the intrinsic scales that are constructed from the Fowler—Nordheim coefficients A, B.
They provide an immediate assessment of the importance of the space charge effects, once the gap
voltage, gap spacing, and the Fowler—Nordheim coefficients are specified. An example in the
parameter regime of vacuum microelectronics is presented.

I. INTRODUCTION

The emerging field of vacuum microelectronics'™* offers
exciting possibilities in miniature coherent radiation
sources,” flat panel displays,® and ultrafast logic circuits.”
The crucial component is the electron emitter, which consists
of an array of sharp tips fabricated by lithographic
techniques.® Some of these tips may have a radius of curva-
ture down to tens of angstroms and a packing density reach-
ing 10° tips/cm? (Ref. 9). When subjected to an external
voltage, field emission occurs on these tips as the surface
electric field E there easily exceeds 10° V/m. The emitted
current density is determined by the Fowler—Nordheim (FN)
equation,'® which in its simplest approximation is described
by the FN coefficients A, B [defined in Eq. (5) below].

In some sense, this emission is self-regulating. As the
surface electric field increases, the emission current in-
creases, leading to a charge buildup which in turn limits the
surface electric field. In fact, when this happens, the space
charge effects become important and we expect that the volt-
age current (V-I) characteristics turn into the Child-
Langmuir law."! Note that the Fowler-Nordheim relation is
material dependent whereas the Child—Langmuir law is not.
In this paper, we investigate this transition, a problem of
considerable current interest! because of the high current
densities expected from the sharp tips. Specifically, we con-
struct a set of universal V-I characteristics using a planar
model. They are termed ‘““universal” because they are inde-
pendeni of the materials or the work function. This is pos-
sible because out of the Fowler—Nordheim coefficients A, B,
we may consiruct intrinsic scales to which all physical quan-
tities may be normalized. These characteristics then clearly
show the condition under which the space charge effects be-
come important. Given the properties of the emitting mate-
rial (i.e., given A, B), the V-I characteristics may be imme-
diately determined once the anode—cathode spacing is
specified.

There are related works on the effects of space charge on
field emission. A recent one is published by Anderson,!” who
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compares the emission current, with and without the effects
of space charge, as a function of the surface electric field.
This approach is not too convenient since the surface electric
field itself is an unknown quantity. Anderson also considers
the cylindrical and spherical geometries. No V-I characteris-
tics are given, however. The V-I characteristics, including
the transition, were studied by Babour et al.,'* who provided
an argument for the justification of the use of the planar
model to interpret their experiments that employed sharp
emitters. Here, we greatly expand the theories in Refs. 12
and 13. Constructing the natural scales based on the proper-
ties of the emitting material, we condense the vast parameter
space into a single plot (Fig. 3). Quantum mechanical behav-
ior of the electron motion within a microscopic diode, in-
cluding the effects of space charge, was considered in Ref.
14. Other earlier works on thermal instability and on diode
closure triggered by sharp emitters are addressed in the last
section.

li. ANALYSIS

In the one dimensional model, the cathode is located at
x=0 and the anode at x=D, held at voltage V with respect
to the cathode. We assume that the electrons are emitted from
the cathode with negligible initial velocity. Let n(x), v(x),
®(x), E(x) be, respectively, the electron density, electron
velocity, the electrostatic potential, and the electric field
within the gap. The current density J=env is constant, and
is assumed to be related to the surface electric field
E=E(0) by the Fowler—Nordheim equation. In this paper,
the quaatities ¢, J, E, ®, v, V are all positive, by convention,

From conservation of energy, e®=muv?/2, we may
write the Poisson equation

d*®  en J
=—=— (1)

in the Llewellyn form'S
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by a change of variable from x to # v=dx/dt. Equation (2)
may be readily integrated to yield
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v(t)= ?+—Et, (3)
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which shows that, initially, the electrons have zero velocity

and are accelerated by the surface electric field E ;. Equation
{3) may be integrated again

eJ ek,
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2
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Let T be the transit time of an electron crossing the gap,
then at t=T, x=D, and v =(2¢V/m)"2. The Child~Langmuir
law may be obtained when the current density J is so high
that the E, term in both Egs. (3) and (4) may be neglected.
Evaluating Eqgs. (3) and (4) at =T, and eliminating T from
these two equations, one then obtains the Child—Langmuir
law, the familiar relation between J, V, and D.

In general, Egs. (3) and (4) give two equations between
the three variables J, E,, and 7. {We assume that the gap
voltage V and the gap spacing D are given.) The third equa-
tion required to solve for J, E;, and T, is the Fowler—
Nordheim relation, with coefficients A, B (Refs. 10, 12, and
13)

_ 2 ,~B/E,_ (ES g —1/(E4/Eq)

J=AEZe S_JO\E_O e s'Eo), (5
Equation (5) determines the emission current density J in
terms of the surface electric field E . In writing the last form
of Eq. (5), we have constructed from the coefficients 4, B an
electric field scale £ and a current density scale Jg with!®

Ey=B, Jo=AB2. (6)

Note that these two scales depend only on the intrinsic prop-
erties of the emitting material. From these two scales, we
may construct a time scale 7= €yE ¢/J [cf. Eq. (3)], a length
scale I=eE,7m/m [cf. Eq. (4)], and a voltage scale U=1 Eq.
These are the natural scales'’ from the mathematical struc-
tures of the equations. While their physical meanings are not
immediately obvious, their introduction enable us to con-
struct universal voltage—current (V-I) characteristics, as fol-
lows.

We first use a bar to designate normalized quantities:
D=D/l,T=T/7,V=V|U,E=E/Ey,J=J/Jy. Then T may
be solved for from the quadratic polynomial, Eq. (3), in
terms of V, J, E:

T;E elE, )
where
g=— 1+ 1+2(27) 2" VE ®)

In obtaining Eq. (7), we have used the normalized Eq. (5)
J=E2VE | 9)
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FIG. 1. The normalized V-I characteristics for a field emission diode at
various normalized gap spacings (D). The transition to the Child—Langmuir
law at high gap voltages is shown.

Equation (4) then reads
E(£+3)=6DEe™YE (10)

upon using Eq. (7).

The universal V-I characteristics may then be con-
structed as follows. Assume a value of D. As E varies, £ may
be solved for from Eq. (10), a cubic polynomial in & From
this computed value of & Eq. (8) immediately yields Vasa
function of E whereas Eq. (9) yields J as a function of E.
This last sentence provides the procedure to construct the
V-I characteristics using E as a running parameter. Shown in
Fig. 1 are the V-I characteristics, constructed this way for
various values of D. They are applicable to all materials, as
long as the electron emission is governed by Eq. (5).

Each curve in Fig. 1 has two asymptotic behaviors. It
approaches the Child—Langmuis law'®

42

J'132=(—§—)(V)3’2 (v

for large values of V at which the space charge effects are
important. At lower values of V, it approaches the Fowler—
Nordheim relation'®

JD2=V2e DV, (12)

which is simply Eq. (9) [or Eq. (5)] in which the surface
electric field E, is approximated by the vacuum field V/D.
Since the Child—Langmuir law is independent of the cathode
material, all V-I characteristics will merge into the same
asymptote for sufficiently large values of V, as shown in Eq.
(11) and Fig. 1. [See, also, the paragraph following Eq. (4).]
It is clear that the space charge effect will become important
when Egs. (11) and (12) yield similar values.

Another way to see the effects of space charge is through
a “Fowler—Nordheim plot,” which is a plot of log(J/ V?) vs
1/V. Shown in Fig. 2 is one such plot for the case D=10".
In this case, the space charge effects become important when
V=105, and are unimportant otherwise.
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FIG. 2. The Fowler—Nordheim plot for the case D=10". The space charge
effects are unimportant along the straight line segment of this curve.

As an example, consider an emission model in which the
Fowler—Nordheim coefficients A, B are given by [in the stan-
dard international (SI) units]?

B=6.49X10%¢">, A=(1.4/¢)X1076+426/¥  (13)

where ¢ is the work function in electron volts. For an emitter
with work function ¢=2 eV, Eq. (6) gives E;=1.84x10'°
V/m and Jy=2.43X10"7 A/m’ The other scales are
[=1.45X107" m, U=2.66X107° V, =6.7x10""° s
(Ref. 17). For a gap separation of, say, 1.45X10™% m, then
D=10". Figure 2 suggests that the space charge effects
would dominate if the gap voltage V>26.6 V (i.e., V>10°)
for this example. Note that at the transition voltage of 26.6 V,
the average electric field within the gap is of order 26.6
V/(1.45%107% m)=1.8X10° V/m, a value within the range
expected of field emission.

Transition from the Fowler—Nordheim regime to the
Child—Langmuir regime may be said to occur when Egs.
(11) and (12) yield the same value. This happens when

D=€/1n( } .

4v2

(14)

Equation (14) is plotted in Fig. 3. Note that this curve is
material independent.

Ill. CONCLUDING REMARKS

The simple analysis given in this paper omits many
physically important aspects, such as the geometrical
effects' and the dependence of A and B on the electric
field.!%51° The effect of high surface electric field may also
lead to the bending of energy bands in semiconductor
emitters.”’ In the case of very sharp emitters,?!~?* joule heat-
ing of the tip may lead to thermal instability and result in
catastrophic destruction of the tips, a phenomenon well
documented®*? which may have important implications on
the cathode stability and gap closure in field emitter arrays.
These are important subjects but are beyond the scope of this
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FIG. 3. The universal curve that separates the Fowler—Nordheim regime
and the Child-Langmuir regime in a planar diode. This curve is material
independent.

paper. Finally, the radio frequency (RF) properties of vacuum
microelecironic devices have been explored in terms of the
Fowler—Nordheim coefficients.”®

In summary, we have constructed the universal V-I char-
acteristics that link the Fowler-Nordheim relation to the
Child—Langmuir law. These characteristics provide an im-
mediate determination of the importance of the space charge
effects, once the emission coefficients A and B [in Eq. (5)],
and the gap spacing are given.
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