
ORBITAL C H A N G E S  D U R I N G  H Y P E R S O N I C  AEROCRUISE'  

Kenneth D. Mease2 
Jet Propulsion Laboratory, California Institute of Technology, Pasadena, California 

and 

Jaemyong Lee3 and Nguyen X. Vinh4 
University of Michigan, Ann Arbor, Michigan 

Abst rac t  

The orbital changes that occur during an aerocruise ma- 
neuver are analyzed using a new mathematical approach. 
The approach allows the analysis to be conducted in two dis- 
tinct stages. In the first, the aerodynamic turn is determined, 
using a nondimensional form of the equations of motion that 
is free of singularities. We show how the design parameters: 
speed, altitude, angle of attack, and thrust direction, affect 
the aerodynamic turn and, in particular, how they should 
be chosen in order to  maximize the aerodynamic turn for a 
given propellant expenditure. An analytic solution for the 
aerocruise maneuver is obtained, under certain simplifying 
assumptions, and is found to be very accurate. The second 
stage of the analysis concerns the translation of the aerody- 
namic turn into changes in the orbital elements with respect 
to the equatorial plane. The translation involves a straight- 
forward transformation of coordinates. The transformation 
depends on the starting point for aerocruise, i.e., the initial 
argument of latitude in the initial orbital plane. Analytic 
solutions for the initial arguments of latitude that maximize 
the change in inclination and the change in the longitude 
of the ascending node are given. In the case of maximizing 
the change in inclination, the analytic solution confirms that 
the aerodynamic turn should be centered at  the nodal cross- 
ing. In the case of maximizing the longitude of the ascending 
node, the analytic solution shows that the best location for 
the aerodynamic turn depends on the inclination of the ini- 
tial orbit. Previous claims that the aerodynamic turn should 
be performed at  an apex of the initial orbit have been found 
to be valid only for an initial inclination of 90'. As the ini- 
tial inclination decreases towards zero, the optimal location 
moves from apex towards the node. We also outline a pro- 
cedure for determining the aerocruise maneuver to achieve a 
specified orbital plane as defined by particular values of the 
inclination and the longitude of the ascending node. 

Nomencla ture  

perturbing accelerations: radial, tangential, 
and binormal 
lift and drag coefficients 
aeropropulsive efficiency 
specific fuel consumption 
magnitudes of lift, drag, and thrust forces 
position and velocity vectors 
magnitudes of position and velocity vectors 
reference surface area 
circular speed 
dimensionless altitude 
classical orbital elements 
dimensionless specific fuel consumption 
gravitational acceleration 

h angular momentum 
k dimensionless speed 
m vehicle mass 

P semi-latus rectum 
r, V 7 ,  spherical trajectory variables (Fig. 2) 
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u argument of latitude 
a,u angle of attack; angle of bank 

'I thrust direction 

/J dimensionless mass 

P gravitational parameter 

P density of atmosphere 

In t roduc t ion  

The reason for considering the use of aerodynamic force, 
to alter the orbital plane of a spacecraft, is that it often re- 
quires less fuel to change the altitude of an orbit (in order 
to  get into the atmosphere and back out) than to rotate the 
orbit, as noted in the pioneering works of London [1,2] and 
Nyland (31. The three basic phases of a synergetic maneu- 
ver (i.e., a maneuver effected by a combination of aerody- 
namic and propulsive forces) are deorbit, atmospheric, and 
reorbit. In the deorbit phase, propulsive force transfers the 
vehicle onto an elliptical orbit, that intersects the sensible 
atmosphere. Likewise, in the reorbit phase, propulsive force 
transfers the vehicle from the exit orbit, on which it leaves the 
atmosphere, to  the final orbit. In general, changes to  the ve- 
hicle's orbit, during the atmospheric phase, can be effected by 
a combination of aerodynamic and propulsive forces. In the 
so-called aeroglide mode, there is no thrusting within the at- 
mosphere. Although substantial propellant savings, over the 
pure-propulsive plane change, can be realized by the aeroglide 
mode of synergetic plane change [4], the aeroglide mode has a 
decidely negative feature. The most efficient gliding aerody- 
namic turn involves flight a t  the angle of attack that produces 
the maximum lift-to-drag ratio, a t  an angle of bank near 90°, 
at  high speed, and at low altitude where the atmospheric den- 
sity is high. Unfortunately, this flight program also leads to 
very high heating rates and consequent thermal protection 
problems. In order to reduce the heating rate, a high angle 
of attack entry, which produces high lift and high drag, can 
be used to reduce speed and cause pull-out a t  a higher al- 
titude. Furthermore, during the aerodynamic turn, some of 
the lift force can be used to maintain a high altitude flight 
path. However, both of these measures compromise the plane 
change capability. 

Another mode of atmospheric flight, known as aero- 
cruise, provides an alternative means of achieving an aero- 
dynamic plane change, without incurring high heating rates. 
Heating rate is a function of density, or altitude, and speed. 
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A constraint on the maximum heating rate restricts a vehi- 
cle's flying condition to a certain region of the altitude-speed 
space. From the above discussion, the most efficient aero- 
dynamic turn would be achieved in the forbidden region of 
the altitude-speed space. Thus, it seems reasonable that the 
most efficient turn, given the heating constraint, would be 
on the constraint boundary, where the heating rate is equal 
to its maximum allowable value. Numerical results support 
this conclusion [5]. The simplest case of flight on the heating 
rate constraint boundary is flight a t  a single point on that 
boundary, i.e., a t  constant altitude and constant speed. This 
is generally the flight program that is referred to as aerocruise 
in the literature. In contrast to aeroglide, aerocruise requires 
thrusting within the atmosphere. For a given angle of attack, 
the thrust component along the velocity vector is adjusted to 
cancel drag. The vertical components of the lift and thrust 
balance the vehicle's weight minus its centrifugal force, by 
proper adjustment of the angle of bank. The lateral compo- 
nents of the lift and thrust change the orbital plane. Note 
that aerocruise, if restricted to constant altitude, constant 
speed flight, is not a complete atmospheric flight mode. It is 
the central portion and is preceeded by the descent from the 
atmospheric entry point, to cruising altitude, and followed by 
the ascent to  the atmospheric exit point. 

Under a realistic heating rate constraint, the superiority 
of aerocruise over both the aeroglide and the pure-propulsive 
modes for changing the plane of a low orbit (148 km -555 km 
altitude) has been demonstrated by Cuadra and Arthur [6], 
Clauss and Yeatmann [7], and Paine [8] in the mid 1960's. Re- 
newed interest in synergetic plane changes has led, more re- 
cently, to further study of the aerocruise mode [12,13]. These 
recent studies have stressed the fact that an orbital plane is 
defined by not only its inclination (with respect to the equa- 
torial plane), i, but also by the longitude of the ascending 
node, h2; and that an aerodynamic turn must be properly 
located in order to  achieve the desired plane change. In [12] 
and [13], expressions for dildt and dRldt are given; and it is 
shown that dildt is maximized at  either equatorial (nodal) 
crossing and that dR/dt is maximized a t  the apexes of the or- 
bit. The implication is that these maximadetermine where to 
conduct the aerodynamic turn to achieve the desired plane 
change. Approximate analytical results [13] and numerical 
results [12,13], the latter obtained with the Program to Opti- 
mize Simulated Trajectories (POST) [14], support the notion 
that the greatest inclination change is achieved by centering 
the aerodynamic turn a t  the equator. Furthermore, flying at 
a high angle of attack, in order to  maximize the lift coefficient, 
produces a quicker turn and thus allows more of the turn to  
occur near the equator, increasing the inclination change. A 
quicker turn has the added advantage of a reduced total heat 
load. 

In the present paper, a new mathematical approach is 
med to analyze the aerocruise maneuver. A judicious use 
of coordinate frames conveniently allows the analysis of the 
aerocruise maneuver to  be conducted in two stages. In the 
first stage, the focus is on the aerodynamic turn. By using 
dimensionless variables, the number of parameters, on which 
aerocruise depends, is reduced to a minimum. A comprehen- 
sive study of the influence of cruising speed, cruising altitude, 
and cruising angle of attack on the magnitude of the aero- 
dynamic turn for a given amount of propellant is presented. 
The advantages of thrust vectoring are also determined. In 
the second stage of the analysis, the positioning of the aero- 
dynamic turn to  achieve a desired plane change is addressed. 
It is shown that  the aerocruise starting point that maximizes 
the inclination change or that maximizes the change in the 
longitude of the ascending node can be determined analyt- 

ically. The results verify previous claims [12,13] that the 
aerodynamic turn should be centered at  the nodal crossing 
to maximize the inclination change. However, we find that 
centering the aerodynamic turn at  an apex does not always 
give the maximum change in the longitude of the ascending 
node. In addition, a straightforward procedure for solving 
the problem of how to achieve specified changes in both in- 
clination and nodal angle, using aerocruise, is given. This 
problem has not been addressed previously. In the first stage 
of the analysis, the results are obtained numerically, although 
in a number of special cases approximate analytic solutions 
are derived and compared to the numerical solutions. In the 
final section of the paper, an analytic solution for the ae- 
rocruise maneuver is derived, and is found to be extremely 
accurate for inclination changes of up to 40'. 

The analysis presented in this paper is restricted to the 
aerocruise portion of the atmospheric phase. We do not treat 
the complete maneuver from the initial to the final orbit. On 
the other hand, most of the aerodynamic plane change would 
occur during this portion of the atmospheric phase, since the 
rest of the atmospheric flight would be at  lower density and 
much of the aerodynamic force would have to be directed into 
the vertical plane to control the altitude changes. Thus, it is 
reasonable to  assume that changes to the plane are effected 
either during aerocruise or outside the atmosphere. Iil this 
case, the analysis presented herein provides the changes in the 
orbital elements that can be effected during the atmospheric 
flight. 

P l a n e  Change  by Aerocruise 

A direct approach [13], for determining the orbital 
changes that occur during aerocruise, is to  use the elements 
of the orbit. We shall follow this approach in this section 
for the purpose of introducing three problems that arise in 
connection with the aerocruise maneuver. For a free time 
problem, we consider the five elements a,  e ,  i ,  R,  and u. The 
flight is conducted at  constant altitude and constant speed. 
The velocity vector V is perpendicular to the position vector 
R. The cruising point is then at  an apsis of the osculating 
orbit. By the energy integral 

the semi-major axis is constant. The magnitude of the angu- 
lar momentum 

is also constant. Thus the eccentricity is constant. There re- 
main the elements i ,  h2, and u which are subject to the three 
perturbing accelerations, AR in the radial direction, As in 
the tangential direction, and Aw in the binormal direction. 
The variations in the elements are given by the classical equa- 
tions 

di cos u - = 
at 

d n  sinu - - - - 
dt V sini Aw 

du V sin u - = - - -  
dt R V t a n i  Aw 

For constant altitude, constant speed flight, we have the re- 
lations, involving the magnitudes of the lift, drag, and thrust 
forces, 



T c o s a  - D 
As = = 0 

m (6) 

(L + T sin a )  sin a 
Aw = 

m (7) 

( L +  Ts ina)cosa  - V2 
AR = 

m - 9 - R  (8) 

To these equations, we add the equation for the mass flow 

With the usual assumption 

and using equation (6) to evaluate T ,  we write equation (9) 

dm - pSV2CD(a) 
- - - 
dt 2gZsp cos a 

For constant altitude, speed, and angle of attack, the 
mass flow rate is constant, and m is a linear function of the 
time. On the other hand, we write equation (S), with the aid 
of equations (6) and (10) 

cos u - - 2(gR - V2)cosa  
m pSV2 RCD [sin a + (CL/CD) cos a] 

(12) 

The right-hand side is constant and cosu is proportional to  
the mass. The bank angle increases as the mass decreases. 
I.e., as the vehicle's weight minus centrifugal force decreases, 
the vertical component of lift required to balance the weight 
decreases. The perturbing acceleration Aw is given explicitly 
by 

[sin a + (CL/CD) cos a] 
Aw = sin u 

2m cos a 

Figure 1. Planes and Angles Involved i n  
Aerocruise Analysis  

Cos u is a well-defined function of the mass, but a can be 
either positive or negative (left or right bank). Thus Aw can 
arbitrarily be chosen as either positive or negative, thereby 
specifying the direction of the aerodynamic turn. 

The autonomous equations (3)-(5) and (9) are inte- 
grated, from any given set of initial values io, n o ,  UO, and 
mo, to provide the variations of the elements i ,  R, and u, as 
functions of either m or t .  Fig. 1 shows the position of the 
initial plane, as defined by the inclination io and the longi- 
tude of the line of the ascending node no. Let Mo be the 
starting point for the cruise. It is defined by the initial ar- 
gument of the latitude uo. In the following, we assume that 
io and mo are given and, without any loss of generality, that 
Ro = 0. The parameter uo acts as a control parameter, in 
that, its value, i.e., the location of the starting point for ae- 
rocruise, determines whether the ensuing aerodynamic turn 
provides a change in the inclination, a change in the longi- 
tude of the ascending node, or a combination of the two. As 
an indication of this, equations (3) and (4), show that, when 
cosu FS 0, i is near stationary; while, when sinu FS 0, R is 
near stationary. (We shall show later, however, that for finite 
duration maneuvers, it is not always best to  locate aerocruise 
where suggested by these stationary conditions.) Several ae- 
rocruise problems and corresponding solution procedures are 
as follows. 

1. Orbital Plane Change. It is proposed to achieve, for a 
specified initial mass mo, the final orbital plane as de- 
fined by the given values if and Rf. For this problem, 
we integrate from a guessed value uo to the final condi- 
tion if.  The final value of R obtained is compared with 
the given value R for concordance. The solution is ob- 
tained by iteration on uo. This also gives the final mass 
m f .  Note that physically, there will be a constraint on 
how small mf can become. There may be pairs ( i f ,  n f )  
that can not be achieved with the available propellant 
mass mo - (mf)miw 

2. Maximum Change in the Inclination. The inclination 
change Ai  = lie - ifl depends on uo for a fixed mf .  We 
search for the value uo that maximizes Ai, obtained by 
integrating to mf .  

3. Maximum Change in the Longitude of the Node. Simi- 
larly, the node change AR = Ino - nfl depends on uo for 
a fixed mf.  We search for the value uo that maximizes 
A n ,  obtained by integrating to mf .  

While the problem (1.) is not discussed in [12,13], prob- 
lems (2.) and (3.) were addressed. In [12] and (131, the 
solutions to problems (2.) and (3.) were initially inferred 
from equations (3) and (4). Since the rates of change of incli- 
nation and node angle, are maximized at  the nodes and at  the 
apexes, respectively, it was suggested that the aerodynamic 
turn should be centered at  a node to maximize Ai or at an 
apex to maximize A n .  In (121, the solution procedure de- 
scribed above for problem (2.) was carried out using POST. 
The numerical results, for the particular input data used, 
support the hypothesis that the maximum Ai  is achieved by 
centering the aerodynamic turn at  the node. Furthermore, 
high angle of attack flight produces the largest Ai by al- 
lowing a quicker turn, thereby concentrating the turn in the 
region of maximum sensitivity (i.e., near the node). In [13], 
analytic solutions for equations (3)-(5) were derived under 
certain simplifying assumptions. The approximate solutions 
were compared to numerical solutions generated by POST. 
The solution for Ai  was found to be quite accurate. The ac- 
curacy of the solution for A n  is dependent on the value of 
the inclination of the initial orbit. The solution is quite accu- 
rate for an initial inclination of 90°, but it grows worse as the 



initial inclination decreases. For a particular case, the ana- 
lytical and numerical results confirm that Ai is maximized by 
centering the aerodynamic turn at the node. The hypothesis 
regarding the maximization of AR by centering the turn at 
an apex is not tested in either [I21 or 1131. 

In the following sections, the aerocruise maneuver is an- 
alyzed using a new mathematical approach. The equations 
describing the vehicle motion during aerocruise are reformu- 
lated using a nondimensional form of the trajectory variables. 
The equations are free of singularities. (Note that equations 
(3)-(5) have singularities a t  zero inclination.) In the nondi- 
mensional formulation, the number of influencing physical 
parameters is reduced to a minimum; the effects of altitude, 
speed, angle of attack, and thrust direction can be displayed 
explicitly for a general class of aerospace vehicles. It will be 
shown that the three basic problems mentioned above can be 
solved explicitly without iteration on the parameter uo This 
is done by computing the trajectory using the initial plane as 
the reference plane and deducing the trajectory, relative to 
any other reference plane, by a simple coordinate transfor- 
mation. 

ORIGINAL GROUND TRACK c:\ 
DESCENDING 

Figure 2. Coord ina te  System 

Dimensionless Equa t ions  of Aerocruise 

In this new approach, we use the spherical trajectory 
variables (r, 8 , 4 ,  V,7,+) with the initial plane taken as the 
reference plane (Fig. 2). We have the equations of motion 

[I51 

dB V cos7cos * - - - 
dt  r cos 4 

For constant altitude flight, 7 = 0 and r = R; and, if the 
cruise is a t  constant speed, we immediately have 

These are precisely the conditions (6) and (8) obtained above. 

With the equations for r,  V ,  and 7 satisfied by the steady 
solution, we consider the three remaining equations in 8, 4 ,  
and 4.  In steady spherical flight, the time is proportional to  
the dimensionless arc length s such that 

Using s as the new independent variable, we have the equa- 
tions 

dB - cos* 
- - - 
ds cosd 

d 4  - = sin 
ds 

cos y5 tan 4 

where we have defined the dimensionless mass 

and the constant parameter 

Equation (11) for the variation of the mass can be put in the 
dimensionless form 

where p' is the mass flow rate and E is the aeropropulsive 
efficiency 

E = sin a + (2) cos a 

and the constant k and c are defined as 

In terms of these same parameters and variables, the bank 
control law as given in equation (12) has the new form 

cosu (k2 - 1) 
-- - 

P z 

By inspection of the equations, the advantages of the 
new formulation are clear. Instead of the three equations 
(3), (4) and (5) in the orbital elements i, R, and u, we now 
have the three equations (22), (23) and (24) in the variables 
0,  4, and +. The new equations are free of singularities. In 



addition, the need for iteration in the arbitrary parameter uo 
has been eliminated. We simply integrate forward the three 
equations with the initial conditions well defined as 

The trajectory generated can then be related to the trajec- 
tory for any specified set of values (io, uo) by a coordinate 
transformation as discussed in the next section. 

F i g u r e  3. Geometry o f  T r a j e c t o r y  V a r i a b l e s  and  
O r b i t a l  E l e m e n t s  w i t h  R e s p e c t  t o  t h e  
I n i t i a l  P l a n e  

Fig. 3 shows the geometry of the variables (8,4,$) and 
the orbital elements (i, R ,  u) with the initial plane as reference 
plane. Let Mo be the starting position of the vehicle in the 
initial plane and M be the position of the vehicle at  time t in 
the osculating plane O I M .  From the right spherical triangle 
I N M ,  we have the relations 

cos i = cos 4 cos + 
cosu = co t i t an*  

tan 4 
tanu  = -- 

sin $ 
sin 4 = sin u sin i 

These redundant relations relate the two sets of variables 
(dl*) and ( i ,  u). As for the change in the longitude of the 
ascending node, we have 

where the angle 6 is obtained from any one of the following 
relations 

s i n 4 =  tanStan* 

sin tC, = cos 6 sin i 
cos u = cos 6 cos 4 

In the new formulation, through the use of dimensionless 
parameters and variables, the number of influencing physical 
parameters has been reduced to a minimum. To analyze the 
performance, we first specify the dimensionless specific fuel 

consumption c, as defined in equation (29). This is a char- 
acteristic of the propulsion system. Next, to  perform the 
integration, we need to specify the mass ratio pf = and 
three physical parameters, Z ,  k,  and E .  The parameter k is 
the ratio of the circular speed to the cruising speed. By the 
control law (30), it is seen that when k > 1, the cruising speed 
is subcircular and the bank angle is less than 90'. The lift is 
directed upward and the cruising point is a t  the apogee of the 
osculating orbit. On the other hand, when k < 1, the cruis- 
ing speed is supercircular, and the lift is directed downward 
with the bank angle greater than 90'. The cruising point is 
a t  the perigee of the osculating orbit. The parameter Z is 
essentially the altitude parameter, since it is proportional to 
the density p. For constant angle of attack, by varying Z ,  we 
vary the cruising altitude. We notice that the actual weight 
of the vehicle, and its size, are contained in Z. Hence, the 
analysis is valid for a whole class of vehicles having similar 
aerodynamic characteristics. 

Aerocruise Performance Factors 

To study the effect of the altitude, cruising speed, and 
angle of attack (via E )  on inclination change performance, 
we first compute a baseline trajectory using the values 

These values correspond essentially to the data used in [13]. 
The integration, from the initial mass po = 1, to the final 
mass p f ,  provides the final values for the trajectory variables 

which correspond to the changes in the elements of the orbit 

From this baseline trajectory, we consider first the effect of 
the altitude by varying the value of Z ,  while keeping the same 
speed ratio k and the same angle of attack (or, equivalently, 
the same value of E) .  From the definition of p', reproduced 
here for convenience, 

we take, consistent with [13], the value c = 0.353612, which 
corresponds to  I,, = 290 seconds, and an angle of attack 
such that E = 1.87. Then, for each value of 2, we compute 
the corresponding value of p' and compute the change in 
inclination for the same mass ratio pf = 13/21. The results 
are shown in Fig. 4. 

We notice that the effect of the altitude is very general 
since we do not have to specify the physical dimensions and 
mass of the vehicle. On the abscissa, we have the change 
in linear altitude in dimensionless form. If we consider an 
exponential atmosphere 



then using the baseline altitude, we have the linear change At high lift, the turn is nearly instantaneous, that is q5 a 0, 

+- lower altitude higher altitude 4 

F i g u r e  4 .  E f f e c t  o f  t h e  A l t i t u d e  on P lane  Change 

Fig. 4 shows tha t  the inclination change increases as the  al- 
titude decreases. Hence, for fixed mass ratio, cruising speed, 
and angle of attack, the optimum altitude is the lowest al- 
titude. The cruising time is also shorter. However, get- 
ting to  a lower altitude, while maintaining a high cruising 
speed, may require thrusting before the initiation of aero- 
cruise. Also, exiting from low altitude will require additional 
thrusting. Any additional thrusting will reduce the amount 
of fuel, mo - (m,),;,, available for aerocruise. This is not 
taken into account in the generating the results shown in Fig. 
4, since the available fuel is assumed to be the same a t  each 
altitude. Furthermore, severe heating will be encountered a t  
low altitude. Thus, i t  is still preferable to cruise a t  a relatively 
high altitude. From Fig. 4, the maximum plane change tends 
asymptotically to the value i = 19.692896°. Mathematically, 
this is obtained by making Z very large. From the bank con- 
trol law (30), the limiting bank angle is 90". Then, for large 
value of Z ,  equation (24) becomes 

Using equation (27) to  change the independent variable to  
the mass, we obtain the equation 

which can be integrated to  give 

and this heading change is also the inclination change, which 
is readily computed to  be i = 19,692896". 

We next consider the effect of the cruising speed on the 
inclination change. This is obtained by varying k, while 
keeping the altitude and the angle of attack a t  their base- 
line values. From the definition (26), we keep Z constant a t  
the value Z = 0.286326. Then, for various values of k,  we 
compute P' from equation (41), with the same values for c 
and E as  given above. From the numerical integration, we 
have the plot in Fig. 5. It is seen that there exists an opti- 
mal value of the cruising speed slightly less than the circular 
speed. From equation (30), we see that  all of the aerody- 
namic force can be used for turning (u = *90°), if k = 1, 
i.e., if the cruising speed is circular speed. On the other hand, 
the duration of the aerodynamic turn,  which also helps de- 
termine the amount of inclination change, decreases as the 
speed increases. This occurs because the mass flow rate is 
proportional t o  the speed, as shown in equation (27). The 
best compromise, for the particular altitude and angle of at- 
tack under consideration, is t o  fly a t  slightly less than circular 
speed. However, we shall see later (Fig. l l ) ,  tha t  the optimal 
cruising speed is not always so close to circular speed. 

F i g u r e  5. E f f e c t  of Speed on Plane Change 

Finally, we consider the effect of the angle of attack on 
the inclination change. This requires the modeling of the 
aerodynamic characteristics. We shall assume the aerody- 
namic characteristics given in [16]. Fig. 6 shows the vari- 
ations of the lift and the drag coefficients, CL and CD as 
function of a; while Fig. 7 shows the variation of the lift- 
to-drag ratio, CL/CD, and the aeropropulsive efficiency E. 
By polynomial curve fitting, we have the following functions 
with a expressed in radians 





If the density Z is less than this value, the lift generated is not 
sufficient to maintain constant altitude flight, even without 
turning. From equation (48), with the selected value of k,  
this corresponds to  a 2 20.77'. Since the maximum lift-to- 
drag ratio is achieved at  a = 13O, aerocruise at  maximum 
lift-to-drag ratio is not possible. 

The analysis thus far has assumed that the thrust line 
is fixed in the vehicle and this line is along the body axis 
from which the angle of attack is measured. We now use the 
same body axis to measure the angle of attack, but with the 
new assumption that the engine can be rotated, in the plane 
defined by the lift and drag vectors, to change the thrust di- 
rection. Let q be the angle between the thrust vector and the 
velocity vector. The modification in the equations consists of 
changing the definition of Z to 

and of the aeropropulsive efficiency to 

E = sin q + (CL/Cr,) cos q 

. . 
--20.00 0.00 20.00 40.00 60.00 80.00 

THRUST RNGLE (DEG.1 

F i g u r e  9 .  The E f f e c t  of  t h e  T h r u s t  Angle on 
P l a n e  Change (a*= 28.6O) 

The same values for c, k,  and (pSR/2mo) are used and the 
two angles a and q are now treated as control parameters. 
Fig. 9 shows the results for the optimum angle of attack 
a* = 28.6' with different values of the thrust angle q. It 
is seen that there exists an optimal value q*  = 43.04' pro- 
viding a higher inclination i = 17.15'. The same process 
is repeated for other values of the angle of attack and the 
net performance is plotted as curve (b) in Fig. 8. The over 
all best performance is i = 17.297" obtained with a = 26' 
and q = 44'. Another advantage of thrust vectoring, a s  is 

clearly seen in the Fig. 8, is that now the aerocruise can be 
performed at  low angle of attack for vehicle with an insuf- 
ficiently high lift coefficient. For example, if we restrict the 
angle of attack to be such that a < a,,, = 20°, aerocruise 
is not possible a t  constant altitude with the selected speed, 
even without turning. But, if thrust vectoring is permitted 
to  add a component T sin q in the direction of the lift, then 
aerocruise is feasible. 

It has been shown by Bell and Hankey [9] and Nyland 
[lo] that,  if the bank angle is assumed to be constant during 
aerocruise, the optimum thrust angle is such that 

1 
tanq  = - 

L I D  

where 

is the lift-to-drag ratio used for aerocruise. As compared to 
the true optimum thrust angle with the bank angle varying, 
as it should, according to the control law (30), formula (52) 
gives a much lower value. Also, the trend for optimum thrust 
vectoring is not correct. It is possible to obtain a more accu- 
rate formula for the optimum thrust angle. In this respect, 
when the variation in the latitude is small, we can neglect 
the centrifugal acceleration in equation (24) to  have 

- - - dcC, Z sinu 
ds P 

Then, using equation (27) to  change the independent variable 
from s to  p, we obtain 

As seen from equation (30), the bank angle monotonically 
increases as the mass decreases during the cruise. Hence we 
can use this equation to change the independent variable to 
u. This gives 

Equation (55) becomes 

sin2 u 
dq6 = (ckE)-do 

cos u 

which can be integrated to give 

cos uo (1 + sin uf) I + sin uo - sin u ,) (58) 
cos u (1 + sin no) 

A more rigorous analytical solution will be provided in the 
last part of the paper. Here, this approximate solution is 
designed to study the effect of the thrust angle on turning 
performance. The heading change 4, as given in equation 
(58) is a function of q through the aeropropulsive efficiency, 
E ,  and the terminal bank angles, uo and uf ,  such that 

(k2 - 1) 
cosuo = - cos Of = - f  (59) 

Z ' Z 



with Z being a function of r) as shown in equation (50). By 
maximizing the  function +, we also maximize the latitude 
4 as shown in the state equation (23); the higher values of 
rC, and 4 will render higher values of the inclination change 
i as given in equation (32). By writing the condition for a 
stationary value of 1C, with respect t o  q ,  we have the optimum 
condition 

0 ; Eq.(6 5 ) 
0; Numerical 
x : Eq. (60  ) 
A ;Eq (52 ) 

1 
?GO 19.00 23.00 27.00 31.00 35.00 

RNGLE OF RTT9CK (OEG 

F i g u r e  10. The Opt imal  T h r u s t  Angle as  a Func t ion  
of t h e  Angle of  A t t a c k  

A simple solution of the transcendental equation (60) can 
be found by considering only the first order in the change in 
the bank angle. Then 

C O S U ~  = cos(uo + Au) = cosuo - (sinuo)Au 

sin o f  = sin(uo + An)  = sin uo + (cos uo)Au 
(61) 

Upon substituting into equation (60), linearizing the loga- 
rithm, and simplifying by the common factor A u  # 0,  we 
have the simple equation 

cos q [COS q - ( L I  D )  sin q] sin2 uo + cosZ 00 = 0 (62) 

Let 

cos uo (1 + sin u f )  
cos q[cos q - (LID)  sin q] 

cos u (1 + sin go) 

+ sin uo - sin u + (sin u - sin uO) = 0 1 
The optimum value of q as given by this equation is plot- 
ted versus a in Fig. 10. It is lower than the optimum value 
obtained by exact numerical integration, but is substantially 
more accurate than the value obtained from equation (52). 
Also the numerical solution of equation (60) shows correctly 
that  q decreases as a increases. We note that  Bell and Han- 
key (91 arrive a t  equation (52) by rewriting equation (54) as 
d+ld( lnp)  = - ckEs inu  and then differentiating with re- 
spect t o  q to  find where the magnitude of the derivative is 
maximized. The  value of q given by equation (52) is the value 
that  maximizes the aeropropulsive efficiciency E. However, 
the bank angle a is also a function of q .  Equation (52) ne- 
glects this dependence and does not give the optimum thrust 
direction as a result. 

and notice that  

Upon substituting into equation (62), we have a quadratic 
equation for tan  q 

( L /  D) tan2 q t [(LID)' - - 11 t a n q  - L/ D = 0 (65) 

Its solution, which is slightly higher than the exact solution, 
is also plotted in Fig. 10. 

The approximate heading angle solution (58) can also be 
used to  analyze the effect, on inclination change, of the cruis- 
ing altitude and the cruising speed, as has been done numer- 
ically before. First, 1C, is a function of altitude, as represented 
by the dimensionless density Z. By taking the derivative of 
this equation with respect t o  Z, we have 

Hence the heading change, and correspondingly the inclina- 
tion change, increases as the density increases. When Z be- 
comes very large, equation (58) tends to equation (46), the 
approximation developed earlier. Second, the heading angle 
+ is a function of the speed, as represented by the speed ratio 
k. By writing the condition for a stationary value of with 
respect t o  k, we have, after some algebraic manipulation, the 
condition 

(1 + sin a f )  

(k2 - [In p f ( l  + s inuo)  1 + (3k2-  l ) ( s i n u o - s i n o f )  = O  

(67) 

where of course uo and UJ are functions of k as given in 
equation (59). 

As before, an  approximate solution of equation (67) can 
be obtained by using the  linearized trigometric functions (61). 
Again, in order to  cancel the factor Au,  we write the loga- 
ri thm in equation (67) 

Then equation (67) in i ts  simplified form becomes 



Using equation (59), we have a biquadratic equation 

with the solution 

We have repeated the numerical experiment in Fig. 5 for 
several altitudes starting from the baseline altitude and for 
each altitude searched for the optimum value of k. We have 
also used equation (67) and its approximate solution (69) for 
calculation of the optimum value of k. We find that equa- 
tion (67), resulting from the optimization of the approximate 
equation (58), provides excellent results as shown in Fig. 11. 
In fact, to the resolution of Fig. 11, they are identical. The 
solution given in equation (69) is also plotted in Fig. 11, and 
besides its simplicity, the result is fairly accurate, in that it 
shows the correct trend of the optimum speed. This speed 
decreases as the altitude decreases. 

Exact and Eq.(67 ) 

F i g u r e  11. The Optimum Speed R a t i o  a s  a  Func t ion  
of t h e  A l t i t u d e  

It was suggested in the Introduction that aerocruise is 
best performed on the heating rate constraint boundary in 
altitude-speed space. With this in mind, it is of interest to  
determine where along this constraint boundary the maxi- 
mum inclination change can be achieved. Assuming that the 
heating rate is proportional to p.5V3, the value of this quan- 
tity was computed for the baseline case. Then the altitude 
and speed were varied so as to maintain the same heating 
rate. For each variation, the inclination change was com- 
puted. For example, if aerbcruise was performed at  a lower 

altitude (higher density), then the speed would have to be re- 
duced, in order not to exceed the baseline heating rate. Fig. 
12 shows the result. The altitude is the dominating factor. 
As found earlier, the achievable inclination change increases 
as the altitude decreases. However, it is interesting to see the 
effect of the speed, which is not held at  the baseline value, 
as was the case in Fig. 4, but varies with altitude according 
to the heating constraint. As illustrated in Fig. 11, there is 
a speed that maximizes the inclination change, for a given 
altitude. Along the heating constraint boundary, the speed 
is closest to optimal at  an altitude of approximately 70.5 km. 
This gives rise to a local maximum in the curve shown in Fig. 
12. Without considering the fuel required to deorbit to  and 
reorbit from a low altitude aerocruise, it is impossible to draw 
any conclusion as to the optimal aerocruise altitude. How- 
ever, the presence of the local maximum is attractive from 
a guidance point of view, since there is a range of altitudes 
over which the inclination change is relatively constant. 
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F i g u r e  1 2 .  I n c l i n a t i o n  Change Along Heat ing 
C o n s t r a i n t  Boundary 

In summary, the present formulation leads to a differen- 
tial system free of singularities, which can be integrated with 
the minimum number of entry data required. This allows us 
to analyze the effects on performance of the altitude, speed, 
angle of attack, and thrust direction for a general class of ve- 
hicles, since the size and the actual mass of the vehicle do not 
have to be specified. The only physical data involved are the 
specific fuel consumption I,,, which characterizes the propul- 
sion system used, and the aerodynamic characteristics of the 
vehicle in terms of the functions CL(a)  and CD(cr). Other 
influencing factors used are dimensionless and of a general 
nature. More specifically, for the fuel consumption, we just 
need to specify the mass ratio pf = m f / m o  The cruising 
speed is expressed as the ratio, k = Vc/V ,  of the circular 
speed to the cruising speed. It is sufficient to introduce any 
realistic value of 



as a baseline value. Then we can interpret a change in Z, say 
a reduction in 2, as higher altitude flight (smaller p ) ,  or as 
a higher mass-to-surface area ratio (higher mo/S) vehicle at  
the same altitude. 

Coord ina te  Transformation 

We have generated a baseline aerocruise trajectory and 
analyzed the effect of altitude, speed, angle of attack, and 
thrust direction on inclination change by using the initial 
plane as the reference plane. In practice, the equatorial plane 
is the reference plane and the initial plane has the inclination 
io as shown in Fig. 1. We shall use the prime notation to 
denote the variables computed using the initial plane as the 
reference plane, that is to say the primed variables are the 
variables computed in the previous section. The variables 
with respect to  the equatorial plane can be easily deduced by 
a simple coordinate transformation on the sphere with radius 
R. 

In Fig. 1, Mo is the initial point and M t  is the point a t  
the time t .  The integration in the previous section provides 
the elements i t ,  n', u', ... The actual new inclination is i ,  
with the change being Ai  = i - io. The actual change in the 
longitude of the ascending node is the angle ZoOI = AR (and 
not n' as computed previously). Along the initial orbit, the 
point Mo, which is the point where we initiate aerocruise, is 
defined by the angle uo = LIoOMo, called the initial argu- 
ment of latitude. This angle is measured in the initial plane, 
from the initial line of the ascending node OXo. In Fig. 1, uo 
is negative. From the oblique spherical triangle IoZZ'  with 
the sides and angles as labeled, we have 

cos i = cos io cos i' - sin io sin i' cos(ni + u0) (71) 
cos i' = cos io cos i + sin io sin i cos A n  (72) 

sin A12 - sin(R' + uo) - - - 
sin it sin i 

Figure 13. Longitude and L a t i t u d e  wi th  Respect t o  
t h e  Equa tor ia l  Plane 

The last equation is redundant, but it  may be useful in some 
calculations. We can now solve the following problems. 

a. Computation of the Actual Variables. With a sin- 
gle integration, we have generated and stored the 
primed variables i' and 0' as functions of the time. 
Now, for any prescribed io (initial inclination with 
respect to  the equatorial plane) and uo (initial cruis- 
ing point selected in the initial orbit), we can use 
equation (71) to compute the actual inclination i, 
and hence the inclination change Ai  = i - io. Next, 

the actual change of the nodal angle AR is given by 
equation (72). To compute the longitude 6' of the 
vehicle, as measured in the equatorial plane from 
the initial line of the ascending node 010,  and its 
latitude 4, we consider the right spherical trian- 
gle ZM'N (Fig. 13). First we compute the arc 

h h h  

I M '  = u = X I ' +  I 'Mt = I Z '  + u' (refer to Fig. 
1). The angle u' has been computed through the 
icegration of the baseline trajectory. As for the arc 
TI', from the oblique spherical triangle IoII ' ,  it is 
most easily obtained by the law of sines 

Once the angle u has been computed, we simply 
have 

sin 4 = sin u sin i 
cos U 

cos6 = - 
cos 4 

O=AR+c5 

b. Changing the Orbital Plane. In aeroassisted orbital 
transfer, aerocruise is used to effect a change to a 
new orbital plane as specified by the inclination i 
and the longitude of the ascending node AR. This 
fundamental problem is not solved in [12] or 113). 
A search for both the unknown parameter uo Lpec- 
ifying the initial cruising point Mo and the time of 
flight would be required to  achieve both the pre- 
scribed conditions on i and A n .  In the present for- 
mulation, besides removing the singularity in the 
equations of motion, the problem can be solved in a 
straightforward manner, without an iterative search 
for the unknown parameters. First, for any pre- 
scribed final inclination i = i f ,  and longitude of the 
ascending node AR = A n f ,  we obtain the angle 
i' from equation (72). Then using the equations in 
the previous section (in O', +', and $'), we integrate 
until we obtain cosi' = cos 4'cos 4'. As products 
of the integration, we obtain the required final mass 
pf, the time of flight, and R'. Finally, equation (71) 
can be solved for uo, giving the position Mo where 
aerocruise should be initiated. 

c. Maximizing the Inclination. For a prescribed ini- 
tial inclination io and fuel consumption, in terms 
of the mass ratio pf, the initial point Mo, i.e., the 
value of uo, influences the net inclination change 
Ai, since, if the cruise is conducted near the line of 
nodes, the rate of change in the inclination is maxi- 
mized. This problem has been addressed in [12,13]. 
In the present formulation, the solution is obtained 
in closed form. For this purpose, we simply rewrite 
equation (71) as 

1 
cos i = cos(io + i') + 2 sin io sin i' sin2 2 (Ri+ uo) (78) 

From this relation, it is clear that 

The actual plane change A i  is always less or at 
most equal to the plane change i' computed, with 



a specified pf, using the initial plane as the refer- 
ence plane. The maximum Ai is obtained when 
sin f (R' + uo) = 0, that is for the value 

The point Mo, as defined explicitly by this solution, 
must be before the point Io, which indicates the 
initial line of the ascending node. (Note that uo = 
-R' + 180" is also a solution.) Using this solution 
in equation (73), it is seen that 

In the flight program that maz imizes  the change i n  
the inclination, the net change i n  the line of nodes 
i s  zero. In Fig. 1, the triangle IoII1 is reduced to 
a point. In a heuristic fashion, we may say that 
the aerocruise arc is distributed evenly around the 
node; although, this is not rigorously true, since the 
osculating plane is varying during the flight. 
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Figure 14 .  E f f e c t  of I n i t i a l  Argument of L a t i t u d e  
on Change i n  I n c l i n a t i o n  

We have used the baseline trajectory, as given in 
equation (40), with i' = 16.52' and R' = 30.4Z0, 
and plotted, in Fig. 14, the inclination change, 
Ai  = i - io ,  and the corresponding nodal angle 
change A n ,  as functions of the initial argument of 
latitude uo, according to equations (71) and (72). 
The initial angle is taken to be io = 5', in order 
to display the fact that the present formulation is 
not handicapped by the smallness of the initial in- 
clination. Although the maximum Ai is difficult to 
locate in Fig. 14, it does occur at  uo = -30.4Z0, 
consistent with equation (79). At uo = -30.4Z0, 
A n  = 0 as predicted. The insensitivity of Ai  to uo 
is a result of the small initial inclination we have 
chosen. In fact, if we take io = 0, then i = i'; any 
starting point Mo will lead to the same inclination 

change due to the rotationalsymmetry. As the value 
of io increases, the sensitivity of Ai to uo increases. 

d .  Maximizing the Change in the Line of Nodes. This 
problem has also been addressed in [13], through the 
use of POST, but it appears that some inaccuracies 
in the results occur when large changes in R are 
involved. Here, we obtain an explicit solution to 
the problem and use it to explain the singularity 
that occurs when the equatorial plane is taken as 
the reference plane. 

We have seen in the preceeding section that,  for 
a prescribed p f ,  the angles i' and R' are uniquely 
determined by forward integration. For a given io, 
by equation (72), A n  is a function of i ,  which is in 
turn a function of uo by equation (71). By taking 
the derivative of equation (72) with respect to i and 
setting dAn/di  = 0, we obtain 

tan i 
cos AR = - 

tan io (81) 

Substituting back into equation (72), we have the 
relation 

cos io = cos i cos a'  (82) 

Using this solution in equation (71), we obtain 

tan i' 
- cos(R1 + uo) = -- 

tan io 

Since i' and R' are known from the baseline solution, 
we can obtain from equation (83), for each given 
io, the solution uo which maximizes the change in 
R. The inclination is given by equation (82); the 
maximum change in the longitude of the ascending 
node is given by equation (81). For the solution to 
exist, it is clear from equation (82) that we must 
have 

To see the effect of the initial inclination io for the cases 
of maximum Ai  and maximum AR, we refer to Figs. 15 and 
16. In Fig. 15, we plot the maximum Ai and maximum 
AR versus io. The maximum Ai = i' = 16.5Z0, independent 
of the initial inclination. In fact, it is always true that the 
maximum Ai is independent of the initial inclination. As 
for the maximum AR, it is given by equation (81), with the 
value i computed from equation (82). The maximum AR 
decreases as io increases. When the initial inclination io is 
equal to the maximum possible change in inclination i', i = 0 
and cos AR = 0, i.e., the limiting value of the change in the 
longitude of the ascending node is AR = 90'. It is interesting 
that,  when io 5 i', the vehicle can always maneuver to rotate 
the initial plane to  coincide with the equatorial plane. Then, 
R is undefined and A n  can be anywhere from 0" to 360'. 
When io = 90°, i = 90". To obtain the limiting value of A n ,  
as io approaches 90°, we rewrite equation (81) as 

sin i cos io sin i 
- cosAR = - - - cos i' 

cost sin to sin io (85) 

Thus, the maximum A n  approaches i' as io approaches 90'. 
In physical terms, when the initial orbit is a polar orbit, the 



maximum AR is the same as the inclination change i' relative 
to the initial polar orbit. The roles of the inclination and the 
longitude of the ascending node are simply reversed in going 
from the polar frame to the equatorial frame. Fig. 15 is the 
same as Fig. 6 in [13], but there the graph indicates that 
AR does not approach 90' as io approaches i f ,  as it should. 
This is probably due to the fact that,  in this case, i tends to 
zero and the singularity caused by sin; in the denominator, 
in the equations used in [13], introduces a large error in the 
integration. 

In previous studies [12,13], it has been claimed that AR 
is maximized by centering the aerodynamic turn at an apex. 
In our formulation, the angular position of the center of the 
aerodynamic turn, relative to the node (Io), is given roughly 
by R' + uo (see Fig. 1). For example, equation (79) validates 
the claim that the maximum Ai is achieved by centering the 
turn at  the node (Rf + uo = 0'). For the case of maximum 
AR, equation (83) shows that the optimal location (Rf+  uo) 
is a function of the initial inclination io .  For an initial polar 
orbit (io = 90°), the optimal location is a t  apex. However, 
as io decreases towards i', the optimal location moves from 
apex to node. 

It has also been suggested [12,13] that, when AR is max- 
imized, the corresponding Ai  is small. For the case of max- 
imum Ai, we have seen that the corresponding value for the 
node angle change is AR = 0. For the case of maximum 
AR, we have plotted Ai  versus io in Fig. 16. For io = 90°, 
i = 90' and Ai = 0. When io = i f  = 16.52", i = 0, i.e., the 
final plane is the equatorial plane for the maximum change in 
the line of the ascending node. Hence, /Ail = 16.52'. Again, 
a similar plot in 1131 exhibits some inaccuracies in this case. 
It is clear from Fig. 16 that Ai can be anywhere from 0 to 
i'. It is only for large values of io ,  that Ai is small. 

Figure 15. Maximum A i  and Maximum A R v e r s u s  i 
0 

Analyt ic  Integrat ion 

If the latitude and heading angles are assumed small, 
i.e., if sines and cosines of these angles are approximated by 
the first term in their respective Taylor series expansions, a 
series solution to equations (22)- (24) can be obtained. As 

with the numerical solution, this analytic solution provides 
longitude, latitude, and heading angles, which can in turn 
be converted to  inclination and longitude of the ascending 
node, all relative to the initial trajectory plane. To obtain 
these angles, relative to any other reference plane, simply re- 
quires a nonlinear coordinate transformation, as described in 
the previous section. The derivation of the analytic solution 
follows. 
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Figure 16. I n c l i n a t i o n  Change versus  I n i t i a l  
I n c l i n a t i o n  f o r  Maximum AS1 

With the small angle approximation, equations (22)-(24) 
become 

where sino in equation (24) has been replaced by the exact 
series expansion 

using the relationship between coso and the variables p,  k, 
and Z provided by the control law (30). In terms of a new 
independent variable 

and the new parameters 

e = (k2 - 1)'/2 and b = Z/pf, 



equations (86)-(88) become 

Using the initial conditions $(zo) = 0 and c$(zo) = 0 to 
evaluate the constants C1 and Cz ,  we obtain 

using equation (27). 

Integrating from zo = l / p i  to  zf = pf/pi ,  the solution 
to equation (90) is simply +(z) = b cos z ln(zo/z) + A(z) - A(zo) cos(zo - z)  

+ b[C(zo) - C(z)] sin z - b[D(zo) - D(z)] cos z 

+ [B(zo) + bcos zoDi(zo) 

- b sin zoCi(zo)] sin(zo - z) (100) 
Combining equations (87) and (88) yields 

and 

4(z) = - bsin zln(zo/z) - A(zo) sin(zo - z)  

+ b[C(zo) - C(z)] cos z $- b[D(zo) - D(z)] sin z 

+ [B(z) + bcos zDi(z) - bsinzCi(z)] 

- [B(zo) + b cos zo D1(zo) 

- b sin zoci(z0)]  cos(zO - z) (101) 

The homogeneous equation has the solution 

(L = A c o s z +  B s i n z  (95) 

with A and B constants. According to the variation of pa- 
rameters approach, the homogeneous solution is assumed to 
provide the form of the complete solution to equation (94), 
with A and B considered now as functions of x. It can then 
be shown that the variables A and B should satisfy the equa- 
tions 

where 

b(1- cosz) EZ 
B(z) = - - 1 + ( - 6)] 

Z b 

d B  - =  (-+-+-2+... b E 3 2  cosz 
dz 2 2  b 2b3 ) (97) 

In integrating these equations, the terms involving powers of 
EZ greater than two shall be neglected. These terms, how- 
ever, present no particular difficulty and could be retained if 
necessary. The truncated expressions are quite accurate for 
u near 90'. If u takes on values farther from 90°, more terms 
will be needed. 

The series C(z) and D(z) and their derivatives with respect 
to z, Ci(z)  and Di(z),  are all convergent. 

We have compared the analytic solutions (93), (loo), 
and (101) with the "exact" solutions to equations (22)-(24), 
obtained by numerical integration, and found them to be very 
accurate. Fig. 17 shows that the inclination only begins to 
exhibit a perceptible error above 40°. The solution of the truncated form of equation (94), ob- 

tained by integrating the truncated forms of equations (96) 
and (97) and substituting the results into the solution form 
provided by the homogeneous solution (95), is 

Summary 

An analysis of the changes in the orbital plane that 
can be effected during aerocruise has been conducted in two 
stages. In the first stage, trajectory variables and orbital ele- 
ments are defined with respect to  the initial orbital plane. In 
this reference frame, the inclination is initially zero, and the 
change in inclination is equal to the inclination at  the end 
of the aerocruise maneuver, it. The starting point for aero- 
cruise, as measured by ub, has no bearing on the achievable 
ii, in this reference frame, due to the spherical symmetry. 
(Consideration of Earth rotation, winds, or a nonspherical 
gravitational potential would, in general, destroy this sym- 
metry.) Thus, ub can be taken as zero, with no loss of gener- 
ality. By numerically integrating equations (22)-(24), subject 
to  the bank control law (30) and the initial conditions (31) 
or by using the analytic solutions (93), (loo), and (101), the 
values of 9 ,  4, and (I, at  the end of the aerocruise maneuver 

Since 

it follows that  



are computed. Then, using equations (32)- (37), the achieved 
i', R', and u', with respect to the initial orbital plane (refer 
to Fig. I ) ,  are computed. The achieved i' is the measure 
of the magnitude of the aerodynamic turn. It sets the limits 
on the actual (with respect to the equatorial reference frame) 
plane change that is achieved; specifically, the actual Ai 5 i t .  
We have shown how the choices of constant altitude, speed, 
angle of attack, and thrust direction affect the value of i f .  
Furthermore, the nondimensional mathematical formulation 
of the problem is free from singularities and minimizes the 
number of input data, such that the results apply to a wide 
range of vehicles and flight regimes. 

n; Exact solution 
A; Analytic solution 
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Figure 1 7 .  I n c l i n a t i o n  versus  Dimensionless 
Arc Length 

In the second stage of the analysis, the effect of the aero- 
dynamic turn on the orbital elements, defined with respect 
to the eqaatorial plane, is studied. The orbital elements, 
i and R, that define the new orbital plane, with respect to 
the equatorial plane, are computed using the transformations 
(71) and (72). The transformations are general in the sense 
that they operate solely on i' and Of, the integrated effects 
of the aerodynamic turn; whether if and R' were produced 
by constant altitude, constant speed flight or otherwise is im- 
material. These transformations do depend on the starting 
point of aerocruise, uo. The value of uo that maximizes Ai is 
determined by the simple formula (79). Physically speaking, 
the aerodynamic turn should be centered around either of the 
nodal crossings to  maximize Ai. When Ai is maximized, A n  
is always zero. The values of uo that maximize AR are given 
by equation (83). When AR is maximized, the corresponding 
value of Ai depends on the initial inclination, io; the value of 

Ai goes from 0' to  i' as io goes from 90' to if .  When io < i', 
the orbit can always be made equatorial and thus A n  can 
be anywhere from 0' to 360'. As io goes from 90' to i f ,  the 
location of the aerodynamic turn that maximizes AR goes 
from the apex to the node. This fact was not realized in pre- 
vious studies. We have also given a method for determining 
the aerocruise maneuver to  achieve specified values of i and 
R. 

Conclusion 

The orbital changes that occur during an aerocruise ma- 
neuver have been analyzed by using a new mathematical a p  
proach. The approach allows the analysis to  be conducted 
in two distinct stages. In the first, the aerodynamic turn is 
determined, using a nondimensional form of the equations 
of motion that is free of singularities. We have shown how 
the design parameters: speed, altitude, angle of attack, and 
thrust direction, affect the aerodynamic turn and, in partic- 
ular, how they should be chosen in order to maximize the 
aerodynamic turn for a given propellant expenditure. The 
second stage of the analysis concerns the translation of the 
aerodynamic turn into changes in the orbital elements with 
respect to the equatorial plane. The translation involves a 
straightforward transformation of coordinates. The trans- 
formation depends on the starting point for aerocruise, i.e., 
the initial argument of latitude in the initial orbital plane. 
Analytic solutions for the initial arguments of latitude that 
maximize the change in inclination and the change in the 
longitude of the ascending node have been given. In the case 
of maximizing the change in inclination, the analytic solu- 
tion confirms that the aerodynamic turn should be centered 
at  the nodal crossing. In the case of maximizing the longi- 
tude of the ascending node, the analytic solution shows that 
the best location for the aerodynamic turn depends on the 
inclination of the initial orbit. Previous claims that the aero- 
dynamic turn should be performed a t  an apex of the initial 
orbit have been found to be valid only for an initial inclina- 
tion of 90". As the initial inclination decreases towards zero, 
the optimal location moves from apex towards the node. We 
have also outlined a procedure for determining the aerocruise 
maneuver to achieve a specified orbital plane as defined by 
particular values of the inclination and the longitude of the 
ascending node. 

A fact that has been brought by our analysis and that 
in 112) is that flight a t  high angle of attack (i.e., high lift co- 
efficient) produces a larger inclination change than flight a t  
maximum lift-to-drag ratio. This is an apparent contradic- 
tion to  the conventional wisdom. However, much of the work 
in the past on synergetic plane changing did not consider 
vehicle heating. Without a constraint on heating rate, the 
total characteristic velocity for a synergetic plane change is 
minimized by diving deep into the atmosphere (50-60 km al- 
titude) and performing the aerodynamic turn under high dy- 
namic pressure. In this case, the turn is completed relatively 
quickly for either the angle of attack for maximum lift-to-drag 
ratio or the angle of attack for high lift. Le., the aerodynamic 
turn, a t  high dynamic pressure, takes place over such a short 
range, in any case, that the fact that the turn at  high lift is 
somewhat quicker is unimportant. On the other hand, turn- 
ing at  maximum lift-to-drag ratio does offer an advantage in 
energy efficiency and is therefore preferred. Now, when a re- 
alistic heating rate constraint is imposed, the aerodynamic 
turn must be performed at  lower dynamic pressure and con- 
sequently the turn takes place over a longer range. The fact 
that the turn can be quicker at high lift becomes important 
for achieving the desired plane change. Thus the solution has 
changed because the problem statement has changed. 



The analysis in this paper has focused on the aerocruise 
mode of a synergetic plane change maneuver. The analysis 
is incomplete in that  only the aerocruise portion of the com- 
plete maneuver has been addressed. Nevertheless, it is very 
useful to  have a theory for how the orbital plane changes dur- 
ing aerocruise. Most of the aerodynamic plane change would 
occur during this portion of the maneuver, since the rest of 
the atmospheric flight would be a t  lower density and much 
of the aerodynamic force would have to be directed into the 
vertical plane t o  control the altitude changes. The mathe- 
matical formulation presented here has made apparent the 
generic properties of hypersonic aerocruise. 
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