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CHAPTER I

Introduction

The mathematical problem of two dimensional water waves concerns the evolution
of an interface separating an inviscid, incompressible, irrotational fluid, under the
influence of gravity, from a region of zero density (e.g., air) in two dimensional space.
It is assumed that the fluid region lies below the air region. Assume the fluid is
infinitely deep and has density 1, and that the gravitational field is g = (0, —1). At
t > 0, denote the fluid interface by 3(t) and the fluid region by Q(¢). If surface

tension is neglected, then the motion of the fluid is described by

vi+v-Vv=g—Vp

on Q(t),t>0
divv =0, curlv =10
p=0 on X(t)
(1.1) (v,1) is tangent to the free surface (3(t),t)

where v is the fluid velocity, p is the fluid pressure.

Assume further that the interface 3(t) is parametrized by z = z(a, t) € R?, where
a € R is the Lagrangian coordinate, i.e., z(a,t) = v(z(a,t),t). In the sequel we
make the usual identification R? = C and hence will regard z € C. Let

9 1

1.2 __
(1.2) = on T



Figure 1.1: A snapshot for fixed time of the water wave problem.

a0(t) == X(2)

B0

where n = r’ZZ—:‘ is the unit outward normal of Q(¢). We know from [17] that (1.1) is

equivalent to the following complex system on the interface:

(13) it — Z.ClZOé = —1

(1.4) (I —9)z =0,

where $ is the Hilbert transform associated to the fluid region €(¢):

(o) = Ly / fﬁtzﬁﬁat)dﬁ

(a,t) — z(6, 1)
1 F(8.1)25(5.1)
(15) Y £—>0 /a e 2, t) — z(ﬁ,t)dﬁ'

In this paper we consider the modulation approximation to the infinite depth
water wave equations (1.3)-(1.4), i.e., a solution which is to the leading order a wave

packet of the form
(1.6) eB(eq, et, e2t)elhatet),

which can be described as a plane wave with a small amplitude of physical size €
whose amplitude varies slowly; a typical profile of such a wave packet is given in
Figure 1.1. It is well-known (c.f. [12], [10]) that if one performs a multiscale analysis

to determine modulation approximations to the finite or infinite depth 2D water



wave equations, one should expect to find that the amplitude B is a profile that
travels at the group velocity determined by the dispersion relation of the water wave
equations over time intervals of length O(e™!), and evolves according to a nonlinear
Schrodinger equation (NLS) over time intervals of length O(e™2). The first formal
derivations of the NLS from the 2D water wave equations was obtained by Zakharov
[21] for the infinite depth case, and by Hasimoto and Ono [9] for the finite depth
case. In [6], Craig, C. Sulem and P. L. Sulem applied modulation analysis to the
finite depth 2D water wave equation, derived an approximate solution of the form
of a wave packet and showed that the modulation approximation satisfies the 2D
finite depth water wave equation to leading order. More recently, in the preprint
[15], Schneider and Wayne justify NLS as the modulation approximation for a model
equation of the finite depth water wave equation.

A rigorous justification of the NLS from the full water wave equations would bring
us one step closer to understanding qualitative properties for wave packet-like solu-
tions of the water wave equations from that of solutions to NLS on the appropriate
time scales. Moreover, there are examples of nonlinear wave equations (c.f., [8] and
[13]) whose formal modulation approximations do not reflect the true dynamics of the
equation for seemingly reasonable initial modulations; a rigorous justification would
describe for which spaces of functions the modulation approximation holds. Such
a justification would also reduce the numerical solution of the water wave problem
in the NLS regime to the computationally cheaper numerical solution of the NLS
equation.

Rigorous justifications of the KdV, KP, Boussinesq, shallow water and various
other asymptotic models from the full water wave equations have been given in

[7], [14], [2]. As was noted in [6], the reason that a justification for NLS has not



been given is that the longest existence time in Sobolev spaces for the water waves
equation demonstrated thus far have been on time scales of the order O(e™1), for
data with Sobolev norms of the order O(e). However these times are too short to
distinguish the NLS behavior of the wave packet from simple translation of the initial
wave packet at group velocity. Since there is no existence result in Sobolev spaces
on the necessary time scales, an attempt to justify NLS as a rigorous modulation
approximation to the water wave system on that scale has not been made.

Let Uyf = f og, and for k : R — R a diffeomorphism we introduce the notation

(:=zor U 'D,:=0,U !, U'P = (07 —iad,)U !

b=k 0Kk}, Ut AD, == ad Ut

(1.7) Dy = (0, + b9,), U''H=9U'  P=D;—iAd,.

In [19], Wu showed that for any solution z of (1.3)-(1.4), the quantity II := (I —

$)(z — Z) satisfies the equation

Ca

L[ (Dl
] (P )a“ R

:é/(DtC(O‘a t) — DtC(ﬁa ( ((a,t) = SC(B 1))
m IC(a t) = ¢(B, )17

2 DtC( DtC 57t> a Cx
H/( <<a, 5.) (5

and furthermore there is a coordinate change k such that in this coordinate system,

(1.8) P(Ilok~Y) = -2 {Dtg,Hi +ﬁﬂ OaDyC

8ﬁDtC(ﬂ7 t)dﬁ

the equation (1.8) contains no quadratic nonlinear terms.!

1Since z represents a perturbation from the parametrization of the still water solution, the quantity z — o and its
derivatives are considered to be small of order one.



Using this favorable structure and the method of vector fields, Wu further proved
the almost global well-posedness for the full water wave system (1.3)-(1.4) for data
small in the generalized L? Sobolev spaces defined by the invariant vector fields.
However, the wave packet data eB(ea)e™™ (for B sufficiently smooth and localized)
decays slowly at infinity, such that the generalized Sobolev norms used in [19] of
these wave packets are at least of size O(e~/2). On the other hand, these wave
packets are of size O(e'/?) using the usual Sobolev norms. Moreover, the use of the
standard Sobolev norms alone gives enough existence time to rigorously justify the
modulation approximation, and so the standard Sobolev spaces suit our purposes
better.

As is suggested by the work of [11], in justifying the modulation approximation for
a nonlinear system it is advantageous if the nonlinear system contains no quadratic
nonlinear terms. We therefore use the equation (1.8) to perform the multiscale
analysis. In fact, we will use a slightly different change of variables x than that given
in [19]. Upon performing this multiscale analysis, we derive an approximate wave
packet-like solution ¢ satisfying the transformed equations (see (2.7)-(2.8) below)
with a residual of size O(e?). The special structure of (1.8) then allows us to obtain
bounds for the error r = ¢ —C~ between the true solution and the approximate solution
on the appropriate time scale in Sobolev spaces.

We will see in the course of the multiscale analysis that the envelope of the leading
term of 5 — « obeys a focusing cubic nonlinear Schrodinger equation which is globally
well-posed in sufficiently regular Sobolev spaces. The existence of a solution of NLS
on a time interval [0,.7] corresponds to the existence of the approximate solution
¢ on the time interval [0,e72.7]. This fact, along with the a priori bounds on the

remainder r, allows us to show existence and uniqueness of solutions of the system



(1.3)-(1.4) on the proper O(¢~2) time scales, for initial data no more than O(e%/?)
away from a wave packet eB(ea)e*® in Sobolev spaces. A rigorous justification of
wave packet approximations to solutions of the water wave system is then obtained
in this special coordinate system k. Upon changing variables, we obtain appropriate
wave packet approximations to water waves in Lagrangian coordinates. Finally,
by introducing some further restrictions on the initial data, we justify an Eulerian

version of the asymptotics.



CHAPTER II

Derivation of the Main Equations

2.1 The Governing Equations of the 2D Full Water Wave Problem

In this section we introduce our notation as well as collect for future reference
the main equations and formulas from [19] that we will use. We first recall the
definition of the Hilbert transform H, associated to the interface determined by a

curve parametrization y(a) : R — C:

N 10))

(2.1) Hyf(a) = %p.v./_ mf(ﬁ)dﬁ.

We adopt the following notations for Hilbert transforms associated to specific curves:
$ is the Hilbert transform associated to z already defined, H is the Hilbert transform
associated to ¢, and H, is the flat Hilbert transform associated to the line y(a) = a.
In general, the Hilbert transform H., satisfies the convention H,1 = 0 and the identity
H2 = Iin L*. Let Q be a domain in R?, with 9Q parametrized by v(a), @ € R,
oriented clockwise. We know f(-) = F(v(-)) € L*(R) is the trace of a holomorphic
function F' in € if and only if (I —H,)f = 0. The celebrated result of [5] (see
Theorem I1.6) states that H., is bounded on L? provided that v satisfies the chord-

arc condition: There exist constants v, N > 0 so that

(2.2) vla =B < Iy(@) =y < Nla— 5| for all a, 3 € R.



We will frequently use the properties of the Hilbert transform given in Lemmas
2.1 and 2.2 of [19] which for convenience are recorded here. Note that in the sequel

we will often be suppressing the dependence on t.

Proposition II.1 (c.f. Lemma 2.1 of [19]). Suppose that z(c,t) has no self inter-
sections at time t € [0,Ty] and satisfies z;, 2o — 1 € CH([0,Tp); H'). Then for all
functions f € CY(R x [0,Tp]) having the property that fu(a,t) — 0 as |a] — oo we

have the identities

0,91F = [0 8122, 00,1 = [o20, 912, [9,00/24] =0

« «

08,917 = 9122 + 2 il - L (

Za Zo T

07 — iadn, 51 = 2z, 52 - L/ (W;z

Zta Zita 1
(I = 9)(—iaza) = 2[27&1:,57)]2L + Q[Zt,ﬁ]zi — (

Za 2o T
Remark. Observe that if we change variables via x each formula above has a
corresponding formula in which z is replaced by (, 0, is replaced by D;, $) is replaced

by H, etc.

Proposition II.2 (c.f. Lemma 2.2 of [19]). Let Q2 C C be a region whose boundary

08 is parametrized by v(«), oriented clockwise. Then the following hold:
1. If f=H,f and g =H,g, then [f,H,]g = 0.
2. For all f,g € L*(09), [f, H\H,9 = —[H, [, H,]g-

With these preparations, we give the change of variables used to convert (1.3)-
(1.4) into a more suitable equation for our purposes. Originally, in [19], the change

of variables x was introduced using a Riemann map ®(z,t) : (t) — P- which for



each ¢ mapped the fluid region Q(¢) to the lower half plane, and then defined by
a— z(a,t) + Z(a,t) — h(a,t), where h was taken to be a — ®(z(«, t),1).

However, the only property of h that was used was that it was a real-valued trace
of a holomorphic function defined on (t). This idea was already used in the 3D
setting to prove global existence of solutions to the 3D water wave problem [20]. We

use it here by choosing to set
1
h‘<a7t) = Z(Oz, t) - Q(I + *6)([ + ﬁ)il (Z(Oé,t) o E(aa t)) )

where R = R$) is the double layer potential operator associated to the curve z. It is
easy to see from the definition that h is a real-valued trace of a holomorphic function

in Q(t). Then the change of variables is defined by

k(a,t) = z(a,t) + Z(o, t) — h(a,t)

(2.3) =Z(a,t) + %(I +9)(I + R) ' (2(a,t) — Z(a, t)).
Our choice of k then gives us the crucial identity

_ 1 1 _
21 (T=9)E-0) = ~(1-9) (U + 9+ 7)) =0

and from this it follows immediately in the new coordinates that

(2.5) (I -H)C —a)=0

and

(2.6) Hor™ = (I-H)(-0) = (I —H)(C - a).
We denote
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the perturbation of ¢ from the rest state a. Then from (1.8) and (2.4) we have that

solutions z also satisfy the system

(2.7) P(I-H)E=G

(2.8) (I—H)E=0

where as in (1.8) the cubic nonlinearity G is
(2.9)

o 1 -1 1 [ (Dila) = DB =
6 = 2| Dt M + | 0.0+ [ (PES=EE ) (G0 ~Cula) s

We will also need the equations corresponding to the time derivative, which by virtue

of (1.4) and a derivative D; to (2.7) are given by

(2.10) (D} = iA0a)Di(I = H)§ = DiG + [P, DJ(I — H)E,

(2.11) (I —H)D,¢ = 0.
An explicit formula for D,G is

QG——#?%H +H;]8Q

_2Pgﬁ +Hik9
2 (@QM Di((B)

) 95 Dr¢ () d3

(@)= <)
2 / i) = POy,
=y (Dl - DAONDICLe) = ECON 5
2 [ (B0 o

«

(@) =
(@) = <C(B)
(@) = Di((
(@) = <(B) )

¢
¢
¢
¢

(2.12) —%/(&

«
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We also have the following formulas for b and A in terms of ¢ (c.f. Proposition 2.4
of [19] for a proof. From the proof, it is clear that (2.8) and (2.11) together imply

(2.13) and (2.14).):

(2.13) (I — H)b = —[D,¢, H]>>—,

CaC; 1 + Z[DtC,H] aagtg'

(2.14) (I —H)A=1+i[D,H]

The commutator in the right hand side of (2.10) can be rewritten using
az\ .

(2.15) [P, DJ(I — H)E = Uy (E> iADL(I — H)E,

and is controlled using the following formula (c.f. (1.9) and (2.32) of [19] for a

derivation):
(I—H) (AZQUH1 (%)) — 22, 1) 5 4 oD H) aagf <
(2.16) - % / (ngz; - ?(g)(ﬁ ))zathZ(ﬁ)dﬁ.
We also record Proposition 2.7 of [19]:
R e e e
(2.17) +%/ (Dtggz; - ?(té)(ﬁ)>2 (Cs(B) — 1)dp

To estimate terms involving time derivatives of singular integral operators we record

the following

Lemma II.3. Suppose that T f = [ K(«, 3)0sf(8)dS. Then

D, T)f = / (00 + b(0)Ba + b(3)05) K (a, B) 85 (8) dB.
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Proof. We have

D T1S = @+ b)) [ K(,8)15(9) 45 ~ [ K(a,0)0:Duf(9) d3
— [0+ bla)a. + 05)2,) K 0, $)75(59) 3
+ [ K@) (5501148 + Dufal) - 92D () d.

and expanding the last integrand using D; = 0; + bd,, and the product rule implies

that the second integral above vanishes. O

Denote the Fourier transform on R by

1 ° .
— %/_OO fla)e ™ da.

For s € R we have the usual Sobolev spaces

H* = {f € L*(R) : || fllms == 1+ |- [)2f ()lle < o0},

and the homogeneous Sobolev spaces

B ={f € L’(R): || fllz: = I -I"f (e < o0}

Also for s € N we define Ws® = {f € L* : 9if € L*,j = 1,...,s}, with
[fllwsee == 3750 104 f l|lzee. A well-known consequence of the Sobolev embedding
theorem is that H* is continuously embedded in W= for s > 1. Given a Banach
space X, let C([0,77]; X) be the space of all X-valued functions f defined on [0, T

so that t — || f(¢)||x is continuous on [0, T]; equip C([0,7T]; X) with the norm

. = < .
I Flleromx) = ma [ F(0)lx < oo

In the sequel we make the following
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Assumption I1.4. Let s > 6, and let ( be a solution to the water wave system

(2.7)-(2.8)-(2.11) on some time interval [0, Ty] satisfying for 0 <t < Tgy the bounds

(2.18) S(Ty) = |ICa — Uleqompme) + 1DiClleo,m)me) < 6.

First we choose § > 0 sufficiently small so that ¢ satisfies the chord-arc condition
(2.2) and A > 1/2 (c.f. [19]). In the arguments to follow we will need to choose §

smaller still.

In order to use the formulas (2.13), (2.14), (2.16) to get estimates for b, A and
U-'(a;/a) in H* we use the following lemma, whose proof is essentially that of Lemma

3.8 and Lemma 3.15 of [19]:

Lemma I1.5. Let s > 4, and suppose that  satisfies (2.18). Then there exists a
constant C' depending on &(1y), so that for all real-valued f we have the following

estimates:
LA fllms < Ol —=H) flars

2. [ fllas < CIT = R) (FAC,) o

2.2 The Boundedness of Singular Integral Operators in Sobolev Space

In order to estimate the terms arising from the water wave equations in the last

section, we must show that operators of the form

(2.19) Sl(A, f) _ /H ijga; : Aj(ﬂ) f(ﬁ) dg

@) = 7;(6) vo(a) —7(B)
and
(2.20) sian = [1] ﬁgg; - %ﬁf F3(8)d3

are bounded in Sobolev space. For these singular integrals to be well-defined we

insist that the v; each obey the chord-arc condition (2.2). Our starting point is the
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celebrated results of Coifman, Meyer, McIntosh and David, expanded upon by Wu,

which bounds these singular integrals in LZ.

Theorem I1.6. (c.f. [5], [4] and [19]) Both ||Si(A, f)|lr2 and ||S2(A, f)||z2 are

bounded by
CH HA;HXJ ”fHXm
j=1
where one of the Xo, X1, ..., X, is equal to L? and the rest are L. The constant C

depends [[Yo||zoe, [[Villzee, - s [nllzee -

Observe that the kernels of the operators S; and S5 are functions of differences
of the form F (fi(«a) — f1(B),..., fu(a) — fu(5)). When the differential operator
(O + 0p) acts on such differences of functions, it yields another function of the same

kind, e.g., the Chain Rule becomes

(Oa + 0p)F (fr(@) = f1(B), -, ful@) = £u(B)) = D _(O:F)(Da + 05)(fila) — fi(B)).
i=1
The other rules of differential calculus hold as well. Hence acting on kernels of .S or

Sy with m factors by (0, + 0p) yields another kernel which is a sum of terms of the

same type with m + 1 factors. This allows us to cleanly prove the following

Proposition I1.7. Let n > 3 be given, and suppose that (2.2) holds. Then

152(A, Nl < CT 145y, 1 £z,
j=1

where for all j = 1,...,m the Banach spaces Y; = H"™' or W2 and Z =

H™ or W=t Moreover, the constant C' = C (||0ay; — L gn-1,7 = 1,...,m).

Proof. Write Sof = [ K(a, 3)f5(8)dS. To exploit the observations preceding the
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theorem, we expand 07Ss f using the Binomial Theorem applied to ((0,+0s) —0s)™:

oSf(a) = 3 (”) [19@u+ 003 9 11

=0 N

_ Z (;L) / (Do + 05)" T K, ), f5(8)d

After applying routine calculus identities, we see that (9, + 93)" 7 K («, 8) yields a
sum of terms, each of which is another kernel expressible in the form (2.20). Now
we apply Theorem I1.6 to estimate each term in L2.

We proceed by cases. Since n > 3, it suffices to consider the cases where 7 = 0 and
j = 1; in all other cases one can estimate however one pleases using Theorem I1.6. If
a difference of the form Ag."_l)(oz) — AE-n_l)(ﬁ) or 7](."_1)(&) —7](-”_1)(5) occurs in some
kernel, estimate this difference in L?; observe that only one of these can occur in a
given singular integral since n > 3. If a difference of the form Ag-n)(a) — AW (B) or

(n)

v (@) = %('n) () occurs in some kernel, split the integral into a difference of singular

integrals of the form S; and estimate using Theorem I1.6. ]



CHAPTER III

The Formal Multiscale Calculation

The goal of this section is to derive a formal solution to the system (2.7)-(2.8)
that is to leading order a wave packet. Since we want our approximation to remain
bounded for times on the order O(¢™2), we calculate this formal solution using a
multiscale analysis. As mentioned in the introduction, we expect from similar for-
mal derivations of modulation approximations to the water wave equations that the
amplitude of the wave packet is a profile which travels at the group velocity of the
water wave operator, and evolves according to a nonlinear Schrodinger equation.

To effect this multiscale analysis, we must first formally expand the Hilbert trans-
form ‘H appearing in the water wave equations. In particular, we must interpret how

the flat Hilbert transform H, acts on multiple scale functions of the form F(ea)e*

for k # 0.

3.1 Formal Expansion of the Hilbert Transform

Understanding the system (2.7), (2.8) depends on understanding the Hilbert

Transform H. Since our first goal is to seek a perturbation expansion

(vt =a+&=a+ ) €¢™(ate),

n=1

16
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we must find a corresponding development of H into a formal power series
H:H0+EH1+€2H2+"'

To predict what the terms of this series ought to be, we heuristically expand the

kernel of ‘H in a formal power series as follows:

(3.1) Hf = Hd+§i MJ/f ( gm)dﬁ

Equating like powers of € on the right hand side of this last expression suggests the

following formulas for H;:

g [ (000

= [¢™, Hol fa
and for Hs:
Haf = /f ( ‘Z:gmm)m3
2m/f < D(a :gl)(ﬂ))Zdﬁ
=L [ (=D g
_ % / FacD (d%g - g”m) 45
o o ( M>_§WW)M
(3:2) = [¢®), Hol fo — €M, Hol (¢ fa) + 5 [c @, 1¢W, Hol) faa

and so we define the approximate Hilbert Transform
H = Ho + €Hy + € Ho.

If H acts on a multiple scale function f(ag, 1) = f(a, ea), then we have the expan-
sion

H=HO + HO + EHO 4 O,
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where

H(O)f = HUfa H<1)f = [C(l)a HO]aocofv

(3.3)

H = [0, HglOf + 162, Holdao f — (€0, G000 f + 5160, 16, Hol)2B, .

Later we will need to estimate the operator

H—H=(H—H)+ (H; — H),

where H; is the Hilbert transform associated to the curve given by the approximation

(. We will see that for our purposes it suffices to develop the approximate solution

Q: to the third order:

((a,t) = a+eCWV(a,t) + P (a,t) + ¢ (a,t).

Hence we record the following formula as a first step towards analyzing H; — H:

Lemma III.1. (Hf — 7:£)f can be written as the following finite sum of singular

integrals:
- L (B0 -9) L)
B Bemmi=— L f(B)dp
S (o= p) <<’(oz) - g(g))
Cpe et (()(a) — ()(5))"
' Z e / (a — B)prtpatl

where S = {(n1, n2, m, p1,p2) : nap1+nopa+m > 3,0 < pr+p2 < 2,0 < ny, ng, m <

3} and C,, ,, are constants depending only on pi, ps.

Proof. First observe that with an integration by parts we have the formulas

(1) M (q) — M
s = o [ 19 (if—(ﬁﬁ) -y w)) "
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and
B 65 (8) (D) - ¢ (B)
Haf = v [ £05) <a—ﬁ - as
1 (W(@) =@ (GB) _ (Vi) —¢W(g)
o (=) (a—ﬁ ECEL A
Now we repeatedly apply the identity

1 1 (o) —&(B)

(@) =C(B)  a=8  (a=p)(Cla)-C(9))
so as to arrive at the identity
(3.5)
1 1 éla)—E9) (5(04) - 5(@)2 (5(04) - 5(5))3

(=8 a8 @ e e (G -a0)

The last of these terms is of size O(€*). As for the rest, if we expand
&(8)/ ($e) = $)
in powers of € up through €2, we see that

$s(B) 1
a) —

B  a-p

q

All of the terms here up through order O(e?) precisely comprise H, and so vanish
upon subtracting 7. The remaining O(e*) terms consists of a finite number of terms

which can be written explicitly in the form

ni1p1+nepe+m C(’m)(a) - C(nl)(ﬁ> " C(n2)<a> - C(n2)(ﬁ) P2 m
;Cpl,pze bt ( (a _)6>Z()1+p2+1 ) C,((a )(6>,
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where S = {(n1,n2, m,p1,p2) : nap1+nopa+m >3, 0 < p1+ps < 2,0 < ny, ng, m <

are constants depend only on pq, ps. O

3} and C,

1,P2

3.2 The Action of Hy; on Multiscale Functions

As we saw in the last section, the operators appearing in the power series expansion
of the Hilbert Transform of the interface can be written in terms of the flat Hilbert

transform

Hof = %p.v./(f(—_ﬂ)ﬁdﬁ.
It is known that H, is a Fourier multiplier with Fourier symbol Hy(€) = — sgn(€).
However, it still remains to be seen how to interpret the action of Hy on a multiscale
function f = f(«,ea) as a multiscale function.

Since we are interested in the modulation approximation of the water wave prob-
lem, we will choose the leading order of our approximation to be a wave packet of the
form B(ea)e*™ for k > 0. Hence the formal calculation depends upon understanding
ik

the action of Hy on such wave packets. Since the amplitude of B(ea)e™ is slowly

varying for small €, we heuristically expect for k& # 0 that

Ho (B(ear)e™™) ~ B(ea)Ho (™) = B(ea) sgn(k)e™™,

where ~ indicates an error depending on €. The following result confirms this in-
tuition. We adopt the usual practice of assuming, unless otherwise stated, that a

constant C' may denote different constants in the process of deriving an inequality.

Proposition II1.2. Let k # 0 and s,m > 0 be given. Assume ¢ < 1. Then if

fe = m,
Emfl 2

/
Hs S C km ||f||Hs+m

1(Fo — sgn(k)) f(ecr)e™|

where the constant depends only on s.
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Figure 3.1: A frequency space portrait of quantities in Proposition I11.2

(I —Ho) =1 —sgn(¢)

Proof. It suffices to consider the case £ > 0, since the case £ < 0 follows
by complex conjugation and the fact that Hy = —H,. We first derive a bound
for ||07(I — Ho)f(ea)e™™||L2. In essence, the wave packet f(ea)e’®® is localized in

frequency space about the wave number ¢ = k, whereas the operator (I — H,)

9 1/2
d5>

truncates to negative frequencies; see Figure 3.1. We calculate that

[e.9]

1051 = Ho) f(ea)e™ (|2 = ([

([

61— s F ()

) 1/2
v () d£>

. ) 1/2
< 92 (/ €2(7’L—|—m)—1|§|—2m ag_;_mf (§) g)

e € €

) 1/2
< 200 (sup ) ( [l (¢) @>
e<—k e/| e
€n+m—1/2

< 2T o e
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But since € < 1, we have for any m > 0 that

I(I = Ho) f(ea)e™ || < €Y |08 — Ho) fea)e™ |2
n=0

s _
entm 1/2

< CZ k—mHaZerfHL?
n;91/2

km

m—1/2

km

€

< C 195" 1

| f | zrs+m .00

Hs

€

< C

As a consequence we may freely assume in the multiscale calculation that H,

formally treats the amplitude of the wave packet B(ea)e?*® as a constant when

k # 0. However, note that in the case k = 0 we can at best say that

Ho(f(e))(a) = (Hof)(ea),

and so these must be retained as functions of the slow variable oy = eav whenever
they occur in the multiscale calculation.
We record an immediate consequence of this result that will be used frequently

in the multiscale calculation.

Corollary II1.3. Let s > 1,m >0, ¢ <1 and f,g € H*™(R) and suppose that k1

are giwen so that | # 0, —k, and sgn(l) = sgn(k +1). Then

Hs+m .

Il tcale™, Halg(ea)e s < O (b ) 1

s+ml|g]

3.3 The Multiscale Calculation

We are now prepared to find an approximate solution 5 to the four equations
(2.7)-(2.11) that is to leading order a wave packet, where G is given by (2.9). Our
approach will be to derive an approximate solution to the system (2.7)-(2.8) having
residual O(e?) with a multiscale analysis and then verify that this approximate so-

lution also satisfies (2.10)-(2.11) up to a residual of size O(e?). We begin by seeking
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a perturbative ansatz for (2.7)-(2.8)
(o) =a+ Y e ¢M(at,e).
n=1

In order to construct an expansion that is valid on times on the order O(e?), we

introduce multiple scales
to=1, t1=c¢€t, 1o= th, oy =, Q] = €qQ,
and so we seek a solution of the form
(o]
Clont) = a+ > "¢ (ag, a1, to, tr, t2)
n=1

which formally satisfies the original equations up to terms of size O(e?).
Before we begin solving these equations, we expand the auxiliary quantities and

operators in powers of €. In particular we must determine the expansions in € of the

quantities
b= Z €"by,, A= Z " A,, G = Z 'G,,.
n=0 n=0 n=0

Notice that since b and A — 1 are of quadratic order and G is of cubic order, it follows
that that

bo=br=Ay=A1 =Gy =G =Gy =0.

We will also show in the sequel that Ay = 0 and by = bs(ay, t1,t2); the linear operator

associated to the water wave equation thus has the multiscale expansion

D} — iADy = (0} — i0a,) + (204,01, — i04,)

(3.6) + €2(20;,01, + O, + 2b20;,00,) + O(€%).

Recall that we also have the formulas for the multiscale expansion of the Hilbert

Transform given by (3.3)
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We will find explicit formulas for by, b3 and G3 in the course of the analysis. In

what follows we will repeatedly use the fact, justified by the last section, that
(3.7) Ho(f(ar)e™™) = sgn(k) f(ar)e™ +O(e"),  k#0

and hence that
(3.8)

[f(ar)e™ Holg(ay)e™ = O(e*)  whenever  sgn(l) = sgn(k +1), I,l+k #0.

We are now ready to expand (2.7)-(2.8) in powers of €. Collecting like terms yields
a hierarchy of systems that allow us to successively solve for the holomorphic trace
L(I 4+ Ho)¢™ and the antiholomorphic trace (I — Hg)¢™ of the (™)’s in the lower

half plane. The terms of order O(e) in (2.7)-(2.8) yield the system

(3.9) (07, — i0ay) (I — Ho)¢(™ =0

(3.10) (I —Ho)¢™ = 0.

Because we are interested in solutions which to leading order are given by wave
packets, we assume an ansatz concentrated in Fourier space about the fixed wave

number k > 0:
C(l) - B—i—(ala th t17 t?)eika + B_(O&l, tOy tla t2)6_ika

Injecting the above ansatz into (3.10) forces B_ = 0 by (3.7). Similarly substitut-
ing this ansatz into (3.9) yields the condition (9 + k)B4 = 0, which implies that
By (ay,to, t1,ts) = B(ay, ty, t2)e™, where we have introduced the wave frequency w

which satisfies the water wave dispersion relation

(3.11) w? = k.
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Thus we take as our solution
(312) C(l) = B(Oél,tl,tg)eid),

where we have introduced the phase ¢ := kag + wi.

Moving to the O(€?) terms from (2.7), we have by (3.12) and using (3.8) that

<a?520 - ia&o)(j - HO)C(Z) = _(atQO - iaao>(_H(1))<(l)
(3.13) — (204,0y, — 10a, ) (I — Ho)CW

= —4iw(B;, — W' By, )e",

where w' = dw/dk is the group velocity of the wave packet. If we want (I — H,)(®
to be uniformly bounded for all time we must insist that the right hand side of (3.13)

be equal to zero in order to avoid secular terms. Therefore we choose
(314) B(Oél,tl,tg) :B<a1+w/t1,t2) = B(X,T),

where ' = dw/dk is the group velocity. The O(€?) terms from (2.8) yield the

equation
(I = Ho)¢® =H ¢
(3.15) = [ Halcly
= ik(I —Ho)|BJ?
An obvious choice seems to be ¢(® = ik|B|? + By(ay, t1,t;)e’®. However such choice

leads to unavoidable secular growth in the O(e?) level. Instead, we find that taking

¢? so that (I —Hy)¢® = 0 avoids such secular growth. Hence we take

(3.16) ¢® = %ik(I —Ho)|BJ.
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Before we move on to the O(e®) system, we must first derive formulas for by, A
and G3. Substituting the expansion of ¢ into the formula (2.13) we see immediately

upon collecting like powers of € that by = by = 0. Therefore we have
(I = Hobo = =[cly) HolCl) = =kl = Ho)| B,
and so since by is real-valued we conclude that
(3.17) by = —kw|B|?.
Similarly, using (2.14) we have immediately that A; = 0 and that
(1 = Ho) Az = ildhyCly HolCay + 1168 Hol Loy = =ik (I = Ho)| B = 0,

whence A; = 0 as claimed.

Finally we derive from (2.9) a formula for Gj:

4 (@@= ®) (3¢ (@ - (@)
G3 = ;/ ( —_ 5)2 Ctoﬁo(ﬁ) dﬁ
2 (Ct(ol)(a) - Ct(ol)<ﬁ))2(x (1)
O R P e NG

=L+ 1
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Using (3.7) and (3.8) yields
2 1 (D@-@) (@) @)

n-—/ (- 37
_ E/ <Ct(01)(a) - Ct(ol)(ﬁ)) (Z(l)(a) - Z(l)(5)>

¢ (B)dp

o (B) B

_%/@wwzgwgammn

¢, (¢ (@) -V (p)
-2 [ Qa—m >Q%WMﬂ
2K N (€(a) = ¢M(B))
- | (@ 0)

_9k3 [Z(l)’ HO] ((C(l))2)

¢W(B)dp

=0.
Similarly, we simplify

3¢ ()ds

2 (@) = ¢ 0)?
b= /’ (@)

T
= 2@( [(fj),Ho](Clt(&iO%CéO) [Cto a[(to ) H‘cho)ao)

- [ é(})?HO](Ctoaoga()) [Cto ’[ to ) 0]]Caoo¢0
= 2k*Be™ (I + Ho)|B|* — 2k BeH,| B|?

= 2k*B|B|?e™.
In summary,
(3.18) Gy = 2k°B|BJ?e™.

We can now arrange the O(e®) terms of (2.7), and using (3.12) and (3.16) along
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with (3.17), (3.18) and (3.8) arrive at the equation
(07 = 10ao)(I = Ho)('®) = —(0F, — i8a) (—=H)(?
— (0, — 10ao) (=HP)¢
— (2040, — 100y )(I — Ho)¢®
— (204,01, — 100, ) (—HW)CW
— (204901, + O + 26201000 ) (I — H)CM) + G5
= — (201,01, + O, + 2620400 ) (I — Ho)C
+ 2kB|B|*e*
(3.19) = —2w(2iBr — w"Bxx + k*wB|B|*)e",
where w” = d*w/dk?. To supress secular growth we now insist that the amplitude B
satisfy the focusing cubic nonlinear Schrédinger equation?
(3.20) 2iBr — w"Bxx + k*wB|B|* = 0.
With this choice made we solve (3.19) by taking (I — Ho)¢(® = 0.
Finally, the O(€*) terms from (2.8) yields the equation
(I = Ho)¢® = ¢+ 7¢O

(3.21) = [ Ho¢® + [ HocV + [€Y HolcV

aQ

—(1) = =1 1 —1) —(1) —
— VA ) + S 1V 11 ol
2
= (I —Ho)(BBx) — k*Be™"(I + Ho)|B|* + k*Be™"*H,| B|?
= —k‘2§‘B|267i¢ + (I - ﬁo) (EBX) .
Hence we choose

1, U [
(3.22) ¢® = —§k2B|B|Qe-Z¢ + 5 (I = Ho) (BBx).

LObserve that this equation agrees with the equation derived in [6] when one formally lets the depth of the fluid
tend to infinity.
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This completes the demonstration that the modulation of the wave packet ¢(V) is
a profile traveling at group velocity and evolves according to NLS on time scales on

the order O(¢72); a diagram of the evolution of B is given in Figure 3.2.

Figure 3.2: Typical evolution of the modulation B in («, t)-space.

O(e™D)

Now that we have constructed an approximate solution 5 to the equations (2.7)-
(2.8), we claim that ¢ also solves the system (2.10)-(2.11) up to an O(e*) residual.
First we notice that (2.10) is obtained by applying a derivative D, to (2.7), therefore

it is clear that ¢ solves (2.10) up to an O(e*) residual. Now we consider (2.11). By

(2.8) we have that

(I =H)D:i¢ = (I =H)Dy(¢ — @) + (I = H)Dyr

= [D,HI(¢ = a) + (I = H) Dy

D CQZ_ L -7,

[0}

Thus to show ¢ satisfies (2.11) up to an O(e*) residual it suffices to show that our

approximation of b satisfies (2.13) up to a residual of size O(€*). Hence we need only
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choose b3 so that

(I —FHo)by = H by
- [atoz(m?ﬁﬂ]gé? - [atlz(l)vﬁo]g%
- [atoz(l)vﬁ(l)]Céa) - [@oz(l),ﬁo]éﬁ)

— [0, I + [0:,C " FH |02

1 _ —
= —in(] — Ho)(BBx)
— iwk*Be (I — H,)| B|?
+ iw(I —Ho)(BBx)

— iwk*Be (I + H,y)| B|?

_ _ 1— — )
(3.23) = iw(I — Ho) <BBX - §BBX> — 2iwk?B|B|*e .

In summary, we have shown that the equations (2.7)-(2.8)-(2.10)-(2.11) are satisfied

up to a residual of size O(e?) by the approximation

(=a+e(W +e¢® + ¢
) 1 —
= a + eBe' + €2§ik3([ —Ho)|B)?

1 ,— , 1 — =
(3.24) + € <—§/~c23|B|2e“15 + 5(I —Ho) (BBX)) ,
where B = B(e(a + w't), e’t) = B(X, T) satisfies the NLS equation

2iBr — w"Bxx + k*wB|B|* = 0.
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From (3.23), enforcing the reality condition on b3 yields

B = b() + Ebl + €2b2 + €3b3
= *(—kw|BP)

. — — 1 — — —
(325) + 63 <§R (2iu)l€zB|B‘2€l¢) + %ZW(BBX - BBX) — ZZWHO(BBX + BB)()) .

We also define

(3.26) A=Ay+eA + A, =1
and
(327) é = Go + €G1 + 62G2 -+ €3G3 = E3G3.

Corresponding to this approximate solution (3.24) we introduce

&= 5 -
as well as
(3.28) Dy =8, + b0y, P:=D?—iAd,.

We then have the formulas for the differences

(3.29) Di— D, = (b— ),
and
(3.30) D D? = (Dt(b - 6)) O + (b—b) (Dtaa + aabt)

from which we have
(3.31) PP = (Dt(b B — (A jt)) O + (b— D) (Dtaa + aa[)t) .

For future reference we also include the following calculation.
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Proposition I11.4. Let 5, 5, A be as above. Then

2. [P, H]E = O(e%).
Proof. The first statement is straightforward to verify. For the second, observe
that by (3.8) we have that HW(W = HE(W = O(e*). The O(e) term is [02 —

10ay, HolCM = 0. The O(e?) terms are
[8t20 - iaaov H0]<(2) + [atZO - ia&07 H(l)]g(l) + [2atoat1 - iaal ) HO]C(1)7

which vanishes by virtue of the above observation, (3.12), (3.14), and (3.16). Finally,

the O(e®) terms are given by

(02 — 10y, HolC®
+ (02 — 10, HV)CP
+ (02 — 104y, HPJCW
+ 204,04, — 104, , Ho]C?
+ (204,04, — 104, , HV]CW)
+ 204,01, + 07 + 262000y, HolC.

For the same reasons as for the O(e?) terms all of the above are immediately seen to

vanish except for the last, which by (3.17) is given by

2[bs, HolCLD, = 2k3[| B|2, Ho] Be™® = 0,

aoto
by (3.8). ]
Now we have shown that the approximation f depends on B and By, where B

satisfies the NLS equation (3.20). To be certain that the forthcoming objects are

well-defined, we appeal to the following global well-posedness result for NLS:
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Theorem IIL.5. (c.f. [3], [16]) Let m > 1 be given, and suppose that By € H™ is
giwven. Then there exists a unique solution B € C([0,00); H™) to (3.20) with initial

condition B(0) = By.

Fix s > 6, 7 > 0. For the rest of the paper we assume that By, € H*'7,
and hence by the above theorem that B € C([0,00), H**7) with ||B||c(o,7);m:+7) <
C(|| Bol| ggo+7, 7). If we calculate ¢ and D,¢ from B € H57 through (3.24), we see by

counting the maximum number of derivatives that fall on B that we have the bound

< ([l Bl

( ? )H ~ Hs+7, 3)61/2
C([0,7): Hs+6 x Hs+4 x H5+2)

(3.32) H

For the rest of the paper, we choose € < ¢, for ¢y < 1 sufficiently small depending
on By so that C satisfies the chord-arc condition (2.2). Along with the a priori
assumption (2.18) using an appropriately small choice of 6 > 0 , this implies that

the singular integrals in the next section are well-defined.



CHAPTER IV

Estimates of the Remainder

Now that we have derived a formal approximation of the solution ( to the system
(2.7)-(2.8)-(2.10)-(2.11), we can consider the size of the remainder r = ¢ — (. Our
basic approach is to expand the known equations for ( and formulas for quantities
defined in terms of ¢ given in §2 by writing ¢ = r+( and thereby find the appropriate
governing equations from which we will derive energy estimates for r.

In §4.1 we derive from (2.7)-(2.8)-(2.10)-(2.11) new equations in terms of quanti-
ties related to r. Many functions and operators will arise in these equations that we
need to study before we can estimate them appropriately. In particular we devote
§4.2 to studying the remainder between the true and approximate Hilbert transforms
introduced in §3.1.

To clearly describe the respects in which we consider quantities to be small, we
adopt the following terminology: we say a term is of nth order (with linear, quadratic,
cubic having the typical meaning) if the term consists of n small factors.

Alternately, given a Banach space X with norm || - || x, we say that a term f € X
as being O(€") in X when there exists a constant C' so that ||f]|x < Ce™. If we
use the notation O(e") without mentioning a norm explicitly, we mean size in the

physical sense O(e") as we have used in §3. Since we ultimately seek bounds in

34



35

Sobolev spaces H?®, we introduce the special notation that f € H*® is O(e™), which
means that f is O(€") in H® where the index s will be clear from context.

We ultimately plan to control all of our quantities in terms of r, and D;r in
Sobolev space, and so we need some idea of how large we expect r, and D;r to be in
terms of €. Since we are only interested in the leading term of the approximation, it
is a suitable goal to seek a remainder which is of physical size O(€?), and in the L?
sense to be O(e*?). Therefore, we expect here that r, and D,r should be O(e%/?).

In §4.3 we bound in H® the remaining quantities appearing in the cubic nonlin-

earities of the equations of §4.1 by terms involving the quantity
By = |lrallms + || Derllas,

which we expect to be O(e?). We will then show that for ¢ < €y with ¢, chosen

sufficiently small, the quantity F, is bounded above by the quantity
> IIDdsplize + || Didio] 7,
n=0
where
1 1 - ~ s
pi=3I=Hyr  and o= (- H) (i1 = H)E = D = F0é)

which in turn is bounded above by the energy £ for the remainder.

We then use these estimates to show that the cubic nonlinearities of the remainder
equations of §4.1 are O(e7/?). Having done so, we derive in §4.5 an energy inequality
which roughly reads d€/dt < O(€®). Heuristically, an inequality of this type is
suitable since on time scales on the order O(e~?) this implies E; is of size O(€®), as
we would like. We then go on to rigorously derive a priori bounds of E, on O(e™?)

time scales.
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4.1 The Derivation of the Equations for the Remainder

Here we derive the equations governing the evolution of the quantities!

(4.1) p::%(I—H)T and o-::i(I—H)(Dt(I—H)g—Dt(I—EI)E).

Our goal in this section is to manipulate the nonlinearities of these equations so that
they will be in a suitable form for showing they are of size O(e”/?). For example,

from (2.11) we have

(4.2) (I —H)D;7 = —(I —H)D,{ — (I —H)(D; — D) + (H — H)D;

"l

We will show in §4.2 that the operator norm of H — H on H* is of size O(e/?), and
in §4.3 that the function b — b is of size @(¢%/?). Hence the right hand side of (4.2)
is of size O(e%/?).

We now give the equation for the remainder corresponding to (2.7). In decompos-
ing the right hand side of this equation, we keep two goals in mind. First, we must
split the terms in such a way as to arrive at G so as to cancel the O(€®) contribution
from G. Next, we must whenever possible avoid estimating terms formed by P act-

ing on complicated terms, so as to reduce all estimates whenever possible to those

1We use o rather than the more obvious choice D¢p in order to avoid a loss of regularity in the energy estimates.
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already derived. Specifically we expand using Proposition II.1 as follows:

P(I—H)r=G— P —H)E
=G+ [P, HE— (I —H)PE
- 9oz 1 [ (D)= DB\ ;
_G+2[Dtc,H]C Dy /( ) s(0) dp

o ™

— (I =H)(P = P)E ~ (I — H)PE
:G+ﬁagm@0£—l/(&“ﬂ_&“m)&wMﬁ

Co i

)
:4G—®+mmgm@pg—1/(Q§%_qu)&wwﬁ

Ca i

— (I —H)(P =P+ (H—H)PE — [P, HIE + €'R,

where €*R := G — P(I — H)¢ is the residual arising from the approximate equation
corresponding to (2.7).

Note that at most five? derivatives of B are taken in R through the term 02Hy(®),
and so R € H* provided B € H*™. Similarly, at most seven derivatives of B are
taken in DyR through the term ?H®¢®) and so D,R € H® provided B € H*",

The only term that is not immediately of size O(e"/?) is 2[D,(, H] ?—ZDté . Asin the
calculation (2.13) et. seq. of [19], we exploit the fact that D,& is almost holomorphic.

Using (2.11) and Proposition I1.2 allows us to rewrite this term as

Z[DtC7H]%Dté =2 [DtC7H<—i + ﬂZi:| aaDté - 2[Dtga_]?_a(DtC - DtOé - DtT)
—2P@H%ﬁi%ﬁ&ﬂﬁ+%@gﬂ%+ﬂ&@ﬂ%@w

To see that the last of these terms is acceptably small, we again apply Proposition

20bserve that, despite the appearance of formulas (3.3), since the operators H; and Ha can be written as singular
integrals as in (3.2), they do not lose derivatives due to Proposition IL.7.
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II.2 to see that

(4.3) 2[Dt<,_]§—"ntr — (I +H)DC. m%m _ [Dtc,_@—“(f _H)Dyr.

which is now easily seen to be O(e/?) by (4.2). Thus our equation for p is now

2Pp = (G —G) — (I —H)(P—P)+ (H—H)PE— [P, H|E

+2Pmﬂﬁi+ﬁ%}%D£+ﬂmgﬁ%i+ﬂpgi#%?r
1 Di((a) — D, .
w [P ) Gwasen

Note that the terms on the right hand side of (4.4) are cubic, and so a priori there
may be contributions of size O(¢*/?). However, we will show later that all such con-
tributions arise as terms depending only on € and € of physical size O(€?); moreover,
these putative terms will be shown to vanish by multiscale calculations.

Next we derive the evolution equation for o. First we calculate that

P(I—H)Di(I —H)E =—[P,H]D:(I —H),+ (I —H)PD(I —H)E
Do D?(I — H)E

1 [ (Dg(a) = DB\’ -
] (Pea=an ) oo =
+ (I =H)[P, DJ(I = H) + (I — H)(D,G)
_ —2[Dt<,H] aﬂéDtZ(é - H)S
i Di((a) — Di((B) _
(P ) wo-moes

(1 = )il () 0ull = 1€

+ (I — H)(D,G).
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Similarly we have

P(I — H)Dy(I — H)E = =[P, H]D,(I — H)E + (I — H)PD,(I — H)E
daDyDy(I — H)E

= _Q[Dtga H]

Ca
1 [ (D) =DLBN* , 5 r  nz
T ( @) <D )aﬁDt” M8}

+ (I —=H)PD,(I —H)E
daDyDy(I — H)E

= 2D H)
1 [ (Dg(@) = DCBN* , 5 7 nz
] (P ) oo =R

+ (I —H)(P = P)DyI —H)E —i(I — H)badu(I — H)E

+ (I = H)(D,G) + (I — H)e*(DyR).

Subtracting these two equations then gives the desired evolution equation for o:

4Po = —8[Dy(, H] aaf 7
4 [ (Dile) = DB
i ( ¢(a) = ¢(B) ) a2
+ (I = H)iU\s (%) 0a(I — H)E

(4.5) + (I —H)(D,G — D,G) — (I — H)e*(DyR)

The right hand side of (4.5) is O(¢"/2) provided we can show that the right hand
side of (4.5) is O(¢"/?). The formula (2.16) implies that the third term on the right
hand side of (4.5) is of size O(¢"/2). Before we can show that the rest of the terms are
appropriately small, we must study the quantities appearing on the right hand side

of these equations further. We will see that estimates for these quantities presuppose
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a satisfactory bound for the difference H — H, and so estimating this operator in

Sobolev space is our first task.

4.2 Estimates for the Difference Operator H — H

While the operator H is well suited for multiscale calculation, it remains to be
seen how H compares to our original Hilbert Transform H corresponding to the true
solution ¢ of the water wave system. To do so, we will bound the operator H — H in

H?. This entails decomposing it as

H—H=(H—He) + (H; = H),

where H; is the Hilbert transform corresponding to the approximate interface C.If

we apply Proposition I1.7 to the formula of Lemma III.1 we arrive at

Lemma IV.1. Let s > 4 be given. Then we have the bounds

I(He — H) f] we < CEP| fllwos,

s < Ce and [(H; - H) f]

where the constant C' = C (|| B|

Hs+2>.
The analogous result for the first sum in the decomposition is

Lemma IV.2. Let s > 4 be given, and suppose (2.18) holds. Then for all t < Ty,

#s < Cllral

ws < Cllral

I(H=H¢) f] and — |[(H=H¢)f]

ae=t [ fllwsee,

where the constant C' = C(&(Ty), || B|

Hs+2>.
Proof. We use the fact that this operator can be written in two different ways using

integration by parts:

(H—He)f = —/10?; <1+ ~Z :Zig;) fs(B)dB
1 ( B Glr(e) —r(B)
Cla) =¢8)  (Cla) = ¢B))(C(ar) = C(B))

T
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Now consider the nth derivative of the first formula. If all n derivatives fall on f,
then we can pass to an integral of the second form above via integration by parts.

Such an integral can then be bounded in L? by either

C(&(To), [|Bllan+2) lrall gzl fllam— or  CAS(To), [ Bllam2) [Irall a2 | fllwnoe.

If at least one derivative falls on the logarithm, then we have a kernel of the form

(@) = T(ﬁ)) _ ral@) =5(8) _ (r(e) = r(B)(Cale) — Gs(8))
- (Cla) = ¢

B, + 04) 1o N - '
(6a + ﬁ)lg<1+g(a)_§(ﬁ) (@) =< (¢l@) = <B) (@) = <(B)

This yields a singular integral which can be bounded in H™ by either

C (S(T0), e = Ml ) Wl e
or
C (S(T0), e = Ul ) Wrallimn-1 w100,

The proposition follows by summing these bounds n =0,1,...,s. O]

Combining these lemmas yields the

Corollary IV.3. Let s > 4 be given, and suppose that (2.18) holds. Then for all
t <Tp,
1(H = F) fllzr= < O+ Irall =) | 1 s
1(H = F) flle < O+ rall o) | fllwee,
where C = C (&(Tp), || Bl gs+2)-
We will also need to estimate the operator Dy(H — H). To do so, it will suffice to

consider the commutator [D;, H — H].

Proposition IV.4. Let s > 4, and suppose that (2.18) holds. Then

I[De, H = F)fllz+ < C(€* + |Iral

o=t 4[| Derf| )| f]

Hs,

where the constant C' = C (&(Ty), || B|

H5+4 ) .
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Proof. We decompose H — H = (H — He) + (He — H) and estimate each term
separately. We begin with the latter operator and apply Lemma I1.3 to (3.4). Using
the product rule, this results in a sum of singular integrals whose numerators are
products of differences involving the functions é () Dté , D™ n=1,23. Then
using the identity D;g = (b — l;)ga + D,g, we can further split these terms until we
arrive at a sum of kernels whose numerators are products of differences involving the

functions

£ ¢, D& D¢™, b-b)E (b-b)¢W,  n=12,3

In order to estimate the terms (b — Z;) g that arise here for g = é . ™ notice that

(2.18), along with (2.13) and Lemma IL.5, shows that

(b= b)gall= < Clb—b]

12| gallwece < C(S(T0)) [gallwsee

The resulting kernels have the properties that (1) each has at least three factors in
its numerator of size at most O(e) in the sense of L>, (2) each has the same number
of factors in the numerator as in the denominator. In estimating this sum of singular
integrals we always estimate f in L? so as not to lose any half-powers of €. In doing
so, the largest number of derivatives of B that appears is in th ; a time derivative
will fall on By in the formula for ¢ which by (3.20) is equivalent to a term with

three derivatives on B. The result is the bound C(&(T1y), || B]

Hs+3)6

Next, using Lemma II.3, we explicitly write the kernel

[Dt,H HC /fﬁ (Dﬂ‘ Oé) Dﬂ“(ﬁ)

¢la) = ¢(B)

(¢(@) = C(B)(S(a) = <(8))

and appealing to the crude bound of b — b above now implies the proposition. Il

_(r(a) = r(B)(Dil(@) Di(ﬁ))) dg,
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Corollary IV.5. Let s > 4 be given, and suppose that (2.18) holds. Then

IDy(H — H) fllas < C(€ + ||7al

Hs—1 -+ HDtT|

#e)(|[f]

#s + || Dif]

H5)7

where the constant C' = C (6(1y), || B|

H5+3 ) .

4.3 Formulas for Remainders of b and A

Applying the energy method to the remainder equations (4.4)-(4.5), we expect to

obtain bounds on the quantity
(4.6) EY? = \rallms + || Der|| -

However in (4.4)-(4.5), the quantities b — b, A — A, etc., arise as coefficients of the
operators P —P and Dy(P —P). Moreover, such energy estimates would give bounds
on the quantities D;0!p and D;0l'c, not directly on the quantities r, and D;r. So

in the following subsections we must perform the following tasks:
1. Bound b — b in terms of FE, and e.
2. Bound Dy (b — b) in terms of Ej, €, and a small multiple of D?r.
3. Bound A — A in terms of F,, ¢, and a small multiple of D?r.

4. Bound D?r in terms of E;, € and a small multiple of A — A, and thus bound

Dir, A — A and D, (b — b) appropriately by F, and e alone.
5. Show that D;p and D;o are equivalent to Dyr and D?r, respectively.

Since b and A are intended to be power expansions in € of b and A up to at least
quadratic terms, we expect that the differences b — b, Dy(b— 1~)) and A — A will be of

size O(e/?).
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Step 1. Controlling b — b by F, and e.

In order to use (2.13), we write

(I—H)b—b) =T —-Hb+ (H—H)b— (I —-H)b.

By the multiscale calculation, the residual quantity

consists only of terms O(e?). The largest number of derivatives of B appearing in
this residual is through the term H,D,(®), where three derivatives fall on B. Hence

this residual is bounded in H* by C(||B||gs+s)e”/?. By Corollary IV.3, we have

I(H = F)b|| = < C(e* + EY)|0]

Hs
<O+ E;/Z)ES/Q

< C’(EE;L/2 + 65/2),

where C' = C(6(1y), || B|

ms+3). Observe that in the last step we have relaxed the
estimate so that every term is of the optimal size O(e*/?).

It now suffices to consider the difference

1D, m% L BE RS = Dy, H]’é—a (D~ D), Hl%
e o= (11
- [DtCaH]C_a _[Dt<7H]€a (Ca é“a)
~ = "~ éa
— D¢, H — H|=.
D& M-

Estimating each of these terms in H® using Proposition I1.7, we sum the bounds
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under the assumption of (2.18) to find by Corollary IV.3 that for s > 4:

b= b|| s < Ce? 4+ C(eEY? 4 &/2)

+ CEYX(EM?* +¢) + Cllb—b||gs(6 +¢)
+ CeEY? + Ce(é + ENV?)e?

< C (B, +eBV?+ )+ Cllb— b

HS(E + 6),

and so choosing €, and § so that the coefficient C'(e 4 &) of ||b — b||g+ on the right

hand side is less than % for all € < ¢y yields the bound

(4.7) Io ol

s < C(E5+6E;/2+65/2),

where the constant C' = C(&(Tp), || B|

gs+1). From this bound and (3.25) we also

have

(4.8) bl < C (B2 +642)

Step 2. Controlling D;(b—b) by E, ¢, and a small multiple of D?r.

To control Dy(b — b), we write

(I —H)Dy(b—b) = ((1 —H)Dib— (I — ﬂ)f)té) (M —H) Db — (I —H) (b — b)db.
By Step 1 and Corollary IV.3 we have that
(I —H)(b—)0ub|| s < C(E, + eEY? 4+ €/?)

and

(7 = H)Dibllrr= < O(e* + BY?) (/%) < C(eB,? + €2),

where the constant C' depends only on &(7j) and || B|

us+2. To estimate the remain-
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ing terms we appeal to the formula (2.17):

aoa(zb - th) . [DtQC H]za —1

(I = H)Dib = [DiG, M= -
1 (D) = DB\ = o
= (Pa=an ) G- vas

By a multiscale calculation, the term (I — ﬂ)bti) has the property that the residual

quantity
(1= RD— 1D, 2B =D e e =]
1 Dtéj(a) - Pt((ﬁ) z d
i ( )= ) (o=

is of size O(e?). Therefore it suffices to estimate the difference between each term

in (2.17) with its approximate analogue. We may estimate the first such difference

crudely, since by Step 1 we have that

b_a_ N - A B_oz (b_l;)a
|[DtC,H]§a e ]5a HSS [D:C, H] & ||,
l;a ™~ o~ A Na
+ Dt 7H_ + Dt aH~_
(D¢ ]Ca N (D¢ ]ga N

< O(BE, + eBY? + /%) + 062 4 Ce' /262

< C(E, + €EY? + &/2),

where the constant C' depends only on &(Tp) and || B||gs+4, and where we estimated

the commutator [D;(, H]?—a term-by-term. The estimate of the difference

aaDtZ N Ay
Dt ) - Dt 9 ~
(D¢, H] . (D¢, H] .

proceeds by decomposing in the same manner as in Step 1, and yields the bound

C(Fs + ¢EY? 4 /2.
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Next, by writing D;( = Dyr + (b — l;)fa + D,(, the remaining singular integrals

1 [ (D) = DLBN = oy e L[ Dille) = DEB =
< Py ) o f ( PR ) Cal)-1)d5

are controlled in H* with Proposition I1.7 by C'(E,+eEs/*+€5/2). Finally we address

the difference

za_l _ID2F 1 Za_l
Coc [DtC7H] éa :

Again decomposing in the fashion of Step 1, we arrive at a sum of commutators all

[DY¢, H]

controlled in H* by C(E, + eEs /2 4 €5/ %) except for two commutators. The first is

Za_l

[Dir, H] o

which is controlled in H* by (E+/* + ¢)|| D2r|

gs. The second is

Ca_l
Ca

Ea_l

(D} = DG H)22— = [ (Db =) Ca + (0= ) (D1 + 0aDiC) M| 22—,

which has been expanded using (3.30), and is controlled in H® by

C5||Dy(b = b)|| s + C(Es + eEY? 4 €/?)

Summing all of these estimates, we therefore have for ¢ chosen sufficiently small that

(4.9) |1 Dy(b—b)||s < C(E, 4 eEY? + /) + C(EY? + €)|| D?r|| .
Step 3. Controlling A — A in terms of E,, ¢, and a small multiple of D?r.

Since A = 1 by (3.26), it suffices to control A — 1 in H*. The right hand side of
the formula (3.26) consists of terms that are almost the same as those in the formula
(2.17) for D;b, and so the same methods of estimation will apply. However, from
§3.3 we know that A4, = 0, and so we will want to decompose the right hand side of

the formula (2.14) so that it is easily seen that the pure O(€?) contribution vanishes.
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From (2.14) we have

-1 9o DiC
(I-—H)(A-1)= i[DtQC,H]Q“C— +i[Dy(, H] C 1S =1+ L.
Decomposing the difference corresponding to I as in Step 2, we have
D¢ HELE D R EPE < (B em )
Ca Ca Hs
where C' = C(6(1y), || B||gs+4). The difference corresponding to I; is decomposed as
follows:
2 Ea N2 - A ~a_ 2 Ea 2 2\ ~ Ea
[Di¢ H]== — [Di¢, H]=* = [Dir, H]== + (D — Dy)¢ H] ==
Ca Ca Ca Ca
FIDICH (ﬁ— - i—) + D H -

Note that in the expression f)f{~ , five derivatives fall on B through ¢®, and so we
need five extra derivatives on B to bound fo in H®. Using Step 1 and Corollary

IV.3 then gives
E_a ) =

c ; < C(E, 4 eEY? 4 &/?)

o

i+ [ De(b — l;)|

+C e+ BY2) (D3]

H5> )

where C' = C(&(Tp), || B|gs+s). Now since a multiscale calculation shows that the

function -
N F oAy aaDt Y Y é

Dt ) H = + Dt2 ) H|=

(D¢, H] z [D;¢, H] 2

consists only of terms of order O(e?), the highest number of derivatives appearing is

through the term H,92¢® which contains five derivatives of B. This residual is thus
controlled in H* by C(||B||ss+s)€’/?. Combining these estimates, we can choose e

and ¢ sufficiently small so as to arrive at the following estimate for A — A:

I = Al < O (B + B2 + %) + C (e + B2) (I Drll = + | De(b — b)l1+)
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Now using Step 2 and possibly choosing § and ¢, smaller still allows us to give the

following preliminary bound for A — A:

(4.10) A = Al|gs < C(Es+ €EY? + €/2) + C (e + EY?) || Dir|

HS

Step 4. Bounding D?r in terms of E;, ¢, and a small multiple of A — A.

We start by deriving a formula for D?r. Changing variables via U,-1 in (1.3)

yields the equation P{ = —i and so decomposing as § = f + r yields

Pr=—i—Pa—PE¢
= —i— (Db —iA) — (P —P)E — PE

= —Dib+i(A—1)— (P —P)E - PE,
and so
(4.11) Dir —ire = i(A—=1)(1+&) — (D} — D)) — P — Dib.

By Proposition II1.4 we have ||P&||z- < Ce%/? with the constant depending on &(T)

and || B|

ms+s. Next, using Step 1, (3.30) and (4.10) gives

I(DF = D})éllus < Cel|De(b — b))

us + Ce (ES + eEsl/Z + 65/2)

< C(e? 4+ 0)||Dir|\as + C (Bs + €BY? + /%)

We also have

Db\ s < || Dy(b — 0) || az= + |[(Dy — D)b||srs + Ce*/?

< C(eY? 4 6)||D?r||gs + C(E, + eEY? 4 /7).

Finally we have from (4.10) that

HS.

I(A = Dallas < C(Bs +eEY? 4 ¢92) + C(e'/? + 0)|| Dir
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Combining these estimates through (4.11) gives
|Dir — ira||lms < C (Eq + eE)? + %) + C(e/2 + 8) || Dir| s
Hence we can choose ¢ and ¢ sufficiently small so that

1D¢r|

e < |rallms + C (By + eBY? + €/7)
(4.12) < C(EY? 4 /%),

where the constant C' depends only on &(7}) and || B)|

us+5. Then we immediately

have

(4.13) |A— Allgs < C(E, + eEY? + 5/2)

by virtue of Step 3, as well as
(4.14) || Dy (b — E)HHS < C(Es+ GE;/2 + 65/2)
from Step 2. From this last inequality we have

(4.15) | Dsb|| s < C(Es + eEY? + €5/2).

Note that from (4.11), applying (4.13), (4.15), we also have the estimate

e — C(Es + eEY?) < C||D?r||gs + Ce¥/?,

174 ]
and hence if we choose § and ¢, sufficiently small, we conclude that

(4.16) EY2 < C(||Der|| s + || D?r| s + €7%).

Step 5. Showing that D;p, 0 and D,o are equivalent to r, and D;r.

In the sequel we will show that the energy constructed from the equations of §4.1

is bounded below by the sum

s
> Dl 2 + |1 Do 12
n=0
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Therefore, this energy will control F, provided we can show that F; is bounded above

by this sum. We will show that this is the case with the following three claims.

Claim 1. For s > 4 we have, for § and € < ¢, chosen sufficiently small, that

| Dyr| e +C(0+ €)EV? + 02

s < Cllo|

and

|o||gs < CEY? 4+ Ce/2.

Proof of Claim 1. Denote .# := 1D,(I — H)& — 1 D,(I — H)E. First consider the

difference
Dt’f’ — 7 = Dt§ - %Dt(I - H)g
- D+ DT~ R
— (Dy = Dy)¢
(4.17)
=-D,(H+H)

By Step 1 we have that ||(b — b)&a||gs < C(E, + eEy? + €°/2), and by a multiscale

calculation we have that || D¢ — 2D,(I — H)E|

! s < Ce®2. The final term can be

expanded as

b 1=

1 — §a
§Dt(H+H)§ [DtC H]>—= Ca [ e ]Z_ (H+H)th

Decomposing these terms as in Step 1 yields a sum of terms all bounded in H*

by C(E, + ¢E?). The only terms which are not immediately O(e5/2) after this
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decomposition are

whose leading O(€?) term is

1 -1 = —(1
SC ) + 5H G =0,

0

DN —

Hence, we have

D — I || o < C(Eq+ eEY? + /7).

We can further write
1
DtT — 0 = Dtr — E(I—H)cﬂ
1 — 1 _

(I = H)(Dyr — ),

| —

+
which by virtue of (4.2) and the above bound on D;r — .# yields

|Dyr — o||gs < C(Ey + eEY? + 5/2)
Hence for sufficiently small § and ¢, the claim follows.[]

Claim 2. Given s > 4, then for § and € < ¢y chosen sufficiently small we have for

alln=0,1,...,s that

i < CY IDidkol| g2 + Cle+ 6)EV? + Ce™?

n=0

ID¢r|

and

> IDidgollze < CEY? + Cer”.

n=0

Proof of Claim 2. First note that for every n =0,1,...,s we have

O"Dir — D00 = 9" (Dir — Dyo) — [b, "] 0.
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The latter term can be easily estimated by C (Ei/ e )2 using the product rule,
Claim 1, and Step 1. Therefore it suffices to bound D?r — Do in H*. Again denote
S = 1D,(I — H)¢ — Dy(I — H)E, so that o = 3(I — H).#. We first write
1
DtQT' — DtO' = DtQ?“ — éDt([ — H):ﬂ

1 — 1 — 1
= §Dt(-[ — H)DtT’ + §Dt(H + H)Dtr + EDt(I — H) (Dtr — j)

1 — 1 = 1 0a
= §Dt(I - H)Dﬂ” + §Dt(H + H)Dtr — §[Dt<, H]C—(Dﬂ" - j)
1
+5(I=H) (Dir— D.9).

All of the terms except the last are appropriately bounded in H*®, by (4.2), Lemma
I1.3, Claim 1, and Proposition I1.7. Hence it suffices to estimate D?r — D;.% in H*.

We have by (4.17) that

D?r — D,.9 = %DE(H +H)¢
1 -
5Dl = H)E)

= Du(Dig — 5
Db - D)),
The last two terms are controlled by C(E, + eEi/> + €%/2) by Step 1, (4.14) and by

a multiscale calculation. Using Proposition II.1 we can write

D2(H + F)E = (DX, H]ﬁ—“ 2D H] a“f a3
1 [ (D) = D)
=/ ( (@) —<D) )WW
D%, T%—“ L 2DCH] 8“?5
1 [ (D) - DIB)
= (e ) e

Now we effect the usual decomposition of all of these terms. The terms which are
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not of size O(e*/?) are
EChn HolCh + 28 Hol (D, + RV,
= [Coono HolC) + 261 Folc, + 10 oI e
=0,

This completes the estimate of the term D?r — D;.#, and hence the claim.[J

Claim 3. Given s > 4, for § and € < ¢ chosen sufficiently small, we have for all

n=20,1,...,s that

|\Dt7"|

we < CY IDdnpllre + C (Es + eBY? + €77 .
n=0

Proof of Claim 3. First observe that we can write

Dt<7H]2_a

(I H)Dyr + = (H +H)Dyr + = [Dtc H]

1 1 1
DtT' — §Dt(I—H)7" = DtT' — §(I—H)Dtr—i— 5[

Ca’

and thus

1 1
O Dyr — D% p = 08 Dyr — 50;‘Dt(l —H)r — —[b, OO0 (I — H)r

1 1
=0 (2([ H)Dtr-l- (H+H)DtT+ [Dtc H]< )
-Z( ) (827bs) (O~ H(T — H)r) .
Taking the L? norm of this equation, using (4.2) and summing over n = 0,1,...,s

yields

| Dy

e < CY IDdplie + C By + B2 + 717

and so the claim follows.OJ



95

Summary of Estimates

Hence we have shown that for s > 4, there exists an ¢ > 0 and a 4 > 0 so
that if (2.18) holds, then for all 0 < € < €y, the quantity b is bounded in H® by

C’(Esl/2 + €%/?), and the quantities

b—b, A—A  Dub—b), Dpb

are bounded in H® by C' (Es +eBY? 4 &/ 2), where the constant C' depends only on

S(Ty) and || B|

gs+7. 1t is also useful to note that under the same conditions,

(4.18) Ballzze—t < 11b = Bllsze + ||Bal|remr < C(Es + eBY2 + 3/2).

Finally, from step 4 we have that for ¢ and ¢, sufficiently small,

(4.19)  CL(||Dyr|| s + || DEr| s — 65/2) < Esl/2 < Co(|Dyr || ms + | D27 || s + 65/2);

from Step 5 and (4.16) we have that for 6 and €y sufficiently small,

B2 < O3 (1D ol + 1Dkl 2) + Ce¥?
(4.20) =
ol + |1 Dol + Y |1Didc|| 2 < CEY? + Ce.

n=0

4.4 The Estimates of the Cubic Nonlinearities in the Equations for the
Remainder

Now that we have satisfactory estimates of the remainders of the auxiliary quanti-
ties, we can show that the right hand sides of (4.4) and (4.5) are sufficiently small to
provide suitable energy estimates. We begin by controlling the quantities appearing

in the right hand side of (4.4).

Proposition IV.6. Let s > 4 be given. Then there exist €y, so that if (2.18) holds,

then for all € < €,

1Pl

s < C (E§/2 +eE, + EY? + 67/2> ,
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where the constant C = C(S(Ty), || B|| gs+7)-

Proof. By (4.4) we must estimate the terms

(G =G) = (I =H)(P =P+ (H—H)PE— [P HIE

+2 [Dt(, HCi + ﬁ%} daDi€ + 2[DyC, ﬂ]g—“ + 2[Dy¢, H| a“ZD il
L[ (D) = DtC(ﬁ)>2 ;
i ( (o) = ) 9P

We estimate these terms in steps. We make the blanket assumption that all constants
C may depend on &(71p) and || B|| s+
Step 1. We collect in this step terms with immediate bounds. We have already

seen though Proposition 1114 that ||[P, H]E||z- < Ce”/?. We also have by Corollary

IV.3 that

I(H = H)PE|| s < C(€* + EL?)|[PE|

s < C (EEY?+€77).

By (3.31) and the estimates we obtained in Section 4.3, we have

(I = H)(P = P)||us < C (eEq + EEY? 4 71?)
Next,
=7 ba —Ou(b—b b,
H[DtC7H]—_ = [DtC7 ]¥ + [DtCa ]_—
Ca Hs Ca Hs o || gs

<C (Esl/Q + e) (ES + eEsl/2 + 65/2)

<C (Eg’/2 +€eE, 4+ EY? + 67/2) :

where as usual we estimated the former term with Proposition I1.7 and the latter
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term crudely in H®. By (4.2), (4.3) and Corollary IV.3 we have

HQ[DtC,ﬁ]g—aDtr

07

= H [Dg,ﬁ]?—“(l - ﬁ)DtT

Hs Hs

< C(EY? +€) (B +€eEY? 4 €77

<C (E§/2 +eB, + EEV? 4 67/2) .

Step 2. Next we consider the integral

1 (DtC<O‘) — D((B)

7 ) =) ) () d.

Since this integral is cubic, the only way it will contribute a term larger than O(¢"/?)
is if it contributes a term independent of r of order O(e?). To see that this does not
occur, we decompose the integral in the same way as in Step 2 of §4.3.

Decomposing the differences in the numerator of the integrand by writing
D¢ = Dyr + (b—b)(a + DiC
yields a sum of integrals depending on r or b — b which are controlled in H* by
C (eE, + eQEsl/Q) )
as well as the following integral:

1 [ (Dél0) - D)
i ( (@) —<(3) )W)dﬁ'

Next, decomposing the differences in the denominator of this integral via the identity

1 1 §(a) — €(B)

(@) =¢B)  a=B (((a)=¢(B) (a—p)

yields a sum of integrals controlled in H® by

Cé (V2 4 &172)
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along with the integral

Expanding D,¢ and &, in powers of ¢ and collecting like powers yields a sum of

7/2

integrals controlled by Ce”/? except for the leading term of size O(e?) given by the

integral

é <<£§’<a> - ¢(B)

g a—pf

=263\ Hol (G, ¢D) — S 16 Holle,,

2
) ¢ (B)dg

which is also controlled by Ce”/? by Corollary I11.3.

Step 3. We turn to the term

CO‘ Coz
_ 2 [ (D) = DiCB) (3¢(0) = S¢B)) , 1
-/ (@ —CB)P %DB) df-

Decomposing the differences in the numerator of the integral as in Step 2 yields a
sum of singular integrals. All but one of these singular integrals depends on r and
are controlled in H* by

C (eBs + EEV? 4 67/2)

The remaining singular integral is given by

of which the leading term is isolated by expanding ¢ = o + (V) + 2¢® 4 €2¢®),
yielding
G (8) d.

2 4 / (G () = ¢ () (S¢W (@) = SCW(B))
™ (o — B)?
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By the same calculation in §3.3 showing that the I; term of (G5 vanished, we see that
this leading term is actually O(e*) by Corollary II1.3. Therefore only terms of size
O(€") appear, and so we have that

< C(eE, + EEY? 4+ /7).
HS

1 =1 ~
D¢, H— +H=18,D,
H|: C HCO& +H<a:| 5

Similarly, the same method of decomposition allows us to expand G in the same
way, until the leading term of the part of the decomposition that is independent of r
is apparent. However, this leading term of size O(¢e?) is by construction equal to G,
with which it cancels. Therefore G — G and hence the whole right hand side of (4.4)

is bounded in H?® by C’(E;Q’/2 +eF, + 62E;/2 + 67/2)‘ =
Next we consider the right hand side of (4.5).

Proposition IV.7. Let s > 4 be given. Then there exist ¢ > 0 and 6 > 0 so that if

(2.18) holds, then for all € < €,

[Pol

e < C (EY? 4 eBy + EEY2 1 1)

where the constant C = C(6(Ty), || B|

Hs+7> .

Proof. Tt suffices to show that the following terms are O(¢"/2):

ekl

wi (Dtc Z 6%(

+ (I = H)il - (i) 0a(1 — H)E

& >>2<fﬂ(ﬁ)dﬁ

— (I =H)(P = P)Dy(I - H)E
+i(I — H)baBa(I — H)E
+ (I = H)(D,G — D,G) — (I — H)e*(DyR)

:Il+[2+l3+f4+[5+16+17
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Clearly ||I7||gs < Ce™/? and ||I5||gs < Ce™/2. By (3.31), and the estimates of §4.3 we

have that

HI4||HS < C(ES + EESI/2 + 65/2)6

< C’(E?/2 +eF, + €2Ei/2 + 67/2).

Using Lemma I1.3 along with Proposition I1.7, we can decompose D;G into a sum
of singular integrals as in Step 2 of §4.3. Each of these integrals can be bounded by
C (E3/ 24 €E, + E? ) except for D,G, which has leading term of size O(e?); but
then Ig is O(e7/?). Similarly, if we effect the usual decomposition on the right hand

side of the formula (2.16), we see that the only term not of size O(¢*/?) is the term

. —(1 (1
622Z (Kt((;lt)m HO]C((xo)to [Cto ) ]Cao)toto> =0

and hence that [|Is]|zs < C(EY? + €E, + 2EY* + ¢7/2). By Step 5 of §4.3 and

Proposition I1.7 we estimate I, as

12|z < C(EY? + €)?

< C(EY? 4 )*(BY? + &/?)

< C(Ef/2 +eF, + €2E51/2 + 67/2).

The only term left to estimate is I;. We first write

D D? D,oc — D?
220 gD DT+ 2ipg T,

2Dt’ -_— )
D, 1=~ G

and by Step 5 of §4.3 we have that the latter term is bounded by C’(Eg’/2 + el +

62E31/2 + 67/2) in H®. Next we have

0, D? 1 1 0o D21
' = 9| D¢, H— + H="| 8.D% — 2[D,¢, H] 2t

2Dt>
O L z.
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and the former term is bounded in H* by C(E>? + €E, + €2 E/?). Of the latter term

we write using Proposition II.1 that

2 2
2[DyC, H| a“ZDtr = [(I +H)D(, H| Oulir _ [Dt(’,ﬁ]?—a(f —H)D?r.

« « «

Finally, we have by (4.2) that

(I - F)D2r = D¢, ) @%D i

+ Dy (~(I = H)DC — (I = H)(D: = D)+ (H = F)DC)

Therefore ||(I — H)D?r|gs < C(E, + eEs* + ¢/2), from which the Proposition

follows. m
4.5 Construction of the Energy for the Remainder
In this section we construct the energy corresponding to the equations (4.4) and

(4.5). We then show that this energy obeys a differential inequality which yields

a priori bounds on a O(e?) time scale. The energy so constructed will control the

71 {1 D7

quantity || Dyr| 2+, and hence by (4.16) it follows that for sufficiently small

energies also yields suitable bounds on F.

Bounds on the Equations for the Derivatives

We must first show that the nonlinearities in the corresponding equations for the

derivatives are appropriately bounded in L2

Proposition IV.8. Let s > 4 and 1 < n < s be given. Then there exist ¢ > 0 and

d > 0 so that if (2.18) holds, then for all € < €q, if © = p, 0, then
|PORO| 12 < C(EY? + eEy + €EY? + €7?),

where C' depends only on &(Ty) and || B|| gs+7.
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Proof. Let © = p, 0 as above. Observe that for any n > 1 we can write

POLO = 0iPO — Y 02 7[0,, P10,

J=1

Using the identity
(4.21) 00, P] = {00 (Db — i(A — 1))} 0o + 2b4D;0,

we rewrite as

POLO = PO~ Y O <8a(Dtb (A 1))3&@)
j=1
—2) " 0n7 (b Di0).
j=1
Now using the identity
J
Dy, = 0Dy = > 957 [0, DO,
=1
J

(4.22) =D, — Y 057 (badL),

=1

we have by the product rule, Steps 2 and 3 of §4.3, (4.18) and Proposition IV.6 that

forall 1 <n <s,

[PosOl> < C|PO|

Hs
+ C|Dsb — i(A = 1)l 1+]| 00O o1
+ Clball o1 (|| DO = + [|0aO|[s7+-1)

<C (Eg’/2 +eE, + EY? + 67/2> :
where the last inequality follows from Step 5 of §4.3. m

Construction of the Energy and the Energy Inequality

Now that we have shown that the equations for the derivatives of the quantities

in (4.4) and (4.5) also have O(¢"/?) nonlinearities, we can construct the energies
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corresponding to these equations. Since the principal operator of (4.4) and (4.5) is
P, we can use the same construction given by Lemma 4.1 of [19] to construct our

energy; we record this lemma here for convenience.

Proposition IV.9 (c.f. Lemma 4.1 of [19]). Suppose that a function
© € C((0,71: H'*) N C([0,T]; L?)
is given satisfying PO =% . Define

) :/%’Dt@(oz,t)ﬁ+i@(04,t)@a(a,t)da.

Then

a
/ SR(@D®) - ZUN (Et) 1D,6%da.
Moreover if © is the trace of a holomorphic function on Q(t)¢, i.e., if © =

then

/ i00,do = — / i00,da > 0.
For brevity, we introduce the quantities
(4.23) p™ = 0" and o™ =9,

We cannot use the second part of Proposition IV.9 directly for n > 0 since p™ and

n) c

o™ need not be the trace of a holomorphic function on Q(t)°. Hence we further

introduce the notation

1 1
P = S (I =H)p™ + S (1 +H)p™ 1= o + R

1 1
(4.24) o™ = SU - H)o™ + S0+ H)o™ =™ 4 50
Consider now the case 0 < n < s. Define

(4.25) &t = [ 1D + 65 da
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and
1
(4.26) fn(t) = /Z|Dt0-(n)|2 —}—Z'U(H)E((yn) dov.

We must show that the parts contributed by < dg” to the energy inequality by the
parts of these terms that are antiholomorphic in ()¢ are at most of size O(e°).

Observe first that we can write
m _ 1 n
R = 5([ + H)aap

1 n 1 = n—7 j—1
= J0a(I+H) (I = H)r — 5 Zaa (0, H)OL " p
1 ¢ dp
42 =N o, —1
(.27 DILICREIS
and so R™ is bounded by C(E, + ¢E? 4 €%/2) in L?. Writing ¢ = p™ — R™ in

&, yields
/ | Dy p™ 2 4+ ip™5™ do — /¢ R 4 R L ROR™ da.

Differentiating this with respect to t and integrating by parts yields

2 1 a
_ [ = S p )Y _ St (% (n) |2
/ R (D:p™Pp™) U (a>|Dtp 2 dov
(4.28) +2J/R<”¢ +oMRY + RORY da.

We want to show that the right hand side of this inequality is O(¢®). By Proposi-
tion IV.8 and (2.16) it is clear that the first integral is O(e°), and so it suffices to
show that the second integral is of size O(€°).

The arguments for handling the first two terms rely on the fact that ¢ and
R™ are almost orthogonal in L?; accordingly the arguments showing these terms
are small are similar to each other, so we will only consider the term Rgn)agl). We

have
aaR(n)
Co

R = SOI+H)R™ = S(I+H)RY" + [ H]
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and since the latter term is O(e%/?), it suffices to consider only the former term.
Likewise, recalling that the adjoint® H* of the Hilbert transform satisfies the identity
Hf = —CH(f/Ca), the identity [H,0,/C] = 0 of Proposition II.1 implies that
0 H = —H*0,,, and so we can write E((xn) as

—(n 1 — 1 —
o = S0l =T = S(1+ T,

But now, using the usual L? pairing? {,), we have

1 n+1— 7%\ qnt+l1—
(U +HRY, (1 +H)ou+5) = <HR 1+ p)
1 <R§”>,ﬂ*(f +H)oup)
=+ TR, 5).
Therefore
(g (n) DaR™
/Rt / ~6M(H + H)R™Mda +/¢ (G, H : da,

and so these integrals are bounded by
CEYY(EY? + €)(E 4 €EY? + /%) < C(E? + €E*? + @E, + /7).

From (4.27), estimating as usual gives bound of R and R{™ in L? of C'(E,+cE.?)
and C(E, + eEy* 4 €9/2), respectively. Summing these bounds, (4.28) now reads

d
d—i < C(E% 4 eE¥? 4 EE, + P EV?),

If we try to apply the same argument to F,, as we just did to &,, we find that d]:”
has an extra half-derivative than can be controlled by the energy, since F,, consists

of quantities with one time derivative more than the quantities comprising &,. Now

2 1 a
= / i (Dtg Po ) Un ( a> |Dt0 | doz,

3The adjoint T* of a linear operator T': L2 — L2 is defined by [ fT*(g)da= [ gT(f)do for all f,g € L2.
4Here we use the real inner product (f,g) = [ fgdafor f,g € L2
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which by Step 5 of §4.3 and Proposition IV.8 implies

dF,
7 (B2 + €E§/2 + EE, + 67/2E51/2 + €%).
Hence we need only show that the quantity F, itself is bounded below by || D;o™||2,
up to a term of size O(e), for n =0, ...,s. By writing 0™ = (™ 4 8™ we can use

Proposition IV.9 to estimate
Fn = / | Do ™ 4 ic™MF ™ da
> / S Do de — ‘ / P 4+ S + S dal .

Now, as with R, we can rewrite

St — _%([ +H) Zag*j[ca — LH]%%l

j=1

S0 — —%(I—H*)Zﬁzj“ —1 H]‘z i~

From the above formula for ¥ we see that @Z)&”) has one more spatial derivative
than the energy provides. However, if we integrate by parts and use Step 5 of §4.3,

we can estimate

Fun 2 /%‘Dta(n)PdOé - '/w(")gff) — 8™ 4 smF™ gq
1
> /Z‘Dto—(n)|2da—05(E;/2 +€5/2>2
/ ‘Dto- 2d06—05(E + € )

If we set

s

(4.29) E=Y (En+TFn),

n=0

and if we choose ¢ sufficiently small, then we have by (4.20) that

EY? < CEV? 4 02,
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Thus if we choose €y and ¢ still smaller, we have from the inequality

Z (dd_in + d;”) < O<E§ + GE?/z + €2E3 + 67/2E;/2 + €6>

n=0

that the following lemma is demonstrated:

Lemma IV.10. Let £ be defined as in (4.29). Then there exists an ¢g > 0 and a
d > 0 so that if (2.18) holds, then there is a constant C = C(€,0) so that for all

€ < €,
1/2 1/2 5/2
(1) E5' < C(EYV2 +€?),
(2) & < C(E*+ &3 + €+ €126V + %),

where the constants C' depend only on €y and 9.

A Priori Bounds on the Remainder Energy

Now we can derive a priori bounds from the energy inequality derived in the last

section.

Proposition IV.11. Let s > 4, 7, By € H*" be given, let €y, § be given. Let Tj
be a time so that (2.18) hold. Suppose further that £(0) = MZe®. Then there is a

possibly smaller ey = €o(T, My, 0, || By

ws+7) so that for all 0 < € < ey and 0 < t <

min(Ty, € 2.7) we have E(t) < Ce3, where the constant C = C(T, My, d, || By

Hs+7 ) .

Proof. Let Cy be the constant appearing in Lemma IV.10. Define

S(T) = sup &(1).

0<t<T

Then for any T € [0, min(Ty, € 2.7)] we have for all ¢ € [0, T that

—(t) < Co (E2(t) + €E¥2(t) + EE(t) + €/2EM2(t) + €°)

< Co (S(T) + eS(T)? + €2) E(t) + Co(e*S(T)H? + €°).
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Solving this differential inequality for 0 <t < T gives

I

STV N o
t) < o(S(T)+eS(T)' /2 4€2)t
£lt) < (£0) + gt ) o

and so taking the supremum over [0, T| gives for all T < min(7p, e 27) that

67/2S(T)1/2 + 66 1/24 .2
4. T) < Co(S(T)+eS(T)'/?+e)T
(4.30) S(T) < (5(0)+S(T>+ES(T)1/2+62)6

We now begin a continuity argument. Let M; be the positive root of the equation
13T My = My ++/M; + 1. If S(min(Ty, e 27)) < Mie® then we are done. If not,
let T* < min(Ty, € 2.7) be the first time at which S(7*) = Mje*. Choose €, so that

eoM; < 1. Then we have from (4.30) that

S(T") < (5(()) T 65— ‘W) CoM e+ M2 +e?)e2 T
< 2

S (MD+ /M1+1)6300y63

S _M1€37

which contradicts the definition of 7. ]



CHAPTER V

Long Time Existence of Wave Packet-Like Solutions

We would like to show that for wave packet-like data, the solution of the water
wave system (1.3)-(1.4) exists on the O(e~?) time scale, and is well approximated
by the wave packet whose modulation evolves according to NLS. Thus far we have
found a globally existing approximation f , as well as a suitable a priori bound on the
energy of the remainder 7 for O(e~?) time scales. Since ¢ does not in general satisfy
the water wave system, the wave packet data (C(0), D,C(0), D2C(0)) cannot be taken
as the initial data for the water wave system (1.3)-(1.4).

In what follows, we will show that there are data for the water wave system
that is within O(e3/2) to the wave packet (C(0), DyC(0), D2C(0)). Moreover for all
such data, the solution of the system (1.3)-(1.4) exists on the O(e?) time scale.
The a priori bound on r gives the estimate of the error between ( and the wave
packet ¢ on the order O(e¥/2) for time on the O(e~2) scale. The appropriate wave
packet approximation to z is then obtained upon changing coordinates back to the

Lagrangian variable.

5.1 Construction of Appropriate Initial Data

Notice that we can parametrize the initial interface z = z(+,0) arbitrarily, and

that we are only concerned with such data that z,(-,0) — 1 is O(e'/2). For any initial

69
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interface that is a small perturbation of the z-axis in this sense, x(-,0) : R — R
is a diffeomorphism (c.f. Lemma V.5). Hence we may without loss of generality

assume that z = z(-,0) is initially parametrized so that x(a,0) = «, and hence that

In order for ({o,vo,wo) = (C(0), D:¢(0), DZ¢(0)) = (2(0), 2(0), 2£(0)) to be data
for a solution z of the water wave system (1.3)-(1.4), we must enforce the compat-
ibility conditions (I — H,)vo = 0 and wy = #Ag0,(o — ¢, with the formula for A,
given through (2.14) by

D&y

0,7
(5.1) (1 = M) (Ao = 1) = g, M |52 + il M )52

where (p := &, + a. We therefore define the manifold of initial data for (1.3)-(1.4) or
for (2.7)-(2.11) by
o = {(&, 0, wp) : (|Da|1/2§0,vo,w0) € HY? x g5t x g2,
&0 = Heyrabo, (I = Hepra)vo = 0, wo = iAo(8ao + 1) — i},
with Ay defined by (5.1).

In the remainder of this section let s > 6 and k£ > 0 be fixed, and let an arbitrary
initial envelope By € H*'" be given. By Theorem IIL5, for any .7 > 0 there is
a B € C([0,7]; H") which solves (3.20) with initial data B(0) = By. Using
(3.24) we can construct, using this B, an approximate profile ¢ € C([0, F e 2]; H*+6)
satisfying (3.32) which solves the equations (2.7)-(2.8)-(2.10)-(2.11) up to a residual
of size O(e*), provided the initial profile ¢(0) is calculated through By.

As we observed above, we cannot simply take (£(0), Dy¢(0), D2C(0)) as our initial
data for (2.7)-(2.11), as these may not be in the manifold &7°. Since we found in
Proposition IV.11 that a O(¢¥?) error is acceptable, we construct data for ({ —

a, Dy¢, D?¢) which lie in the manifold <7, and which are also O(¢*/?) away from
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Lemma V.1. For sufficiently small €y(||Bo| gs+7) > 0, there exist functions & €
H*S and vy € H* with {y := a+& such that for all € < €y the following properties

hold:

1. & = 5(1+He,)E(0),

as+o < C(|| Bo| e3/2.

Hs+7 )

2. ||& — £(0)]

e3/2.

3. vy = %(I +ﬁ<0)l~)tgt(0) satisfies ||vg — DtE(O)\

e+ < C(|| Bol

Hs+7)

4. for (&, vo) as constructed in parts (1) - (3), wo := 1.Ag0s(o—1, with Ag calculated

by (5.1) satisfies ||wo — €(iw)2¢V(0) || gora < Ce/2.

Proof. We prove Part 1 by an iteration argument. Define a sequence of functions
gn(a,t),n = —1,0,1,... along with 7,(a,t) := a + gn(«,t) by setting g 1 = 0 and

forn > —1,

5.2 i = 51+, )EO)

Observe first that go = (I + Hp)£(0) and so ||go| geoi7)e/?. Next, as

Hs+6 < C(||BO|

in the proof of Lemma IV.2, we can write

(=t = 3 [ 1o (14 Bt =Tt 10

_ 1 /((%(5) —9n1(8) 1 (B) ((9n — gn-1)(@) = (gn — gn-1)(5))
i V() = 1 (B) (V@) = 71(3)) (Ya-1(a) = Yu-1(3))

From this formula and Proposition 1.7 we have the estimate

)f(ﬁ) as.

ms+o| f]

a5+6) || gn — gn—1]

Hs+6, Hgnfl \ Hs+6

I(H = Hy ) ]

mgs+o < C (|| gnl

if we can show that v, and ~,_; obey the chord-arc condition. However, there

indeed exists some 6 € (0, 3] so that if ||g, || g+, ||gn—1]/m=+e < J, then ~, and ~,_;

satisfy the chord-arc condition and the operator norm ||H,, — H, ,||gs+6_mgs+s <
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Cil|lgn — gn-1lls+6, where C; is a universal constant. Choose €y so small so that

C1I€(0)]

me+s < 6 and [|go||gs+e < 36.

It now suffices to prove the following statement by induction: For every n > 0,

1
gn+1 = gnllms+s < §6Hgn — Gn—1llms+o and 1gnllgs+e <6

By our choice of ¢y we have already shown the case n = 0. If we assume the above

statement is true for all integers k = 0,1,...,n, note that

||gn+1 - gnl

Hs+6

1 _ -
Hs+6 = §||(H% - H’yn—1)§<0)|

Hs+6

1, — — -
< My, = Hollasso—prese - 1€0)]

Hs+6,

<=0 n — Yn—
_2H9 Gn—1]

from which the induction statement follows immediately.

To prove Part 2, we note that since [|&||g=+s and [|£(0)]

us+6 do not exceed §, we

can estimate that

160 — £(0)]

Hs+6

1 .
Hs+6 = 5”(1 - HCO)€<O)‘

moro + [[(1 = Heg))E(0)]

Hs+6

1 .
< SR = He0))E(0)]

< 68|60 — £(0) || oo + Ce¥/2,

from which Part 2 follows. Since the construction of vy is determined by (,, Part 3
is now shown in the same way as was Part 2 once we observe that D,((0) € H*t
and H,, is bounded from H*** to H*+4.

We now prove Part 4. By the definition of wy we have

wo — €(iw)?)CM(0) = i.A400aCo — i — €(iw)*¢V(0)

= i(Ag — 1)0ao + 1 (9o — €(ik)¢(0)) .
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Since we are assuming &, and vy are constructed as above, we can write vy = (vy —
(i) (0)) + e(iw)CM(0) € HH and duty = (Do — (i) (0)) + e(ik)CD(0) €
H**® in the above formula for Ay — 1. As usual, we can isolate the O(¢?) leading
term and see that it vanishes by a multiscale calculation, and what remains gives us

the estimate

Ao — 1| gesa < C¥? 4+ Ce|lwy — €(iw)*¢V(0)]

Hs+4 .

But then we have by the above that ||wg—e(iw)2¢™M(0)]| gs+1 < Ce*/? for a sufficiently

small choice of €. O

Definition V.2. We call (&, vy, wg) a By-admissible initial data if (&g, vo, wo) € o7*

and there is a constant C' depending only on || Byl gs+7 so that

(111720, 00, 10) = (€l Dal 21 0), ¢ 0), i, 0)) <Cer

toto Hs+1/2% (s+1x fs+1/2

Recall from (4.29) that

s

= (Et+ Fn)

n=0
s

< O3 (1D pl2e + 1D:0022) + 11D plf2es1s2 + llo]

n=0

2
Hst1l-

It is clear that for By-admissible initial data, we have

(5.3) £(0) < O,
5.2 Long-Time Existence of ( and =z
In this section we will make rigorous the existence and uniqueness of the solutions

z and ¢ on the appropriate O(e~2) time scales. We begin with the following local

well-posedness (c.f., [17], [19]):
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Theorem V.3. Let n > 5 be given. Suppose that initial data &y, vy, wy are given so
that 0,2(0) — 1 = 0,&y is in H" Y2, 2,(0) = vy is in H"Y2, 2,(0) = wy is in H"; &,
Vo, wo satisfy the water wave system: i.e. To = H0)Vo, and wy = i6g0,2(0) — @ for
some real valued function ay. Suppose further that z(0) = a + &y(a), a € R defines

a chord-arc curve: i.e. there exists v > 0, such that

o+ &o(@) = 6 = &o(B)| = v|a = Bl,  foralla,f €R;

Then there exists a Ty > 0 so that the system (1.3)-(1.4) with initial data z(0) =
& + a, z(0) = vy, 2:(0) = wy has a unique solution z(a,t) fort € [0,Ty] with the
property that there exist constants C' = C(T, ||0a&oll gn-1/2, ||vo|| grnt1/2, ||wo || gn, v) and

p >0,

(20 — 1, 2, ztt)HC([O,TO];H"*U?><H”+1/2><H") < C([10aboll gn-172 + |lvoll grsrr2 + |Jwo | mn)

and |z(a, t) — z2(B,t)| > pla— G| for all o, B € R, t € [0, Tp).

Moreover, if T* is the supremum over all such Ty, then either T* = oo or

T f(m) D -

Given this result, we take any Bjp-admissible initial data (&, v, wy) € «7° and

(5.4) tl}%l (H(Zt, Ztt)HC'([O,t],H”XH”) + iig

use Theorem V.3 to construct a solution z = z(«, t) on the time interval [0, Tp] with
(za(t) — 1, 2(t), 2u(t)) € H® x H**' x H*+*Y/2_ Using this solution we construct the
change of variables

I+9)I+R)(z—72)

N —

kK=7Z+

on [0,75] as in §2. In order to use this change of variables to control ¢ in terms of z,

we need the following elementary calculus lemma.

Lemma V.4. Letn > 3, let f € H", and let v € H" be given with ' () > ¢ > 0

for alla € R and ||y — 1||gn-+ < M. Then



(6]

LAlf orllze < Cleo) 1 f |2
2. [f eyllam < C(M, co) || £ zn-

Proof. First we have

1/2 do\ M2
1 ovllzs = ( / |f07|2da) _ ( / |f|27f“) 7||f||m

which proves (1). To prove (2), first observe that

10a(f o)Lz = 1(f" 0 ¥)Y |2
< Cleo) lzos ll.f']] 22

< Cleo)(X A+ 1Y = U)o

Now let n > 3 and let 2 < j < n be an integer. By the chain and product rules there

1

exist polynomials p; (v, ...,7Y™Y) of total degree! at most j such that

D (foy)=(fon)d (v —1) +Z Vo) pus(7s .-, 7Y ).

=2

The lemma follows upon estimating the first term with f’o~ in L* and oy 71)(7’ —1)

in L2, and the remaining terms with f o~ in L2 by (1) and p;; in L*. O

To use this Lemma to change from the ( quantites back to the z quantities, we

need control of Kk, — 1 in terms of z, — 1 in H*.

Lemma V.5. Forn > 3, if ||za — 1||lc(om);m) @5 sufficiently small, then

||ffa - 1||C([0,TO];Hn) < O”Za - 1||C([O,To};H")-

Proof. Differentiating (2.3) with respect to a we get

Ol +8) (2 — z)'

o

/{a—lz(Ea—l)+;(I+ﬁ) (I + R)™ (z—Z)—l—%[za—l,f)]

Now the Lemma follows from Lemma II.5 and the H™ boundedness of $). ]

1This is meant to include both algebraic multiplicity and the number of differentiations. For instance, the term
F"(f)? has total order 4.
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Since we have chosen initial data that are O(e!/?), by Theorem V.3 there is an
interval [0, Tp], such that for all ¢ € [0,7p], both ||24(t) — 1||gs and ||z:(¢)||g= are of

order O(e'/?). Also by Lemma V.5 we have that ||x,— 1| = is of order O(¢'/2). Then

for € < €y we can choose €y > 0 so small that |[kq — 1]z < 3 and [|ka — 1]

e < 1.

Applying Lemma V.4, we can choose ¢, sufficiently small so that

2o
1alt) — 1l SC'——l
o Hs
< Clza — Ulgs + Cllka — 1| s
1
<=5
-2
and
1 1
1Dl = 1200 K7 ()11 < 59

for all times t € [0, 7o), where 6 is the quantity required by (2.18).
This now justifies the a priori bound (2.18) on [0, Tp]. Since we now legitimately
have such a bound, all of the work through Proposition IV.11 now holds on [0, Tj]

for o and ¢y chosen sufficiently small. We are now ready to prove the main

Theorem V.6. Let s > 6 and k > 0 be given. Let By € H*Y", and .7 > 0 be given.
Denote by B(X,T) the solution of (3.20) with initial data B(0) = By, and let ¢V

be defined as in (3.12). Then there exists an ey = €o(|| Bo|

gs+7) > 0 so that for all
€ < €y the following holds: there exists initial data (o, vo,wy) € &/° for the system

(1.3)-(1.4) satisfying

3/2
Hs+1/2x {Hs+1x [s+1/2 S M0€ / >

H(|Da|l/250>"00,w0) - 6(|Da|1/27 O, 8152)C(1)(0)’

and for all such initial data, there exists a possibly smaller ¢ > 0 depending on

| Bol|grs+7, 7, and My so that the system (1.3)-(1.4) has a unique solution z(«, t) with



T
(|1Dal'?(z = @), 21, 2) in the space C([0, Te~2]; H V2 x H Y x H*H/2) satisfying

1(Calt) = 1, DiC(t), DEC(1)) — (¢ (8), ¢V (8, €€ () | wprs s

Hs+7, y, MO)€3/2

(5.5)
< C(|| Bol

forall0 <t<e27.

Proof. Given our initial data, we have shown that there is some time interval [0, 7o)
on which a solution to (1.3)-(1.4) exists with that initial data. We have also shown

that for sufficiently small €, the a priori bound (2.18) on ¢ holds and « satisfies

ko — 1|l < 3 and ||kq — 1

g < 1 on [0,Ty]. Now assume that [0,77] is the
maximum of such intervals contained in [0, 7€ 2]. We will show in what follows
that T* = ¢ 2. We assume now T* < Je 2 for otherwise we are done.

First we have by (3.32), (5.3), the estimates in Section 4 and Proposition IV.11
that for all t € [0,7™],
(5.6)

1D ()] i + | DC(t)]

i DECE) |+ < IDLOlrr= + 1Ea(D)]

ae + [1Galt) = 1

Hs

+[[(Dy = DSl + (DF = DY ()]

Hs
+C(EV2 477
< Ce'/?,

In particular, this estimate holds with a constant C' independent of T™.

In order to use this bound on ¢ to in turn control z, we would like to show that
the change of variables xk can be constructed in terms of { so that it is controlled
independently of T™. This will imply that there are similar a priori estimates for z,
and so the long-time existence with appropriate regularity will then follow from the

blow-up criterion of Theorem V.3.
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We know k(a, t) satisfies

ke, t) = b(k(a, 1), 1)
(5.7)

k(o 0) = «

with b determined through (2.13). Writing (5.7) in integral form, differentiating with

respect to «, and using Lemma V.4 then gives the bound

Hs—l) dT

[Ka(t) — 1] mo1 (L+ [|[Ka(T) — 1]

— / ba(s(r),7)]

Taking the supremum over 0 < ¢ < T™ and choosing ¢, sufficiently small then yield
(58) H/ia — 1”0([077“*];1_]3—1) < 061/2

where the constant C' depends on .7, and is independent of T™*.
Now on [0, 7%], we have that ((k(a,t),t) = z(«,t). Hence if we apply Lemma V.4

we have for ¢ € [0,T%],

120 () = Ulme=r + (|2 (&) |z + 2 ()| e

< O (I16a(®) = Ulzzs=1 + 15a(t) = Ulzze=r + [ DOl = + [1DFCE) | 1r+)

S 061/2
and that
S a—p ‘ < 1
up < ,
ozp | 2(a) = 2(B)| 7 (1= [|Ca = U[zeo)(1 = [|a — 1| z)

where the constants C' are independent of 7. Thus it follows by the blow-up criteria
given in Theorem V.3 that we can continue the solution z to t € [0,7}] for some
Ty > T*. On the other hand, we can choose ¢; so small that for € < ¢, the bounds

Ce'/? in (5.6) and (5.8) are small enough that there exist 7* < T, < Ti, so that
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on [07T2]7 Hﬂa - 1HL°° < %7 H’fa - 1|

g+ < 1 and the a priori estimate (2.18) holds.
This contradicts the maximality of T*. Therefore we must have T* = 7 ¢ 2 and the

long time existence of z follows. The error estimate (5.5) then follows from (5.3) and

Proposition IV.11. O

There is still the matter of interpreting this result in more familiar coordinates.
Changing variables by x, we can convert the estimates of the above theorem into

estimates in Lagrangian coordinates:

(5.9) |(za — Ka, 2ts 211) — (e(’o(}) oK, EC,;(U oK, eCt(tl) o K)||gsxmsxms < Ce’?,

Calculating the asymptotic expansion of z, — 1, z;, z;; now depends on understanding

Kk — a. From (5.7) we have that

K(a,t) —a = /0 b(k(a, ), T)dr.

/2 and writing the integrand as b = (b— b) +

Using our estimate of ||k, — 1||gs < Ce

€2by + €3bs yields the following leading order expression:
t
(5.10) Ko t) — o = —kwe? / B[ (ea + ew'r, 7)dr + O(/2).
0

From (5.10), we can obtain and justify asymptotics for 0,3z, z; and z; without
any additional restriction on the initial data. However, justifying the asymptotics
for Rz, — 1 requires an understanding of the asymptotic for x, up to order O(e¥/2),
which is not available merely from the estimates given in Theorem V.6. We therefore
leave open the justification of the modulation approximations for ®z, — 1. Note that
the leading term of the right hand side of (5.10) can be as large as O(1) on times
of order O(e™?), and so would contribute corrections to the asymptotic formula for

Rz — 1.



CHAPTER VI

Justification of an Eulerian Version

By imposing some additional mild restrictions on the initial data, we are able
to obtain justifications of the derivative in the space variable of the interface and
the trace of the velocity field on the interface in Eulerian coordinates. With further
restrictions on the initial data, we are able to justify the asymptotics for the profile
itself. All these reduce to obtaining an appropriate bound and, in the latter case,
asymptotics for R¢ (o, t)—a in C([0, T e 2]; L?), which can be achieved by introducing
another quantity as follows.

Following the proof of Proposition 2.3 of [19], we introduce the velocity poten-
tial ®(x,t) of the fluid in the domain Q(¢) that satisfies V& = v. Let ¢(a,t) =
®(z(a,t),t) be the trace of ® on the interface X(t). If we write ¥ = 1) o k7!, then
the time derivative of the quantity A := (I — H)V is comparable to the imaginary

part of ¢ through the identity (c.f. (2.46) of [19]):

1 CoaDtC
- §[DtC7H] Ca :

6.1) DA = —(I - H)3(Q)

We also know by Proposition 2.3 of [19] that A satisfies an evolution equation of the

80
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form

PA=— | Dy, Hc A }@Df@ﬂ&cﬁ] (th )+Dtht< H]af £

R e T )( ) () Glaas

Since G is of third order and depends only on (, — 1, Di(, D?(, we expect that
we can construct an energy from this equation that allows us to bound D;A by
Ce'/?, provided the initial energy is bounded by Ce. This is enough to control
|RC(+,t) — «|r2 and justify an Eulerian version of Theorem V.6. The details are
given in Section 6.1 below.

However, with further restrictions on the initial data we can justify asymptotics
for the profile itself, and we will devote the remainder of Section 6 to this task.
Specifically, we will develop an approximate solution \ to (6.2) to the desired order
O(€*) and thereby construct an energy for the remainder [ = \ — X. As was the
case with the quantities D,p and D,o, such an energy will bound the L? norm of
Dyl for O(e~2) times. This will allow us to justify asymptotics for the profile under
reasonable restrictions on the initial profile and the initial velocity potential restricted

to the initial interface.

6.1 Justifying Eulerian Asymptotics for Derivatives of the Profile

Our first task is to prove the

Lemma VI1.1. Suppose that the hypotheses of Theorem V.6 hold. Suppose further
that &l < Ce? and ||vol| 2wy < Ce/?, where v is the initial velocity field.

Then || RC(-,t) — |2 < CeV? for allt < Te 2.
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Proof. We begin by deriving conditions under which R({) — « is controlled in L.

We can construct the energy corresponding to (6.2):
1 9 T
L(t) = Z|Dt)\| + 1A\

Since A is the trace of a holomorphic function on Q(¢)¢, we have by Proposition IV.9

that || D:A||3, < CL(t). Formula (6.1) provides the estimate

DALz = |(1 = H)SCl2 | < [[Ded + (I = H)S(C) ]l

< Ce/2,

Clearly we also have ||[(I — H)S(||2 < CJ[€]|L2. However, by (2.8) and Lemma I1.5,

we conversely have that

1€][ze < [[(T = H)ORE 2 + [[3€]| 2
= (I = H)S¢E][ > + (3¢ 12
< Ol = H)3¢E]| 2

< CLV? 4 02,

Hence it suffices to show that £(¢) is O(e) whenever ¢t < e 2. Now by Proposition

IV.9 and Theorem V.6 the energy L satisfies

% < CePLH? 4 CéL;

therefore
d £1 /2

— < C? 4 olLY.

Solving this inequality gives us that

sup  L(8)Y2 < CL0)? + Ce/?.

0<t<Te 2
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Hence the question now reduces to asking which conditions on the initial data

imply that £(0) is O(e). We first have that

1
/XO‘DMO\Zda < CIDMoll72 < ([|&ollzz + Ce¥?)?,

and so to control this part of £(0) it suffices to take |||z < Ce'/2.

The second part of £(0) takes more work. Recall that our parametrization for
the initial data was chosen so that ((0) = z(0). Let 1y, Ao, etc., be the initial
values of 1, A, etc., respectively. To estimate the second part of £(0), we follow
the discussion of initial data in section 5.1 of [19]. Observe that we can choose a
function =y holomorphic in €(0) for which R(Zy) o (o = ¥y, specifically Zg o (5 =
(I +Hey)(I 4+ Key) ' Wo; such a function will satisfy 9,29 = V. Since we have the

operator identity
I-H)-I+H)I+K) "' =-I+H)I+K)'KL,
it follows that
)‘0 - E0 © CO = _(I + HCO)<[ + ICCO)_llCCO\IIO'

Observe that we can control derivatives of ¥y but not W itself; however, the expres-
sion for K¢, Wy contains an extra derivative. Write 25 = (1 — 7){ + 7¢,, 50 2§ = (o

and zJ = (y. Then by the Fundamental Theorem of Calculus we have

Ke H0+H0) (H 1 _Hzo)

= ——/ O-H.zdr

Ou
=3 [ - e maZ

«

and so estimating this expression crudely gives the bound

K¢ Wollr2 < Cfl&oll L flvol[r2 < Ce
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and 5o ||[Ag — Zg 0 (ol|z2 < Ce as well. But then we can by Green’s Theorem write

‘ / i)\oaaXOdOé

<2 ’/aaAO(XO —Zo()da

<C3? ¢ // [vo(x)|*dz.
Q(0)

Hence if we choose || vol|r2()) < Ce'/?, the lemma follows. O

+ ‘/ i(Z 0 (y)0a(Z 0 )da

We can now prove the

Theorem VI.2. Let s > 6 and k > 0 be given. Let By € H*Y", and 7 > 0 be
given. Denote by B(X,T) the solution of (3.20) with initial data B(0) = By, and
let (V) be defined as in (3.12). Suppose that the initial interface ¥(0) is given by a
graph {(z,mo(z)) : * € R}, the initial velocity is vy, the trace of the initial velocity,
acceleration on {(xz,ny(z)) : © € R} are vy, wq, which satisfy the compatibility con-
ditions as stated in Theorem V.3, and (1o, vy, 0o) € H¥' x H5+' x H*F/2 with the
remainder estimates

(6.3)

11 D210, 00, 100) — €(S| D4 /2¢D(0), ¢V(0), ¢ ()| gresr/ow g o < Cre?

along with
(6.4) 70| 2 < Cre/? and Vol L2y < Cae'’.

Then there exists an ey = €y(|| Bol

us+1, 7, C1,Cy) so that for all € < € the following
holds: There exists a solution to (1.1) for times 0 < t < Fe 2 for which X(t)
is given by a graph {(x,n(x,t)) : x € Rt > 0}, the trace of the velocity field on

{(z,n(z,t)) : x € R,t > 0} is given by v(x,t), and which satisfies

1(n.(2), v(t)) — e(kRCD (1), ¢V (1)) peir, T Cy, Co) 2

mexus < C(||Bol

for all0 <t < Te 2.
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Proof. First, we will show that the initial data is By-admissible after being reparametrized
by k1. Once we do, a solution z(«,t) exists as in Theorem V.6. We must then show
that this solution can be, for possibly smaller ¢y, written as a graph, and we must
give remainder estimates for this graph corresponding to the remainder estimates of
¢ in Theorem V.6.

We begin by showing that the reparametrized data satisfy the hypotheses of The-
orem V.6. Let vo(,t) = o+ ing(a,t). Let (o(a) = (700 kg')(a), where as in (2.3)
we define

0(0) = To(@) + 5 (1 + H) (I + Ko) ™ (0(0) — Fo(a).

Then if we denote & := (y — « as usual, we have (I — ﬁgo)go = (. This implies that

&0 = i(I +He) (I +Key) 1S By Proposition 111.2 we have (V) = (I + H) IS¢V +

1/2.|

O(€*?). For brevity, temporarily denote || - || := ||| D4 gs+1/2. Then by Lemma

V.4 and interpolation we have
1€0 — ¢V O] < (i + He,)(I + Key)™'Séo — i(1 + Ho)Se¢V(0)|| + Ce¥/?
< [[S€ — ¢V (O)| + |(He, — Ho)Se¢V(0)]| + Ce*2
< Cllno — SCV(0)]| + Cel|¢™M(0) 0 kg — ¢CP(0)[| + Ce¥/2.

ge+1 < Ce'/?, and so by the Mean

ger1 < Ce'/? by hypothesis, [|ko — af

Since ||no|
Value Theorem [|¢™M(0) o kg — ¢M(0)|| < Ce'/2. But then [|& — e¢M(0)|| < Ce/?
follows from [|ny — Se¢M(0)]| < Ce¥/2,

Let vg =g 0 /@'51, Wy = g 0 /@51. By Lemma V.4, we also have

o — €iwC D (0) || gratr < Ce¥/?,

|wo + k¢ (0) || grosase < Ce¥2.

This gives By-admissible initial data, and so by Theorem V.6 there exists a solution

to the ¢ system with justified asymptotics.
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We must now show that we can give Eulerian estimates for the remainders of
this solution. Since ¢ and z parametrize the same interface (), it suffices to write

( = x + 1y, where

r=zxz(a,t) = a+ RE(a, t)

(6.5) y=yla,t) = 3¢(a 1)

For sufficiently small €y, ¥(¢) describes a graph by Lemma VI.1, and so we can invert
to solve for @« = a(z,t). Then we wish to justify asymptotics of n(z,t) := y(a(z,t),t).

The rigorous justifications of the asymptotics for {, — 1 and D,( give rise to
rigorous justifications of the quantities 1, and v. The derivations of each are similar,

and so we will focus on 7n,. By Theorem V.6, we have a solution ( = x + iy satisfying
lya (-, ) = keRCW (-, )|y < C¥?

for sufficiently small ¢, and ¢ < ¢. Since z = a(z,t) + RE(a(x,t),t), we have

immediately that ||o, — 1||gs < Ce'/2. Changing variables then gives us

lya(a(,t),t) = keRCW (al-, 1), t)][ns < Ce¥/2.
Moreover, since we would like to take advatage of asymptotics for a,,(x) — 1, we write
az(x) — 1= =R (a(z))ag(z)
= —Réa(a(z)) — Réa(a(@)) (0w (z) — 1)

= —RE(a(@) + (R(E (@) Rea(a(2)) = Rro(alx)))
— R (a(2) (uale) + Réa(a(2)) — 1),

from which we have the estimate

Hs S 063/2.

loa (-) + Réa(a() — 1]
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Next, we estimate the derivative of the graph 7,:

1Yo (),t) = (- Ol = llyalal) D) (@l 1) = 1)l|a;
() + Rea(a() — 1|

+ Cllya(a())]

< [19ala(:)lms s

goa || Wa®

HS

< Ce2.
By the Mean Value Theorem and Lemma VI.1, we have that

IR¢D (), £) = R (x, 1)

Hz

< || B(ea(w) + ew't, €’t) — Blex + ew't, €t)|

H3
+ ||B(€SL’ + ew't, €2t) HWSOO Hei(ka(x)ert) _ ez’(km+wt) ||H;

< |Bllwssr<la(z) — 2| a:

< Ce'/?,
Thus we have

na(-8) = keRCW ()l < [1ma (1) = yala(), )l
+ gala(),t) = keR¢W (a(), 1)
+llec(al),t) = ¢V (1)

< Ce?,

H

and with a similar argument we also have

(- 1) — ¢tV (1)

6.2 The Multiscale Calculation for ¥ and ).

We have two formal calculations to complete. The first is to derive an expansion

for the quantity ¥ = yor ! of the form U = e¥®) 4+ 2T 4 3TG) 5o that it satisfies
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the transformed version of Bernoulli’s principle (c.f. (2.14) of [19]):
x 1 2
(6.6) Do = -S(¢) + §|Dtd

up to the order O(e*). The second is to check whether A = (I — H)V satisfies (6.2)
up to the order O(e*). We will repeatedly use the formula (3.24) for ¢ in the sequel.

Deriving the expansion of ¥

The O(e) terms of (6.6) yield!

from which we have

1 .
\Ij(l) — 2—B€Z¢ + c.c. + O(l)(a(b Qa, tlu t2)
W

Equating the O(€?) terms of (6.6) gives
1
Wi = = = )+ gle T

1 , 1. — 1
- —w’%BXe”b +c.c. — Ct(ll) -9 (521{3(] - H0)|B|2) + 5/€|B|2

1 i m 1 2 1 2
1 ; 1
:—EBXegb—i-C.C.—Ct(l).

To avoid secular terms we set C'Y) = 0 and so arrive at the solution

1
4ikw

(67) \I/(Q) = .B)(Q‘Bi(ZS + c.c. + 0(2) (O./(), ., tl, tg)

and hence determine ¥ as

1 )
(6.8) g = ﬂBem + c.c..

1Here c.c. represents the complex conjugate of the term immediately preceding it.
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Finally, we collect the O(e?) terms of (6.6) together to give the equation

to

—=(1
Wi = ) - = ) - () + R (06 + )

=(1)
= 0 - ) - W) - S(CP) + RS, G,

We calculate that \If D — _ 1 Beve tce + C’ and \Ifg) = 5-Bre" + c.c..

8k2

Recalling from (3.25) that by = —kw|B|* we also have bWl = —3ik*B|B|*e* +c.c..

As for the remaining terms, we can write
(3) Loomipi2 —ip 1 T\ (R
S(CY) =S —5#BIBle ™ + 5(I = Hy) (BBx)

1 . 1 o
— Z/<;2B|B|QewS +c.c. + 5%(I —Ho)(BBx)
1)

as well as %(ZE;) t(l)) =R (-1iBBx) =3 (

1

i1BBy), and so

—=(1 1 , 1 — 1.
—S(¢®) + Re(C V) = —4—Z_k:QB|B|QeZ¢ +c.c. = 5S(I = Ho) (BBx) + 5 S(BBx)

=N

1 . _
—Zk23|3|2e“f> + c.c. + 5%HO(BBX).
1

Summing these terms now gives
3
v
1)
= -0 - ) = bWl - () + RG, G
1

1 1 i
— mexe tee. —CP - %BTews +cc + §Z/€2B|B|2€ ? 4+ c.c.

) 1 — —
— ZkQB|B\QeZ¢ +c.c. + 5;SHo(BBx)
{)

1 1 3 |
_ (_EBT + g Bxx + Z@k2B|B|2> e + c.c. + ( P + \YH (BBX))

1 —
_ %Br — —— Byy + 3KwB|B2 ) ¢ + cc. + [—C? + —%HO(BBX)
 diw 2kw !
1 .
= —— (2iBr + 2" Bxx + 3k*wB|B*) € + c.c. + ( o+ = JH (BBX)) .
iw
We must choose C'?) so that Cg?) = wSHo(BByx). Therefore

1
c? = §wiHo(|B]2).
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Since B satisfies the NLS equation 2i By — w”Bxx + k*wB|B|* = 0, we have that

3W//

v® _
to 43w

) k2 ) ) k2 )
Bxxe' — ?B|J_f3|2e“¥5 +cc. = Bxxe' — ?B|B|262¢ + c.c.,
1 1

3
16ik?

and so we can take as our solution

) k2 )
(6.9) S Bxxe™ + 2—B|B|26’¢ +c.c..
w

16k2w

Checking the Evolution Equation for A

Now we would like to use our expansion of ¥ to check to see whether (6.2) is

satisfied up to terms of order O(€*). The O(¢) equation that we must verify is

1 .
(0F — i) (1 — Ho) U = (82 — i00a) (I — Ho) (ﬂBe“ﬁ + c.c.)
. 1,
= (830 - Z@ao);Be ¢

as desired. Similarly, recalling that H®M f = [¢((V), Hg] fa,, it is quick to see that the
O(€*) terms vanish as well:

(07 — 1000) (I — Ho) W

+ (atzo - Z6@0)(_7{1)\11(1)

+ (2@0@1 - iaa1>(f - H())\I’(l) = 0
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For the O(€®) terms, we must investigate the sum

(07 — i) (I — Ho) U™

+ (07, — 10 ) (—H1) T

4 (02— 10y ) (—Ho) D

+ (204,01, — 100, ) (I — Ho) WP
+ (204,01, — 10, )(—H,)UWD

+ (204,01, + O} + 2620400y ) (I — H) TV

where Gg\g) is the third term in the formal expansion of the cubic term G, in (6.2).

We have

3
k2w

‘ k2 ‘
I = (0} —i0a,) ( By xe' + —B|B|262¢)
w
=0

and

I = (0} — 10y )(—HW) (— Bxe'® +c.c. + c<2>)

4ikw

— (D — i) (%(1 _ HO)BEX)

=0.
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We also have
. 1 i
I4 = (28t08t1 - Zaal) (—mee ¢ + (I - H0)0(2))
= —iW(I — Ho)%ﬁo(FBX)

Ho(BBx) — Ho(BBx)
2

1 — —
= —§W(I - H())(BBX -+ BB)()

= —iw([ — Ho)

and

Is = (204,0;, — iam)(—H(l)> (iBei‘b + C.C.)
1
= (2at08t1 - Zaal)EZW(I - HO)|B|2

1 — —
= 5(4}([ — HO)(BBX + BBX)

Moreover, since B satisfies the NLS equation (3.20),

1 .
Ig = (204,0,, + 0] — 2k:w|B|28,508a0);Be’¢

= (2iB; — W"Bxx + 2k*wB|B|*)e™

= k*wB|B|*e™.
The remaining terms are more involved. Recall the multiscale operator

HIf = [0, Ho)O f + 6, Hoao f — 1€, HolcWusf + 5160, 16, Hol)O2,



93

Thus we first have

. 1 )

HOTW = [Be', Hy| (Q—Bxew + c.c.)
w
Lo 1
+ §zk(I—H0)|B\ , Ho §sze + c.c.
. . 1 )

— [Be™, Hy) (ikBeZ‘b (§ine’¢ + C.C.))

1 . A 1 A
+ §[Be’¢, [Be™ Hyl| (—Eku)Be“’ﬁ + C.C.>
= [Be', H] iEXG_M)
’ 2w

kw|[Be™, Ho)| B|?

+

N — N —

[Be', [Be™, H|] (— %kwﬁe_i‘b)

1 —
= —(I— BB
2W( Ho)(BBx)
1 )
- 5/mBe“¢>(I + Ho)|BJ?
1 )
+ §kae’¢HO|B\2

1 o1 _
— _§;MB|B|2@“¥S + %(I —Ho)(BBx).
But then

I3 = (0}, — i0ay) (—HP) W
1 , 1 —
= (0} — 10a,) (—k:wB|B|2@’¢ o HO)(BBX))
2 2w
=0.
Finally, we turn to calculating Gg\g). We have by definition that

6fY = = | D Hz + | (€02 + D) (DR ) + il 1y 222

DiC-9uDi¢ 1 [ (Di() = DG(B) ,
~2(pig, g 22D L (DL PO ) tspas
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We simplify the formal leading terms of the commutators first. We have that
68 ol (Cly o) = K20 Be™ (I o) | B
and
Cto [Cto 7H0]<t0a0 = kQWBeld)(I H0)|B’2

Also, since Ct(ol ) Ct(olo)(o = 0, the third commutator vanishes. We will write the leading

orders of the remaining terms as singular integrals to which we can apply the following

formula:
- [ =g P =R (5345 = Lo Mol o)+ 1. Ml )~ b 1 ol

Since to leading order, Ct(ol) . C&? = Ct(ol) 1+0(e?) = (C(l)) O(e*) = %(Ct(ol) +Z,§;)) +

O(€?), we can rewrite the second singular integral above as

W) — D3\ _
L (Cm @ = (ﬁ)> S8 = [ Hal(C, T — 31680 60 Pl

Similarly, the leading order of the first singular integral is

(D) - c3) (@) -V (B)
(a—B)?

¢ H) ey = €7, Hol (¢, ¢y + 16, €, Hol ) -

¥/

) ¢ (8)ds

By extracting the coefficients resulting from differentiation, the first terms of these
two expressions cancel each other. Therefore we are left with the following expression

as the sum of these singular integrals:
1 a 1) =) 1
SI6k 168 ol oty + 1647 1€ oGl

= k*wBeHy|B|? — K*wBe™ (I + Hy)|B|?

= —k*wB|B|%e™.
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Therefore, summing these calculations gives

G = KPwBe (I + Ho)|B|? + k*wBe™ (I — Ho)|B? — k*wB|B|e™

= k*wB|BJ*e".

Therefore we have at last that the O(e?) terms sum to

1 — — 1 — —
— 5&)([ — Ho)(BBX + BBX) + 5&)([ — Ho)(BBX + BB)()

+ kK*wB|B|?e" — k*wB|B|*",

which exactly cancels. Thus the development of ¥ indeed satisfies (6.2) up to O(e?).

Define

(6.10) U =0 4 20 4 Sy
as well as

(6.11) A= —-H)¥

so that PA — G = O(e%).

6.3 Estimates of the Remainder of \

Our goal here is to construct an energy from an evolution equation for
(6.12) I=X—\

This will enable us to show that the quantity D,/ = D,;(A — \) is bounded in L2. In

turn, we will control r in L? for O(e~?) times.

Showing that D,/ and r are comparable.

Following the proof of Lemma VI.1, we first show that r and (I — H)S(r) are

comparable in L2 First, since (I — H)¢ = 0 by (2.8), we have by the multiscale
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calculation of Section 3.3 and Corollary IV.3 that

(I~ H)T = —(I = H)E = —(H — H)E — (I — H)E = O().
Hence we have
Irllze < CI = H)(r +7) Lz + CI(T = H)S() 22
< Ol = H)S()|se + CE2,
and so
(6.13) Sl = 072 < (T = )3 12 < Cllrlze + O

Turning to D,l and r, we expand

Dtl - Dt)\ - Dt)\
— Dt)\ - Dtj\ - (Dt - Dt)j\

= D\ — DA — (b — b))\,

Another multiscale calculation confirms that the residual quantity

is of size at most C'¢*/? in L?. Hence, using (6.1), we have that Dyl = —(I —H)S(r)+

O(€*?). But then this implies the bound

1
(614) EHTHL2 — 063/2 S HDtlHLQ S CHTHLQ + 063/2.
The Evolution Equation and Energy Estimates for /.

We can write immediately that

Pl=Gy— (P —P)A—PA

= (Gr =Gy = (P=P)A— (PA-GY),
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from which we have by the usual decompositions and estimates that P! is controlled

in H® by C(Eg’/2 +eB,+ EV? 4 €/?) = O(€"/?). We can now construct the energy
/1wm+ﬂd
— illoda
il

corresponding to the above evolution equation for [. Since [ need not be the trace

C

of a holomorphic function in ()¢, we cannot conclude that this quantity bounds

| D:l||3, above. Hence we decompose [ as
1 1 R
[ = 5(I—H)Z+§(I+H)l =1 +1
The energy
1 —
zwz/jmw+whm

does bound || D;l]|3. from above, by Lemma IV.9. We would like to show that

dZ/dt < Ce®. To do so, we write
1 ) _ - )
zwyi/ZmWﬂMMM—@/zg+ﬁg+ﬁgmma%®+iaw

By Lemma IV.9 and (6.14), the time derivative of the first integral is

4.4
EngWwamy+CﬂWM@.

We use the usual almost-orthogonality argument to treat the terms of %5(t). Observe

that with a change of variables we have

dg? o d . _5+ +7 43+
7—E<—2/l la+l la+l ladOé
:4/Ddi+pmh+pmi+zmaf+ﬁ%az+H@mfm

1 _ _ _ _ _ _
:T/mrg+mﬁ@+aﬁg—gmﬁ—qu—Qmﬁm
1

:ﬂ%/DmK+Dwg+Dme.
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We calculate that

HZ%U+HN
= ST+ =)
—_%U+fo-ﬂm

——;u4mn—m@

5/2

from which we have |[I7]|;: < Ce’’?. Via Corollary IV.5 the same formula readily

implies that || D/ z2 < Ce®2, and so we clearly have
/ Dt do < Cé°.

The other two terms are controlled by exploiting their almost-orthogonality. Note

that Dy~ = (I — H) Dyl — 3[Di(, Mg and 10 = LI —H")l,. Since we have

— (M), — [€a, ]‘IC’——A

_ R(C. D) -
— (1= HREDO) — o H ) 5
we see that the only O(e) terms contributed are (I —Hy)R (Cto )= Oag (I —Ho) ¥ = 0.

Hence ||l,|lz2 < Ce*2. But then we can rewrite the commutator as a term of third

order as follows:

lo 1 771 O
Dt 9 Dt , — Dt y _—l
[ CH]CQ [ CHC +H<J — [ CH]C
1 9, 1
[Dtg Hca +Ha] Ly — [mg,ﬁqa (ﬁ —5(H +H)l) ,

[0}
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and so ||[DtC,H]é+;||L2 < C€/2. Since ||l ||z < Ce®/? as above, it suffices to estimate

the inner product

(I =H)DL, (I —H)o) = —((H+H)D, (I —H)ly)
—2((H +H)Dil, 1)
< C"?|| Dyl 1z

For the second term, we have that Dyt = (I + H)Dyl + 3[Di(, H]— and [, =

(I +H")l,. The commutator is estimated by ||[DtC,H]é+:||L2 < C€"/? as before.

Hence it suffices to consider

(I +H)Dyd, (I +H)s) = (I +H)Dl, (H* +H o)

<Dtl+ [DiC, H]é (H+ﬂ)*za>

< C((| Dl 2 + €).

Summing these estimates, we finally have that

) S CE+ AL 4 2L (D) < OHE + 200)

whenever 0 < t < e 2. Therefore

sup  Z(t) < C(L(0) + €%
0<t<Te2
Consequently
17l oqo.7e-2122) < C(L(0)/2 + €/2).

6.4 Justifying the Eulerian Asymptotics for the Profile.

With these preliminaries, we can now prove the
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Theorem VI.3. Suppose the remainder hypotheses (6.3) hold, and moreover that

the stronger conditions hold:
(6.15) |[mo—€eSCW |2 < Ce¥/? and | @0 (ating(a))—ew  RCW| 12 < C¥/?

where ®q is the initial velocity potential. Then there exists a possibly smaller ¢y so

that in addition to the conclusions of Theorem VI.2 holding, the profile n satisfies

Hs+7, y, Ol, 02)63/2

In(t) — e3¢ (2)]

o+ < O(HBO|

for all0 <t < Te 2.

Proof. As in the proof of Lemma VI.1, it suffices to derive conditions under which

Z(0) = O(€*). We will show that the quantity
1 .-
3(0) = —|Dtl0| + Zloaal()da/
Ao

is controlled by ||ro||z2 and ||®q o 29 — ew ™ RCD || 1722

We can control the first term
1
/IlDtl(O)l2 < C|IDioll3> < C(lIrollz2 + €¥/%)?
0

by (6.13).
To estimate the other term in .Z(0), observe that we can write [ in terms of ¥ — U

as follows:

=T -H)V - (I-H)T

= (I —H)(V-T) - (H—-H)T,

?Ideally one would prefer, in keeping with the weaker conditions given in Theorem V1.2, to bound .Z(0) by
some difference of the initial velocity fields of the true and approximate solution in the square-mean. However,
since these velocity fields are defined in different domains, we instead give this equivalent condition, which is more
straightforward to state.
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and the latter term is O(e*?) by Corollary IV.3. Hence we expand our integral as

usual:

/ ilodaloda = i / (zo (I — M) (g — \ifo)) Buloda

—i [ (1 = 1) (0 = B0 (1 = (1= Py (W0 = T0)) da

+ i /(I — H. ) (g — U0)Du(I — H, ) (T — ¥)da.

The first two of these integrals are O(e?), since dy(¥ — U) = R(C, D) — U, is

O(e%?). Therefore since H is bounded on H'/2? it follows that

'/ iloaaZOdO{

Hence, if we choose the initial profile and the initial velocity potential ®( to satisfy

< |[(®o 0 20) — ew ' RCWV |12, + Cet.

|rolle < Ce¥?  and (Do 0 20) — ew S RCW 12 < C¥/2,

then £(0) < C€®, and s0 supy<ic 72 ||7(t)[|r2 < Ce¥? as well. O

Remark. With a few changes we can rigorously justify asymptotics for wave
packet-like solutions of the periodic water wave problem as well. One is interested
in the periodic case since the periodic 1D NLS equation exhibits different (and more
interesting) behavior than the 1D focusing NLS equation defined on R we derived
in §3. The periodic water wave problem is the same problem as (1.1) except that
the space variable of the velocity field is defined* on NT := R/2Nr, and hence the
fluid interface 3(t) can be parametrized by a periodic curve, that is, a curve ¥ C C
which is parametrized by a curve z : R — C for which z(«) — « is 2w N-periodic.

Given a holomorhphic function F' that is 2nr N periodic and whose trace is given by

3Since H is bounded on L2 — L2, this can be checked by showing that H is bounded on H! — H?! using the
identity Oa Hf = Hfa + [2a, H]z—a and then by using complex interpolation.
4The dependence on an integer N € N will be explained presently.
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fla,t) = F(z(a,t),t), we can recover the values of F' in €(¢) from those of f using

a Cauchy integral:

=3 Lo [T 10(0)
Jla) = _Z: mi ./(2j—1)N7r 2(a) = ZW)CM

1 N :7001
=P _wa(ﬁ)(zm) )
1 1
* ; 2(a) — 2(B8) + 27jN 27er)Zﬂ(ﬁ)dﬁ’

and from the identity
1 1 1
t(mh) = = —_— = 0¢Z
7 cot (7)) 6+ E T ¢

which is checked by a simple residue calculation, we have the following formula for

the Hilbert transform of a 2 Nm-periodic function:

Nm

z(a) = 2(P)

1
(6.16) SN =9f = —pv. [ f(B)cot (T) 25(8)dp.

—Nn
The other singular integrals which arise using this version of the Hilbert transform
yield slightly different formulas for the cubic expressions involving the Hilbert kernel
cot(f/2) and its derivatives. However, the orders of the singularities in the kernel
are the same as those in the case of the real line. Therefore, using a slightly more
general version of our singular integral estimates stated in Proposition 3.2 of [19], we
have the same bounds of these singular integrals as those of the real line case.

We note also that this new version of the Hilbert Transform still satisfies (V)2 =
1 and that f is the trace of a periodic holomorphic function on a periodic curve z if
and only if (I — Hv }) f = 0. We continue to observe the convention that HV1 = 0.
Finally, since the product of two periodic holomorphic functions is also periodic, the

results of Lemma 2.2 hold.
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The other major difference between the case of the real line and of the circle is in
the choice of leading term for the wave packet approximation. Suppose we are given

a periodic function B : T — C; in order to force the expression
eB(ea, et, €2t)elkatet)

to be itself periodic, we will require choosing 1/¢ :== N € N so that N/k € N as well.

We must also adapt the estimate in Proposition I11.2. However, if we denote
the Fourier series of a function f by f , and the flat periodic Hilbert transform
corresponding to z(a) = a by 555“, we have for all Fourier modes m € 7Z the formula

—

555” (m) = —sgn(m) f(m). Therefore we can write for a € [—~N, N that

=]

55 (B(e)e™) () = By (B()e™™) (a/e)

and so we can imitate the proof Proposition II1.2 to get the estimate

m—1/2

km

—I[N . €
(T =By ) B(ea)e®®|[ s (nm) < C

1B

Hs+m(T)

Using this estimate, the formal calculation of Chapter 3 now carries through, and so
B satisfies the same NLS equation as on the real line. This is a focusing 1D NLS
equation on T, which is known to be completely integrable and therefore globally
well-posed. Hence given initial data By in H**"(T) we can make sense of the formal
approximation ¢ defined on NT for any N € N.

The natural analogue of Theorem V.3 establishing the local well-posedness of the
water wave problem on the periodic domain NT holds as well provided we consider
our quantities in the Sobolev spaces H*(NT) rather than H*(R). However, in order
to assure that the approximation f is sufficiently close to the rest solution « to guar-
antee convergence of singular integrals involved, we only consider N > N, for some

sufficiently large Ny depending on || By|

ma+7(T)- Then we can define the remainder
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r=(— 5 on NT, and with the necessary modifications to the norms involved, the
exact same results contained in Theorems V.6, V1.2, VI.3, with the following two
changes: (1) we make the periodicity restriction N/k € N; the results then hold only

provided we consider an N > N for some N, depending on || By|

Hs+7(T)5 MO and 9,
and (2) the Sobolev norms on R are replaced by the respective Sobolev norms on T

and NT where appropriate.



CHAPTER VII

Conclusion and Discussion

In this dissertation, we have found formal solutions that satisfy the equations
(2.7)-(2.8) up to a residual of physical size O(e?), and that have wave packet leading
terms. The modulation of the leading term of the approximate solution was found
to be a profile moving at group velocity and satisfying NLS.

We then showed that for any such initial modulation, there are corresponding
initial data of the original system no more than O(¢%2) in Sobolev space away from
a wave packet having the initial modulation. Moreover, we showed that for any
initial data for the full water wave equations which are close to a wave packet in this
sense, the solution to the water wave equations remains comparably close on O(e~?)
time scales.

Therefore we have shown that to every solution of NLS in sufficiently regular
Sobolev space, there exists a wave packet like solution to the equations (2.7)-(2.8)
whose modulation evolves according to the NLS solution, and moreover this solution
is stable. Because we proved existence by expressing the full solution as a perturba-
tion of the globally existing approximate solution, our stability result implies that
the water wave equations (1.3)-(1.4) can be solved up to time Te~? when given wave

packet-like initial data, where 7" is the time up to which NLS is solved when given

105
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the initial modulation.

However, we found that this last result has two drawbacks: it controls only the
derivatives of the water wave variables in a new coordinate system. While in the gen-
eral water wave problem this is a desirable generalization of a small data condition,
the wave packet profile ought to remain a small perturbation from the still water
solution for long times, and so one should be able to control the profile of the wave
packet-like solution itself. To achieve this, we realized that the profile can be con-
trolled through Bernoulli’s law, and so control on the trace of the velocity potential
yields control on the profile in Eulerian coordinates over the NLS time scales.

We have also left open the justification in Lagrangian coordinates, specifically of
the perturbation from rest of the horizontal velocity of the interface. We successfully
justified asymptotics in Eulerian coordinates, but only upon restricting the initial
velocity potential on the interface appropriately. It would be interesting to precisely
elucidate the relationship between the bad behavior the horizontal velocity in La-
grangian coordinates and the change of variables we have used to see whether the
horizontal velocity can be more effectively controlled.

The work in this dissertation depends on the existence of a change of variables
that converts the equations governing the interface to one with nonlinearities of at
least third order. As of this writing, a change of variables such as that given in
this dissertation exists only for the infinite depth problem, and it would of course be
desirable to discover a corresponding change of variables for more general problems,
such as finite or variable depth problems, retention of surface tension, nonzero vis-
cosity, or nonzero vorticity. Besides giving long-time well-posedness results in these
more general water wave problems, the discovery of such a change of variables in

these settings would yield the ability to give rigorous justifications for the modu-
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lation approximation in those cases as well. Moreover, it might be worthwhile to
pursue justifications of other model equations for the water wave problem which
have already been supplied, since in this case the results may be strengthened, or at
least the proofs of the results may be simplified.

In the papers [18], [20], Wu has given both the local well-posedness of the 3D
water wave problem, as well as a global well-posedness result analogous to that in
[19]. Hence one can attempt a justification of the 3D analogue of the subject of
this dissertation. The modulation approximation in 3D concerns a plane wave with
modulation that slowly varies in all directions. In the case of infinite depth, past
formal calculations suggest that the modulation is governed by a hyperbolic cubic
nonlinear Schrodinger equation (HNLS).

One meets many new challenges in the 3D setting. In order to construct the
3D analogue of Wu’s transformation, one must work in the framework of a Clifford
algebra (specifically the quaternions), which entails calculating with three mutually
noncommuting imaginary units. While one can generalize most of classical complex
analysis in this setting, there are some differences that cause difficulties, notably
the fact that the analytic functions are no longer closed under multiplication. The
governing equations in 3D are also less clean than in the 2D case: many a priori
quadratic nonlinearities must be carefully treated in the energy estimates in order
to suitably control them. One quadratic term in particular must be treated using
generalized Sobolev norms involving the invariant vector fields associated to the 3D
problem, which is a nontrivial obstacle since the size of a wave packet with respect
to such norms is not small.

A justification in 3D would have the same benefits as a justification in 2D; the sav-

ings in numerical computation would be even greater because of the higher dimension
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involved. Another point of interest is that HNLS is less well-behaved than the NLS
equation considered in this dissertation, and so less is known about it. For example,
the latter is completely integrable, while the former is not thought to be.! Recall
that in this dissertation we showed long-time existence of a wave packet-like solution
to the full water wave equations by writing the full solution as a perturbation of the
globally existing approximation. It would be interesting to see if the process can
be reversed in 3D to get better existence times for HNLS in high-regularity Sobolev
spaces by regarding the modulation approximation as a perturbation of the full water

wave problem, at least for some possibly more restricted class of initial data.

LHNLS does not have the Painlevé property, so it would not be completely integrable if the Painlevé conjecture
holds. c.f. [1].
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