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We present temperature versus concentration phase diagrams for “shape amphiphiles” comprised of
tethered moderate and low aspect ratio rods. Simulations of moderate aspect ratio rods �first reported
by Horsch et al. �Phys. Rev. Lett. 95, 056105 �2005��� predict their self-assembly into spherical
micelles with bcc order, long micelles with nematic order, a racemic mixture of hexagonally ordered
chiral cylinders, two perforated phases: one with tetragonal order and one with hexagonal order, and
a smectic C lamellar phase. In contrast, we predict here that small aspect ratio tethered rods
self-assemble into bcc ordered spherical micelles, hexagonally ordered cylinders, and a smectic C
lamellar phase. We compare and contrast the phases obtained for the two aspect ratios and examine
in further detail several unusual phases. Our simulations also reveal that for moderate aspect ratio
rods there is a tendency toward phases with decreasing interfacial curvature with decreasing coil
size, including a double gyroid phase. In addition, we investigate the role of tether length on the
assembled structures. Our results are applicable to short rod-coil block copolymers and rodlike
nanoparticles with polymer tethers, and to colloidal building blocks comprised of a flexible string of
colloids tethered to a rigid string of colloids, with the interactions scaled appropriately. © 2006
American Institute of Physics. �DOI: 10.1063/1.2363983�

I. INTRODUCTION

Self-assembly is a promising strategy by which nanom-
eter sized building blocks �NBBs� can be manipulated to
form useful structures for a variety of applications.1 Func-
tionalization of the NBBs with polymer tethers provides a
means through which the NBBs can be induced to self-
assemble into target structures.2–5 Polymer-tethered nanopar-
ticles comprised of a flexible solvent-loving part and a rigid
solvent-hating part constitute a class of “shape
amphiphiles.”4,6 These new materials have much in common
with traditional molecular amphiphiles but here the “head
group” may be a hard nanometer sized particle. Under the
right conditions, immiscibility between the tether and par-
ticle and the geometric packing of the hard particles combine
to produce complex self-assembled structures. Conventional
rod-coil block copolymers can be considered as one limit of
polymer-tethered rods �PTRs�, a specific class of shape am-
phiphiles in which the nanoparticle is rodlike. Various archi-
tectures of rod-coil block copolymers have been synthesized,
with flexible polymers bonded to the middle of the rod, to
each end of the rod, or at only one end of the rod.7 Rich
morphologies arising from their self-assembly have been ob-
served experimentally, e.g., layered smectic,8 wavy,8 zigzag,9

honeycomb,10,11 and tetragonally perforated lamellae,10,11

hexagonally packed cylinders,11 bicontinuous cubic
structures,12 and hollow spherical and cylindrical micelles.13

In contrast to block copolymers �BCPs� consisting of
flexible blocks, theoretical progress is less developed for rod-
coil BCPs. Although the same principles govern the mor-
phologies that form, the entropic interactions are more com-
plicated in the latter due to the asymmetry between the two
blocks and the tendency of the rigid block to orient itself
relative to other rigid blocks as in molecular liquid crystals.
Halperin14 and Semenov and Vasilenko15 used scaling analy-
sis to study the smectic A and smectic C phases. Williams
and Fredrickson postulated the formation of pucklike mi-
celles when the volume fraction of the coil is high.16 They
proposed that within the pucks bundles of rods form a trun-
cated cylindrical structure. Holyst and Schick used a Landau
free energy expansion considering both compositional and
orientational order parameters to study the isotropic nematic
transition and the smectic phases near the order disorder
transition �ODT�.17 Matsen and Barett performed self-
consistent field theory �SCFT� calculations on rod-coil block
BCPs.18 They used Flory’s lattice theory to incorporate the
orientational interactions and their study was limited to the
nematic and smectic phases. Prymitsyn and Ganesan pre-
sented a SCFT model where the orientational interactions
were treated using the Maier-Saupe potential.19 Using this
model, they were able to predict the phase diagram for rod-
coil BCPs for one and two dimensions and their predictions
were qualitatively similar to several experimental findings.
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Recently, Chen et al. introduced a new SCFT model to study
the effects of the rod fraction as it pertains to the self-
assembly of the model rod-coil copolymers.20 Their work
was the first time that SCFT predicted the hexagonal cylinder
phase for rod-coil BCPs. Our previous work4 focused on the
self-assembly of tethered nanorods in a selective solvent and
we predicted for the first time the formation of the tetrago-
nally and hexagonally perforated lamellar phases as well as
identifying a novel hexagonally packed racemic phase of
chiral cylinders. The tetragonal phases have been observed in
experimental systems where the rod is solvophobic and the
tether solvophilic21 but had not yet been realized by either
theory or simulation. Here, we extend our previous work and
demonstrate the effect of both the degree of polymerization
of the tethers and the aspect ratio of the rods on the self-
assembled structures. We also elaborate on each of the mor-
phologies presented in our previous study.4

Using a coarse-grained, particle-based model2 and
Brownian dynamics �BD� we study the phase behavior of a
solution of tethered rods in three dimensions. We compare
the phase behavior of high and low aspect ratio rods in the
temperature versus concentration plane. For moderate aspect
ratio tethered rods, we also study the effect of the relative
coil fraction, fcoil. A primary advantage of this particle-based
model is that the liquid crystal behavior of the rods and the
complex entropic interactions arising from the asymmetry
between the rigid rods and the flexible tethers are automati-
cally incorporated. Another important feature is that these
simulations are performed in three-dimensional �3D� space.
Our previous4 study demonstrated that due to the coupling
between orientational ordering and chain stretching, the
number of dimensions is significant in determining the final
structures, especially the local packing of the rods. The
manuscript proceeds as follows. The model and simulation
method are described in Sec. II. The temperature versus con-
centration phase diagram for moderate aspect ratio rods is
described in Sec. III. The effects of relative coil fraction for
moderate-aspect ratio rods are discussed in Sec. IV. The tem-
perature versus concentration phase diagram for low aspect
ratio rods is discussed in Sec. V, and a discussion of all
results can be found in Sec. VI.

II. MODEL AND METHOD

A. Model

1. Rods

We model the rods as a series of Nrb beads linked rigidly
in a linear geometry,2 see Fig. 1. The degree of roughness
within a rod is determined by the spacing d between adjacent
spheres. As d⇒0 and Nrb⇒� the rods become perfectly
smooth spherocylinders. The length of the rod, L, is defined
as ��Nrb−1��d�+1�. The rods used in our study are not in-
tended to represent a specific chemistry but are intended to
capture the universal behavior of rodlike particles perma-
nently connected to a flexible tether, where the size of the
tether is on the order of the size of the rod. Our model also
applies to colloidal rods formed by fusing a series of colloi-
dal beads into a linear geometry. The interaction potentials
described below can be easily modified for such systems.

2. Tethers

The flexible tethers are modeled as linear, bead-spring
chains comprised of Ntb beads bonded together via a finitely
extensible, nonlinear, elastic �FENE� spring.22

UFENE = �− 0.5kRo
2 ln�1 − � r

Ro
�2� , r � Ro

� , r � Ro,
�

where r is the distance between neighboring beads and k and
R0 are the energy and length parameters of the potential,
respectively. As in prior works, their values are taken as k
=30 and R0=1.5�, respectively. These values ensure rela-
tively stiff bonds and prevent unphysical chain crossings.

3. Modeling amphiphilic behavior

To study self-assembly resulting from solvent selectivity,
we use the following definition for poor and good solvents. If
the solvent is poor for a particular species, the nonbonded
interactions between that species are modeled with a poten-
tial containing an attractive component to incorporate immis-
cibility. If the solvent is good for a particular species the
nonbonded interactions between that species are modeled
with a purely repulsive interaction potential. In this study, we
focus on tethered rods in a solvent that is poor for the rods.
The miscibility of the nanorods is implemented via a trun-
cated and shifted, site-site, 12-6 Lennard-Jones �LJ� poten-
tial:

ULJ�r� =
4�

kBT
	��

r
�12

− ��

r
�6
 −

4�

kBT
	� �

rc
�12

− � �

rc
�6


− �r − rc��dULJ�r�
dr

�
r=rc

, r � rc,

where rc is the cutoff radius and is taken to be 2.5�. Non-
bonded interactions between tethers and between tethers and
rods are treated with a Weeks-Chandler-Andersen �WCA�
potential. The WCA potential is the 12-6 LJ potential trun-
cated at the minimum and shifted vertically by � /kBT, giving
a purely repulsive potential:

UWCA�r� =
4�

kBT
	��

r
�12

− ��

r
�6
 −

�

kBT
, r � rc�,

where rc�=21/6�. The length and energy scales for these sys-
tems are � and �, respectively, with the time unit �
=��m /�, where m is the mass of a bead, �=�TT=�RR

FIG. 1. Rendering of model tethered nanorod.
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=�RT is the diameter of a bead, and �=�TT=�RR=�RT are the
interaction parameters. The subscripts TT, RR, and RT cor-
respond to tether-tether, rod-rod, and rod-tether, respectively.
The dimensionless temperature is in units of � /kBT.

B. Simulation method

BD, a mesoscopic simulation technique, is used to study
the model, tethered rods. Although solvent particles are not
explicitly included in this method, certain solvent effects are
treated implicitly allowing for the study of the model NBBs
in solution. The trajectory of each “bead” is governed by the
Langevin equation:

mir̈i = − �iyi + Fi
C�r�t�� + Fi

R�t� ,

where mi is the mass of bead i, and ri, vi, Fi
C, and �i repre-

sent the position, velocity, conservative force vectors, and
the friction coefficient of bead i, respectively. It is assumed
that there are no spatial or temporal fluctuations in the fric-
tion coefficient and �i is chosen to be 1.0, thereby limiting
the ballistic motion of a bead to �1.0�. The random force
vector, Fi

R, is assumed to be stationary, Markovian, and
Gaussian with zero mean. It is further assumed that there are
no temporal correlations in the random force and that it is
independent of the conservative force. The amplitude of the
random force must satisfy the fluctuation dissipation theorem
and therefore must meet the following criteria:

Fi
R�t�� = 0,

Fi
R�t�F j

R�t��� = 6�kBT	ij	�t − t�� .

The friction coefficient and the random force couple the sys-
tem to a heat bath, where the latter term acts as a heat source
compensating for frictional losses incurred by the particles
due to viscous drag. The combination of the random and
viscous forces helps to minimize numerical roundoff errors
that occur over long simulation runs. The stationary solution
to the Langevin equation is the Boltzmann distribution and
therefore these simulations sample the canonical �NVT� en-
semble.

The rotational degrees of freedom of the rod are incor-
porated using the equations for rotation of linear bodies.23 To
integrate the equations of motion we employ the leapfrog
integration algorithm. The time step 
t used to integrate the
discretized equations of motion is 0.01�. All simulations are
initially carried out in a cubic cell with periodic boundary
conditions. Systems are equilibrated athermally �repulsive
interactions only� and subsequently cooled to the target tem-
perature by decrementing the temperature such that 
T
=0.01. To ensure that the self-assembled structures are inde-
pendent of the cooling history several different cooling rates
are tested. To avoid system size effects, we consider systems
of NR=600, 800, 1000, 1300, 2000, 4800, and 6400, which
corresponds to N=6000–140 800 beads depending on the
roughness of the rod. NR is the number of rods and N the
total number of coarse-grained beads in the system, respec-
tively. We also employ the box search algorithm to allow the
shape of the box to change during the course of the
simulation.24

III. SELF-ASSEMBLY OF MODERATE ASPECT RATIO
TETHERED NANORODS

In our studies, we define moderate aspect ratio rods as
rods with an aspect ratio of greater than 5:1 and low aspect
ratio rods as those with an aspect ratio of less than 5:1. This
definition is chosen based on the ability of systems of hard
rods to form a nematic phase when their aspect ratio is
greater than 5:1.25 The phase diagram �inverse temperature
1/T versus volume fraction �� for a solution of moderate
aspect ratio tethered rods is presented in Fig. 2. � is defined
as ��NR��2L /4�+ �Ntb+1���3 /6� /Vbox for smooth rods
�rods containing overlapping spheres�, and N��3 /6Vbox for
rods without overlapping spheres. Below we discuss the de-
tails of the predicted phases.

A. Cubic micelle phase „C…

We observe the formation of a cubic micelle phase for
volume fractions between �=0.1 and 0.17 �Fig. 3�a��. As the
system cools micelles form which at sufficient concentra-
tions pack into a bcc morphology. To quantify the shape of
the micelles, we calculate the asphericity parameter As de-
fined as

As =

�
ij

Ndim

�Ri
2 − Rj

2�2�

�Ndim − 1����
i=1

d

Ri
2�2� ,

where Ndim is the dimension of the aggregate, here Ndim=3.
We find that on average the micelles contain 40 tethered rods
with As=0.05 indicating that the micelles are spherical in
shape. Snapshots of the system reveal that within the mi-
celles the rods pack into a flattened cylinder where the diam-
eter is larger than the height �Fig. 3�b��. The orientation of
the tethers, however, compensates for the disparity between
the height and diameter of the rod core and overall the mi-
celles attain a spherical shape �Fig. 3�c��. System snapshots
further reveal that the rods do not pack parallel to each other
but that they are tilted �Fig. 3�b�� with respect to the face

FIG. 2. T vs � morphological phase diagram of moderate aspect ratio teth-
ered rods. The solid lines do not represent calculated phase boundaries but
are used as visual guides to identify the regions in which specific ordered
structures are observed. C, LM, H, TPL, HPL, and L correspond to bcc,
nematically ordered long micelles, hexagonally ordered chiral cylinders, tet-
ragonally and hexagonally perforated lamellae, and smectic C lamellae,
respectively.
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normal of the cylinder. Although we observe that the mi-
celles are spherical in shape, we note that they are not iso-
tropic in regard to intermicellar interactions. The system
snapshot in Fig. 3�c� clearly reveals that the tethers do not
extend radially from the center of the micelle but that they
can be described more accurately as extending normally
from the face of the cylinder. Therefore, the intermicellar
interactions are dependent on the relative orientation of the
micelles—a point that will be discussed further in the follow-
ing section.

B. Long micelles „LMs…

Between the cubic micelle and the cylinder phase, 0.17
���0.2, we predict the formation of a nematically ordered
long micelle phase �Fig. 4�a��. Snapshots of the system re-

veal that within the long micelles the rods pack with a regu-
lar twist along the long axis of the micelle �Fig. 4�b��. To
quantify the shape of the micelles, we again use the asphe-
ricity parameter. An example of the asphericity parameter as
a function of micelle size for �=0.18, and 1/T=0.85 for a
system of long micelles is presented in Fig. 5. We postulate
that the formation of the long micelle phase arises from the
anisotropic intermicellar interactions. As the concentration of
the system is increased the core of the micelle cannot stretch
to accommodate more amphiphiles per micelle as in the case
of flexible amphiphiles and because of the strong tendency
for the rods to align the rods cannot pack randomly. How-
ever, because of the anisotropic interactions the micelles can
reorient themselves such that the rod-rod interactions are

FIG. 3. Simulation snapshots obtained from a system of Nr=4800 tethered
rods at �=0.13, and 1/T=1.25. �a� Example bcc morphology. The circles
are guides to the eyes. The blue circles represent micelles in the center of the
unit cell and the white circles represent micelles on the corners. The periodic
boundary conditions have been removed for visualization. �b� A single mi-
celle, containing 40 tethered rods, extracted from the simulation cell. The
tethers have been removed for viewing ease. The left image is the face view
of the cylindrical core and the lower image is the side view. The rod ends
where tethers are attached are colored red and those without tethers are blue.
The right image is the side view of the micelle with the tethers attached. The
tethers do not extend radially from the core of the micelle leaving the core
partially exposed.

FIG. 4. Simulation snapshots obtained from a system of Nr=4800 tethered
rods at �=0.18, and 1/T=0.9. �a� System snapshot of the nematically or-
dered long micelle morphology. For visualization purposes the polymer teth-
ers have been removed and the micelles have been rendered as surfaces of
constant density. The red specks are used to add contrast to the micelles. �b�
A single micelle, containing 111 tethered rods, extracted from the simulation
cell in “A.” The tethers have been removed in the left image and the rod
ends that are attached to tethers are colored red. Rod ends that are not
attached to tethers are colored blue. The right image illustrates the packing
of the tethers.
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dominant and the micelles grow in a single dimension. We
also postulate that because the core of the micelle is con-
structed of rigid rods the long micelles are rigid and therefore
themselves act as rods resulting in a nematic phase.

For small system sizes, we find that the long micelles are
tilted with respect to the coordinate axis. The tilt arises due
to the finite size of the simulation box and may result in an
artificial alignment of the long micelles. To ensure that the
long micelles form a nematic phase and that this is not an
artifact resulting from finite size effects, we employ the box
search algorithm.24 Using this algorithm, we are able to ob-
tain long micelles that are not tilted with respect to the co-
ordinate axis. By comparing the energy and spacing of the
tilted and nontilted structures, we find these values to be
statistically identical and therefore we believe that the finite
size of the box does not artificially influence the phase be-
havior and that the long micelles are a robust phase.

C. Hexagonal chiral cylinder phase „H…

For concentrations ranging from �=0.2 to �=0.31, we
observe the formation of a hexagonal cylinder phase. Figure
6�a� is an example snapshot from a simulation of NR=6400,
�=0.21, and 1/T=1.0. Snapshots such as those in Fig. 6�b�
reveal that within the cylinders the rods pack with a regular
twist about the cylinder axis, forming cylinders that are chi-
ral and nematically aligned. This is in contrast with previ-
ously assumed perfect parallel packing of the rods.26 Radz-
ilowski et al. suggested that if the rods pack in parallel or in
interdigitated bilayers or monolayers, they should form a
square or rectangular cross section, which is not what they
observed in computer reconstructions of their data.27 They
suggested that this could be due to the rod-coil junctions not
being confined to a planar surface. The twists of the rods
observed in our simulations do not restrict the rod tether
junction to a planar surface and as such the cross section is
not square. Further evidence for this phase is demonstrated
by the twisted ribbons observed in the work of Sone et al. in
which short rod-coil copolymers form long twisted ribbons
that are not mesoscopically ordered.28

Conventionally, chiral nematic structures form either
from chiral building blocks or under the influence of an ex-
ternal field �25�. The key to understanding how chirality
arises in this system from the packing of building blocks that

are, on average, achiral is again the competition between the
interfacial energy and the elastic stretching energy of the
flexible tethers. As suggested by Williams and Fredrickson,16

the interfacial energy of the sides of rod-coil cylinders is
much lower than that of rod-coil junctions. Halperin argued14

and it has been shown experimentally9 that for two-
dimensional �2D� sheets the rods form a tilt angle with re-
spect to the interfacial normal. This is believed to arise from
the fact that the effective grafting density is lowered by in-
creasing the distance between the anchor points of neighbor-
ing tethers. This argument should also apply to the cylinder
phase but with the addition of a second angle. In liquid crys-
tals, where chiral phases form from chiral molecules, the
molecules do not pack parallel to neighboring molecules, but
instead assume a slight tilt angle.29 Thus chirality in molecu-
lar liquid crystals is induced by a twist in the relative orien-
tation of the chiral molecules, which propagates over macro-
scopic distances. In the tethered rod system, the tilt angle
arises for entropic reasons associated with the excluded vol-
ume of the tether, inducing a twist that produces chiral self-
assembled nanostructures. Additional entropy is gained by
the rods aligning such that the tether anchor point is ran-
domly on one side of the cylinder or the other, thereby de-
creasing the local grafting density of the tether. The random
packing of the anchor points is illustrated by the colored
spheres in Fig. 6�b�.

Similar physics may underlie the recently discovered B2
phase30 comprised of achiral “banana-shaped” molecules as-

FIG. 5. Shapes of micelles obtained from a system of tethered rods at �
=0.18, and 1/T=0.85. The asphericity parameter is plotted as a function of
the size, M, of the micelle. Individual micelles of size M =40 and M =111
are added as insets to aid the visualization of the asphericity parameter.

FIG. 6. Simulation snapshots obtained from a system of Nr=6400 tethered
rods at �=0.21, and 1/T=1.0. �a� Snapshot of hexagonally ordered chiral
cylinders. Rod ends with tethers attached are colored rod. Rod ends without
tethers attached are colored blue. The periodic boundary conditions have
been removed for visualization. �b� A single cylinder extracted from the
simulation cell in “A.” Again the rod ends that are attached to tethers are
colored red. The rod ends that are not attached to tethers are colored blue.
The tethers have been removed from the cylinder to view the local packing
of the rods and the twist along the principle axis of the cylinder.
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sembled into chiral domains.30 In these experiments, oligo-
meric tails are linked to the end of the molecules, and the
entropy of those tails may contribute to the tilt angle as they
do in the simulations presented here. Thus, introducing func-
tional groups or tethers to anisotropically shaped nanopar-
ticles may provide a general method for creating chiral struc-
tures through self-assembly.

Since on average the tethered rods are not chiral, we
expect that for a simulation cell of sufficient size we should
find a racemic mixture—equal numbers of right and left
handed cylinders. For small systems or systems where the
cylinders are tilted with respect to the coordinate axis, there
are not enough independent cylinders to determine if the
mixture is indeed racemic. Again, we utilize the box search
algorithm to obtain large systems where each simulation cell
contains many individual cylinders. Data are taken from five
independent simulations containing 30–36 independent cyl-
inders per simulation cell. For an example simulation cell,
see Fig. 6�a�. Our simulations predict a slight bias in the
systems toward right handed cylinders—53% right handed as
opposed to 47% left handed. We attribute this small differ-
ence to the finite size of the systems and argue that with
larger systems sizes we would observe an equal number of
right and left handed cylinders.

Additional finite size effects appear in the twist of the
cylinders. The periodicity of the structures may not be ex-
actly commensurate with the size of the simulation cell, and
it is possible that the structures could deviate from the pre-
ferred morphologies to satisfy the periodic boundary condi-

tions. The box search algorithm is useful for minimizing fi-
nite size effects; however, because the twist along the
cylindrical axis is periodic the hexagonally arranged chiral
cylinders form a 3D periodic structure, which is difficult
even for the box search algorithm to accommodate. Larger
system sizes could be studied but they are computationally
prohibitive because each building block contains multiple
beads and because the time to self-assemble larger systems is
longer because there are more particles to arrange. During
the course of our simulations, we observe many systems with
a discontinuity in the twist of the cylinder. The discontinuity
may appear at any location along the cylinder. Immediately
following the discontinuity, however, the twist resumes its
regularity. Our simulations reveal, however, that this effect is
small and that the chiral cylinders are robust. The tethered
rods always self-assemble into the same cylindrical morphol-
ogy with the same, intercylinder spacings, energy per par-
ticle, and twist rate—noting that for some systems there is a
discontinuity in the twist.

We investigate to what extent the degree of the rough-
ness of the rod impacts the twist rate. This is accomplished
by spacing the spherical beads a distance d apart as described
in Sec. II. To this extent we perform simulations for rod
beads spaced at d=1.0, 0.5, and 0.25�, consisting of Nrb=5,
9, and 17, at �=0.21 for three independent systems of size
NR=6400. We note that the effective rod-rod interaction

FIG. 7. Simulation snapshots of the tetragonally, perforated, lamellar mor-
phology obtained from a system of Nr=6400 tethered rods at �=0.34; and
1/T=0.75. �a� A single sheet extracted from the simulation cell illustrating
the square packing of the perforations within a layer. The tethers are re-
moved to view perforations. The rod ends that have tethers attached are
colored red. The rod ends that do not have tethers attached are colored blue.
�b� A side view of the simulation cell. The rods are colored gold and the
tethers are colored red. The rods and tethers are rendered as surfaces of
constant density for visualization purposes. The discontinuities in the rod
layers illustrate the ABAB packing of holes between layers. �c� Snapshot of
a single perforation extracted from the sheet in “A.” The tethers are included
to illustrate the packing of the tethers into the perforations.

FIG. 8. Simulation snapshots of the hexagonally perforated lamellar phase
obtained from a system of Nr=4800 tethered rods at �=0.36, and 1/T
=0.75. �a� A single sheet extracted from the simulation cell illustrating the
hexagonal packing of the perforations within a layer. The tethers have been
removed to enhance the viewing of the perforations. The rod ends that are
attached to tethers are colored red. The rod ends that are not attached to
tethers are colored blue. �b� Side view of simulation cell. The rods are
colored gold and the tethers are colored red. The rods and tethers are ren-
dered as surfaces of constant density for visualization purposes. The discon-
tinuities observed in the rod layers illustrate the ABAB packing of holes
between layers. �c� Snapshot of a single perforation and its neighbors ex-
tracted from the sheet in “A.” The tethers are removed to illustrate the
packing of the tethers in the perforations.
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strength was scaled to account for the larger number of in-
teraction sites over the same length rod. No apparent change
in the rate of twist was observed, providing strong evidence
that the twist does not result from inter-rod interactions nor is
the twist a function of the smoothness of the rod. To further
investigate the cause of the twist, we performed simulations
in which the degree of polymerization of the tether was var-
ied and these simulations are discussed in Sec. IV.

D. Tetragonally and hexagonally perforated lamellar
phases

Our simulations predict that from �=0.31 to �=0.36 the
tethered rods from 3D tetragonally and hexagonally perfo-
rated lamellar phases, respectively. Both these structures
have been reported experimentally.10,11 However, neither
theory nor previous simulations have predicted the formation
of these phases for PTR, presumably due to the assumptions
of perfect ordering of the rigid rods, the initial guess of the
candidate structure, or the small number of dimensions con-
sidered. These two complex 3D structures result from the
competition between the rods attempting to maximize their
contact with other rods to minimize energy and the tethers
attempting to maximize their free volume to maximize en-
tropy. As the concentration of the system is increased from
that of the cylinder phase, the repulsive interactions between
aggregates induce a morphology change toward aggregates
with a higher surface area to volume ratio. Figure 7�a� is an
example simulation snapshot for a system of 6400 tethered
rods, at �=0.34, and 1/T=0.75. Snapshots of the tetrago-
nally perforated lamellar phase reveal that the rods pack into
monolayer sheets with holes ordered into a square lattice �see
Fig. 7�b��. The snapshots also reveal that the rods pack
within the sheet such that their long axis is parallel to the
interfacial normal of the sheet. In addition to ordering within
a sheet, the perforations order such that between sheets the

perforations from an ABAB stacking resulting in 3D ordering
of the perforations �see Fig. 7�c��. Packing the rods into
sheets is highly favorable for the rods but depending on the
packing is not favorable for the tethers. To minimize the
elastic strain, the rods pack in monolayers with the tether
anchor points distributed randomly on both sides of the
sheet. Additionally, by forming perforations the effective
grafting density of the tethers is decreased because the teth-
ers can occupy the perforations. The diameter of the perfo-
rations is on the order of twice the average end-to-end dis-
tance of the tethers. A snapshot of a perforation, shown in
Fig. 7�c�, illustrates that the perforations are filled with teth-
ers. As the concentration is further increased, the additional
rods can either occupy the perforations keeping the spacing
between the sheets the same or the spacing between the
sheets can decrease and the sheets can remain perforated.
Interestingly, we observe the formation of a hexagonally per-
forated lamellar phase. Figure 8�a� is a snapshot of a simu-
lation cell for 4800 rods, at �=0.36 and 1/T=0.75. As in the
tetragonally perforated lamellar phase, the perforations be-
tween the sheets pack such that they form an ABAB pattern
resulting in 3D ordering of the perforations �see Fig. 8�b��.
The diameter of the holes is again on the order of twice the
end-to-end distance of the tether. By ordering in a hexagonal
pattern, the density of the perforations can be increased. In
contrast to the tetragonally perforated sheets, the rods within
the hexagonally perforated sheets are not parallel to the in-
terfacial normal and there appears to be a handedness in the
packing of the rods around a perforation �see Fig. 8�c��. By
tilting, the rods can further reduce the elastic strain of the
tethers at a penalty of decreasing the rod-rod contacts.

E. Smectic C lamellar phase

As the concentration is increased further, �0.36, there
is a transition from the perforated lamellar sheets to a smec-

FIG. 9. Simulation snapshots of the
smectic C lamellar phase obtained
from a system of Nr=4800 tethered
rods at �=0.42, and 1/T=0.5. �a� Side
view of simulation cell. The rods are
colored gold and the tethers red. �b�
Distribution of percentage of neigh-
boring rods pointing in the same direc-
tion. The red histogram considers only
first neighbors and the green histo-
gram considers up to third neighbors.
�c� Single sheet extracted from the
simulation cell in “A.” The tethers
have been removed for viewing ease
and the rod ends attached to tethers are
colored red and those without tethers
colored blue. This coloring scheme is
used to highlight the stringlike pat-
terns predicted by the distribution in
“B.” �d� Plot of the rod-rod pair corre-
lation function.
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tic C lamellar phase. Figure 9�a� is an example of a simula-
tion snapshot of 4800 tethered rods, at 1 /T=0.5 and
�=0.42. This snapshot reveals that the rods form a tilt angle
with respect to the interfacial normal. Unlike smectic C
phases observed for systems of hard rods, a layer of polymer
tethers separates the smectic layers. It has been argued that
the tilt angle arises due to a competition between the rods
attempting to maximize their contact with other rods and the
flexible tethers attempting to maximize their entropy or free
volume.14,31 Semenov and Vasilenko’s scaling analysis pre-
dicts an increase in the tilt angle with an increase in
temperature.32 Our simulations quantitatively demonstrate
the T dependence of the tilt angle in the smectic C phase �see
Table I�. For example, we find that for an increase in tem-
perature from T=2.0 to T=3.3, there is an increase in the tilt
angle from �=37° to �=43°, which is consistent with theo-
retical predictions. As illustrated in Fig. 9�a�, the rods form a
monolayer sheet and not a bilayer as observed for other sur-
factant systems.3,33 In the case of the tethered rods, there is a
large entropic penalty for forming a bilayer because the rod
packing would be such that the neighbors of each rod would
have their tethers on the same side of the bilayer. This en-
tropic penalty cannot be offset by the small energetic benefit
of packing the rods end to end. The packing of the rods
within the monolayer sheets can be described by the distri-
bution of rods and the number of neighboring rods with teth-
ers on the same side of the sheet. Figure 9�b� shows the
percentage of rods plotted against the percentage of neigh-
bors with their anchor points on the same side of the sheet.
When only the first neighbors are considered, our simula-
tions reveal that more than 50% of the rods in the system
have only 1/3 of their neighbors with tethers on the same
side of the sheet. Since on average each rod has six first
neighbors the distribution of tether anchor points results in a
coordination number of 2. This corresponds to chainlike pat-
terns of the anchor points within the sheets. Figure 9�c� is a
single sheet extracted from the simulation snapshot in Fig.
9�a� and the tethers are removed for viewing ease. To illus-
trate the chainlike patterns we highlight the rod ends with
tether anchor points in red and those without in blue. This
snapshot clearly illustrates the chainlike patterns within the
sheet. In addition in Fig. 9�b�, we plot the distribution of
anchor points considering the first and third neighbors. This
plot illustrates that as the radius of inclusion of neighboring
particles increases, the probability that given rod neighbor
have a tether anchor point on the same side of the sheet
approaches 50%. In a smectic C phase there exists no long-
range order within a sheet. The lack of long-range order

within a sheet in the smectic C lamellar phase can be dem-
onstrated by the rod-rod pair correlation function, Fig. 9�c�.
The correlation function demonstrates several peaks charac-
teristic of hexagonal packing but decays rapidly and beyond
several rod diameters there is no correlation.

IV. EFFECTS OF RELATIVE COIL FRACTION

To study the effect of the degree of polymerization of the
tethers simulations of systems of size NR=1000 and 6400 at
�=0.21 are run. The degree of polymerization of the tether is
varied from Ntb=1–10. For systems where the degree of
tether polymerization is between 5 and 8, the hexagonally
arranged chiral cylinder structure remained intact. However,
for degrees of polymerization outside this range, we observe
a change in the equilibrium morphology. Two effects occur
as the length of the tether is changed. The first effect is that
the degree of compressibility of the soft matter matrix
changes. For example, as the size of the tether is increased
the soft shell formed by the tethers around the aggregate
becomes more compressible; that is, there is effectively less
repulsion between aggregates and less desire to form aggre-
gates with high surface area to volume ratios. The second
change is the degree of curvature induced by the length of
the tether. For example, as the length of the tether is de-
creased the driving force to form morphologies with curved
interfaces decreases. These two effects are discussed in sub-
sequent paragraphs.

We first discuss the case where the degree of polymer-
ization does not result in a change in the structural morphol-
ogy. As the size of the tether is increased from Ntb=5 to
Ntb=8, we observe an increase in the rate of twist. To quan-
tify this effect we plot the wavelength of the twist, �, versus
the size of the tether Ntb. Figure 10 is a log-log plot of �
versus Ntb and illustrates a linear decrease in the wavelength
with an increase in the degree of polymerization. Therefore
as the tether increases in length, it becomes increasingly
more difficult for the rods to pack parallel to each other
within a cylinder and the interfacial curvature increases. As
the degree of polymerization is further increased such that
Ntb is larger than 8 the cylinders break apart and micelles are
formed. It could be argued that the formation of the micelles
does not result from the desire of the tethers to increase the
interfacial curvature but that as previously mentioned it may

TABLE I. Measured tilt angle of the smectic C phase and the temperatures
corresponding to the angles.

T�� /kBT� Tilt angle �smectic C�

2 37°
2.2 39°
2.5 40°
2.8 42°
3.3 43°

FIG. 10. Plot of the degree of polymerization of the tether �Ntb� vs the
wavelength ��� of the twist observed for the chiral cylinder phase.
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result from the soft-shell around the aggregate becoming
more compressible. However, the micelles that are formed
are elongated and ordered into columns that are hexagonally

arranged. The ordering of the micelles suggests that there are
strong intermiceller interactions and it is therefore likely that
the driving force to form micelles stems from the desire of
the tethers to increase their interfacial curvature. Decreasing
the tether length provides further evidence that it is the teth-
ers that are driving the curvature effects observed in the chi-
ral cylinders. As the tether size is decreased from Ntb=5 to
Ntb=2 and then to Ntb=1 the system undergoes two phase
changes. For Ntb=2 at �=0.21, the system forms the double
gyroid phase and for Ntb=1 the system forms a monolayer
sheet. Figures 11�a� and 11�b� are example snapshots of the
gyroid phase. Therefore, as the tether size decreases struc-
tures with less and less curvature form as indicated by the
transition from hexagonally packed cylinders, to the gyroid
structure and then to a lamellar sheet with no curvature. This
pattern suggests that as the tether size decreases the rod-rod
interactions dominate and their desire to form a flat interface
determines the final structure. For Ntb=3 and Ntb=4 there
appears to be a competition between the cylinder and the
gyroid phase and only interconnected tubes are observed in
the simulations.

V. SELF-ASSEMBLY OF SMALL ASPECT RATIO
TETHERED RODS

For hard rod systems the rod aspect ratio significantly
influences the types of structures the rods form.25 However,
it is not clear to what extent the aspect ratio affects the self-
assembled structures in rods that are permanently connected
to a flexible tether and which have attractive interactions
between rods. To this extent, we simulated a system of teth-
ered rods where the aspect ratio of the rod is 3:1. To compare
with the above system, we study a system that is symmetric
with regard to the size. That is, the tether and the rod are of
the same size. In this section we discuss the T versus � phase
behavior of small aspect ratio rods plotted in Fig. 12. The
lower curves represent phase boundaries that have been

FIG. 11. Simulation snapshots obtained from a system of Nr=800 tethered
rods at �=0.21, and 1/T=1.0. �a� Simulation snapshot illustrating the gy-
roid phase. For visualization of the underlying structure the system has been
replicated, the diameter of the rods has been decreased, and the tethers have
been removed. In this system, the rod is of length 5 and the tether of length
2. Rod ends attached to tethers are colored red and those without tethers are
colored blue. �b� Simulation snapshot as in “A,” where the rods have been
rendered as surfaces of constant density. The red and blue surfaces illustrate
the two interconnected networks and the tethers have been removed for
viewing ease.

FIG. 12. Temperature vs concentration phase diagram for small aspect ratio
tethered rods. The curves do not represent actual calculated phase bound-
aries but are used as guides to identify the areas in which a particular
ordered phase is observed. C, H, and L represent the bcc ordered micelles,
the hexagonal cylinder morphology, and the smectic C lamellar morophol-
ogy, respectively. The question mark indicates a region where we are unable
to determine the equilibrium structure. We suspect that the gyroid phase may
be stable here. The blue curves represent phase boundaries that have been
rescaled to account for the size of the tethered rods.
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scaled to account for the disparity between the moderate as-
pect ratio rods and the low aspect ratio rods. This scaling is
analogous to using the �N parameter commonly used to de-
scribe the inverse temperature of block copolymers. That is,
the inverse temperature is just rescaled by the ratio of the
number of beads in the moderate aspect ratio rods to the
number of beads in the low aspect ratio rods.

A. Cubic micelle phase „C…

For 0.1���0.25, the rods self-assemble into micelles
which arrange into a bcc morphology. Figure 13�a� is a snap-
shot of a simulation cell containing 4800 tethered rods, at
1 /T=2.0, and �=0.21. Simulation snapshots reveal that in
contrast to the moderate aspect ratio rods no nematically or-
dered long micelle phase forms and the bcc ordered micelles
persist to higher concentrations. To quantify the shape of the
micelles, the asphericity parameter is plotted as a function of
the size of the micelle �Fig. 13�b��. There is a lack of signifi-
cant change in As over the size range of observed micelles
and because As�0.1, we conclude that the shape of the mi-
celle is roughly spherical and only weakly depends on the
number of rods within the micelle. Simulation snapshots re-
veal that within the micelles, the rods do not have a specific

direction along which they align, as in the case for the high
aspect ratio rods. Figure 13�c� shows individual micelles ex-
tracted from the simulation cell illustrated in Fig. 13�a�. Here
the tethers are oriented to extend radially from the center of
the micelle and the overall micelle is spherical in shape as
indicated by As. As illustrated in Fig. 13�c�, the micelles
appear to be spherical without the tethers due to the lack of
directional order of the rods within the micelle, unlike in the
case of moderate aspect ratio rods. Also, unlike the moderate
aspect ratio rods, the micelles are spherical in shape over a
broad size range and the intermicellar interactions are effec-
tively isotropic. This suggests that it is the isotropic shape of
the core that allows the micelles consisting of small aspect
ratio rods to maintain their spherical shape and thus form a
bcc morphology over a broader concentration range than the
moderate aspect ratio rods.

B. Hexagonal cylinder phase

As the concentration is increased such that �0.25, the
repulsive interactions between micelles become significant
and there is a need to rearrange into structures with a greater
surface area to volume ratio such as the hexagonal cylinder
phase. Our simulations reveal that for 0.25���0.36, the
hexagonal cylinder phase is stable. Figure 14�a� is a snapshot
of a simulation cell containing 1600 tethered rods. In con-
trast to the cylinder phase observed for moderate aspect ratio
tethered rods, to a large extent the rods pack in the cylinders
with their tether-free ends pointing in toward the center of
the cylinder and the rods are not highly oriented �see Figs.
14�a� and 14�b��. The most striking observation, however, is
the lack of the chirality observed in this system �see Fig.
14�b�� as compared to the moderate aspect ratio rod system.
We postulate that because the rods have a small aspect ratio

FIG. 13. Simulation snapshot of the bcc micelle phase formed from Nr

=4800 tethered rods of small aspect ratio at �=0.21, and 1/T=2.0. �a�
Snapshot of simulation cell of bcc ordered micelles with tethers �left� and
without tethers �right�. �b� Shape of micelles. The asphericity parameter is
plotted as a function of the size of the micelle, M. Example micelles are
included to illustrate the value of the asphericity parameter. �c� Individual
micelle of size M =62 �far left�, extracted from the simulation cell in “A.”
The tethers extend radially from the center of the micelle. �Left� same mi-
celle with tethers removed. The core of the micelle is spherical in shape.
�Right� single micelle of size M =80, extracted from the simulation cell in
“A.” Again the tethers extend radially from the micelle. �Far right� same
micelle with tethers removed. The core of the micelle is spherical in shape.

FIG. 14. Simulation snapshots of the hexagonal cylinder phase obtained
from Nr=1600 tethered rods at �=0.3. �a� Snapshot of the simulation cell
with tethers �left� and without tethers �right�. Rod ends attached to tethers
are colored red and those that are not attached to tethers are colored blue. �b�
Single cylinder extracted from the simulation cell in “A.” The tethers have
been removed to visualize the packing of the rods.
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there is only a weak desire to align and therefore the entropic
forces contributed by the tether dominate and the rods pack
randomly. Another difference that arises due to a lack of
alignment between neighboring rods is that neighboring rods
do not alternate in direction but that in general they are ori-
ented in a radial direction from the center of the cylinder. For
the moderate aspect ratio rods, it could be argued that the
chirality results from the mesoscopic packing of the cylin-
ders and that the handedness results in an effective decrease
in concentration. However, our simulations reveal that the
hexagonal cylinder phase persists at higher concentrations
for systems containing the small aspect ratio rods. Since the
tethers are shorter in the case of the small aspect ratio rods,
they are to some extent less compressible. Therefore, we
postulate that if the driving force to form chiral cylinders
arose due to packing on the mesoscopic level the small as-
pect ratio rods would align and form chiral cylinders. That is,
we propose that the chirality arises as result of the complex
balance between the moderate aspect ratio rods desire to
align and the subsequent entropic penalty suffered for that
alignment.

C. Smectic C lamellar phase

For concentrations between those where cylinders and
lamellar phases are formed, we observe only the formation of
bicontinuous structures consisting of interconnected tubes.
For these concentrations the tethered rods may be trying to
form the gyroid phase but we have thus far been unsuccess-
ful in observing this structure in the short rod case. The role
of the rod length in stabilizing the gyroid phase will be ex-
plored in a different paper. For �0.38, the repulsive forces
between aggregates dominate and there is a morphological
change to a smectic C lamellar phase. By forming the shee-
tlike phase the spacing between aggregates is maximized.
Figure 15�a� is a snapshot from a system of 1600 tethered
rods, at �=0.4, and 1/T=1.25. The snapshot reveals that the
rods form a slight tilt angle with respect to the interfacial
normal forming a smectic C phase where the smectic layers
are separated by a layer of tethers. Within the layers, the
simulations show that there is no long-range order similar to
the case of the moderate aspect ratio rods. However, al-
though the structures look similar in that the rods are aligned
and organized into smectic C layers there is a significant
difference in the ODT temperature and the tilt angle of the
rods between the moderate and small aspect ratio rods. For
systems where the inverse temperature is below 1/T=1.0,
the system does not form a smectic phase but the rods pack
randomly within the sheets as illustrated in Fig. 15�b�. The
ODT temperature for the moderate aspect ratio rods is ap-
proximately 4.0, while it is only 2.0 for the small aspect ratio
rods. From this perspective, the small aspect ratio rods act as
flexible chains. That is, their desire to align is weak in con-
trast to the moderate aspect ratio rods and the entropic forces
contributed by the tether dominate the final ordered structure.

VI. DISCUSSION

The interplay between liquid crystal ordering and mi-
crophase separation can create new structures in self-

assembled nanoparticle-based shape amphiphiles. For teth-
ered nanorods, the competition between the interfacial
energy and the elastic energy of the polymer tethers is key to
understanding the various assemblies. Depending on the me-
sophases induced by microphase separation, this competition
is manifested differently, resulting in a variety of structures.
For moderate aspect ratio rods, the desire of the rods to align
combined with the desire of the tether to maximize its free
volume result in rich structures such as the nematically or-
dered long micelle phase, the chiral cylinder phase, and the
perforated phases. In contrast, for small aspect ratio rods
there is only a weak desire for the rods to align and the
structures are dominated by the desire of the tether to maxi-
mize its free volume while maintaining the optimal spacing

FIG. 15. Simulation snapshots of the smectic C lamellar phase obtained
from Nr=1600 small aspect ratio rods at �=0.4. �a� Simulation snapshot for
1 /T=1.25. Diagonal view illustrates the smectic layers. �b� Simulation snap-
shot for 1 /T=1.0. This temperature is very close to the ODT temperature
and the snapshot reveals that the rods are only moderately aligned.
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between rods. Therefore, the observed structures, in general,
possess only mesoscale ordering and very little local order-
ing. Further, for the moderate aspect ratio rods the degree of
polymerization of the tether provides a systematic way in
which both the local and mesoscale orderings of a structure
can be modified in a somewhat predictable manner. That is,
if the tether length is decreased the rods increasingly form
structures with less interfacial curvature. The success of this
model in predicting experimentally observed structures that
have not been predicted via theory suggests that this simple
model may be useful in predicting the phase behavior of
polymer-tethered building blocks with more complicated to-
pologies and geometries,2 and, in particular, may be useful in
guiding the design of building blocks that can form chiral
structures. Further, the success of this model in predicting the
phase behavior of tethered rod systems indicates that, to
some extent, this behavior is universal. The most important
parameters controlling the equilibrium structure—aspect ra-
tio, degree of polymerization, interaction strength, and sys-
tem concentration—can be controlled experimentally.
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