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Abstract. Low speedneutralparticletransport,in long meanfreepath(LMFP) environments,presents challenges for well-
establishedtechniques,suchas the direct simulationMonte Carlo (DSMC) method.In particular, at low flow velocities,
statisticalmethodssuffer from noisethatmayrenderthemimpracticalin LMFP environments[1].

We describea non-statistical(no randomnumbersareused)kinetic modelfor particletransport[2, 3, 4]. Thebehavior of
particlesis handledin two stages,Ballistic andCollisional.The ballistic operatortracksthe locationof the particlesacross
a phasespacemeshuntil the particlesundergo a collision. The collision operatorredistributestheparticlesin directionand
energy in sucha way asto conserve momentum andenergy ateachspatiallocationof thephasespacemesh.

In thepast,themethodhasbeenappliedto heattransportin LMFP environments[4]. Thecurrentapplicationcenterson
flow pasta micro air foil. Wefocuson themethodandits extensionto handle directionalflows.Sometypical resultsfor high
Knudsennumber,

�
Kn � λ

L � , flowspastaflat platearepresented.

INTRODUCTION

We have developed a kinetic solver that is well suited for low Mach number, M � 0 � 3, flows in high Knudsen
number, Kn � 0 � 05, environments.With theemergenceof Micro ElectromechanicalSystems(MEMS)andtheongoing
reduction to Nano-Technology BasedSystems(NTBS),thesetypesof modelsareexpectedto playakey roleasdesign
toolsfor MEMS/NTBS.

Themodelpermitsefficient,non-statisticaliterativecalculationof thescatteringrateof particlesin eachcell of a6D
phasespacemesh.Themethod uses‘propagating’ directions for trackingthe transport of particlesthroughoutphase
space.Thespatialmeshesmayconsistof arbitrarily shapedelements.Thistransport model is similar in spirit to earlier
transitionprobability transport codes[2, 3, 4, 5, 6, 7]. Although earliercodes[5, 6] arecapableof handling arbitrary
spatialmeshes,they typically assumeisotropicscatteringandmake othersimplifying assumptions which reduce the
computationaloverhead,makingit possibleto storelargeamounts of geometrical informationtypically needed.

Themodel presentedheredoesnot assumeisotropicscatteringof particles.Anotherimportantdifferencefrom the
earliermodels[5, 6] is thatwe conserve momentum,giving our model thecapability to describea flowing gas.Two
momentum conserving collision operatorshave beenemployed [8], a simplemonoenergetic operator andthe BGK
model. Themonoenergetic model offers advantagesin termsof speed,while theBGK modeloffers a morerealistic
description. Oneconsequenceis thata ‘full’ phasespacemeshis required. However, thecomputationaloverheadof
storingtheprobabilities for a full phasespacemeshis large. For example, if N c is thenumber of spatialcellson the
mesh,theneven the geometric informationrequired to find the probabilitiesof going from eachinitial cell to each
final cell involves � Nc 	 2 numbers.To overcomethis problemwe limit theamount of informationstoredby efficiently
computingneededinformationonthefly.

In thepastthemethodhasbeenappliedto heattransferin araregasbetweenparallel platesatdifferent temperatures
[4]. Resultsweregeneratedfor severalKnudsennumbersin thetransitionregime.Theresultsof thekinetic simulation

admin
© 2003 American Institute of Physics 0-7354-0124-1/03/$20.00

admin
CP663,

admin
Rarefied Gas Dynamics: 23rd International Symposium,

admin
edited by A. D. Ketsdever and E. P. Muntz

admin
59

http://dx.doi.org/10.1063/1.1581526


whichemploy theBGK operator comparefavorably with thoseof afinitedifferencesolutionof theBoltzmannequation
usingtheBGK collision operator [9]. Theresultsfor bothcollision modelsexhibit fair agreement with experimental
dataof TeaganandSpringer[10].

Thecodehasbeenextendedto studygasflow pastaflat plateathighKn. Someresultsof theenhancedcodewill be
presented.

TRANSITION PROBABILITY MATRIX (TPM) METHOD

Ourgoalis to solve thesteadystateBoltzmannequation for LMFP environments,


�
v � ∇r f � 
� r 
 
� v 	�� 
�

F
m

� ∇v f � 
� r 
 
� v 	�� δ f
δ t

�
collision � (1)

Themethodis basedona one-steptransitionprobability matrix (TPM) whichdescribes steadystateparticletransport
on a phasespacemesh.However, this matrix neednot beformally constructed.Instead,thetransport of theparticles
is describedwith two operators;a ‘transport’ operator anda ‘collision’ operator.

In the next sectionwe provide an overview of the method, followed by a more detaileddescription of the two
operators. It worth noting that this approachcan be extended to handle flows which evolve in time without the
introductionof acostlyprobability history, aswasthecasein reference[11].

Overview

We presentanoverview of theTPM. Themethod is 6D, i.e., it usesa uniform 3D spatialmeshanda 3D velocity
spacemeshcomprising a single energy meshin combination with a 2D � Φ 
 Θ 	 directional mesh.In the past,we
have not restrictedour work to uniform spatialmeshes[4]. Energy, momentum andparticleconservationarestrictly
enforced.

Our approachin solvingequation 1 is to solve for thecollision ratesat eachlocationof thephasespacemesh.By
solvingfor thecollisionratesin eachphasespacemeshcell, informationabout thedirectionandenergy of theparticles
thatmakeup theflow is capturedateachspatiallocationof themesh.T is thematrixwhichrepresentstheprobability
that,startingat location � c ��
 a ��
 E � 	 , a particlewill have its next collision andberedistributed to location � c 
 a 
 E 	 for
all phasespacelocations � c ��
 a ��
 E � 	 and � c 
 a 
 E 	 . c � andc arespatiallocationson thephasespacemesh.Thevelocity
informationis containedin � a ��
 E � 	 and � a 
 E 	 wherea anda � representthe � Φ 
 Θ 	 directional informationandE and
E � representtheenergy. Let R � c ��
 a ��
 E � 	 bethenumberof particlesthatcollidedin cell c � thatwereredistributedwith
directiona � andenergy E � at theprevious iteration,i.e., R � c ��
 a ��
 E � 	 is thecollision ratefor particlesthatcollidedin
phasespacelocation � c ��
 a ��
 E � 	 at thepreviousiteration.Thenthenumber of theseparticleswhichcollidein cell c that
wereredistributedwith directiona andenergy E is givenby

R � c 
 a 
 E 	�� T � R � c � 
 a � 
 E � 	�	 � (2)

We breakT into two operators,Tbal andTcol . Tbal is the one-steptransitionprobability matrix for particleballistic
motionandandTcol theone-steptransitionprobability matrix which locally redistributestheparticlesin energy and
directionafteracollision.

Thefirst transitionprobability matrix is usedto compute the numberof particlespersecondthatcollide in cell c
with directiona � andenergy E � ,

R � c 
 a � 
 E � 	�� ∑
c � R � c � 
 a � 
 E � 	 Tbal � c 
 a � 
 E � : c � 
 a � 
 E � 	 
 (3)

whereR � c 
 a ��
 E � 	 is thenumberrateof particlesthatcollidein cell c with directiona � andenergy E � andTbal � c 
 a ��
 E � :
c � 
 a � 
 E � 	 is the probability that a particlehaving startedin cell c � with direction a � andenergy E � will have its next
collision in cell c, wherethesumis overall meshcellsat locationc � with direction a � andenergy E � .

ThesecondTPM is usedto redistributetheparticlesaftera collision,

R � c 
 a 
 E 	�� ∑
a � ∑E � R � c 
 a � 
 E � 	 Tcol � c 
 a 
 E : c 
 a � 
 E � 	 
 (4)
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FIGURE 1. Two possiblepropagatingstructuresusedin the transportphase,Tbal . a) is a point sourcepropagatorandb) is a
Convective Schemebasedpropagator.

whereTcol � c 
 a 
 E : c 
 a ��
 E � 	 is theprobability thata particle,having collidedin cell c with directiona � andenergy E �
will beredistributedwith directiona andenergy E (in thesamespatialcell c) [3, 8].

Thecollision rates,R � c 
 a 
 E 	 , canbeusedto reconstructany desiredinformationabouttheflow. For example, the
densityn � c 	 is

n � c 	�� ∑
E

R � c 
 E 	 λ � c 
 E 	�
v � E 	 � γ � c 	 
 (5)

wheren � c 	 is thedensity in cell c of thespatialmesh,R � c 
 E 	�� ∑a R � c 
 a 
 E 	 , λ � c 
 E 	 is themeanfreepath,
�
v � E 	 � is

themagnitudeof thevelocity, andγ � c 	 is thevolumeof cell c.
In the following sectionswe describehow the TPM aresetup without explicitly constructingeitherof the large

matrices,Tbal or Tcol .

Ballistic Transport Operator: Constructing R ) c * a+,* E +.-
Theballistic transitionprobability matrixTbal hasbeenimplementedwith two differentoperators,thePointSource

(PS) operator and the Convective Scheme(CS) operator. Both operators make full use of symmetry to reduce
computationaloverhead,seereference [4]. ThePSoperator is nearlyidenticalto theT bal found in reference[4] while
theCSoperator playsa rolesimilar to theTbal in reference[3].

In computingR � c 
 a ��
 E � 	 , Tbal � c 
 a ��
 E � : c ��
 a ��
 E � 	 is notexplicitly constructed.Instead, theTPM employsanaverage
length, / L � c 	�0 , andafractional overlap, f a � � c 
 c � 	 . / L � c 	�0 is thedistanceaparticlewouldtravel onaveragewhenpassing
throughacell c and fa � � c 
 c � 	 is thefraction of particlesstartingin cell c � , moving in thedirection a � , thatpassthrough
cell c [4].

Thepropagator subdividesspaceinto afinite numberof directions

a � i 1 j �32 Φi 
 Θ j 4 � (6)

andextendsafinite distance,
Lprop � χ / λ � c � 
 E � 	�0 (7)

where / λ � c ��
 E � 	�0 is the average meanfreepathandχ � 0 is a constant.Figure1a) is thePSpropagator andfigure
1b) is the CS propagator. Both propagators containa list (in radial order) for eacha � i 1 j. Eachlist consistsof the
geometric information � fa � i 5 j � c 
 c � 	 
�/ L � c 	�06	 for eachmeshcell c that particlesmoving in the direction a � i 1 j interact

with. The PS propagator covers the entire � Φ 
 Θ 	 spacewith propagatingrays centered about eachdirection a � i 1 j.
ThePSassumesthatparticleswhich collide in meshcell c � canberedistributedfrom thecenterof thecell [4]. The
geometrical informationcanbe computedvia test particles,or as in [4]. The Φ-Θ rangeof eachdirection a � i 1 j is
uniformly subdivided in Φ andΘ to give M sub-rays,δ i. The solid angle,dΩi, of eachδi is computed anda test
particleis assignedto δi. To obtain fa � i 5 j � c 
 c � 	 and / L � c 	60 , threepiecesof informationaretrackedfor eachmeshcell
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c; thenumber of testparticlesthatpassthrough thecell, Pc, thetotal distanceall of theparticlestravel before leaving
c, l � c 	 , andthe total solid anglethat the testparticlessweepout whenpassingthough c, dΩ � c 	 . Then / L � c 	607� l 8 c 9

Pc

and fa � i 5 j � c 
 c � 	:� dΩ 8 c 9
dΩ

a � i 5 j wheredΩa � i 5 j is the solid angleof the ray centeredabout a � i 1 j. The enlarged cell in figure

1a)directionC depictsthis process.Thelight graylinesaretheboundariesof thesolid angles,thedashedline is the
distanceatestparticletravelswhenmoving through thecell andthesolidangleattributedto thetestparticlesis shown.

TheCScomputestheactualprobabilities Tbal � c 
 a ��
 E � : c ��
 a ��
 E � 	 . This informationis thenconvertedinto theformat
of � fa � i 5 j � c 
 c � 	 
�/ L � c 	�06	 , sothatthesamecodecanuseeitherpropagator. Thepropagator is constructedfor onedirection

at a time.Let A beanarraywith dimensionN ; N in 2D or N ; N ; N in 3D, whereN � 2 < χ = λ 8 c � 1 E � 9?>
∆M � 0� 5@ and∆M

is themeshspacing. A storestheprobabilitiesof particlesscatteringin any givenphasespacecell. TheCSuses‘long
lived’ moving cells (LLMC) [12, 13] to compute Tbal � c 
 a ��
 E � : c ��
 a ��
 E � 	 . For ‘angle’ a � i 1 j, a LLMC is constructed,
MC � c �A
 a � i 1 j 	 , that initially overlapsthemeshcell c � andis assigneda ‘density’, n � 1. TheMC � c ��
 a � i 1 j 	 is propagated

alongthedirection a � i 1 j by time stepping. Figure1b) directionc depictsseventime stepswheret i is the ith time step
andi BDC 1 
6���6�E
 7 F . After eachtime step,thefractionof theparticles

fMC 8 c �G1 a � i 5 j 9 � n H 1 
 e I d J ti KL
λ J c � 5 E � K MEN 
 (8)

which collidedin time stepti is subtractedfrom n of MC � c � 
 a � i 1 j 	 . d � ti 	 is thedistancetravelledin time ti. fMC 8 c �O1 a � i 5 j 9
is subdivided among the cells that MC � c �.
 a � i 1 j 	 overlappedafter the time stept i, andis addedto entriesin A which
correspondto thesemeshcells,figure 1b) directionb wherethecellsmarkedA, B, C, andD arethecellsoverlapped
by themoving cell at a particularstep.In 2D, thefractionsof particlesaddedto cellsA, B, C, andD of A, afterthet i
step,are;

AA � H xA I max

 xMC I min

∆M
N H yMC I max


 yA I min

∆M
N fMC 8 c � 1 a � i 5 j 9 (9)

AB � H xB I max

 xMC I min

∆M
N H yB I max


 yMC I min

∆M
N fMC 8 c � 1 a � i 5 j 9 (10)

AC � H xMC I max

 xC I min

∆M
N H yMC I max


 yC I min

∆M
N fMC 8 c � 1 a � i 5 j 9 (11)

AD � H xMC I max

 xD I min

∆M
N H yD I max


 yMC I min

∆M
N fMC 8 c �P1 a � i 5 j 9 (12)

wherex Q yname I max R min arethe coordinatesof the meshcell or moving cell. (Seereferences[12] and[13] for a full
description of the CS.) This processof time steppingis continued down the propagatingdirectionuntil the LLMC
reachestheendof the propagator. At this point, all remainingmaterialin MC � c �.
 a � i 1 j 	 is subdividedamong the last
group of cellstheLLMC overlaps.Any non-zeroelementin A representsacell c thatc � interactswith, alongdirection
a � i 1 j, andwill beaddedto thelist. Usingtheequation,

/ L � c 	�0S� 
 1 / λ � c � 
 E � 	60 ln H ntotal � c 	
n0


 1N (13)

it is possibleto backoutanaverage lengthfor theparticlesthatpassthoughcell c moving in thedirectiona � i 1 j, where
ntotal � c 	 is thetotal fractional amount of particlesthatcollide in cell c, n0 is oneandthepropagatorfractionaloverlaps
areset to one, fa � i 5 j � c 
 c � 	7� 1. For a singleinitial cell, the CS doesnot cover all of � Φ 
 Θ 	 space,ascanbe seenin

figure1b),but theCSdoesredistributeparticlesthathavecollidedin cell c � from thewhole volume of c � , asit should
[3].

Propagationis performedby allowing particlesto move alongthea � i 1 j from c � encounteringothercellsof thefixed
meshin order of increasingradiusandis completedwhenthea � i 1 j of all c � havedepositedall of theirparticlesbackin
thesimulationdomain.Thenumber of particlesoriginatingin cell c � with directiona � i 1 j andenergy E � thathave their
next collision in cell c is,

Nc � c 
 a � i 1 j 
 E � : c � 
 a � i 1 j 
 E � 	�� Na � i 5 j fa � i 5 j � c 
 c � 	 H 1 
 e I L
L J c K M

λ J c 5 E � K N 
 (14)
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whereNa � i 5 j is thenumberof particlesleft in thepropagatorwith direction a � i 1 j andenergy E � at cell c.

R � c 
 a � i 1 j 
 E � 	 cannow becomputedfrom

R � c 
 a � i 1 j 
 E � 	S� ∑
c � Nc � c 
 a � i 1 j 
 E � : c � 
 a � i 1 j 
 E � 	 
 (15)

wherethesumis over all meshcells c � of thefixedmesh.Particleshaving scatteredin a cell c � , during theballistic
step,areplacedin theraysof c � in sucha wayasto conservemomentum,asdiscussedin thenext section.

Collision Operator: Constructing R ) c * a * E -
Tcol redistributes particleson the mesh in energy while conserving momentum in particle-particle collisions.

Applicationof Tcol to R � c 
 a ��
 E � 	 (constructedduring theballisticmove) givesR � c 
 a 
 E 	 . We now giveanoverview of
Tcol , followedby its implementation.

In this work the collisionshave beendescribed usingtwo different models.In the first, particlesthat undergo a
collision in cell c areput backon thephasespacemeshat theaverageenergy of theparticlesthatcollidedin thecell
during thecurrentsimulationstep.Momentumis conservedusingtheangulardistribution f � a 	 .

Thesecondcollisionmodel usedfor theinteriorof thesimulationdomain is amodifiedBGK model,which is

δ f
δ t

�
collision � νn � c 	 f0 � E 	 f � a 	 
 ν f � 
� r 
 
� v 	 
 (16)

where f0 � E 	 is theMaxwelliandistribution function. f � a 	 containsdirectional informationasdescribedbelow.
The monoenergetic Tcol andTcol defined usingEquation 16 conserve energy andmomentum,locally on average,

i.e., theaverage of theenergy andmomentumof theparticlesin meshcell c afterredistribution by collisionsis forced
to equalthe average energy and momentum of the particlesin cell c before they are redistributed. Details of the
implementationof eitherTcol canbefound in reference[4].

For eachcell, the total momentum brought into thecell by particleswhich collide thereis computed(their initial
directionbeingtakento bethatof thecenterof theincoming rays.)Thenthedistributionof outgoingparticlesis chosen
to conservethatmomentum[4, 8]. Theform of thedistribution is

f � a 	�� � 1 � αvx � a 	 Q v � βvy � a 	 Q v � γvz � a 	 Q v 	 
 (17)

wherev is thespeedof theoutgoing particles,vx � a 	 , vy � a 	 andvz � a 	 arethecomponentsof velocity of theparticles
moving in the directiona andα , β , and γ arenormalization factors.The distribution f � a 	 must total to one, i.e.,T

f � a 	 dΩa � 1. The integral of f � a 	 placesthe neededconstrainton equation17 in orderto find α , β , andγ . The
meanvalue of vx is / vx 0�� αvηx 
 (18)

whereηx is anintegration factor. Sincewe choseto approximatetheintegration usinga summation, η x is given by

ηx � ∑a dΩa

∑a � vx Q v 	 dΩa
� (19)

Onceηx is determined,for thegivensetof directions, α canbefound exactly, to ensuremomentum conservation. η y
andηz arefoundin thesamemanner. (Theη ’sarethesamefor all locationsandenergies.)Thisapproachwasoutlined
in [8], whereparticleandenergy conservationwerealsodiscussed.[8] providesdetails,including how largevalues
of themeanvelocity arehandled.Otherangulardistributions couldbeemployedinstead,for instanceto allow for an
accuratedifferential crosssection.

Boundary Conditions and Surface Interactions

Theeffect of a reflectingsurfaceshould,for a uniform density above thesurface,beto give thesameflux coming
backoff thesurfaceaswewouldhavefor auniformdensitybehindthesurface.Similarly, at theedgeof thesimulation
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FIGURE 2. Depiction of equivalent volume vs. surfacepoint sourcecoverageof space.Figure a) shows equivalent volume
coverageof spacefor two directionsandfigureb) showssurfacepointsourcecoverageof spacefor roughly thesametwo directions.

region, wheregasis introduced,theflux comingin shouldbeexactly whatwe would get from a largevolume where
we (usually) specifya uniform density. Much of our effort in settingup thesimulationgoesinto handling boundaries
soasto mimic these‘equivalent’ volumes.

Onedifficulty with making a surfacereproduceits equivalentvolumeis causedby thefact thatwe sometimesuse
PS,insteadof integratingthesourceover theentireinitial cell. ThePSusesrays(about eachdirectiona � i 1 j) whichfill
thesolid anglecenteredaround thePS.Particlestravel down theseraysandstrike all thecellswithin eachray. Rays
comingfrom pointsonasurfacecannotexactlyreproducetheangular andspatialdistribution of particlescomingfrom
PSin anequivalentvolumebehindthesurface,seefigure2.

Theboundaryconditions we describedo achieve theeffect of replacing thesurfacewith an ‘exact’ equivalent. In
thecaseof point sources,we have to replacethesurfacewith a setof fictional volumecells,behind thesurface,and
useamethodof images.Numerousotherversionsof theboundaryconditionswereconsidered,whichfailedfor subtle
reasonswhichwe donothavethespaceto describehere.Themethodswedescribeherearethesimplestthatwehave
discoveredwhichsatisfythe‘equivalentvolume’ test.

The CS providesan alternative way to handle generating probabilities, which eliminatesthe error in usinga PS
distribution off surfaces.This schemeis moreconvenient andeasierto usethanpoint sources,for several reasons.
Oneadvantageis that launching a CS propagator from a surfaceis indeedcapableof generating the sameangular
distributionastheequivalent volume.This will bedescribedlaterin this section.

As mentioned,boundaryconditionsmuststrictly meetan‘equivalentvolume’ test,in orderto produceasatisfactory
densityprofile.At theouterboundary, we injectparticlesfrom avolumeregion whichis severalmeanfreepathsdeep,
to accomplish this. This would be quite unwieldy, but we canstorethe particlecollision rateon the mesh,of the
injectedparticles,andaddthat ratebackat eachstep.In addition, we canstorethe profile in a compact form, and
allow for variationsin meanfreepath,usingacombinationof theCSpropagator, mapping back,andthenull collision
operator.

Reflectionat a surfaceis handledby themethod of images.Particleswhich reflectspecularlyareallowedto travel
down a fictitious ray, which is the continuation of the original ray behind the surface,andareplacedin fictitious
volumecells,seefigure3. After they havebeenpropagatedalongtheray, they arereflectedbackinto therealvolume,
i.e., whatcollidesin volumereflectingcell B is placedin cell B with thecorrectdirectional information.Again, this
would beunwieldy, but in factwe canmapthembackinto (fictitious) volume cells immediatelyafter they crossthe
reflectingboundary. Thesearethenreflectedbackinto therealvolume.This procedureachievestheequivalenteffect
in a moreefficient fashion.

Diffuse reflectionis handled by finding a set of ‘mirror image’ rays for an incoming ray, whosecenterhits a
particular surfacecell ^c(the dot on the wall of figure 3 b). If the incoming ray is at angleslabelled(i,j), the mirror
imageraysare(-i,j), (i,-j) and(-i,-j). Sharing theparticlesamong theseraysequallyprovidestotal momentum loss.
The sharedparticlesencounterboth the volumereflectingcell in the original direction (reflectingcell B) and the
‘conjugate’volumereflectingcells,reflectingcell B � in figure3 b). B � is themirror imageobtainedwhenB is reflected
about thecenterof thesurfacecell ^c. Particlesplacedin theconjugatecellsarereflectedin thesamemannerasthose
placedin reflectingcell B. Partial sharingis doneto achieve a mixture of specularanddiffusereflection;soperhaps
10%of theraymightscatterspecularly andtheremaining 90%beshared.In additionto thisprocedureprovidingexact
momentumloss,for auniform sourceabovethesurfaceit guaranteessatisfactionof theequivalent volumerule,which
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FIGURE 3. Depiction of how wall collisions are handledfor spectrallyand diffusely reflectingparticles.Figure a) depicts
spectrallyreflectingparticlesandfigureb) depictsdiffuselyreflectingparticles.

is to say, it givestheexactnumericalequivalentof thecosΘ distributioncomingoff thesurface.

Mapping Back and the Null Collision Operator

Theadvantagesof theCSversionof thepropagatorfollow in part from thefact that it only employs a discreteset
of angles,whereas thePSversionemploys rays.Theraysarecentered ondiscreteangles but they spreadover a range
of angles.Thisallows theCSversionto use‘mapping back’ of particles,without alteringtheparticles’angular distri-
bution.While themapping backis not essential,it makesseveral proceduresa greatdealmoreefficient.An increase
in efficiency comesfrom factthatthelengthof timeanindividual iterationtakesis proportional � χ / λ � c 
 E 	�0 Q ∆M 	 2 in
2D and � χ / λ � c 
 E 	�0 Q ∆M 	 3 in 3D. This is becausethenumberof cellsthepropagatormustloopover in asinglestepis
proportional to thethenumberof cellsthatfit insidetheareaor volume thepropagatorsweepsout in space.

In this work we sometimesmap backparticlesin a ray, to achieve greaterefficiency, before the particleshave
travelledasfar asthey eventually will alonga direction a. After they have travelledoneor two meanfreepaths,so
relatively few particlesremainin the ray, thereis little benefitto following theparticlesfurther. Instead, we replace
themin a cell c of themesh,at theexactsameangleandspeed.Theirmotionalonga is thencontinuedwhenwe next
propagateall of theparticlesin thatvolumecell which have thesamemomentum.Thereis somenumerical diffusion
in space,in this process,but nonein momentum,andfew particlesareinvolved. Importantly, this processdoesnot
introducenon-uniformitiesinto anotherwiseuniformflow. Sincethedensityvariationswearestudyingaresometimes
small,we mustensurethatnumerical errors donot introducedensityvariations.

Thenull collision operator wasintroducedfor MonteCarlosimulations [14] andwe have usedit in TPM calcula-
tions.It consistsof overestimatingthecollision rateby assuminga constantmeanfreepathλ (or collision frequency
ν) which is known to betoosmall(large).Thefixedλ (ν) makesit easierto calculatethepropagator. Theover count-
ing of thecollisionsis remediedby takingsomeof theparticles,whichwereremovedfrom therayashaving collided,
andmapping themback,asdescribedabove,with theidenticalmomentumthey hadbeforetheir spurious collision.

RESULTS

Typical resultsfor the flow pasta flat plate,generatedby the TPM, areshown in figure4. The depicted flow is for
argon flowing over a flat plate.Kn is 0 � 2 andtheinlet (far field) velocity is setto � vx � 40 m

sec b 
 vy � 0 m
sec b 
 vz � 0 m

sec b 	 .
Sincethe thermal velocity of argon is around 430 m

sec b , M c 0 � 1. Themeshspacingwasabout a meanfreepath,i.e.,
∆M � / λ � c 
 E 	�0 . Theupstreamregion was20∆M, thedownstreamregion was35∆M, andthewidth of thesimulation
domain was20∆M.

Theseresultsweregeneratedusingthe CS propagator. Resultsgenerated usingthe PSpropagator, for theseflow
conditions,exhibit only minordifferences,andsothey arenotshown.

Becausethereis no experimentaldatato comparewith, theresultshave beencomparedto thosegeneratedby the
InformationPreserving (IP) method (reference[1]), resultsnot shown here.TheTPM andIP method predict similar
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FIGURE 4. Typical resultsfor flow pastaflat plate.Theflow is argongaswith aninlet velocityof
�
40m n sec o 0 o 0� andaKn � 0 p 2.

Figurea) is thenormalizeddensitycontours.Figureb) andc) arethenormalizedvx andvy contours respectively.

flow behavior for theseflow conditions.

CONCLUDING REMARKS

Wehavepresentedakinetictransport model well suitedfor handling low Machnumberflowsin highKnudsennumber
environments.Themodelgivesaveryaccuratehandling of theflow, in circumstanceswhereparticlesimulationssuffer
from statisticalnoise.In this paperwe emphasizedthe method, including handling of boundary conditions andthe
constructionof a ‘propagator’ usingthe‘ConvectiveScheme’.
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