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ABSTRACT

The aim of statistical analysis and inference is to draw meaningful conclusions. In the
case where there is prior knowledge of stochastic orderings or inequalities, it is desirable to
incorporate this information in the estimation. This avoids possible unrealistic estimates,
and may also lead to gain in efficiency.

In this dissertation we first present the constrained nonparametric maximum likelihood
estimator (C-NPMLE) of the survivor functions in one- and two-sample settings. Dykstra
(1982) also considered C-NPMLE for such problems, however, as we show, Dykstra’s
method has an error and does not always give the C-NPMLE. We corrected this error and
simulation shows improvement in efficiency compared to Dykstra’s estimator. Confidence
intervals based on bootstrap methods are proposed. Uniqueness and consistency of the
proposed estimators is established.

Second, we propose a new estimator, the pointwise C-NPMLE, which is defined at each
time ¢ by the estimates of the survivor functions subject to constraints at £ only. The estima-
tor is shown to be non-increasing in ¢, and the consistency and the asymptotic distribution
of the estimators are presented. In the development of this estimator and the characteriza-
tion of its properties, we transform the problem into one that uses the profile likelihood;
we adapt the pool-adjacent-violators algorithm, in which pooling is defined in a special
way. Different methods to construct confidence intervals are also proposed. The estimator
is shown to have good properties compared to other potential estimators.

Finally, we propose a new method to construct confidence intervals (Cls) for G indepen-

X1



dent normal means under the linear ordering constraint. The method is based on defining
intermediate random variables that are related to the original observations and using the
CIs of the means of these intermediate random variables to restrict the original CIs from
the separate groups. This method is extended to the case with three or more groups and the
simulation studies show that the proposed CIs have coverage rates close to nominal levels

with reduced average widths.
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CHAPTER

Introduction

The aim of statistical analysis and inference is to draw meaningful conclusions about
the real world. In the case where there is prior knowledge of stochastic orderings or in-
equalities, it is desirable to incorporate this information in estimation method to avoid
unrealistic estimates, and it may also lead to gain in efficiency. For example, if 1, is the av-
erage toxicity rate of a drug for dose level ¢ in a clinical trial, the parameters should satisfy
the restriction 11 < po < --- < ug; we should then require that estimates also satisfy this
constraint. In a cancer study, we expect patients with a higher stage of a certain cancer at
diagnosis to have lower survival probabilities at all times than patients with a lower stage
of the same cancer at diagnosis; we will seek estimators of the survivor probabilities that
satisfy this ordering constraint.

Let S (t) and Sy(t) be the survivor functions of random variables 7 and 75. Then 77 is
stochastically larger (smaller) than T5, denoted by T7 > To (17 <4 T5), if S1(t) > Sa(t)
(S1(t) < Sy(t)) for all ¢ (Lehmann, 1955). This type of stochastic order is called the usual
stochastic order. There are many other types of stochastic orders, such as the hazard rate
order, the likelihood ratio order, and the residual time order (see Shaked and Shanthikumar

(2007) for more details). The concept of stochastic order can be generalized to G > 2



groups and all the groups can be fully or partially ordered. Some special cases are the linear
ordering or simple ordering, such as 77 >4 --- >4, T; the simple tree ordering, such as
Ty >4 T, T >4 15,..., 11 >4 Tq; the factorial ordering, such as 17 >4 Ty >4 T,
Ty >4 T3 >4 Ty; and the umbrella ordering, suchas 17 > -+ >4 T, <5 -+ < Te. In
this dissertation, we consider the usual stochastic order in Chapters II and III for survival
distributions. In Chapter IV, we consider linear ordering of the means (as shown in the
toxicity rate of a drug example in the previous paragraph) when the underlying distributions
are normals.

Since the early 1950s, estimation problems in a restricted parameter space including
ordered parameters have been studied. One commonly used method is restricted maximum
likelihood estimation. Ayer et al. (1955) studied the binomial case when the event probabil-
ities satisfy linear ordering constraint and first gave a minimax form for the solution. Many
other methods such as isotonic regression have also been proposed as well as methods of
testing hypotheses in restricted parameter spaces. While there is considerable literature
in point estimations and hypothesis tests (see Robertson et al. (1988), Silvapulle and Sen
(2005) for more details), there is much less on confidence intervals. Bayesian methods
in which the restriction is incorporated into the prior can also be used (Dunson and Ped-
dada, 2008; Taylor et al., 2007; Marchand and Strawderman, 2006; Zhang and Woodroofe,
2003; Roe and Woodroofe, 2000). Marchand and Strawderman (2004) and van Eeden
(2006) reviewed estimation methods that have been developed in the past and discussed the
“good” properties of restricted estimators, such as dominance, minimax and admissibility.
Cohen and Sackrowitz (2004) discussed some inference issues and pointed out that tradi-
tional inference methods, such as likelihood based methods, can lead to some undesirable
properties in restricted parameter problems. In addition, Andrews (2000) pointed out that

the bootstrap method, which has been very useful for constructing confidence intervals for



complicated situations, will fail when a parameter is on the boundary or close to the bound-
ary of the parameter space. Thus, it is of interest to develop an inference procedure without
depending on traditional inference methods.

In terms of estimating survivor or distribution functions, the nonparametric approach is
generally used to avoid strong unrealistic assumptions about the underlying distributions.
For independent right censored data, one commonly used estimator is the constrained non-
parametric maximum likelihood estimator (C-NPMLE), which is the estimator that maxi-
mizes the generalized likelihood (Johansen, 1978) subject to the stochastic ordering con-
straint. Brunk et al. (1966) studied the C-NPMLE in the two-sample case without censor-
ing, and Dykstra (1982) extended this result to right censored data in the one- and two-
sample cases. For the case with three or more groups, Feltz and Dykstra (1985), Dykstra
and Feltz (1989), Dardanoni and Forcina (1998), Hoff (2003b) and Lim et al. (2009) pro-
posed various method for the C-NPMLE. Other alternative estimators include the swapping
method in which estimates of Kaplan-Meier estimators are swapped when the constraint is
violated (Lo, 1987), the averaging method in which two Kaplan-Meier estimators are av-
eraged when the constraint is violated with weights based on initial sample sizes (Rojo,
2004), and isotonic regression of Kaplan-Meier estimators with the weights based on ini-
tial sample sizes under linear ordering constraint (El Barmi and Mukerjee, 2005). Recent
works also considered estimating the survivor functions from the posterior distributions by
incorporating the information of stochastic order through the prior distribution (Dunson
and Peddada, 2008; Karabatsos and Walker, 2007; Hoff, 2003a; Evans et al., 1997; Arjas
and Gasbarra, 1996).

In studying the C-NPMLE of the survivor function, we found that some conditions
were not appropriately considered in the algorithms and proofs in Dykstra (1982). As a

consequence, his result is incorrect for some data configurations. Specifically, Dykstra’s



estimator is the C-NPMLE in the one-sample case when estimating S; () subject to the
constraint 7y > T,. However, for other types of constraints, Dykstra’s method may fail
to find the C-NPMLE. In Chapter II, we present a correct method to obtain the C-NPMLE
of the survivor functions in one- and two-sample settings where the survivor distributions
could be discrete or continuous and discuss the non-uniqueness of the estimators. We also
present a computationally efficient algorithm to obtain the C-NPMLE. To address the non-
uniqueness of the C-NPMLE of S;(t) when S;(t) < Sy(t), we consider the maximum
C-NPMLE (MC-NPMLE) of Si(t). In the one-sample case with arbitrary upper bound
survivor function Sy(t), we present a novel and efficient algorithm for finding the MC-
NPMLE of S;(t). We study consistency of the the C-NPMLE and consider methods for
constructing confidence intervals. In simulation studies, we compare the C-NPMLE with
Dykstra’s estimator and other alternatives.

A number of authors (Rojo, 2004; Gangnon and King, 2002; El Barmi and Mukerjee,
2005) have noted that the Dykstra’s estimator as the C-NPMLE of the stochastically or-
dered survivor functions can have relatively large pointwise bias and mean squared error
(MSE) at a fixed time, and they have suggested alternatives that can have smaller MSE
of estimator for underlying distribution. A corrected version of the C-NPMLE presented
in Chapter II does lead to improved properties. However, this corrected C-NPMLE still
often yields poorer pointwise properties than some of the other estimators that have been
proposed. When we consider finite sample properties of an estimator S (), we usually use
pointwise criteria, such as pointwise bias or pointwise MSE, at each fixed ¢. In contrast
to pointwise estimators such as described in Rojo (2004) and Lo (1987), the C-NPMLE is
focused on estimating the whole survival curve. So it is perhaps not surprising that Rojo’s
estimator typically has better properties when evaluated using metrics such as pointwise

MSE. On the other hand, these estimators do not adapt well to unequal censoring distribu-



tions between groups, whereas the C-NPMLE does. This motivated us to propose a new
constrained estimator in Chapter III, a pointwise C-NPMLE, which is defined at each time
t by the estimates of the survivor functions subject to constraints at time ¢ only. We also
propose an efficient algorithm to obtain the estimators. The estimator is shown to be non-
increasing in ¢ and consistent. The asymptotic distribution of the estimators are presented.
In the development of this estimator and the characterization of its properties, we transform
the problem into one that uses the profile likelihood; we adapt the pool-adjacent-violators
algorithm, in which pooling is defined in a special way. Different methods to construct
confidence intervals including fixed width confidence intervals and bootstrap confidence
intervals are proposed and the properties of these intervals are compared. In simulation
studies, we also compare the properties of the pointwise C-NPMLE with those of other
potential alternatives.

In Chapter IV, we consider the problem of constructing confidence intervals for G
independent normal population means under linear ordering constraints. For this problem,
confidence intervals based on asymptotic distributions, likelihood ratio tests and bootstrap
methods do not have good properties, particularly when some of the population means are
close to each other. We propose a new method based on defining intermediate random
variables that are related to the original observations and using the confidence intervals
of the means of these intermediate random variables to restrict the original confidence
intervals from the separate groups. In the two-sample case with known variances or known
ratio of the variances, we present a theorem about the coverage rates of the confidence
intervals. We also proposed methods to construct confidence intervals when the variances
of the populations need to be estimated separately. The method is also extended to the case
with three or more groups. In simulation studies, we compare coverage rates and average

widths of the new method with those of other methods in various different scenarios.



CHAPTER I

Nonparametric Maximum Likelihood Estimator of
Stochastically Ordered Survivor Functions

2.1 Introduction

Suppose that the random variable 7" > 0 is the time until some specified event, such as
death or recurrence of a disease. Our interest centers on estimating the survivor function of
T, S(t) = P(T > t),t > 0. With right censored data, the Kaplan-Meier estimator (KM,
Kaplan and Meier, 1958) is commonly used. In some instances with two or more groups,
we may have prior knowledge that the survivor function of one group is greater than or
equal to that of another group at all times. This type of constraint is called stochastic or-
dering and can arise in many contexts; for example, with time from diagnosis to death of
cancer patients where the survival probability for a lower tumor stage group can be reason-
ably assumed to be larger than that in a higher stage group. As well as wanting an estimator
to be consistent with this prior knowledge, it can be expected that an estimator that satisfies
the constraint will be more precise, with lower sampling variability, than one that does not
utilize this knowledge, particularly in small sample size settings. As an obvious example
of the potential for substantial improvements in efficiency, consider three groups with the

middle group bounded both above and below. If the middle group has small sample size



compared to the other two, the efficiency of the constrained estimator will be substantially
better than that of the simple KM estimator for that middle group.

The cancer application mentioned above is just one example where distributions will
be ordered, there are numerous other examples in biomedical and other areas of research
where there is a strong rationale for an ordering of distributions. One approach to imposing
ordering is through parametric modeling, an alternative approach that imposes less assump-
tions is through non-parametric estimation subject to an ordering constraint. In view of the
frequency of situations where ordering constraints are natural, the potential benefit by using
these constraints, and the mild nature of the assumptions, it is surprising to us that ordered
constrained estimation is not used more in applications.

Let 7 and T3 have survivor functions S (¢) and Ss(t) respectively then 77 is stochasti-
cally less than 75 (17 <y T3) if Si(t) < Sa(t) for all ¢t. There are many possible definitions
of ordering of survival functions (Shaked and Shanthikumar, 1994, 2007). The above one
is called usual stochastic ordering. Other possible definitions that make stronger assump-
tions are hazard rate ordering, reverse hazard ordering and likelihood ratio ordering. There
are also weaker forms of ordering, such as second-order dominance (Rojo and El Barmi,
2003) and stochastic precedence (Arcones, Kvam, and Samaniego, 2002). Which form of
ordering is most appropriate in any application will depend on the context. In this paper we
focus on the usual stochastic ordering. First we consider a one-sample problem in which
data are available from S (t) and Sy(t) is known. Then we consider the more applicable
two-sample problem in which S (¢) and Sy(t) are unknown and data are available on both.

A constrained nonparametric maximum likelihood estimator (C-NPMLE) is a nonpara-
metric estimator that maximizes the likelihood subject to the constraint. Since the initial
work of Brunk, Franck, Hanson, and Hogg (1966), many methods and algorithms have

been proposed to obtain the C-NPMLE for different situations, including the one-sample



case, the two-sample case, the linear ordering case, in which the constraint takes the form
Ty <s,...,<a T, and a general partial ordering case, which includes constraints such
as 17 <y 15,17 <4 T5. Brunk, Franck, Hanson, and Hogg (1966) studied the C-NPMLE
in the two-sample case without censoring. Dykstra (1982) extended this work to accom-
modate right censored data in the one- and two-sample cases. According to his work, the
C-NPMLE is a modified KM type estimator with an adjustment to the number of subjects
in each risk set. In the case of linear ordering or general partial ordering, Feltz and Dyk-
stra (1985), Dykstra and Feltz (1989), Hoff (2000, 2003b), and Lim et al. (2009) extended
this work and proposed various methods to find the C-NPMLE. The NPMLE of an un-
constrained survivor function has jumps only at observed event times and the C-NPMLE
has been assumed to have jumps only at observed event times by many researchers. How-
ever, as can be seen in section 2.3, in some cases there is no C-NPMLE that jumps only at
observed event times. This incorrect assumption that jumps only occur at observed event
times has also been implicitly made in research on likelihood ratio tests (e.g. Thomas and
Grunkemeier 1975; Li 1995; Murphy 1995).

Some data configurations were not appropriately considered in the main theorem and
the proof in Dykstra (1982). As a consequence, the theorem that he stated is not correct and
his algorithm does not always give the C-NPMLE. More specifically, Dykstra’s estimator
(D-estimator) is the C-NPMLE in the one-sample case when estimating S;(¢) subject to
the constraint T} >, T5. However, for other constraints, his method fails and the purpose
of this article is to provide a correctly stated theorem and associated algorithm.

As an illustration, we give a simple example of a one-sample case that the D-estimator is
not a C-NPMLE. Suppose that S; and S5 are known to have probability mass only at times
1,4,5 and the observed event times from S; are 1, 2+, 3+ and 5 (+ denotes censoring).

The likelihood based on the data is L = {S51(0) — S1(1)} x S1(2) x S1(3) x {S1(4) —



S1(5)}. If the constraint is S;(1) < Sy(1) = 0.8 and S;(4) < S2(4) = 0.4. The D-
estimator is Sy (1) = S1(2) = S1(3) = S1(4) = 0.4 and S;(5) = 0 with the corresponding
likelihood L = (1 —0.4) x 0.4°> = 0.0384. It is easily seen that another constrained
estimate, 51(1) = S1(2) = S1(3) = 2/3, S1(4) = 0.4 and S;(5) = 0, gives a larger
likelihood, L = (1 — 2/3) x (2/3)2 x 0.4 &~ 0.0593.

Some alternative estimators of constrained survivor functions have also been proposed.
In the two-sample case, Lo (1987) proposed a simple estimator that swaps the estimates
of survivor functions when the constraint is violated. Rojo (2004) and El Barmi and Muk-
erjee (2005) proposed estimators that use the weighted average of the two KM estimators
at times when the constraint is violated with weights based on the initial sample sizes. In
numerical work (Rojo and Ma, 1996; Rojo, 2004), these alternative estimators were found
to be superior to the C-NPMLE in terms of pointwise mean squared error. However, these
investigations used the incorrect C-NPMLE from Dykstra (1982) and did not consider un-
equal censoring patterns between the two groups.

In this paper, to develop the ideas and the notation, we start with the simplest one-
sample case with discrete survivor function before considering the more important two-
sample case. In section 2.2, we consider the discrete case, where we assume that 7}, fol-
lows a discrete distribution and the potential death times are also given. In section 2.3,
we extend to the case where S (t) and Ss(t) are not discrete functions. In section 2.4, we
show the uniform consistency of the C-NPMLE in the two-sample case. In section 2.5,
we analyze larynx cancer data in the two-sample case. In section 2.6, we propose meth-
ods to construct confidence intervals and in section 2.7, we conduct a simulation study to
compare finite sample property of the C-NPMLE with the D-estimator, Lo’s estimator and

Rojo’s estimator. Proofs of the theorems and derivations of the algorithms are given in the

Appendix.
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2.2 Estimation of Discrete Survivor Functions

2.2.1 One-sample Case

Consider a discrete failure time variable 77 with potential failure times a; < - -+ < a,,
and let ag = 0 and a,,.1 = +00. We are interested in estimating the discrete survivor
function S (t) based on a right censored sample of 7;. We further suppose that a discrete
survivor function Sy(¢) with the same potential failure times is given. Our problem is to
estimate S (t) under the bounded below constraint (S1(t) > Sy(t)) or the bounded above
constraint (S1(t) < Sy(t)).

The censoring mechanism is assumed independent and the right censored data are sum-

marized by:
dy; the number of events ata;, 7 =1,...,m;
ny; the number at risk just priorto a;, ¢ = 1, ..., m; and
c1; the number of censored subjects in [a;, a;11) ¢ = 0,...,m.

Let hy; = log {S,(ai)/S4(ai—1)},i=1,...,m,so that 1 — exp(hy;) is the discrete hazard
and log S(a;) = 3=\, hy; for g =1,2,4 =,...,m. The likelihood of Si(a1), .. ., S1(am)
is

L(S1() = S1(a0)™ [T | {S1(ai-1) = Sa(a}™ Sifa)™]

=1

and the log likelihood written as a function of hy = (hiq, ..., hip), s

lOgL h1 = Z dli lOg {1 — exp(hu)} + (nli — dlz) hlz] .
=1

The likelihood is maximized subject to 23:1 ;> Z] | hojor 2] Lhi < ZJ 1 haj,

1t = 1,...,m under bounded below or bounded above constraint respectively. Consider
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now a particular vector bt = (h%,,...,h} ). In the bounded below case, the i*" constraint
is said to be inactive if 23:1 hi; > Z§'=1 ha;, active if Z;Zl hi; = 23:1 ha; or violated

if 23:1 hi; < 23:1 ho;. There is a similar definition in the bounded above case.

2.2.2 One-sample Case: Bounded Below Constraint

Dykstra (1982) first proposed a method to obtain the C-NPMLE in the bounded below
case, and we next describe the associated theorem and algorithm. In preparation for this,

we define a function of k,

H(a,b, k) Zlog(l — ) Zhgj 2.1)

for a, b integer with 1 < a < b < m. In (2.1) and elsewhere, if both d,; and (n,; + k) equal
to 0, then 0/0 is interpreted as 0. Let D(a, b) = max,<;<p di; and V' (a,b) = min,<;<p ha;.
Fora < i < b, let K(a, b) be the unique solution of the equation H(a, b, k) = 0if D(a,b) >
0 and V(a,b) < 0; K(a,b) = 400 if D(a,b) > 0 and V(a,b) = 0; K(a,b) = —o0
if D(a,b) = 0 and V(a,b) < 0; and otherwise K (a,b) = 0. Further, let K (a,b) =

max{ K (a,b),0} and K~ (a,b) = max{—K(a,b),0}.

Theorem 2.1 (Bounded Below Constraint (modified from Dykstra, 1982)).

Let m' = max(i : ny; > 0) and 7 = ayyyq. For each a,bwith1 < a < b < m/, let
ki = min,<; maxys; K*(a,b), and hy = log{1 — dy;/(ny; + l;;’)} Then, the C-NPMLE
of Sy () is Sy(t) = eXP(D 0, <t hi;), t < 7. The C-NPMLE can be defined arbitrarily for

t > T subject to the constraint.

In this theorem, ' is a nonnegative real number. It can be shown that k> k2>
This theorem gives a method of obtaining the MLE, however, the izl can be obtained more

easily using an algorithm that was presented by Dykstra (1982) (see Algorithm 2.2). While
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this algorithm does give the C-NPMLE, we developed (see Algorithm 2.3) a computation-

ally more efficient version of it.
Algorithm 2.2 (Bounded Below Constraint (modified from Dykstra, 1982)).
1. Setip =0, ¢ =1and m' = max{i : ny; > 0}.

2. Ifthere exists b > i,y such that K (i;-1+1,b) > 0, then let i, = min {argmax,;, |

K(ip_1+1, b)} and ky = K(ig_1 + 1,1y). Otherwise, let iy = m/, k, = 0.
3. Let ]Allj = lOg{]_ — dlj/(nlj + k’g)}, ié—l +1 S ] S ig.
4. Ifi, = m/, stop. Otherwise, set { = { + 1 and go to step 2.

Note that this algorithm gives a KM type estimator in which the number at risk is
potentially modified at each potential failure time. It can be shown that ky > ko > -- -,
so that this estimate is essentially a KM estimate based on modified data where k; more
subjects are placed at risk at time O, and at time a;,, ky — ksy1,¢ = 1,2,... of these
additional subjects are censored.

Step 2 in Algorithm 2.2 is looking for the next active constraint in the solution. A root
finding procedure is needed to calculate K (i,—; + 1,b). To find a root with high precision
is computationally intensive, so it is inefficient to calculate K (i,_; + 1,b) for all b > i,_4
to find the index of the next active constraint. Instead we propose another algorithm that is

equivalent to Algorithm 2.2 but only calculates K (i,_; + 1,b) when necessary.
Algorithm 2.3 (Bounded Below Constraint (a more efficient algorithm)).
1. Setig =0, ¢ =1and m' = max(i : ny; > 0).

2. Let iy = miny~;, , {b: H(i;—1 +1,b,0) < 0}, then set k; = K(i;—1 + 1,44). If no

such iy exists, set iy, = m' and k;, = 0 and go to step 4.
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3. Let I = miny~;, {b: H(iy +1,b,ke) < 0}. If no such I exists, then go to step 4.

Otherwise, set iy = I and repeat step 3.
4. Let hyj = log{1 — dy;/(ny; + ko) },ie1 +1 < j <ip.

5. If iy = m/, stop. Otherwise, set { = { + 1 and go to step 2.

The two algorithms are equivalent because steps 2 and 3 in Algorithm 2.3 are looking
for min{arg maxps;, , K(ip—1 + 1, b)} as in Algorithm 2.2. However, Algorithm 2.3 im-
plements a root finding procedure only when it finds a position b, where K (i,_1 + 1,b) is
larger than the previously found maximum K (i,_; + 1,4,). This significantly improves the

efficiency of the calculations.

2.2.3 One-sample Case: Bounded Above Constraint

For the bounded above constraint, Dykstra (1982) presented a theorem to obtain the
C-NPMLE that is similar to the theorem of the bounded below constraint, except for an
adjustment for an “exception” that may happen before the first event time. For more details,
see Dykstra (1982). The proof, however, did not consider some data configurations in
which the “exception” can occur at later times and the method does not always yield a
C-NPMLE. In this section, we present a correct theorem and algorithm for this type of
constraint in the discrete case. Then in the next section we discuss cases where S (¢) and
Sy (t) are not necessarily discrete functions.

The C-NPMLE may not be unique even before the last observed time. To circumvent
this, we define the maximum C-NPMLE (MC-NPMLE) and then present a theorem and an

algorithm to obtain the MC-NPMLE under bounded above constraint.

Definition 2.4. The maximum C-NPMLE (MC-NPMLE) is the C-NPMLE that maximizes

the estimate of the survivor function in the class of all C-NPMLE:s.
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We demonstrate in Appendix B that the MC-NPMLE exists and is unique.

Theorem 2.5 (Bounded Above Constraint). Let m' = max(i : ny; > 0). For each a, b with

1<a<b<m, letki= min,<; max,>; min(K = (a,b), ny), and sequentially define
log{l — du/(nu — ]%Z)} di; >0
i i1
min{O, Z hgj - Z iLlj} dli =0
j=1 j=1

then, the MC-NPMLE of Si(-) is 5‘1(25) = exp (Zmigt ﬁh) t <, where T = Q1.

hli =

Even though the C-NPMLE may not be unique, it can be shown that the difference
between the MC-NPMLE and any other C-NPMLE can only be at times where dy; = 0 and
ny = k.

The major difference between this theorem and Dykstra’s incorrect result is in the defi-
nition of k. Dykstra defined k! = min,<; maxy>; K~ (a,b). However, k? cannot be larger
than the number at risk at any position between a and b in the solution of a C-NPMLE.
For the right censored case, ki = min,<; maxp>; min{ K~ (a, b), ny,} because ny, is the
smallest in this range.

A computationally efficient algorithm that obtains ki easily is given by:
Algorithm 2.6 (Bounded Above Constraint).
1. Setig=0,¢=1m =max(i:ny >0).

2. Let iy = miny;, {b : H(i—1 + 1,0,0) > 0}. If no such i, exists, go to step 7,

otherwise go to step 3.

3. If dy, = 0 and H(ip—1 + 1,ip,—ny;,) > 0, then set ky = ny;, and go to step 5,

otherwise set ky = —K (i1 + 1,14,) and go to step 4.
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4. Let I = miny~;,{b : nyp > ke and H (i, + 1,b, —k¢) > 0}. If no such I exists, then

go to step 5. Otherwise, set iy = I and go to step 3.

5. Let hy; = log{1 — dy;/(n1; — ko) } e +1 < j <ig—1

5 i i—1 5
haip = D25, by — 2255, 1 Mg
6. If iy = m/, stop. Otherwise, set { = { + 1 and go to step 2.

7. Let ]Allj = IOg(]_ — dlj/nlj), w1+1< j < m/, stop.

Heuristically, the solution is a Kaplan-Meier type estimator of modified data with right
censoring and left truncation. For ¢ with i,_; < ¢ < 1,, the number at risk is modified to
ny; — ke. Since ky > ky > ---, the modified data can be described as k; subjects being
removed at time 0 and replaced over time as left truncated data. In particular, ky — k, 1 are
added (left truncated) at a;,+,¢ = 1,2,---. Note that the number at risk in the modified
data can be zero at some times, and when this occurs, the C-NPMLE may not be unique.
This corresponds to the result that, for left truncated data, the MLE is not unique when the

number at risk is zero at an intermediate point.

Example 2.7 (One-sample case with a bounded above constraint). Suppose we have ob-
served survival times 1, 2, 2.5+, 3, 3.5+, 4.5+, 5.5+, 6.5+, 9, 11.5+ (+ denotes censoring).
We assume the potential event times are integers from 1 to 12, Sy () < Sa(t),t =1,...,12,

and the values for Sy(t) are given in Table 2.1.

Table 2.1 gives KM estimate, S (¢), and the MC-NPMLE, S (¢). The values of k' are
from Theorem 2.5 and those of k, are from Algorithm 2.6. The active constraints are at
times 6, 7 and 8. As indicated above, if ¢ = 7,1 + 1, ..., 1, then ki = k¢. For example,

k' = ... = k% = k;. As can be seen in Figure 2.1, the major difference between the MC-

NPMLE and the D-estimator is that the former has jumps in the estimate for population 2
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Table 2.1: Results for Example 2.7. a; is potential event time with corresponding number
of event dy; and number at risk ny;, So is constraint, S} is KM estimate, gl, iAzU and k, are
results from Algorithm 2.6, ki is from Theorem 2.5, SlD is D-estimates (Dykstra, 1982),
and the last observed time 7 = 11.5.

a; 1 2 3 4 5 6 7 8 9 10 11 12
dy; 1 1 1 0 0 0 0 0 1 0 0 0
ny 10 9 7 5 4 4 2 2 2 1 1 0

Sy 094 092 086 0.68 054 040 036 032 030 026 0.22 0.20
ST 090 080 0.69 0.69 0.69 0.69 069 0.69 034 034 0.34 0.34
S; 086 0.71 054 054 054 040 036 032 0.16 0.16 0.16 0.16
hy; -0.15 -0.18 -0.29 O 0 -029 -0.11 -0.12 -0.69 O 0 0

kg < k’1:3 >k2:2]€3:2<7k'4:()—>
K 3 3 3 3 3 3 2 2 0 0 0 0
SP 0.804 0.609 032 032 032 032 032 032 016 0.16 0.16 0.16

at time 5, 6,7 and 8, where there is no observed event for that population. As expected, the
MC-NPMLE has larger log likelihood value than the D-estimator (-12.4 versus -13.22) and

is closer to the KM estimator.

2.24 Two-sample Case

The notation is similar to that in the one-sample case except that Sz (a;) also needs to
be estimated so that ds;, ny; and co;, 1 < 7 < m are also observed.

The likelihood of Sy (aq),. .., S1(am), Sa(ar), ..., Sa(am) is

L($1), 5:)) = [T [Sotao) [T {8 (as-1) = Sylas)}* 5,(a)].

and the corresponding log likelihood of b, = (hg1, ..., hgm),g = 1,21s

[\

log L(hy, hs) = Z Z [dgilog {1 —exp(hg)} + (ngi — dgi) hyil- (2.2)

g=1 =1

A C-NPMLE in the two-sample case is an estimator that maximizes the log likelihood

(2.2) subject to the constraints, 23:1 hyj > 23':1 hoj, and hy;, ho; <0,i=1,...,m



17

o
— Comny o  Upper Bound
¢ o Kaplan—Meier(-10.65)
© ) i o =  MC-NPMLE(-12.4)
o | Dykstra(-13.22)
-— q =¥
\
= © I
N O - - -
= ° 5
O S o= -
Sl o) o
N o
o e e = O
o |
o

Figure 2.1: Estimates of survivor functions under bounded above constraint in discrete
situation. Log likelihood values shown in parentheses.

A method for the two-sample case was described by Dykstra (1982), but has the same
problem as for the bounded above constraint. Here again the C-NPMLE of the lower
survivor function may not be unique. We propose a theorem and an algorithm to estimate

the C-NPMLE of 5 (t) and the MC-NPMLE of S5(t). In preparation for this, we define

b b
dy; do;
Hﬂa,b,k):Zlog(l—nl‘lj_k)—Zlog(l—m?ik), 1<a<b<m.
j=a ! j=a !

Let Dy(a,b) = max,<j<pdyj, g = 1,2. For a < i < b, let K3(a,b) be the unique solution

of the equation Hs(a,b, k) = 0 if Dy(a,b) > 0 and Dy(a,b) > 0; Ks(a,b) = +oo if
Di(a,b) > 0 and Dy(a,b) = 0; Ks(a,b) = —oo if Dy(a,b) = 0 and Ds(a,b) > 0; and

otherwise Ky(a,b) = 0. Further, let K (a,b) = max{K>(a,b),0}.

Theorem 2.8 (Two-sample case). Let m' = max{i : ny; > 0,ny > 0}. For each a,b
withl < a < b < m', let ki = min,<; maxys; min{ K3 (a,b), nap }, i < m’ and k=0 if

i >m'. Let
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hy = log{1 — di;/(ny; + &)}
lOg{l — de/(ngj — ]Afz)} do; > 0ori > m/
ho; =

min (0, Zzzl ’Ahj - Z;;ll iLQj) doy; =0andi <m'.

The C-NPMLE of Sy(-) is Sy (t) = exXP(D 0, <t hi;),t < 71, and the MC-NPMLE of S,(-)
is So(t) = eXP(D 0, <t hoi), t < To, where T, = max(a;+1 : ng > 0). S,(t),9 = 1,2 can

be defined arbitrarily for t > 7, subject to the constraint, g = 1, 2.
We also describe an efficient algorithm to obtain the solution.
Algorithm 2.9 (Two-Sample Case).
1. ip=0,{=1 m, =max(i : ny > 0), g =1,2and m' = min(my, ms)

2. Let i, = min{b : Hy(ip—1 + 1,b0,0) < 0}. If no such i, exists, go to step 7, otherwise

go to step 3.

3. If dyy, = 0 and Hy(ig—1 + 1,14, n9;,) < 0, then set k; = ny;, and go to step 5,

otherwise set ky = Ky(ig_1 + 1,144) and go to step 4.

4. Let I = miny~;,{b: nop > k; and Hy(ig + 1,b,k;) < 0}. If no such I exists, then go
to step 5. Otherwise, set 1, = I and go to step 3.

5. Let iLlj = 10g{1 - dlj/(nlj + k’g)}, Z'Z—l +1 S j S Z'g

~

th = lOg{l — dgj/(ngj — k@)}, 2'571 + 1 S j S Zj —1

~ ~

5 i i—1
hoip = > i, o Py — D05, 1 haye
6. If iy, = m/, go to step 7. Otherwise, set { = { + 1 and go to step 2.

7. For g, such that my > m’, set hy; = log(1 — dg;/ng;),ie—1 < j < my, stop.
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As Dykstra (1982) described, the solution for population 1 can be obtained from a
modified data set in which &' of the observations from population 2 that are at risk at time
a; are taken as observations from population 1. From this point of view, k; must be less
than or equal to ny;, because population 2 in the modified data can not have a negative at

risk number at any time. The solution of population 2, however, may not be obtained from

its own modified data and depends on the solution for population 1.

2.3 Extension to Non-discrete Case

In this section, we extend the results of section 2 so as not to assume known potential
event times. Thus, in the one-sample case, suppose Sy(t) is a known survivor function
defined on [0, +00) and we seek the C-NPMLE under bounded below and bounded above
constraints. In the two-sample case, we estimate both S} (¢) and S () from data subject to
Ty 24 Ts.

Let { Xy, ..., X} be the union of all distinct observed event times from the populations
I and 2, and set Xy = 0, Xy;1 = oo for convenience. The number of events at X; in
population g is d;. Let C’g(g), g=123=1,...,N,j=1,...,my be the censoring times
of population ¢ in [X;, X;11),7 =0,..., N, and let (Y, A,;) be observations, where Y,
is the observed time and A is the event indicator (A, = 1 if event occurred or A, = 0 if
right censored).

Proceeding as in Johansen (1978), the likelihood to maximize, subject to constraint, is

G ng

L(51(),56() = [T TT{Su¥aim) = 8,1 }25, (1,04

(2.3)

mgq

. (ﬁ ) TT[£8,6) = 8,y [Isc))

g=1 \j=1 i=1

where G = 1 for the one-sample case and G = 2 for the two-sample case.
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2.3.1 One-sample Case with 7} >, T and S5(¢) is Known

If any survivor function S(t) satisfying the stochastic ordering constraint is replaced by
a discrete S(t) having possible jumps only at observed event times and S(X;) = S(X;) for
all i, the likelihood will not decrease and the constraint is not violated since S (t) > S(t)
for all ¢. Thus, the C-NPMLE can be obtained within the class of survivor functions with
jumps only at observed event times. So Algorithm 2.3 can be directly used by setting the
observed event times to potential event times and estimating Sy (¢) for t < max(Yy;), the

last observed time.

2.3.2 One-sample Case with 77 <, 75 and 5S(¢) is Known

This is the most complicated case. The discrete method is not easy to apply because the
constraint may be relevant at all times if S»(¢) is not a step function.

One way to obtain a C-NPMLE of S;(¢) is the “limit method”, in which we use the
limit of a discrete function to approach a continuous one. For example, we choose R evenly
spaced times between 0 and max(Y};) as potential event times, apply the bounded above
constraint at these R times, and obtain the limiting estimate of 31(15) with Algorithm 2.6 as
R goes to infinity. However, this method is computationally intensive. We propose instead
a method that, through judicious selection of a finite number of appropriate potential event

times, yields the MC-NPMLE as described in Algorithm 2.10.

Algorithm 2.10. Let C;, 0 = 1,- -+, n. be all distinct observed censoring times and let X

be the time just before observed event time X;.

1. Let X!,i=1,2 --- be the distinct ordered times from the union of X;, X; nd C;.

2. Estimate S, (t), which is the MC-NPMLE with potential event times at all X/, using

Algorithm 2.6.
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3. 5y(t) = min{Sy(t), So(t)}.
In practice, we set X, = X, but order X, before .X.

Theorem 2.11. S, (t) from Algorithm 2.10 is the MC-NPMLE of S (t) subject to Ty < T.

Proof. First, we show that S;(¢) is a C-NPMLE. Let S;(t) be a C-NPMLE subject to
T <4 T5. Note that 31 (t) is the maximum likelihood estimator subject to fewer con-
straints (only at times X/) compared to S (t), we have that L(S(t)) > L(S;(t)). Further
L(S;(t)) > L(Sy(t)) since Sy (t) = min(S;(t), So(t)) < Sy(t). Note that at every time X/,
i =1, Myer S1(X!) < Sy(X7), the difference between S (t) and S, (¢) may only occur
in time interval (X, X7_ ) for some 7. The five possible time intervals are (C, C), (C, X ),
(X,C) (X, X) and (X, X™), where C represents censoring time, X event time and X ~
time just before X. None of these intervals includes C, X or X, the three elements that
determine likelihood (2.3). So L(S;(t)) = L(S1(t)) = L(S1(t)), which implies that S, (t)
is a C-NPMLE subject to T} < 1.

Then, we show that S; (¢) is the MC-NPMLE. Suppose it is not, we must be able to find
a time z* where Sy (z*) > Si(2*) = min{S;(z*), Sy(z*)}. Then Sy(z*) > Si(x*) since
Si(z*) < Sy(x*). Consider another survivor function S/ (¢) with jumps only at the times X
and S} (X!) = S;(X]) for all i, Sj(t) is constrained estimator of S;(¢) subject to discrete
constraint at all X/s. Since Sj(z*) = Sj(max(X] : X! < 2*)) = Sj(max(X] : X] <
2*)) > Sy(x*) > Sy(z*) and S;(t) is the MC-NPMLE with discrete constraint, S (t) is
not a C-NPMLE subject to the discrete constraint. So L(S; (t)) = L(S}(t)) < L(S:(t)) =

L(S,(t)), which is a contradiction. Thus, S;(t) is the MC-NPMLE. O

Example 2.12 (One-sample case with a bounded above constraint, continuous case). In
Example 2.7, suppose we take S () to be piecewise linear with knots at the discrete points

in Table 2.1.
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Table 2.2: Results for Example 2.12. Thg X/, dli and ny; are defined in Algorithm 2.10,
Sy is constraint, S is KM estimate, and .S; and hy; are results from Algorithm 2.6.

X! 1- 1 2- 2 25 3- 3 35 45 55 65 9- 9 115

di; 0 1 0 1 0 0 1 0 0 0 0 0 1 0
ny; 10 10 9 9 8 7 7 6 5 4 3 2 2 1
St 1 090 090 0.80 0.80 0.80 0.69 0.69 0.69 0.69 0.69 0.69 0.34 0.34
Sy 094 094 092 092 0.89 0.86 0.86 0.77 0.61 038 0.34 030 0.30 0.21
S1 094 0.80 0.80 0.65 0.65 0.65 047 047 047 047 038 030 0.15 0.15
hi; -0.06 -0.18 0 -022 0 0 -041 O 0 -0.10 -0.11 -0.13 -0.69 O

The procedure for calculating the MC-NPMLE in this case with Algorithm 2.10 is
illustrated in Table 2.2 and Figure 2.2a. First, choose X/ as in the first row of Table 2.2 and
find dy; and n4;, the number of events and the number at risk at time X. Algorithm 2.6 with
potential event times X is used to calculate Sy (t) as shown in the sixth row in Table 2.2
and the dash plot in figure 2.2a. Finally, calculate the MC-NPMLE as min{S; (), S5(t)}
as shown with the thick dot-dash curve in figure 2.2a. Note that the MC-NPMLE is not a
step function in this example.

Figure 2.2b, 2.2¢, and 2.2d are the plots using the “limit method” with 12, 36 and 360
potential event times respectively. As the number of potential points increases, the estimate
becomes closer to the MC-NPMLE obtained through Algorithm 2.10. The log likelihood is
-12.4 with 12 potential event times and decreases to -13.02 with 360 potential event times.
This will approach -13.03, the same as that from Algorithm 2.10, as the number of potential

event times goes to infinity.

2.3.3 Two-sample Case With No Potential Event Times

Consider any pair of survivor functions S;(¢) and Sy(t) satisfying the stochastic order-
ing constraint Sy (t) > Sy(t) for all ¢. If we replace these by discrete survivor functions

Sy (t) and Sy(t) with possible jumps at observed event times, X, ..., Xy, and S,(X;) =
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Figure 2.2: Estimates of survivor functions under continuous bounded above
constraint. Log likelihood values shown in parentheses.
gg(XZ-), g=1,2,7=1,..., N, the likelihood cannot decrease and the constraint is not

violated anywhere. Thus, the C-NPMLE can be obtained in the class of survivor functions
with jumps only at observed event times, which is the same as obtaining the C-NPMLE
in the discrete case. Theorem 2.8 and Algorithm 2.9 can be directly used to obtain Sl(t)
and S, (t) with the observed event times as the potential event times and we estimate S, (t)
for t < max;(Yy;),g = 1,2. Note that S () is the unique C-NPMLE of S, (t) and S,(t)
is the unique MC-NPMLE of S5(t). As expected as the sample size of one group (n; or
ng) becomes very large, the two-sample case estimator for the other group approaches the

corresponding one-sample estimator in section 2.3.1 and 2.3.2.
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2.4 Consistency

Dykstra (1982) presented a proof of consistency of the D-estimator. Here, we give a
proof of consistency of the corrected C-NPMLE.

Suppose that (Cy;, Ty;),9 = 1,2, = 1,--- ,n, are independent and identically dis-
tributed with Cy; LT,;. Suppose that 7 > 0 satisfies P(min{Cy;, T,;} > 7) = 0. Let ny
and ny be the respective sample size of sample 1 and 2. Meier (1975) has shown that the

product limit estimator S} (¢) of the survivor function Sy (#) satisfies

lim P{sup|S}(x) — Sy(x)| > e}=0 (2.4)
<1

Ng—>00

for any given € > 0.

Theorem 2.13. Suppose the data are from the iid case as described above, where Sy (t) >

So(t) for all t. Suppose further that Sy(T) > 0,9 = 1,2 for given 7 > 0. Then

lim P(sup|S,(t) — Sy(t)| > €) =0 (2.5)

ng—00 t<t

for any given € > Q.

Proof. See Appendix A. [

2.5 Example

This example is a case study of survival times from diagnosis of male larynx cancer
patients (Kardaun, 1983). We analyze the data from the patients with larynx cancer stages
1 and 2, which are shown in Table 2.3.

Table 2.4 summarizes the results. S;(¢) and S;(¢) are KM estimates for stage 1 and
stage 2 patients respectively and are plotted in Figure 2.3a. The two plots cross each other,

indicating that there exist violations of the stochastic ordering constraint 77 > 75. Times
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Table 2.3: Survival times (in Years) of male patients with larynx cancer
stage 1 and stage 2 in example in section 2.5. + represents censoring.

stage 1 stage 2
06 32+ 40 53 6.1+ 6.7+ 8.1+ 0.2 33+ 43+ 7.6+
1.3 33 40 55+ 62+ 7.0+ 9.6+ 1.8 3.6 50+ 93+
24 33+ 43 59+ 64 74 107+ 20 3.6+ 62
25+ 35 45+ 59+ 65 74+ 22+ 40 7.0
32 35 45+ 6.0 65+ 8.1+ 2.6+ 43+ 7.5+

0.2,0.6,...,7.4 in Table 2.4 (first and sixth rows) are distinct observed event times. We
set these as potential event times and calculate Sl(t) and S}(t) from Algorithm 2.9. The
remaining times 9.3 and 10.7 are the last observed censoring times of population 2 and 1.
Figure 2.3b shows the C-NPMLE of survivor functions subject to Sy (t) > Sy(t) for each
group. The D-estimator is the same as the C-NPMLE in this case. Compared to the plots
in Figure 2.3a, we can see that the effect of the constraint is to make S (¢) larger than S} (#)
and S5 (t) smaller than S; (¢) for all > 0. The estimates of median life times of stage 1 and
stage 2 patients are 6.5 and 7.0 months from KM estimators respectively, which contradicts
our belief about cancer stages; the corresponding estimates of 7.4 and 6.2 months from

C-NPMLEs, are more realistic.

Q Q
A - Stage 1 - - Stage 1
0 = = Stage 2 © = = Stage 2
S S .- -
~ © —~ ©
A OS] N o |
o c
g 3 g I [
N N
o o
o | Q|
© T T T T T © T T T T T
0 2 4 6 8 10 0 2 4 6 8 10
t (years) t (years)
(a) KM Estimator (b) C-NPMLE

Figure 2.3: Estimates of survivor functions, two-sample case.
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Table 2.4: KM and C-NPMLE estimates of survivor functions for male patients with larynx
cancer in example in section 2.5. ST and S5 are KM estimates and \S; and S, are estimates
from the C-NPMLE. ** denotes last observed time for each group.

t 2 .6 13 18 20 24 32 33 35 3.6

) 1 0972 0.944 0.944 0.944 0.915 0.886 0.856 0.794 0.794
) 0.931 0.931 0.931 0.863 0.794 0.794 0.794 0.794 0.794 0.711
t) 1 0.970 0.939 0.939 0.939 0.909 0.878 0.845 0.778 0.778
) 0.941 0.941 0.941 0.882 0.824 0.824 0.824 0.824 0.824 0.749

t 40 43 53 60 62 64 65 70 74 9.3 10.7

) 0.729 0.696 0.660 0.617 0.617 0.561 0.505 0.505 0.421 0.421 0.421*
) 0.617 0.617 0.617 0.617 0.494 0.494 0.494 0.370 0.370 0.370**
t) 0.710 0.676 0.639 0.593 0.593 0.539 0.485 0.485 0.404 0.404 0.404**
) 0.665 0.665 0.665 0.665 0.532 0.532 0.532 0.399 0.399 0.399**

2.6 Confidence Intervals

If the true survivor functions S (t) and Sy (t) are never equal, then the asymptotic vari-
ances of S (t) and §2(t) are the same as those of KM estimators. This motivate one pos-
sible method to obtain confidence intervals using asymptotic variances. In this method the
confidence intervals for unrestricted estimators are shifted and centered on the constrained
estimators (Hwang and Peddada, 1994). We apply this idea on a log transformed scale in

this paper and consider the following approximate confidence interval,

A

Sy(w) exp{+£1.9607(z)},

where o7 () is standard error estimate of log S} (z) (see Kalbfleisch and Prentice 2002,
page 17).

Another possible approach to construct confidence intervals is to use the bootstrap
methods. In this paper, we consider two sampling schemes, a ‘standard’ and a ‘restricted’

scheme. In the standard scheme, survival time and censoring indicator pairs are sam-
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pled with replacement within each group whereas in the restricted scheme (denoted R-
Roobstrap), event times are drawn from the distribution 1 — Sg(t) and censoring times are
drawn from 1 — S¢*(t), where Sg*(t) is the KM estimate of censoring survivor function for
group g. For each bootstrap sample, a bootstrap estimate S’;’(t), b=1,...,Bisobtained by
applying the C-NPMLE or the MC-NPMLE. Confidence intervals based on these bootstrap
estimates can be constructed using percentiles (Efron, 1981) or a bias corrected percentiles

(Efron, 1987). In our simulation study, we conduct the bias corrected (BC) bootstrap on

the arcsin(y/s) transformed scale for s = .S, (t).

2.7 Simulation Study

2.7.1 Two-sample Case when Sample Size is Small

We conducted a Monte Carlo simulation study to compare finite sample properties of
four different estimators — Dykstra (1982), Lo (1987), Rojo (2004) and the C-NPMLE for
the two-sample case where S (t) > Sy(t) for all £. The root mean square error ( RMSE )
of the estimates of the survivor functions over a range of values of ¢ are shown. Each simu-
lation consists of 10,000 replications. The upper (lower) plot of each sub-figure shows the
RMSE of estimates of S (t) (S2(t)). The distributions and sample sizes for the simulations
are shown in Table 2.5.

As before, let S5 (t) and S;(t) be the KM estimates. Lo’s estimators are defined as
SE(t) = max{Si(t), S;(t)} and SF(t) = min{S#(t), S;(t)}. Rojo’s estimators are defined
as SE(t) = max[St(t), {n1St(t) + n2S5(t)}/(ny + ns)] and SE(t) = min[{n, S () +
n2S5(t)}/(n1 + n2), S5(t))], where ny and ny are sample size of population 1 and 2. In
order to minimize different effects from estimates beyond the last observed time in each

population for different estimators, we set the estimates of survivor functions as low as
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Table 2.5: Distributions and sample sizes used in simulation study.

Event Distributions Censoring Distributions Sample size

log Si(t) log Sa(t) log S§(t) log S5(t) n No
Figure 3.1a —t —1.2¢ —1.5t —1.5t 100 40
Figure 3.1b —t —1.2¢t  No censoring —3.0t 100 40
Figure 3.1c —t —1.2t —3.0t No censoring 100 40
Figure 3.1d —t —1.2¢ —1.5¢ —1.5¢ 40 100
Figure 3.1e -1 —1.2¢  No censoring —3.0t 40 100
Figure 3.1f —1 —1.2¢ —3.0t No censoring 40 100

possible after the last observed time for each population.

Dykstra’s estimator has similar efficiency compared to the C-NPMLE when population
2 is significantly less censored (Figure 3.1c and 3.1f), but in other cases, the C-NPMLE
has smaller MSE compared to Dykstra’s estimator. In cases with the same censoring dis-
tributions (Figure 3.1a and 3.1d), Rojo’s estimator behaves better than other estimators.
The intuitive reason that the C-NPMLE is not the best, despite maximizing the likelihood,
is because the C-NPMLE is focussed on estimating the whole distribution, whereas the
Rojo’s and Lo’s estimators are pointwise estimators, and the RMSE is a pointwise crite-
rion. However, if population 1 and 2 have significantly different censoring distributions, the
C-NPMLE is the preferred estimator. Specifically when population 1 is excessively cen-
sored (Figure 3.1c and 3.1f), Rojo’s estimator has large RMSE compared to the C-NPMLE
where the true survivor functions are small (< 0.4). Lo’s estimator in general does not
behave well when the two populations have different censoring distributions (Figure 3.1b,

3.1c and 3.11).

2.7.2 Properties of Confidence Intervals

We conducted a simulation study to evaluate finite sample properties of the CIs pro-

posed in section 3.5. The sample sizes and the underlying distributions are shown in Table
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2.6. Each simulation consists of 1,000 replications and bootstrap CIs are based on 199 boot-
strap samples. We construct bootstrap Cls using percentiles and bias corrected percentiles.
For the bias correction, we used arcsin(\/g) transformation at times 0.29 and 0.69, where
the survival probabilities of group 1 are 0.75 and 0.50 respectively. We also evaluated
the bias corrected intervals on the original scale and on the log(s) scale, and found that
the binomial variance stabilizing arcsin(y/s) transformation gave CIs with slightly better
properties than other two transformations and hence we only report the results under this
transformation.

Table 2.6 shows the mean squared errors (MSEs) and biases of the KM estimator and
the C-NPMLE at times 0.29 and 0.69. As expected, S;(¢) is positively biased and Sy(t)
is negatively biased. The closer the two distributions or the smaller the sample sizes, the
larger the bias and the MSE of the C-NPMLE. The MSE of the C-NPMLE is generally
smaller than that of the KM estimator unless the two survival probabilities are very close
to each other as in cases a, b and e.

The coverage rates and average widths of the Cls described in section 3.5 are shown
in Table 2.7. Bootstrap methods using the percentiles (columns 5 and 7 in Table 2.7)
do not work well with fairly low coverage rates when the two survivor probabilities are
not far from each other (a, b, ¢, e and f). However, we found that the bias corrected
bootstrap Cls (Bootstrap (BC,g,) and R-Bootstrap (BC,,) in Table 2.7) produce narrower
intervals with reasonable coverage rates, especially when using the restricted sampling
scheme (R-Bootstrap (BC,,) in Table 2.7). In comparison, the shifted constant width CI
that is centered on the C-NPMLE (last column in Table 2.7) has the same width as the KM
estimator on the log scale. The results suggest that the asymptotic variance gives Cls with
reasonable coverage rate except that in some cases (e.g. case d at time 0.29 and case ¢

at time 0.69), the CIs have too high a coverage rate. These intervals, however, tend to be
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Table 2.6: MSE (x10%) and Bias (x10?). Event time distribution is exp(},), g =
1,2 and censoring distribution is U(0, 1.5) for both groups in all scenarios.

Event time Sample MSE Bias MSE Bias
distributions sizes KM C-NPMLE KM C-NPMLE KM C-NPMLE KM C-NPMLE

t=0.29 t=0.69

A =1 100 191 199 -0.01 245 36.1 393 0.21 3.41
A2=101 50 413 537 0.16 -5.16 68.3 765 0.14  -595

A =1 100 194 195 0.18 2.22 334 344 0.16  2.71

b =11 50 449 491 -0.17 -4.51 75.4  65.7 023 -4.60
. A =1 100 226 21.1 -0.09 1.59 357 337 -0.05 1.92
" A=12 50 484 460 -0.05 -3.55 725 615 -032 -395
d A =1 100 209 189  -0.08 1.20 337 308 -0.11 1.18
T A2=14 50 492 403 026 -2.25 715 573  -0.02 -223
. A =1 400 552 6.3 0.05 1.37 892 103 0.12 1.79
" A2 =1.01 200 10.7 129 020 -2.54 183 209 0.10 -3.18
¢ A =1 400 531 524 0.10 1.01 881 8.59 0.13 1.22

A2 =11 200 10.7  9.99 0.17 -1.69 174 149 0.24 -1.89

A =1 400 533 498 0.01 611 873 8.15 0.11 0.73
& A2 =12 200 119 102 0.00 -1.19 182 151 -0.06 -1.22

A =1 400 506 484 -0.02 027 843 824 -0.03 020
A2 =14 200 124 114 -0.03 -0.56 161 151 -0.01 -0.39

wider than those from the bias corrected bootstrap. Based on our simulation results, bias
corrected bootstrap approach using the restricted scheme (R-Bootstrap (BC,;,) in Table
2.7) is preferable.

It should be noted that the estimate and the standard error is on appropriate data sum-
mary when the information is symmetric about the estimate. But here, especially when
S1(t) is close to Sy(t), the most appropriate CI are asymmetric. Thus simple repeating of
the standard error for gg(t) based on an asymptotic variance is not recommended in this

situation.
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Table 2.7: Coverage rates (x 10?) and average widths (x 10?) of confidence intervals.

Sampling scheme
Estimator

Confidence Interval

Bootstrap

R-Bootstrap

KM

C-NPMLE

K-M C-NPMLE

Percentile

BCasin

Percentile

BCasin

Sy(t) exp(£1.9607)

a.

95(17.5)
94(24.6)

85(14.7)
73(20.5)

94(15.2)
91(19.7)

84(15.2)
68(22.0)

95(16.0)
94(20.7)

95(17.9) 93(18.5)
93(25.2) 95(23.5)

b.

94(17.4)
93(25.2)

85(14.9)
78(21.1)

95(15.4)
92(20.4)

84(15.2)
75(22.5)

96(16.0)
94(21.3)

95(17.9) 93(18.4)
93(26.0) 97(24.5)

93(17.4)
92(25.7)

87(15.2)
85(21.6)

91(15.7)
92(20.9)

85(15.4)
84(22.9)

93(16.2)
92(21.7)

94(17.9) 93(18.3)
93(26.5) 96(25.3)

t=0.29

94(17.4)
94(26.6)

90(15.5)
91(22.9)

94(16.0)
94(22.3)

90(15.8)
91(23.7)

94(16.5)
93(22.8)

95(17.9) 94(18.2)
95(27.5) 98(26.5)

93 (8.8)
94(12.3)

82 (7.6)
73(10.0)

91 (7.7)
90 (9.7)

80 (7.8)
68(10.7)

92 (8.0)
95(10.3)

94 (9.0) 91 (9.1)
95(12.7) 95(12.2)

94 (8.8)
94(12.7)

87 (7.8)
84(10.6)

93 (7.9)
92(10.3)

86 (7.9)
82(11.0)

93 (8.1)
93(10.7)

94 (9.0) 94 (9.1)
96(13.0) 97(12.7)

94 (8.7)
94(13.0)

90 (7.9)
89(11.1)

93 (8.1)
91(10.9)

90 (8.1)
89(11.5)

94 (8.2)
90(11.2)

95(9.0) 95(9.1)
94(13.3) 97(13.1)

95 (8.8)
94(13.5)

93 (8.3)
93(12.3)

94 (8.4)
89(12.1)

93 (8.3)
93(12.4)

94 (8.4)
90(12.3)

96 (9.0) 96(9.0)
96(13.8) 97(13.7)

94(22.4)
95(31.7)

83(19.8)
74(23.8)

92(19.8)
91(24.2)

82(20.5)
70(25.8)

94(20.6)
95(26.4)

94(23.1) 92(24.7)
96(32.9) 96(29.1)

94(22.4)
93(31.7)

88(20.0)
81(24.3)

93(20.1)
92(24.8)

86(20.6)
78(26.0)

94(20.7)
94(26.7)

94(23.2) 93(24.4)
94(32.9) 97(29.7)

94(22.5)
93(31.5)

90(20.5)
86(25.0)

92(20.5)
93(25.6)

89(20.7)
84(26.0)

94(20.7)
94(27.0)

94(23.1) 94(24.1)
95(32.8) 98(30.3)

94(22.4)
92(31.0)

93(20.9)
89(25.7)

94(20.9)
91(26.7)

93(21.1)
90(26.4)

94(21.1)
92(27.6)

95(23.1) 96(23.8)
94(32.5) 97(30.8)

t=10.69 ¢. Syt

94(11.3)
93(15.9)

83(10.0)
72(12.2)

91(10.0)
90(12.2)

81(10.3)
66(13.0)

92(10.3)
93(13.1)

95(11.6) 91(11.9)
94(16.4) 93(15.3)

94(11.3)
95(15.9)

89(10.3)
85(12.7)

93(10.3)
92(12.8)

88(10.5)
83(13.3)

93(10.5)
93(13.4)

95(11.6) 95(11.8)
95(16.4) 97(15.7)

94(11.3)
94(15.8)

91(10.5)
91(13.4)

94(10.5)
91(13.5)

91(10.6)
90(13.7)

94(10.6)
91(13.8)

95(11.6) 95(11.7)
94(16.3) 97(15.9)

94(11.2)
95(15.6)

94(10.8)
93(14.3)

93(10.8)
91(14.4)

94(10.9)
94(14.4)

92(10.9)
90(14.6)

96(11.6) 96(11.6)
96(16.0) 97(15.9)
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2.8 Discussion

Dykstra’s estimator is the same as the C-NPMLE when the stochastically smaller popu-
lation has no censoring. When censoring exists in that population, our experience suggests
that Dykstra’s estimators and the estimators developed in this paper are usually different
for small sample settings. In large sample cases, they are frequently identical at early
times but then differ in the tail. A fundamental difference between Dykstra’s estimator and
the C-NPMLE developed in this paper is that the C-NPMLE can have probability mass at
non-event times throughout the follow-up period whereas, for Dykstra’s estimator, this can
happen only prior to the first failure in the stochastically smaller population.

The results from the simulation suggests that the C-NPMLE has a smaller or equal
RMSE when compared to Dykstra’s estimator. Rojo’s estimator has good properties under
the pointwise criteria because it is based on pointwise estimates. It does not, however, adapt
well to unequal censoring. There is the potential to develop an improved approach that
might adapt the NPMLE to the pointwise case. The simulation results also suggest the bias
correct Bootstrap confidence interval using the restricted sampling scheme is preferable in
practice.

Prestgaard and Huang (1996) established the asymptotic distribution of Dykstra’s es-
timator. If, as seems likely, the Dykstra’s estimator and the C-NPMLE are asymptotically
equivalent, the asymptotic distribution should also apply to the C-NPMLE. However, in our
opinion, the asymptotic distribution is not very useful for finite sample inference. If S (¢)
is strictly greater than S,(t), then the asymptotic distributions of the C-NPMLE of S (t)
and S’Q(t) will be identical to that of KM estimators, i.e. the constraint becomes irrelevant
asymptotically while the constraint is still relevant everywhere in the finite sample case. If

S1(t) = Sa(t), then the asymptotic distribution is mathematically interesting, but probably
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not appropriate to use in this context where all are willing to assume that Sy () > Sa(?).
We are currently investigating extensions of these estimators and algorithms to settings
with more than two samples with linear ordering or partial ordering constraints. Hoff (2000,
2003b) and Lim, Kim, and Wang (2009) have proposed different methods to obtain the C-
NPMLE under partial ordering constraints. However, we believe that the extension of the
methods in this paper will provide additional insights and have the potential to improve
the methods through reducing the number of parameters to compute and the number of

constraints to apply.



CHAPTER III

Pointwise Constrained Maximum Likelihood Estimator of
the Survivor Function under Stochastic Ordering

3.1 Introduction

We often encounter situations where there is prior knowledge of stochastic ordering
among distributions. For example, in a cancer study, we expect patients with a lower stage
of cancer at diagnosis to have lower death rates at all times than those with a higher stage.
Stochastic ordering is an important concept and has a wide range of applications, in such
fields as biomedical research, economics and finance, and system reliability in engineer-
ing science. In addition to the natural desire for estimators of the distributions to satisfy
the same ordering restrictions as the underlying distributions, there is the potential for im-
proved efficiency by applying the constraints in the estimation method as compared to
ignoring them.

For random variables 77 and T, with corresponding survivor functions S (t) and Sy(t),
T is stochastically larger than T, (17 >4 Tv) if Si(t) > Sa(t) for all ¢t (Lehmann, 1955).
For G groups, the concept can be generalized to partial ordering; specifically, we say that
T,,9 = 1,...,G satisty the partial ordering constraints defined by the constraint set £/ C

{1,...,G}*if for any (i,7) € E, T; >4 T;. Special cases of this are simple ordering, in

35
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which 77 > -+ >4 Tg, for which E = {(1,2),(2,3),...,(G — 1,G)}; tree ordering,
inwhich Ty >4 Ty, Ty >4 T3, ..., 11 >4 T for which £ = {(1,2),(1,3),...,(1,G)};
umbrella ordering, in which Ty >4 -+ >4 T; <4 Tiy1 <g - <g T for which £ =
{(1,2),(2,3),...,(i—1,4),(i+1,i),(i+2,i+1),...,(G,G—1)}, and factorial ordering
suchas 17 >4 Ty >4 Ty, Th >4 T3 >4 Ty, for which E = {(1,2),(2,4), (1,3), (3,4)}.
The constraint set E is said to be non-redundant if, for any (i, k) € E,(k,j) € E, and
(i,7) € F implies i = k or k = j. Any set E has an equivalent non-redundant set, and we
henceforth assume that £’ is non-redundant.

We consider independent right censored samples of the form (Y,;, Ay), g =1,...,G,
i =1,...,n,, where Yy, is the observed time and A is the event indicator (Ay; = 1 if the
event occurred or Ay = 0 if right censored). We assume that the censoring mechanism is

independent, so that the generalized likelihood as a function of survivor functions is

G ng

L{S0), 800} = TTTT{Sa00) = 8,000} 8,050, 3y

g=1i=1

under the condition that there are no common jumps between the life time and censor-
ing distributions. The FE-constrained nonparametric maximum likelihood estimator (C-
NPMLE) is the estimator Sl, s SG that maximizes (3.1) subject to the partial ordering
constraint £. Brunk et al. (1966) studied the constrained nonparametric maximum like-
lihood estimator in the two-sample case without censoring. Dykstra (1982) and we in
Chapter II extended this result to right censored data. In the case of three or more popula-
tions with a general partial ordering, Hoff (2003b) and Lim et al. (2009) proposed different
computational methods for obtaining the C-NPMLE. The C-NPMLE has the properties
that a violation of a constraint in the Kaplan-Meier estimators (Kaplan and Meier, 1958) at
an earlier time affects the estimator at a later time, even if there is no violation at this later

time. This could be considered as undesirable. A number of authors have noted that the
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C-NPMLE of 5j, ..., S¢ can have relatively large pointwise bias and mean squared error
at a fixed ¢ and have suggested alternatives (Rojo and Ma, 1996; Rojo, 2004; Gangnon and
King, 2002; El Barmi and Mukerjee, 2005) that can have better mean squared error prop-
erties. In Chapter II, we noted a correction to the C-NPMLE presented by Dykstra (1982),
which did lead to improved properties, however, this corrected C-NPMLE still often has
poorer pointwise properties than some other estimators that have been proposed. Some
of these alternative estimators are relatively simple to define. In the two sample problem,
Lo (1987) suggested swapping the Kaplan-Meier estimates of the survivor functions when
the constraint is violated. Gangnon and King (2002) proposed constrained estimators of
the distribution functions for a simple ordering case using a minimum distance estimation
method and also extended Lo’s estimator to the simple ordering case. For the two sample
problem, Rojo (2004) proposed estimating both survivor functions as the weighted aver-
age of the two Kaplan-Meier estimators at times when the constraint is violated, where
the weights are based on the initial sample sizes. El Barmi and Mukerjee (2005) extended
Rojo’s estimators to the simple ordering situation using isotonic regression method. The
simulation study in Chapter II shows that some of these estimators have smaller mean
squared error than the C-NPMLE when the censoring distributions are equal, however,
when the censoring distributions are substantially different between the groups, they may
have larger mean squared error than the C-NPMLE. Moreover, these alternative estimators
have not been explicitly extended to a general partial ordering case.

When we consider finite sample properties of an estimator S (t), we usually use point-
wise criteria, such as pointwise bias or pointwise mean squared error at each fixed ¢. In
contrast to pointwise estimators such as described in Rojo (2004) and Lo (1987), the C-
NPMLE is focused on estimating the whole survival curve. So it is perhaps not surprising

that Rojo’s estimators typically have better properties when evaluated using metrics such
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as pointwise mean squared error. On the other hand, these estimators do not adapt well
to unequal censoring distributions between groups whereas the C-NPMLE does. This mo-
tivated us to propose a new constrained estimator, a pointwise constrained nonparametric

maximum likelihood estimator.

Definition 3.1 (Pointwise C-NPMLE). For each specified time z, let Sg (t; z) be the max-
imum likelihood estimator of S,(t) under the constraint S;(x) > S;(z) for all (i, j) € E.
Then S,(t) = S,(t;t), g = 1,...,G for all ¢ is the pointwise constrained nonparamet-
ric maximum likelihood estimator of the survivor function S, under the partial stochastic

ordering constraint F.

The rest of the chapter is organized as follows. In section 3.2 we develop the estimator.
We consider consistency and asymptotic distributions in sections 3.3, and in section 3.4,
we compare asymptotic properties of the pointwise C-NPMLE with the Kaplan-Meier es-
timator. In section 3.5, we consider methods to construct confidence intervals. We conduct
a simulation study to compare small and large sample properties of different estimators in

section 3.6, and apply the method to a real data example in section 3.7.

3.2 Estimation Methods

3.2.1 Notation and Likelihood

To obtain the pointwise C-NPMLE as given in Definition 3.1, it is required to maxi-
mize the likelihood (3.1) subject to the constraints S;(z) > S;(x) for all (7,j) € E for
a fixed time z. This will give the estimates of Sy(t;z), ..., Sg(t; ) and the constrained
maximization will be repeated for all times z of interest.

Let Xy;,7 = 1,2,--- ,m, be the distinct event times in group g and define Xy = 0
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and Xg(n,+1) = 00,9 = 1,...,G. Let Ny(t) be the number at risk at time ¢ in group
g and M,(t) be the number of distinct events in (0,¢] in group g. Let dy; and ng4; be
respectively the number of events and the number at risk in group ¢ at time X,;, where
g=1,...,G,5=1,...,m,.

It is convenient to redefine the problem in terms of hazards. Let h,(t) =
log{S,(t)/S,(t—)}, so that 1 — exp hy(t) is the discrete hazard in group ¢ at time ¢. The

log likelihood of (3.1) can then be rewritten as

logL<h’17 ) h‘G)

G My
- Z{Z dgz 10g{1 B eXph gt }+ Ngi — dgi) hg(Xgi)}“‘Ng(x)hg(x)}a

(3.2)

where h, = {hg(Xp), o hg(Xgm,), hg(x)}, g=1,...,G. The corresponding constraints
are Z] L hy (X)) + h‘s( ) < Zj\/[:’fx) he(X,;) + hi(z), for all (p,r) € E, and hg(x) <
0,g = 1,...,G. In this, hg(x) = I(x # Xgm,(x))hg(z); this accounts for the fact that
if © = Xya,(2), we do not have the extra term Ny(x)hy(x) in the log likelihood (3.2).
Note that h,(X,;) must be negative because of the term log{1 — exp h,(X,;)} in the log
likelihood (3.2). Thus, the constraint h,(X,;) < 0 is not necessary.

To maximize the log likelihood subject to the constraints, we introduce Lagrange mul-

tipliers \;; > 0 and v, > 0, giving the corresponding Lagrangian function as

G myg
lagrL(h,\,v) Z Z dgilog{1 — exp hy(Xgi) b+ (ngi — dgi) hy(Xyi)]
g=1 i=1
e
£ 3Ny @h3@) — vl @)}
g=1
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3.2.2 Linearly Constrained Convex Minimization

There is a large literature on general approaches to linearly constrained convex mini-
mization problems. Essentially, there are three types of algorithms. One is the interior point
method that targets complementary slackness while maintaining primal and dual feasibil-
ity. Another is the primal active set method that targets dual feasibility while maintaining
primal feasibility and complementary slackness. A third is the dual active set method that
targets primal feasibility while maintaining dual feasibility and complementary slackness.

In general our data contain a much larger number of observed event times than the num-
ber of groups. Interior point methods such as geometric programming (Lim et al., 2009) and
primal active set methods such as some gradient based methods (Snyman, 2005) simulta-
neously optimize over the large number of quantities h) (x) and hy(Xy;), 9 =1,...,G,i =
1,...,my, at each time x of interest, so these two types of methods are not computation-
ally efficient in our setting. Dual active set methods that maximize the dual problem
Lp(A\,v) = sup, {—lagrL(h, \,v)} with constraints )\;; > 0 and v, > 0 involve many
fewer parameters, however, the dual function L (A, v) is difficult to express as a function
of A\, v and the feasible range of A, v is difficult to specify in our problem. So dual active
set methods are also difficult to implement in our context.

In section 3.2.5, we transform the problem of maximizing the log likelihood (3.2) sub-
ject to the linear constraints to another simple concave maximization problem subject to
linear constraints by using the profile likelihood. In preparation for this, we first discuss
the constrained maximum likelihood estimator of the survivor function in the one sample

case.
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3.2.3 Maximum Likelihood Estimator of the Survivor Function Subject to a Single
Constraint

We consider a one-sample case and for ease of presentation, we omit the group indicator
g. Without constraint, the maximum likelihood estimator has probability mass only at
the observed event times up to and including the last observed time. The log likelihood

analogous to (3.2) is
log L(h) =Y _ [d;log {1 — exp h(X;)} + (n; — d;) h(X;)] | (3.3)
j=1

where h = {h(X1),...,h(X,,)} and (3.3) is maximized at h(X;) = log(1 — d;/n;),j =
1,...,m, which corresponds to the Kaplan-Meier estimator.

Consider now the maximum likelihood estimator subject to the constraint S(z) =
exp(q). In this case, the maximum likelihood estimator of the survivor function can be
obtained in the class of survivor functions with positive probability mass at event times X;
and nonnegative probability mass at time x. The optimization problem is to maximize the
log likelihood of h = {h(X}), ..., h(X,,), h’(x)},

log L(h) = Z [dilog {1 — exp h(X;)} + (n; — d;) h(X;)] + N(z)R’(x),
i=1
subject to Zjﬂi(f) h(X;) + h°(z) = g and h°(z) < 0.

Let K(q;2) = —N(z) if M(x) = 0, otherwise let K (¢;x) = max(—N(z), k), where

 is the unique solution of the equation Zj]\i(f ) log{1—d;/(n;j+k)} = ¢. Note that k= oo

if g = 0and k = das() — nar(m) if ¢ = —o0. Let

d-
X log{l——z'} i < M(x)
ha: X)) = it K(g) ,

d; .
log(1 ——) i > M(x) (3.4)
A (m) A
W(gz)=q— ) higX;)

J

g

Il
—_
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Theorem 3.2. The maximum likelihood estimator of S(t) subject to constraint S(x) =
exp(q) at a given x is S(t) = exp{)>_x < ha; X;) + I(t > 2)h(q; 2)},t < 7, where T is

the last observed time.
Proof. See Appendix D. [

Thomas and Grunkemeier (1975) and Li (1995) considered the same maximization
problem as described above. However, Thomas and Grunkemeier (1975) solved the prob-
lem with the equality constraint Zj]\i(f Vh(X ) = ¢, which implicitly assumes that /() = 0
if x is not an observed event time, whereas Li (1995) mistakenly “proved” that iL(:c) =0
unless z is an observed event time. In fact, the maximization problem described above
involves two constraints: Zj\i(f Vh(X;) + h(x) = q and h®(z) < 0. It is possible that
hé(x) < 0if K(g; 2) = —N (z). The inequality constraint of a parameter such as h®(z) < 0
has been neglected in these approaches. It is necessary, however, to apply the Karush-
Kuhn-Tucker conditions (Karush 1939; Kuhn and Tucker 1951) to all possible inequality

constraints, including the bounds of parameters and then cautiously remove unnecessary

constraints that are guaranteed by other constraints.

3.2.4 The Profile Likelihood of S(x)
From Theorem 3.2 and (3.4), the profile log likelihood of S(x) = exp(q) at a given x is
pli(q; ©) =suplog L(h)
heR

m (3.5)
= [diog {1 — exph(a: Xi) } + (ni = di)lg: X)| + N ()R (s ),
=1

where R = {h : MW n(X,) + hé(z) = ¢}, and h(g; X;) and h%(q; z) are defined in

equation (3.4).

Lemma 3.3. The derivative of the profile log likelihood (3.5) with respect to q is — K (q; x).
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Proof. We consider separately the cases i) K(q;z) > —N(x) and ii) K (¢; ) = —N(z).

i) If K(q;x) > —N(x), then h?(z) = 0 and h(q; X;) = log(1 — d;/n;) for i > M(x),

which does not depend on ¢. For any i < M (x),

AL [dilog {1 — exp ﬁ(q; Xz)} + (n; — d;) E(Q; Xz)]

dh(q; X;)
_ —d; exp{h(q; Xi)} +n; —d; =n; — i
eolh@ X)) T T ewhlg X))

=n; —{n; + K(¢;2)} = —K(¢; x).

Thus,

=1

Lophla:) diq{z dilog {1 = exp h(a; Xi) b + (ni = di) h(g; X)| + N (@) (a >}

=

M(:):

¥_ ZhQa (Q7)

HM

ii) If K(q;2) = —N(z), then h(q; X;) = log{1 — d;/[n; — N(x)]} for i < M(xz) and
h(q; X;) = log(1 — d;/n;) for i > M(z) are not functions of ¢. So

d

Z ol (a:

AR
- Emj | dilog {1~ exphle; Xo) b + (ni = ) hlg: X)| + N(2)h (g: 2)
= dq - 108 eXp n(q; A 1 i) G5 Ay z q;T

= N(z) = —K(g; x). O

3.2.5 Reformulation of the Problem Using Profile Likelihood

For given z, maximizing the log likelihood (3.2) subject to the constraints in £ can be

redefined as maximizing the log profile likelihood
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G
phi(ar, - q6; ) = > pla, (g; )
g=1

G Mgy (x)
= Z{ Z [(ngi — dgi)log {ngi + Ky(qg;7) — dgi} — ngilog {ngi + Ky(qg: ) }]

g=1 L i=1
+ I3 K (qg; ) = Ny(x) ¢ Ny( —Mg(w)l 1-— dyi C
{ g\dg; T) = gx} gx){@g jzl og{ ng,-l—Kg(qg,I)}}}—i_ ;
(3.6)
subject to constraints ¢; > ¢;, for all (4,j) € Eand ¢, < 0,9 = 1,--- ,G. Note that by
using the profile likelihood, only G parameters ¢ = (¢, . . ., gc) need to be estimated, and
that S’g(x) = exp(gy), where ¢ = (1, . - ., ¢) is the maximum likelihood estimator of ¢.

Any of the general methods described in section 3.2.2 can be used to maximize the log
profile likelihood (3.6) under the corresponding linear constraints. Note that the log profile
likelihood (3.6) is easy to calculate and the derivative is

d
wphh(qsﬂﬂ) = {-Ki(q;;2),...,—Ka(qe;2)}7",

which is needed in some constrained optimization algorithms.

To obtain the pointwise C-NPMLE S,(t),g = 1,...,G for all ¢, it is not necessary
to maximize the profile likelihood at every ¢. It can be seen that the pointwise C-NPMLE
may only jump at observed event times and at times just after observed censoring times. Let
{ X} be the union of all distinct times Yy, if Ay > 0 and Y; if A,; = 0. Note that Y, can
be taken as Y,; + ¢ for a small € > 0. We calculate S, (X %), and then S,(t) is a step function
with jumps at only X7, i.e. S,y(t) = Sg(max{X]’» c X <t})forallt <7y,9=1,---,G.

The following Theorem shows that the pointwise C-NPMLE is a valid survivor function

for every group until the last observed time of that group.

Theorem 3.4. The pointwise C-NPMLE S’Q(t), g =1,--- G obtained from maximizing the

profile likelihood (3.6) is a non-increasing function in t. That is, for any 0 < x <y < 7,
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A

Sy(x) > S'g(y).

Proof. See Appendix E. 0

3.2.6 Generalized Pool-adjacent-violators Algorithm in the Simple Ordering Case

Suppose that GG survivor functions satisfy the simple stochastic ordering constraint
Ty >4 -+ >« T, and we aim to estimate the pointwise C-NPMLE at time z. A gen-
eralized pool-adjacent-violators algorithm can be used, where the set of violating groups to
be “pooled” is called B. The common value ¢ for all groups in B is the one that maximizes

the log profile likelihood

ple(g;x) = pl(g; ) =) log Li(hi).

i€B i€B
Since from Lemma 3.3, diq Y icn Plh (¢: ) = = . 5 Ki(q; ), the maximizer ¢ is the root
of the equation
> Kilgx) =0, (3.7)
i€B
when the maximizer § < 0. Here B C {1,--- , G} is a set of indices of survivor functions

that we are interested in “pooling”. In the simple ordering setting, B will be a set of
adjacent integers, for example {2} or {2,3,4}.

Best, Chakravarti, and Ubhaya (1999) studied minimization of the sum of convex
functions subject to linear ordering constraint using the pool-adjacent-violators algorithm
method. Our log profile likelihood is the sum of concave functions, so maximizing the log
profile likelihood is the same as minimizing separable convex functions as considered by

Best et al. (1999). We adapt their algorithm, details of which can be found in Appendix C.
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3.3 Consistency and Asymptotic Distribution

Let Sy (t) be the Kaplan-Meier estimator of Sy(t) and let S(t) be the censoring sur-
vivor function for group g. Further, let 7, = inf{t : Sy(¢)S;(t) = 0},g = 1,...,G. Under
the condition that there are no common jumps between the life time and censoring distribu-
tions, Stute and Wang (1993) showed that the Kaplan-Meier estimator S () is uniformly
consistent for S,(¢) on [0,7,). A similar result holds for the pointwise C-NPMLE. The

following theorem is proved in Appendix F.

Theorem 3.5. Let Sy (t) be the pointwise C-NPMLE (see Definition 3.1). Under the condi-

tion of no common jumps of Si(t) and S§(t), as n — oo,k =1,...,G,

sup |S,(t) — S,(t)] — 0 with probability 1.

t<Tg
Let W, (V') be a Brownian motion on [0, co) with variance function V,(¢). As shown in

Gill (1983),
1/2 S; B Sg T
ng ———— | — W(V}) in distribution on [0, 7, as n, — oo,

where

t

_ ng(x)
Val) = ‘/ (@ )Se(a)’

0

For a fixed time x, ny'/?{S;(z) — Sy(x)}—N{0,02(x)} in distribution where o2(z) =
V,(2)S3(a).

Letn = 25:1 ng and assume that lim,, o ng/n = ¢, > 0 and let Z (z) = n'/2{S; (z)—
Sy(x)},g=1,...,G. Then {Z}(2), ..., Z&(x)}' ={Z1(x),. .., Zg(x)}" in distribution,

where Z,(x) ~ N(0,02(x)/cy) and Z(x)'s are independent.

Theorem 3.6. For a fixed time v < min{r, : L,(z) < k < Uy(z)} and under the simple
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ordering constraint Ty >4 - -+ >4 Tq,

. v AZ
nl/2{S,(x) — S,(v)} — ¢/ min max Zk:e{u r(@)w(@)} in distribution,
g I Ly(x)<t<g g<u<U, () D iy Wi ()

(3.8)
where wy(z) = ¢4 /02(x), Ly(x) = min{i : Si(z) = Sy(x)} and Uy(x) = max{i : S;(z) =
Sg(2)}-

Proof. See Appendix G. U

In Appendix G, we discuss extensions and special cases of Theorem 3.6 to situations
where the number at risk in one group is zero.
Let S,(r) be the estimate of S,(z) by applying the isotonic regression algorithm to

S5 (x) with weights w,(x),g = 1, ..., G, subject to constraint Sy(z) >4 -+ , >4 Sa(r).

Then, S,(x) has a min-max form (Barlow et al., 1972)

S,(z) = min max 2 k=1 Sk (@) wi ()}
S9(7) = 1st<gg<usG 3o wi(r)

From Theorem 2 in El Barmi and Mukerjee (2005), it can be seen that

max n
Ly(2)<t<q g<usUy(z) 3 p_p W(T)

nI/Q{Sg(m)—Sg(x)} £> Cl/2 min ZZ:K{Zk(l‘)wk‘(x)}

From (3.8), it follows that Sg(a:) and S,(z) are asymptotically equivalent. We hypothesize
that this equivalence to the isotonic regression will also hold under the partial ordering con-
straint. This yields the following conjecture for the asymptotic distribution of the pointwise

C-NPMLE.

Conjecture 3.7. For a fixed time z,

A D C C
ni{Sy(z) = Sy(x)} = b2 fg(Zl(m),...,Zg(:L’);J—%,...,é,x),

as n — oo for any x given Sy(v)S5(x) > 0. Here Vy(x) = {i : Si(v) = Sy(z)},

Ey(x) = {(i,j) : i, € Vy(x)and (i,j) € E} and f,(z1,...,2q;w1, ..., wg, ) is the
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solution function for |, that minimizes Zszl w;(2z; — p;)? under constraints yi; > i; for all

(i,7) € Ey(2).

If this conjecture is correct, inference methods developed for the isotonic regression

could also be useful for the pointwise C-NPMLE.

3.4 Comparison with Kaplan-Meier Estimator when Sample Size is
Large

3.4.1 Simple Ordering Case

In the simple ordering case with no censoring, El Barmi and Mukerjee (2005) showed
that their isotonic regression estimator has smaller asymptotic mean squared error than the
unrestricted Kaplan-Meier estimator. A similar result holds for the pointwise C-NPMLE

compared to the Kaplan-Meier estimator when there is right censoring.

Theorem 3.8. Consider the simple ordering constraint Ty, >4 T5--- >4 Tg. For a
fixed x with S (z)Sk(z) > 0 forall k = 1,...,G, let n,lﬂ/2{5'k(x) — Sp(z)} 2 Z
and ni/Q{S;(x) — Sk(z)} B Zu k = 1,...,G. If there exists at least one g with

Sy (z) = Sy(z), then
E(Z2) < BE(Z)).
If no such g’ exists, then S'g(x) and S} (x) are asymptotically equivalent.

Thus, the pointwise C-NPMLE has smaller asymptotic mean square error than -the
Kaplan-Meier estimator. In fact, a stronger inequality relation holds. Namely pfr’HZg| <
€| > pr[|Z,] < €] forall e > 0. In the two sample case, we calculate asymptotic bias and

asymptotic mean squared error of the C-NPMLE in section 3.4.2.
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3.4.2 The Two-sample Case, G = 2

If Si(z) > Sa(x), then asymptotically, the constraint is irrelevant and ni/ 2{81(z) —
S (z)} = o1(2)Z, and ny/*{Sa(x) — Sa(x)} = 04(2)Zs in distribution, as ny, ny — oo,
where 7, and Z, are independent standard normal random variables.

If Si(z) = S(z), from Theorem 3.6, we consider n; — oo and ny — oo such that

ni/ny — ¢1/cs as before. In this case,

nY2 8 (x) — Sy(2)} B oy () max] Z Zl+0(x)1/222
{51(@) = S1(2)} = 01(2) {Zl’ 1+ c(z) }

. D _ clx _2 c\T 1/2 1
and n;/2{52(a:) — Sa(x)} = oo(x) min{Zz, ( )Zl j—c((x)) < }

(3.9)

where c(z) = limy, 1,500 N207(2) /{n103(2)} = caoi(z)/{c103(x)}.
When S;(z) = Ss(x), direct calculation from (3.9) shows that the asymptotic mean

squared errors are

n}@OOE[m{gl (z) — Si(2)}?] = {22?103;_5)0}(5)1;33)

w i Fl5i) sty - L2

These two asymptotic mean squared errors are always smaller than the unrestricted coun-

(3.10)

terparts 0% (x) and o3 (z).
Let Sy () and Sy (z) be the estimates of Rojo (2004) or El Barmi and Mukerjee (2005).

Based on definitions of their estimators, when S (z) = Ss(z), the asymptotic mean squared

i s od@) - 2+ o)}
Bln{$1(z) — Su(@)}] = o) + :
{3 >251<H}2> ey O
nd  Elna(Sy(r) — S:(0)}*) = o) + DG TR

where ¢ = ¢3/¢y.

It can be shown that the asymptotic mean squared error of S‘g(x) is less than or equal
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to that of S,(z),g = 1,2 and the equality holds only when o?(z) = o3(z), in which

case S,(z) and S'g(x), g = 1,2 are asymptotically equivalent. From equation (3.11) we
see that when 02 (x) /03 (x) > ¢3/c1 + 2, the Rojo’s estimator S (z) is asymptotically less
efficient than the Kaplan-Meier estimator S; () and when 02(z)/03(z) > ¢, /¢y +2, Sy(z)
is asymptotically less efficient compared to S5 (z).

From equation (3.9), the asymptotic bias of Sg(x), g = 1,2 can be calculated as follows

n}linooE[ ' ($1(@) - Si(a / / 122+_c(cg)zl [2,(22) f27,(21)dz2d 2
o0 e1/2(x
= o1(2) [%} ’ < oy(x) (%) ’ ~ 0.401(z).
Similarly,

D=
=

lim Eny?{Ss(zx) — Sa(z)}] = 0a(x) [;] * < oo () (%) ~ 0.40y(2).

n2—00 2{1 + c(x)} 7r
This asymptotic bias is less than 0.4 times the standard deviation of the Kaplan-Meier
estimator. As shown in Theorem 3.8, the mean squared error of the C-NPMLE is less than

that of the Kaplan-Meier estimate.

3.5 Confidence Intervals

3.5.1 Bootstrap

While there is a rich literature on the point estimation of a survivor functions under
stochastic ordering constraint, there has been little discussion on constructing confidence
intervals of the survivor functions under stochastic ordering. Rojo (2004) discussed weak
convergence to a Gaussian process of his estimator from which confidence band could

be constructed. Here we introduce several other possible ways to construct confidence
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intervals, and compare their properties in section 3.6.3.

Two sampling schemes for bootstrapping are presented. The first is the standard scheme,
in which survival time and censoring indicator pairs are sampled with replacement from
the data set. The second is a scheme based on simulating bootstrap samples from the con-
strained estimator; that is, event times are sampled from §g(t) and censoring times are
sampled from S;* (t), the Kaplan-Meier estimate of censoring survivor function in group g.
For each bootstrap sample, a bootstrap estimate S'S(t), b=1,..., B is obtained by apply-
ing the pointwise C-NPMLE. Confidence intervals based on these bootstrap estimates can
be constructed using percentiles (Efron, 1981), pivotal or percentile-t tests (Hall, 1992) or
bias corrected and accelerated tests (Efron, 1987).

As a comparison, we also tried standard bootstrap and then applied Kaplan-Meier esti-
mator to obtain bootstrap estimates, which is bootstrapping the unrestricted Kaplan-Meier

estimator.

3.5.2 Confidence Interval Centered on Constrained Estimator

Hwang and Peddada (1994) suggested a method in which a confidence interval is com-
puted for the unrestricted estimator and then shifted and centered on the constrained es-
timator. They showed that, under fairly general conditions, for elliptically symmetrically
distributed random variables, the coverage probability for the shifted interval will exceed
the nominal level. For the survivor function, we apply the intervals on a log transformed

scale and consider the following approximate confidence interval,

A

Sy(z) exp{+1.960, (1)},

where o7 () is standard error estimate of log Sy (z).

Another method to obtain confidence intervals centered on Sg(x) is by using the boot-
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strap, which is to sample event times from S, (t) and censoring times from S *(t) to obtain
a censored bootstrap sample, then fit the Kaplan-Meier estimator to obtain bootstrap esti-
mates S;b(x), b=1,...,B for each group, from which confidence intervals are obtained
using percentiles.

We also introduce a reduced width confidence interval centered on the constrained esti-
mator under the simple ordering constraint. Let [l;, ;] be an unrestricted confidence inter-
val for S;(x). We define the reduced width CI for S, () as [ll,, iy |, where @), = min; <<, 1

and ) = maxy<i<g li, whereg=1,...,G.

3.6 Simulation Studies

3.6.1 Two-sample Case when Sample Size is Small

We have conducted numerous simulation studies to compare finite sample properties
of three different constrained estimators, Rojo (2004), the C-NPMLE in Chapter II and the
pointwise C-NPMLE, and compare them to the unconstrained Kaplan-Meier estimator in
the two-sample case. In this paper, we show results for the scenarios as described in Table
3.1 where the constraint is S1(t) > Sy(t) for all ¢.

Table 3.1: Underlying Distributions in a simulation study in section 3.6.1. When event ran-
dom variable follows a U(0, 1) distribution, the censoring distributions exp(3.2), exp(1.6)
and exp(0.67) give approximately 70%, 50% and 30% censoring rates.

Underlying Distributions  Censoring Distributions ~ Sample size

Sl (t) SQ (t) Sf(t) Sg(t) nq Mo
Figure 3.1a  exp(1) exp(1.1) exp(1) exp(1) 80 80
Figure 3.1b  exp(1) exp(1.1) exp(1)  No censoring 80 80
Figure 3.1c  exp(1) exp(1.1) exp(2)  Nocensoring 80 80
Figure 3.1d  exp(1) exp(1.1) U(0,1.6) Nocensoring 80 80
Figure 3.1e  U(0,1) Ut(0,1) exp(3.2) exp(1.6) 50 50
Figure 3.1f U(0,1) Ut(0,1) exp(0.67)  exp(3.2) 50 50
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The mean squared error of the estimates of the survivor functions over a range of values
of ¢ are shown. Each simulation consists of 10,000 replications. The upper (lower) plot of
each sub-figure in Figure 3.1 shows the mean squared error of estimates of Sy (t) (S2(t)).

In cases with the same censoring distributions (Figure 3.1a), Rojo’s estimator and the
pointwise C-NPMLE have smaller mean squared error compared to other estimators. We
observed the Rojo’s estimator is almost as efficient as the pointwise C-NPMLE when cen-
soring distributions are the same or very close to each other. However, if population 1 and
2 have different censoring distributions, the pointwise C-NPMLE in general has smaller
mean squared error compared to all other estimators. Rojo’s estimator does not adjust well
to the unequal censoring distributions (Figure 3.1b — 3.1f) even when the censoring rates are
close to each other (Figure 3.1d). Note that the pointwise C-NPMLE is the only estimator
that dominates the Kaplan-Meier estimator at any time in any situation considered.

In summary, we found that the pointwise C-NPMLE has smaller mean squared error
almost everywhere and is a suggested estimator when estimating survivor functions under

stochastic ordering constraint.

3.6.2 Two-sample Case: Asymptotic Properties

We define the asymptotic relative efficiency as the inverse ratio of the mean squared
errors and compare the asymptotic relative efficiency of the three constrained estimators
to the Kaplan-Meier estimator in the two sample case in Figure 3.2. The underlying dis-
tributions are S1(t) = Sa(t) = exp(—t), S{(t) = 1 and S5(¢) = exp(—2t). Note that
the constraint is asymptotically relevant everywhere. We set lim,,, ,,,_so0 71/n2 = 1. The
asymptotic relative efficiency of the full constrained nonparametric maximum likelihood

estimator is based on simulated data with very large sample size. Asymptotic relative effi-
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ciencies of the pointwise C-NPMLE and the Rojo’s estimator are calculated using equations
(3.10) and (3.11).

The pointwise C-NPMLE dominates all other estimators for all ¢ while Rojo’s estimator
could be inefficient for some ¢ (left graph in Figure 3.2). Note that compared to the Kaplan-
Meier estimator, the full constrained nonparametric maximum likelihood estimator is less

efficient everywhere in this setting.

o o
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Figure 3.2: Comparison of asymptotic relative efficiency under the constraint 77 > 7.
The underling distributions are: S1(t) = Sa(t) = exp(—t), S¢(t) = 1 and S5(¢) =
exp(—2t). {: Kaplan-Meier estimator; A: C-NPMLE; 5/: Rojo’s estimator; +: point-
wise C-NPMLE.

3.6.3 Simple Ordering Case

In this section, we compare finite sample properties of the pointwise C-NPMLE with
the Kaplan-Meier estimator in the simple ordering case and investigate the Cls described
in section 3.5. We consider three groups with underlying distributions 77 ~ exp(1), Ty ~
exp(1l.1) and T3 ~ exp(1.4) and a uniform censoring distribution C' ~ U (0, 4.3), which

yields an overall censoring rate of about 20%. Sample sizes are n; = ng = 40 and ny, = 20.
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The simulation is based on 10,000 replicates and 200 bootstrap estimates. We construct the
CIs using percentiles (Efron, 1981) at time 0.26 and 0.63, where the survival rates of group
2 are 0.75 and 0.5 respectively.

Figure 3.3 shows the mean squared error of the pointwise C-NPMLEs and Kaplan-
Meier estimators and we see efficiency gains at all times for all group. The largest gains
are in the estimation of Sy(t) where the mean squared error of the pointwise C-NPMLE
is less than half of the mean squared error of the Kaplan-Meier estimator at almost all the

times.

0.010 0.015
| |

Mean Squared Error
0.005
|

0.000
|

time

Figure 3.3: Comparison of Kaplan-Meier estimator and
pointwise C-NPMLE in the three sample case. (), A or
+: Kaplan-Meier estimates for group 1, 2 or 3; x, ¢ or \/:
pointwise C-NPMLE for group 1, 2 or 3.

The coverage rates and average widths of the confidence intervals described in Section
3.5 are shown in Table 3.2. As expected, the confidence intervals centered on the pointwise
C-NPMLE have higher coverage rate (V vs. [ and VI vs. II), but these confidence intervals
tend to be too conservative while the average widths are about the same as the unrestricted
counterparts. The bootstrap methods (III and IV) give the confidence intervals with signif-

icantly reduced width, but the coverage rates tend to be lower for some groups (III and IV
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at time 0.26, group 1). The average widths of reduced width confidence intervals for group
2 are significantly smaller than the original confidence intervals while the coverage rates
are about the same (V’ vs. V and VI’ vs. VI). Bootstrap methods III and IV are not ideal
but seem best among these considered and have quite reasonable coverage properties.

Table 3.2: Coverage rate (%) and average width (%) of 95% confidence intervals. The
distribution functions are 77 ~ exp(l), T ~ exp(l.1), T35 ~ exp(l.4) and C' ~
uniform(0, 4.3) for all groups. Total censoring rate is 20%. Sample sizes are n; = 40,
ne = 20 and ng = 40. Bootstrapping confidence interval is based on percentiles (Efron,

1981). Results are based on 10,000 simulation samples.

t=0.26 t=0.63
Group 1 Group 2 Group 3 Group 1 Group 2 Group 3

I 928(253) 92.8(35.6) 92.8(27.8) 93.7(31.2) 93.1(43.5) 93.2(30.8)
I 92.1(26.1) 89.2(37.5) 93.2(28.8) 94.5(32.4) 93.3(46.3) 94.5(32.3)
I 90.1(21.0) 97.5(23.9) 94.7(25.0)0 92.9(27.3) 97.5(29.2) 93.9(27.2)
IV 89.9(20.4) 94.8(22.5) 93.3(244) 92.6(26.6) 94.5(27.7) 93.0(26.9)
V. 940247 99.437.1) 96.5(28.2) 958 (31.2) 99.3(44.3) 95.4(30.7)
VvV’ 94.0(24.6) 99.3(31.2) 96.5(28.1) 958 (31.1) 99.2(37.9) 95.4(30.6)
VI 924(26.8) 97.5(37.9) 96.8(28.3) 95.0(33.6) 98.8(46.6) 96.9 (31.7)
VI 91.6 (26.1) 97.4(31.5) 96.8(28.3) 94.8(33.2) 98.8(39.6) 96.9 (31.7)

I: Standard bootstrap then Kaplan-Meier estimator; II: Log transformation, i.e.
S5 () exp{£1.960(x)}; III: Sampling from .S’ (the pointwise C-NPMLE) then S; IV:
standard bootstrap then S; v Sampling from S then Kaplan-Meier estimator; V’: V with

width reduced; VI: Sy(z) exp{+£1.9607 () }; VI': VI with width reduced.

3.7 Example

The data are from prostate cancer patients who received radiation therapy at the Uni-
versity of Michigan Hospital, a portion of data used in Proust-Lima and Taylor (2009).
Five-hundred and three patients without planned hormonal therapy are included in this ex-
ample to estimate the survivor function of time to first recurrence of prostate cancer. For
this analysis recurrence is defined as the first occurrence of local recurrence, distant metas-

tasis or initiation of salvage hormone therapy.
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It is reasonable to expect that the patients with higher baseline prostate-specific anti-
gen value have a higher recurrence rate of prostate cancer than those with lower baseline
prostate-specific antigen values. The Gleason grade is a measure of the aggressiveness of
the tumor cells obtained from microscopic inspection of a biopsy prior to the treatment. It
is reasonable to expect that the patients with lower Gleason grade have a lower recurrence
rate. In this example, we divided the patients into 6 groups based on baseline prostate-
specific antigen is less than 10 or larger than or equal to 10 (A or B) and Gleason < 6,
= 7or > 8(1,2or 3). Thus Al represents the patient group with baseline prostate-specific
antigen < 10 and Gleason < 6 and B3 the patient group with baseline prostate-specific
antigen > 10 and Gleason > 8. The natural set of constraints for the survivor functions are
Al > A2 > A3,B1 > B2 > B3,A1 > B1,A2 > B2 and A3 > B3.

The Kaplan-Meier estimates of each groups are shown in Figure 3.4a. The unrestricted
Kaplan-Meier estimates do not satisfy the stochastic ordering. Specifically we notice that
between 1 year and 2.5 years, the groups A2, B2 and B3 do not satisfy ordering constraint
and after 5 years the orderings of A2 and A3, and B2 and B3 are also violated.

The pointwise C-NPMLEs are shown in Figure 3.4b. The estimates satisfy the stochas-
tic ordering constraint at all times. Between 1 year and 2.5 years, we notice that the survivor
functions take a common value in groups A2, B2 and B3 and after 5 years, groups A2 and
A3, B2 and B3 are combined together respectively. Interestingly at around 12.5 years,
there is a jump of the survivor function in groups B2 and B3, even though there is no
observed event.

Detailed results of point estimates and corresponding confidence intervals for some

selected times are shown in Table 3.3.
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Table 3.3: Estimates and confidence intervals of survivor functions for some
selected times in the prostate cancer example. Confidence interval using stan-
dard bootstrap method are shown in parenthesis. Bootstrap confidence interval

is based on percentiles. The unit of the results is percentage (%).

Time (years)

1.5

5

8.5

Al

Kaplan-Meier

99.4 (98.1, 100 )

93.9 (89.5, 97.8)

83.6 (75.1,91.1)

PC-NPMLE 99.4(98.5,100) 93.9(89.5,97.8) 83.6(75.3,91.2)
A2 Kaplan-Meier 99.1 (97.4,100) 83.4(75.1,90.3) 62.2(43.4,79.0)
PC-NPMLE 99.1 (97.4,100) 83.4(75.5,90.7) 63.4(45.6,78.9)
A3 Kaplan-Meier 80.0 (60.0, 100) 70.0 (40.0, 100 ) 70.0 ( 0.0, 90.0)
PC-NPMLE 88.7(82.1,99.6) 70.0 (44.7,87.4) 63.4(20.0,75.1)
Bl Kaplan-Meier 98.0 (95.0, 100 ) 78.3 (69.0, 86.6) 64.2(51.7,75.5)
PC-NPMLE 98.0(95.0,100) 78.3(69.0,86.6) 64.2(51.7,75.5)
B Kaplan-Meier 86.8 (79.2,94.2) 48.8(35.7,62.3) 34.2(14.6, 50.8)
PC-NPMLE 88.7 (82.9,94.4) 48.8(38.4,62.4) 34.7(22.1,51.0)
B3 Kaplan-Meier 96.4 (88.9,100) 47.8(28.2,66.2) 35.9 (10.0, 60.7)
PC-NPMLE 88.7 (81.8,94.2) 47.9(29.1,57.6) 34.7(10.0,46.9)

A or B: baseline prostate-specific antigen < 10 or > 10; 1,2 or 3: Gleason <, =
or > 7; PC-NPMLE: Pointwise C-NPMLE.

3.8 Discussion

The pointwise C-NPMLE is a likelihood based pointwise estimator. Unlike the full
constrained nonparametric estimator maximum likelihood estimator, the violation of a con-
straint at one time does not affect the estimates at other times. The “weights” for each
group, which are based on maximizing the likelihood when the constrains are violated, are
natural and give better results than using weights based on initial sample size of each group
as used by Rojo (2004) and El Barmi and Mukerjee (2005).

Rojo’s estimator in the two-sample case and El Barmi and Mukerjee’s estimator in
the simple ordering case are the pointwise C-NPMLE without censoring. However, if
censoring exists, these estimators are quite different in some situations, especially when
the censoring distributions are significantly different between groups. Another feature of

the El Barmi and Mukerjee’s estimator is the range of times for which the estimator is
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defined. Specifically, it is defined only until the minimum time of the last observations
in all groups. If the last observed time in one group is much earlier than others, which
could happen when the sample size of a group is much smaller than others, then all the
estimators are subsequently undefined at times even though there may be a large number of
observations at risk in the other groups. On the other hand, the pointwise C-NPMLE for a
group is defined up to the last observed time of that group and is not affected by short valid
ranges of other groups.

Because the pointwise C-NPMLE can have jumps at non-event times, the likelihood
ratio tests of survivor functions, first introduced by Thomas and Grunkemeier (1975) and
discussed by Li (1995) and Murphy (1995) may be problematic, because they assume the
jumps only occur at event times. Thus the likelihood ratio test and confidence interval and
confidence band based on the likelihood ratio test may need to be revised.

The methods we introduced to construct confidence interval are far from perfect. The
bootstrap methods can have lower coverage rate than the nominal level for some popu-
lations while confidence intervals centered on the pointwise C-NPMLE all tend to have
coverage rates that are too high without reducing the width of the confidence interval. In-
vestigating other methods of constructing confidence interval is an interesting area of study.

We have observed that the pointwise C-NPMLE may be less efficient than the uncon-
strained Kaplan-Meier estimator under certain partial ordering constraints, particularly un-
der tree ordering constraints, T <y T5,T) <4 T5,...,T1 <4 T. The estimation problem
of normal means under partial ordering constraint is discussed by Lee (1988); Hwang and
Peddada (1994); Fernandez et al. (1999); Cohen and Sackrowitz (2002); Chaudhuri and
Perlman (2005, 2007). The strategy discussed in Hwang and Peddada (1994) is to reorder
and switch some of the estimators and then apply fixed width confidence intervals. They

showed that this approach did improve the coverage probabilities of the confidence in-
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tervals. It is an open question to see if their strategy can also be shown to improve the

properties in the constrained survival data setting.



CHAPTER IV

Confidence Intervals under Order Restriction

4.1 Introduction

Consider a G-sample problem where the observations X, g =1,...,G,i =1,...,n4
are independent random variables with distribution function F(x; 1i,). When estimating
p = (u1, ..., 1a), there often exists information about the inequality orderings and bounds
of these parameters. For example, if 1, is the average height of children of age g or y, is
the toxicity rate of a drug for dose level ¢ in a clinical trial, the parameters should satisfy

the restriction:

P < pp < < g 4.1)

This type of ordering is called simple ordering or linear ordering. The natural estimator
for order restricted parameters is the restricted maximum likelihood estimator (MLE). For
the case where F(x;,),9 = 1,...,G is a normal distribution function with mean s,
and variance o2, the MLE of fi, under restriction (4.1) is the isotonic regression estimator

(Barlow et al., 1972; Robertson et al., 1988; Silvapulle and Sen, 2005). The restricted MLE

63
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fi, has been shown to dominate the unrestricted MLE X, in the sense that
P(litg = gl <) 2 P(Xy =gl < )9 =1,.... G, (4.2)

for all ¢ > 0 (Kelly, 1989; Lee, 1981). In this paper, we focus on constructing confidence
intervals for the parameters p, under the linear ordering constraints.

Estimation problems in a restricted parameter space have been studied since the 1950s.
Marchand and Strawderman (2004) and van Eeden (2006) reviewed estimation methods
that have been developed in the past and discussed the “good” properties of restricted es-
timators, such as dominance, minimax and admissibility. Cohen and Sackrowitz (2004)
discussed some inference issues and pointed out that traditional inference methods, such
as likelihood based method, can lead to some undesirable properties in restricted parame-
ter problems. Andrews (2000) also pointed out that the bootstrap method, which has been
very useful for constructing confidence intervals of complicated parameters, will fail when
a parameter is on the boundary or close to the boundary of the parameter space. Thus, it
is of interest to develop an inference procedure without depending on traditional inference
methods.

Specialized methods for constructing confidence intervals under order restrictions have
been suggested. Schoenfeld (1986) proposed a method for one-sided intervals based on
inverting the likelihood ratio test for the ordered means from a normal distribution. Hwang
and Peddada (1994) proposed constant length confidence intervals, in which the confidence
interval, derived without the order restriction assumption, is shifted and centered at an im-
proved estimator, e.g. centered at the restricted MLE in the linear ordering case. From the
dominance properties described in equation (4.2), coverage rates of these restricted meth-
ods exceed the nominal levels obtained from unrestricted intervals. In addition, bootstrap

and other resampling procedures are discussed by Peddada (1997) and Li et al. (2010).
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In this paper, we propose a novel method to construct confidence intervals under a
linear ordering constraint. In section 4.2, we consider a two-sample case of ordered normal
means with known variances and obtain some theoretical results about the coverage rate
and width of the confidence interval. In section 4.3, we propose methods for the case when
the population variances are unknown. We extend the methods to the case with three or
more samples in section 4.4. In section 4.5, we describe some other confidence intervals
that have been proposed in the literature and in section 4.6, we conduct simulation studies
to compare those confidence intervals with our approach. In section 4.7, we illustrate the

method using data on half-lives of an antibiotic in an animal study.

4.2 Confidence Intervals for ;; and y»; with Known Variances

4.2.1 Family of Confidence Intervals

Let X, ~ N(ug,02),9 = 1,2, where o is known. Our goal is to construct 1 — o
confidence intervals for ;1 and po when it is known that p; < ps. Let X () = X7 + (1 —
v) X5, where v € [0, 1]. The mean and variance of X () are u(y) = EX(y) = yu1 + (1 —
Y)p2 and 02(y) = var{ X (7)} = 7?07 + (1 — 7)?03. Let z1_, > be the upper «/2 quantile
of a standard normal distribution and let ¢;_, />, be the upper o /2 quantile of a standard ¢
distribution with degree of freedom v, which we denote for convenience by z and ¢,. The
unrestricted confidence intervals for ji1, po and pu(7y) are p, € [X,—z0,, X,+20,],9 = 1,2
and () € [X(y)—z0(7), X(7)+z0(7)]. Since p11 < p(y) < po, itis sensible to consider
modifying the limits of the confidence intervals for 1 and p9, based on the limits of the

confidence interval (7). We here propose a family of confidence interval [L; (), U;(7)]
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for p11 and [Lo(7y), Ua(7y)] for us as follows:

Lyi(y) = min{ X, — zo1, X(7) — z0(7)},
4.3)
Ur () = min{ X, + zo1, X(7) 4+ z0(7)},

and

Lo(7y) = max{ Xy — zo2, X (7) — 20(7)},
4.4)
Us(v) = max{X + 202, X(7) + z0(7)}.

Henceforth in sections 2 and 3, we only consider upper and lower limits for y;. Those
for o will be of the same form except for changing min to max and changing the subscript
from 1 to 2. In this section, we develop the method and theory for the case of one observa-
tion per group. The results apply to multiple observations per groups by simply replacing
X, by the group mean and replacing o7 by o7 /n,.

The following is preliminary to a discussion of the coverage probability for p; using

Li(vy) and Uy (7).

Definition 4.1. X = (X7, ..., X) has an elliptical unimodal distribution with location g

and positive-definite matrix 3 if its probability density function is

fl@)=Cn{(x—p)' S (= — )},
where h(t) is a nonincreasing function in ¢.

Theorem 4.2. Suppose Y = (Y1,Y>)T has a bivariate elliptical unimodal distribution with

L p
location p = (0,A) and ¥ = ( ) where A > 0. Define c,, so that pr(|Y1] < c,) =
p 1

1 — a. Then

Q= P{min(Y] —c,, Yo — ) <0< min(Y; + ¢, Yo+ o)} > 1—a. 4.5)
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Proof. The joint probability density function of Y is

flyye) =Ch{yf + (2 — A)° = 2py(y2 — A) }.

Then, from (4.5),

Q:P(}/lZ_Caa}/QZ_Ca)_P(}/lZch}/QZCa)

= / J (v, y2)dy 1 dys

D UE UH

= / f(yl,yz)dyldyz+/f(y1,y2)dy1dy2—/f(yl,yz)dyldyz, (4.6)
H F

D UE UF

where D ,[E | [F and H are defined in Figure 4.1. It is clear that

/ Flns p)dyrdys = P{VA| < e} = 1 — o @)
D UE UF
| A |
I Y, I
A | D 6
_________ IR P S
| |
. E ¢a O
| | -
-CL 0 CL Yy
| |
| |
e T
| |
C | G L
| |

Figure 4.1: Sample space of (y1, y2).

Let yy = (y1,y2) be a point in H with yr = (—y2, —y;1) a corresponding point in I .

It can be seen that

(yo — )" S yr — ) — (yr — )" (yr — ) = —2A(1 — p) (1 +12) <0
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for all A > 0 and (y;,y2) € H . Since h(t) is nonincreasing, we have f(y;,y2) >
f(=y2,—y1) if A > 0 and (y1,y2) € H . Thus the density at each point in H is greater
than or equal to the density at the corresponding point in F . Since (—y2, —y;) varies over

allof F as (y1,yo) varies over H ,

[ Fondmd ~ [ fong)dndye > 0. (48)
H F
The result (4.5) follows immediately from (4.6), (4.7) and (4.8). L]

Corollary 4.3. If X; ~ N(u1,03}) and Xo ~ N(ug,032) are independent with 117 < i,

then P{L1(y) < 1 <Ui(7)} =2 1—aforally €0,1].

Proof. This follows by setting Y1 = (X1 — u1) /01, Yo = {X(v) — 1 }/o(y) and h(t) =
exp(—t/2) in Theorem 4.2. The corresponding A = {u(y) — pu1}/o(v) = (1 — ) (p2 —

)/o(y) >0, p= {1+ (1 —7)%0%/(?c?)} /2 and C = (2m)~1(1 — p?)~V/2 n

This corollary shows that the coverage rate of the interval [L;(7), U;(7)] always ex-

ceeds the nominal level when the variances of X; and X, are known.

4.2.2 Selection of v

We would like to choose a value of v to make the width of the confidence intervals for
w1 defined in equation (4.3) as small as possible. One possible choice of v is the value
that minimizes W1 () = E{Ui() — Li(v)}, but Wi(y) depends on the unknown mean
difference y15 — ;. There is a y € (0,1) for which 0?(y) < 02, and it can be seen that
when 0%(vy) < 0%, U () — L1(7) < 220, for any observations X; and X5, thus the width
of the interval can be reduced by suitable choice of . Another intuitive choice of -y is the
value that minimizes o2(). It is easy to see that o(y) is minimized at 4 = 02 /(0% + 03).

In Theorem 4.4, we show that this 4 also minimizes Wy () if uy = po.
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Theorem 4.4. W, (v) is minimized at v = 7 if 11 = pio.

Proof. Consider the case v > 1 — 202 /(02 + 03), for which o%(y) < o2.

Let ¢(y) = z{o1 — o(y)}/(1 — 7). Then we have

(

2201 if Xo — X1 > c(v)

Ur(7) = Li(7) = § (1—)(Xo—X1)+z01 +20(y) if —c(y) < Xo—X; <)

\2z0(7) if Xo — X < —c(7).
So,
oo ()
Wi(y) = / 2201 fx—x, (x)dx + / {(1 =)z + 201 + 20(7) } xp—x, (x)d
c(7) —c(v)
—c(7)
+ / 220(Y) fxy—x, (x)dx = z{o1 + 0(7)},

because X, — X; ~ N(0,0? + 03), ff(ca) Tfx,—x, (x)dz = 0 and [ fx,_x, (z)dz =
S Fxox () da.

Similarly we can show that if v < 1 — 202 /(0% + 032), W1(7y) = 2{o1 + o(7)}.

Thus minimizing W (vy) is the same as minimizing o (vy), which happens at v = o3 /(o3 +

o3). O

Using this 7, the proposed confidence interval for i, is

~

L, = min(X; — zoy, X — 20), U, = min(X; + zoy, X + 20). 4.9)

where X = (X102 + X502)/(02 + 02) and 62 = 0202 /(02 + o32).

An interesting question is how much wider this CI is compared to the narrowest pos-
sible CI when /11 # p,. To investigate this, we compute min., W, () through numerical
minimization over  for a given 5 — 17 and compare it with 13 (). The results are shown

in Figure 4.2. The largest possible average width for the confidence interval using 7, com-
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pared to the optimal, occurs when 03/07 = 0.063 for nominal level of 95% and when
o3 /c? = 0.081 for nominal level of 99%. Compared to the minimum possible T (v),
W1(%) is only at most 0.4% wider at nominal level of 95% and at most 0.8% wider at
nominal level of 99%. This indicates that the CI using 4 is almost as efficient as the most

efficient CI in this family.

N AL ] /o)
© 2
[e'e) —_— 2 o -
—_ 8 --1 = <7 , ~ - =1
= < 05 =z - . N o 05
3 - 0063 = / . - = 0081
= * 0.01 Z 7 ’ N 0.01
Z X < / .
< E < . \
< / .
:"? - ’ '~ "? - g TN
= B ’ ~, = - 1, - - RSN
........ SN S S SUs
= f o e m == 2D X s, 8 M
8 | = - - 8 | 2
— T T T T T T — T T T T T T
0 1 2 3 4 5 0 1 2 3 4 5
(H2~)/0y (H2~w1)/oy
(a) 95% CI (b) 99% CI

Figure 4.2: Comparison of width of confidence interval using 4 and minimum pos-
sible width.

4.2.3 Properties of Proposed Confidence Intervals

4.2.3.1 Maximum Coverage Rate
Let p = 03/\/0? + 05 and let A = (g — 1) (1 — p?)/(po1). Let Yy = (X; — py) /o1
and let Y, = (X — 1;)/6. Then the joint distribution of ¥; and Y is

2 _ 2 _ _
L e {_y1 + (12 — A)° = 2pyi(y2 — A) } ‘
21+/1 — p? 2(1—p?)

fy,p2) =
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Table 4.1: Theoretical maximum coverage rate of CI for x; in the
situations with different ratio of variances.

03 /ot
107 10% 001 0.1 02 05 1 2 10
95 | .969 969 968 965 962 959 .956 .953 .950
90 | 933 932 930 .924 920 913 .909 .905 .901

.80 | .852 850 .846 .835 .829 819 .812 .806 .801
J0 | 761 759 753 740 732 721 713 707 701

11—«

The coverage probability is

P = 1—a+//f(yl,ya)dyzdyl—//f(yl,yz)dyzdyl-

Setting dP/dA = 0, we find that maximum coverage probability of the proposed confi-

dence interval for fixed p occurs at A that solves the equation

o{(p—2-2p)/VT=p} —@{(z = 20— 2p)/ VT = pexp (-2:0) =0,
(4.10)
where @ is the cumulative distribution function of standard normal random variable. It
can be shown that equation (4.10) has one and only one positive solution for A for any
0 < p < 1. As can be seen in Table 4.1 and Figure 4.3a, the theoretical maximum coverage
rate increases as 03 /0? (or equivalently p) decreases and approaches 0.969 for nominal

level of 95% when o2 /07 goes to 0.

4.2.3.2 Confidence Interval Width

The reduction of average width compared to the unrestricted confidence interval de-
pends on 03 /0% and py — p; as can be seen in Figure 4.3b. For the CI of 1, the smaller
the 03 /o, the smaller the average width, and the closer the means, the smaller the average

width. The average width can be half the width of the unrestricted CI when 02 /% — 0 and
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p1 = po. If the variance of X and X, are similar, the average width will be about 85% of

the unrestricted one when p; = pis.

o
~ o ]
o -
o
[To) o
< (=}
O- —_
2 2 $ 3-
E o | o~
[T ~
g o = 0~
o 2 o
n
Tel
o ©
o S
o
o 0 |
[=) T T T T T e T T T T T
0 1 2 3 4 0 1 2 3 4
A (2-m1) /o,
(a) Coverage Probability (b) proportion of average width

Figure 4.3: Coverage probability and ratio of average width of restricted confidence
interval for ;4; compared to unrestricted confidence interval for ;.

4.3 Confidence Intervals for ;1 and 15 with Unknown Variances

Suppose we observed X ~ N(ug,072), g = 1,2,i = 1,2,--- ,n,. Let Xy =

Sorey Xgi/ng, g = 1,2. We consider two cases.

4.3.1 Restricted Confidence Interval when o7 and o5 are Unknown but o3/0? is

Known

Let §2 = {Z?zll(Xli — X124+ Y (X — )_(Q)Z/p}/u and let X = (Xymp +
Xyny)/(ng + nyp), where p = 03 /0% and v = ny +ny — 2. Then i = EX = (uynip +

tanz)/(ny + nyp) and 6% = var(X) = o2p/(ny + nip). Let §2 = ps?/(ny + nip), then

(X — j1)/5 and \/n1 (X, — p11)/5, follow standard T distributions with degree of freedom
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v. The unrestricted CIs for y; and /i are:

[25% € [Xl - tu §1/\/ n17X1 +tl/ é1/\/ nl]’

pelX—t, 5X+t, 3.
We propose a restricted CI for p; as follows:

le = min()_(l — t,/ §1/\/TL1,X — tV 5),
4.11)
U, = min(X; +t, §1/\/n1,)~( + 1, 3).
When 03 /02 is known, the pivotal random variables (X; — 1) /4, and (X — 1) /5 follow

a bivariate 7’ distribution. Since the multivariate 7" both belongs to the elliptical distribution

family, the result in Theorem 4.2 concerning coverage rates of Cls is applicable.
Corollary 4.5. The confidence interval defined in (4.11) satisfies P(py € [Ly,Uy]) > 1—a.

Proof. This follows by setting Y7 = (X; — j11)/51, Yo = {X — p1}/5 and h(t) =
{1 + t/v}~*2/2 in Theorem 4.2. The corresponding A = (fi — p1)E(1/3) = (o —

p1)neE(1/5)/(ny +nip) >0, p = \/pn1/(pn1 + ny) and C = 1/(21+/1 — p?). O

4.3.2 Restricted Confidence Intervals when both 7 and 03 are Unknown

Let 82 = 317 (Xy — Xy)?/(ng — 1), g = 1, 2. Unrestricted Cls for i, and 15 are:

pi1 € [X1 — tn,—151/y/n1, X1+t 181/,

po € [Xo — tn, 182//Na, Xo + tny—182/+/N2).

Similar to the approaches in earlier sections, we consider an intermediate random vari-
ables X, with mean /i, obtain a confidence interval [Z~L, U | for i and then define the restricted

CI for p; as follows:

le = min()_(l - tn1_1.§1/wn1, I/), Ul = min()_(l + tn1_1§1/\/’fb17 U) (412)
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In this case, it is not possible to find an intermediate random variable X = 7)_( 1+ (1—
v) X, with exactly appropriate properties. Even for a fixed v, the distribution of X does
not have a simple form, and obtaining the distribution of X for a constant v is in fact a
variant of the Behrens-Fisher problem. Instead, we propose three methods of defining X
and approximating its distribution.

Method 1: For X = X+ (1—7)Xs, var(X) = 7202 /n1+ (1—7)202 /n, is minimized
at v = n103/(n10% + ny0?), giving X = (n103X, + n902X,)/(n10? + nyo?) and the
minimum variance o303 /(ny0? + n,03). However, we do not know o7 and 03, so we use

unbiased estimator $7 and $3 to approximate X, giving

X = (nlég)?l + nﬁf)@)/(nﬁg + Tlgg’%)

The coverage rate for fi (= yp; + (1 — 7y)u2) using variance estimate 5232 /(ny8% + n,532)
will be too low , because it does not incorporate the uncertainty in the estimation of 0% and
o3. One approach to allow for this is to modify the estimated variance based on thresholds
of t, distributions. Since P(Xy — j1y > 1,5,/\/Ty) = P[Xy — g > {54t/ (2/Mg)}2] =
/2, we propose to approximate the distribution of X, — p, with a N(0, 522 /(2%n,))
distribution. This gives exactly the same 1 — o confidence interval for iy, g = 1,2 as using
a t distribution. Thus, we use 32152 2 /2? as the estimate of a to adjust for the uncertainty of
33 and propose the following variance estimate of 52

2 42 22
[ 1t 13132

1
52 = 1= X —. (4.13)

2 a2 a2
thnl_lsl +n1tn2_132 Z2

The approximate confidence interval for /i is then X + z5.
Method 2: Since (X — p14),/fg/34 ~ Ty, conditional on X, and 32, 1y ~5 X, +
(84/+/Tg)Ty, g = 1,2, where T} is a standard T random variable with degree of freedom

ng — 1 and ~ represents the fiducial distribution, which is equivalent to a Bayesian poste-
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rior distribution under the usual noninformative priors. The variance of [ is minimized at
¥ = n}53/(n38 +njs3), where n} = ng(ng—3)/(ng—1),g = 1,2. This suggests defining

X = (n152X, +n3s2X5)/(nt52 + n3éd). (4.14)

We still suggest using the variance estimate in (4.13), giving the CI

L=X—-25, U=X+25. (4.15)

The use of 62 is desirable because the CI for y; derived from (X — 26, X + 20) using
o2 from (4.13) always gives smaller or at least equal length interval compared to the unre-
stricted interval ()_( 1 — tny—151, X, + tn,—151), whereas this does not hold if we replace n,
by ny in (4.13).

Another way to calculate L and U is to use the exact fiducial distribution of i, which is

defined as

i~ X+ 3050/ v+ (1= ) (32/ V2 T, (4.16)

and then numerically calculate the percentiles of this distribution.

Simulations show that the restricted CI using the exact fiducial distribution of /& in
(4.16) gives similar results to the CI defined by (4.15) using 6> when comparing average
width and coverage rate.

Method 3: Define X as the maximum likelihood estimator subject to the constraint
1 = pe. The log likelihood is

n1+n2

Do (X — p)? 30 (KXo — p)?

2 2
207 205

log L = —

log(27m) — % log o} — % log 05 —

The log profile likelihood is given by

_’I”Ll + Nno
2

no ~
"2 log 63 (1),

N R n N
log pl{p, 53(11), 63 (1)} = {log(2m) + 1} — 51 log 63 (k) —
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g

where 62(11) = 31, (X i — p1)?/ng, g = 1,2. Then X will be the solution of the following

equation

”i()_{l — ) _ i ”%(Xz — 1) _
DX = X0+ (Xy —p)? 0 Do (Xai — Xo)? + na(Xy — p)?

=0,

and the CI for /i that we propose is (X — 25, X + 25), where 62 is given by (4.13).

4.4 Confidence Intervals with Three or more Groups

Suppose Xy ~ N(pg,07),i=1,...,ng, g = 1,...,G and assume that 1y < pp <

o< pgeLet X, =30 Xgi/ng,g=1,...,G.

4.4.1 Three-sample Case with Known Variances

We first consider joining neighboring groups or sets of neighboring groups. Let X, =
(X1n107% + Xongo5 2) /(noy 241005 2), Xog = (Xongoy 2 + Xansos )/ (neoy 2 4nsos ?)
and X o3 = ZEZI(Xgngag_z)/ Zzzl(ngag_z) with fiy9, jis and Ji;23 denoting their means.
Let 07, = 1/(n107? +1203%), 635 = 1/ (1205 + nzo3?) and 57p5 = 1/ 23:1(”9052)-

The unrestricted Cls for p,, are )_(g =+ 20, / Vg § = 1,2, 3, where L, and U, denote
the lower and upper limits of these CIs. The unrestricted Cls for ji;9, fio3 and ji103 are
Xio & 2019, Xog & 2093, X193 & 25103 and let Lio, Ura, Los, Uss, Lias, and Ujoz denote
these lower and upper limits.

We reduce the problem to one of comparing two groups. For group 1, we can construct
the confidence interval for iy based on the comparison of group 1 and group 2. Thus the

confidence interval for p; would be

[:1 = min(Ll, ng), Ul == min(Ul, 012). (417)

An alternative that may be worth considering in some circumstances would be to base the
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confidence interval of the comparison of group 1 and the combined group 2 and group 3. If
it is believed that 5 and p3 are close to each other, then this may be a good choice. Then

the restricted confidence interval for 111 would be

Ly = min(Ly, L1a3), U, = min(Uy, Uag), (4.18)

The confidence interval for 3 is based on the comparison of groups 2 and 3, and is given

by

fzg = Hlil’l(Lg, Egg), Ug = HliIl(U3, UQg), (419)

Again an alternative that might be worth considering in some circumatances, if it is believed
that 11 and p4 are close to each other, is to combine groups 1 and 2 to give the restricted

confidence interval for 3 as

f/3 = miﬂ(La, E123)> Us = min(U3, 0123)7 (4.20)

In practice, we recommend the default of not combining other groups and using equa-
tions (4.17) and (4.19), while recognizing that there may be advantages for using equations
(4.18) and (4.20) instead. The decision of whether to combine groups could be based on
either prior knowledge, or potentially a pre-test could be performed from the available data.
We will briefly discuss a possible form for such a pre-test in the discussion.

Now we consider the confidence interval for 5. This includes two two-sample prob-
lems. For the upper bound of the confidence interval, if Uss > Uy then
Uy = min{Us3, max(Uy, Up2)} and Uy = max{ U2, min(Uy, Usz)} are both possible upper
bounds, however, both are equal and equal to median{ U5, Uy, Uzg} (see Figure 4.4a). If
Uss < Uy, it is not straightforward how to pick a value for UQ. In the two-sample case for

group 1 and 2, Ug = max(Us, Ulg) implies that Ug > U4, while in the two-sample case for
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group 2 and 3, Uy = min(Us, Up3) implies that Us < Uss. Since Uqyz < Uy, a good value
for Ug should be between Us; and Uy». The true means are ordered as fi12 < fiyog < [hog.
This suggests one possible choice for Ug will be Uj23. However, U3 may not be between
Us3 and Uy, therefore we propose UQ = median(Ulg, Usas, (_]23) (see Figure 4.4b), and note

that UQ = U3 in most, but not all cases. Thus the proposed restricted confidence interval

for p 1s

. median(UQ, [712, U23> if [723 Z [712
Uy =

median(Uo, Ujoz, Uss)  otherwise.

) 4.21)

R median(Lg, Zlg, [_423) if [_423 Z [_412
L2 -

median(Lio, L123, Loz)  otherwise.

\
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U, U,. . U, U,.
ﬁl,g ﬁg,u Ug ﬁ Lg ﬁg,u ﬁl,u
(a) Uiz < Uss (b) Uiz > Uss

Figure 4.4: Upper limits of the confidence interval in three or more sample case.

4.4.2 Three-sample Case with Unknown Variances

In this case, the restricted confidence intervals can also be defined using (4.17)-(4.21).

Here, we discuss how to define the limits of unrestricted confidence intervals L4, U, g=1,2,



79

Lio, U, Lyas, Urgs, Lag and Us.

Ifw, = 0*/02, g = 1,2, 3is known, for some unknown o2, let §* = 22:1 S we (X gi—
X,)?/ (22:1 ng, — 3), then the unrestricted confidence interval for p, is L,, U, = X, &
t,8(nyw,) "%, where v = ny+ny+nz—3. Let X1 = (Xin1w; +Xonows) / (nyw; +ngws),
X1 = (Xanows + Xznzws)/(nows + nzws) and X3 = 22:1(Xgngwg)/ 22:1(%“’51)’
then the unrestricted confidence intervals for fi1o, ji123 and jio3 will be (Elg, Ulg> =X+
t,8(njw+nowa) T2, (Ligz, Uigs) = Xiaztt,8(nyw; +ngwy+nzws) /2 and (Las, Ups) =
Xoz £ t,5(nowy + naws) V2,

If 2, g = 1,2, 3 needs to be estimated separately, let 8, = >, (Xy; — X,)?/(ng — 1),
then the unrestricted confidence interval for 1y is (Lg, Uy) = X & t,,-15,//Tg. In this
situation, we use method 2 in section 4.3.2 to obtain the means and confidence intervals for
the combined groups. Let ) = ny(ny—3)/(ny—1),g = 1,2, 3, then the mean estimates are
Ko = (T0m2X, ) / (2 ms?) K = (S0 mi5,2%, ) / (S mps,?)

_ _ -1
and Xo3 = <23 n*§*2Xg> / (ZS n*§*2> . The variance estimates for these means

g=2""9"¢g g=2""9%g
2 22 2\ 3 22 2\
are gip = <Zg:1 g8yt 1% ) , Oo3 = (Zgz2 2ng8,°t, 1% ) and
~ 3 =242 .2\ . .
0123 = (Z 9=1MgSg Tty 12 ) . The unrestricted confidence intervals for these means

are defined as (E12, (712) = Xlg + 25'12, (Elzg, (7123) = Xlgg + 25'123 and (Egg, (723) =

X23 + 2093.

4.4.3 Confidence Intervals for more than Three Groups

The CI for 1; can be constructed just by considering this as a 2 sample problem with
groups 1 and 2. An alternative, that may lead to a gain in efficiency, is to consider com-
bining other groups. However, there are many possible two-sample problems that could to

be used to construct the restricted CI. The key here would be to decide which set of X,’s
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is used to form a two-sample problem with X. If it is believed that uo, ..., u, are close
to each other, the restricted CI for 1, will depend on the limits of the CI for fi; ,,, which is
the mean of group 1 to u, specifically a convex combination of p; to u, with the weight
proportional to the inverse of the variance. Similarly, if it is believed that s, . . ., ug—1 are
close to each other, the restricted CI for p. will depend on the limits of the CI for ji; 1.
The problem of constructing the CI for 14, 1 < g < G can be treated as a three-sample
problem with groups g — 1, g and g + 1. Again, it may be possible to gain some efficiency
by combining other groups. If it is believed that i, ..., 41 are close to each other and
fg+1, - - -, [y are close to each other, groups ¢ to g — 1 can be considered as one group with
a smaller mean and groups g + 1 to u as the other group with a larger mean. Then the
method for the middle group of the three-sample case can be used to construct a restricted

CI for pi.

4.5 Other Restricted Confidence Intervals

There are a number of other possible approaches for constructing restricted confidence
intervals, including bootstrap based confidence intervals and constant length confidence
intervals (Hwang and Peddada, 1994).

Two sampling schemes for the bootstrap based on pivotal distributions are consid-

ered. The first scheme is based on the unrestricted MLE, in which X ;’i,

b=1,...,B,i =
1,....ng,g = 1,...,G is sampled from N(X,0?) if o2 is known, X} is sampled from
Xy +5T,/ /wy, where T, is standard T random variable with degree of freedom Zle (ng—
1)if wy 18 known, or X ;’i is sampled from X ¢+ 841, where T} is standard 7" random vari-

able with degree of freedom n, — 1 if o is estimated. The second scheme is based on

the restricted MLE [i,, in which X gl- is sampled in the three different ways as described
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above except that the mean is /i, instead of X,, where /i, is the restricted MLE of 1. For
each bootstrap sample, a bootstrap estimate ﬂg, b =1,..., B is obtained by applying the
restricted maximum likelihood method. CIs are based on the percentiles of the bootstrap
distribution of ,&2.

Hwang and Peddada (1994) proposed a constant length confidence interval in which
the center of the CI is shifted from the unrestricted MLE to the restricted MLE. They
showed that, under fairly general conditions, the coverage probability of the CI centered
on the restricted MLE will exceed the nominal level. In our setting, the constant length

confidence interval is defined as fi, + zo,/,/n, if 03 is known or as fi, £ t,5,/,/n, if 02

G

) B o 2
is unknown, where v = 3 (ny — 1) for known w, or v = n, — 1 for the case when o;’s

are estimated separately.

4.6 Simulation Study

We have undertaken numerous simulation studies for the two-sample case. We con-
sidered many different scenarios by varying ji, pi2, 0%, 05, n; and no. We found that the
proposed method gives excellent coverage rates close to the nominal level even in small
sample sizes and that the widths are narrower than those of unrestricted intervals and can
be substantially narrower. The three methods in section 4.3.2 give similar results with very
slightly better properties for methods 2. In this paper, we present results only for the more
interesting and challenging three-sample case.

Let the population means of the three groups be ordered as p; < py < pus. Cover-
age probabilities and the average width of Cls are calculated based on 5,000 simulated
datasets and each bootstrap confidence interval is based on 999 bootstrap estimates. The

distributions and sample sizes for the simulations are listed in Table 4.2. We included
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in the comparison the CI based on the unrestricted estimates (Unres), the shifted con-
stant length CI (Shifted(Const)), the bootstrap methods and the new method of section
4.4. The results using equations (4.18) and (4.20) in which we assume all groups are close
(New(combined)) and using equations (4.17) and (4.19) in which we assume all groups
are separated (New(separate)) are shown. The three parametric bootstrap methods are,
completely unrestricted (Bootstrap(Unres)), the method where the bootstrap samples are
simulated from a distribution centered at X, and the restricted MLE is estimated (Boot-
strap(RMLE), and the method where the bootstrap samples are simulated from a distribu-
tion centered at /i, and the restricted MLE is estimated (Bootstrap-R(RMLE)).

Table 4.2: Different combinations of population means, vari-
ances and sample sizes used in simulation studies.

n o n

(a -0.1, 0, 0.1 5, 5,10 5, 5,10
(b) -1.0, 0, 1.0 5, 5,10 5, 5,10
(¢) -0.1, 0, 0.1 5,5, 5 5, 5,50
(d -0.1, 0, 0.1 10, 10, 10 5,50, 10
(e) -0.1, 0, 0.1 5,50, 10 10, 10, 10
(H -0.1, 0, 2.0 10, 10, 10 5,50, 10
(g -0.1, 0, 2.0 10, 10, 10 5, 10, 50

We present the results for coverage rates and average confidence interval widths in
Table 4.3 for 03 known, in Table 4.4 for known ratios of variances and in Table 4.5 for the
case where all variances are estimated.

As expected, the shifted constant length confidence interval centered on the restricted
MLE has higher coverage probability than the nominal level. However, the coverage rate
tends to be extremely high for ;5 when all three population means are close to one another
(cases (a), (c), (e) in Table 3, 4 and 5). Even though the bootstrap method works well when

all the population means are well separated(case (b)), the coverage rates for some popula-
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Table 4.3: Empirical coverage rates and average widths of 95% confidence intervals for 11,
12 and p3 when the variances are known.

Unres Shifted  Bootstrap Bootstrap Bootstrap-R New New
Const Unres RMLE RMLE separate  combined

p1 94.9(3.92) 97.3(3.92) 94.8(3.90) 92.0(2.99) 91.3(3.16) 95.3(3.37) 95.7(3.16)
(@) p2 95.2(3.92) 99.7(3.92) 95.1(3.90) 96.7(2.68) 98.3(2.81) 97.2(2.84) 97.2(2.84)
pn3 94.9(3.92) 97.2(3.92) 94.7(3.90) 91.9(3.00) 91.4(3.16) 95.1(3.38) 95.5(3.16)

p1 95.3(3.92) 97.2(3.92) 95.2(3.90) 95.1(3.37) 95.9(3.42) 95.9(3.61) 95.6(3.67)
(b) p2 94.9(3.92) 98.4(3.92) 94.5(3.90) 95.7(3.03) 97.4(3.10) 96.4(3.30) 96.4(3.30)
n3 94.8(3.92) 97.1(3.92) 94.8(3.91) 95.2(3.38) 96.2(3.43) 95.6(3.61) 95.0(3.67)

p1 95.2(3.92) 97.5(3.92) 95.0(3.90) 91.4(2.57) 90.3(2.82) 95.3(3.38) 96.7(2.67)
(c) p2 94.7(3.92) 99.7(3.92) 94.7(3.90) 96.2(1.87) 98.0(2.10) 97.5(2.06) 97.5(2.06)
pa 95.2(1.24) 95.8(1.24) 95.0(1.23) 94.0(1.17) 94.2(1.18) 95.2(1.21) 95.0(1.19)

1 95.0(5.54) 97.5(5.54) 94.8(5.52) 90.3(3.43) 89.5(3.85) 95.9(3.69) 95.8(3.63)
(d) p2 94.5(1.75) 96.8(1.75) 94.4(1.74) 94.5(1.61) 95.2(1.63) 95.2(1.64) 95.2(1.64)
pn3 95.3(3.92) 97.8(3.92) 94.9(3.90) 91.5(2.62) 91.4(2.88) 96.0(2.81) 96.2(2.79)

p1 95.5Q.77) 96.7(2.77) 95.3(2.76) 93.8(2.46) 93.6(2.51) 95.4(2.71) 95.4(2.52)
(e) p2 95.9(8.77) 100 (8.77) 95.7(8.73) 97.2(2.96) 98.8(3.25) 97.9(3.30) 97.9(3.30)
pn3 94.8(3.92) 97.0(3.92) 94.9(3.90) 91.8(3.05) 91.6(3.22) 94.8(3.75) 95.2(3.15)

g1 95.0(5.54) 97.3(5.54) 94.9(5.52) 91.6(3.54) 91.5(3.94) 95.3(3.72) 96.2(3.91)
() pe 94.5(1.75) 95.1(1.75) 94.3(1.75) 94.1(1.68) 94.3(1.68) 94.6(1.71) 94.6(1.71)
s 94.9(3.92) 95.9(3.92) 94.9(3.90) 94.8(3.57) 95.8(3.58) 94.9(3.75) 94.9(3.75)

p1 94.8(5.54) 97.3(5.54) 94.6(5.52) 93.3(4.13) 93.2(4.40) 95.4(4.41) 94.8(4.79)
(g) pe 94.7(3.92) 98.0(3.92) 94.7(3.90) 94.03.17) 95.0(3.22) 95.1(3.40) 95.1(3.40)
pa 95.2(1.75) 95.3(1.75) 95.1(1.74) 95.1(1.72) 95.2(1.72) 95.2(1.75) 95.2(1.75)

Method

tion means can be well below the nominal level in some situations (x4 for cases (a), (c),
(d) and (f)). There are no noticeable improvements from using the bootstrap method with
sampling centered on the restricted MLE compared to the bootstrap method with sampling
centered on the unrestricted MLE. The method proposed in this paper gives fairly accurate
coverage rate with reduced width of the intervals in all the situations considered in this
simulation study and is the recommended method. Although the properties of confidence
intervals are improved by using only adjacent group’s information (NEW separate), the
efficiency can be improved by combining the groups with similar means as seen in scenar-

ios (a), (c) and (e) (NEW(combined) vs NEW(separate), comparing width of confidence
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Table 4.4: Empirical coverage rates and average widths of 95% confidence intervals for 11,
12 and p3 when the ratios of variances are known.

Unres Shifted  Bootstrap Bootstrap Bootstrap-R New New
Const Unres RMLE RMLE separate  combined

H1 95.0(4.16) 97.2(4.16) 94.8(4.14) 91.8(3.16) 91.2(3.33) 95.4(3.58) 95.7(3.36)
(a) p2 95.3(4.16) 99.3(4.16) 95.0(4.14) 96.1(2.81) 97.7(2.94) 97.0(3.02) 97.0(3.02)
pn3 94.7(4.16) 97.0(4.16) 94.4(4.14) 91.8(3.16) 91.5(3.33) 95.1(3.58) 95.3(3.35)

H1 95.1(4.16) 96.6(4.16) 94.9(4.14) 94.9(3.55) 95.3(3.61) 95.6(3.83) 95.3(3.88)
(b) p2 94.7(4.16) 98.2(4.16) 94.9(4.14) 95.9(3.18) 97.3(3.25) 95.9(3.50) 95.9(3.50)
13 94.9(4.16) 96.8(4.16) 94.6(4.14) 95.0(3.56) 96.0(3.61) 95.5(3.83) 95.1(3.88)

p1 95.3(3.99) 97.4(3.99) 95.1(3.97) 91.2(2.61) 90.2(2.86) 95.2(3.43) 96.6(2.72)
(c) p2 95.0(3.99) 99.7(3.99) 94.9(3.97) 96.3(1.90) 98.0(2.12) 97.5(2.09) 97.5(2.09)
pa 95.2(1.26) 95.9(1.26) 94.9(1.25) 94.2(1.19) 94.1(1.20) 95.2(1.23) 95.2(1.21)

1 95.0(5.64) 97.6(5.64) 94.8(5.62) 90.8(3.48) 89.9(3.91) 96.0(3.76) 95.9(3.70)
(d) p2 95.0(1.78) 96.5(1.78) 94.7(1.78) 94.9(1.64) 95.4(1.66) 95.4(1.67) 95.4(1.67)
pn3 95.1(3.99) 97.6(3.99) 94.8(3.97) 91.7(2.66) 91.6(2.92) 95.7(2.86) 95.7(2.84)

p1 95.3(2.87) 96.5(2.87) 95.2(2.86) 93.6(2.54) 93.5(2.60) 95.5(2.81) 95.2(2.61)
(e) p2 95.6(9.08) 100 (9.08) 95.5(9.04) 96.9(3.03) 98.8(3.31) 97.6(3.41) 97.6(3.41)
13 95.1(4.06) 96.9(4.06) 95.1(4.04) 92.2(3.15) 92.1(3.31) 95.2(3.89) 95.5(3.26)

p1 94.7(5.63) 97.0(5.63) 94.7(5.60) 91.5(3.58) 91.6(3.98) 95.1(3.77) 96.0(3.97)
() p2 94.6(1.78) 95.3(1.78) 94.3(1.77) 94.1(1.70) 94.3(1.71) 94.7(1.74) 94.7(1.74)
13 94.9(3.98) 95.7(3.98) 94.7(3.96) 94.7(3.62) 95.5(3.62) 94.9(3.81) 94.9(3.80)

p1 94.9(5.64) 97.4(5.64) 94.7(5.61) 93.4(4.19) 93.1(4.46) 95.5(4.49) 95.0(4.86)
(g) p2 94.6(3.98) 97.6(3.98) 94.6(3.97) 94.1(3.21) 95.2(3.25) 94.8(3.45) 94.8(3.45)
s 95.3(1.78) 95.4(1.78) 95.4(1.77) 95.4(1.74) 95.0(1.74) 95.3(1.78) 95.3(1.78)

Method

interval for yi; or p3). However, the effect of combining groups that are well separated can
lead to wider intervals, as seen for p; in cases (f) and (g). In practice, if we believe that
all the population means are well separated as in case (b), the bootstrap method is a good

alternative, and sometimes yield confidence intervals of smaller average width.

4.7 Example

The half-life of a drug is the time needed to halve the concentration of the drug in the

body of a human or an animal. The half-life may vary with the concentration of the drug,
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Table 4.5: Empirical coverage rates and average widths of 95% confidence intervals for 11,
12 and p3 when the variances are estimated separately.

Unres Shifted  Bootstrap Bootstrap Bootstrap-R New New
Const Unres RMLE RMLE separate  combined

n1 95.3(5.28) 96.6(5.28) 95.3(5.25) 91.3(3.89) 89.6(4.00) 95.0(4.65) 94.8(4.32)
(@ po 95.5(5.17) 97.1(5.17) 95.5(5.15) 94.4(3.16) 93.8(3.19) 94.7(3.35) 94.7(3.35)
13 94.9(4.40) 96.6(4.40) 94.7(4.37) 90.3(3.38) 87.6(3.46) 95.4(4.07) 94.8(3.85)

g1 94.5(5.21) 95.4(5.21) 94.6(5.19) 94.5(4.27) 94.4(4.30) 95.1(4.75) 95.3(4.76)
(b) po 94.6(5.22) 96.0(5.22) 94.5(5.18) 94.7(3.55) 95.1(3.58) 94.8(4.01) 94.8(4.01)
s 94.7(4.41) 96.3(4.41) 94.54.39) 94.0(3.73) 94.9(3.76) 96.1(4.16) 96.3(4.17)

g1 95.3(5.24) 97.4(5.24) 95.1(5.21) 90.0(3.31) 88.9(3.57) 95.8(4.66) 96.9(3.74)
©) uo 94.8(5.21) 98.3(5.21) 94.5(5.18) 95.0(2.14) 96.0(2.30) 95.8(2.40) 95.8(2.4.0)
1z 95.1(1.26) 95.3(1.26) 94.9(1.26) 93.6(1.21) 92.5(1.20) 94.9(1.26) 94.6(1.25)

p1 95.2(7.43) 97.4(7.43) 95.2(7.40) 91.1(4.39) 90.2(4.80) 96.2(5.15) 96.0(5.09)
(d) p2 94.91.79) 96.5(1.79) 94.6(1.78) 94.5(1.65) 95.0(1.65) 95.3(1.68) 95.3(1.68)
13 95.2(4.41) 97.8(4.41) 95.2(4.39) 92.4(2.89) 91.4(3.14) 96.5(3.40) 96.4(3.38)

p1 95.2(3.11) 96.0(3.11) 95.1(3.09) 93.8(2.72) 93.3(2.76) 95.7(3.07) 95.2(2.90)
(e) p2 95.1(9.82) 99.9(9.82) 94.9(9.77) 96.3(3.12) 97.6(3.33) 96.8(3.60) 96.8(3.60)
13 95.1(4.40) 96.7(4.40) 95.1(4.38) 91.7(3.33) 91.1(3.49) 96.0(4.29) 95.6(3.76)

g1 94.7(7.34) 97.3(7.34) 94.3(7.29) 92.3(4.44) 92.0(4.84) 95.7(5.08) 97.0(5.30)
) po 94.6(1.79) 94.8(1.79) 94.5(1.78) 94.3(1.72) 93.7(1.71) 94.2(1.75) 94.2(1.75)
s 94.6(4.38) 95.2(4.38) 94.4(4.35) 94.4(3.88) 95.1(3.87) 95.2(4.12) 95.2(4.11)

w1 94.7(7.41) 96.1(7.41) 94.2(7.37) 92.2(5.18) 91.9(5.41) 94.6(5.89) 96.1(6.28)
(8 p2 94.4(4.39) 96.1(4.39) 94.2(4.37) 93.1(3.46) 92.5(3.40) 94.0(3.72) 94.0(3.72)
pa 95.2(1.79) 95.4(1.79) 95.0(1.78) 95.1(1.75) 95.0(1.75) 95.4(1.79) 95.4(1.79)

Method

and usually is longer for higher concentration levels. Table 4.6 shows data from Hirotsu
(2005). It contains the half-lives in hours of an antibiotic at four different doses that is
injected into rats. The higher dose level should result in a higher concentration and hence
it is reasonable to assume the half life is shorter for the lower dose level.

The analysis is based on two scenarios. First, we assume all the observation are from
normal distributions with means that depend on the doses but with the same variance. Sec-
ond, we assume that the variances of different dose levels may not be equal. The results are
shown in Table 4.7. It can be seen that widths of restricted Cls are narrower compared to

their unrestricted counterparts. Both limits of the confidence interval for doses of 10 mg/kg
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and 50 mg/kg are modified. The most noticeable reduction in the width of the restricted
confidence interval is for the dose of 50 mg/kg when we estimate the variances separately,
where the width of the restricted confidence interval is about 35% of the unrestricted one.
We also considered the impact of combining some neighboring groups as a way to obtain
shorter intervals. Specifically we combined the 5 mg/kg and 10 mg/kg groups and the 25
mg/kg and 50 mg/kg groups. The results were quite similar to those in Table 4.7 and are

not shown.

Table 4.6: Half-life of an antibiotic in rats.

Dose (mg/kg) Data (h) Average
5 1.17 1.12 1.07 098 1.04 1.08
10 1.00 121 124 1.14 1.34 1.19
25 1.55 163 149 1.53 1.55
50 1.21 1.63 1.37 1.50 1.81 1.50
200 1.78 193 1.80 2.07 1.70 1.86

Table 4.7: Estimates and confidence intervals of half-lives in the example in section 4.7.

Dose Equal variances Different variances
(mg/kg) MLE(CI) RMLE (CI) MLE (CI) RMLE (CI)

5 1.08 (0.78,1.38) 1.08 (0.78,1.34) 1.08 (0.87,1.28) 1.08 (0.87, 1.18)
10 1.19(0.89,1.49) 1.19(1.04,1.45) 1.19(0.84,1.54) 1.19(1.03,1.53)
25 1.55(1.25,1.85) 1.52(1.25,1.62) 1.55(1.36,1.74) 1.55(1.36, 1.63)
50 1.50 (1.20, 1.81) 1.52(1.42,1.78) 1.50(0.86,2.15) 1.55(1.46,1.91)
200 1.86 (1.56,2.16) 1.86(1.58,2.16) 1.86(1.45,2.26) 1.86(1.60,2.26)

4.8 Discussion

In this paper, we developed a novel method for constructing confidence intervals un-
der linear ordering constraints for normal population means. In the two sample case, we

showed that the coverage rate is at least the nominal level when the variances or the ratio
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of the variances is known. Simulation studies show that the coverage rates are also close to
the nominal level even when the variances of populations are estimated separately.

The methods developed in section 4.2, 4.3 and 4.4 are applicable to normal observa-
tions. On account of the central limit theorem, we expect the coverage rates of the restricted
CIs for the means to be close to the nominal level in nonnormal populations if the sample
size is fairly large. We found this to be empirically true in simulations (not shown), except
when the distribution is very skewed and the sample size is relatively small. Even in this
case, the coverage rates were not substantially below the nominal level, and showed much
better coverage rates than the alternative bootstrap CI’s.

The method proposed in this paper can be generalized to other distributions by using
transformations. For example, if 7" is a monotone transformation and 7'(j,) is approxi-
mately normally distributed, then it is possible to apply our method to estimate the CI of
T'(u,) and then apply 7" to obtain the CI of . For example, for the binomial case with
success probability 4, the variance stabilizing transformation sin™* (\/ftg) could be used.

The strategy that we developed in this paper can be broadly described using two stages:
in the first stage, obtain an unrestricted CI, (Lg, Ug) for j1, using a normal or ¢ distribution;
in the second stage, modify these bounds based on the order restrictions, using for example,
equations (4.17), (4.19) and (4.21). A modification of this method is to use the bootstrap in
the first stages to obtain (L, U,).

The methodology described in this paper is applicable in the linear ordering case.
Hwang and Peddada (1994) discussed a constant length confidence intervals centered on
the restricted estimator under more general ordering constraints. It will be interesting to de-
velop a method using strategies similar to those in this paper for the more general ordering
situation.

As discussed in Section 4.4 the method for three or more samples could potentially be
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made more efficient by combining groups rather than just considering the closest group.
Whether it is beneficial to combine groups depends on the closeness of the means of neigh-
boring groups. It could be useful to develop a method that can automatically decide which
sets of means are close to each other and so are better to be combined when constructing
the restricted confidence intervals. For example, one possible approach for the three-group
situation would be to test: Hy : py < g = pg vs H, + i < pg < pg at a certain signifi-
cance level to decide whether p5 and p3 are close to each other, and so to decide whether

or not to combine group 2 and group 3 to construct the restricted confidence intervals for

Hi-



CHAPTER V

Future Research

The method discussed in Chapter II and the concept of the MC-NPMLE can be ex-
tended to settings with more than two samples with linear ordering or partial ordering
constraints. Hoff (2000, 2003b) proposed an estimation method via mixtures, in which the
constrained measures are represented with unconstrained mixtures of simple and known
extreme measures, probability measures over the points of the extreme set. The extreme
set is the set of all extreme points, where an extreme point of a convex set is a point in
the set that can not be written as a convex combinations of other points in the set. His
method is appealing because it can be used in Bayesian analysis to achieve uncertainty
estimation (Hoff, 2003a). However, his method focused on the case where the measures
are distribution functions, and did not consider censored data. It would be interesting to
develop a method using mixtures to obtain the C-NPMLE and the MC-NPMLE of survivor
functions with right censored or interval censored data. Lim et al. (2009) also proposed a
different method to obtain the C-NPMLE under partial ordering constraints using geomet-
ric programming. However, we believe that the extension of the methods in Chapter IT will
provide additional insights and have the potential to improve the computational efficiency

through reducing the number of parameters to compute and the number of constraints to

89
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apply.

While the nature of my dissertation research has been quite mathematical, the area of
order restricted estimation is broadly applicable. There are many situations where there is
a strong rationale for monotonicity or order restrictions, and incorporating this information
via a pointwise C-NPMLE is an appealing approach that does not require the use of strong
parametric assumptions. It will also be interesting to find more cases and areas to apply our
methods. For example, one possible application is estimating the probability of toxicity of
each dose in a Phase I clinical trial. The toxicity at a fixed time is of interest, yet there
may exist noninformative censoring such as early drop-out. In this situation, the traditional
nonparametric method based on the binomial distribution does not apply and the pointwise
C-NPMLE is a natural solution. Another possible area is a stratified Cox model when the
stochastic ordering constraint to the baseline distribution function across different strata.
The efficiency of the relative risk estimation might be improved by appropriately applying
a pointwise C-NPMLE to obtain the baseline survivor functions for different strata.

Another possible future research area is the general area of Bayesian methodology
in order restricted inference where the order restrictions can be incorporated through the
prior distributions. Taylor et al. (2007), Marchand and Strawderman (2006), Zhang and
Woodroofe (2003) and Roe and Woodroofe (2000) have studied Bayesian methods by
applying truncated noninformative priors in the restricted parameter space. Dunson and
Peddada (2008), Karabatsos and Walker (2007), Hoff (2003a), Gelfand and Kottas (2001),
and Arjas and Gasbarra (1996) considered various Bayesian methods based on full non-
parametric likelihoods to study stochastically ordered survivor functions. One feature of
the Bayesian approach is that the posterior distributions are usually strictly ordered (i.e.
Si(t) < S3(t)), however, here may be advantage to assign prior probability mass to the

boundaries of the order-restricted parameter space (i.e. to Si(t) = Sa(t)). It would be
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also of interest to develop a Bayesian method based on the pointwise likelihood to conduct
hypothesis testings and construct confidence intervals pointwisely.

Further future research also includes proof or disproof of Conjecture 3.7, and develop-
ing a method that can automatically decide which sets of means are better to be combined
when constructing the restricted confidence intervals as discussed in Chapter IV.

Another possible direction for the future research is to consider smoothing estimates as
well as order restrictions. Specifically to consider restricted estimation of smooth survival
curves under stochastic ordering constraint. Because smoothness is a common feature of
most survival distributions, smooth estimators of survivor functions is preferable. In the
past, numerous methods have been proposed to obtain smooth estimates of density or dis-
tribution functions, such as a piecewise exponential estimator (Kim and Proschan, 1991),
Kernel estimator, penalized spline estimator, and spline-based estimators (see Simonoff
(1996)). However, there has been little discussion of smooth estimation under stochastic
ordering constraint in the literature; an exception was the work of Chaubey and Kochar
(2000) who proposed a method of smooth estimation of constrained survivor functions
in the one- and two-sample cases based on Hille’s theorem analysis. Some possible ap-
proaches are (1) smoothing the discrete constrained estimators, such as the C-NPMLE
or the pointwise C-NPMLE, by using Gamma Kernel (Bouezmarni and Rombouts, 2010;
Chen, 2000, 2002), Beta Kernel (Chen, 1999) or Nonnegative Boundary Corrected Estima-
tor (Jones, 1993; Jones and Foster, 1996); (2) restricting smoothed survivor functions, and
(3) using a basis of spline functions such as monotone regression spline (Abrahamowicz
etal., 1989; Ramsay, 1988) to obtain a smooth estimator using a semi-infinite programming
method (see Weber (2003)).

In the Chapter IV, we constructed a method of obtaining confidence intervals that was

applied to normal distributions. It will be worthwhile to generalize and investigate this ap-
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proach for other distributions such binomial distribution and gamma distribution or families

of distributions such as exponential family and location parameter family.
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APPENDIX A

Proof of Theorem 2.13 in Section 2.4

To fix notation, let ag = 0, ay, as, - - - a,, be the complete ordered observed event times

of any given data in the two sample case, ig = 0,41, 79, - - - ¢, the index of active constraint
times, and k1, ks, - - - , k1, be the corresponding £ values from Algorithm 2.9.
The last active constraint time from Algorithm 2.9 satisfies a;, < 7. Sy(t)/S%(t) is

non-decreasing and S5(t)/S3(t) is non-increasing in ¢ in any sample. At the last active

constraint Qj; s Sik(CLlL) < S1<aiL) = SQ(aiL) < S;(GHLL)

So forany z < a;,,

Si(2) < Gulz) < S (w)2rlis) S3(as,)

S5t) | o S5(0)] o
< | e Sr(t)] site) < [t it

Similarly,

Si(2) > Sole) > [fﬁ—gg] S3(a).

94
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For any x > a;, in the same sample,

Si(2) < Su(x) = S<>SS(—”)
Si@) [ Si0] g
L«S* } “sx%)‘L?sr(t)}Sl( )

So, regardless of where a;, is, in any sample, for any 2 < 7, we always have

5i(0) < 510) > [swp S0 5700 and 55(0) 2 $u0) 2 i SED | s500)

As nq, ny go to oo, from (2.4), for any x < 7, S} (x) — Si(x) and S5(z) — Sa(z). So

Si(x)  Sa() Si(x) - Sale)
S5t S TSP S IS

in probability if indeed S;(t) > Sy(t) for all . Thus P{sup,, |Si(z) — Si(z)| > €} — 0
for every € > 0. Then using Meier’s result (2.4), we obtain the desired result for S (t).
Similarly, we can show that P{sup,_, |Ss(x) — Sj(x)| > e}— 0 for every ¢ > 0 and
hence we obtain the desired result for S(t).
To simplify the proof, we only show consistency of the C-NPMLE in the case of iid
data. However, it can be shown that the estimators are consistent in the more general

situation as discussed in Dykstra (1982).



APPENDIX B

Proof for the Two-sample Case from Section 2.2

Recall that m, = max{i : ny; > 0}, ¢ = 1,2 and m’ = min(m,, my). In this section,
we prove that the fzgi, g =129 =1,...,m, in Theorem 2.8 and Algorithm 2.9 is the
C-NPMLE. We use ﬁg‘i and ﬁ; to distinguish the results from Algorithm 2.9 and Theorem
2.8 before we prove that they are the same. In Lemma B.2, we show that ﬁg‘i = hT, and in

gu°

Lemma B.3, we show that fzu is the C-NPMLE and ﬁgi is the MC-NPMLE.

B.1 Characteristics of Results from Theorem 2.8 and Algorithm 2.9

Steps 2,3 and 4 in Algorithm 2.9 are used to calculate k,. Suppose the algorithm has R,
iterations with initial step 2 to 3 (0" iteration) and step 4 to 3 (1%, ... | R!" iteration) before
it finds 7,. Here, z'y) and ky), r =0,..., R, are results from iteration r. Let T To—_1

and ké_l) = 0 for convenience. Note that Hs(a, b, k) is a non-decreasing function in & and

strictly increasing if there is at least one observed event between a and .
Lemma B.1. The result for any data from Algorithm 2.9 has the following properties:
(@) Y (hiy —hgh) =0, 0=1,...,L;

96
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(b) ]Cg = min{Kg(ig_l + 1, ig), ngil} and Hg(ig_l + 1, ig, k/’g) S O,'
() KV >k r =1, Ry

(d). Y b >3 heh =1, m
(e). k1 > ky>--->kp>0.

Proof. (a) It is obvious since Z] o1t h;‘] = Zj gt hQAj, ¢=1,... L.

(b) From step 3 in Algorithm 2.9, k, can take two values: k; = ng;, if Ha(ip—y +
1,4p,m9;,) < 0 (in this case Ka(ip—1 + 1,i7) > no;, ), or ky = KQ(Zg 1+ 1,4p).

(c) Show by contradiction. Suppose there exists 7’ such that k k:é Y 1t follows

that
Hy(ig—y +1,i% k650) < Hy(ipq +1,i87, k77
— Hy(ip 1 + 1,7 R+ Hy (60 + 1,400 k7Y (B.1)
= Hy(i" ™V 41, k7YY <0 (step2 or 4 in Algorithm 2.9).

However, from step 3 in Algorithm 2.9, kéw) must either satisfy:

Ko (i_1,i"). Then Hy(ip_1 + 1,4, k{")) = 0, which contradicts (B.1); or

n. on. Then k" Y > k") = n_ ./, which contradicts the condition n_ ., > k" "
2i, ¢ ¢ 21, 21, ¢

that is required to reach iteration 7’ in step 4 of Algorithm 2.9.

(d) Suppose there exists ¢’ such that Z;;l ﬁ{‘j < 22/:1 57> €quivalently S P lAz‘l“] <

;!

S ﬁg‘u Then each of the three possible valid ranges of ¢’ leads to a contradiction.
J=tpr_1+172)

That is either:

i" = ip,l < L. Then 23;1 fz{‘j = Z hg‘j, which contradicts Lemma B.1 (a); or

i" > ir. Then Hy(if, + 1,7,0) = ZJ i, +1(h1; ﬁgj) < 0, which contradicts the

condition Hs(ig, + 1,b,0) > 0 for all b > iy, in step 2 of Algorithm 2.9; or
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i1 < i < igforal < L. Then for v’ = max{r : iy) <i'},

i/

Hy(ipy + 1,4 ke) = > (hyj — hyy) < 0.
j=ip_1+1
It follows that Hy(ip—1 + 1,7, k")) < 0 since k") < k™ = k, from (c) and
Hy(ipoy + 1,0 k) + Hy (687 + 1,4 k) < 0. Thus Hy(i) + 1,4 k) < 0,
which implies that there exists 7* with 7* > 7’ and iy*) < 7. This is impossible

(v

because if so, then i’ = i, *1 and for any ' + 1 < R,, we have

Z‘/

0= Hy(ig1+ 1,0 k7)< Hyiga+1,40 D k) = Y (hih—hah) <0,
J=tg—1+1
(¢) Suppose there exists £ such that kyy; > kg > 0. Then ky < kgy1 < ny;,, . Moreover,

Hy(ig + 10041, ke) < Ho(ig + 1,9041, ker1) < 0. It follows that the algorithm must not

have stopped at R iteration in step 4 of Algorithm 2.9, which is a contradiction. [l

Lemma B.2. Based on the same data, the results from Algorithm 2.9 and Theorem 2.8

satisfy:
(). K =keifi=ip1+1,....500=1,....Land k' = 0ifi > ir;

(b). hT = hA

gi gard=121=1...,mg

Proof. (a) If iy_1 < i < iy for £ < L, then for any a < i, there exists ¢/ < ¢ such that

ig_1 < a < ip. Then from Lemma B.1 (b),
H2(7:f’717if'7 kf’) S 0= HQ(CL, i£’7 KZ(CL7?:€’>>-

It follows that Hy(a, iy, ky) < Ha(a,ip, Ks(a,ip)), since Ho(ip_1,a — 1, kp) > 0 from

Lemma B.1 (d) and so Ky(a,ip) > k¢ > -+ > ky from Lemma B.1 (e). Thus

4
HQ(GWZ.& KQ(G,iK)) - O - HQ(a'7 if') KQ(aﬂif’)) + Z HQ(/L.j—laijv k])

j=0+1
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14

> HQ(CL?Z.Z’akE) + Z HZ(ijflaiﬁkf) = H2(a7i€7k5)'
j=t'+1

It follows Ky(a,is) > k, > 0 and min(K (a,i¢), na;,) > ke since k; < ny;, from Lemma

B.1 (b). Therefore,

k= II1<11’11€1§1X min{ K, (a,b), ng} > min mm{K*(a i0), nai, } > k.

However, obtaining k; is a minimization problem and its lower bound can be reached when
a=i¢1 +1andb =i, Thus k' = k.

If i > iy, then Ks(ip + 1,b) < 0 for all b > iy because Hy(iy + 1,b,0) > 0 from
step 2 of Algorithm 2.9. So K, (if + 1,b) = 0 for all b > 4. Hence, 0 < ko<
maxys; min{ K3 (i, + 1,b),ng} = 0, i.e. ki = 0.

(b) For population 1, A%, = log[1 — dy,/(n1; + k)], hil = log[1 — dy;/(ny; + k¢)] and
ki= kyifipy < i <ipni=1,...,L sohT, = hiforalli < iy. Ifi > iy, then
WL = log[l — dy;/ny) = b, iy < i < ma.

For population 2, we use induction.
Let Eg‘o = fzgo = 0, then the result holds for j = 0;
Assume for all i < j, hé = hZ;
For the next index ;7 + 1, there are possible cases (i), (i), (iii):

). d2(j+1) > 0. Then

A .

hgny) = log[l — dagj 1)/ (nagien) — k)]
= log[l — dg(j+1)/(n2(j+1) — /Cg)] = iL124(j+1)’ if ig_l < j +1 S ig,i S L

h2(]+1 = 1og[1 — daj+1)/n241)] = P41y, ifip <j+1<ms.

(ii). da(js1) =0andj+ 1 #ip ¢ =1,--- L Then b, = 0. So
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Zl]tl hit — S hih =SS (R — hgl) > 0. It follows that

Jj+1 Jj+1

hi = mln{z hr Z 73,0 = min{) by Z hai, 0 = 0=h{,);
=1

(ifi). dy(jy1y) = 0and j + 1 =4, Then S 741 (hfh — hgh) = 0. So

Jj+1 Jj+1

J+1 mm{Zh ZhQZ,O} = min{Zﬁ Zh%O} = izgl(jﬂ).[]
i=1

B.2 Optimization Problem for the Two-sample Case

Consider a general nonlinear optimization problem with inequality constraint
minimize f(0)
subjectto ¢;(0) <0, j=1,2,...,m,

for & € R". Define the Lagrangian as

Lagr(0,X) )+ Z Aigi(0

For continuously differentiable functions f and g;, Karush (1939) and Kuhn and Tucker
(1951) independently derived the necessary conditions at the solution 8*. Assume the ex-
istence of Lagrange multipliers A* € R™, then at the solution 8*, the following conditions

must be satisfied:

Of 1oy X~ (0
09i(0)+z>\J ) =0,i=1,...,n

j=1
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These conditions, known as KKT conditions, also constitute sufficient conditions if f(8)
and g;(0) are also convex functions. For more details, see Snyman (2005).

In the two-sample problem, we maximize the log likelihood (2.2) subject to a stochastic
ordering constraint. As seen in Theorem 2.8 and Algorithm 2.9, we estimate ﬁgi fori < my,
g = 1,2, since for ¢ > m,, there is no data available in population g. Further, if we set
lAzh» = 0 for all # > m; and ﬁgi = —oo for all 7 > my, the stochastic ordering constraint
is automatically satisfied given Z;”:ll(lej — ha;) > 0 forall i > m/. So the log likelihood
(2.2) can be maximized separately for i < m’ and i > m’. Like the KM estimator, the log
likelihood is maximized by ﬁgi = log(1 — dgi/ng;), m' + 1 < i < m,. Soin Lemma B.3,
we only consider maximizing 2321 Zzl {dgilog (1 — e") + (ng; — dg;) hy; } under the

stochastic ordering constraint.

Lemma B.3. The result {lAzg,-, g=1,2,i=1,...,my}from Theorem 2.8 and Algorithm 2.9
is the solution of maximizing the log likelihood (2.2) under stochastic ordering constraint

Z;Zl(hzj — hlj) S O, 1= 1,...,m’, andhli,h% S 0, 1= 1,...,mg.

Proof. The optimization problem here is:

=1 i=1

2 m
minimize — Z Z {dgilog (1 — ehgi) + (ng — dg;) hgi} (B.2)
g=1
.

gi(ha, ho) = 375_; (haj — hy) <0

subject 0 9 g,/ 45(ha, ho) = hay; <0

k92m/+i(hl7 hy) =hy; <0

and the corresponding Lagrangian is

3m/

2 m
Lagr(hi, ha, X) = = > > {dylog (1 — ") + (ngi — dgi) hgi } + > Njg(ha, ha).

g=1 i=1 j=1



102

Thus the KKT conditions are:

e 0 = S+ Ao — 0
o (n1; — dai) — Z j  Airom =
j=t
d ieim u L N
A — (g —da) + Y A+ Aipw =0
1 — ehai —
Jj=i
> (hoj = h;) <0
j=1
Ai (h2j ihg) =0
j=1
Xis Aipmis Aipams > 0
hii < 0,hg; <0
5\i+mh2i =0
5\i+2mil1i =0
We define 5\2-, S\Hm/ and 5\i+2m/, i=1,---,m as follows :
kr ifi =1

ANi= ke —kep ifi=idg 0=1,...,L—1

0 otherwise

0 if do; > O,

)\’H'm’: n%—k’g ifin:Oandié—1<i§iﬁagzla"wL

N9, ifdy; =0and ¢ > i,

/\i+2m’ -

\

(B.3a)

(B.3b)

(B.3¢c)

(B.3d)

(B.3e)
(B.3f)

(B.3g)

(B.3h)

(B.4)

(B.5)

(B.6)

Conditions (B.3c) and (B.3f) are satisfied by Algorithm 2.9. Condition (B.3e) is also
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satisfied since k; > --- > kz, > 0 (Lemma B.1 (e)) and £y < ngy;, < ng; (Lemma B.1 (b))
if ip_1 < i < i, Algorithm 2.9 always gives hy; = 0 if di; = 0 and Njyom = 0if dy; > 0
from (B.6), so condition (B.3h) is satisfied. If dy; = 0, Bgi < 0 only when ¢ = i, for some /¢
and k;, = ny;,. So in this case, 5\¢+m/ = 0 from (B.5), which can lead to (B.3g). From (B.4),
s # 0 when ¢ = i,. However, Z;Z:l(ilgj — ﬁlj) = 0, so condition (B.3d) is also satisfied.
From (B.4), we also know that Z;”:lz j\j = k, and Z;”:,Z ;\j =0if¢ > iz. If dy; = 0, then
the condition (B.3a) is —ny; — 27", Aj + Aiyam = 0, which is satisfied with definition of
Aivony in (B.6). If dy; > 0, then Ay = 0 from (B.6), so the condition (B.3a) is also
satisfied. Similarly, the condition (B.3b) is satisfied.

All KKT conditions are satisfied at the solution from Algorithm 2.9, and (B.2) reaches

the global minimum since the optimization function and all constraints are convex. 0

B.3 Uniqueness of the Solution

Lemma B.4. From Theorem 2.8 and Algorithm 2.9, {izli,i = 1,...,my} is the unique
C-NPMLE of hy; and {iLgi,i = 1,...,my} is the unique MC-NPMLE of hs; under the

stochastic ordering constraint.

Proof. In this proof, we first remove some unnecessary stochastic ordering constraints;
then we show that k' = Z;”ZIZ j\j are unique; last we discuss the uniqueness of the C-
NPMLE of hy; and the MC-NPMLE of hs;.

For any C-NPMLE, hy; = 0 if dy; = 0, because Aippy = n1; + o0y Ay > 0 if
1 < my. So Z;.:l(ﬁgj — Blj) < 0 for dy; = 0 will be automatically satisfied given
St (haj — haj) < 0for dy; > 0and hy;, ho; < 0.

Thus for dy; = 0, the condition (B.3d) is not necessary, or we can simply set Ai = 0.

Based on this setting of Ai, we show that k# = Z;”:/Z 5\]- is unique.
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Suppose k; is not unique, then we can find two sets of {k‘} and {k?} from {)\;} and
{);} that satisfy the KKT conditions with corresponding solutions {;} and {h,;}. Let

* = min(i : k* # k*). Without loss of generality, assume & > k' > 0. Then

¥ —1

> (haj = haj) = 0. (B.7)

Jj=1

Because Ay = k1) — k" = (=1 _ Fi* 5 B0 -1 _ pi = N >0,

A

Let 2 = min{i > ¢* : 32°_ (hy — hy) = 0,dy; > 0}. Then \; = 0 for j = i*,...,1

j=1
from condition (B.3d). So

R N (B.8)
and \; s = ng; — k' > ny; — k' > 0 from condition (B.3b) if dy; = 0,7 = i*, ..., 7. So

from condition (B.3g). Therefore,

[ ¥ —1

Z(i@j — hyy) = Z(ilzj — hay) + Z(i@j — hyy) = Z(i@j — haj) (from (B.7))
j=1 j=1 j=i* j=i*

= > {log(1 = dy;/(ny; — k) —log(1 — dy;/(n1; + ')} (from (B.9))

j=i*

> i{log(l — dy;/(ng; — k) —log(1 — dy;/(ny; + k)}  (from (B.8))

j=i
i i*—1 i
> (hay = hug) =Y oy = hug) + Y (hoy — ) = 0.
=i =1 j=i"

which contradicts condition (B.3c¢). Thus ki is unique and fzu is unique, because fm =
log{1 — dy;/(n1; + k') } if dy; > 0 and hy; = 0 if dy; = 0.

Also hy; = log{1 — ds;/(ng; — k*)} if do; > 0, and hg; = 0 if do; = 0 and k' < no
(because 5\¢+m/ = Ng; — ko> 0). Therefore, all C-NPMLEs may only differ from each

other in population 2 when dy; = 0 and k= ng;.
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If we sequentially set fy; = min(Zézl hyj— 23;11 ha;, 0) if dy; = 0 as in Theorem 2.8,
then 2321 fzgj is maximized. Because if Z;;ll ilzj is maximized, the maximum possible
value of Z;‘:l hoj is min(Zé;ll haj, 22:1 hi;), which can be obtained by setting hy; =
min(zi lej — Zz;ﬁ szj, 0) if dy; = 0. Since hoi sequentially takes a unique value, the

Jj=1

MC-NPMLE is also unique. ]

Proofs of the results in section 2.2 for the one-sample case are much simpler and are

not presented here.



APPENDIX C

The Pool-adjacent-violators Algorithm for the Linear
Ordering Case

We present an algorithm for the case 17 > 15--- >4 Tg. Let J be a partition of
{1,2,--- G}, so that J = {By, Ba,- - }. Each member of J is called a block, denoted
generally by B. An optimal solution from Algorithm C.1 only contains blocks with con-
secutive integers. Let B = {a,a + 1,--- ,b},1 < a < b < G, then B~ is the block that
contains @ — 1 or & if a = 1 and B™ is the block that contains b + 1 or @ if b = G. For
a given block B, Sp(z) = exp({p), where ¢p is the solution to Y (g;x) = 0 or O if
My(x) =0forall g € B.

Algorithm C.1 yields the partition J = {B;,...,B,} and if i € Bj, then S;(z) =
Sg,(x) is the pointwise C-NPMLE at z. Let L = min{g : My(z) > 0} or G + 1 if none
exists and U = max{g : Ny(x) > 0 and S(x) > 0} or O if none exists. Then it is easily

seen that S, () = 1 or N,(z) = 0 forall g < L and Sy(z) = 0 or N,(z) = 0 forall g > U.
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Algorithm C.1: Pool adjacent violators algorithm to calculate the pointwise nonpara-
metric maximum likelihood estimator under the simple ordering constraint at time .

Initialization: J = {{1},{2},...,{G}};
B ={1},Bt = {2} and B~ = &,
while BT # @ do
if Sp(z) < Sp+(x) then
J <« J/{B,BT} U{BUB"} (replace B, B* in J with their union) ;
B <« B U BT (replace B with B* U B) ;
Setnew BT ;
while B~ # & and Sg(z) > Sp-(x) do
J <+ J/{B,B"}U{BUB },
B+ BUB™;
Set new B~ ;
end
else
B~ =B,B=BT;
Setnew BT;

end
end




APPENDIX D

Proof of Theorem 3.2

Let A\; and A, be Lagrange multipliers. The corresponding Lagrangian function is

3

lagrL(h, A) :Z [di log{l — exp h(X,)}%—(ni - dl)h(X,)} + N(z)h’(z)

=1

D.1)
{ Z hX;) + 1 (z }—Azhé(;c).
The Karush-Kuhn-Tucker conditions that must be satisfied at the solution h are:
d; exp h(X; . .
_LU +(ni—di) + =0, i< M(z) (D.2a)
1 —exph(X;)
. WX,
_ e hXD gy 20, s M) (D.2b)
1 —exp h(X;)
N(z) 4+ A — Ay = 0, (D.2¢c)
M(zx) . .
h(X;) + h®(x) —q =0, (D.2d)
j=1
h(z) <0, (D.2¢)
Aol () = 0, (D.2f)
Ao > 0. (D.2g)
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From (D.2a), we have h,(X;) = log{1 — d;/(n; + M\)},i < M;(z). Note that either

Ao = 0 or h%(x) = 0 from (D.2f), so

(1). if Ay = 0, then \; = —N(z) from (D.2¢), which is only valid when fz‘s(x) =q—

> log[1 — di/{n; = N(x)}] < 0;

J=1

(2). if h9(x) = 0, then ), is the solution of the equation q—zjj\i(f) log{1—d;/(n;+\)} =0

from (D.2d), which is only valid when AN > —N (x) from (D.2c¢).

Since Zﬁ(x) log{1 — d;/(n; + k)} is an increasing function in k, we can find that
A = max{k, —N(z)}, where k is the solution of the equation f(k) = ij‘i(f) log{1 —

d;/(n; +k)} — q = 0. It follows that ), is exactly the same as K (¢; z) defined in Theorem

3.2. Therefore, the unique solution from solving (D.2) is the same as in equation (3.4).



APPENDIX E

Proof of Theorem 3.4: S’g(t) is Nonincreasing in ¢

E.1 Notation and Characteristics of the Pointwise C-NPMLE

Let J¢(z) be a partition of £ C {1,...,G} at time z. For example, if £ = {1,2,5},
Je(x) might be {{1},{2},{5}} or {{1,2},{5}}. Each element B of J¢(z) is called a
block. Let Ee = {(¢,7) : 4,j € {and (4,5) € E}. The pointwise C-NPMLE in ¢ subject
to constraints F¢ can be represented as the partition J}(:l:) where every group in each block
B € Je(x) has the same estimated survivor function Se¢(B;x) and for By, By € Je(x),
Se(By;x) # Se(By;x) if By # B,. In Lemma E.1, we give a characterization of the
pointwise C-NPMLE. Note that the pointwise C-NPMLE may not be unique after the last
observed time for each group. To circumvent this, we set the estimates as low as possible

subject to not violating constraints.

Lemma E.1. A partition J¢(x) with corresponding estimate S¢(B;x) is the pointwise C-

NPMLE subject to the constraints E¢ at time x if and only if
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1. Constraints are not violated. That is, for any i € By C Je(x) and j € By C Je(z),

(]72) §é Eg when Sg(Bl;Jj) > Sg(BQ;LL'); and

2. For any B € J¢(x), the estimate Sp(B;x) = S¢(B; x) where Jg(v) = {B} is the

pointwise C-NPMLE subject to the constraints Ep.

Proof. Sufficiency. Since the joint log profile likelihood pl¢(q; z) for populations in £ as
shown in section 2.6 is a separable concave function, if the condition 2 in Lemma E.1 is
satisfied, the estimate will be the pointwise C-NPMLE subject to constraints Upe j, (2) E'-
It follows that if condition 1 in Lemma E.1 is also satisfied, the estimate must be the point-
wise C-NPMLE subject to constraints F¢ because Upc Jé(z)EB C E¢ and adding more
constraints can not increase the likelihood.

Necessity. Obviously condition 1 holds in Lemma E.1 if S¢(B;z) is the pointwise
C-NPMLE. If we write down the KKT conditions needed for maximizing the log profile
likelihood subject to the constraints F¢, the Lagrangian multipliers related to the constraint
(i,j) € E¢ for any 7 and j in different block of J¢(z) will be zero in the solution because
these constraints are inactive in the solution. Thus if we delete these zero valued Lagrangian
multipliers, the remaining KKT conditions of the populations in any B € J¢(x) are exactly
the same as the pointwise C-NPMLE subject to the constraints £'z. Since the constraints are
linear and the joint log profile likelihood is concave, the KKT conditions are also sufficient

in our problem. Thus the condition 2 in Lemma E.1 must also hold. [

Lemma E.1 is useful in later proofs because it enables us to consider blocks separately.
If B is a block from the pointwise C-NPMLE subject to constraint £¢ for any subpopulation
¢ at time x, Se(B;z) = Sz(B;x) will remain the same for any subpopulation & for the
same block B. So we use S (B ; ) as the estimate of the pointwise C-NPMLE at time x if

B e Jg(l‘)
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We give two more lemmas to characterize the pointwise C-NPMLE and K ,(q; x).

Lemma E.2. (a) For any xo > x1 > 0and ¢ <0, K,(q,22) > K,(q, 21);
(b) For any ¢ < ¢1 < 0 and x > 0, K,(q1,x) > K,(qo, ), and the equality holds only

when K (q1;x) = K,(q2;x) = —Ny(x).

Proof. (a) We consider separately the cases 1) there is no observed event before or at x;

and ii) there is at least one observed event before or at ;.
i) In this case, K (q,x1) = —Ny(z1) < —Ny(z2) < K,(q, x2).

i) Let k; be the solution of the equation

1:X g <x;
then
s dyi gi
Z log| 1— - ):q: Z log|1— — |> Z log| 1— =
i:X gi <o Ng; + ko i X gi<z1 Ngi + k1’ X gi<ws Ngi + k1

It follows that /2:1 < /2;2 and hence

K,(q, z5) = max{ky, —N,(25)} > max{k;, —N,(z1)} = K,(q, z1).

(b) Suppose there is at least one observed event before or at x, and let l%j be the solution

of the equation

d.;
> log(1-—2— ) =g
Og( ngi—i—k) %

i Xgi<w
then k, < ki. Since K,(q;;x) = max{k;, —N,(z)}, it can be seen that K,(q;,z) >
K ,(ga, ) except when both ki and k- are less than or equal to —Ny(x), in which case
Ko(q;2) = Ky(ga; ) = —Ny(x).

If there is no observed event before or at z, then K (q1;2) = K,(q2;2) = —N,(x) by

definition. O
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Lemma E.3. For any B € J¢(z),
@) > ep Ky{log S(B;z);x} < 0, and the strict inequality holds only when S(B; z) = 1;

(b) for any S(B;z) < 1and B, C B, the following two conditions will not hold simulta-

neously:

i) Foralli € Byand j € B/By, (j,i) ¢ Fe;

i) > ,cp, Ky{log S(B;z);z} < 0.

Proof. (a) Profile likelihood geB Plhg (¢; =) is a concave function of ¢ and so the S (B; x)
must satisfy > 5 K, (log S(B;z);z) = — > g %plhg(g(é; x);x) = 0. The only one
exception is when there is no observed event time before or at x for all g € B, in this case
> gen Ky(log S(B;z);z) = — > ges Ng(z) < 0and S(B;z) = 1.

(b) Note that % > gen, P, (log Se(B;z);z) = — > gen, Koy(log S(B;z);z) > 0 and
suppose that we can find such a block B; that satisfies both 1) and ii). Then we can increase
estimate S¢(By;x) to increase the log profile likelihood without violating the constraints.

This contradicts jg(.ﬁlﬁ) is the partition of the pointwise C-NPMLE at time z. O

E.2 An Algorithm to Obtain the Pointwise C-NPMLE at a Time z, >
L1

For any x5 > 1, it can be seen that S, (z1) = S(x5), forall g = 1, ..., G if there is no
observation between x; and x5, nor a censoring at x;, nor an event at xo. Now we consider
the situation when only one group g* has observations between z; and x,. In this case,
Algorithm E.1 defines a method to obtain J¢(z,) and S¢(B;z,), where € = {1,...,G}.
The idea is to find the pointwise C-NPMLE at x5 using the estimate at x; as the starting

point.
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Algorithm E.1: An algorithm to obtain the pointwise C-NPMLE at time x5 using
the pointwise C-NPMLE at time z; as the starting value, where x5 > z; and only
population g* has observations between z; and z5. Below { = {1,...,G}.

p—

Je(3) = Je(x1) = {By, ..., Br}, where S(By; 1) > --- > S(Bg; 21);
Find r such that ¢* € B, and let A, = B,;

2

3 while r < Rdo

4 Find jAT(xg) = {ém, e ET,LT}, where S(l%r.l; Tg) > - > S(BT,LT; To)
(This is the partition of the pointwise C-NPMLE at time x5 subject to constraint
E,, for groupsin A, ) ;

5 if r = Ror S(B,.p:22) > S(B,,1;21) then

6 Je(22) = Je(2)/{A} U Ja, (z5)  (replace {A,} with Jy, (2) );

7 stop ;

8 else

9 0, = max{l* : S(Bys;x3) > S(Bryr; 1)} ;

10 A = BTH U R..(&H) U---u ér,LT ;

1 Je(22) = Je(29)/{Ar, Bryr } U{ By, ..., Bro, } U {Arj1} ;

12 r=r+4+1;

13 end

14 end

To illustrate the algorithm, we first show an example in Figure E.1. In this, jg(xl) has

five blocks, Bl, e ,35 and ¢g* € Bs. At first, 7 = 2 and Ay = B,. Then we find jA2(x2),

the partition of the pointwise C-NPMLE subject to constraints F 4, at time x, and assume

that it has four blocks By, - , B4 where S(Bg_l;l‘g) > S(Bm;xg) > S(Bg,l'l) >

S (]3’2,3; T9) > S (32_4; x2). The blocks By, and By, remain separate in the solution and

blocks Bg, Bg,g and 32.4 are combined into As. Then we again find J 45(72) and assume

that it has two blocks Bs ; and Bs ., where S’(Bg.l; T9) > S(B&Q; T9) > g(B4; x1). Blocks

Bg,l and Bg,g remain separate in the solution and the algorithm ends. The final partition

(]g (ZEQ) contains blocks Bl, BQ.l, BQ.Q, Bg‘l, B&Q, B4 and B5.

Lemma E.4. Algorithm E.I gives the pointwise C-NPMLE at x4 and the estimate for each

group is nonincreasing over time.
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Figure E.1: An example of Algorithm E.1 in Appendix E.2.

~ ~ A ~

Proof. Let Je(xs) = {Bi,...,Bu_1,Bu1,..., Buwty,, Bui1,- .., Br} be the result from
Algorithm E.1. Then, g(ﬁ’,.;xg) = S’(Er;xl),r =1,...,u—1,w+1,..., R because
there is no observation for the groups in ET between z; and z,. Thus, for all B € J¢(x2),
the pointwise C-NPMLE of groups in B has the common estimate of survivor functions
S B(B; x5), which implies that condition 2 in Lemma E.1 must be satisfied.

Next, we prove 5’(3; x1) > S‘(R,l; xo) forall r = u, -+, w.

Suppose S (R«; x1) < S (BM; x9), then this will gives a contradiction. There are two
cases to consider:
Case 1: First step in Algorithm E.1. In this case, g* € ér and A, = Br (line 2 in Algorithm
E.1). Then

Z K,(log S'(Br;azl);xl) < Z Kg(logS(Br;xl);xg) (Lemma E.2(a) )

geé’hl gEBr.l

< Y K,(log S(B.1;72);72)  (LemmaE2(b)) (E.1)

QGBM
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<0 (Lemma E.3(a) ).

From Lemma E.2(b), equality holds in equation (E.1) only when K, (log S (BM; To); Xg) =

—Ny(x9) forall g € BM. By our convention to set the estimate of a survivor function as

~ ~

low as possible when the number at risk is zero, S(B,.1;z2) = 0if Ny(x2) = 0 forall g €

B,;. Since S(By.1;25) > S(B,;x1) > 0 by our assumption, we have > Ny(z) > 0.

9€Br1
Hence we find that deém K,(log 5‘(3,1; x1);x1) < 0, which implies that B,, C B, and
both conditions in Lemma E.3(b) are satisfied. This contradicts that B, € jg (x1).

Case 2: Subsequent steps in Algorithm E.1. In this case, A, = BT U B(r,l).(grflﬂ) U
- U B(r_1). L1 (line 10 in Algorithm E.1 from previous step) and block BM can be
divided into blocks Bf _,...,Bj _ suchthat B  C B,and Bj C B_1)s,( = {1 +

1,...,L,_4. Since

Lo"—l
Z Z K,(og S(By.1;2); 5) = Z Ky(log S(By.1;72);72) <0,
b=L,_1 gEB] gEBnl

we find that either

a) there is at least one ¢’ that satisfies ZQEBZ/ K,(log 5’(BM; Tg);x2) < 0; 0r

b) ZQEBZ K,(log S(BM; x9);x9) =0forall ¢ =4, _y,..., L.

In case b), we pick ¢’ such that deB* Ny(x2) > 0. Note that S(Br'l;.’ﬁg) > S’(BT;xl) >
el

g(B(r_l).g; xo),forall =0, 1+ 1,... L._1. If ' = ¢, 4, then we have

Z K,(log S(B,;x1); 1) < Z K,(log S(B,; x1); 22)
gEBZ/ gEBZ‘, (E 2)
< Z Kg(log S(Br.l;xZ);xZ) = 07

QGBZ/

orif /' > ¢,_y, then we have

> K (log S(Broypiwa);a) < Y Ky(log S(Bry;az)ixa) =0.  (E3)

QEB;/ QEB;/
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Neither the equality in equation (E.2) nor the equality in equation (E.3) can hold since oth-
erwise

deB;, K,(log S(By.1; 2); 13) = deBg, N,(72) < 0. Hence we find that

ZQEBZI K,(log S(B,;x1); 21) < 0inequation (E.2) or deBz;, K,(log S(By_1.0512); 1) <
0 in equation (E.3), which contradicts B, € jg(xl) or By € J 4, (22).

A

Thus, we establishedthatg(él;xg) >0 > S(Bu_l;xg) > S(Bu,xl) > S”(Bu.l;xg) >

~ A ~ A ~

-2 S(Bu.Lu;x2> > S(Bqul;xl) > 5'(B(qul).1;ﬂU2) >z g(Bw.Lw;x2> > S(Bw+1;x2)

Vv
\Y%
o
[Se)

¥
&
N

It is easy to see that the constraints are not violated in the so-
lution J¢(z2) because g(Bu_l;xg) > 3(Eu.1;x2), S(BT.L,.;M) > S(B(Hl),l;xz),r =
u,...,w—1,and S’(éw,Lw; To) > S(BMH; x9). Therefore, the result from Algorithm E.1
is the pointwise C-NPMLE at time x5. Furthermore, for any g € BT, r=1,...,u—1,w+
1,..., R, S,(x3) = S,(x1) since B, € Je(xs) and S(B,;x;) = S(B,;x5), and for any
g € B.,r =u,...,w, Sg<I2> < S’g(xl), since g € B, , for an 7’ such that 7' > r and

S(By;x1) > S(Br’.ﬂ;xQ)- O]

E.3 Completion of the Proof

To complete the proof of Theorem 3.4 when two or more groups have observations
between x; and x2, we can produce the pointwise C-NPMLE by sequentially including
observations from a group at a time. Since each time when we add more observations from
a group, the pointwise C-NPMLE will not increase compared to that before adding these

observations, the pointwise C-NPMLE will not increase over time.
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Proof of Theorem 3.5

To establish this, we first prove
Lemma F.1. max;<,<¢ |S:(t) — S,(t)] > maxi<g<q [S,(t) — S,(t)].

of Lemma. At a fixed time ¢, we first prove for any £,

~

S(t) — Sk(t) < max {S(t) — S,y(t)}-

1<g<G

If S(t) < Si(t), then Sy(t) — Si(t) < Si(t) — Sk(t) < maxi<y<c{Si(t) — Sy(t)}.

If S (t) > Si(t), then there must be at least one r in the same “pooled” group such that
Sp(t) < Si(t) and S*(t) > S,(t) = Si(t). Otherwise, if we divide this “pooled” group B
into two blocks By = {g : g € B, S,4(t) < Sk(t)} and B — By, then the likelihood will
increase if we lower the common estimate of groups in block B; at time ¢ since all esti-
mates of survivor functions for the groups in B, change towards the unrestricted maximum
likelihood estimators, and the constraint will not be violated, which contradicts that gg (t)

is the pointwise constrained nonparametric maximum likelihood estimator. It follows that

N

Si(t) = Su(t) < Si(t) = S, (t) < S7(t) = 8, (1) < maxicya{S; (1) — Sy(1)}.
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A similar argument shows that

T 1<g<G
Thus,
- Dax |55 (t) = Sy(t)] < IISI;ISHG{SQ (t) = Se(t)} < Sk(t) — Sk(?t)
< max {57(0) = 5,(1)} < max [S; (1) - S,(0)]
So
|1Sk(t) = Sk(t)] < Dax, |55 (1) — Sy(t)]-
This establishes Lemma F.1. O
For the case when t < 7 = min{n,...,7¢} andn, - 00,9 =1,...,G,

. A _ < 3 * p—
lim pr{stl<1£) |Sg(t) — Sy(t)] > €} < n}’gnoopr{stlig max. |Sp(t) — Sk(t)] > €}

ng—00

¢ (F.1)
< aniinoopr{sup |Sp(t) — Sk(t)] > €} = 0.
k=1

t<rt

Next we consider the case when¢ > 7 andn, — 00,9 =1,...,G.

Lemma F.2. For a given k, let E;" = {(k',k) € E}, where E = {(¢,q) : Ty >«
Ty,9,9 =1,...,G}. If Ni(t) = O, then for any group g satisfying N,(t) > 0, Sg(t) =
S,(t), where S,(t) is the pointwise constrained nonparametric maximum likelihood esti-

mator subject to constraints defined by E|E," (which denotes the set of constraints in E

excluding those in E;").

Proof. The only possible situation that gg(t) 1s not the pointwise constrained nonparamet-
ric maximum likelihood estimator subject to the constraints defined by F is that there exist
(k',k) € E; and Sp(t) < Si(t). Since Ni(t) = 0, the likelihood does not change if

we lower the estimate for group k at time ¢. So set Si(t) = min{S,(t) : (¢9,k) € E}},
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then all constraints in £ will be satisfied, hence gg(t), g # k is the pointwise constrained
nonparametric maximum likelihood estimator. We have shown in Appendix D that S, (%) is

unique if N, (t) > 0. Therefore S, (t) = S,(t) if Ny(t) > 0. O

Let Q;(t) = S (min{t,7;}) and Q4(t) = Sy(min{t, 7,—}), where 7 is the last ob-

served time in group g. Then
Lemma F.3. Q}(t) is uniformly consistent for Qy(t) on [0, 00).
Proof. 1f S5(7,—) = 0, then 7, — 7, as n, goes to infinity,

sup |Q () — Qqg(t)| = sup | S, (t) — Sy(t)| — 0 with probability 1.
t<oo

- t<tg
If Sg(7y—) > 0, then Sy(7y) = Sy(7,—) by the condition of no common jumps of S,(t)

and S¢(t), and 7 = 7, as n, goes to infinity. So
sup |Q(t) — Qg(t)| = sup |S; (t) — Sy(t)| — 0 with probability 1,
t<oo tSTg

under the condition S,(7,) = S,(7,—). (see Corollary 1.2 in Stute and Wang 1993, p

1595). ]

Let E(t) = E/Upr, < E;" and let Q,(t) be the pointwise nonparametric maximum
likelihood estimator of (),4(¢) subject to constraint £(¢), then the strong uniform consis-
tency for Qg(t) holds for all ¢ > 0 using the same argument leading to the result in equation
(F.1). Since Q,(t) = S,(t) by applying Lemma E.2 multiple times and Q,(t) = S,(t) for
all t < 7,, the strong uniform consistency of S,(t) for S,(t) is established on [0, 7,). If
Sy(1y—) = S4(7,), the strong uniform consistency of S, () for S, () holds on [0, 7,].

This completes the proof of Theorem 3.5.
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Proof of Theorem 3.6

Let Z[(x) = n'/*{log S (x)—log Sy(x)}, then by the delta method, Z~ () B Z,/9,(x),
g =1,...,G, where Z,,g = 1,...,G is defined in Section 3. For a fixed z, since
S%(r) is a consistent estimator of Sy(z), g = 1,...,G, if (i,5) € E and S;(z) > S;(7),
pr{S;(r) — Si(r) < 0} — 0asn;n; — oo, ie. the constraint between group i and j
will be asymptotically inactive with arbitrary large probability at time z. So the asymptotic
distribution of Sg(x) is only determined by the groups with the same true survivor function
at time x.

For any group g, Ny(x)/ng — Sy(x)Sg () in probability as n, — co. So 1/Ny(z) =
Op(1/n) for all z where Sy(x)S5(x) > 0. Let § = Av, (¢, u, x) be the common value of the
survivor function when combining groups ¢ to u at time x and assume that Sy(z) = --- =
Su(z). Then from Theorem 3.2 and using the fact that K,(¢;z)/n — 0 in probability as

n — o0, it follows that for each ¢, ¢ < g < u,

Xg4i<lzx Xgilx
dy; dgi Ky4(g;7) 1
= ¥ dopi- )+ 30 B 1y 40, (1)
Xgi<z gt Xgi<z P g
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Thus,

. L g _
(g —log Sy(w)} = Z;(x) + 0! Y Ky(Gw) 5 {1+ 0,1} + 0,(n7"%) (G.1)
Xgigw g

Since both n'/2{q — log Sy(x)} and Z%(x) are bounded in probability,
n'/2y" x,,<z @911y (G; ) /n; must be bounded in probability. Thus equation (G.1) be-

comes

. . dgi
(G —log Sy(w)} = Z; (w) + 02Ky (G52) D, 5 +0y(1) (G.2)
Xgig-r g

Thus wg,(z) — ¢4/0;(x) = wy(x) as n — oo. Multiplying equation (G.2) by w,(z)

gives

n2 Ky(q; )

wgn(x)nlﬂ{q —log Sy(x)} = wgn(x)Zé:(x) + $2(2)

+o,(1)  (G3)

Since » ., K,(¢;z) = 0 as shown in equation (3.7) for any n, summing equation (G.3)

over g from / to u and dividing by >/, wg,(z) yields

v ZE (@) wen(x D Doget Zg(x)wy(
/g~ log y(a)} = ngﬁ:i o B 2 Z(j el

for any k such that ¢/ < k < u because all S,(x)'s are equal for / < g < wu. Thus by the

delta method, we have

D Dyt Zg()wy(T)
Y21 Av u,x) — Ook(x G
Al 2) = S} = = S0
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Robertson and Waltman (1968) showed that the maximum likelihood estimator under

the simple ordering constraint is

Si(z) = min max  Av,({,u,x),
Li(2) <0<k k<u<Uy(x)

where Ly (x) = min{i : S;(x) = Sk(x)} and Ug(z) = max{i : S;(x) = Sk(z)} as defined
in Theorem 3.6. Thus
ni/Z{gk(x) —Sk(z)} = c,i/2 min max  n?{Av, (¢, u, x) — Si(x)}

Li(w)<e<k k<u<Up (x)
. ZZ:@ Zg(w)wy(x)
min max :

Li(@) <<k k<usUy(a) Do, We(T)

D 1/2
—)C/

This completes the proof of Theorem 3.6. Now we discuss extensions and special cases
of Theorem 3.6.

First consider the case when there exists ¢’ such that ¢, = 0 while ¢, > 0. The
asymptotic distribution of n,/ ?{8,(x) — Sy(z)} will be the same as in equation (3.8) with
the weight for group ¢’ set to zero. This is because

lim Zy (@)wy (x) — lim N0, 1/wg)wy (x) . N(0, 1)w;/2(x)

p
= — 0.
g —0 Z;L:E Wy (x) Cqr—0 Z;L:g wg(x) cg' 0 ZZ=Z w9<$>

This result might indirectly show that the finite samples can be ingored in the asymptotic
properties in our setting.

Then we discuss the case when there are some groups for which the support of the cen-
soring distribution is less than x. As discussed in Appendix E, the asymptotic distribution
of ny/ {S,(z) — S,(x)}, x < 7,, can be obtained by modifying the constraint set to £(z).
Note that the ordering constraints 7y >4 Tj, k' = 1,...,k — 1 are removed if z > 7.
Also if Si(z) < Sk(7x—), then constraints Ty, >4 T,k = k+ 1,..., G will be asymp-
totically irrelevant because Sj;(z) can always take value S} (7;) and Si () > Sp(z), k' =

kE+1,...,G asymptotically. So group k can be removed from obtaining the asymptotic

distribution of n}/ 2{39(27) — S4(x)}, x < 7, or equivalently we can set wy, = 0 in equation
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(3.8) at time z. If Si(x) = Sk(7x—), the problem will be changed to the partial ordering
case and then we can appeal to the Conjecture in section 3 to give the asymptotic distribu-
tion of n;m{gg(x) — S4(x)}. For example, in the case where 77 >4, 15 >4 15 >4 T, and
T < T < T3 < T4, we consider the asymptotic distribution of ni/ 2{8,(z) — Sy(z)} at time
x € [13,14). If S1(x) = Si(m—) = -+ = Sy(x) = Sy(74—), the constraints at time x are

changedto 77 >4 Ty, 15 >4 Ty and T3 >4 1.
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