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CHAPTER I

Introduction

1.1 Introduction

The mathematical study of water waves is motivated in part by the need for bet-
ter predictions of the behavior of the surface of the ocean for shipping and military
applications. For example, there are many recorded instances of large waves in the
absence of geological explanations- waves the size of tsunamis without an earthquake.
These rogue waves, while uncommon, are very destructive and very unpredictable.
Since as early as the 1970s ([17]), mathematicians have been attempting to identify
the causes of these large waves. The question is fundamentally about the existence
of solutions to a partial differential equation and, more specifically, about the per-
sistence and size of these solutions.

The research we present here combines elements of fluid mechanics, dispersive
differential equations, and harmonic analysis. We use tools from all of these areas
to analyze behavior of solutions to the water wave problem in terms of the initial
data. The motivation for this research is Sijue Wu’s paper [20] on almost global well
posedness for the full water wave problem in 2D. Wu’s result roughly says that a
2D water wave with small initial height, energy, and slope in Sobolev space remains

small and smooth almost globally in time. Intuitively, we expect that, for long time



existence, we only need the slope of the initial wave to be small, not the height and
energy.

A close examination of the techniques in [20] motivates the work. One of the
main ingredients of her proof is a decay estimate on the L* norm of a function
in terms of the L? norms of specific space-time derivatives with a decay rate 1/ t2.
However, in practice, her estimate only provides bounds on the derivatives of certain
quantities associated to our problem. The proof of this estimate [20, Proposition 3.1]
uses ideas similar to those found in Klainerman’s proof of the Klainerman-Sobolev
type estimates for the wave equation. We will explore using different methods to
control the L norms of these quantities, without the need for derivatives. The
results contained in the following chapters suggest that while the data used in [20]
removes some bad behavior, a broader class of data will produce the same results.

Our goal, with this research as a starting point, is to characterize completely the
class of initial data which yields long time existence in the full water wave problem
in two dimensions. The work so far focuses on the linear problem as the restrictions
on data in the linear case will carry over to the nonlinear problem. In particular,
our results identify a trajectory along which we see growth in solutions to the linear
problem. In our efforts to identify the source of this surprising growing factor, we
connect the size of the singularity at the origin in frequency to the spatial decay of

the solution.
1.2 Outline
In Chapter II, we lay out a variety of known results, including the derivation of the

water wave problem and the subsequent analysis which leads to a one dimensional

dispersive equation. We also discuss results for the wave equation, specifically the



work of Keel, Smith, and Sogge [5, 6, 7] which served as the inspiration for our
approach.

In Chapter III, we give some preliminary results from harmonic analysis which
are necessary for the proofs in the subsequent chapters. The chapter also includes a
short collection of useful definitions from harmonic analysis.

In Chapter IV, we present results for a general class of one dimensional dispersive
equations, including a discussion of the sharpness of the estimates. The key results
of this chapter are Lemma IV.2, a new Sobolev-type decay bound, Theorem 1V.3,
which implies growth in the solution along certain trajectories, and Theorem IV.5,
which shows that this growth factor is sharp. These theorems follow primarily from
the careful analysis of several oscillatory integrals. In the case of half the water
wave problem, we also include a simpler argument taking advantage of the quadratic
phase.

Chapter V focuses on further analysis of the initial data of the linearized water
wave problem and its effects on the regularity and decay of the solution. While
Theorem IV.3 can be used to give a slow decay bound (see Corollary 1V.6), by
decomposing the initial data of the linearized water wave problem in frequency, we
find an improved decay estimate, Theorem V.11. This proof uses an additional
bound similar to those used by Klainerman for the wave equation. In the course
of this proof, we identify the main impediment to our desired decay, and further
analysis leads us to Theorem V.13, relating the size of the singularity at the origin
in frequency to the rate of spatial decay. Finally, in Chapter VI, we make a few
concluding remarks and discuss the work which will follow these results.

We also include in the form of an Appendix some results of independent interest

for the two dimensional wave equation, which we derived in the course of our study



of the techniques of Klainerman and Keel, Smith, and Sogge.



CHAPTER 11

Motivation

2.1 Basic Framework

In order to model the behavior of waves in the deep ocean away from the effects
of coastline, we considera fluid domain of infinite depth, modelled on the entirety of
Euclidean space. We will consider only the case of the two dimensional water wave,
that is the fluid domain is a subset of the plane. We can assume the density in the
water region is constant and equal to 1, while letting the density on the air region
equal zero. Let Q(t) C R? denote the fluid domain and X(¢) denote the interface
between the water and the air. The equations governing the velocity field v in the

fluid domain are

(

Ov+v-Vv=g—VP inQ(t)

(2.1) V-v=0 Vxv=0 inQ()

P=0 on X(t).

\

The first equation encodes that fluid particles will move with the velocity field with
respect to the forces of gravity g and pressure P. The second set of equations enforces

incompressibility and irrotationality of the vector field.



2.1.1 Rewriting the equation

The first reduction of the equation is to the interface. First, we change to La-
grangian coordinates following individual fluid packets in time. Let « denote the
Lagrangian variable and z(t, o) = z(¢, @) + 1y(t, @) denote the equation for the in-
terface in this variable. By construction, if we consider the complex function z as a
vector (z,y), z(t,a) = v(t, 2(t,«)) and z4(t,a) = Oyv + v - Vv along the interface.
If we consider R? as the complex plane, i.e. (z,y) — x + iy, the vector g becomes
—1 and the incompressibility and irrotationality conditions for v = u + v can be

rewritten as

Uy = U
(2.2) !

Uy = —Uy.
In this framework, these equations imply that V satisfies the Cauchy-Riemann equa-

tions in €(¢). Define

f(t,B)zs(t, B)
2(t, a) = 2(t, 9)

1
by (t.0) = —p.v. 3.

the Hilbert transform along the interface z(¢, ). Since the Hilbert transform takes
the boundary values of holomorphic functions to themselves, the equation (2.2) is
equivalent to hz; = Z;. Our assumption that P = 0 along X(¢) implies that VP is

purely in the normal direction to the interface. Denote the outward pointing unit

normal vector as n. The equation for the interface z(¢, a) implies n = %, as seen
in figure 2.1 . If we let a = —g—i|z—t‘, we have VP = —iaz, . Along the interface we

now have the following equations, which are equivalent to (2.1):

Zy +1 =102,

(2.3)

[)Et - Zg.



interface - z(t, @)

fluid domain Q(t)

Figure 2.1: Fluid domain and a

The system (2.3) is fully nonlinear because of the quantity a and the Hilbert trans-
form h. However, we can make this equation quasilinear simply by taking a t-

derivative of the first equality:

Zipt — 1020 = 10424
(2.4)
bz, = 7.
The first equation (2.4) displays dispersive effects in the following way: if we think

of zz = u, we can linearize around the free solution (which is identically 0 in this

case) to the free equation
(25) (9ttu + |Da|u =0.

Remark 11.1. We can rewrite (2.4) as Oyu + |Dy|u = F(z,u, 1y, 1y, u,). From now
on, we will consider the linear part rather than the full equation to understand the
dispersive effects.

Given initial data for u and u;, we can solve the linear equation explicitly:
L[ it (grle® (5 _ i3 ) 4 o602 (3 4 il 3
26)  ulta) =3 [e (e’ (uo —ile| 2u1> Fe (uo +ilg] 2u1>> de.
This equation shows that we have dispersive effects as different Fourier frequencies

will propagate at different speeds.

The equation (2.6) is a linear combination of oscillatory inetgrals with phase

o(x,t,&) = x€ + t|§|%. By applying the method of stationary phase, a natural



control of the L> bound of the solution in terms of the L! norm of the solutions and

derivatives appears. We state this decay as the following proposition:

Proposition IL1.2. If u(t,z) € C®(R) solves equation (2.5) with

(0, 2), 1 (0, 2)) = (uo(x), ur(x))

and w; compactly supported for i = 0,1, then fort > 0,
(2.7) sup [u(t, z)| < Z > / 05w, (z) |dx.
v (1+1)2 =0 k<o
Remark 11.3. There are several proofs for this type of bound in the literature. For
example, if we apply Theorem 2.2 in [8] to each term of (2.6) we get the desired

result.

This decay rate in Proposition I1.2 is not ideal for our purposes for a couple
of reasons. Firstly, the nonlinearities in equation (2.4) are quadratic, so a decay
rate of £~2 is not quite fast enough to give long time existence for solutions. In
addition, we would prefer to control the L> norm of the solution in terms of L2
norms of the initial data, because these types of estimates are more compatible with
energy methods. In [20], Wu constructed a change of variables with an accompanying
change of unknowns which caused the quadratic nonlinearities to cancel leaving only
cubic and higher order nonlinearities, solving the first problem. A Sobolev-type
bound adapted from techniques of Klainerman for nonlinear wave equations solves

the second.
2.1.2 Change of Coordinates and Unknowns
The change of variables is given as follows: let ®(t,-) : Q(t) — P_ be a Rie-

mann mapping from the fluid domain Q(¢) to the lower half plane P_ such that

lim, o ®(t,2) = 1 and ®(¢, 2(¢,0)) = 2x(¢,0), where z is the real (or horizontal)



part of the interface equation z(¢,«). Let h(t,a) = ®(¢,2(¢t,«)). The change of

variables used in [20] is precisely
k(t,a) = 2x(t, ) — h(t, o).

This change of coordinates allows the problem to be recast in terms of new quantities

X, v, and A. Let Uk_lf := fok™!. Then these new quantities are given by

X =U.'(I-h)(z—7%)
v=U0,((I— b)(z—2))
A=U (I = by
where ¥(t, ) = ¢(t, 2(t,)) and ¢ is the velocity potential. These quantities satisfy

equations of the form

020 — 0,0 = G

for G cubic and higher order. Using invariant vector fields of the differential operator
9?2 —id,,, Wu controls the L> norm of a rapidly decaying function by a Sobolev-type

bound.

2.1.3 Sobolev-type bounds

Observe that 9y, On, L = £, + a0, and Qy = 20, + % are invariant under 97 —id,,
ie. [0, 07 —i0,] = [0n, 0? —i0s) = [Qo,0? —i0,] = 0 and [L,0? —id,] = —L. Wu

derives the following L? — L* type decay estimate with decay rate 1/ t2:

Proposition I1.4. [20, Proposition 3.1] Let u(t,z) be any function with sufficient
decay at oo and let I' = {0y, 0, L} where L = %@ + x0,. Let Qy = x0; + g—t Then,
for a multiindex k = {ky, ky, ks} and T* = 9f* 0% L* | we have

1
(2.8) ult, )| < 5 | D ITMulle + Y 1T Q0ul12

1
2\ 1 <p<e Ik|<1
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While 0;, d,,, and L are vector fields, €1y is not. In fact, it is the appearance of €
in the estimates which makes Wu’s decay estimates applicable only to the derivatives
of the quantities associated to her problem, forcing assumptions on the initial energy
and the initial height. For a careful examination of this problem in the case of the
linearized water wave problem, see §5.1.2.

The focus of our work is on improving these Sobolev-type bounds, as the bounds in
[20] are sufficient for proving long time existence, but they could be sharper. Since the
existing proofs are complicated by the presence of €2y, removing all the dependence
on {2 is a logical way to improve the results. In the work of Keel, Smith, and Sogge
[5, 6, 7], they reduce the set of vector fields used in Klainerman-type Sobolev bounds,
dropping the vector fields which are inconvenient for their arguments. Their work
inspired the results we present in Chapters III and IV. In the following section, we
discuss Klainerman’s ideas and identify some of the key points of the Keel, Smith,

and Sogge papers.

2.2 Method of Invariant Vector Fields

While considering the problem of long-term existence for the nonlinear wave equa-

tion

(02 — A)v = F(t,v,...)
(v(0,2), ve(0, ) = (vo(x), v1(x))
in various spatial dimensions, Klainerman developed what has become known as
the method of invariant vector fields (cf. [9, 10, 11]). The details of these proofs
easily fill a textbook (e.g. [18]), so we present a sketch of the ideas. The work
of Klainerman is distinctive because he introduces a new class of decay estimates.
Instead of using the standard Sobolev norms, which only allow spatial derivatives,

Klainerman derives estimates which include a whole class of vector fields, specifically
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those that have favorable commutation properties with the d’Alembertian 97 — A,
for example the vector fields for angular momentum and radiation derivatives. These
new estimates produce long time existence results for a large class of nonlinear wave
equations with small data in spatial dimensions greater than or equal to 2. The key
to these results is the adapted Sobolev bounds.

These types of results have been generalized to other differential equations, such
as the Schrodinger equation ([1]) using the appropriate class of invariant vector fields.
All of these generalizations, including Proposition I1.4, follow from reasoning similar
to Klainerman’s for the wave equation.

Other results adapted Klainerman’s bounds to specialized cases of the wave equa-
tion. We are interested in the variation developed in order to handle the wave

equation in three spatial dimensions with an obstacle.

2.2.1 Keel, Smith, and Sogge Bounds for the Wave equation

When trying to solve the wave equation in a domain with an obstacle, the tech-
niques pioneered by Klainerman do not produce good results because they include
the Lorentz boosts t0,, + x;0;, which grow in time in the normal direction. In their
series of papers ([5, 6, 7]), Keel, Smith, and Sogge derive inequalities which use only
a partial collection of vector fields for the wave equation in three space dimensions.
They avoid these growing directions and get long-time existence in both the obstacle
and standard Minkowski case using new inequalities. Hidano and Yokoyama showed
that the key inequalities in these papers in fact hold for all space dimensions [2].
Jason Metcalfe and others increased the dimension in the obstacle case to 4 and
higher ([12, 14, 15, 16]).

Remark 11.5. In the course of our study of these bounds for the wave equation, we

extended the results of Keel, Smith, and Sogge to the two dimensional Minkowski
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space. As these results are of independent interest, we include them in the appendix.
Our focus here, however, is how Keel, Smith, and Sogge’s techniques can inform our

analysis of the linearized water wave problem.

Our primary inspiration is the following theorem from [6]:

Theorem. [6, Theorem 2.3] Let v be solution to the homogeneous wave equation
Ov =01 Ry x R?, let v/ = (O, Vv), and let Z = {0, D, Q} where {Q;; = x,0; —
x;0;, 1 <i < j <3} are the rotational vector fields. Then for any N =0,1,2,...,

_1 _1
> (1250112 + (n(t +2) 7211 + o) ™2 2% 2o aposes

|BI<N

<O Y 20, e

IBI<N

A key ingredient in the proof of this theorem is a rotational Sobolev bound

Lemma I1.6. [6, Lemma 2./] Suppose that h € C*°(R3). Then for R > 1,

17| o (ry2<jal<r) < CR™! Z 1 Z° h| L2(rja<)o)<2R) -
1Bl<2

The theorem above controls weighted norms of derivatives of the time-space gra-
dient in terms of the initial data. Notice that on both sides, the sums are for
multi-indices up to N, so any estimates can be closed.

Rather than removing the Lorentz boosts in the case of the wave equation, we
want to remove )5. The aim is control of the L* norm of solutions in space. We use
an analogue to Lemma I1.6 to inform our derivation of the appropriate L? bounds
and find control in terms of homogeneous and inhomogeneous Sobolev spaces. In
the next chapter, we will discuss some useful results from harmonic analysis before

presenting the new decay bounds in Chapter IV.



CHAPTER III

Tools from Harmonic Analysis

In this chapter, we will outline some useful background information from harmonic
analysis. There are two main results that will be used in the rest of this document.

First, we will discuss the more complex one.

3.1 Basic Ideas of Harmonic Analysis

It is standard practice in harmonic analysis to define operators 7" on §(R") in the

following way:

(3.1) Tf(z) = / K (. 9) (y)ds.

In order for this to make sense generally, we treat K as a distrubtion and call K
the kernel of the operator. One of the goals of harmonic analysis is to determine
the boundedness of these types of operators based on properties of the kernel. If the
kernel K(z,y) is in L>®(R™ x R"), for instance, the operator T' is clearly bounded
from L' to L®. The discussion of these operators becomes more nuanced for kernels
with singularities.

The prototypical example of this type of operator is the Hilbert transform in one
dimension, defined by kernel K(t,s) = p.v.z% for a fixed constant ¢ depending on

the chose of Fourier transform. This kernel is singular along the diagonal, which

13
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would seem to be an impediment to analysis. However, the Hilbert transform is
well-known to be bounded from LP to itself for 1 < p < oco. Working with the
Hilbert transform is straightforward because the kernel function is a convolution and
has nice properties on the Fourier side. If the kernel defining a given operator is
actually a convolution, that is K (t,s) = K(t — s), looking at the Fourier transform

is a standard technique.
3.1.1 Hardy-Littlewood-Sobolev Lemma
For example, fractional integration has a convolution type kernel. These types of

kernels appear in the proofs in Chapters IV and V, and we will use the following

lemma.

Lemma III.1 (Hardy-Littlewood-Sobolev Lemma). Forn > 1,1 < p < ¢ < oo,

0< B <n, and

(3.2) Igg(:zs):/]R ﬂdz

nle =z

1
1139 La@ny < C(p, @) |9l Loy when rie

For a proof of this lemma, see [19].

Unfortunately, several operators which are not straightforward convolutions ap-
pear in our work. Instead of looking on the Fourier side, a more useful technique for
our work is careful analysis of the size of the singularity and the speed of the decay of
the kernel away from the singularities. There are several very powerful results along
these lines, but we will use the one that fits best in the context of our problem, the

T1 theorem. In order to state the theorem, we need some new definitions.
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3.2 The T1 Theorem

3.2.1 Definitions

Following the work of David and Journé [4], we need to characterize precisely

what sorts of kernels are allowed.

Definition ITI.2. Let K(z,y) be a continuous function on R” x R™\ A where A =
{(z,y) € R" x R" : x = y}, and two constants ¢ € (0,1] and Cy > 0. We say K(t,s)

is a standard kernel when all of the following are true:
LK (z,y)| < Cele —y[™

2. For |z — 2'| < 3|z — g,
(3.3) |K(z,y) — K(z',y)| + |K(y, ) — K(y,2')| <

3. For all functions f, g € C§°(R™) with disjoint supports,
11.9) = [[ Kew fw)ayg(a)a

Observe that the Hilbert transform mentioned in the previous section has a stan-
dard kernel. The definition above is the most general definition of a standard kernel,

but observe that

. x ) ) S T a1
(3.4) VoK (2,9)| + |V, K (2, y)] P

implies (3.3) above. The equation (3.4) is an easier criterion check in our case, so we
will take advantage of this alternate formulation.

Before we can state the T'1 theorem, we also need to define the function space

BMO, the space of functions of bounded mean oscillation:
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Definition III.3. Let fg := |712|fQ f(z)dx for a cube Q. We say f € BMO(R")

when

(3.5) Illssso = stp /Q F(x) = foldr <

It is worth noting that any function in L* is also in BMO and that BMO is
strictly larger. For example, In|z| € BMO but not in L*>°. For more information on
BMO and its various properties, see [19].

The last new definition needed is that of the weak boundedness property.

Definition ITI.4. An operator T is said to have the weak boundedness property if
there exists an N > 1 and Cy > 0 such that for all ¢, ¥ € C§°(R"™) with support in

B (0) and [ ¢dx =0,

C
(Tt o)+ (Tl vn)l < 2| D0 10700~ | | D0 10™lle~

la|<N lo|<N

where ¢¥(z) = Lo(E=Y.

Notice that any operator bounded from L? to itself satisfies the weak boundedness
property.

3.2.2 Statement of the 71 theorem
We can now state the 7T'1 theorem:

Theorem II1.5. [}, Theorem 1] Let T be a continuous operator from 8(R™) to 8'(R™)
associated with a standard kernel. Then, T can be extended to a bounded operator

from L?(R™) to itself if and only if the three following conditions are satisfied:
1. T1 € BMO,

2. T*1 € BMO,
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3. T has the weak boundedness property.

We will not prove this theorem here. See [4] for the complete proof. The key
observation for our purposes is that the bounds on the operator T are a linear

combination of ||T'1||gyo and r™*[{TYZ, p¥)|.

3.3 Useful Corollaries

In Chapter IV, we need two specific corollaries to the T'1 theorem of David and
Journé in one dimension. The proofs are very similar to that of the T'1 theorem. We
require precise constants, and so we will carefully prove Proposition II1.7. Since the
proof of Proposition II1.6 follows from exactly the same argument, we will omit the
details. We will show that our operator 1" in Proposition II1.7 satisfies the hypotheses
of the T'1 theorem with certain constants, and those constants will lead directly to

the desired bound.

Proposition I11.6. Let a(t, s; &) be smooth function in t and s supported in ball of
radius p in Ry X Ry such that a(t, s;&) = a(s,t; &) and both a(t,s; &) and dyal(t, s;€)
are uniformly bounded in t,s and & by constants C7 and Csy, respectively. Define the
kernel k(t,s;&) = a(t,s;€)(t — s)~. Then k(t,s;€) is a standard kernel uniformly
bounded in & and the operator T associated to k(t, s;€) is bounded from L* to itself

independent of & with norm Cy + pCs.

We will also have operators whose kernels are controlled by positive L' functions,

so we will need the following proposition:

Proposition IIL1.7. Let A(t, s;&) be smooth function in t and s supported in ball of
radius p in Ry X Ry and k(€) € L'(R) with k > 0. Assume that A(t,s;&) = A(s,t;€)

and |A(t,s;€)| < C1k(§) and |0,A(t, s;€)| < Cok(§). Define the kernel K(t,s;&) =
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A(t,s;€)(t—s)7t. Then K(t,s;€) is a standard kernel and the operator T associated

to K(t,s;&) is bounded from L? to itself with ||T |22 < Ck(&).

Proof. We need to show first that K (t, s;€) is a standard kernel. Then, the bounds
on the operator T follow by the 7’1 theorem.

Now, it is obvious that

[K(t,5:8)| <

It remains to show we have control of |0, K (¢, s;&)| + |0sK (t, s;&)|. Because of the
symmetry of the function A(t, s; ), it suffices to show that |0, K (¢, s;€)| < Ck(&)|t —
s|72. This clearly follows from our assumptions on A(t, s; &) with C' = Cy + Cap.

In the proof of the T'1 theorem, the operator bounds of T" are less than or equal
to a linear combination of the bounds on r|(TY7, ¢¥)| and ||T'1||ppo. Therefore, if
we show that r|(T¢7F, ¢¥)| < Ck(§) and ||T'1]|pmo < C'k(§), we can conclude that
|T||22 < Ck(§). First, we will show weak boundedness.

Take &(t) and (t) as in the proof of Proposition IIL6. If |z — y| < 3r,
[ [ Esoueassn = [ [@ise - Ksno)usdsoio
—5 | [Keso @ - e ds.a
Notice that [¢2(s)2(t) — 67()02(5)] < Cr=lt — | and [k(t, 5:6)] < CLk(€) ]t — |
In addition, [t —y| < r and |s — 2| < 7, 50

[ [ Ksgaisioi <5 [ [1Kesollo600 - a@eo)] ds).d

- 2 /It—y<r /Is—:c|<rclk(§)|t —s|7'Or 7Pt — s|ds/, dt
< C9HO) 9y < cniey

23
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When |z — y| > 3r, we take advantage of the mean zero assumption on 1 to get

[ [resouesson =| [ [ose.s0 - Ktp e
< [ [ 185 - Kty 26 0lds) . d
e ly—sl <7, < [ [ 10K 5:)lls — il 670 lds/. a
< [ [ o orotasy.ar

Now, 3|t —s| > | —y| because |z —y| < |z —t|+|t—s|+|s—y| < (2/3)|x—y|+|t—s],

SO

' / / K(t, s;&)w%(s)dsaéf(t)dt‘ < jfﬁf?;“ / [¥(s)|ds / |67 () dt

< Ck(&)r™

Therefore, we have precisely that r|[(T9?, ¢¥)| < Ck(£) It remains to show that
T1 = —-T*1is in BMO with BMO norm controlled by k(¢). In fact, we can show

that T'1 € L°°:
Alt,s;6) > Alt,5;€) 0 At 5:€)
by / t—s) ds—%%(/w i) d”/_m i) ds)

i / A@J+S@M5+/ Alt,t = S:6)
6—0 F) _S S5 S

“A(t,t—S;&)—A(t,t—i—S;&)dS

Notice that the difference in the last line is close to a derivative for small S. Therefore,

we consider (4, ¢€) and (e, 00) separately:

EA _ . _A . €
) - J

sup lim
tp 5—)0

S

< lim Cok(§) (e — 9) = Cok(§)e.
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For the (e, 00) case, we take a simpler bound:

ds’ < %/OO |A(t, t + S;8)| + |A(t, t — S;€)|dS

/°° A(t,t — S;8) — A(t, t + S;¢)
. S
40C1pk(§)

since [t — (t£5)| < Cp, <
€

By choosing € < 1, we see that |T'1| < Ck(£), so [|[T1]pmo < 2|71 < C'E(E).
Therefore the operator associated to K (t,s;&) is bounded from L? to itself by the

T'1 theorem and ||T'||22 < C'k(E). O



CHAPTER IV

First Set of Dispersive Estimates and their Optimality

This chapter collects the new bounds for a general class dispersive equations
described below. The results of primary interest for our later discussion of the
linearized water wave problem are Theorem IV.3 and its related sharpness result
Theorem IV.5. The precise bounds from this theorem in the case of a = 1/2 (found
in section 4.5.2) imply that the growth factor in Theorem IV.3 exists only because
of high frequency contributions in the initial data. All of the proofs rely on a careful

analysis of several oscillatory integrals.

4.1 General Class of Dispersive Equations

The results in this chapter apply to a general class of one dimensional dispersive
equations, for which the linearized water wave problem is a special case. We state
and prove these results in their full generality, before focusing on the water wave
case in Chapter V. Consider the following general class of 1D dispersive differential

equations. For 0 < a, a # 1, let u(t, x) be a solution to the initial value problem

(

O2u + |D]**u =0

(4.1) (0, z) = up(x)

u (0, 2) = ug ().

\

21
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We define |D| by the following Fourier transform:

D|f = / e iv€|¢ | e

Let T' = {0,,0,,L = t0; + (z/a)d,} and Q, = z0; + atd,|D|** 2. In the case of
a = 1/2, equation (4.1) is the linearized water wave problem. Observe that the
equation above is really (0; —i|D|*)(0; +i|D|*)u = 0. It is sufficient to consider just

half of the equation:

Ou — i|D|"u =0
(4.2)

u(0, ) = up(x).
Remark TV.1. This decomposition is convenient for the results in the following chap-
ters, but it is by no means the only one with merit. In the case of the linearized
water wave problem, Geri Izbicki-Jennings in her thesis [3] has detailed numerical
results for the so-called one way water wave operator, 9, — i| D|'/?H, where H is the
Hilbert transform. The results discussed in future chapters are also applicable (after
some modification) to the one-way water wave equation. We do not use the one way

water wave equation simply because the equation (4.2) has some useful symmetry in

our calculations.

We have the following variant on the standard Sobolev bounds, using only the

vector field L = t0; + (x/a)d,

Lemma IV.2. For any C*(RT,R) function v(t,x) such that v decays to zero as

|z| — oo and any paramter y € R, we have

C < 2 2 :
4.3 sup |u(t, yt'/)| < —— LFo(t, yt'*)|" dt
T1/2
k=0

T<t<2T T
Proof. The integral curves of the vector field L are of the form () = yt'/*, where y is

any real number. First, we want to consider the quantity |v(¢,yt'/%)|, the restriction
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Figure 4.1: Integral curves for a = 1/2

of the C' function v(t,x) to the integral curve. First, observe that:

1/a—1

O (v(t, yt'/)) =0 (t, yt"'") + vt Do (t, yt''®)

1/a

a

1 yt
== (toyw(t, yt'/*) +
; < w(t,yt ") a

v, yt”“))
1
=7 Loleyere)

Using a variation on the fundamental theorem of calculus and the identity above, we
find:
2T

2T
|o(T, yT)| g/ |0t(v(t,yt1/“))|dt+%/ o (t, yt+/*)|dt
T

T

2T1 1 2T
< / L Lo(t, gt/ dt + = / ot /)t
T t T T

1 2T
<7 / > | Lru(t, yt)| dt.
T

k| <1

After an application of Cauchy-Schwarz we have the following L? bound:

C T 2 3
|o(T, yTl/a)| < TiR Z (/T }Lku(t, ytl/a)} dt)

|k|<1

We can now state the new decay estimates.
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4.2 Statement of Theorems

For 0 < a, a # 1, recall that u(t, ) is a solution to the initial value problem (4.2):

Ou —i|D|%u =0
(4.2)

u(0, ) = up(x).
Let L = 20, +t0;. Recall Lug = Lu(0, x).
4.2.1 New L* bounds
Theorem IV.3. Let u(t,x) = e“|D|%u0(x) with Liug € H2" fori=0,1. Then, for

any time t > 0

a __—a _ 1
(44)  Jult )] < OO+ Iyl (Juoll e + 11 Leuol 50 )

This theorem is a special case of the following proposition combined with Lemma

IV.2:

1 . g
Proposition IV.4. Let u(t,z) = ¢"P1*uy(x) with Liug € H'z* fori=0,1. Then

we have the following restricted L? bounds:
1. For 0 < a and a # 1 with

(0,55¢] foro<a<1

S
[1_7“,0) forl <a,
2r 1 ) l—a—20 a—1420 a 2
@) [ lultr) Pt < Ol T (1T ol
T

2. For0<a<1and 5% <o <1/2,

a—20 a—1420
—1

2T
46 [ lultyt /P < Cly FETTE (1457 )
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In the results above, there is a growth factor in y. From the following optimality
result, it is not possible to remove the growth factor without slowing down the rate

of decay.

Theorem IV.5. Choose initial data ug such that Uy(E) = [€]* 'gp(y€ + |€]*) with

lgllz2 =1 and ¢ € C3°(R) such that 0 < ¢ and ©*(t) < xr2n(t). Then,

2T 1/2
( / |u<t,yt>|2dt) > C @y D C(g) | oo

T
where the constant C(g) is explicitly

@ Dlyfap/eD .
/ 72173 — (a— Dly/a @ D)Pde 1<a
Clg)?=<¢"0

0 .
/ e ST+ (= @yl PG 0 <a <
a—1 yaa a—

We can remove the factor of y in the Theorem IV.3 above but at the cost of a
slower decay rate. One such result is the following:

Proposition IV.6. 1. When 0 < a < 1, u(t,z) = PP uy(x) with L'ug € H"

with r = max %, 277“ for i =0,1 satisfies the following L*° bound:

sup Ju(t, yt'/*)| < C 4 172) N (11 uo e + 15wl 2 )
Yy

|k|<1

2. When 2 < a, u(t,z) = e“|D|%u0(9§) with Liug € H™ with r = max{15%, 2%} for
1 = 0,1 satisfies the following L> bound:
oup als 1 < O 477 3 (Il + 1B ol )
This proposition follows from an invariant vector field Sobolev bound (Lemma
IV.2) and Proposition IV .4 for appropriate choices of o.
The proofs of Theorem IV.3 and Proposition IV.6 are straightforward applications

of Lemma IV.2 and Proposition IV.4. Most of the detailed work is in the proof of
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Proposition IV.4 which has several steps. It begins by rewriting u(t,yt'/*) as an

operator on the initial data using Fourier transforms. Define the operator SY as

ng(t) = /ei(ytl/“§+t|€|“)@(£)d§_

Therefore, u(t, yt'/*) = SYuq. In practice, we will suppress the sub and superscript.

We can rewrite the L? norm with respect to this new operator:

( / |u<t,yt1/a>|2dt)2s sup |(Suol)er(t), g(t)]

T geL?,llgll=1

= sup (@(€), S*(prg)(9))]

geL? |lgll=1
where p(t) € C°(R) with ¢ = 1 for t € (1,2) and ¢ = 0 for t € (1/2,5/2)¢ and

or(t) = p(t/T). For simplicity, we will let T = S*, 50
Th(§) = / e~ W EHUE (1) .

The proof of Proposition IV .4 relies on a careful bound for the operator 7, found in
Lemma IV.7.
First, we present the proofs of Theorem IV.3 and Proposition 1V.6, followed by

the longer proof of Proposition 1V .4.

4.2.2 Proof of Theorem IV.3 and Proposition IV.6

For these two short proofs, we will assume Proposition 1V .4.
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Proof of Theorem IV.3. Let S and T be the operators described above. Then,

UTQT e fa)’ U:T [Suo(t)er (1) dt) |

= sup [(Suor,9)|
lgll 2 =1

= sup [{Uo, T (g¢r))|
llgll p2=1

< ol 5. swp ([17 ey ©rac)
g L2

(47) = ||U()|| iza sup </‘/ —iyrl/ag—ir|g|e ( )()OT( )d’T
||g||L2 1

Then by Lemma IV.7,

2
sup / ‘/ e €T G (1) o (t)
llgll 2=1

ISI“ 1d€>

2 1
|§|“‘1d£> < sup (1+y2(a*”)2!|9||L2

lgll L2=1

< C’(a)(l —|—y2(aal>>%.

Thus,

1
2 1

2T 2 1
( / \u<t,yt1/a>\2dt) < C(@) (1457 ) gl e
T

O

In order to get the slower decay rate, we use a similar argument, but we use a

linear combination of results from Proposition IV.4 with ¢ = 1_7“, 277“.

Proof of Proposition IV.6. Recall from Proposition IV .4, for 0 < a < 1 and 1_7“ <
o <1/2,

2T
/T fut, yt) 2t < © (g =20 4y 56T T ) e

We want to choose discrete o so that we can control the right hand side independent

of y. Notice that

ly|[m=TT Y < 1= |y|eT < TV = |y|7D < TV2.
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So when |y|=1T-1/a < 1, if we take o = 5%, we have:

2T
1/ay |2 1/2 2
/T Ju(t, g1/t < O (14 T7) flug|” 1.

On the other hand, if

=TTV > 1 = |y @ T2 < 1.

l1—a—20 a—1420
a—1

If we take o = 2%, then |y| T = |y| 2@ D T2 and we get

2T
1/a\|2 1/2 2
/T lu(t,yt")Pdt < C(1+T )”“‘)HHZ%“’

Therefore, we can conclude that

2T
1/ay(2 1/2 2 2
[ et <. (07 (Juoll e + ol )

By combining this estimate and the Sobolev estimate from Lemma IV.2, we get the

desired L*° bound. O

4.3 Proof of Proposition 1V.4

The proofs of Theorem 1V.3 and Proposition IV.6 rely on Proposition IV.4, which

in turn follows from a proposition on the Fourier transform of the dual operator S*.

4.3.1 Reduction to Lemma IV.7
Recall the operator S:
Su(t) = /ei(yt”%%—tlﬁl“)@(g)dg.
Then,

/ u(t gt Pdt < sup |(Suo(t)pr(t), g(0)]

T g€L? gll=1
(4.8) = eLs;lupuzl [(@o(€), T (prg)(£))]

=

2

- ( [ s ds) ( / w(€)IT(s0Tg)(€)|2d§)
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where w(§) is any weight.
Thus, we have reduced the proof of Proposition IV.4 to showing the weighted

estimate contained in the following lemma.
Lemma IV.7. Let g € L*(R) and T and @7 be as above.
1. For 0 < a and a # 1 with

(0,%} for0<a<1
(S

[1_7“,0) for1l <a,

1— a—1420

@9) [T gen©Fds < Cly T (L4 g7 gl

2. For0<a<1and 52 <o <1/2,

l—a—20 a—1420
a—1

@10) [ (&) I Tlgpr)©)Pde < Clul FF1"75 (14577 ) gl

Remark TV.8. To prove Proposition 1V.4, we simply apply Lemma IV.7 to the last
line of (4.8).

4.3.2 Proof of Lemma IV.7

Proof of Lemma IV.7. Assume without loss of generality that y > 0. The two cases
in a are proved using the same techniques, but the details are subtly different. We
will present the full details for the 0 < a < 1 for (4.10) and a sketch of the ideas for
(4.9). The arguments are identical for the 1 < a case.

The main idea of this proof is rewriting the weighted L? norm as an operator
and analyzing the kernel of this operator. We will show that the kernel is a linear
combination of standard kernels and fractional integrals. Since the kernel is an
oscillatory integral, we will use a careful decomposition combined with integration

by parts and the method of stationary phase to control it.
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We begin by rewriting the square on the left hand side of the inequality as a
product and changing the order of integration. In the proofs of (4.9) and (4.10), the
only differences lie in the kernel analysis. For now, let w({) denote a general weight

function. Then,

[w@iTen©ie = [ [ gervmrts) [ e Oueragatas

where W(§) = y(t1/¢—sY2)E+ (t—s)|€]* and let & = — (@) = denote the critical
point of this phase function W(¢) with f(t,s) := (t'/* — s¥/9)/(t — 5). Our goal is
to show kernel estimates on the ¢ integral so that we can apply Holder and produce
L? bounds. For clarity, let K(t,s) = [e " ©w(£)dé. To get reasonable bounds on
K(t,s), we need to consider the integral near the critical point and away from the

critical point. With different weight functions, these estimates proceed somewhat

differently. First consider w(&) = (1 + |£[*)77.
Case IV.8.1. w(§) = (1 + [£]?)7 for (4.10)

Let € < [£|/2; then:

K(t,s) = /5_€ | e VO] 4 £2)77de —I—/5 e VO] 4 £2)77de

—&ol>e€

=I1+1I.

Now, |[I| < 2Ce(1+ &), and we will use integration by parts to bound the second

term:
) 1
II = o —i¥(¢) d
/|§—€o|>e ele )—’i(1+52)”‘1“(§) :
B e~ () B i) < 1 )
RGN A /Hobf U\ ST e ) ©

Here the requirements for o come into play. In order to have these terms be finite

at zero and decay at oo, 0 < 0. We will show the bounds for the boundary term
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in detail, and the bounds on the remaining term are similar. When we evaluate the

boundary term, the only contributions come from &, — € and &, + €, so we have

e~ 1¥(So—€) e~ ¥ (8ote)

R s R F2NpS ) 7 i 1 Y s oy

First, notice that U'(& £ €) = +a(l — a)e(t — 5)|&|*2. We can neglect the higher
order terms in € and rewrite the boundary terms:

‘50|2—a e~ (o—e) e~ ¥ (Sote)

BT < T Or Gy

~a(l—a)elt —s| [(1+ (§o—€)?)°
Cl&ol>
~a(l —a)elt — s|(1+ &)

Now, we optimize our choice of € by setting the two terms equal to each other:

) Cl&o|*
2 o __
2Ce(1 + £7) “a(l— a)elt — s|(1+ &)
o C&)*
a(l —a)lt —s|
_ Ol
= |t— $|1/2

Case IV.8.2. w(§) = [£]7% for (4.9) For now, let € < |&|/2; then:

K(t,s) = / ¢ ge 1 / O ¢ 2
|€—&ol<e |E—&o|>€

=I+1I.

Now, |[I| < 2C¢|&|2°, and we will use integration by parts to bound the second
term:

. 1
11 = O (e7™O)) ————d
/|§—€o|>e (e )—i|§|2"‘1”(€) :

_ - (5)0 df
€ 3 ) a\Js/
e—Eol>e  JIE—tol>e —i|€[*7 W (€)

I AGIEE
Here the requirements for o come into play. In order to have these terms be finite

at zero and decay at oo, 0 < 0. We will show the bounds for the boundary term
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in detail, and the bounds on the remaining term are similar. When we evaluate the
boundary term for 0 < ¢ < (1 — a)/2, the only contributions come from £, — ¢ and
&o + €, so we have

e~ 1¥(So—€) e~ (8ote)

PI= 296 096 o7 W@t o

First, notice that U'(& £ €) = +a(l — a)e(t — 5)|&|*2. We can neglect the higher

order terms in € and rewrite the boundary terms:

‘50‘2_[1 e—i\I/(gO—E) e—i‘I’(ﬁo—l—e)

|BT| < 50 T 2

a(l —a)elt —s| [[&o —€]>* &+ €]*
Cléo]*

~a(l —a)elt — s||&[*

Now, we optimize our choice of € by setting the two terms equal to each other:

_ Cl&o >
20 2 =
T e e |
2 Cl& >
a(l —a)|t — s|
_Cl|£0‘1—a/2
|t — |2

When ¢ = (1 — a)/2, the boundary term has an additional contribution from 0:

e—iV(©) =iV (€0—c) =iV (€o+e)
—W(O)IE[ ey —1P (G0 =)o — )T =i (& + €) (€ + €)1
_ 2
ia(t — s)
D) 2—a —1U(&p—e) =iV (€o+e)
BT] < — 2% < - ° .
a(l —a)lt —s| [(§o—€)'=*  —iW'(§o+€)(So+ €)'
_ 2%l
aelt — s|
_ Clalleol
€|t — s

Then, we have the same optimal choice of € for 0 < o < 1_7“
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Notice that both cases give the same choice of €. However, this optimal %};;/2

is not always less than |£y|/2. Let

' /|§ |1 a/2
€ = 1min {W, |§0|/2}
We will do the rest of the calculations with w(¢) = (1 + £2)77. The homogeneous

case follows by similar and slightly easier arguments.

Observe that

/|£ |1 a/2 " C‘t _ 8‘1/2
RN y2(1—a) >

(4.11) €0l /2 < T s F(t,s)TD

Assume y20-9 > (Ct)%(';/z), and therefore € = [§y|/2. Let y(a) = a=71. For 0 <
f(t,s —a
a < 1, y(a) > 2. More importantly, ¥(v(a)&y) = 0. We adjust the decomposition of
K(t, s) so that one endpoint lies on this very convenient number:
0/2
Kito= [ emonse) it [ VO 4 )7
V(G)Eo (v(a)é0,€0/2)C
K(t,s) = Ki(t,s) + Ky(t,s).

The easier term is K7, so we will bound it first. Clearly,

[Ki(t,8)] < Cly(a) — 1/2)|&| (1 + &)~

By our assumption on y, [&| < %, so we can apply the Hardy-Littlewood-

Sobolev lemma, Lemma III.1, for fractional integration:

C" —1 2 1-3
)/QSOT /K1 (t,s)gor(s dsdt‘ /|9<PT |/ 1+£/ )Eo\_ S|1‘/9;0T( >|dsdt
3)

(v(a) — 1/2)a-2)/20~ a)yz(ai“nT“Q—f
(1+ CalfaylfaT_2/ )

lger||3as

2+4o’

< C"(y(a) — 1/2)a T y 20 TR g2,

1+2<7

< Ci(a)y e T g2,
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Now we turn to Ks(t, s). Recall
v(@éo oo .
Ko(t, s) = / e O(1+ ) 7dE + / e O (1 + &) dg.

—00 50/2

Let’s begin with the first term. By integration by parts,

v(@)o  —i¥ () i (©) v(a)éo
[, drert- Swmrerl.
- /V(a)ﬁo e_iqj(g)aé ( | 1 ) it
o —iW(§)(1+&2)7
Sl

“ia(1 — a)(t — s)(1 + amTe2)e

_/“/(a)fo —i\I'(E)a < 1 )d
O Svearer )

= Ki(t,s) + Kj(t,s).

The kernel K/ (t, s) satisfies all the conditions of Proposition II1.6 in Chapter IIT with

—-1lpl-1/a oy~ l7—1/a
Cl = (l_a)(liy2/(a—1)T—2/a)o> C12 = (1_a)(1fy2/(a—1)T—2/a)o and p= T Therefore,
Cy~ 711/
/ -
| [ aertt) [ e sgnis| < Lol o e ol
C l—a—20 20—1+a
< 1— a7 T \gll7a

For the kernel K7 (t,s), we want to change the order of integration, so that we
may integrate in t and s before integrating in £. Showing K is a nice kernel is
complicated by the presence of the exponential; if we change the order of integration,
the exponential splits into a function of norm 1 in ¢ and s, leaving only the derivative
for the kernel. In fact, O (W) satisfies the kernel conditions of Proposition
I11.7. It will be convenient for notation to let & = —(%(QT)O_“)/“)%) and & =

—(%T(l‘“)/“)ﬁ) Since y(a)éy < &, when we change the order of integration, we
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have
(@) 1
— —iv(¢)
//QQOT(t)g%OT(S) /_oo € 85 (_Z-\I]/(g)(l + 52)0) d€
/§2 // —2 ytl/a§+t|§| )@T(t)W(S)A(t S; g)g(s)ei(ysl/af-l-s\f\“)ds dt dé—
Q(t,s)( Z(t - S)
where

. a o\ —1

A(t,5:6) = pr(t)pr(s)de (—i(yf(t, s) + alé]*sgné) (1 +€%)7)
and Q(t,s)(€) is the region in R? from Fubini theorem. When & < &, we can
apply Proposition I11.7 for (t,s) € [T, 2T)?, so the exact description of Q(t, s) is not

important, since its intersection with the square is clearly contained in the square.

So we can decompose again:

[ gteroermesna erOZHOAC S et g
Q(t,s)(&

i(t—s)
— / ) / / gty it/ el PrOPT(s )A(t’875)§( e dsdrde
—00 Q(t,s)(€) ( S)
+/£2 // g(t)e— i el pr(t)Pr(s)ALL, s’g)ﬁ( el ST st dg
o JJaws)e it =)
=141

We will use the following claim, combined with Proposition II1.7 to bound term :

Claim IV.9. Let
1
(1+ &) yTVe fa—al|*~t)
Then, for A(t, s; &) defined above and & € (—o0,&1), we have
(1-a)/a _
a9l < 2 (1 = D g

l1—a

k(€) =

and

(I-a)/a __
A 56 = A5 € £ (1 L ”) K(e).
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The proof of this claim is straightforward, since by definition

yf(t s) —alg]*™ > (1 —a)/a)yT

&
il < /
—00

l1—a
“a . Therefore,

// g(t)e—i(ytl/af—i-ﬂﬂa) SOT(t>W(S)A(t7 S; g)g(s)ei(ysl/aﬁﬁ-s\ﬂ“) dsdt dg
Qt,5)(€) it —s)

&1
< llglze / Cla)k (€)de g e
aCl(a) )
S (1 +y2/(a—1)T—2/a)‘7 (1— a)yT(l—a)/aHg||L2

l1—a—20

< aC(a)y =t TE7re= D],

where C(a) = £% (1 + CM%P) (1+:%).

Now we consider term ¢i. Since we are integrating in £ over a bounded interval,
we do not need to use Proposition I11.7. It suffices to show that A(¢, s; &) is bounded.
With € € (&,&), we cannot neglect the region (¢, s) in favor of [T, 2T)%. Observe
that Q(t,s) = {[¢]*7 < yf(t,s) < LT0-2/2} Therefore, yf(t,s) + al¢|* 'sgn¢ >

(1 —a)|€]*L. Using this bound and the range of £, we have the following claim:

Claim IV.10. Let A(t,s; &) be as above with t,s € Q(t,s) and & € (&1,&). Then,
|A‘ < C(20’+CL(1 . a))y(—a—2cr)/(a—1)T(a+2cr)/a

and

4C (120 4+2a) (. 3
O A| = 0,A] < —= (-a=20)/(a=1)pla+20)/a

Now, we use Proposition III.6:

&2
i) < /
&1

< llgllz2 /:2 (0(20+ a(l —a)) +

// g(t)e—i(ytl/ag-}-t\f\“) YT (t)W(S)A(t> 5; 6)g(s)ei(ysl/ag-}-s\f\“)dsdt dé—
Qt,5)(€) it —s)

4C (20 + 2a)
(1-a)?

4(20’-'-2&) 1az20 o+a—1)/a
e L

) y(am2)/e=Dplate)/a) o) o qe

< ((20 +a(l —a))+
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Finally, we address the term on (§y/2, 00). The integral from &;/2 to 0 is somewhat

simpler. Since 0 < o < 1/2, we can integrate |£]727 explicitly:

C/|£0|1—a/2—2o

0
—i0(€) 2\ —o 1-20
[ o e a < cle < SR

0/2

Therefore,

—a—4o 2o'+a 1

0
‘//gw 77T (s >// eVO(1 1 £2) "dﬁdsdt‘<0’y = g2
&o/2

When we integrate the kernel from (0,00), we use integration by parts as be-
fore, and the boundary terms contribute nothing. For the derivative term, we need
to be more precise as J¢ ((1+ &%) 77 (yf(t, s) + al¢]*~')™!) changes sign. We do an
additional decomposition to preserve monotonicity. Let E be the critical point of

0 (1+&8)77(yf(t,s) +alg|*"")7"). Then,

J[EERITEL) [T v, (1 €)7o 0,9) +alel ) ) d e de

t—S 0
[ S OTE) [ s (1 2y 0,0+l s
o [ 20T [ i (14t ) + k) ) dcea
t—S 3

= //QSOT(t)W(S)Ks(t, s)dtds + //ggoT(t)W(s)K4(t’ s)dtds

We will present the argument for Kj; the analysis for K4 follows the same argu-
ments but with slightly different constants (independent of y and T'). For Kj, we

apply Proposition IIL7 with &/(€) = |8, ((1 4 &%)~ (CyT"=9/* + al¢|*")~1)|. Let
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&3 denote the zero of k'(£). Then,

‘// 9¢r(t)ger(s)Ks(t, s)dtds

Z‘I/(
W 9er®eMOTETE) o (14 €277 (yf (1) + alélr) ) d i de

t—s
<9Il /
0

8 < ({7_1_ 52)_0 ) ‘ dg
CyT™= + alg|*!
<

2l
T (14 E)7(CyT =" + algslat)

In order for € to be a zero of k’ (£), it must satisfy
a(l = a)(1+ &) = 20&~(yT" = + algs|* ™).
Therefore,

ger(t)ger(s —iw(e) (1+8)—° )
‘// it — ) / O (7t + i) s

Observe that &3 > C\yT(l_“)/‘ﬂﬁ for a constant depending only on @ and . When

< Cllgllzal&sl 72—+,

20 > 1 — a, that means this & term is bounded by y(~20-a+D/(a=)pQo+a=D/a 4pq
can be combined with other terms.

Now, we collect all the terms above:

Lemma IV.11. When y2<1a*a> > (Ct)%('ja/z) and 1 —a <20 <1,
f(t,s —a

1l—a—20 a— 1+2<7

@12) [+ @) I T(gen)(©)Pde < (Cilal™T +Caf@)) 5 =5 g

where Cy(a) = (C’ ((20 +a(l—a))+ 4((2U+)2a ) +aC(a )) and Cy(a) = C"(y(a) —
1/2)a==a

. —_a —s|t/
It remains to show the bound for y*@-= < C-Cl=sL” | e F(t,s) = Cle=sl 2
f(t.5) 707 F(t8) 70
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In this case, we only need to take the optimal e:

\ /.. ser(ge(s) [+ &) dgaras
y20-0) <F(t,s)

— &'~/
< . lger(t)|[gPT(s)] dsdt
[ T+ &)=
C(yTl/a—l)(2—a)/2(a—1) )
(1 + y2/a—1T-2/a)o gl 7470
- C,y(2—a)/2(a—1)T—(2—a)/2aT1/2
- (1+y2/a—1T—2/a)J

lger iz

a—1420

2—a—4c 2
< Cy =T o |lgllze.

We combine all of these terms to see that for 1 —a < 20 < 1:

1— a—1420

a—20 a 2
ST (14 g ) gl

/ (1+ &) |T(gpr) (€)de < Cy

4.3.3 Remarks on the proofs of §4.2.2 and §4.3.1

The proof of Lemma IV.7 for the case a > 1 differs in a couple key ways, but
otherwise follows the same general argument. First of all, the weight in the kernel
is replaced by [£]?°. We need the homogeneous weight here because 1/9’(€) at 0 is
not equal to zero, and therefore we accumulate additional powers of y and T either
by evaluating the derivative at 0, or from the kernel with the exponential that we
worked so hard to avoid in the case 0 < a < 1. Unfortunately, the acceptable range
of o means we cannot prove Proposition IV.6 when 1 < a < 2.

That said, the proof above for Proposition IV.6 is also correct when 2 < a. The
steps in proof of Proposition IV.7 are the same, except the various bounds on the

kernels are subtly different.
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4.4 Alternate Proof in the case a = %

In the case a = 1/2, the phase function in Lemma IV.7 is quadratic in £ , so we
can compute those bounds precisely.

] 1
Let u(t, ) = ePI?yy(x), a solution of the following differential equation:

Oyu — z'|D|%u =0

u(0, ) = up(x).

(4.13)

We want to control the quantity:

oT 1
( / |u<t,yt2>|2dt) — | Supg1
T

o~

where Sf(t) = [ el (ve+tiel?) ) f(€)dé. Observe that

</2T |U(t,yt2|)20lt)é = sup [(Sug(t)p(t), g(t))]

T geL?

= sup [(uo(§), T(9¢)(£))|

geL?

< loll e ( / \5\‘%\Tg<p(£)\2d£)2

— ) 1
where T = S*, that is Tf(§) = [e W+ f(#)dt. Let us analyze the norm on
T gp. If we rewrite the absolute value squared as a product, we can rearrange terms

as

/\5\ HTgo(6)de = //ggo (s /\5\ it e geg gy,

We will treat the £ integral as a kernel ¢ and s. Without loss of generality, assume
that y > 0. The phase function ¥(¢) = y(¢* — s*)¢ + (¢t — s)|§|% has strictly positive

derivative, and so we can use the method of nonstationary phase to approximate the
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value of the integral:

Ky(t,s) = / i €[ B Er-9)lel ) g

0

> 2¢|2 N
_ / | <l o (e iel?) ) de
0 —iy(t? —s*) + (T — s)[¢] 2

Straightforward calculation shows that o(t) K (t, s)p(s) is a standard kernel. Then,

by a modified version of the T'1 theorem we can conclude that

U’mm@www@ﬂscmm

where the constant C' is independent of y and 7.
Now we consider the integral from (—o00,0). First, notice that we can rewrite

V() as a quadratic polynomial in |€ |%:

wmz—Mﬁ—ﬂ(m%—(l )

2y(t+s 4y(t+s)
This suggests a change of variables ( = |¢ | t Ty SO
0 —it—s) [ (42 (22
/ _Z\IJ |£| 2 dé‘ — e4y(t+s) / ely(t —s )C dc
e W}H)

—i(t—s) 0 12 2\ 2 e 2y
— e4y(t+s) / ely(t —S$ )C dé' _'_ / ely(t —S$ )C dé'
TG 0

In both of these terms, we want to change variables in order to remove the factor in

front of (2. Let & = (y(t* — 52))%C and change variables:

—i(t—s o . —i(t—s 0 . o0 .
eﬁ </ ely(t2_52)€2d§> = (y(t2 — 82))_%eﬁ (/ e’gzdf—i-/ 6Z§2d§)
—1 b 0
t—s)%
)

T (i+5)
where b = ——(t=8)2_
2

ke . The second term above is bounded by a multiple of /7, which
Y2 (t+s

leaves only the first term, which is a Fresnel integral. Classical results imply that

the Fresnel integral is also bounded independent of the quantity b, therefore,

(NI

|[Ka(t,s)] < Cly(t* — s%)] 2.
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Thus,

\ [ s>y<s>dsg<t>dt’ <yt [ =1 ool aslapte)ds

_1
< CyT) 2 ||gell3 s

_1
< Cy~z|gl72
4.5 Optimality and Counterexamples

In Proposition IV.6, the factor of |y| acts as a barrier to our optimal time decay
rate. In the following results, we explore the precise nature of this impediment.
There are several different ways to consider the singularity that appears. Firstly,
we will look along slightly different trajectories and find a lower bound (enforcing
the optimality of our results), however this results imposes strong conditions on the

initial data.

4.5.1 Lower bounds

Instead of considering u(t, yt'/®), we will look at w(t,yt) which will simplify our

calculations considerably. Since

or 3
( / \u(t,ztwt) < sup [u(t, 21)

T [T,2T

without the need for our Sobolev lemma, this choice makes sense. Let

S'F(r) = / ¢ F6) e
and
T'g(¢) = / W) g 1) o 1)

where ¢ is a positive function with compact support such that ¢? < X(r,27]- We will

show precisely the following
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Theorem IV.5. Choose initial data ug such that (&) = |€]*'gp(y€ + |€|*) with

lgllz2 =1 and ¢ € C°(R) such that 0 < ¢ < xr2om(t). Then,

T

2T 1/2
( / |u<t,yt>|2dt) > C(@)ly 1" D (g) ol oo

where the constant C(g) is explicitly

@ Dlyfape/ D o
/ C721F3(C — (a— Dly/a @ )¢ 1<a
Clg)*=<¢""0

0
/} et Jd””@b@+&1—amMMWWMHMC 0<a<l
a—1 yaa a—

This proof relies heavily on the fact that 7’ above is the Fourier transform up to
a constant. Since this operator has this nice property, we will show a lower bound

for [ [£]°T"g(€)[*d€ in the following proposition

Lemma IV.12. Without loss of generality, assume thaty > 0. Let & = — (y/a)l/(“_l)
and Z; = (a — 1)|&|*. For g € L*(H“ V2 and ¢ € C5° with 0 < ¢ < X(r21), we

have the following inequalities:
1. When 1 < a,
(4.14)
[ et + elpas = ¢ [T wOmOPd
+ C(a) |y / KR - =P
where V() is bounded by ﬁ at 0 and tends to 2/a as ( goes to infinity.

9. When0 <a <1,
(4.15)
[ e gpe +empas = [eolgporic
+ bl [ g - s

where ®(C) is bounded at 0 by max{1/a,1/(1 —a)} and decays like y=°|(|*~L.
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Proof. To complete the proof of Proposition IV.5, we combine the results of Lemma

IV.12 with an inner product. Let ¢ € C§°(R) such that 0 < ¢ < x{r27)(t). Therefore,

(/;T |u<t7yt)|2dt) | - (/ ‘S/UO(t)SO(t)Pdt)%

= sup [(S"uo(t)(t), h(t))]

Al 2=1

= sup
2]l 2=1

> / 1 TR + |61 2de
l—a|~ 2d > C ot = —1/2| = -, 2d )2
z( [1er=iace) f) ( @ [ R - S P

—C/ (@)D g 0o ( / |<\—1/2|§:o<<—51>|2d<) |
0

[w©mawe+ \5\%&'

The constant in g is controlled (loosely) by ||g|| z/s- O

Lemma IV.12. We will treat the cases a > 1 and 0 < a < 1 separately.

Case IV.12.1 ( a > 1). Notice that |£]*"! = sen ( 5( v+ [€]°) — ) SO we can
a

change variables:

[ e gptoe + el = / sgne (d% (€ + el - y) e + €))7 e

/w ngfw

-Y / sen€lp (vt + [¢]") e

= | =Y [ el + e

ge(1(8))I7de

On the intervals (0,00) and (—oo0, —yﬁ), y + al€|*tsgné # 0, so we can change

variables again as long as we keep track of the derivative factor:

y[™ a2y talél*tsgng [Ty —
L[ gt + e s = = [ e RO P
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Observe that £®. (¢) is bounded at 0 by 1/a and decays like |¢|~(*~1/® at oo since

¢ [€]* for large £. Similarly, on (—oo, —yﬁ), we have:

1
—ya—

y _ Y+ al€*sgné
/ / e e P

it~ [ Lo_Olplorac

where Y®_(¢) is bounded as ¢ — 0% by 1/(a(a — 1)) and decays like [¢|~(@=1/® at

positive infinity. Combining all the inequalities so far we find:

110 [lergpie + kP = [T (2= Yoo+ Yo_0)) IgpioPac

a

0
L[ g+ IgPs

_yafl

The first two terms on the right hand side are precisely the lower bounds given in

Q IN

the Proposition where ¥ = = —£&_ (() +2®_((). The growth factor in y arises from
the remaining term.

In the interval (—yﬁ, 0), the function y&+|£|* is nearly parabolic, so the natural

change of variables is y& + [£]% + (a — 1)|&|* = (np — &)?. In particular, we will
y —alg|*™!

take n = n(&) = & + sgn(€ — &)y& +|€|* + =1 so that =& > 0. Let
J(§) = %. Then if we let introduce (&), we have:

LI gt igpae =2 [ a@ige(© - 0 - 2P

—ya-T a ) _ya=1 J(g)

We will show that J(¢) is bounded below precisely by C(a)y~"|,|%/? in Proposition
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IV.13. Now, we use this bound and then change variables:

0 " 0 d
LI gt ePds 2@y [ gl - 6 - 2P

_yﬁ _yﬁ J(g)
“ SRRV ) )
—cayn [ Igeln - 6 - 20 Py
&1—/

W [HVE ) )
=C(a)y?=—D / \gp(n” —Z1)|%dn

=1

. +VE1 1, )
=2C(a)y>=D / %\gw(n + Z1)|*2ndn
0

—O(a)y™T / CY2TR(C + E0)Pdc
0

where the final step is the substitution ¢ = n?. Therefore, we have our lower bound

in the case a > 1.

Case IV.12.2 (1 > a > 0). The argument in this case follows the previous case, but

we omit the initial change of variable.

/\5\“‘1|§<\P(y§+|§|“)\2d£=/0|§|“‘1|§¢(y£+\5\“)\2d£

1
_yafi

+ [ Il gpte e g

0
+/ el ge(ye + (€17 )Pdg

_yafl

0 a—1
= [T U e + e

—ya—T _ a—1
w1 U g+ iinpas

0
[ e e + e

_yafl
0
- / ()|72(0)|Pdn + / e e + Je) e
_yaTI

where ®(¢) tends to 1/a as ¢ — 07, 1/(1 — a) for ¢ — 0~ and decays like y~2|¢[*~*

as || — oo. In fact, the first term is bounded below by the H(~Y/2 norm (notice
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this is the inhomogeneous Sobolev space) and above by max{1/a,1/(1 —a)} times
the the L? norm of g.

In the interval (—yﬁ, 0), the function y& + |£|* is nearly parabolic, so the natural
change of variables is yé+|£|°+=; = —(n—£1)?. In particular, we will take n = n(¢§) =

_lgla—1 _
61— sen(e )V ET o€+ 16 so that LEE 5 0 e 79 - 2 =8

Then we have:

0 0 d
/ R+ ERde = [ TOTE-(E) - € + IE P
70

We will show that 7 > C(a)yZD in proposition IV.13. If we change variables in

the remaining term:

0
LI et e

0 a—1
e . o2 = 2ty —alglemh)dg
>Clay™ [ R e
“ &1ty
—C(a)y™m /5 2(—(n— &) + |2 Pdy
-y
_a + ‘:1| o~
—C(a)y™m / o B+ B
" |Z1] 1
=2C(a)ym/0 _—277|g<p(—n2+|51|)|2(—277)dn

o L |
:2C(Q)ym/ S

=1
where the final step is the substiution ¢ = —n?. Therefore, for the case 0 < a < 1,

we have proved our lower bounds.

4.5.2 Precise bounds for ¢ =2 and a =1/2

It is worth noting that in the case a = 2 and @ = 1/2, we can get precisely equality,

rather than inequality. The Jacobian bounds that we proved in the previous section
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are not necessary in these two cases, as J(§) and J(§) are constant in the case a = 2

an a = 1/2, respectively. In the case a = 2 and a = 1/2, respectively, we have:

2/4

o y?/
[ elgpte + )Pde = [ imORac+ S [T g - apac

and

2d<‘ B 0 . dé—
é— 1/2 é—_'_ 5 1/2 2d£ ‘ggO + 1/2 <—+ 4 2 .
e igpe e [ty [ e e

In order to understand where precisely this undesirable decay in Theorem IV.3 is

coming from in the case of the linearized water wave, we bound u(t, zt) below by

1 2T %
—1( / |u<t,zt>|2dt) < sup Ju(t, =0)|.
2 T

T 7,27
By understanding the left hand side of this inequality, we can see the precise nature
of the growth factor in Proposition IV.4. From the explicit bound on the analogue
to operator T, we get
1 —
a1n) [ g+ ks = / PHOR e 5 [71 IO g
- (3 +121¢)* o |3 lle

The singularity appears only in the second term at 1/4|z|, suggesting that as |z| (or
ly|) gets small, the problem with the decay exists only at high frequencies.

We finish the chapter with the technical but not very deep results necessary to

complete the proof of Theorem IV.5.

Precise Jacobian bounds

Recall Proposition IV.12 relied on the lower bounds of certain Jacobian bounds.

The Lemma below collects these bounds.

25gn(§ — &)\ Y€+ 1€ + (a — 1)[&]%)
y — alglot

Lemma IV.13. 1. If J(§) = with a > 1,
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then
(
2 —1 a 1 —a a
Y
J(§) =
a2y =D&l DI N
J(—ya-1) = = @%@=1) gy 2(-1) 2>a>1
L (=y=) (a—1)y i 4
-9 _ 1— a_ a
2. Let J (&) = RS 51)\{51 A&l —ye +[¢] with 0 < a < 1; then,
Yyl —a
J(0) = —2y/(1 —a)|&]" =2(1- a)%a%yﬁ 1>a>1/2
—a
J(E) =z
24/ (1 — @
j(_yail) — (1 a)‘gl‘ — (1 2) a2(a 1)y2(a 1) 1/2 > a > 0
\ —a a

Proof. First, observe that J() is continuous. The only possible point of discontinuity

is at &, but by I'Hopital’s rule,
2sgn(€ — &)y + [€]° + (a = D]

Jm J(€) = lim Y — alg]
i SEE = E) G+ I+ 0= DGy — algl)
E—6 a(a —1)[€]a=2
1

afa— >|&wslﬁlw
S lm () = VR(ala— )& ).

=6
Since J(§) is continuous, the natural way to find a lower bound is to consider the
derivative of J(§) and check for critical points. We will show that there are no
critical points of J(§) in the chosen interval, and therefore the lower bound is at one
of the endpoints (which endpoint depends on the value of a). When a = 2, all these
machinations are unnecessary as J(§) = C. From this point forward, we will assume
that a # 2. First, observe that the derivative of J(¢) is

sgn(§ — &) [2a(a — DIE1* (e + [€]° + (a — D)I&]*) + (y — alé]*™)?]
(y — algl*=)(y€ + [€]* + (a — 1)[&]*)1/? '

J'(§) =
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Clearly, the numerator is 0 at &;. Since &; is also a zero of the denominator and it
is easy to check using Taylor expansions that J'(£;) # 0 and is, in fact, positive and
finite (implying that J'(§) is continuous), it suffices to check if the numerator N ()

has any additional zeroes. Since

N(&) = sgu(€ — &) [2a(a — DIEI"(y€ + €]* + (a = DI&]*) + (y — alg]*™)?]

has a zero at &, the only way for NV to have additional zeroes is if N'(&) is zero at a

point besides &;. Now,

N'(€) = sgn(§ — &1)2a(a — 1)(a = 2)[€] 7 (y§ + [€]" + (a — 1)[&]").

By construction, y& + [€|* + (a — 1)|&]* > 0 and equal to zero only at &, so the
only additional possible zero is 0 and then only when a > 3. Therefore, N(£) has no
additional zeroes in the open interval (—yﬁ, 0), and J(§) is monotone increasing
when a > 2 and monotone decreasing when 1 < a < 2 (since N(§) > 0 for a > 2 and

N(&) <0 for 1 < a<2). Therefore, we have

(

2 /@ =1 L.
J(0) = (a )E1| =2(a — 1)%a2<“*1'>ymy—1 0> 9
Y
J() =
2 _1 a 1 —a a
J(_yﬁ) = ((Z_ 1)>[3|J£1| = 2(a —_ 1)_§amymy—l 2 > a4 > 1

which completes the proof of part 1.

Now, observe that (&) is also continuous. The only possible point of discontinuity
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is at &, but by I’'Hopital’s rule,

—2sgn(§ — &)/ (1L —a)[&" —y§ — €]

lim 7(§) = lim

E—8 E—& ylE|t=r —a
iy S8R &) (- a)l&l —yE — 1) (—y +alg*h)
v —y(1 —a)l§|~
_ - [€]°(y — al€]*)
y(1—a) &6 —sgn(€ — &) (1 — a)|&|® — y€ — [¢]e)"/?
25 1

a(l — )& e J(€)
= lim J(©) = VGl (el 1)

Since J (&) is continuous, the natural way to find a lower bound is to consider the
derivative of J (&), and (if it is continuous as well) check for critical points. We will
show that J'(§) is strictly postive when 0 < a < 1/2 and strictly negative when
1/2 <a <1 When a =1/2, J(§) = C, so we will assume a # 1/2. First, observe

that the derivative of J () is

_sen(€ — &) [—2(1 — a)yl¢" (1 — a)|&u]" — y& — €]°) + €] (wlel' ™ — a)?]
€] (y — alé]e1)2(yé + |€]e + (a — 1)]&]2)1/2 :

J'(€)
Clearly, the numerator is 0 at &;. Since &; is also a zero of the denominator and it
is easy to check using Taylor expansions that J'(&;) # 0 and is precisely C(a)(1 —
2a)|&°¢/273 where C'(a) > 0. The numerator also has a zero at 0, but the |¢| will
force J'(€) to go to positive or negative infinity as £ ,* 0. In order to find critical
points that could be extrema of J(&), it suffices to check if the numerator N (&)
has any additional zeroes. As in the case a > 1, we will analyze the numerator
with its derivative to check for zeroes. The numerator is slightly more complicated
in this case, and it must have a critical point between & and 0 by Rolle’s theorem.

However, the derivative has other properties which will allow us to draw the necessary

conclusions.
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Claim IV.14. The only zeroes of N(§) are at & = &, 0. Moreover, for 0 < a < 1/2,
N(€) <0 for &€ € (—yY@ D &) and N(€) > 0 for € € (£1,0). For1/2 < a < 1,

N(€) >0 for £ € (—y"@V ) and N(€) <0 for & € (&,0)

Proof. Rather than draw conclusions about arbitrary a, we will discuss 0 < a < 1/2,
but exactly the same arguments will yield similar conclusions for 1/2 < a < 1,
just with opposite signs. Since N(£) = —2(1 — a)y|¢]*7((1 — a)|&|* — y€ — |€]*) +

1€17(y|€]17* — a)?, we can show that

(4.18) [EIN(€) + (1 = a)N(€) = (1 = 2a)[¢|*(yl¢|' ™" — a)*.

The right hand side is always the same sign except at its zeroes, & and 0. From this
equation, we can conclude that N'(&) = N”(&;) = 0, but N”(&;) = 2a*(1 — a)*(1 —
2a)|&1|%73, so near £, the function N (&) is a positive cubic. The equation (4.18) also
implies that at any point z € (—y~ @~ 0) not equal to & or 0 such that N(z) =0
must satisfy N’(x) > 0. This fact means that in the subinterval (£;,0), there can
be no additional zeroes of N(&). Since N (—yﬁ) < 0 and N(§) approaches zero
from below as £ 7 &, there can only be an even number of zeroes in the subinterval
(—yﬁ, &1). At one of the zeroes, N(§) must be decreasing, but that would contradict
equation (4.18). Therefore there are no zeroes of N () in the subinterval (—yﬁ, 0).
Combining these two subintervals, we conclude that or 0 < a < 1/2, N(§) < 0 for

¢ € (—y@D &) and N(&) > 0 for € € (£1,0). Thus the claim is proved. O

If we return to J'(£) and apply this claim, we find that when 0 < a < 1/2,

J'(&) >0 for £ € (—yﬁ,O) and when 1/2 < a <1, J'(§) <0 for £ € (—yﬁ,O).
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Thus,

j(O):_2”1_“)'&'&:2(1_@1 2am1) gy 2Ty 1>a>1/2

5@2((17
—Qa

) 2¢/(1 —a)|&]* ~1 o=a e
j(—yﬁ)z ( a>|£1| :2(1—&) %az(afl)y%rl) 1/2>a>0

. 1—a

O



CHAPTER V

Further Study of the Linearized Water Wave Problem

5.1 The Linearized Water Wave Problem

The results from Chapter IV suggest that the problematic regions for Theorem
IV.3 are for initial data away from the origin in frequency. On the other hand,
previously mentioned existing results such as [20, Proposition 3.1]) are, in some
sense, only problematic for initial data with a contribution from low frequencies. We
combine these results and show an improved decay rate for solutions of the linearized
water wave problem by imposing further bounds on the initial data.

Recall that we have reduced the problem to the interface, and the linearized form

of the initital value problems is

;

O*u+ |Dju=0
(5.1) u(0, ) = ug(x)

u (0, 2) = uq ().

\

First, consider a decay bound for the linearized water wave problem inspired by the

work of Klainerman for the wave equation.

5.1.1 Analogue to [20, Proposition 3.1]

Where previous work was concerned with the removal of the troublesome quantity

Qp, it is advantageous to reintroduce it here. Let I' = {0}, 0,, L = %@ + x0,} and

54
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Q = 20, + $9,|D|~". The following proposition is analogous to [20, Proposition 3.1]
and is proved using techniques similar to those used by Klainerman for the wave
equation. While I'" and €2 here are specific to the case of the linearized water wave
problem, a similar collection of vector fields exists for (4.1) and the proposition can
be generalized to this class of equations. We focus on the linearized water wave

problem for the time being.

Lemma V.1. Let u(t,z) be any real-valued function which decays at infinity. Then,
for a multiindex k = {ky, ko, ks} and T* = O* 9% L* | we have:
c k k
62 ol < [ S IuOlee) + 3 I0 ) e,
2\ << |k|<1
Remark V.2. The details of this proof are due to unpublished work of Sijue Wu. We

duplicate the proof here for completeness.

Proof. Observe that

xL—EQ—xzﬁ —ﬁa |D|™*
2 T 4 '

In some sense, d,|D|™! is the Hilbert transform, so we will treat v = u + iv, where
v = 0,|D|"'u, or equivalently u = —d,|D| 'v. Then, we have

12

2 1t t
. —o =xLv — =Qo.
x8u+4n xLo 2u

) —it? 2 —it? .
Since 0,e 1z = f2e iz, we can rewrite the above as

—it2 _u2 [it? —it2 t
20, (e 1 ) = ez <ZU +z20xn> = e (xLU - 5(20) )

Finally, we conclude that

Oy (elj )) < W|Ln|+ 1 5 [Qv]
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Using a variation on the fundamental theorem of calculus, we have

10(2) g/loo  (eF0)[a

x|

g/ ‘|Ln|+ 11 5 |Q0] dz
|

o] % [e’¢) t2 %
< — L Q
< (/ - |2dz) || n||L2+(/x 4|Z|4dz) 0]l

Thus we can conclude that

(5.3) |(u+ ) ()] < N é [L(u + iv)||z2 + z |3 192(w + iv) | 2

Case V.2.1 (Jz| > t). By (5.3), we have

| =

: : 1 :
[+ w)(@)] < L+ vl + [ Qw+ )z,

N

t

which completes the proof of this case. Since |v(t,z)| < |(u + iv)(x)| and the com-
mutator of L and Q with the operator d,|D|™ are [L,0,|D|™'] = 20,|D|~" and
[Q,0,|D|7'] = 0, we can bound L9,|D| '« by Lu and u in L? and similarly for

Q0,|D|~'u. We conclude
C C
|u(t, z)| < t—%HLUHLZ(Rz) + t—%HQUHLZ(Rz)-

Case V.2.2 (|z| < t). In order to show the bounds, we will need to use a different

bound on w. First observe that

t2
Zu—va—in—xa

Then, in absolute value we can control the first two terms using standard Sobolev
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norms and the last term using (5.3):

t? t
Z|u(m)\ < x|Lv| 4+ §|QU\ + 220, v

t
z ([|Lvllz2 + 10:Lol[z2) + 5 ([Qv]l 2 + [|0:00] 2)

+a” < — || L (u + iv)|| 12 + |3||Qa (U+ZU)IIL2)

EE |

4z 2
lu(t, z)| < ) ([[Lv][z2 + [|0: Lo 22) + 7 ([[Qv]| 2 + [|0:Qv]| £2)

X

42 1
_|_i<‘ |1||L8 (u—l—w)||Lz+‘ |3||Q8 (u+w)||Lz>

wnu

2
(1Lvllz2 + 110z Lollz2) + 5 ([Qvl[z2 + [[02820]] z2)

IéBI

+( 712 2o+ i)lae + 27 0, <u+zv>||Lz)

Finally, we have

C
[u(t, 2)] < — (ILv]lz2 + 110z Lofl e + [[ Q]| 22 + [|0: Q0] 2)

(5.4) %(IIL(? (u+ i) L2 + |20 (u + )| 2)

5.1.2 Energy bounds

In order to turn the Klainerman-type estimates into L* bounds on the solution

in terms of the initial data, we use the energy estimates for (5.1).

Lemma V.3. Letu(t, x) be a solution of (5.1) with (u(0,z),u(0,2)) = (ug(x), u1(z))
and u; € 8(R) for i = 0,1. In addition, let T' = {0;,0,,L = %815 + 20, } and
Iy =T U{Q =20, + £0,|D|™"'} and let k be a multiindex. Define the energy func-

tional as

E() :/|aw(t,x>|2+ 1D o(t, )| 2de.
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Then, Eul(t) = E[u](0) and
ITYu(®)]lz2 < [0 DI 2T1u(0) ] 22 + T{u(0) 22

Remark V.4. This equality holds for a variety of classes of initial data. However,
considering the data in Schwartz class allows us to use density arguments when the

natural space for the data appears in our analysis.

Proof. Since 0y, 0., and Q are invariant under the operator 97 +|D| and [0?+|D|, L] =

0?2 4+ |D|, we can bound ||["*u||z> using the energy:

D=

ITu(t)|| 2 < E[|D|"2T*](t)

1 2
= EIDIHr0)" < ([ DI, 0P + .0k
A similar calculation holds for QI'¢. O

Remark V.5. It is worth noting that the bound on Qu(t, z) is not ideal:

1Qu(t) |22 < 110 DI~ 2Qu(0) | 22 + [1Qu(0)]] 2

_1 —
< DI 22| Dluollz2 + [10:| DI uoll 22 + |zl 2.

We expect that |D|~'/?u; has roughly the same regularity as wug. However, the
term involving \D\_%uo requires regularity on the antiderivative of ug. This issue is
precisely what caused the dependence of the data in [20] on initial height and energy
as well as initial slope. However, if 4y was supported outside a ball centered at zero,

we could control the bad term by the L? norm of the data.

5.1.3 L* decay for the Linearized Water Wave problem

The combination of Lemma V.3 and Lemma V.1 yields the following L* bound.
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Proposition V.6. Let u(t,x) be a solution of (5.1) with

(u(0,2),u(0, ) = (uo(x), ur(z)) € S(R) x S(R™).

Then,
c ik k
(5.5) u(t,z)| < — (10| DI 2 *u(0) | z2 + [[T"u(0) || £2)
2\ 1 <p<e
1 _1
t > (10 D721 Qu(0) | 2 + [T*Qu(0) | 2)
|k|<1

Remark V.7. The inequality (5.5) has concise notation but it obscures the precise
bounds on the right hand side. Using commutators, we can write each of these sums
explicitly. The first two terms contain L? bounds of derivatives up to first order and
homogeneous operators (such as x0,) of the initial data. More interesting are the

bounds on the second two terms:

(5.6) > I Qu(0)]lz2 < llvws [l 22 + | (@00) (wua) |22 + 10| DI o 2
+ |l Dluoll g2 + [lxdsta]| 2 + [Jua| 2
(5.7) S G DI T (0)]| 2 S || DIIDI ™ 2 ugll2 + 19/ DI~ | D]~ 2o 2
+ 11(28,)(8: | D7) DI >uo| = + | (205 (x| D)) | D]~ >uo .2
+ 11021 D) Yt 22 + 1|2 ol 2 + ||| Dluol| .2
110D ol 2 + 08,8, D] ugl 2

_1 _ _1
+ |2 DIIDI > il g2 + 1|18 D17 DI 2w | 2.

1 : .
These terms contain the troublesome terms involving |D|™ 2ug, as mentioned in Re-

mark V.5.

These results give a decay of =3 for certain classes of data. The inequality in

Proposition V.6 along with the observation about Qu(t) in Remark V.5 suggests
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that for data bounded away from the origin in frequency, Proposition V.6 gives the
desired ¢~z decay. On the other hand, Theorem IV.3 for a = % gives the desired
decay in the low frequency regime. Theorem IV.3 implies t2 decay whenever |y| > 1
or other constant, and thus only when |y| < 1 do we have an undesirable decay rate.
Previous sharpness results for that theorem also suggest that singularity comes from
a singularity in norm around 1/y in frequency. Combining these two observations
suggests that Theorem V.3 is the right choice for initial data concentrated in low

frequency.

5.2 Analysis of Initial Data

The argument above suggests that we should examine data supported away from
the origin in frequency and data supported near the origin in frequency indepen-

dently. We begin with the first of these cases.

5.2.1 Data Supported away from a Ball of fixed radius in Frequency

If instead we consider data supported in |{| > R, we can conclude the following

corollary to Proposition V.6 :

Corollary V.8. For w(t,z) a solution of (5.1) with (wo(&),w1(§)) each supported

in €] > R, we have

14+ R

_1
; > (DI T*wi| 2 + T wo | 12)

(5.8) sup |w(t, yt*)] <
Y || <2

[NIE

Proof. The inequality above follows directly from the pointwise Klainerman bound,
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Proposition V.6:

| =

N

_1
> (D12 rwrlze + Dol 2)

sup [w(t, yt*)] <
1< |k <2

t
_1
+ 3 (DI Q| 2 + [T Qo | 2)

k<1

Since wy is supported in |£| > R, we can bound ||Quygl| by

1Quwollzz < Y IT*wollz2 + B2 |fwoll 2.

|k|=1
Then, the full bound on the first term is the equation in the statement of the propo-
U

sition.
5.2.2 Data Supported in a Ball centered at the origin in Frequency

On the other hand, we can use results from Chapter IV to control a solution with

data concentrated at low frequency, as in the following proposition:

Proposition V.9. Let u(t,x) be a solution to the differential equation (5.1) with
initial data u;(z) € 8(R) such that supp@;(€) C Bgr(0). Then,when |y| < (8RY?T)™!

1
> (I ol a + 1w j-1/0)

sup  Ju(t,yt?)| < —
= =

ly|<(8RY/2T)~1
This proposition follows from Lemma IV.2 and this proposition on the L? norm:
Let 1/4 < 0 < 1/2.

Proposition V.10. Let v € C{°(R) with suppv C Bgr(0)

Then, fory <Y = (8R1/2T)_1,
SVl 2romy < Cllv]| 0

Proof. Let p(t) € C°(R) with o =1 for t € (1,2) and ¢ = 0 for t € (1/2,5/2)¢ and
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or(t) = p(t/T), and let x(£) be identically 1 on Bg(0) and 0 on Byr(0)¢. Now,

1Svllz2rery = sup  [(Sv(t)er(t), g(t))]

geL? [gll=1
= sup  [(U(€), T(g¢r)(€))]
geL [gll=1

<l ( Ja+ |£|2)“’|X(£)T(9¢T)(£)\2d£) :

As before, we rewrite the operator squared as a product and reorder the integral:

/ IX(E)T (ger)(€)|?dE = / gpr(t)gPr(s) / 6_i(y(t2_82)&@_8)‘5‘1/2)7|X(€)|2 dg
(L+[€7)”

The stationary point of the oscillatory integral is at —1/(4y2(t + s)?), so if 2R <
1/(45%(t + s)?), we can simply integrate by parts. Then, y < Y implies that & €
Byr(0)¢, and we can control the integral in ¢ by integration by parts:

R _|§|—%a£< —i(y(2—s2)+(t—5)[€]2) >d§
2k i(y(t2 — 82) + (1/2)(t — 5)|¢| Zsgng)

/e—i(y(t2—82)£+(t—s)£1/2) X (€) |2|§|_%d§ =

B e—i(y(t2_52)£+(t—s)\§\%)‘X(£>|2
iy (82 = s?)|EV2 4 (1/2)(t — 5)sgné) )

_/e—i(y(t2_52)§+(t—s)§%)af( |f<(§)|2 )df
—i(y(t? = ?)[€]> + (1/2)(t — s)sgnf)

_ Y) _/6—i(y(t2_52)§+(t—s)§%)af( )g(|€)|2 )df
= —iy(r — $)[e]* + (1/2)(t — s)sené)

The remaining term is also bounded by |t — s|7!. In fact, following the same ar-

guments as an earlier proof we can show the second term is a standard kernel with
constant independent of y and we can use the T'1 theorem to show it is the kernel of
a bounded operator. In fact, all the necessary bounds on the kernels are independent

of the size of the support of ¥. Therefore, we have:

1/2
(/ O (g0m)( >|2d5) < Cliggrllse

with C' independent of y, T', and R. O
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5.2.3 A First Attempt at Optimality

Since the results from the invariant vector field-type bounds and those from the
Klainerman type bounds have difficulty controlling the solution in different areas, we
combine the two results in order to improve the decay rate. We combine Theorem

IV.3 in the case a = 1/2 with Proposition V.6 to get the following theorem:

Theorem V.11. Let u(t,z) be a solution of 0?u+|D|u = 0 with (u(0,z),u:(0,z)) =
(ug,u1) € S(R) x 8(R). Then,
1 _1
(5.9 sup u(t,y#2) < e 37 (IPuollzs + 0101 w2
yeR
|k[<2
Proof. Fix t > 1. Let x(§) denote the indicator function for the ball of radius ¢?

centered at 0. Then, let v(¢,x) be the solution to
(07 + |D[)v = 0 with (0(0,€),0,0(0,)) = (dox, T1x)
and w(t, x) be the solution to
(07 + [D))w = 0 with (@(0,€), 8@(0,€)) = (do(1 — x), @ (1 = X))-

Notice that since all of these differential equations are linear, u(t,x) = w(t,z) +

v(t, z). Therefore,
(5.10) lu(t, yt*)| < w(t, yt*)| + |v(t, yt*)]

Since the initial data for the first term is bounded away from 0 in frequency, we will

use the pointwise bound:

1 _1
ity <= | 3" (D72 w2 + [ITFwo| )
2\ 1 <j<e
1 _1
o { 2D UIDI T e + T ] 2)
2

k| <1
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Since wy is supported in [¢] > ¥, we can bound [|Quy|| by

1Quwollz2 < > T wol|z2 + t772[Jwoll 2.
k|=1

Then, the full bound on the first term is
9 1+4t7P/2 S k
(5.11) w(t,yt*)] < ——— [ D (IIDI72T w2 + [ TFwo|2)
|k[<2
For the function v(¢, z), first observe that if |y| > 1, the decay is t~2. The choice
of 1 here is slightly arbitary; what will matter more is a lower bound on |y| from the
analysis of the critical point. Since v(t, ) has initial compactly supported on the

Fourier transform side, for sufficiently small values of |y|, we also have t2 decay.

Precisely, if |y| < (8T?/?+1)~1
lo(t, yt?)| <

Notice that because we have compact support in the Fourier transform, we can

rewrite the right hand side here as

tp/4 1
o(t,9%)] <~ D7 (IE wlle + D12 L4012

[k|<1

If (8tP/271)~! < |y| < 1, we use Theorem IV.3 and have

(1+t"% )te/4

512 o) <

> (I vollz + N1DI ™ L5012 )
k<1

Different values of p will cause different terms to dominate. When p > 0, the
contribution from (5.11) will be ¢2, but (5.12) decays like t¥¢11-3. These cannot
be equal for any positive value of p. On the other hand, if —2 < p < 0, we have
"= from (5.11) and t¥¢1t7% from (5.12), which are equal for p = —2/7.

Notice that choosing p = —2/7 improves the decay in the case |y| > 1 to T—47

times L? norms. By taking p = —2/7, we can conclude that

1 _1
sup u(t, y#)| < =z 3 (ITMuollse + [T4D] |22
yer P
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U

Remark V.12. Observe that in almost every term we can get the desired decay.
In the case of |{] > TP, whenever p > 0, we get better than T -3 decay, but at
the cost of severely worse decay in the |{| < T? part. We might as well decompose
around |£| ~ 1, which gives the desired decay from the Klainerman type bounds with
the smallest penalty on the remainder. In that remainder, only certain values of |y
contribute to the growth, namely (87)~! < |y| < 1. It is worth noting that this range
is barely larger than the region described by the optimal choice p = —2/7, where we
have (87)7%7 < |y| < 1, but the miniscule reduction in the range of y introduces
TY7 of growth on the Klainerman term. Clearly there is more to understand with

data compactly supported in frequency.
5.3 Data Compactly Supported in Frequency, a Second Attempt
What truly matters in this regime is whether or not the initial data has a singular-

ity at the origin and how rapidly that singularity grows as the frequency approaches

0.
Theorem V.13. Let u(t,z) be a solution of

Oyu — i\D\%u =0
(5.13)
w(0,z) = wup(x)

with uo(z) € H1 and suppty(€) C (=1,1). In addition, let € < |yl <1. Then

q € (_L,oo) when v < 0
(5.14) u(t,x) € L1Y(R,) where 1=2hl :

q € (2,00) when v > 0.

Remark V.14. Heuristically, we expect u(t,z) € LI(R) to decay like \x|_% In the

case of —1/4 < v < 0, the reduced range of ¢ gives |u(t, x)| would decay no faster
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than |$|—%+M’ which would prevent u(t, ) from being in L2 In fact, if we consider
lu(t, yt?)| and v = —1/4, we would get that |u(t, yt2)| < y~1t2, precisely the growth
factor from our previous results. These heuristics suggest that the size of the sin-
gularity at the origin in frequency is what generates the troublesome growth factor.
On the other hand, it appears that the solution to this issue is to consider data in

L?, which is an /improvement over previous results.

The LY(R) bounds on u(t,z) are uniform in compact sets of t. We relate the
function wu(t,z) to u(t,yt?) to take advantage of scaling in ¢ but return to u(t,z)
after manipulations have recast the problem in a nicer form.

Theorem V.13 follows from this proposition relating u(t, yt*) to a singular integral

of .

Proposition V.15. Let u be a solution to (4.2) with ug € H1(R) and suppty(¢) C

(—1,1). Then,

(5.15) lu(t, yt?)| < 0/% t|D|%Hu0(t2,z) dz.

ly — 2|

Proof. Since ug € H1 (R) and is compactly supported in frequency, @y must take the

following form for —1/4 < v and ¢ € C§°(R) with suppvy C (—1,1):

(5.16) @ = |€["Zsgné|E[ 7 (€).

The range of ~ is easily deduced by considering where the H T norm of g is finite.
We make no additional assumptions on ).

To prove the theorem, we begin by rewriting the solution in a different form.
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Observe that
ult, yt?) = Z(yt25+t\5\2 o(€)de

ssblg| bugnelelragnt (5 ) e

iweHlelh ||~ dsgne / (€ — )l bsgnn 5o (75 ) dnd

i(we-+lel? el ngHS// Ce &= "d2’|77|25gm71 (tﬁg) dndg

2 1z 1
_// ((y 25+|§| |£| ZSgné_dé_/CQ n|7]|28gnnt2 <t_2> dT]dZ
_ /k(y )t D) Huo(22)dz.

/e
-/
-/
-/

. 1
The second line comes from rescaling in ¢ and k(y — z) = [ el((y_z)“'ﬁm|§|_%sgn§d§.
To complete the proof of this theorem, we simply need to show that |k(y — z)| <
Cly — z|_%. We will conduct our analysis on k(z) for simplicity in notation. Now, if

we change variables ¢ = |¢ |%a

k() = / i HE1) ¢ ~F e de

:2/W€M&%MC_2/m€%mLO@
0 0

(5.17) =2 /000 e (e”cz _”CZ) d¢.

From (5.17), it is clear that k(—z) = —k(z). Since the phase functions in the
calculation above are quadratic, it is possible to solve exactly for pieces of the kernel.

Now,

sgnzk(zr) = 264;/ e”(“;r)QdC—Ze‘lif/ e_i‘x‘(c_ﬁfd(

0 0

= [ 2 = [T e
= e 121" q¢ — 2e T —rCq
e /16 ¢ e /_16 4
2|z

2]

00 ) _L 00
= —2eTH / eI ¢ + e / e ¢y 90T / eI dg

1
[e’¢) S PIEd

= =k (Ja]) + ka(|z]).
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The term ki (|z|) is straightforward to solve exactly using contours:

. o .
_gei / il g = 9Tt / ieltge
—00 e;‘iﬂR

:26426_%/ e 17 q¢

Therefore, |ki(|z])] < 2ﬁ|x\_%. It only remains to control the second term, ks (|z]).
Observe that ks (|z|) is the sum of integral and its complex conjugate, so it is sufficient
to consider just one of the terms and show it is bounded by C \:c|_%. By construction,
we can use integration by parts on the terms of ko as they avoid the critical point of
the phase function. Thus,

e / eI d¢
1

2[z]

=20 [ €l7¢ac

T
8

1

2z

_, /00 O <6i‘x‘<2> "

20

oo ei\x\CQ d A
S <
1 f il ™| =

2z

If |x| < /16, this calculation implies that ko(|z|) is bounded by C|x\_%. In order
to see the behavior of this term for large x, we will calculate it using contours as we

did for k;. Then,

(5.18) 264£/ e”“’”'Cde:Qeﬁ\ (ei:/ e_ICQdeL/e”CQdC)
1 L r

PIES 2[z|

where ' = {|(] = ﬁ, 6 € (0,7/4)}. By a similar argument similar to the one used

-1
for kq, the first term is bounded by em\xr%. The second term can be rewritten as



an integral in # and bounded like so:

If |z| > {5, we get precisely that the sum of these two terms is less than 2ﬁ|x|_%.

Therefore,
(5.19) Ik(z)| < Clz|2.

and we can conclude that

z 2
(5.20) lu(t, yt?)| < O/tHD|‘ H“j(t Ny
y—z|?

O

Given the relationship between wu(t,yt?) and the fractional integral of \D\%"Huo,
the proof of Theorem V.13 reduces to careful application of the Hardy-Littlewood-

Sobolev lemma.

Proof of Theorem V.13. By a straightforward change of variables,

3 2 3
ly — 2|2 lyt? — 2|2

1
Let F(z) = [ [IPEHuwEL g, Observe that |u(t,z)| < |F(z)|, independent of ¢.

lz—2]2

By the Hardy-Littlewood-Sobolev lemma, we know that forn > 1,1 < p < ¢ < o0,

and the operator Iz defined by

(5.21) Thae) = | a2

we have the bounds

1
||Iﬁg||Lq(Rn) < IIgIILp(Rn) when & =
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In this case, we have ||F|[L« < |||D|%”Hu0||Lp for 1 =

. 1—1) To complete the proof,

3
it suffices to identify to which L? spaces |D|%’Hu0 belongs.

Recall 4y is of the form (5.16). When v > 0, |D|%7-[u0 is some order derivative of
1. Since @E € C§°, we know that ¢ is in Schwartz class, and thus |D|%”Huo is in LP
for all p. Then, we can conclude that F' € L9 for all g € (2, 00).

When —i < v < 0, we will need to apply the Hardy-Littlewood-Sobolev lemma
for a second time. By definition, |D|%”Hu0(z) = I,_,¢(2), so we know that for
l<r<p<oo

01 Rl < o when 5 =+ = B
By combining the bound on F' with the bound on |D|%7-[u0, we have

1 1 1 1
[Elle < (D12 Huol[r for — = = —|y| = 3.
q T 2

Since ¢ is Schwartz, we know that ¢ € L" for 1 < r < oo. In order to satisfy the

lemma, we limit r to the range (1 ), which implies that ¢ € (——, 00) O

1
' I+ 1- 2|“/|’
In addition to the upper bounds found above, we also have the following lower

bounds for more specialized data.

5.3.1 Sharp lower bounds compactly supported data

Theorem V.16. Let u be a solution to the initial value problem
Oyu — z'|D|%u =0
uw(0,2) = up(x)
where uy(§) = |§|_%sgn§$(§) and @(x) compactly supported in the interval (—+;, -,

M € N and ¢(z) does not change sign. Let € < |y| < 6 where § > 0 and independent

of t. In addition, assume that § + ﬁ < & Then,

(5.22) lu(t, yt?)| > \F/W 2,

Iy—Z|2
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Remark V.17. The sign assumption on ¢ is a technical condition which allows us

to move absolute values inside the integral without changing the value. It may be

possible to avoid this condition through other techniques.

Proof. We will show that given sufficient large M, this part of the kernel convolved

with the scaled initial data bounds the solution below. To begin, we verify that

L|k1| > |ka|. Observe that ko(|z]) is the sum of integral and its complex conjugate,

so it is sufficient to consider just one of the terms and show it is bounded by {|ki|.

Then,

As long as |z| < /4, kp is the dominant part of the kernel.
operator, x = y — z with |z] <

assumption on M and d , ky is the dominant part of the kernel.

Now, since

u(t, yt?)| = '/k(y — 2)to(t*2)dz

> ‘/lﬁ?l(y —2)tp(t?2)dz

=2

=2

1

Mit2>

/oo ei|m|<2d§
/oo o, (1) B

1 20z|¢

2]

. 00
eilele?

2ilx[¢

o

2[@

¥

in order to show we have a lower bound we also need that

‘/kz — x)tp(t*2)dz| <

In fact we will show first that | [ k1 (y

that | [ ka(y

+/°0 eilwl¢c®
b 2ila]¢?

soly—z < |yl + 2] <6+

— V ko(y — 2)to(t?2)dz

‘/1{31 (y — 2)tp(t?z)dz

¢ < 4.

In our convolution

7 t2 By our

— 2)tp(t?z)dz| is bounded below and then show

— )tp(t?z)dz| is bounded by half of this lower bound for the k; term.
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Claim V.18. Assume that ¢ does not change sign (that is, it is strictly positive or
negative inside its support). For ki(z) defined as above, we have

s 7 [,

(5.23) '/k‘l — 2)tp(t?2)dz T
ly — 2|2

Proof. Recall that k;(y — z) = 2T 4lsgn Y=2) Then,

ly—z|2
o /FeTia e~ —
/ ki(y — 2)tp(tz)dz = / VreTre 4S§n(y Z)ﬂp(tzZ)dz
=2l
2/TeTle™ T
:/ Vmete jsgnytgo(th)dz
ly — 22

i

2/ (64\yiz\sgn(y —2z)— eﬁy\sgny> e 1
o/

: tp(t*2)dz
ly — z|2

Qﬁeﬁy\e_%sgny
ly — 2|2
1T

/ 2/ (e‘l\yiz\ sgn(y — z) — eﬁy\sgny> e a

‘ / ka(y — 2)to(t22)dz| > Fo(#22)d2

tp(t*2)dz

ly — 2|2
’/2[@ (22) ’
Iy—Z|2

/ 2/ 64\y*2\sgn(y —z)— eﬁy\sgny> e 1

tp(t*2)dz

1
ly — z|?
Since ¢ doesn’t change sign, we can move the absolute value inside the first term,

and it is sufficient to show

2/ emsgn(y—z)—eﬁu\sgny e~ T 2
(5.24) / ( ) to(t2)dz| < [ YA,

1
ly — 2|2 ly — 2|2

To show (5.24), we will use the assumption of compact support for ¢. Assume that
26 > +-. Then, sgn(y — z) = sgny. By the mean value theorem, we have

i
—12e%()

eél\y;‘ﬁ\sgn(y — Z) — eﬁy\sgny =
p(2)?
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for p(z) € (y — z,y + z) gives the correct point in this interval for the Mean Value

Theorem. Then,

‘/ 2T (e‘*‘yiz\sgn(y —z)— eﬁ‘y\sgny> e~ Tto(t22)dz

ly — 2|
-2 41)(2) -
’/ iymzeie : to(t?z)dz
22y — 2|
2 K
</ e cHlol2)ldz
p(2)2ly — 212
Since |z| < 57z, p(2) € (y — 2,y + 2), and y > 1, we have
1 2
|Z|2S M5 2 S Qﬁ 2 S - 2
p(2) Y — 17| | Mty — 1| (M —1)
For M >4 , we have -2 < 1 and so (5.23) holds. O
p(z) 2

Finally, we need only to show that | [ k2(y — x)tp(t?2)dz| is less than or equal to

half of this lower bound on the k; term.

Claim V.19. Let ¢ and ko be defined as above. Then

\f/tlwtz )|,

‘/k’g —xtgptz dz| <
ly — 2|2

Proof. Clearly,

Vk2(y—x)t<p(t2z)dz < 4/t|g0(t2z)|dz.

Now, all we need to show is that

VLS

4 < ——7 .
2ly — 2|
By the triangle inequality and our assumptions on y and M in the statement of the

theorem, we have |y — 2| < [y| + |2| < g;. Then we have precisely that

L vr 8 o,
oy — 2|7 2

5l

proving the claim. O
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By combining the two claims, we see that
tlp(t?2)|
ly — ZI :

which completes the proof of the theorem. O

The key ingredient in the proof above is the smallness of the support of ¢. That
assumption allows us to treat the kernel without worrying about the oscillatory factor

elv—=, which may contribute some cancellation in the region where 2z ~ y.



CHAPTER VI

Conclusions and Future Work

6.1 Conclusions

We began by identifying an area in need of improvement in the proof of almost
global existence for the water wave in two dimensions. Adapting the techniques
of Keel, Smith, and Sogge to a general class of one dimensional equations lead to
Theorem IV.3 which identified the possibility for growth along certain trajectories.
The presence of this growth impedes the ideal decay of =2 for the full water wave
problem, and its appearance was unexpected. The sharpness result of Theorem
IV.5 emphasizes that there is something even in the linear problem which keeps the
solution from decaying. However, the specificity of the assumptions in Theorem IV.5
leaves open the possibility that a more restrictive class of data, but still larger than
that allowed by Wu’s results, could overcome the obstacles.

While a promising direction, the obvious combination of Theorem IV.3 and the
Klainerman-type bounds used by Wu does not achieve the ideal decay rate. The
implication here is something non-trivial is keeping solution to the linearized problem
from decaying as we would like. In particular, the part of the solution intitially at
small frequency and propagating in the wedge t < |x| < t? is not decaying quickly

enough. A promising first step towards a complete analysis of the effect of initial

75
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data on long time decay is Theorem V.13. This theorem relates, in some sense, the
spatial decay of a solution to the linearized water wave problem to the size of the

singularity at the origin in frequency.

6.2 Future Work

The immediate goal is to sharpen the bounds of Chapter V and use them to pro-
duce a long time existence result for the full water wave problem with a more general
class of initial data than [20]. Once the bounds in Theorem V.13 are sharp, we will
be able to completely characterize the relationship between singularities at the origin
in frequency to growth and decay in the linearized problem. A full understanding of
the linearized problem will clarify the class of initial data neccessary for long time
existence in the nonlinear problem.

In addition, all of the theorems in Chapter IV can be generalized in some form
to higher spatial dimensions. We plan to generalize those theorems and continue
the analysis of initial data to the three dimensional water wave problem. As a
consequence, we will have global solutions in the three dimensional case for a more

general class of allowable initial conditions than in existing work.
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APPENDIX A

Results for the 2D Wave Equation

During our study of the techniques of Keel, Smith, and Sogge, we extended their
results to the two dimensional case. Since this result is not easily found in the
literature, we include it here.

Consider the following initial value problem for the inhomogeneous wave equation

in two space dimensions:

p

Ov = d}v — Av = (0yv)3
(A.1) v(0,2) = f(x)

(0, 2) = g().

\

The full complement of the vector fields used by Klainerman is I' = {0;, L, Qj;, :
0<i<21<j<k<2} where L = t0; + 2101 + 2205 and Q. = 230,; — ;0.
Instead of using all the invariant vector fields of the d’Alembertian, the techniques
of Keel, Smith, and Sogge restrict to the collection Z = {0y, 01, 02, 12} Let ||F|| =
1F|| 22 r2)-

Theorem A.1. Let (f,g) € C(R?) x C=(R?) with

Szl + S Iz fl <

laf<6 |laf<7

Then there is a unique solution u(t, z) to (A.1) with u(t, z) € C*([0, Tx] x R?) where

aln

T = e-.
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Proof. First, recall the energy estimate for inhomogeneous wave equation with forcing
G(s,z):
T
[ ()] < C (IIU’(U)II +/ IIG(S)IIdS) ~
0

We have an additional weighted energy estimate:

_1 t
1] 720" || 2o, x R,2R)) < C (IIU'(O)II +/ ||G(s)||ds) .
0

This particular bound was first found by Metcalfe in [13]. A proof of this bound can
also be found in the Appendix B of [2].

Notice that the right hand side is the same in both of these cases. We will use the
second of these to derive a weighted energy estimate for || |I|_%ZQU/||L2([0,T}x{\x\>1})~

For |z| > T, we have the following:

_1 T 1/2
lel ol omnury < T2 ( / / | |v'<t,x>|2dxdt)
0 z|>T

1/2
< T2 Tsup/ |/ (t, z)|*dxdt

< sup [[o'(2)]]
7T}

0
< ¢ I+ [ 1ee)as)

For T' > |z| > 1, we decompose H|x‘_%U,’|L2([O,T]><{T>|x|>1}) into annuli R; = {z: 2’ <

InT
In2

5 1/2
_1 _1
1| ™20 || L2o. 1y x 7> 21511 = <Z|||93| 2“’||2L2([0,T}ij)>
=0

< @+ (ol + [ 1e6)s)

|z| < 2971} The necessary range of j is 0 to 8 = | 2L |. Then, we have:

< e+ 2ec (Jvo+ [ t I6(s)1as )

By combining these two and noticing that In(7" 4 2) > ¢ > 0, we get

t
Szl 2% 2o megeiony S (T +2)2 [ S 1 220(0)) +Z/O“Z G(s)||ds

|| <6 || <6 || <6
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For |x| < 1, we recall the work of Hidano-Yokoyama [2]. Let (z) = (1 + |z|)"/2.

We state without proof the following proposition found in [2, Appendix B]:

Proposition A.2. [2, Proposition B.1] Let n > 1, (f,g) € S(R") x S(R™) and
0 > 0. Let u be a solution of (A.1) with data (u(0),0u(0)) = (f,g). Then the

solution satisfies

e oscrin < €6) (1001 + [ 1G6Ns ).
The constant C(6) = 225 7 blows up as § goes to zero.

For simplicitity, we will use functions A(T"), Bs(T") and m(T') defined

_1
AT) = (T +2)72 350, <6 22 2V | 2o,y ol
m(T) = Sup[O,T}Z|a\§6 |1Zv' ()]

Bs(T) = 3 u<e 12l /22() 0 Z°U || L2 0<ter o1 <1)-

We want to show that we can bound A(T") + m(7T") + Bs(T") by various powers of
A(T), m(T), and Bs(T). First, notice by the above facts that we have

A(T) +m(T) + Bs(T )| D 1122v'(0) HZ/LTM s)||ds

la|<6 la|<6

We need to work on the integral term. We first decompose the L? norm into |z| < 1/2

and R; for j > 0. Then, using the product rule to expand Z*(d1u)?, we get

1/2

Yo Ze @)l = | D 1270w Ol ajerse) + Z 1Z2°(01u)* (D)2 s)

|| <6 || <6 Jj=-1

< Z | Z%U/ (t) | Lo (ja)<1/2) Z ||Zau/(t)||2L?(|x|<1/2)
lal<3 |o|<6
4 1/2
#3 ( S izl | 12O
j=—1 \|o|<3 la|<6

=(I +IT)"?
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where [ is the term involving the norms on || < 1/2 and I is the term with the
sum over j. We will consider the first of these terms to start. Notice that by standard
Sobolev lemmas, we can bound the L> norms by L? norms with a slight increase in

derivatives and in the size of the domain. Therefore,

4
I< Z 1Z%u' () | L2 (ja)<1) Z 12 (8) 172101 <1 2

laf<5 <6

4
D Mzl ) T 20 ) gerery | D 120 ()1 F2(garcr 2

lal<5 la] <6

IN

as long as § < 1/2.

For the second term, we recall the weighted Sobolev estimate Lemma I1.6:

| fli(refej<ar) < B2 Z 1Z° f|| L2(R/2< |2 <aR) -
151<2

Using this inequality, we derive the following:

4
(o] _l . .
<Y [ D el ™22 O gy | D 1290 )12,

J==1 \lel<5 <6

[e.e]

<sup D 127U (DlBary D | X el 2200 (0)] o

7 Jal<6 j=—1 \|a|<5
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Now we plug these back into the time integral, and use Holder’s inequality:

2

[ s dt</ZHZu Megurey | 32 Nl T @) 22w (1) 2y |t
0

|a|<6 || <5
N
# [ 3 12Ol | 3 S el 20, |
la|<6 Jj==1 \|a|<5
2
<o) [ | 3 el 2w e |
0 la|<6
2
1
/ S el b 2o Ol |t
Jj=—1 \|«/<5
<Cm(T)B5(T)? + Cm(T / S el 5 200 () st
0 |al<6
<C(m(T)Bs(T)? + In(T + 2)m(T)A(T)?)
If we plug this bound into the original inequality, we have
A(T) +m(T) + Bs(T) £ Y 12°¢/ (0)|| + C(m(T)Bs(T)* + In(T + 2)m(T)A(T)?).

|a|<6
An application of a continuity argument implies the solution exists for times on the

order of e¢/¢. O
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