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I. Introduction .

In a one-period model eé§nomicithe;ry yields no predictions about the
total gffect on labor supplyfof Qariations of a proportional income tax. To
obtain specific resuits oné must turn to empirically estimated labor supply
functions. However, the empifical literature on labor supply functions. con-
tain a.wide.range of estimated wage rate elastiﬁities, both positive and
negative. The only really robust results seem to be that leisure is a normal
good, and that the own wage rate substitution effect is positive.l Does this
imply that economics has nothing to contribute to the evaluation of v;rious
proposed changes in tax schedules? TFortumately, this is not the case. In
the present paper I show that for many types of variations in a nonlinear tax,
smooth or piecewise linear, one can derive quite detailed results about the
effect -on labor supply, espepially if one is willing to assume that leisure
s a pormal good.

The theory of labor supply with nonlinear taxes has not been developed
much so far. Hausman (1983) contains z few results for 2 one-period model,
and Blomquist (1984b) contains some results for & two-period model. In the
present paper I studv the theory of nonlinear‘taxes and lzbor supply in & one-
perioé model using simple geometric arguments. In Sectiorn 2 c¢f the paper I
derive results where oniy information of the form of the tax schedules and

the assumptions that preferences &re sIrictliy convex ancd ieisure is & normel
gooc¢ are usec. Irn Section 3 I give resvltes where informection of the optimum
position on the origimel budget comstrzin:t is used. Section &4 presents
resul:cs regarding the effect of variations ¢ parametrers ci a progressive

piecewise linear tax. Fimelly, in sectioz T ¢discuss wnat the results ol
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the paper imply about the interpretation of estimated labor supply functioms.

2. Results Using the General Shape of the Budget Constraint

In the following we always assume preferences can be represented by a
strictly quasiconcave utility function U(C,h), increasing in C (consumption),
and decreasing in h (hours of work). Maximization of U(-) s.t. the linear
budget constraint C < y + wh, where y is nonlabor income and w the wage rate,

yields the labor supply function h(y,w).

Definition 1: Leisure (labor) is a normal good if Y1 >y, implies

2
h(y;,w) < h(y,,w).

In definition 2 below we introduce nonlinear budget constraints of the
form C < g(h) and C < G(h). However, in order to simplify the notation we
simply write the budget constraints as g(h) and G(h). Throughout the paper

these functions are assumed to be continuous.

Definition 2: Suppose we have a budget comstraint g(h), 0 < h < E, which

might be either smooth or piecewise linear, and replace this with another bud-
get comstraint G(hy, 0 < n < E, such that G(h) > g(h) for 211 h, and G'(h) <

g'(n) at &ll points wnere the derivative exists, then G(h) is said te be an

£1S (Above Less Slope) budge: comstrain:t relative to g(h).

Tropesitiorn 1: I leisure is = normel good, anc & convex and smooth

budge: constraint g(h) is replaced by an ALS budget constraint, which does not

nave to be convex and/or smooth, then hours of work will decreezse.

Nete that since G(h) does no:z have te be convex, there might exist multiple

opzime for this budge: censtreint. However, zll cpiime wiil lie to the lef:

e

Zhe ©lc optimuz point. We use figure I te give & vroel of the propesitiorn.
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Figure 1

Proof: 1In figure 1, g(h) is the origimal budget comstraint. G(h) is the
4LS budget constraint. A is ;he originzl optimum point. 3B is the point on
G(n) rignt above A. I-I is 2 linearized budget constraint passing through A
anc¢ Ii-II 1s & parallel budget line passing through B. Since leisure is a
nerme. good, there exists & tangency point on II-II to the left of B. This
implies tnere is an incdifference curve passing through B, cutting the budget
line ZI-II fror below. We dencte this indifference curve III. Since, to the

rignt ¢oi B, III lies above II-II, which lies above G(n), it is true that B is

preferred to ail peints on G(h), which are to the right of B. In & small

[y

nelghdornoocd te the left of B we are sure that IIT lies below G(h). This

imziies that there exists feasible points to the left of B, which are preferred

tC . Tnence, the nev optimum point must be to the let of B and A. /i



Proposition 2: 1f leisure is a normal good, and a convex piecewise linear
budgetkconstraint is reﬁlaéed by an ALS budget comnstraint, then

i) if the optimum h* on g(h) is at a kink, and the ALS budget constraint
also has a kink at h*, then hours of work will not increase. .

ii) if the conditions under i do not apply, then hours of work will de-

crease.

Proposition 2 can be proved in a way very similar to the way proposition
1 was proved. The proof is therefore omitted.

The reverszls of Propositions 1 and 2 are obviously also true. That is,
if there initizlly is & budget constraint G(h), and this is replaced by a
budget comstraint g(h), where G(h) is an ALS budget constraint relative to g(h),
then if leisure is 2 normal good, labor supply will increazse.

In propositions 1 and 2 we assumed g(h) to be convex, but allowed G(h)

to be nonconvex. We could equaliv well have assumed that G(h) is convex, and

g(h) nonconvex. The important thing is that 2t least one of the two budget
sets is convex. The joint assumptions that ¢'(h) < g'(h) anc ome of the two
sets i1s convex ensures that the budget lime II-II lies evervwnere above G(h),

to the right ol E.



3. Results Using Information About the Optimum Position

When evaluating the effect on labor-éupply of a.chAnge in a tax schedule,
we often are in the situétion that we know oé easiiy can'obtain information
about individuals' optimum positionms, given the present tax schedule. Below
I study how such information can be used to assess the effect of changes in

the tax schedule.

Proposition 3: Let g(h) be a continuous budget comstraint of any shape,

and let C*, h* be the unique optimizing poipt for this budget constraint.
Suppose that g(h) is differentiable at h¥*. <LéﬁrG(h) be aﬁotber continuous
budget constraint. If leisure is & normal good, G(h*) > g(h*), the straight
line with slope g'(h*) passing through the point (h*,G(h*)) lies nowhere
below G(h) for h > h*, and not above G(h) for (at least) some small.neighbor-
bood of h* to the left of h*, then hours of work will decrease as g(h) is

replaced by G(h).

Proof: 'In figure 2, g(h) is the originezl budget comstraint. A is the
optimum point given g(h). I-I is e streight line tangent to g(h) at h*.
II-I7 is &z parallel straight line passing through h*, G(h#*). The fact that
leisure is 2 normel gooc¢ implies there is & tangency solution on II-II to

the left of E. This implies there is ear incdifference curve passing through

T, cutting the line II-II Irom below. we denote thil

m

inéifierence curve III.
Tc the rignt of B this indifference curve lies above I1-I1, which never lies
below G(L). Hence, it follows that B is preferred tc 211 points on G(h) tec

the right of B. Iz z smell neighborhoo¢ to the left of B we are sure the in-
¢ifierence curve III lies below G(r). This implies there exist feasible points
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Figure 2

One can make modifications of proposition 3 to take account of kinks in
either g(h) or G(h). Likewise one could state & similar proposition for the
case where G(n) lies below g(h). In‘order not to burden the reader with
repetitious deteils, these modifications are not spelled out here.

The results of proposition 3 make it possible tc draw (at least partiel)

conclusions aboutr the ef

changes in tax schedules orn the labor supply
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tax reform would widen the income brackets, lower the marginal tax for low
incoﬁes and raise it for high incomes. U§ing proposition 3, and assuming
leisure is a normal good, it is easily established that individuals in incdme
brackets correspdndiﬁg to the intervals c.< h <d and h > e will decrease their

labor supply if g(h) is replaced by G(h).

c 4

+ G(h)

'

4, Pazrameter Changes irn e Convex Piecewise Linezr Tex Schedule

Almost 211 reazl world tax schedules are piecewise linear. In many in-
stances the schedules a2lso have the property that the marginal tax is non-
decreasing. Actusl tax reform often is of the ferm that one or more parameters

¢ suchk z schedule are changec. It is hence of iarge practical interest to

asteblish the effects on labor supply o variaztions ir the parameters ¢
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Let B, and B be taxable and
t nt
Let w be the gross wage rate and h
exemption, ‘the taxable income is x
the form

X
Tax(x) = T + J t(z)dz,
0

where t is an increasing step func

i=1,... 1f the tax function h

.

will have the general shape shown
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nontaxable nonlabor income respectively.

hours of work. If E denotes a general

wh + Bt - E. Let the income tax be of

(1)

tion such that t(z) =t, for Ai_ <z <A,

1 i

as this form, then the budget comstraint

i

in figure 4.
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the budge: comstrzint is w, = w(l—:w). The
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C-axis of the extended segments have come to be called virtual incomes.
The virtual incomes can be calculated by the recursive formula y; =

jo1 ~ w)H, ;= Vit (g =t 7) O E-Bt)’ i=2,...

We will now study the effect on labor supply of variations in T, E,

A, t., and w.
i’ i

Change of the lumpsum tax

A change in T has exactly the same effect as a change in -Bnt’ so what
is said for changes in T applies also for changes in —Bnt. A decrease in
T will shift the budget constraint upwards in a2 parallel fashion. It is

easy to show that the following is true.

Proposition 4: If leisure is a normel good, then & decrease in T will

decrease labor supply for individuals who do not have their optimum points
at kink points. The new optimum might be on the same segment as before, or
on & lower segment. The labor supply of individuals with the optimum at

ez kink point will either not change or decrease.

The proposition is obvious and needs no formel proo:.

Change of the exemption level

19

4n increese in the exemption level I will:
i) increase 2ll v,

ii) not change any w,

iii) dincrease 211 the E,.

Tne change in the budget resctriction is Iiliuscreted im Zigure 3.
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budget constraint. This is a contradiction. We hence conclude the new
optimum must be less than or eéqual ﬁé'Hi.

From proposition 5 we see that some‘people might increase their labor

supply if the exemption level is increased. Overall, however, there is a

strong tendency for a decrease.

Change of tax bracket limit

An increase in the upper limit A.j of an income tax bracket will:
i) leave all lower segments unchanged

ii) increase the value of Hj by AAj/w

iii) dincrease the value of vy for i =3 +1, J+2,... .

The chénge of the budget constraint is illustrated in figure 6.
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ii) if the original“opt?mum vgs in the interval (Hj’is)’ then labor -
supply might either increaéé or decrease. If it increases, it can af’
most increase up to'ﬁs.

iii) »if the originai'optimum was gTreater than §5’ then labor supply
will decrease.

Parts.i. and iii. of the proposition can be proved by use of,propésition
3. Part ii. canbe proved using the argument used for part ii,of proposi-

tion 5.

Change of the marginal tax rate

An increase of the marginal tax rate for tax bracket j will

i) leave segments i = 1,...,3-1 unchanged

ii) decrease the slope of segment j and increase the corresponding
virtual income,

#ii) decrease the virtual incomes of segments i = j + 1, j + 2,...

The change in the budget constraint is illustrated in figure 7.
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Proposition 7: An increase in Fhe tax rate tj’ which might render
the new budget constraint noﬁconvex, will:

i) ~mot change labor supply if the original optimum was on segment
£ 1,000, 1. | - |

ii) if the original optimum was on segment j labor supply might
eitﬁer increase or decrease. However, labor supply can not decrease more
than down to Hj—l' |

iii) if'leiéure is a normal good and the original optimum is greater

than Hj, then labor supply will increase.

Part i. of the proposition is obvious. Part iii. can be proved along
similar lines as when proposition 3 was proved. Hence I will only give a

detailed proof of part ii. and only of the fact that labor supply cannot

decrease below B, _.
j-1

v

ol
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Consider figure 8. Let the original optimum be at A. This implies
that the slope of the indifference curve at A is wj. To the left of A the

indifference curves cut the segment from above. Hence, the slope of the

indifference curve passing through B has slope IB < wj. Now, we make the

(false) assumption that the new optimum is on segment j -1 at C. The slope

of the indifference curve at C is wj-l' To the right of C the indifference

curves cut the segment from below. Hence, the slope of the indifference curve
passing through B has slope IB > wj—l > wj <1
and conclude that the new optimum cannot be to the left of B.

B’ We obtain a contradiction

Change of the gross wage rate

An increase in the gross wage rate will

i) increase the slope of zll segments

ii) decrease the upper limits Hi for all segments

iii) 1leave &ll virtual incomes unchanged. We Illustrate the change in

the budget comstraint in figure S.
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Let us denote the marginal wage rates on the old budget constraint by

wgld'and the marginal wage rates on the new budget conmstraint by wiew' we

can thgn state:

Proposition 8: An increase of the gross wage rate w has the following
effect

i) if leisure is a2 normal good, the original optimum is in an interval

(ﬁi’Hi)’ and wz:: < wzld, then labor supply decreases

ii) if the conditions in i) are not satisfied, then labor supply might

either increase or decrease.

Part i of the proposition can be proved by using proposition 3. Part

ii. is obvious.

f. Irnlications for the interpretation of estimated labor supply functions

The analysis above shows that for many types of changes in a nonlinear
budget constraint we can determine whether hours of work dgcréase or increase,
without having to use estimated labor supply functions. However, in some
instances the theory above is not suffi:ient.A In such cases and/or if we
want to quantify the effect, we need empiricelly estimated labor supply func-
tions. The anzlysis above have implicztions for how such empiricel work should

-

be done, and how to interpret the results ¢ earlier empiricel studies.
Lssuming there exists & unique giobal solution to the individuel's

utility meximization problem we can alwevs solve for hours oi work as &

function of the before tax wage rate. In the following I will call this the

gross wage rate leber supply function. In some cases this function can be
writter in & closec¢ anelyzic form, in cther cases not. 1In the latter case

T

it Zig glweve possiblie to solve for hour:s ¢f work numericelly givern the value

¢ the gross wegs raztse. znf the Zunctict cen De tebulartec.
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The functional form of the gross wage rate labor supply function will
depend on the form of the preferences and the form of the tax schedule.
It should be obvious, and is illustrated by propositions 4-7 above, that

the parameters of the tax schedule acts as shift parameters in the gross

wage rate function.
It is, of course, possible to linearize the gross wage rate function and

estimate a labor supply function of the form

h=a+ bw + cy. (2)

Many earlier empirical studies have used specifications like this. These
specifications can be interpreted as linear approximations to nonlinear gross
wage rate labor supply funétions.

We can make three observations regarding estimations of functions like.
(2). Firstly, since tax systems have changed quite much in most countries
&uringrthe last decades, the parameters a, b and ¢ in (2) has changed over

; v
time.” Hence, it seems inappropriate to estimate functions like (2) on time
series data. Seconcély, the usefulness of z func:iion like (2) estimated on
cross-section date is quite limited, as they can only be used to predict the
eifect of changes in the gross wage rate given the tax svstem in force at the
time cata were coliected. That is, the estimzted functions canno: be used

tc precdict the effect of changes in the gross wage rate given that enother

=

Cex svszez is iz

'

crce, nor carn it pe usel to inier the effect ¢f texes on
labor supply. 4 change in the tax schedule changes the values of the pare-
meters &, b andé c¢. However, in order to know how the parameters are affected

we would heve to know the underlying nonlinezr Zunctiion that includes the tax

2T ge Cnenges €I Tns Texezion
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influence on labor'supply. As shoﬁn below, an observed almost vertical
gross wage rate function is comsistent with a large effect of taxes on
labor supply.; |

To iilustraﬁe the last point,‘let us assume individuals' preferences
can be represented by a Cobb-Douglas utility function U = Ca(z-h)l-a, where
C is cénsumption, z total number of hours available and h hours of'work.
If this utility function is maximized subject to 2 linear budget constraint

C =wh + y, we obtain the labor supply function

h =ez - (1-a) % . (3

Let us next derive the labor supply function when there is 2 nonlinear
tax. For simplicity a smooth differentiable function is used. Let x denote
taxable income and K after tax income. The tax function used is then implicitly
dgfined by X = exs, 0<8<1,0<8g8<1, Ifx=wh-+y, then the labor supply

function will have the form

a&z _ (1-0)y

= 4
b l1-o+cs {(1-c+aB)w (4> (3

I1f taxable income equals wh, and v is untaxed, it is not possible to write

h as an explicit function of w. However, the inverse function have the form

[y
Ty

T
~
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Ir figure 10 these three labor supply functions are shown for the case
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wnere v = 10,000, and = = 0.9, The figure revezls several

interesting facts. First, the labor supply funcrions are nighly nonlinear.
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I the gross wage rate lebor supply function it estimzted by 2 linear form,
Thic implies the: the results are extcremely sensitive tc¢ the sample composi-
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wage rates would yield a supply curve with a large wage rate elasticity.
Thus, if females and males had the same preferences, but females in general
have lower wage rates than males, we would expect estimated gross wage rate
elasticities to be considerably larger for females than for males. This is
exactly what has been empirically observed.

Secondly, in our example, taxes has a considerable influence on hours of
work. Howevér, if linearized gross wage rate functions were estimated om a
sample of individuals with wage rates in the interval 18-40, we would obtain

almost vertical supply curves. The effect of the tax is to shift the gross

wage rate labo;'supply function comsiderably to the left. The effect of the

tax can not be inferred from the size of the gross wage rate coefficient.
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this can be done in the presence of piecewise linear taxes have been shown
by, for example, Burtless and Hausman (1978), Wales and Woodland (1979)

and Blomquist (1983).
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