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ABESTRACT

Suppose that a property tax is imposed con the competitive
owners of a non-renswable rescurce in a clesed econemy. This tax
obligaticon is naturally capitalized inte a reductien in the market
value of the =sxisting stock of the resource. 1In this paper, it is
shown a) that under many circumstances the owners of the resource
are necessarily made worse off by more than the total capitalized
value of the tax payments, and b) that consumers are n=Ecessarily
made better off by the impesition of a small tax. Thus, unlike
most competitive situations in which taxes are paid partly by
consumers and partly by producers, the property tax, as well as
the allocative distortion due to the tax, may be bern =ntirely by
preoducers, and consumers may actually benefit--regardless of any
expenditures that the tax may support.






A Note on Property Taxation of a Nen-Renswabls Resource

John G. Cross#
University of Michigan

Considéf a closed econeomy that possesses a known stock of a
non-renewable resource. This resource is extracted costlessly by
a competitive industry and is sold te a market with known demand.
The econcomy has an interest rate fixed at r. There exists an
alternative techneclogy that will replace all uses of the resource
at a price P",

These conditions lead to the well-known Hotelling rule that
the price of the resource will rise at the interest rate r,
reaching P" at the mom=nt that the stock of the resource is
exhausted (Dasgupta and Stiglitz, 1981). It is furthermore the
case that this dynamic path is welfare-maximizing (Sween=y, 1777).
For example, if the inceome elasticity of demand for the resource
were zero, this path would maximize the sum of producers’ and
consumers’ surplus as conventionally measured,.

Suppose that a property tax is imposed on the competitive
owners of the resocurce. This tax is computed by multiplying a
fixed rate q times the current price times the unexploited stock
at any time t. In ordinary competitive environments, taxes of any
sort tend to be shared by both producers and consumers: Taxes on
output lead to increased prices (althdugh in amounts less than the

magnitudes of the taxes), while preperty and other £fixed taxes

# I would like to express my thanks te T. Bergstrom, R. Porter,
R. Mendelschn, and two anonymous referees fcocr their valuable
comments on earlier drafts of this paper.



generally reduce the long run equilibrium number of suppliers so
that the remaining firms cperate at higher peints on their long
run marginal cost curves. As ceclleoguially sxpress=d, taxes, or a
significant portion of them, are gensrally "pass=sd on" to
consumers.

Property taxes on natural resourcss, however, are capitalized
into reductions in the value of those resocurces, sco that there is
a tendency, at least initially, for markst pricss to £all rather
than rise. Of course, the timing of e=xtractiocn is also affected,
so that at some points in time, price is higher than it would
otherwiss have been. Nevertheless, it turns cut that the
compe=titive owners of the resource may bs made worss off by more than
100% of the tax--which is to say that the currsnt market vaiue of
the existing stock cf the resource at the time that‘the téx is
imposed falls by more than the present value of all the property
taxes that are paid on it. Moreover, although general welfare
(the sum of consumers’ and preducers’ surplus) is r=duced by the
distortion dus to the tax, the decline in market value of existing
stocks of the resource may be greater, so that consumsrs’' welfare
is incresased. Not only are these taxes not "passed on" to
consumers in the form of higher price;, consumers are actually,
better ocff!

To the best of my knowledges, these two propoéitions were
first outlined by Gamponia and Mendelsohn.(1?84). Their
conclusions are drawn entirely from simulation experiments,

however, and no formal procfs of the thesorems are provided.



Moreover, their simulations suggested that th= preopesitions are
universally true when in fact they are= not.

The purpose of this note is to provide some analysis of these
questions for an important class of demand functicens--those for
which price elasticity does not de=crease in absoclut= valus as
price is increased. Marshall (1920) argu=d that in fact all
demand functions satisfy this condition: He beliesved that
commodities with high prices (such as diamecnds) weuld typically
have high price slasticities while these with low prices {(such as
salt) would have low price elasticities. Demand curves that touch
the axes (that have a finite price at which demand is zeroc, and a
finite demand at a zero price) necessarily satisfy this condition
in the vicinity of the end points, and all approximately linear
demand curves satisfy it througheout. I will refer to demand
functions that meet this condition as possessing the "Marshallian®
property. This condition is convenient in many contexts: It
guarantees that marginal revenue curves slope downward whesnever
MR>0, and it has been used in analyses of problems cof meonepelistic
expleitation of non-renewable resources (Lewis, 1976; EBergstrom,

Cress, and Peorter, 1980).1

1. By accepting this propositicon, I am implicitly rejecting
Stiglitz and Dasgupta’s (1982) suggestion that constant elasticity
demand curves represent a "central" case in any but a purely
mathematical sense. A demand function whose elasticity is
constant or increases with increases in quantity has the
properties that a) the quantity demanded is unbounded at a zero
price and b) there is no price so high as to choke off all

demand. Neither of these conditions would be particularly

plausible in this context, and constant elasticity is treate=d hers
as an extreme case.



Netation 3

We use the fellowing neotations:

t+ denotes time; t=0 describes the date at which the property
tax is imposed.

P(t) is the market price of one unit cf the resources at time t.

£(P{(t),t) is the market demand for the rescurce at time t.
Note that we de neot assume demand te bes stationary, but
include t as a shift parameter.

F(t) = £(P(%t),t}) is an abbreviation that wes will use frequently
for notational convenience.

r is the interest rate

T is the dates of exhaustion of the resource

P" is the price at which the alternative teschneology replaces use
of the resource in gquestion. |

PQ is the price at time t=0

S is the stock of the resource available at time 1=0

g is the property tax rate.

Equilibrium

Qur framework is a simple extension of the conventional
arbitrage medel (Dasgupta and Heal, 1979). Equilibrium is
characterized by the condition that.the price of one unit of the

resource at time t must be sufficient to ceover the intersst



foregone and the property tax payments that have been made since

time +=0!

P(t) = Poe”t + qu Pawe” 25y 1>

Differentiation with respect to t provides:

P(t) = (p+qIPL(L) )

or.:

P(t) e (PHOIE

Po 3>

This equaticn reproduces the well-known observation that a

property tax is esquivalent to an increase in the interest rate.

At any time t, the stock cof the resource still unexploited is
given by
T
JtF(u)du 4>

and the dates of exhaustion, T, is established by:

IZF(u)du =8 (5>

Total property taxes paid at time t are equal to the tax

rate, q, times the current price, times the unexploited stock of

the rescurce:

RCE) = qP(t)f:F(u)du %)

The present value of this stream of property tax revenues is!

R = af JPctre TEF IR0 dt T3
Reversing the order cf integration:®

R = QI:F(u) Jﬁp(t)e"tdt du 8y



Using (3), equation (8) becomes:

R = Pof:F(u)(equ-l)du, <9y

and from (3} we have:

- T qu _
R = POIOF(u)e du Pos (10>
WHe will call Z the present value cof the stream cf sales from
the perspective of t=0!

U

Z = I:F(u)P(u)e- du (1)

Substituting from (3):

Z = Posz(u)equdu 12>

Profits to the cwners of the rescurce at any time t are equal
to the present value of sales, Z, minus the present value of the
taxes levied on the stocks, R. The value of this net stream of
returns at time t=0 describes the net asset value of the stock,
and this is PoS because extraction cost is =zero:

Pos =2Z -R 13>

Substituting (12) into (13) reproduces equation (10).

OQur first propositicon is thaf when the property tax is
imposed, the valus cof POS may £all by mor= than the change in
R, which is to say that the the pres=snt value of gross sales, 2,

declines when q is increased.



Some Preliminary Results

It is‘éésy to identify a simple situatien in which the
propositions are valid. Suppose the price elasticity o demand is
zero. Then at each time t, F(t) is fixed at soms (1) for all
t{T, where the dependence of @ on t reflects the possibility
that demand may not b= stationary. Under this assumption, the date
of exhaustion is unaffected by the price= path. How=sver, P(t)=P"
at t=T, and becauss the rate of increase in P(1) is increas=sd by
the tax, it must be the case that for all t<T, market price with a
tax is lower than price without the tax. Thus the tax
unambiguously reduces Z. Moreover, because consumers are buying
the same quantities of the resource over the same pericd, and at
lo@er prices, their welfare must have increased, and w= have,
besides the tax payments, a n=t transfer from producers to
consumers.

More generally, we note from equation (Z) that the rate of
price increase rises with the tax rate. Becauss the price path
must terminate at a price P", any increassd valus of q must bring
the date of exhaustion forward in time: If it did not, then the
higher rate of price increase would imply that prices with the tax
would be lower than prices without the tax for all t<{T; this would
mean that consumption with the tax would be greater than
consumption withcut the tax for all t<T, énd this ih turn would

imply total consumption exceeding S. Therefore!

ar
—_—
ag £ 0 (14)



It is alsoc the case that any increased values of g will reduce
Po' If it did not, then the higher rate of price increases would
imply that price with the tax was greater than price without the tax
for all t>0, and P" would be reached before 5§ was exhausted.

Therefore:

dPo
— < 0 (15>
dq

It is easy to find other cases for which dZ2/4q is
unambiguously negative. For example, suppose the demand function
is stationary ocver time and the price elasticity of demand is
constant and =qual to one. Then we have F(1)P(t)=K for all values

of t£4T, and we can integrate (11) directly:

Z = i—fu—e'”) (16>

In this case, it is immediately apparent that the reduction in T
that follows from an increase in the tax must resduce Z.

It is also easy to show that dZ/dq < 0 is true in all cases
of constant demand elasticity so long as that elasticity exceeds
one. To see this, suppose that for the moment we replace the
competitive industry with a monopolist, and permit =xtraction
costs to be positive. A monopolist is always made worse off by an
amount greater than the amount of a property tax. In the absence
of a tax, the monopolist would choose an output path that
maximized the present value of sales net of extraction cost. By
taxing unexploited stocks of the resource, the property tax

induces the monopolist to divert some2 ocutput £from the future

toward the pressnt, and this disteorticen in the output path reduces



the present value of net sales. In additicn to this n=t revenue
loss, the monopolist must pay the tax, and hence his total w=alth
has fallen by more than the taxz.

Now return to the competitive industry with zero extraction
costs and suppose that the price elasticity of demand is constant
and greater than 1 in absclute valus. Then w= know from Stiglitz
(1976) that a monopelist will sell along the sam= price path as
does a competitive market, and that the preofit maximizing price
path is unique (s== also Swesney, 1977). That is, bscauss Z would
be the monopolist’s profit (in the absence of a tax) the
competitive path maximizes Z. Then, becauses the impositicn of the
tax will alter the price path, the value of Z must bz affected, 2
is no longer maximized, and our competitive producers also pay
more than the present value of the tax.

This same observation provides a clue to a source of
counterexamples to any assertion that the propesition is
universally true. Supposs the demand function has a constant
elasticity less than cne. In this case, the monopelist maximizes
profits, not aleng the competitive brice path, but at the corner
P(t)=P"-e for small e and all t<T. Eecause the compstitive
industry is not following this path, it is pessible that a
distortion might move the industry in a profitable dir=ction,

increasing Z. (It is not pessible for such an increase to be so

powerful as to provide net benefits to the industry, howsaver,

2. This conclusion is not restricted to the case of the property
tax. It applies also to the case of excise taxes.
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because, as we have shown, dPD/dq is always n=gative.) An
example of this possibility is provided by the tcop pansl of Figure
1. This is a graph of Z as a function of varicus tax rates, q,
for the case of the stationary constant elasticity d=mand curve
Q=50P-0'5, where r=0.05, 5§=2000 and P"=1000. Over quite a

wide range of values of q (frem g=0.01 to g=0.25), Z increases
with the tax.3 Moreover, because Po declines in responss

tc any increase in q, it is clear frem (13) that tax revenus must
be increasing in g whenever dZ/dq>0. Thus the (guit= r=ascnable)
supposition that q would never be increased beyond a point at
which dR/dg2>0 is not sufficient te restrict q te valuss within

the range for which d4Z2/dq<0. The secend panel of Figure 1 dipicts

the behavior of tax revenue as the tax rate is vari=d. In this

=xample, revenue increases with g up to g=0.25,

2. For this and other examples, the sclutions provided are

obtained numerically. (The technique is to =valuate the int=gral

in (5) through either explicit integration or Simpscn’s
Approximation, and then tec find the value of T which satisfizs (3)

by means of an iterative bisection methed for finding the roots of

a function.) The existence of such counterexamples may bes shown
analytically, however, by substituting the constant elasticity demand

function Q=an inte (42), differentiating with respect to q, and
considering the special simplifying case b=-gq/(r+q). It is then easy
to see that if T is large =nough (which means if § is large =nough)
the value of dZ/dq can be made positive.
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The General Case

Using (3) we have:

P, = pre (Pt T (?

Differentiating @

dPo

rra = - PoV (18>

where we have defined:

- ar
vV=T+ (p+q)dq (19

and we know from (14) and (15) that
DLV AT (20)

Equation (5) establishes the date of exhaustion, T. Let us

differentiate this equation with respect to g, using (3) and (17):

F(T)éz + ITf (P,wW)Plud(u-Vidu = O 21>
dgq o1

where fi(P,u) is the derivative of the demand function with

respect to its price argument.
I1f we multiply (21) through by (r+q), both add and subtract a

term TF(T), and uses (19), we may solve for V directly:

TR - (P S8 (Pwe T uau

V = (22>
F(T) - (p+q)P°I:f1(P,u)e(’*q’“au

(r+qlu

WHe notice that the s.pression Po(t+q)e is equal to

dP(u)/du, and thus the denomeonater cof (22) may be rewritten:

_ T dPCud,  _ _ (Pm -
FCT> = f £ (P,w) 3 ="du = F(T) IPofl(P,u)dP = F(O) (23)



WHe construct the intermediate variable Y = uf(P,u) and note
that the derivative of Y with respect to u is
f(P,u)+Po(r+q)fl(P,u)ue(r+q). Substituting this intio the
numerator of (22), we may integrate by parts and reduce the sntire

expression to S. Thus expression (Z2) finally becomes:

=5
V=3 (24)
0

where Qo is the quantity demanded at time t=0,.
To expleit the Marshallian property of demand, we rewrite

(21) to take explicit account of the elasticity of demand:

F(DIT + [IFGOw w-Vdu = 0 (25)

where 1 is the price elasticity of demand. Here elasticity is
defined te have the negative sign, and is naturally a function of
the time variable u.

We suppose that the demand function possesses thes Marshallian
property in the strong sense that higher prices ares always
associated with higher values cf elasticity (in absolute valus=).

Because price is monotone increasing in u, we can write:
gluy = noe(u); e’'(wy 20 (262

where T is the value cof elasticity at time t=0.

He will rewrite (25) as:

Ferydl
q

T —-—
ag * N, [Fweddw-Vidu = 0 Cx D)
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From (19), V has a value between 0 and T. When the variable
of integration, u, is less than V, the integrand in (27) is
strictly negative. HWhen u is greater thanm V, the int=grand is
strictly pesitive. Consider the expression e(V)/e(u). Pecausse
e(u) is positive and increasing in u, we note that =(V)/e(u)ll
for all ud>V, and =2(V)/e(u)2l for all u<V. If we were to
multiply the integrand of (27) by this ratio, the valus of the
integral must remain constant or £fall (becauss the positive
elements in the sum are all being multiplied by values less than
cne, and the negative elements by values exceeding 1). The
integral as it appears in (27) is already negative, because

dT/dg<0 and q°<0. Therefore, we must have!

I:F(u)(u—V)du <0 (28>

Now consider the expression equ/eqv. This ratioc is

greater than or esqual to 1 for all values uwV and is less than or
equal to 1 for all values u{V. Thus if we were to multiply the
integrand of (27) by equ/eqv, the value of the integral

must remain constant or rise (all positive elemsnts in the sum are

' multiplied by more than 1, all negative elements by less than 1).

Thus, because qoco, we obtain:

aT -q¥ T au_,
F(T)dq + e IOF(u)e eluy(u-vVddu € O (29)
or, because dT/d4 ) qT, av,
' e q<o, 90{0, and e* >e* 1
f:F(u)e(u)equ(u—V)du 3 - LpmedT gﬁ (30)

0
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He may now consider the value of gross sales, 2, which is our
primary object of attention. If we differentiate (12) with
respect to q, replace dPo/dq with equation (18), and simplify,

we obtain:

az _ aT 41
dq - POF(T)E dq

+ POIEF(u)equ[1+ﬂ(u)](u-V)du (31>

Given the sign of 4T/dq from (14), we know that the first
term on the right of (31) is always negative, and therefore it is
obvious that dZ/dq<0 whenever the price elasticity is constant and
equal to -1.

There are three circumstances under which the proposition
dZ/d4q<0 is necessarily true.
A) Demand elasticity is zero. This has already been demonstrated.
B) The tax is zero. At the point g=0, =quation (31) be=comes!

(using 26):

AZ _ p p( 4 p TR -vidu + P g FIFaed w-vrde (32>
dq o dq o "o o’ "o
Substituting from F(T)dT/dq from (25) this reduces to:l

4z
dgq

= Po I:F(u)(u—V)du (33)
and this expression is negative by (Z8).

C) ‘For any value of q, demand is elastic over "most" of its

rang=. This cecndition may be formalized by either a) the

requirement qog-l, which, given the Marshallian condition,

guarantess that demand is elastic over all t, or, b} the less

stringent requirement qoe(V)i-l, which guarantees that
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elasticity exceeds one in absolute value at all times after the
intermediate time given by V. The value cof V is S/Qo, and

thus this second condition is that the demand be elastic at least
by the time at which the stock would have been exhausted had
demand remained at its initial level indefinitely. For most
examples that come to mind, this is a modest requirement. To
prove this thitd variation on the propesition, define K to be the

integral expression in equation (31), and expand, using ocur

definition (Z6):

= f:F(u)equ(u-V)du + 7 I:F(u)eque(u)(u-V)du (34>

Because e(u) increases in u, the expression e(ul)/e=(V)21 for
all u>V, and e(u)/e(V){l for all u<V. 1If we multiply the
.integtand in the first term of (34) by this =xpressicn, we will
multiply all positive e=lements in the sum by.numbers greater than
or equal to 1 and all negative elements by numbers less than or
equal to 1, and this cannot decrease the valus of the integral as

a whele. Thus:

K ¢ [E?é? + “o] IzF(u)eque(u)(u-V)du (35>

Qur conditien that qoe(V)g-i guarantees 1/e(V)+q°<0,

and substituting from (30), we cbtain:

qT dT 1

1
K < 7 F(T)e PYTTHS no) (36

o

and:
V/ < je qT 4T

-dT; < POF(T dq [1 - W)_ 1] {0 372
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The top panels of Figures 1 and 2 provide some illustrations
of these cases. The example described in Figure 1 satisfies
neither conditions A nor C, and thus the slope d4Z2/d4q may be
positive at values of g which are neot very close to 0 (at which
peint condition B would be satisfied). Figure Z, on the other
hand, describes the case of an elastic stationary demand curve

-2.0

(@=5P ), and this satisfies conditien C for all values of

q. As expected, then, dZ2/dq<{0 throughout.

Consumers’ Surplus
In this section, we address the possibility that the property

tax increases the wslfare of consumers (without regard for how the
revenue from the tax is spent). Suppose we accept the usual
assumptions that a) the income eslasticity of demand.for the
resource is zero, so that consumers’ surplus becomes a valid
measure of consumer welfare, and b) the disceunt rate which
consumers apply to future welfars is the sam= as th= market rate
of intersst r. Then at any price P(t) the consumers’ surplus at
time t (relative to having to pay the price of the alternative

t=chnolegy, P") is given by H{(t) where:

neey = (&

B gy 6 £2dx I (38>

This may be rewritten:

_ T aP(ul ‘
H(t>» = th(P(u).u)—Ea—~du (39

Now using (2), =quation (3%) becomes:

Mty = (r+q)I:F(u)P(u)du 40>
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The present value of this stream of consumers’ surplus is:

M= <p+q)f:e"“ I:F(u)l’(u)du (a1)

Reversing the order of integration in (41):

u -nt

o= rea)f PGP (et du caz)
= L2205 T (o (> (12 " >au (43>
Using (11) and (40):
- priq. T _ riq
n = —;—JOF(u)P(u)du —;—Z (44>
"o r+qz
= -5 (43)
where No is WH(t) valued at t=0,. In the absence ¢f any tax, therefore,
consumers’ welfare is equal to (Holt-2)= the present value cof an

indefinite stream of values NO minus the present value of gross
sales.

We know from Sweesney (1977) that the sum of Consumers’ welfare
and profits is maximized by the competitive price path in the
absence of taxes. The imposition of the property tax distorts the
path and theresfore it must reduce tﬁis sum. It fellows
immediately that under any circumstances for which consumer
welfare is increassd by the tax, producers are made worse off by
more than 100% of a tax, and that consumers are made worse off
whenever the tax leads to an increase in the gross value of sales.

As one might expect, however, the conditions for dW/dg>0¢ are more
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stringent than thoss for dZ/d4q<0. The bottom panel in Figure 1
describes W as a function of q for the case of the inelastic
demand curve used in our first example. Not only does U £all
whenever d4Z/dq is positive, but it centinues to declin= over a
considerably wider range. {Indeed, it is positive only £for values
of g which are less than 0.003, and this range is tco small to
show clearly on the graph.) Even in cases that guarantes dZ/dg<0,
we are not assured of dW/dq>0. Figure Z contains an example. For
this case, dW/dq is positive anly cver the range g=0 to g=0.0005,
a range much too small to show en the chart.

These examples are not meant to imply that dW/dg<{0 is in any
sense the usual situation. Indeed Gamponia and Msndelschn’s
belief that dW/dq>0 is the normal case is strengly encouraged in
other situations. Figure 3 describes an example whese2 parametsrs
are taken from their paper, and it is typical cf ths cases used in
their study in that dW/dgX»0 for all values cf g for which dR/dq is
also positive, and d42/d4q4<0 througheout. Thess properti=ss are esven
more strongly present in models which use more nearly linear
demand functions, and it required some effort to obtain the
counterexamples provided here. Nevertheless, it is clear that
counterexamples exist in a wide class of cases and that a gensral
analytic criterion which will guarantee dW/dg>0 will have to be
stringent. In fact, we have only twc candidates:

A} Demand has zero elasticity throughout, This case has already
been demonstrated =arlier.
B) The tax is zere, and the Marshallian condition is satisfied--

that is, we are considering only the initial imposition of the
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tax. Teo preove this, we differentiate (44) with respect to g

2]
[:) 42
[dq -2 - (r+q)dq] (46>

The value of No may be cbtained frem (40) with +=0.

an _
dq ~

e N1

Differentiating this expression with respect to q and using (18):

dHo dPo
Fraiai Qo J - POQOV (47>

where Qo is the value of £(P) at P=P°.

Substituting into (46) and using (24) for the value of V, we

obtain:
dHd _ 1 _ _ a7z
dg - o [POS Z (r+q)d
=3 [R - (a2 (48>

At the point g=0, tax revenue, R, equals =zero, and thus dW/dq
has the opposite sign to dZ/dq. We have already shown that
subject te cur Marshallian conditien d4Z/dq<¢ at g=0, and so we
must have dH/dq*0. Thus we have our result that consumer
welfare must be increased by the initial imposition of the
property tax.

Dasgupta and Heal (1979) note that when extraction costs are

zero, an ad valorem tax will have no =ffect upen the

competitive price path of an exhaustible rescurce. Thus such a
tax does not affect consumer welfare, and producers’ loss is
exactly 100% of the tax. The property tax goes furfher,

lowering the current price by more than the tax so that consumers
actually gain. In these cases, the property tax is redistributive
even without consideration of the programs on which the tax

revenues may be spent.



Extraction Costs

A detailed evaluation of extraction costs would go beyond the
scope of this paper. Gamponia and Mendelsohn originally
formulated their propesitions in an envirenm=nt of constant
extraction costs, however, and it is worthwhile to include this
special case in our model. MWe continue tc use P to designate the
value of the unextracted resource, so that the original arbitrage
condition (1) still holds. 1If extraction cost is constant at some
level C, then market price, M, is equal to P+C. If the cost of
the alternative technology is M" then we have P"=M"-C. The
variable Z is now the present value of the stream of sales revenue
net of extraction cost. If the market demand function is
@=h(M,t), then the functions used in cur equations are defined by
£f(P,t)=h(P+C,t). Given these definitions, our equa{ions (1L)-(37)
are entirely unaltered. The function h(M,t) must be used to
replace £(P,t) in equation (38). However, for constant extraction
cost, we note that dM(u)/du = d4dP(u)/du, and with this cendition,
the derivation (40)-(45) stands, and equations (47) and (48) are
unaltered. Thus all of ocur conclusions heold.

This modification does affect the= interpr=tation of th=s
elasticity conditions. If E is the market price =lasticity at the
market price, M, then the elasticity expression in our equations
is given by:

c
n = EAd - 55? 49)



This ad justment may increase the likelihood of dZ/dgq<0
because it reinforces the tendency for elasticity as us=d in our
equations to increase in absolute value as price increas=ss (and
although the base value Mo is smaller, the valus of-qoe(u)
is much less affected because at high prices, C/(P+C) is
relatively small). Even if E were to decrease slightly with

price, our conditieons would be satisfied.

Stationarity

The demand function uz=. throughout this analysis has
included a time shift argument, and this has enabled us to avoid
assumptions of staticnarity. However, non-stationary demand
functions do add stringency to our version of Marshall’'s demand
property because we require demand elasticity to rise with a price
which is rising over time. € the demand function is not
stationary, the passage of time itself might operate to lowsr
elasticity and offs=t the effect of the higher price. Formally,

if we differentiate demand elasticity with respect to timz, we

cbtain:
dy _ sy dP P o, - o
at ~op at T FEEifyp - f0EY (307
) _ 3 (P, 1) _ (P, 6) _ BEECP,t)
where = £<(P,t), fl = =3 fa = —=7 fla = ——=Fst

The first term in (50) captures Marshall’s property for a
stationary demand function and thus we expect this term to be
negative, The second term describes the action of time

independent of price, and if this term is sufficiently strongly
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pesitive, our elasticity premise is not valid. This might be the
case, Zfor =xample, if the passage of time were to increase the
dependence of the ecconomic system upon this resources (perhaps by
exhausting close substitutes), so that its demand elasticity
falls. Figure 4 provides an example of this possibility. This
case emplecys a demand function G=5P_1'25+0.05t with p"=20,

§=600, and r=0.05. It is clear from the Figur= that ths effect of
th= time shift is to reverse the signs of the slopes so that
dZ/d4g>0 and 4dAH/4q<0 even in the vicinity of g=0.

If the passage of time made possible techneological advances
which identify possible substitutes for this resource, then the
second term in (S0) will becom= negative also and all of ocur
thecrems stand. It is interesting to not= that if £(P,t) is
separable into the multiplicative form g(P)h{(t}), which might be
the case, for example, if population growth were responsible for
the shift in demand, then the seccnd term of (50) is precisely
zero and Marshall’s property applied to the demand at any point in
time is sufficient for our more general conditions. Constant
elasticity demand curves can only be non-staticnary if time enters
in this multiplicative form, of course, because otherwise ths
value cf (50) weould not be zero, and the constancy of =lasticity

would vanish.



Implementation

It might appear at first that a property tax could not
reasonably be put intec place, because it would requirs knowledge
of the stock of the rescurce, and owners would have an incentive
to conceal their supplies. Property conzaining the rescurce would
be bought and sold surreptiticusly, and reported selling prices
might deviate significantly from true prices. (This problem is
often alleged to arise in the case of propertiy taxes on real
=state.) In contrast, actual sales of thes resourcs are much more
readily observable, so that excise or ad valorem taxes seem to
be more easily applied. In fact, however, a modifi=d dynamic
excise tax can be devised that duplicates the effect of the
pfoperty tax. Sale of a unit of the resource is =x post
evidence that the unit was always available, and oné can charge
the property tax, with interest, at the date of sale. Thus, if
the tax is instituted at time t=0, an excise tax would be charged

cn all units scld at time ¥ at a rate:

_— quP(u)epudu (51)

In equilibrium, the price path is given by (3), and so the
tax rate is equal tod

T = 2piq

(Zriqdt _ ,, | (52>

The variables in this equation are all known at time t, and,
so long as the quantity of sales is known, the tax can be

implemented, This system shares with other excise taxes the



advantages that it is not imposed until revesnue from sales is
actually realized, and it is flexible enough ncoct to impose the
risks upon property owners that their stocks might prove to be
much smaller (or larger) than anticipated.

It might 2ven be possible to use this device to impose
property taxess upon foreign suppliers. Suppes= that country A
possesses all of the known stocks of some rescurce, but that the
consumption takes place entirely in country E. A tariff imposed
by B that fcllows the path indicated by equations (51} or (52)
would duplicate the effect of a property tax imposed directly upon

the foreign stocks.
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