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ABSTRACT

The Possibility of Factor Price Equalization,
Revisited

by

Alan V. Deardorff

The University of Michigan

This paper derives a condition for Factor Price Equalization (FPE) in a Heckscher-
Ohlin Model with arbitrary numbers of goods, factors, and countries. Using Dixit
and Norman's (1980) concept of an Integrated World Economy (IWE), two paths in
factor space are constructed for any pair of factors. The first is composed of the
vectors of these two factors needed to produce world demands for goods in the
IWE, arranged in decreasing order of relative factor intensity. The second is
composed of the vectors of the factor endowments of the countries, arranged in
decreasing order of relative factor abundance. It is shown here that if the latter,
factor-endowment, path ever passes above the former, factor-intensity, path, then
FPE is impossible. Therefore, FPE requires that, for any pair of factors, factor
endowments vary across countries by less than factor intensities vary across
industries, in the sense defined by these two paths.
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The Possibility of Factor Price Equalization,
Revisited

by

Alan V. Deardorff

The University of Michigan

I. Introduction

Much depends, in modern international trade theory, on whether prices of factors

are equalized internationally. With factor price equalization (FPE), industries in different

countries with identical, constant-returns-to-scale technologies use identical techniques of

production, and the analysis of trade and production is greatly simplified.1 Even when

there are elements of increasing returns to scale, Helpman and Krugman (1985) have

gotten great milage out of the assumption of FPE in simplifying otherwise intractable

problems. In contrast, without FPE, trade patterns are perhaps more starkly delimited,2

but the different techniques of production used in different countries make comparisons

across them much more difficult. 3 As a contribution, therefore, to understanding the

presence or absence of FPE, this paper presents a necessary condition for FPE, stated in

terms of the allocation of factor endowments across any number of countries relative to the

demands for, and the factor intensities of, any number of goods.

iFor example, the factor content version of the Heckscher-Ohlin Theorem, introduced to
the theoretical literature by Vanek (1968) and to the empirical literature by Learner
(1980), depends in its simplest form on the assumption of FPE.

2See Deardorff (1979).

3In Deardorif (1982), for example, I was able to prove generalizations of both the factor-
content and commodity versions of the Heckscher-Ohlin Theorem even in the absence of
FPE. Without FPE, however, the measurement of factor intensity for these purposes
becomes cumbersome.
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Our knowledge of the conditions for FPE has evolved over the years. Samuelson

(1949) identified the crucial condition for FPE in a two factor model-that the two

countries should produce at least two goods in common- and he recognized that this in

turn requires that countries' factor endowments differ by less than the factor intensities of

the industries. With the addition of more than two goods, he suggested (p. 192) that "if

anything, it increases the likelihood of complete factor-price equalization" on the grounds

that if factor intensities of the added goods are more extreme than those of the goods you

start with, then they make it possible for incomplete specialization even by countries with

very different factor endowments.

Johnson (1967) formalized Samuelson's contention that the likelihood of FPE grows

with the number of goods, which he demonstrated by means of the relationships that must

hold between factor prices and factor proportions in various industries.4 Then Vanek and

Bertrand (1971) approached the problem from a different angle, looking at how

preferences for consumption interact with factor intensities and endowments to determine,

even when FPE is possible, whether it actually occurs. They provided an ingenious

geometric argument in three, four, and even higher dimensions to show that the likelihood

of FPE grows with the number of goods.5

Perhaps the most useful and enlightening approach to FPE, though, and the one that I

will build upon here, was presented by Dixit and Norman (1980, pp. 110-122). They

spoke in terms of an "integrated world economy" (IWE), in which both factors and goods

4Johnson was responding to Land (1957), who had asserted that additional goods would
make FPE very difficult to obtain, since prices would have to be coincidentally alligned so
as to make production of all goods possible. Land was ignoring the endogeneity of these
prices in the world economy.

5Much more recently, Deardorif and Courant (1990) have argued that the introduction of
nontraded goods into an otherwise standard Heckscher-Ohlin model reduces the likelihood
of FPE.
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are perfectly mobile across countries.6 In an IWE the world as a whole attains an

equilibrium with a single set of prices of goods, prices of factors, and techniques of

production, and with certain equilibrium quantities of all goods demanded on world

markets. Then in the same world but with immobile factors, if it is possible to allocate

factors within countries to industries, using the techniques of production of the IWE, in

such a way as to duplicate the world outputs of the IWE, then FPE is possible and this

allocation is one that could arise with FPE. If it is not possible to allocate the given factor

endowments in this way, then FPE is not possible.

With two factors, two goods, and two countries, this formulation leads to the

particularly simple visual representation of FPE factor allocations shown in Figure 1.7 It

shows a box diagram, the dimensions of which are L and K, the world factor endowments

of labor and capital. Letting the lower-left corner at 01 be the origin for measuring factor

endowments of country 1, and the upper-right corner at 02 be the origin for measuring

factor endowments of country 2, any point in the box describes an allocation of the world's

factor endowments between the two countries.

Into this box are introduced the techniques of producing the two goods, X 1 and X 2 , in

the equilibrium of the IWE. These appear as the rays from the two origins with slopes r 1

and r2 , equal to the ratios of capital to labor employed in the respective industries in the

IWE. These rays form the parallelogram 0 1 A0 2B, and this parallelogram, it turns out,

includes all of the world's factor allocations that are consistent with FPE. Thus by

comparing the size of this parallelogram to the size of the box as a whole, one can form a

rough idea of how difficult or easy it may be to get FPE. For exarnple, if the two

6 Samuelson (1949) had also used this device, though without the narne or the
accompanying diagram, to motivate and explore the conditions for FPE. Helpman and
Krugman (1985) have also used it for a variety of problems.

7This diagram is often attributed to Lancaster (1957), who used something similar to
show that two countries trading with FPRE are equivalent to a single closed economy
(p. 31). As far as I know, however, Dixit and Norman (1980) were the first to connect the
diagram with the IWE and to use it to delineate the factor allocations consistent with
incomplete specialization and FPE.
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industries had very similar factor intensities, so that the r 1 and r2 rays were close

together, then the parallelogram would be a narrow sliver near the diagonal of the box,

and FPE would occur only if factor endowments were nearly equally distributed across

countries. In contrast, if factor intensities were very different, then the parallelogram

might occupy almost the whole box, and one could find FPE across counties with very

different factor endowments.

These, of course, are conclusions one could also have reached as well by looking at

the diversification cone. The box diagram of Figure 1 is an improvement here primarily by

showing how the two countries fit together.

With more goods, however, the diagram comes into its own, though still with only

two countries. Suppose now that there is a third good. We could again draw the factor

intensity rays of the IWE into a box such as Figure 1, but now there would be three of

them and only the outermost would be needed to define the diversification cone. Thus in

Figure 2 I have drawn a world factor box with the factor intensity rays for goods 1 and 3,

under the assumption that r 1 >r 2 >r 3. These again form the parallelogram 0A B

which is the intersection of the two countries' diversification cones. However, as Dixit and

Norman (1980, p. 120) have emphasized, it is no longer true that FPE holds throughout

this parallelogram.

To see this, let X 1 , X2 , and X3 be the quantities of the three goods demanded on the

world market in the IWE, and let v1 , v2 , and v3 be the vectors of factors needed to

produce these quantities using the techniques of the IWE. Since these vectors of factors

must exhaust the world endowments, if placed end to end in the box diagram they will

extend from one origin to the other. I have drawn them into the box in this fashion twice,

once in decreasing order of capital intensity, viv2v 3 , and again in increasing order of

capital intensity, v3 v2v 1. These two paths of vectors necessarily follow the r1 and r3

rays for goods 1 and 3, as shown.
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It is only within the portion of the box bounded by these two paths, the hexagonal

area 0 1v 1v 2 0 2v 2v 3 , that an equilibrium with FPE can occur. To see this, consider a

point such as Z, inside the two diversification cones but above the path v 1v2v3 . At such a

point both countries are capable of keeping both factors fully employed using the three

available techniques, but only by producing too much of two of the goods. Country 1, for

example, must use more than the vector v1 in industry one, or else it would have too much

capital per worker left over to be fully employed in the more labor intensive industries 2

and 3.8

Thus it is not enough that countries have their endowments inside the same

diversification cone. In addition they must be far enough inside of it to be able to produce

the quantities of goods demanded on the world market. In the case shown in Figure 2, the

danger is that if both countries are too near the opposite sides of the diversification cone,

then both will need to produce larger quantities of goods of extreme factor intensity than

are demanded on the world market. Correspondingly, the output of the good of

intermediate factor intensity will be too small.

This technique can easily be extended to additional goods. Let there be n goods,

j = 1,...,n. Define X. for each good to be the quantities demanded on the world market in

the IWE, and define v. = (l.,k.) as the vectors of labor and capital needed to produce these
J J

quantities using the techniques of the IWE. Again these vectors could be laid end-to-end in

a box like Figure 2 and they would reach exacly from 01 to 02. By arranging them first

in decreasing order of capital intensity (as measured by the ratio r.=k./l.), and then a
J J J

second time in increasing order of capital intensity, two paths can be constructed between

which lie all possible allocations of two countries' factor endowments that are consistent

with FPE. The space between these two paths, which I have not drawn here, will have

8This can be verified geometically by drawing lines parallel to v2and v3 , down and to the

left from point Z. See Dixit and Norman (1980, p. 116-1 17).
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roughly the shape of a lens. All of this has been shown, or at least suggested, by Dixit

and Norman (1980, p. 117).

What then if there are more than two countries and more than two factors, as well

as more than two goods? This brings me to the main point of this paper. I will now focus

on just one of the two paths of factor intensity vectors just described, defined for any pair

of factors, which I will continue to call labor and capital. I will compare this "factor

intensity path" to a similar path of factor endowment vectors for the countries. My claim

is that such a comparison will provide a necessary condition for the possibility of FPE.

In Figure 3, the solid lines form the path of factor intensity vectors Ov1 v2.'v 6 ,

drawn in decreasing order of capital intensity for six industries. In addition, vectors

Vi = (L.,Ki) of factor endowments are drawn for each of five countries. These are also

drawn end-to-end, in decreasing order of relative capital abundance, as measured by the

capital labor ratio R. = Ki/Li. They form the dotted path OV1 V 2 . .. V 5 . Assuming that

these constitute all of the industries and countries of the world, then the two paths must

extend from the origin to the same point E, which represents world factor endowments of

these two factors.

My claim is that if the endowment path ever passes above the intensity path, as it

does in Figure 3 in the neighborhood of point V 3 , then FPE is impossible. That is,

Proposition: A necessary condition for FPE is that, for any pair of factors, the factor
endowment path must be at all points on or below the factor intensity path.

This condition is the rnany-country, many-factor analogue of the endowrnent point being

within the parallelogram in Figure 1 and within the hexagonal area in Figure 2.

More formally, one can define FPE in terms of the possibility of allocating production

of n goods using 1 factors across m countries as follows:
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Definition (Factor Price Equalization):

FPE: There exist A.. - 0, i=1,...,m; j=1,...,n,

such that

m

a.. = 1 j=1,...,n
i=1

n

v Vhj hi i=1,...,m; h=1,...,l
j= 1

where Vhi is the endowment of factor h in country i,

vhj is the amount of factor h needed to produce

the world output of good j in the IWE,
and A.. is the fraction of world output of good j

produced in country i.

In order to derive the implications of paths like those in Figure 3 for FPE, it is.

necessary first to express those paths mathematically. To that end, I narrow attention to

any two of the possibly many factors, identifying them arbitrarily as labor, L, and capital,

K. Let L=VLi and K =V be the endowments of these two factors in country i, and let

1.=V Land k.=vK be the amounts of labor and capital needed to produce the world output

of good j in the IWE. I then define I(L), for any level of labor, L, as the index of the last

country to be added to the endowment path OV 1V 2 ... as one moves to the right along it to

position L:

I(L)-1 I(L)

I(L): L < L s:[ Li (1)

i=1 i=1

For example, in Figure 3 for the level of L directly below the first intersection of the two

paths, I(L) =3. Likewise, noting the weak inequality in (1), for L directly below a kink of

the path such as at V2 , I(L) = 2. Using I(L), I can now formally define the endowment

path shown in Figure 3:
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I(L)-1 I(L)-1
K(L)= K + R (L - L) (2)

i=1 i=1

where R. = K./L..
1 1 1

Similarly, for the intensity path, Ov 1v 2 ... , I first define J(L) as the last country to

be added to the path as one moves along it:

J(L)-1 J(L)
J(L): E 1I < L < 11 (3)

j=1 j=1

Then the intensity path is

J(L)-17 J(L)-1
k(L) = ZE k. + r L -([. 1 (4)

j=1 j=1

where r. = k./l..
J JJJ

With this notation, I can now state the formal version of my Proposition:

Theorem: FPE implies K(L) s k(L) for all L.

The proof of this result makes use of the following Lemma, which is proved in the

Appendix:

Lemma: If K(L°) > k(L 0 ) for some L0, then there exists a number of countries, I and a
corresponding quantity of labor,

i=1

such that

K(L ) > k(L1)
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Specifically, using the functions I(L) and J(L) defined above,

if '(LO) ? r J(LO)

then I = I(LO)

else I = I(LK) - 1

What this Lemma says is that, if the endowment path passes above the intensity path for

any L, then it also passes above it at one of the kinks of the endowment path. That makes

it possible to prove the theorem only for these kinks. The Lemma also, in its last part,

allows one to identify where the relevant kink is. If the endowment path is steeper than

the intensity path where it passes above it, then one can find a kink that is also above it

by moving to the right. Otherwise one must move to the left. All of this may be obvious

from the diagram by itself, but it is proven formally in the Appendix.

With this preparation, I can proceed to the proof of the Theorem.

Proof of Theorem:

Suppose that FPE holds but that, contrary to the Theorem, K(L0) > k(LO) for some

L0. Then from the Lemma there must exist a number of countries, I , and an associated

quantity of labor, L 1, such that

K 1  K(L 1 ) > k(L)

m
Consider any division of outputs across countries, > 0, such that =1A .for all j, and

i=1
define

Ii (6)

1=1

as the fraction of output j produced in the group of countries1,...,I1.
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The total amounts of capital and labor employed in that group of countries are

n
K 1 -=ZA 1k.

j=1 J

(7)
n

j=1

I now show that, if £1 = L , then

1 < 1K(8)

so that no such division of outputs is consistent with full employment of these two factors

in this group of countries. This contradiction will establish the Theorem. To show (8), 1

start with (5) and proceed as follows using (4), (7), (8), and various regroupings of terms:
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K1 > k(L1)

I(1 -

j=1
k; + rJ(Ll) (L1i

J(L1 )-1

j=1 1.

n
= Z:A 1 kj±

J=1

+___l (n

S1

j=1

J(L) -1 '

j=1 /

J=
1 J(L1)-1

j=1

kJ(Ll) (J(L1) -1

'J(L') j1

(1- A)1)-

1) Aj'kj

+ k J(Ll) (n (9)

n

j=1 j=1

k 1

JCL )

iJ(Ll

+ n5 Ai.'k J(LI) _kj

_ 1iJIi1 1 .1
.l =J(L1 ) J(L ) %

n

J=1

The last inequality follows from the ordering of j, according to which r. >r JL1) for all
jJ (L

j < J(JL1) and r. :5r for all j >J(L1. This completes the proof of the Theorem.
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Discussion

This result gives analytical content to the idea from the 2x2x2 Heckscher-Ohlin

Model that FPE requires factor endowments to differ across countries by less than factor

intensities differ across industries. With only two goods and two countries, this merely

means that the endowments must lie in the same diversification cone. That is, the

difference in endowment ratios of the two countries must be literally smaller than the

difference in factor intensity ratios of the two industries. With additional goods this simple

result no longer holds, as was seen in Figure 2, and with additional countries and factors

the requirements of FPE become even more stringent, as was shown here. It is now

necessary to compare not only the extremes of factor endowments with the extremes of

factor intensities, but also to account for differences in the distribution of both endowments

and intensities for goods and countries that are not extreme.

For any pair of factors, the comparison of the two paths in the Theorem does this.

For example, a path of factor intensity rays, such as that drawn in Figure 3, would be a

straight line from the origin all the way to point E if the intensities did not differ across

industries. Thus the extent to which this path is bowed up, above the straight line from 0
to E, shows the extent to which intensities differ across industries. Likewise, the same

interpretation applies also to the shape of the endowment path. Thus if the intensity path

lies everywhere on or above the endowment path, as the Theorem says is needed for FPE,

then the intensity path must everywhere be bowed by more than the endowment path.

The differences among intensities must therefore be greater, in this sense, than the

differences among endowments.

I have deliberately not attempted here to draw conclusions about the "likelihood" of

FPE. Such conclusions are often difficult to interpret in any case, and in this case they

would require a prior sense of the likelihood, in the real world, of various distributions of

factor intensities, factor endowments, and demands for goods. What is really needed is to

measure these distributions and to match them against the requirement of the Theorem.



v

13

However, since the theorem deals with factor intensities and demands as they would

appear in the Integrated World Economy, and since we certainly do not observe that kind

of equilibrium in the world, that empirical exercise cannot be done.

Nonetheless, my own impression, based on the result of this paper, is that the

condition for FPE is more stringent than we may have previously thought. Even the

smallest violation of the condition in the Theorem, anywhere along the factor endowment

and intensity paths, will cause FPE to break down. And this needn't happen for all

factors, but only for any pair of them. Therefore, I believe that we should take more

seriously than many have often done the properties of the Heckscher-Ohlin model when

FPE does not obtain. In particular, empirical tests of the model should rest on versions of

the theory that allow for specialization, such as in Deardorff (1982), rather than on the

much stronger but more restrictive versions that assume FPE. For example, I do not view

the evidence against the Heckscher-Ohlin Theorem presented by Bowen, Leamer, and

Sveikauskus (1987) to be persuasive, since they test only a very restrictive and FPE-based

factor-content version of that result.
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Appendix

To establish the Lemma that was used in the text, it is necessary first to show

concavity of k(L) in (4).

Concavity of k(L): For any L0 , L1 c [O,L]

I J(L0 )

(Al)

Proof:

If L 1 > L,then

J(L 1 )-1
k(L') -= S

j=1
k. + kJ(L l)(L1_

I 'J(L1)
J(L') -1

+kJ(Ll)L
J(L) -1

j=1

j=1

j=1

J(L )-1 k.

j=_J(L)

J( 1)

S
j=1

1.

~1/

J(L1) -1 kJ(LO)
k + EI

Jj=J(L
0) 'J(L0 ) J

kJ(LO )(L1

1 J(L 0)

J(L 1 )-1

j=1
(A2)

k+ kJ(O(Li
J(L0 )-l

j=1 JI

-J(L) -1 kJ(LO)(L

j-1 J 'J(L0 )

= k(LO) + J(LO)( O

Alternatively, if L1 < L0, then

j=1
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There are two cases to consider, depending on which path is steeper at L 0 .

Case I: (L 0) > rJ(LO)

Thus, by the definitions of R and r,

KI(LO) zkJ(LO)

LI(LO) lJ(LO)

From the statement of the Lemma, let

(A5)

(A6)
I = I(LK)

and

L1= L LO

i= 1

(A7)

and thus

1(L1 ) = I' (AS)

First note that
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K(L1 ) - K(L0 ) =

1(L 1) -1

i=1
K. + KJL (L

1LJ(Ll1)-

I(IA1 L)

1(L)-
(L0 (Lo

LI(L )\

1(LK) -1

z= L.) (A9)

KIlo

L 1

since I(LO) - I 1 - 1(L'). Also, from (Al1)

1 JL)k(L) - k(L0 ) kJLO Li - LO)

'J(L0 )

Therefore, using (A4), (A9), (AlO), (A5), and (A7),

K 1 ) - 1( )= K(L1) K(L0) + K(L)- k(L0 ) +k(L 0)-k(L 1 )

>(KL'I - K(IY) - (kL') k(LO))

(Al1O)

(1 k (LI
KLI1 'J(L0 ) ,

(All)

- LO)

0

from which K(L 1) > k(L 1).

Case II: RI(LO) < rJ(LO)

Here

KJ(LO) <kJ(LO) (A12)
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Also

(A13)

and

-I1=I(LO) - 1

ii I(LK) -1
L'- ZLi=

i=1 i=1

(A 14)
L. <LO

2

and thus again

1(L1 ) - 1 l
(A 15)

This time

K(L) -K(L)1=Z K1

i=1 I

Il1

i=1

Ii

- ZK1
i=1

KI1 + i(L

L L H

I1

i=1L.)

=- K 1 1+--
KI1

L11

/I1
\i=1

I 1 -1\

ELj
i=1

(A16)

= I(LO) (~L

I1

i=1

1)

and, from concavity of k (L) ,
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k(L 0) - k(L 1 ) 2! kJ(LO)(L - Li)

'J(L0 )
(A17)

Then, using (A 4), (A16), (A17), (A12), and (A14),

K(L 1) - k(L') = K(L 1) - K(L 0) + K(L 0 ) - k(L0) +I k(L0) - k(L1)

> ((' - K(LO) + (k(Lo) - k(L'))

(L L I(LO)) L ~

(A 18)

0

from which again K(L1) > k(L ). This complete the proof of the Lemma.
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