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Rational Expectati in Limited D dent Variable Models

by Lung-fei Lee*
1. Introduction

The problem of rational expectations in limited d dent variabl dels was first briefly discussed

L4

in Chanda and Maddala (1983). The usefulness of rational tions limited dependent variables models
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in empirical studies can be found in Shonkwiler and Maddala (1985) and Holt and Johnson (1989) for
agricultural commodities markets with price supports and Pesaran and Samiei (1992) for models of exchange

rate determination under a target zone. There are some debates on iate specifications and estimati

pPPIOp

of such models [Maddala (1990), Pesaran (1990), and Donald and Maddala (1992)]. Pesaran (1990) and

Pesaran and Samiei (1992) indicate that a kink was i tly introduced in expected price functions in

Shonkwiler and Maddala (1985) and Maddala (1990). Pesaran and Samiei (1992) has formulated a rational

expectations solution equation and proved analytically the exi of uni ional i luti

| P

in such models. With the exi of uniq tional expectations solution, Pesaran and Samiei (1992) has
suggested an elegant full information maximum likelihood method for the estimation of such models. While

the estimation method and the empirical application in Pesaran and Samiei (1992) are very interesting, the

formulation of the rational expectati lution does not pletely t the errors in the literature. The
shortcoming has finally been corrected in Donald and Maddala (1992). Sufficient conditions for the existence
and uniqueness of rational expectations are provided.

However, the analysis by Donald and Maddala (1992) does not fully take account of the change in the
characterization of the rational expectation solution. The proof in Donald and Maddala has closely followed
the arguments in Pesaran and Samiei (1992) and it suggests that the same conditions in Pesaran and Samiei

(1992) are ded for the exi and uniq of the rational ti lution. In this article, we will

P

provide a more general analysis with less restrictive ptions on the ic and stochastic str

of the models. We will provide an appropriate characteriation of the rational expectations solution, which
is more general than the characterization in Donald and Maddala (1992). In contrary to the existence and
uniqueness analyses in Pesaran and Samiei (1992) and Donald and Maddala (1992) that assume serially

uncorrelated and normal distributed disturb our analysis is quite g l. There is neither serial
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independence nor specific parametric distributions imposed on the disturbances. This note clarifies the
general issues on the existence and uniqueness of the rational expectations in limited dependent variables
models.! It provides the appropriate formulas for the computation of rational expectations solutions, which
are important for empirical estimation for such models.

2. Rational expectations in limited d dent variabl del

P

Limited dependent variable models were introduced in econometrics in Tobin (1958) [see also Amemiya

(1973)]. Consider first the one-limit model with expectations. Let

P =P+ Bz +u 2.1

be the latent equation defined before censoring. The observed dependent variable (market price for the price

support model) is
pe = max{p;,pu} (2:2)

where py; is the lower bound (support price). Let Ji—; be the information set available at time ¢t — 1 when
the expectation p{ of p; is formed. The bound py; is fully credible and is in the agent’s information set J;-1.
As in Pesaran and Samiei (1992), we consider the realistic situation that the agent at time ¢ — 1 does not

know whether p, is above or below p,;. Mathematically, let /; be the dichotomous indicator:

I = {l' lfp: <y

0, ifp; > pu. 23)

Thus, I; = 1 indicates that the support price is the observed price in the price support model. The situation
considered is that I is not in the information set 7.2 In addition to p§, when z, is not perfectly predictable,
the agent is assumed to form the rational expectation z{ of z; at time ¢t — 1. As in Muth (1961), we assume

that the agent’s expectation is rational in that the expected price is an unbiased prediction of the actual

price. Therefore,
Pt = E(pdJe-1), (2.49)
and 2§ = E(zJi-1).

With the model specified, we ider the characterization of the rational expectations solution of the

model. Let v, = z; — E(z4|J;-1) be the prediction error of z;. It follows from (2.3) that I, = 1 if and only if

! Our analysis has ly been fully g lized in Pesaran and Ruge-Murcia (1993) to the more
complicated models with stochastic thresholds.

2 Pesaran (1990) has argued that Maddala (1990) had implicitly assumed that /; were in Ji-y in his
formulation. -

w < pu = TE(P|Ji-1) = B E(z4|Ji-1) where wy = u¢+ B've. Let Fy(w,) denote the conditional distribution

function of wy conditional on past information J;;. Define the following function

Ci(q) = pu — 19 — B'E(2:Js-1)- (2.5)

The probability of I, = 1 given the past information is

E(L\Jecr) = Fo (c.(s(p.w.-l))). 26)

To simplify notation, denote ¢y = Ci(E(p|Ji-1)). The equation (2.2) can be rewritten as

pe = lpa + (1 = I)p;
@1
= Lipu+ (1 = I{YE(pi|Te=1) + B E(2| Te-1) + ).

Taking the conditional expectation of (2.7),
E(pi|Ti-1) = puE(L)Ti-1) + {YE@u|Te=1) + B' E(zel To-1)}E((1 = I)|Te-1) + E((1 = I)wi|Ti-1)
= puFi(ca) + {YE(PilTi-1) + B E(zedTe-1) + E(wi|Te-1, It = O}1 = Fi(ea)).
The equation (2.8) characterizes the rational expectations solution for this model. In summary, we have the

following proposition.

Proposition 1. For the one-limit model, the rational tati lution p{ is characterized by the

following cquation:

pi = puF(Ci(p})) + {7P§ + 'z + E(we|Ti-1, we > Cu(p;)) 1 — F(Ci(p})))-

The above characterization of the rational expectations solution differs from the expression in Pesaran

and Samiei (1992). Pesaran and Samiei have claimed that
i = puFi(cu) +pil — Fe(eu))
where p§, was thought to be the expectation of p; conditional on J;..; and Ity = 0 and be given by
pie= (1= 9)"H{B'25 + E(wi|Ji1, s = 0)) )

[Eq. (10) and (11) in their article]. By comparing these two equations with our tion (2.8), we see that

the correct pf, should be given by

Pit = TE@iJi-1) + F E(2e|Ji-1) + E(we)Fe-1, It = 0).
3



This relation does not imply the equation (*). This is so as follows. Taking conditional expectation to (2.1)

conditional on I; = 0 and past information, it implies that
E(pe|Ts-1, It = 0) = YE(pi|J1-1) + B E(ze|Ji-1) + E(we|lTi-y, I = 0). (2.9)

by the facts that E[E(p|Ji-1)|Ji-1, ks = 0] = E(pelTi-1) and E[E(zdTe-1)|Ts-1, s = 0] = E(zdFi-1)-
The p§; is E(p¢|Ji~1, I = 0). The p}; could be written as (+) if and only if E(p¢|J;-1, I; = 0) were equal to
E(pi|Ji-1) in (2.9). But these two quantities will not be equal to each other in a limited dependent variables
model because I, = 0 provides extra information about p, in addition to the past information as /; is not in

the information set J;_y.

Our analysis can be easily g lized to two-limit models. A two-limit model is for the case where the

dependent variable is bounded both above and below, say, respectively, by pi, and py, where pyy > pu. The

observed dependent variable p; at time t will be

pe = min{py, max{p, pu}}, (2.10)

where p} is defined in (2.1). The bounds py and py are known at time ¢ — 1 and are in the information set

Ji-1. This model generalizes the one-limit case and has interesting application in models of exch rate

determination [Pesaran and Samiei (1992)]. Define dichtomous indicators Iy, I2¢ and I3 to represent the
three different regimes: Ity = 1 if p; < pu, Joe = 1 if p} 2 pru, and T3¢ = 1 if pu < p{ < pra. In addition to
the function C, in (2.5) and ¢, defined before, define

Cu(q) = pru — va - B'25, 2.11)

and cy = Gu(pf). The regime probabilities are that E(Iy|Ji-1) = Fi(ea), E(JulJi-1) = 1 = Fi(e), and

E(Is}Ji-1) = Fi(een) = Fi(cu). The equation (2.10) can be rewitten as p, = Iy pu+ Laipeu + Laep; . It follows
that

E(pli-1) =puFi(ca) + pull = Fi(cww)]

(212)
+ {YE@ilTe-1) + B E(24)Ti=1) + E(we|Tezr, Iae = D} Fe(eru) — Filen))

Therefore, for this model, we have the following characterization of the rational expectations solution.

Proposition 2. For the two-limit model, the rational ezpectati lution p{ is characlerized by the

following equation:

i =PuF(Ci(p})) + Pl = F(Cu(pi))]
+ {708 + B'2¢ + E(w|Je—1, Ci(p?) < we < Cu(p))}FUCu(p?)) - FCi(pE)))-

4

By the same reason, the characterization of the rational expectations solution for the two-limit model in
[Pesaran and Samiei (1992), Eq. (23)] differs from the above one. The above equation provides the correct
characterization of the solution. For the two-limit model, Donald and Maddala (1992) provides the first

correct characterization of the solution under the ptions that the disturbances are serially independent

and are normally distributed [see eq. (20) in Donald and Maddala (1992)]. Furthermore, the characterization
in Donald and Maddala is valid only if ¥ # 1. Our characterizations in both Propositions 1 and 2 are general
without such assumptions.

3. The exist and uni of rational tati luti

In this section, we will ider the problem of exi of rational expectati lution. Itis ient

to first consider the two-limit model and then the one-limit model. In the proofs, we assume that the absolute
first (conditional) moment E(|w]|J:-1) of w exists and the conditional distribution Fy(w) of w is absolutely
continuous with an everywhere positive (conditional) density function f;(w). This will include in particular
the normal distribution case considered in Pesaran and Samiei (1992) and Donald and Maddala (1992). The

normality assumption has implicitly ruled out the possibility of serially correlated disturbances. This is so

because if the disturbances are serially correlated, the conditional distribution of the disturbances conditional

on the past information can not be normally distributed in limited dependent variables models.

P

Proposition 3. For the two-limit model, the rational tats lution for p} ezists for any value

of v. If v £ 1, the solution is unique.

Proof: Define a function G:
G(g) =puFi(Ci(9)) + Pl — Fi(Cul9)))

+ {104+ 82 + E(wilJe-1.Cilg) < we < Culd))NFUCu(9)) - FLCH{Q)]

For any value g, consider the random variable z* defined by
=79+ 0z + wp.
This is an artifical random variable. For this z°, it is easy to see that,
E(2°|Js-1,Pu < 2° < pr) = 79 + Bz} + E(we)Ti-1, Ci(g) < wi < Cuf9))-

Since, for any constants a and b with a < b, E(z*|a < z* < b) must lie between a and b, this demonstrates

the following inequality:

pu < {19+ 0z} + E(wi|Ji-1,Ci(g) < wi < Cu(q))} < Pruy

5



for any value g. Since pyt < pru, it follows that G(g) < pwFi(Ci(9)) + prull = Fi(Cu(9))] + Peu[Fi(Cu(q)) —
F(Ci(9))} = peu and G(g) > pu. In particular, G(pu) > pu and G(pw) < piu. Consider the function
H(q) = ¢ — G(q). It follows that H(pu) < 0 and H(pyy) > 0. Since H(q) is continuous, it must have a root
inside the interval (pq1, pru). This proves that the rational expectations solution exists.

Let fi(w) denote the density function of w, given J;-,. It follows that

Cel1)
E(wlJi-1,Cilq) < wi < Cu(9) = /cm' whi(w)dw/[Fi(Cu(9)) - Fi(Ci(a))],

and hence

Cale)
G(9) = PuF(Ci(9)) + Prult — Fi(Cu(@))] + (va + B'=)[F(Cu(9)) = F(Cil0))]) + /c w wfe(w)dw.
10
Differentiating the function G from the above equation,

200D = () {puS(CH) = PuSCule) + (79-+ F=DIAC ) ~ RO

+[Cu(@)£:(Cul@)) = C@) F(CHN} + 7[FCula)) = FCi(0))]
= 1F(Cu(9)) — F(Ci(D
where the second equality follows from (2.5) and (2.11). It follows that u’f"ﬂ = 1 —[F(Cu(q)) — F(Ci(9)))-

Forvy <1, 5@ > 0 which implies the solution is unique. Q.E.D.

The existence of the rational expectations solution in the two-limit model is general without any re-
striction on the parameter 7. This corrects the claim in [Pesaran and Samiei (1992), Proposition 2} which
states that, if ¥ is greater than unity, a solution may not exist, and for 7 equal to one no solution will exist.
The mistaken conclusion is due to the analysis of the incorrect characterization equation of the rational
expectations of this model. It generalizes also the result in Donald and Maddala (1992) which states that
there exists a unique solution if 7 < 1. The solution exists and is unique even y = 1.

The sufficient condition on 7 for the uniqueness solution can be slightly extended. The "—';{11 can still

be strictly positive on the interval [py, pyy) under the condition

-1
< Fy(C, — F(C, .
1< {, max [F(Cu(®) - F(C}
Dependent on F, and values of variables in the model, it is possible to have a unique solution when v is
greater than one. It is difficult to have more general results for the ¥ > 1 case because H(q) might no longer

be a monotonic increasing function. By taking the second order derivatives of H(q), we see that

dzzgq) = Y [£(Cu(q)) — f:(Ci(9))}-

6

If f; is a unimodal density function, for positive value of ¥, H(g) might have a concave section and then
change into a convex shape as g becomes large. The H(g) with such a shape might cross the axis more than

once as it changes from negative H(py) to positive value H(p..).

Proposition 4. For the one limit model, the rational ezpectations solution p{ ezists and is unigue for

y < 1. Fory =1, if a solution ezists, il is uniqgue. However, in general, there are either multiple solutions

or no solution when ¥ > 1.
Proof: The one-limit case corresponds to py, being positive infinity in the two-limit case. For this case,

H(® = 4= paF(Cla)) = (a+ A= - FC - [ °: wh (.
110}

Furthermore,

dii('q) = 1 =11 = F(Ci(g)]

and H(pu) = pu — G(tu) < 0 because yq + B'z§ + E(wi|Ji-1,Ci(q) < wi) > pu-
It remains to investigate the limiting behavior of H(q) as ¢ tends to positive infinity. H(g) can be

written as a difference of two terms: H(q) = H1(g) — Ha(q) where
Hi(a) = (1 = 7[1 = F(Ci(@))a

and Ha(g) = puFUCil9)) + B'=f(1 ~ FUCi{@))] + [3q) whi(w)dw. As E(Jul]Je-1) < oo, the second term is
apparently bounded in q.

Case(i) 7 < 1: It is easy to check that for 7 < 1, limg— oo H1(g) = +oo by using the property that
when 7 > 0, limg— 40 Fi(Gi(g)) = 0. Also, 2522 > 0 for all g when 7 < 1. Hence, as H(g) is strictly
increasing and it will definitely cross the axis, H(g) = 0 has a solution and the solution is unique.

Case(ii) ¥ = 1:  For this case, H(q) is still a strictly increasing function as %fﬂ = F(Ci(g)) > 0.
But limy_ 400 H(q) = limg— o0 ¢F(Ci(q)) — B'z¢ = lim,__ 400 g2 £:(Ci(g)) — B'2, which may be positive or
negative. If the limiting value is positive, the solution will exist; otherwise, no solution will exist.

Case(iii) 7 > 1: For this case, limg—4o0 Hi(g) = (1 — 7)limgeepoo g = —c0. Also limg— oo ﬂ',gﬂ =
1-7 < 0. Fory 2 1/[1=Fi(cu)}, “52 < 0 for all ¢ 2 py and no solution will exist. When y < 1/[1-Fi(cu)],
the function H(g) will increase around py but will eventually decrease to —~oo. The maximum of H(g) occurs
at § = {pa—B#'z¢ = F,”'(1 - 1/4)}/+. which is solved from the first order condition 1 — v[1 - Fi(Ci(§))] = 0.
The maximum is H(q§) = -B'z¢/v — (1 = 1/7)pu — f::..(,_‘ 1 Whe(w)dw. If H(3) is strictly positive, there

7
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are two solutions. If H(§) is strictly negative, there will be no solution. The case that H(J) is exactly zero

is a rare case (probability zero if H(§) is a continuous random variable). Q.E.D.

From these results, we see that for the limited dependent variables model (2.1) with either one or two
limits, rational expectations can be well defined as long as the values of ¥ are not greater than one. Some
behavior models may impose theoretical restrictions on possible values of y. For example, the price support
commodity market model in Shonkwiler and Maddala (1985) is a two equations model with a supply equation

S; and a demand equation D:
S¢ = anp§ + Blze + euy,

Dy = agp; + oz + €21
The reduced form price equation implied by these equations is p; = ypf + 8’z + u¢ with v = ay/az. As
oy in the supply equation is expected to be positive and az negative in the demand equation, the implied v
will be negative. Thus for the price support commodity market model, rational expectations equilibrium of

the market price can exist and is unique for each time period.
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