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The interaction between a risk-neutral principal and agent is
explored in which the agent's information is better than that of the
oprincipal both before and after a contract is agreed upon. It is
shown that, in contrast to the case in which precontractual informa-
tion is symmetric, the final contract between the principal and the
agent will usually not be ex post Pareto efficient. The properties
of the optimal (set of) contract(s) is derived in detail, and it is
shown that the qualitative such properties may vary depending upon
vhether the random state of nature fcllows a continuous or a discrete
distribution.
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1. INTRODUCTION

‘primcipal-cgent’ literatuve explores the intevaction betwzen two
cocnomis variies, a princiveal and en agent.  The former ovns a ductive

technmolicgy which reguirss as an input the effort of the latter. The salient

gature of most medels im this literature is that the principal can observe

the level cof effort expended by the agent in production nor the
realization of a random state of nature, 8, which affects the agent's pro-

ductivicy¥. Thus, zny (non-renewable, single-period) contract betwesn the

(R}

two pzriies mus

specify payments to the agent as a function of the only

observable vaviable, the value of the output which ensues from production.
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t in the literature holds that if a principal and
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gent initially share the same beliefs ahout the distributidn

of 6, and if tihhe agent (alone) can observe the actual realization of 6 before
chcosing his lzvel of effort, thexz, Zz32i:tz tha principal's limited informa-
tion he can (and, in order to maximize his expécted utility, will) design

a contract which induces the agent to act so as to realize an outcome which

is Pareto eff

1

cient in the particular state of nature that does occur, what-
ever that state might be. (See, for exemple, Harris and Raviv [1979],
Holmstrom [1975], and Shavell [1979].)

.S research to demonstrate that this result
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desends cruciszlly upon the assumption of precontractual symmettry of beliefs.

To this =znd, = -road class of informational environments ure presented in
which tne pr_osiizal's coptimal stratogy will indece a risk-pneutral agent who
03ssss=3 bertar information (in the sense of Blackwell [1951]) than the



princi=al to act so as t£d realize an inefficient outcome in some states of

nature. In other words, the "optimal' contract (from the point of view of

information asymmetry between principal and risk—neutral agent. Some

rxs concerning the relation of this model to others in the literature
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fered in this section. Then in Section 3 it is proved that
the Zinal contract between principal and agent may not be efficient,
whether the random state of nature follows a continuous or discrete
distribution. Howevef, a specification of the conditions which are
necessary and sufficient to guarantee that the two parties do agree to
an efficient contract is also offered in this secticn. The conditions
=zz z2own to differ systematically depending upon whether.© follows a
continuous or a discrete distribution.

In the following sectiom, stochastic déminance of distributions is
definéd, and its econcmic importance discussed. Furthermore, it is shown
that when only two distributions of 5 are péésible and they stand in a

»
relation of stochastic dominance, inefficient contracts between principal
and risk-nevtral aéent will be observed almost always. An intuitive
expiaznztion of 211 of these findings is offered in Section 5 before

concliusions zre Zrawn in Section 6.

2. DESCRIPTION OF THE MCDEL

(o]

be interacticn between principal and agent to be considered here is
as follows. The principal owns a productive technology that requires as

an input the efifort, a, of & risk-neuiral agent. The functionzl form of

5]
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this technologv, which is known to both priﬁcjpal'and agent, is x = X(a,9),
where x is the value of output produced and € is the realization of a
random state of nature. At no time can the principal observe either a

. 4
or O.

Tre randem state of nature may foliow any one of D possible distri-
butions. When a contract between principal and agent must be signed,
the principal's knowledge of the actual distribution is characterized by
a non-degenerate prior defined over these D distributioms. The agent,
howsvar, has learned of the actual distribution by this time. Thus, the
agent's information is better in the sense of Bléckwell [1951] and the
principal is aware of this fact. Consequeﬁtly, the work of Harris and
Townsend [1981] justifies the conclusion that the optimal strategy for
the principal is to design at most D distinct contracts (that specify
Z:oll=zy payments. s, to the agent as & function of the value of output
ptciuced) from which the agent is permitted to make a binding choice.

The rationale behind this strategy is that if the contracts are designed

appropriately, the ‘agent can be induced to use his private information

[N

under some distributions to select contracts that the principal would
prefer (if he also knew the actual distribution) to the single contract
that the principal will design in the absence of anv better inforﬁation
raoution‘of 8.

zent chooses a contract, he observes the actual realization

mich effort fo supply in the production procwess.
fort will be selected to maximize his utility function, de-
fined as U (s,a2) = s = v(a2) where v'(a) > 0. Given knowledge of the tech-

's choice of an effort level is

zy and the realization of 0§, the agent
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functisn can be vewritten as U (x,s)9) = s - wx where w(x,3) is t
dollar velue of the disutility to the agent of producing x in state £.

It is assumed that for all non-negative values of x and &, w_(x,5) <O
=) H 5 3 = H
g) > 0, and wyS(X,G) < 0, where subscripts indicate

atives (Vulﬁn are assumed to be continuous in both x and 8).

These inzqualities are assumed to hold as strict inequalities for a2ll x > O.
It is 2lso assumzd that v (O ] ) < 1 where 8; > 0 is the smallest value of
6 in szch distribution. This lattermost assumption ensures that even in

the lzast precductive state, the agent can produce some positive level of

cutput while incurring a personal disutility which is strictly less than

‘the value of that cutput. The other assumptions suggest that 6 can be
[

-

interpreted as a productivity parameter, where higher values of 8 corres-

-ond to states in which the agent is morz productive and in which his

.

disutility from additional ef
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rapidly.

The dollar vzlue of zny output produced by the agent is defined by
the principal’s vtility function, which is represented as UP(- ) - s.
Henée, the priancipal, tco, is assumed to be risk neutral in order to

abstract from the risk-

sharing considerations f.ten explored in tha

can bz szfzizi “crmally once the distributions of 6 are characterized. If
ezct IZiszTvitoTicw rositive support on the
intzrozl . (PA-C), is to
2 a
Maxinize Z & J [x7(8) - s (2 (6))]1f (5)do
s(x) é=1



5 A
(IR) {{sc(xd(S)) - w(xg(e),e)]fd(o)dﬁ >0
J
td=1,...,D
[ X ; . . 4
(553) 10 () —w(x3(o), e 1£% (o) ae > J[sl(xr(r?))—-w(xl(%),e)]f (82
) =
¥r = 1,...,D
. d 4,y .
{(ssw) x (8) = argmax s (x') - w(x',9)
2 ot : . . . . d
where 3§ = probadility that the actual distribution is f (8),
N ,
x7(3) = velue of output produced by the agent in state 6 under contract

sd(x), and
where 21l integrals are defined over the interval [61,6 1.
. . . n
If, on the other hand, 6 can tzke on zany one of n possible values

... < 6_ under each of D pessitlz distcributions, the principal's prodlem,
n A . .

'
A

Maximize : Z ¢d z pi[xd - s.]
%, e=1 4i=1 *
subject to: i (PA-D)
| 7.2, .4 d
(IR) JE?pi{si - w(gi,ei)] >0 ¥vd = 1,...,D
o ; n
R - d. a d
(ss32 : ?i[s{ - w(x:,8)] > | p,ls] - w(x},0,))
i=31 77 i=1
¥r.o=1,,..,D
(55%) si - wix,,6,) > s, - V(xé,G.)
=] J° 2
¥i,j = 1,...,n for each d=1,,..,0
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wvhere ©n, = probability that 8 = 9§, under distribution d,
- L

=, = value of output procduced by the agent in state Gi under contract
B Qd("\ and
S /s 1
é S 1 - 3 d ;.- 3 d Y
s. = payment to the agent for producing xy under contract s ().
1 ,
The individual rationality (IR) constraints guarantee that any contract

by the agent provides him with a level of expected utility that

exceels his (known) reservation level, which is normalized at zero.

$3) constraincs guavantee self-selection between contracts, i.e., they
ce e . d

are zufficient to ensure that the agent selects contract s (x) when he

observes the d—th distribution of 8. The (SSW) constraints ensure self-

. C v d . ‘
selection within zny contract s (x), i.e., they guarantee that the agent will

1

v}

L
produce x (8) in statz 9,
Finally, a definition of the folliowing concepts is important for the

[RS8

ensuing analvsis:

Definition: An efficient contract is one that induces the agent to

produce the value of output x*(8) that is (ex post Pareto) efficient

varticula
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state that is realized, whatever that state might

Definition: A cocliing contract is one in which. the agent is induced to

2z szne value of output in more than one state,

jo

ng contract is one thac, when sa2lectaed

1o, reveals no information about the true distribution of

Definition: & set of contracts is revealing

if the principal can infer

the true distribution of 6 by the agent's choice of a contract from

this set,
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Before the solutions to (PA-C) and (PA-D) are explored in Secticn 3,

252 modals are briefly compared to others in the principal-agent literature

t
that are concernad with information asymmetry. Herris and Townsend [1981]
present a fairly general formulation of the interaction among agzents who

netrically informed about various aspects of their environment.

Althouzh their analysis of the principal-agent pmodel assumes that the
1

princinal knows (only) the true distribution of & while the agent knows

the z2ctual realization of 6 before contracting, their results concerning

H
Jy

the cpuimality of "direct mechanisms' are sufficiently general to permit

(
I

the coaclusion that, in the model considered in this paper, it is indeed

(Pareto-) optimal for the agent to choose from among a set of contracts

The form of information asymmetry examined by Holmstrom [1979] is
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in nature, since, when a contract is agreed upon in his

modzl, the principal and agent share symmetric beliefs about the distribu-
tion of €. It is only after the contract is signed (but before the agent
chooses an effort level) that the agent (only) observes a signal which is
correlated with the true state of nature that will ultimately be realized.

Bolmstrom's model, then, is similar to those of Harris and Raviv [1979]

o]

and Sappiagton [1982]. ©None of these models incorporates precontractual

FR - : N
InZornacion asymmelry.

The works of GreenA[1979] and Gresn and Stokey [1980a, b], though,

45 2saziisr thz :ffzcrs of precoantractual information asymmetry din some
detzil, 1In their nodels, the principal-and agent initially share symmetric
beliefs concerning the distribution of 8, but the agent (only) observes a

signal which rrovides him with better knowledge (in the seanse of EBlackwel

[1951]) of the true distribution before a contract is signed. Aware of



this fzct, the principal arnounces what (possibly random) action he will
take foy anyhsignal that the agent claims to have observed. After fhe
agent's réport is received aud‘before the state of nature is obsexved,
“the princival underiakes his promised action.

The dimportant dif erences beLVQEﬂ the model considered here and those
of Grz=sn [1979] and Green and Stokev [1980b] warrant brief elaboration.
First, the latter models are more general in that they permit the principal
to pursus a mixed strategy, while the principal is assumed to follow a
pure styrategy in the pr.s nt analysis. It can be shown though, that the
£ this research are unaltered if the principal pursues
a mixad strategy. (For details, see Sappington [1980b]).

Se

the model analyzed in this paper, the principal's choice

[ip]
[»]
=]
PJ
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=

of payment schedules (ceontracts) is unreutrlcted since any arbitrary
Z-zztion of ¥ may serve as a contract betveen principal and agent. In

‘the other models, however, the principal's choice of actions must be from
among a finite set of actions which is specified exogenously. Consequently,

thg sénsitivity of the final equilibria to the presumed form of the principal's
action spzce (which is noted and explored by Crzen [1979] and Green and
Stokey [1980a, b]) is avoided in this paper. .

One cother d~-L,re1ce between the analyses is the fact that the model

consideréd herz explicitly 1nco*por tes both precontractual and post—centrac—

tval Imfsromtisn asymmetry. The latter asymmztry arises because the agent

fhul ToT nia moid L) is able to ohserve the state of narure
+22.  Hence, questions regarding the ex post effic ciency of

outcemzs are readily azddressed in the present model.
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Fiznally, it should be noted that the example described by Sap?ingtop
1168727 is a'special case of (PA-C). The findings in Section 5 extend
and genzrate his results, and indicate that additional analytic and con-~
ceptual difficulties are introduced into the analysis when the distribution

0f T is discrete rather than continuous.

[}

3. PROPERTIES OF THE SOLUTIONS TO (PA-C) AND (PA-D)
are a number of important differences between the solution to

n

e solutficn to (PA-D). However, there is at least one feature
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solutions share, as Theorem 1 indicates.
Thecrem 1. Whether the distributicns of 6 are continuous or discrete,

1

1 naver b2 optimal for the principal to offer to the agent .

a non-revealing contract that is not efficient.

Proof of Theorem 1,

: . e . NR . ‘e
Supposze the optimal non-revealing contract, S (x), is not efficient, and

»

e agent's expected utility under this contract when

. . . . d
the actual distribution of €6 is £(8).
. . e T .
Consider that distribution, f (+), for which

’ — . ®C Y= . ..
n{d) = ¥™% - kX~ is maximized over d,

. LT T .o K ;—d
whersz = 0 Ta™(E) - w(x*(0),8)]f (8)ds.
slso, consid:zr the efficient comiract sF(x) = x — kK'F + K.
- KR

(x)}

. . T
te show that the pair of contracts {s (x) and s

T

. \ o . . i1 s NR
provide the principal with strictly more expected utility than does s (%)

N

A : L _T .
alone, becszuse the total surplus is increased under £ (9), the ageat will

fa S
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2 s . R T ; . .

under distribution f (8), the agent's expected utility is
. oy T .

not increzsad above kK under distribution f (G) and, by construction, the

er contract s (%) to contrdct s (“) under any distribu-

12 orool for the discrete case is exactly analogous, and the possibility of

cf r pos

w

s no problems for the solution technigue.

Q.E.D.

1

Thz zpproach to the problem that is undertaken here is to distinguish
betwzsn the casa in which the principal will choose to offer a single non-
revezling contract to the agent, and all other cases. Theorem 1 suggests
that in order -.to completely characterize the former case, it nped only be
determined when it will be optimal for the principal to offer a non-revealing
Ficient contr.;t. . It is in this r=3

(NN

that 2

important differences

between the continuous and discrete analyses emzrge. These differences

re madie ident in Theorems 2 and 3.

[0}

®

Theorem 2, When the distributions of € are continwous, it is optimal for

the principal to offer an efficient non-x evealing contract to

[}
the zgent nly when the expected surplus irom efficient produc-—

ticn is the sazme under all distributions.’

ur

(%)

v

(Y]

I

I
-

.
<
oy
e
0
=2
.
9]
0
)
0

xtension of the work of Sappington [1¢80al

whe~ the distributions of 8 are continuous, the set of con-

tracts frem which the agent is permitted to select will consist wholly

of efficient contracts only when the expected surplus from efficient

production is the same under 21l di tributions.



-11-

-

e c . ) . . . r

{proved for a special case in Szppington [1980a]) follows -

from Theorzn 2 and the fact that it is impossible to design icient =ali
rom Theora=n 2 and the t tha t impossible to design efficient revealing

centracts since efficient contracts must be of the form s(x) = x  (k a

constzat) when 5 has a continuous distribution. This lattermost fact is

is risk-neutral and the principal and agent
share the same precontractual information, aan outcome cf the agency rela-

ex post Pareto-efficient is guaranteed. Theorem 2 and

indicate that such an efficient outcome is guaranteed only

its ccrolilary 1

1

under & very restrictive condition when precontractual beliefs differ and

when 2 follcws a continuous distribution. Theorem 3 suggests that the
w=en the distriiuation of O is discrate.

- - a 1 . . e . . .
Theorzm 3. When the distributions of & are discrete, it may be optimal

for the principzl to offer an efficient non-revealing contract to

the agent even when the expected surplus from efficient production

[WN
9]
]
Q
r
e
.
n

ntical under all distributions.

pmmemT 2 mee S I oA - . , m . 2

An exz=>l: suIZices to prove the theorem. To this end, let w(x,8) = (x/9)7,

D=9 = =% = = a =/ o= 2 “1 I 1. 2 2 5n

D=2 ==2Z, - T, 5/2, ¢, = 2, p; =P, =3 8, P, = 1/4, Py=Py ~ 1/5
2 _ .

oL o= 34,

3

Tt is although tedious, to show that the contract
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Proof o Theoren 4,

i, If the optimal non-revealing contract is not efficient, then, by

the principal will offer revealing contfadts to the agent. Tt
is shown here that the optimal non-revealing comtract is not eificient
(z2imcst always) when the agent's expected utility cannct be held to zero
under toth distributions with a single efficient contract; The analogous
result for the case of revealing contracts can then be proved using

identizal techniques. The proof of this latter result is omitted.

ent's expected utility cannot be held to zero under both distribu-
tions with an efficient contract, then either the optimal non-revealing
contract holds the agent's expected utility to zero under both distributions
and is inefficient (in which caée the proof is complete), or the agent's

~+2d utility under the optimal contract is strictly positive under at least

ons distribution. Suppose this latter possibility is the relevant one.

3. The form of the optimal contract is derived from the solution to (PA-C)
with 4 = 1,2, 1If the sclution is a pooling contract (which is inefficient
because there is a unique efficient outcome ax:ociated with each state of
nature), then, again, the proof is complete, Suppose, thén, that ‘the optimal

contract is not a pooling contract.

'i - - . . . - . (3
4. Let »7 and s, be the Lagrange multipliers associated with constraints
[7% mme 7570 rasszecivaly,  Then, after some2 wanipulation and prool by

n, it can be shown that ¥i kij = 0¥ >i+1and ¥ <1 -1,

>
.
1]

0 vi,j, and also that the necessary conditions
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) ’1 "l 7
i,i-1 Me1yi T le7 - 27Iny A= 2,..0,0 (4.1)
n
)
where hi = Z (p} - p.), and
2 P T
) \:‘) D.{l" 3 P . \ -— =
D¢%pii-w Gen6 )0 T o e Geyue)) = (xy,601 = 0 (4.2)
=2 j=i-1 )
7,-»=l... whe . =)\ =)\ =X = .
Fi s ! hrreb An,n+1 ntl,n 10 o1 0.
5. Thsere are four distinct cases to consider:
CASE i: h, > 0 and h > 0. CASE 3: h, < 0 and h, > 0.
i+l A i= i+l

ASE 2: h, > d h < 0. "ASE 4: h, < Oand h,,. < O,
CAS nl 0 an }i+1 s CAS ' ; 3 hl+1 <
Consider CASE 1 and assume that it is when d = 1 that the agent's ex-—

6.
- R . . . 1 : ,
pected atility 1s strictly positivs so thet A7 = 0. Then, from (4.1
A = ¢ h.; A =A¢1h ; nd A = A =0
i,i-1 7 ¢ T 141,14 S8 LA T I S U2 ¥

Hence, from (4.2),-

d ad 1
1 1‘5 Pyl gy 800 = ¢7hypy T, Gey s 000 v, (24,85, )
so . that wx(x{,ei) < 1, or equivalently x; < xi because the right hand side

I~

of this zqu strictly positive since wxe(-,-) < 0,

1 1 .
how that when X7 = 0, in:

*culations st

7. S:imilar cszlc
23 2 hd = R
Cazse EN s =2 1
se L. . > wk wi ity if a if h. =
Case 4, ;2 ony o witd equality if and only if hy = 0;

is determined by the equation

1,1 2
l) - “"}:(:\i’ e"|'1)] - (:; [I-’i" Pi] [] - ‘JX(‘\i’ ei"'l)] .

(



1 . - . .
> p, in the least productive state, bg’ in which
A

ities are not egual under both distributions. Hence, XZ is

[}
3

i
b

L
1
[N
v
(9]
o]
(8]
H

. ) 1 A ‘
ding to Case 3, so that if A7 = 0, Xg # X almost always.

(which will fail to be

It is only when equation (4.3) holds at x, = XE
ths czsz almost always when distributions of 0 are generated randomly)
thaz 1%z oontimal neon-revealing contract can be efficient.

' 2
9. Similar arguments reveal that when A” = 0, %1 # X§+l almost always,

the prooi is -complete.

Q.E.D.

Theorem 4 suggests that in order to determine when the optimal set

of contracts will not consist wholly of efficient contracts, it is

sufficient to determine when it 1Is impossible for the principal to
deprive the agent of any expected surcius from production with efficient

contracts. To this end, Lemma 1 expis:es the properties of that gfficient
contract which holds the agent to zero expectad surplus under one
distribution of 6 and minimizes his expected surplus under the.other
distribution. Since the value of output produced in any state is,fixéd
(at its efficient level) under this contract, *.t is only the payoff

. e that are subject to control by the prinﬁipal,

The oprizal manmsr in which to set these differentials (subject to the

depends in an important way (which is

-zz71 in S=ction 5) upen the value of both cummulative

icient contract {(x%,s.), ..., (x ,s )} that awards the
1’71 n° n
agznt zero expected utility under distribution d(= 1 or 2) and also

avards him the lecast possible expected utility under distribution

r (# &, r = 1 or 2) has the fellowing structuve:



E3 & . .
(2) s; 7 S5 = wix,,%.) - w(xi_l,ai) for all i such that
n n
° r d
2. P. 2. ): Pj
3=1 j=1i
(b) s; T 541 = ;{x;,el_l) wic, l,ei_l) for all i such that
n n '
T d
IRt
31 =

z x

Minimize 2 p. Is. —w(x,,0.)]
. i*i i’ i

S i=1

noog4 s i

subject to: .z Py [si - w(xi,ei)] = (0, and
i=1
55 ~ m(xi,ei) ;_sj - w(xj,ei) ¥i,j=1, ..., n.

The techniques employed to derive the solution to this problem are very
gimilar to those outlined in the proof of Theorem 4, and are omitted

here.

Q.E.D.

The conclusions of Lemma 1 can be used to derive a simple test which
determinzs for zny pair of distributions of 8 whether the optimal set of

zzasist wholly of efficient contracts. The test is essentially

£

- level of expsctad surnlus that the agent recaivas from
the zoncracrs Zzscribed in Lemma 1 under each of the two possible distribu-

=s% is stated as Theoren 5 and it notes that if the miaimum

expocted utility to which the agent can be held under, say distri-

bution Z, with an efficient contract that grants the agent zero expected
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the principal will offer the agent at least one inefficient contract almost
vs (by Theorem 4). If, on the other hand, the minimum level of expected

min

utility is non-positive for both distributions (i.e., if U (2/1) <0

min - : .
and U (1/2) £ 0), then the principal can extract all of the surplus
from the agent with efficient contracts, and will do so. The analytic
conditions (expressed in terms of the probability distributions and the

agent's utility function) that distinguish these possible cases are stated

here zs Theorem 5.

Theorzm 3 (Analvtic Test for Optimality of Inefficient Contracts)
. n i
Ruk¥s 2 1 3 1
Definz vt /1) = ) [p] - »;] Y 9 (=)
j=2 I z=2
min _ 2 1 2 i 2
and U (/2) = Y [p. - p.) 9 (z)
| =2 3 ) 2=
1 h * R T
where 47 () = g() [W(XZ,GZ_I) - wix,, z)]
| * * L8]
+ [1 - g(hz)] [W(Xz—l’ez—l) - W(Xz—l’ AR
a*(z) = g ) [wlx ,8 ) = w(x _,6 )]
z z-1’"z-1 z-1’ "z
= %
+[1 - gh, )] [wix,6 ;) - w(xz,ez)],
. 1 if hz >0
gh ) = :
0 if h <0,
7 =
n
- 1 2
i=z
Tneﬁ, iz

(1) vt /2y > 0 or UM (/1) > o0,
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The cptimal set of centracts will contain at least one contract that is not

et
-t

efficient almost always;

2 M asy =0 or U@/ = 0,

rt
oty
(L

he princinal will offer the agent an efficient non-revealing contracty

IR 170y < 9 and UMM (2/1) < 0,

~
(98]
~

‘the -¥incipal will offer the agent a pair of revealing contracts, both of

&

which are efficient.
The prcof of Theorem 2 is outlined in Appendix C.

Theorems 1, %, and 5 characterize completely the optimal strategy
for the principal given any pair of discrete distributions of O and the
agent's utility function. To demonstrate that the conditions under which

imafficient contracts will be observed are both likely in practice and

ononmic impourtance, the concliusions of Section 4 are presented.

4; INEFFICIENT CONTRACTS AND STOCHASTIC bOMINANCE
In this sectién, it is shown that there is at least one important
class of pairs of discrete distributions under which the principal will
offer the agent at least one inefficient contract almost always. In

1is class precisely, the following definition is

P, 2

I}
i

Py for 211 3 =1, ..., n.
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. .2 1 .
Note that with the convention that p~ > p~ in the lowest state (82) in

which probabilities are not identical under both distributions (which

R 2

imnlies that h, > 0 where h = Z [p. - p.]), distribution 2 cannot
: A+l z izz i i

strochastically dominate distribution 1.

z7are the main relationship between inefficient contracts and
distributions that stand in a relation of stochastic dominance is stated

in Theorem 6, a note on the economic significance of stocﬁastic dominance
is in order. In its role as aA”productivity parameter', 6 could be
regarded as an indication of the random "output/error' ratio in production..
Thus, tha advent of a technological improvement which systematically

reduces the probability of low output/error ratios and increases the

probability of high ones is just one example of & situation in which one

istribution of

[N

S (reflecting superior technology) may stochastically

Zo=-—zte another.

Theorem 5. In en informational environment in which one distributicn

of 8§ stochastically dominates the other, the set of contracts that

the principal will offer the agent will contain at least one inefficient

contract almost always. .

icn 1 stochastically dominates distxribution 2. Then

z =1, ..., .

1S}

Theorem 5 is unchanged if g(m )
z

1 if | h

b

v
o
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Therefora, when distribution 1 stochastically dominates distribution 2,

g{h ) = 1 ¥ i, so that from Theorem 5,

. n ) 1 i 1 min v 9 3
Ut 2/ = E [p; - p 1 E b7(z), and U /)= 1 Ipy~ Pj] 2
j=2 ] I =2 3=2 =
- ) ok A o ¥
where | b (z) = [wkhz_l,ez_l) w(ngl,ez)] > 0, and

3. TFzoanding these expressions and recombining terms, it can be shown that

3

- s - n
v (2/1) = - ’Dl(z)hz <0, and U (1/2) = } bzcz)hz > 0.
z=2 : z=2

4. The proof is then complete by conditidn (1) in Theorem 5.
Q.E.D.

I+ can be shown that when Umin (2/1) < 0 énd Umin a/2) > 0, the
of contractslthat constitute the“optimal strategy for the principal
-7 hold the agent's expected utility level to zero under distribution 2,
and grant the agent an expected return which is strictly positive under
distribution 1. Thus, when one distribution (1) stochastically dominates
another (2), the agent's expected utility will be held to zero when the
actual distribution is 2, but will be strictly positive when the actual
distribukion is 1. It should be noited that the conclusioﬂs cited in
Thaorem & are also tyue if the distributions éf é are_éontinuous, because
if cze contiavous distributibn stochastically dominates another, the

-

. -ty o+ oy
Ormer THIST ailways

=h

production updar the

Tzfors an explanation of the forezoing findings is offered in Section
5, a special case of stochastic dominatiom is explored below in the

corollary to



-21-

Corcilarv. Vhen the distributions of € are such that under each one, only
two different states of nature may occur, the optimal strategy for

the principal will always be to induce an inefficient outcome in some

Prool of Corollary.

X . - - . 2 1
The corollary fellows from Theorem 6 because, by convention, Py > Py~

Hence, hl‘z C and h2 > 0, so distribution 1 stochastically dominates
discribution 2 whenever each distribution places positive probability on

only zh2 sazme two states of pature. Using techniques similar to those

=

outlined in proof of Theorem 4, it can also be shown that the corollary

is true zs statad, znd need not be expressed as a ''probability-one"

statement, as in the case with Theorems 4, 5, and 6.

Q.E.D.

5. AX EXPLANATLION {F THZ RESULTS
Id=ally, the principal would like to hold the agent's expected utility

o2

ent contract under every distribution. This strategy

o

to zero with an effic
would guarantee that the agent was granted the smallest possible share of
the largest poséible surplus under each distri,:tion. Howgver, since the
principal dces not.know the actual distribution, he cannot always accomplish
this goal., Thecrens 2 through 4 indicate that the conditions undér whnich

it -¢5i23 -2 —ecs3tiz to do so are more restrictive when € has a continuous

The fundamental reason for this resul:

efficient when the distribution of &

1

proper subset of the corresponding set when € has a discrete

is contizuous I3

)Y

distriburisn.



% ig distribnted continuously, an efficient contract must be of
the form s(x). = x - k {k a2 constant), as is proved in Appendix B. Con-

seguently, the only way in which the principal can ensure that the total

where k ., = minimum k(d) and
n min 3

ix“(L)—-w(x*(&),e)]fd(e)de. This contract, though, will grant the

egent ztrictly positive expected utility under all distributions for which

the expected surplus from efficient production (k(d)) exceeds km'n’ Theoren

s lcz

[
t
M)
]
o
v
aQ
(W]
W

it is not the case that k(d) =k ., ¥d =1,...,D
min ’ ?

i

Jde

it will mot be optimal for the principal to pursue this strategy. Instead,

cributicn din order to obtain more favorable terms of trade with a

‘different contract unier at least one other distribution (as indicated in

I~

Theorsm 1).

When the distributions of 6 ar= Eis::e:e, however, the princiﬁal gains
svfficient flexibility in the design of contracts to admit the possibility
that the total surplus can be maximized and the agent's expected utility
held to zero under every distribution of €, even when the expected surplus
is not identicel under each distribution. The additional flexibility stems

1@ fact that the self-selection constraints (SSW) are, in an important

sense, less restriciive under discrete distributions than under continuous
cnes, _-== zzlection contraints in (PA-D) recuire that under an

5,8, l)—-w(xg_ 0,



in any two contiguous states, B, and €, Thus, the self selection con-
R i i-

1°

| e

straints impose upper and lower bounds on the allowable difference in compeilsa-
tion that can be awarded the agent for efficient production ia contiguous

states. As 6, approaches the level of ei 1 (the limiting case being charac-
1 —

teristic of a continucus distribution) the upper and low=r bounds converge

in
O
rt
s
{i
ot
rt
)
i

> principal's freedom to manipulate payoff differentials for

5
differznt levels of performance disappears.

The inportance of being able to manipulate payoff differentials more

freely is that it permits the principal to render a particular contract moxe

e to the agent under one distribution without sacrificing

(@]
oY
‘_J
("
)
n
)
“r
rl
[at
W]
)
rt
de
<

‘the toral surplus or changing the agent's expeqted utility from that contract
under znother distribution. This is the essence of the example described

in thre proof of Theorea 3. In that example, a lump-sum type contract that
212 the agent's expected utility to zero under the first distribution "1"
Tzzzsisting of allocaticns Al’ Az, and A3 in Figure 1) would provide the
agent with a strictly positive level of expected utility under the second
distribution "2". ©Howevar, by increasing the payoff to the agent for pro-
dﬁcing xi and reducing the compensation awarded the agent for producing x§
and x§ so as to leave unchinged the agent's <':pected utility under distribu-
tion 1, the efficien£ contract (A}, Aé, and Ag in Figure 1) becomes less
attractive to th= agant in states more productive than 91, states which are
relanivaly movs 1ikely to occﬁr under distribution 2 than under 1,

1 .
v

v wader more zeneval condlinions

Q

R D T T S B S S
LAC L DAL s ODCLTiAL &IZlaca

I

e

vwhen the pair of possible distributions are discrete, consider, initially,
the situation in which Xpo eees X have somehow been determinad znd it is
the principal's task to chocse S1> +vs S optimally. Furthermore, suppose
i-1’

that the principal chooses Sis ses s, such that, for some s, and s
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P : ) n
1 2 .
- < wi{x .6 - wix shere h = . — p.) < 0. This
s; = Si1 ‘\hi’ui—l) ( 5-1.% ) vher jgi (PJ PJ)

specification cannot be optimal for the principal; for suppose the principal

PR 3

were to increase s; (by £s.) without changing [sj = Sj—l] ¥ 3 #i, e,

supposa [s, - ] s increased by Asi without otherwise altering the
T i 7 Si-1

f

structure (or form) of the contract.: (Note that this perturbation requires

j =4, ..., n in the original contract be increased by Asi.)

.n -~
Yo Zs.. Also the agents expected utility from the new contract is
j::l d - n 1 .
increased by Tl = z Pj Asi under distribution 1. Therefore, if this new
3=i | -

contract were amended by reducing the payoff to the agent in every state of
nature by T the agent’s expected utility gnder this new amended contract
would still be zerc under distributiom 2. However, under distributicn 1,

z zg=ant's expeaﬁed utility from thi; sams tract would fall short of the

1

sxTTzzz.onding level under the originai contract by T2 - T, > 0. Consequently,
since the proposed rodifications of the original contract reduce the agent's
~expected utility (without altering the total expected surplus), the original
contréct could not have been optimal for,ﬁhe principal.

Hence, whenever the probability that a state of nature .at least as

Lo

high as 8, will be realized is greater under distributiom 1 than distribution

N
'_I
rt
Py 4
1
l,....l
[N
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0
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as far above s, as
i-1

e T A vt e, e ged R PR R, =
pessiblae without violating the self-selection constraints characterizzd bv
-

——
v

arxguments explain ~hyv. in £

12 optZmal non-ravealiig

111 always be set at its mininum level, w(x,.
i

=
jon
[
%]
v
r'1‘
o
0O

onclusions of Lemma 1 and the analytic conditions of

o
[N

heorem 5 are explained. What remains to be explored is the nature

P £ooa ., 3~ 14 RN - 3 3 £
the benefits which acerue to the principal when inefficieut outcomes are

induced.



4 singple extension .0f the preceding argument explains vwhy, when the
srincinzl can determine both %, and s,, i = 1, ..., n, his expected
t : i i : ,

ibus, -if he chooses these variables so

as to maximize the increase {or gain, Gi) in the agent's ex post utility
level in state §. over that achieved in state 91—1 whenever hi < 0 and
to minimize the same gain vwhenever hi > 0. However, two additional compli-

catisns are introduced when the principal can determine Xj j=1,...,n

in zd4ition to the associated compensation levels. First, changes in any
Xj 2itar the total available surplus from production. Second, a change

o
jo]
Y]

- .. -~ S-'C - e T "_ , .
ny 1j-may af_ecL the magnitude of both GJ and Gj+l

To examine these effects in more detail, consider, first, Case 1 in

the proof of Theorem 4, where hi > 0 and hi+l > 0. As explained above,
for .any levels of %, 3§ = i-1, i, i+l, S, and S, . should be set in the

3 i i+l
onptimal non-revealing contract sach thzt

6]
|
n
I

and Siyp ~ S5 T Vx9a050) Wl 0, ).
Consequently,
= - !~ — .‘.. hd
Gy B Isy - w8 0) - sy g = Wl 50504)]
= w(x g - w(x ) '
W(h'—l’ i—l) w( i-l’el)’ and
o = wi{x ) - wix.,5. .
Fiay \-lsel) WA i; l+l)

the incrfezss in the agent's level of ex post utility in state ei over the
i-1 is independent of the value of =, while
- i
3 increases with % (since wxc(°)
~

i+l

< 0). Consequently, because the first-order effect on the total surplus
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-

of 2 deviation from the efficient contract is zero' (see footnote 4y, it

.

will alwavys be optimal for the principal to set X; below its efficient
level whenever ti

he distributions of 6 are such that both hi and hi+l are

Similarly, in Case 4 where h, < 0 and h; < 0, G, can be shown to
1 = i+l = 1
be a (strictly) dincreasing function of x, (for h. < 0) when S, and S,
. i i i i+l

are chosen optimally in the non-revealing contract, and G, . can be shown
to bz indepandent of the level of Xy Thus, in order to maximize both Gi
and G, ., (subject to the usual efficiency considerations), the principal

will set £ above x% in Case 4.

i -
in Case 2, where hi > 0 and hi+1'5 0, it can be shown that when the
contact is structured optimally, both Gi and Gi+1 axe independeht of the

magnitude of x, . fience, the optimal strategy for the principal is to

meximsze the tocal surplus in the 2vent that Qi occurs, i.e., set x, = Xi

(Note that the same logic explains why x set at its efficient level

=N
@

i
when hi = 0 in Case 4.)

It is only in Case 3, where hi'i 0 and hi+l > 0 that some ambiguity

is introduced. Here, the principal will, ceteris paribus, benefit from

increzses in Gi and decreases in G . However, when the contract is

i+l

structured optimally, both G, and G,,. are increasing functions of x_,
. 1 1T 1

1

so thar zny increase in x, will increase both Gi and Gi+l' It is only

i
from increasing Gi (through an increase in xi)
he expected costs of incveasing G, at ¥, = z%
. i+l i

that aa efficient outcome will be realized in state Gi under the optimal
non-revealing contract. When discrete distributions of 0 are randomly

generated, this event will occur with probability zero.
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In sunmary, the principal may induce an inefficient outcome in soma

ct

tes of na

m

e
[

%]

ure under the optimal (set of) contract(s) because the in-

.

ffic

m
}ele
:
;*.

e
ency D

ts him, ceteris paribus, to increase (or decrease) the

ex post level of utility awarded the agent in those states beyond the

~

maxinum {(or minimum) fszasible level under an efficient contract. This

h.

added flexibility may be of benefit to the principal because it permits

him te reduce the expected surplus awarded the agent undef some distribu-
ticas of 8 without in;reasing the agent's expected surplus under other:
distributions. Howaver; because the ability of the principal to mznipulate
actual payoff differentials is - greater when 6 follows a discrete Iather‘
than a continuous distribution (és indicated in equation (S{L)), the
principzal may not need to resort as oftemn to iﬁefficient outcomes to

mpose the desired "discipline” on the agent when the distribution of

}‘J-

S is “iscrete.

6. CONCLUSIONS
A standard result in the principal-agent literature claims-that in
the absence of limited liability considerations (of the type analyzed by
Sappington [1982]); the contract that the prir'ipal will offer to a risk-
neutral agent is an efficient contract. . This résult, tﬁough, is‘fased

on the &ssumpticn that the principal and agent share the sawe precontractual

ficient contracts are often

@]
L)
rr
’..J
[
m
' -}
by
@)
[t
rt
3

n2 principal in the presence of precontractual information

The nature of the expected
bensfits derived by the principal from the introduction of such ineffi-
ciencies was characterized, and relatively simple cenditions were derived

to determine when an arcbitrary member of the class of informational
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envirorments considered here would give rise to an-inefficient outcome

in so—e states of nature. These conditions were also shown to vary

~h

Cepending upon whether the distributions o 9 were continucus or

rief comments on two possible extensions of

Fh
w
%
o
]

O
Hh
h
I
(4
[aN
|

o begin with, it should be noted that suffici;nt
coﬁpe:izion among perfectly-informed agents can eliminate the phenomenon
of inzfficient outcomas in the presen;e‘of information asymmetry. If a
large numbar of identical agents are all aware of the true distribution

of € before a contract must be signed, then the principal need only carry

out an auction (of the type discussed by Demsatz [1968]), with the agents

o
e
o,
[=H
e
]
aQ
Fh
[&]
=
rt
a8
()
|-.

right to carry out productlon and retain the entlre value

of their output. The winning bid among risk-neutral agents will approach

= expacted SL”DLUS from efficianz mroduction given the true distribution of

Hn

Hence, even without any knowledgs cf the trus distribution, the principal

can caoture the entire (actual) expected surplus with the aid of such an

In addition, it should be noted that the structure of the model ccn-
sidered here incorporates important restrictions on the nature of the
information esymmetry between principal and agent. In particular, both

partizs agrees on the set of pOSblble dis trlbutlons of 6 and the extent to

whizh the zze-t's information is better than that of the principal. Absent

~-. zlrernative formulations of the mod2l need be derived and

2 incentives of both principal and
agent to =israpresent their knowledge of the informational environment.

Such phensmena eppear worthy of further investigation.
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FTILTRE L, Lumn-Sum (ALLézié3) vs. Ontimal (AiL§&L§§) Efficient Contract

Note: ei'refers to an indifference curve of the agent in state %,. The agent's

utility increzsess with movements in a northwesterly direction.



. FOOTNOTES -

The azuthor is especially indebted to Robert D. Willig and Andrew
Postlewaite, and also to Edward J. Green for -their excellent comments
and suggestions. Any errors which may remain are, of course, my own.
It is assumed th;oughout that when the agent is indifferent among two
or more contracts (or among two or more levels of efﬁort), he will
choose the one most preferred by the principal, were he to share the

ent's information.

v
()]

Thz value of output x*(ei) that is ex post Pareto efficient in state

[enl

; 1s defined by the equation wx(x*(ei),ei) = 1.

he expected surplus from efficient production under continuous

T

6
distribution fd(S) is defined to be J n[x*(ﬁ) - W(x*(G),G)]fd(S)dG.
. 6 °
. 1 ,
The expected surplus from efficient production under discrete distri-
. n
A .
o . : AT T = vy
=ution d ir defined to be iZ-HiiAi »(xi,ei)].

This result is due, in part, to the fact that the first-order efiect
an the total surplus of a deviation from the efficient contract is

.

zera. To see this, note that the total surplus in any state Gi is

X - w(xi,ei), the derivative of which is zero when evaluated &t
x, = X¥
i i

- This fact is captured mathematically in the formulation of (PA-C)

contained in the proof of Theorem 2. There, the self-selection
constrainis {SSW) are represented by an equation of motion rather
527 and lower bounds ou allowable payment diiferentials.
For example, if the agent knew that only a single distribution of ©

were in fact possible, it would be in his dnterest to have the

principzal believe (in error) that an additional distribution that is

stochastically dominated by the true distribution might also occur

csted in the discussion which follous the proof of Theoren 6).



APPEEDIX A

1. The thzoren is proved through inspection of the necessary conditicns
r 2 mezuimen of the Hamiltonian function associated with (PA-C), where

(=) = =(8) ¥d = 1,..,,D. The agent's utility function U(&) serves as

censidered here.

G,
\

Fh

6711 - v G, ) 1£9(8) - §(0)w (x,0) = O (A.1)

0(8) = ~w,(x,8

(4.2)

me
N
@
s
1}
I L w]
—
-3
1
~
Fh
~
w
-’

where ¢ and §{3) ar2 the multipliers associated with the d—th individual

raticnality constraint and the equation of motion, respectively. Note that
L]
the equation of motion accounts for the (SSW) constraints, and the (SSB)

constraints ars cmitted since only a single contract is considered here,

-
L

Note also fhat the sclution to this problem need not, in genexral, have s(°}

be 2 £iffzrznzizhis function of x. However, the proposition in Appendix B

idtzates zozz S 5{v is pot diffcrentiable, than it is zot an efiicient
cntract, which is 211 rthat matters for this proof.
2. Supscse the ootimal non-revealing contract is efficient. Then v, x,8) =

’——l
i
<
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_ o ‘
3, From (A.2), §(8) = [¢d - Ad]Fd(G) ¥§ where Fd(e) = J ﬁd(e)d?. Rote

1 gl

: D)
. d
also that since §(8n) = 0 by the transversality condition, ; A= L.
d=2.

4, Let the first m distributions be those for which the agent's expected
urility is held to zero under this efficient contract. Recall m < D by
hypothesis. Also, let the first j distributions be those distributions
L .o,d . d . . . S .
for which A > ¢ . (Note that 1 < j < m since by hypothesis, we cannot
4 d . : d ,
have » =96 > 0% =1,,..,D, and x* =0 ¥d > m by construction.)

3 D
.3 .
5. Tharefore, z YdFU(S) = Z YdFd(B) ¥0 where-yd = |kd - ¢dl. Now,
d=1 d=j+1 '

letting the range of all integrals be the interval [Bl,en], define

‘kn*n = {{x*(@) - w(x*(@),e)]fd(e)de for d =1,...,m. Then it follows that"
"{{xﬁ(e) - w(=%(8),0) -k }fd(S)de =
: o > min " 77 _
D ' ' d
) c;dj{}:*(e) ~ w(x(0),0) - k. }9(6)as > 0, where ol = Yo,
- min 1
d=j+1 » Sy

which is a contradiction.

"Q.E.D.



APPENDIX B
Lemma. Every efficient contract must be a differentiable function of x
whzn & has a continuous distribution with strictly positive support

on the interval [8.,8 ]
R R 'R

1. The ssif-selection constraints (SSW) reguire that for every efficient

wing, ¢, -wixk, 8.5 s*(ti)-—s*(x?) w(xg,e.)-w(x*,e.)
2 = e < ] 3]
x¥ - x¥ - X% - x¥ x¥ - x%
i i i 3 i

', x" e [x%,x%] such that
"1 ’

-~k ) — ‘;'_(v_'k e 3
M\xi,ei) 723, 85 ,
= w (x',6.), and
- pY

because w{x,8} is z continuous function of x for all €.

"
s

Therefore, in the linmit as xi -

,e-) f S’ I(}:""') < \J_(X::“>®.)’
= < i i

<
-
i=te
n
rt
oy
o
3
]
b
,vl-\
=
=
5
O
+h
i)
0
O
]
T
[
1]
]
o
7]



whare -

s*¥(n%) - s¥(x¥)
]

S
s (m*) = limit { }. .
e 3
- XFXE X% - x¥
i3 1 ]
4. The same zrguments can be employed to show that for all xg < n*
J
e o~ A\ - -~ - .
w (vx.2) < s (x%) < w_(x%,6,)
»'73’ i o= X ( = X ’ ’
where
SX(I'T) — s}'»' (X‘k
*_ e e I a t
s (=7, = limit < 1.
X xFrnk u%x ~ x¥
T 3] 3 t

5. Therefore, the left-hand and right-hand derivatives of s*(x) exist and

a4

are identical for all values of x e (x§,%x¥).
: i

Q.E.D.
The following proposition then follews directly from the lemma.

Proposition. Any efficient contract must be of the form s*(x) =% - k

(k a constant) when 6 has a continous distribution with strictly

'.J‘

positive support on a closed interval.

.,

chocses x(6) to maximize s(x(8)) - w(x(6),6) in each state,

zct nust have s;(x) = 1 for all x.

= y.— % sinca the efficient contract is

Q.E.D.



APPEXNDIX C

Troof of Theerem 5
1. Using lemra 1, it can be shown that under the .contract described thére,
the increase in utility received by the agent in state.ez over the
laevel received in state ez_l is.qd(z), d =1, 2; thus,
. = _ * !
S, ~ w(xz,sz) =5 - W(Xl’el) Foq (2)
and more generally,
* * ] d
.~ wix.,9.) = - < +
SJ ( J’:’J) N sl w(}\lsel) Z q (Z).
z=2
2. Using this relztionship and the fact that
n
d . _d *
7opds? - wix.,e01 = 0,
j=1 J 3 J 3
it can be shown that
n 3
* é = a,
sy —n:(xl,el) = - 2 . . ¢ (z), and
B j=2 J z=2
in v 1
Ut o(@/2) = ) pl [ss - wi(x,,6,)]
3=1 .
n i
R 1 2 2
= 1 Ip; -5 ] at@.
i=2 z=2 .
3. Similar analyses can be performed to derive the stated expression for
o *
min - _ N
U (z/2) = X P [s, - w(x.,,8.)].
3=1 J ]
4. Ttz conzliusion of the theorenm then follows dircctly from.the inter-

min

oretations of R (1/2) and U (2/1), and from Theorem 4.
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