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Abstract

timal strategy of the principal is examined in(an envirorment
whzre there are (ex post) limitations on the maximum penalty that can be
imoosed a risk-neutral agent., Contrary to the case in which such limita-
is in the principal's_interest to deliberately -

induce socially efficient behavior, and to in-
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z contract that induces the agent to realize an efficient

cutcoze cnly in the nost productive state of nature and (perhaps) in certain

very unproductive states, The properties of the contract are examined in

detail, Journal of Econcmic Litexature Classification Numbers: 022, 026,
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1. INTRODUCTLON

In the pgst decade, the principal-agent model has received considevable
recognition'as an important analytic device in the study of incentive schemes
gn contracts among economic agents. Y(See, for example, the works of Ross
19], Harris and Raviv [11], Holmstrom [13], Hurwicz»and Shapiro [14], and
Shavell [23].) The particular version of the model that is expldred in this
paper assumes that the principal and agent consummate an agreement at a point
in tinz when they share symmetric beliefs about the proﬁabiiityvdistribution
of a rzncéom state of nature, 9. The realization of 8, which is subsequently
observzd by the risk-neutral agent (alone) before choosing his (unobservable’
level of effort, affects the produétivity of such effort.

Earris and Raviv [10] show fhat in this, setting, the self-interested .
princizal can and will design a contract that induces an outcome in eﬁery
zzzz 2f nature “Eat is Pareto-efficzienz., However, such a contract is
necessarily optimal for the principal only when institutions exist which
guaranﬁee that the agent does mot-breach the contract after he observes 8,
no matter how debilitating compliance may be for the agent in that state.

In the absence of such institutions, the contract that the principal will de-
sign is likely to be of a very diiferent form.

It is the purpose of this papar to examine the properties of the contract

emargzz betwesn principal and risk-neutral agent when limits are

.

imposzd on the =maxinum loss that the agent can be forced to bear as a con-

3 )
T

wich the principal. Contracts which incorporatz such

Contracts in which the liability of one or more parties is explicitly

limited are very common in practice. Bonkruptcy clauses, statements of con-

ditions under which breach of contract is permissible, and provisions in
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coiyora:e charters which limit the liability of each stockholder to the
his shares ere all examples of limited liability clauses. Contracts

which contain such clauses are particularly conspicuous in practice when:

1) information about risk is incomplete or cannot be attained at the same
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o the contract (see [1]), 2) social-concerns warrant
subsiiizs for participation in certain activities (such as corporate invest-
o

ment) {sse [17, p. 177}), and 3) paternalism and/or equity consideration

iandate risk-spreading or the guarantee of ‘a subsistence level of 'well-being

for each msmber of sccisty (see for example, [1,41).
For the purposzs of illustration and analytic convenience, this paper

will initially focus on tﬁa special case of limited (zéro) liability contracts
in which the agent has the legal right to disassociate himself from the prin-
cipal withcut penalty after observing the state of nature. It is Showg that
iz this environment, the self-interested princi?al will deéign a contract that,
in all states except the one in which the agent is nost prqductiye and perhaps
in certaia very unproductive states, induces cutcomes that are ex post Parato
inefficient. First, though, the interaction between principal and agent that
is ahalyzad in this paper is stated more precisely in Section 2., Section 2
also contains a brief comparison of the model c.®isidered here to otheré in
the literature, -

After the principel’s choice of a zero-liability contract is described in
cdetail znc shown o induce inefficient outcomes in all but a selected few

, an imituitive explanation of thasz resuics

In fz=cfion 4, Then, in Section 5, more general forms of limited

liebility contracts are analyzed, The qualitative properties of the zero-

zct are shown to be unaltered by the introduction of this

greater generaiity., Finally, conclusicns are drawn in Section 6.
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2, STATEMENT OF THE MODEL

the model analyzed here, the principal owns a productive techro

UQ
v

4

vires as an input the (action or) effort, a, of the risk-neutral
This effort, together with the realization of the random state of

, determine the value of output produced, x, according to the relation--

When a contract is agreed upon, both the principal and agent know the

distribuzion of 8. It is only later that the agent (alone) observes the

actual reszlization of &, aund then selects an (unob;ervable) action. The fact
that the principal can observe neither a nor 6 mandates that the contract
specify payments to tha agent, S, as a function of x only. Any such contract
will only be z2ccepted by the agent if it offers him a level of expec;ed

)

s s . . AN o] . e
utility that exceeds his reservation utility level, U, the magnitude of which

1

jh

s kmown to the principal,

In order to isolate the effects of liabilit? lbnitations, all of the
potentiél risk—sbéring attributes of any contract are eliminated by the assump-
tion that both the pfincipal and agent afe risk-neutral, Tt is assumsd that
the principal's objective is to maximize the expected value of x - S(x), and
that the agent's utility function is given by UA(X,S) =S - W(x,6), where
-W(x,é is the dollar value of the dlsutllx;y to the ?gent of produci x

Tezzizy alotabatic subscripts indicate partial derivatives, W{-,:) is

assumsl Thrsugoout Lo be characterized by all but the last of the following

E'

propartizs, W{-,’) is also assumed to be characterized by Property (%)
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Property (1): We(x,e) < 0. Property (4): Wxx(x,e} > 0,
Property (2): - W_(x,8 > 0. Property (5): Wx(O,en) <1,
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Property (6): wxxe(x’e) < 0.

These proparties hold for all values of 6 and all non-negative values of x,
The in=squalities are strict whenever x is strictly-positivé.

Troverties (1) and@ (3) indicate that 6 can be thought of as a productivity
paramscar, where hi gher values of 6 correséondvto states in which the agent is
more productive and in which additional output is less onerous to produce,
Properties (2) and (4) indicate that in every state of nature, the marginal
disutility of effort to the agent is positive and increasing. (PrOperty (6)

tates that the agent's marginal disutility of effort increases less rapidly

m

.

in hIzher states 6f nature.) Pro;erty:(S) simply ensuresvthe existence éf a
non-trivial solution to the proBlem at hand, It states that there is some
strictly positive level of output that cén be produced by the agent in the
most pfoductive tate of nature without incuxring a level of disutility which
exceads the value of that output to the principal.

In what follows, outcomes of the iﬁteracti;n between principal and agent

will be referred to as either efficient or inefficient. An efficient outcome

is one that is ex post Pareto-efficient in the particular state of .nature that

prevailz, and 2n imefficient outcome is any one that is not efficient., The
cElue of owutouz, 47, that is e2fficient dian state Oi is the one a2t which the
3

s marginal disutility from generating an additional unit of output

o

Y v .

coincides with the principal's valuation of such output, i.e., W (x 8 )

Contracts will similarly be classified in the ensuing discussion accoxd-

ing to whether or not they are "first-best", A first-best contract is one

-

that results in the realization of an efficient outcome whatever the state o
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nature that is ultimately realized. A first-best contract, by definition,

. .

naximizes the expected total surplus from production. The phrase "first—-

—

best" is meant to suggest a comparisen with the situation in which the

state of nature can bé observed by the principal so that a forcing contract
(s2e 110]) can be designed to ensure'that an efficient outcome is realized

in every state and that the agent receives no more than his ressrvation level
of utility in any state.

Harris and Raviv [10] have shown that under theAconditions of asymmetric

infor=ation considerasd here (and under even more genzral conditionms, including’

k aversion on the part of the principal), the contract
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s the expected utility of the principal in the absence of
liability restrictions is a first-best contract of the form S(x) = x - k.
Here, ¥ is any expected surplus from efficient production in excess of that

required by the agent in oxder contract with the principal, i.e.,

- U(xi,ei)] - Uo, where Pi(> O ¥ i) is the probability that ei

Ip
i=1

[

Ix

e

i
will bé~realized. Under this contract, the agent pays k to the principal what—
ever the state of nature, and in return, retains the entire (efficient) value
of output that he chooses to produce,

Although this contract promises the risk-neutral agent his reservation
level of expectad utility, when certain (of the lower) states of nature occur

the agent can do no better under this contract than suffer a loss in utility

beiow chz level a2chieved in autarky (i.e., if he had not contracted with the
princisal zz all}., In thes2 staies, the azgent would like to breach the

contract, buit the institutions that are assumed to exist throughout the
principal-zgent literature prevent him fron doing so.
For cne ox more of the reasons noted in the introduction, such institu-

tions may, in reality, not exist. Hence, it dis of interest to determine how

the feasible contract that moximizes the principal's expected utility is



-0~

altered oy the ebsence of institutions that bind the agent to any andé ail

ts. In particular, suppose that there is.a maximum penalty
(i.e., & mininum valus feor S{+)) that can be imposed upon the agent rezazrdless
of tha cutcomz of his action. In such a situation, the principal's prodblen

can b2 formulated as follows:

Maxizize Ee{X(a<S,6>,6) - S[¥()1}
Sy
subject ta: {4i) a<S,08> = argmax {S[X(a}0)] - v(a®)}
a'eA o
(P2)
(ii)  s[x(a,8)] > L  ¥atA and ¥
(111)  Ey{S[X(2,0)] - W(x,0)} > u°
and - (iv) X(a,6) > 0 ¥0 and ¥acA.

>

TIn the formulation of (PA), A is the set of admissable actions and

1

is the expectations operator (over 6). As defined in the self-sglection con-

‘straint {i), a<5,5> is the action that the agent will take in order to maxinize
3 b4 > 23

his utilirv after he is presented with a contract and observes the state of
y
[ )

-

s P e . 6 e T4
nature. This action is assumed to be unique. The limited liability con-
straint (ii) zzn ba interpreted (when x = 0) as a specification of the maxizum

fine thzz can = i=posed upon the agent for failure to put forth any eifort.

(¥ote zhaz Wixi{2.3%),3) = W(0,8) = 0 ¥9.) The individual rationality constraia:

by the agent (since, more generally, ths zgent:
always has tha option to refuse to contract at all}. Again, Property {(5)
i con—

ensures that there will always be potential gains to both parties froa

tracting.
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Before the properties of the limited liability contract that the prin- ..
cipal ritl off;rAto the agent are discussed, a brief comparison of (PA) fo
other madeis in the literature is offered here. To begin with, theAfact that
the zrincipal must design an incenti&e scheme for the agent in the absence of
cozplete information about either the true state of nature or the agent's
acticn Zistinguishes (PA) as a "principal-agent'' problem as developed by Ross
[18, 13], Harris and Raviv [10, 11], Holmstrom [13], Shavell [23], and Grossman

J-L

thermore, the nature of the information asymmetry implicit
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in (&) is identical to that considered by Harris and Raviv [10]. It differs
from the asymmetry considered in [9], [13], and [23] because in the present
stud}, tha agent observes the true state of-nature before he chooses an action.
The uncertainty in (PA), though, is similar to that analyzed in all of the
aforementioned studies because the principal and agent share identical beliefs
atcutT the true .tate of nature whan they consummate an agreement to govern
their future interaction. It is in this respect that (PA) differs from the
models of Green [7], Green and Stokey [8], aﬁd Sappington [21, 22], all of
which explicitly consider precontractual information asymmetry.

It should also be noted that for the particular case of zero-liability
contracts discussed in Sections 3 and 4, the principal-agent relationship
briefly examinad in [12] is a.spécial case of the relationship captured in

(Pa). This point will be developed further below.7

al-tax and price-discrimination literatures also

arities to (Pa). 1In these models, the distribution

v

of consumar characteristics (which is usually assumed to be continuous),

knovm by the government ([16]) or by the discriminating monopolist ([5, 24,
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ual characteristic of any particular 1vd1v1dua1 cannot be
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observed. It is then the task of the govermment (monopolist) to design
revenue schedule) based solely on the observable income (purchases)

of consuners in order to maximize social welfare (profit). The analogies to
. o

re are a few studies which, like the present one, assume that the

discritutisn of the state of nature is discrete. Inasmuch, these studies
more cleosely parallel the present one. Notable among these studies is that
of Chizngend Spatt [3}. Despite some fundamental differences between models,

many of the properties of the optimal (set of) contract(sj in their study are
analogous to the properties of the optimal limited liability contract
described below. It is also the case that.many of the properties of the .
opti;al insurance scheme described in [25] for the case in which 9 may take
on one of cnly two values have their counterpart in the -simple zero-liability

contract illustrated in Figure 2 in the following section.
3. THE STRUCTURE OF ZERO-LIABILITY CONTRACTS

The solution to (PA) is most easily derived by solving the following

equivalent problem (PA'): .
n .
faximiz D) -8
.ha;;:§43 A pi[xi i]
i’7i -
subiact ot ) Si - J(xi,ei) 2 Sj - W(Xj,ei) ¥ij
[:2) S, - U(x.,0.) L vi (PA")
77 =

~\
pots
-
|~‘-
A
3
s
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where Xy is the value of output produced by the agent in state ei and

e

S

; 1is tha associated compensation. The equivalence of (PA) and (PA') is

discussed in Appendix A, and is a direct extension of the work on direct
mechanisms contained in [12].

ko

or the purposes of expositional and analytic convenience, the solution

1y

1t

o (PA) will be ewnplered in this .section and the following one for the special
‘case in which L = U°. Such a contract will be referred to as a "zero-liability'
contract because the agent has nothing to lose if he accepfs'it. The.zero—
lisbilicy contract mandates that even if the agent decides to put forth no
effort after he observes the state(of nature, the principal must compensate

the agaeant with a pavyment equal in magnitude_to his expected return had he

cided not to contract with the principal at all, and instead chose autarky.

(a9
[0

Thus if, for example, the risk-neutral agent were willing to accept any

--act on whi-h he expected to brezk even (i.e., U° = 0), a zero-liability

contract would require that the agent not be charged a fee if, after
obser§ino 6, he-cho;e autarky ratﬁer than continuing in the employ of the
principal. In Section 5, it is shown that the results derived belo§ do not
change qualitatively when a wide range of values for FL are admitted.

Because a primary focus of this research is to determine whether the

4
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=
i
'.._l
|l
o]

ffer the agent a first-best contract in the presence of
limitarions on the liability of the agent, it is of interest here to examine

-1lizbil

ph

that z=7

W

ty contract which, among all first-best such contracts, is
mess prafzsrad b wha principal.  Yote that the contract S(x) = » 1is a
first-Sest, zeron-liability contract that will be accepted by the agent es

s Y P Yy

surplus from efficient production exceeds the agent's
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reservation level of expected utility, i.e., as leng as k > 0, a condition

‘that is assumed to hold throughout this work. However, because the agent
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receives the entire value of any output produced and the principal's pavoff
P p T Baj

s idzntically zerxo under this contract, it is not surprising that thre

principal will never offer this feasible, first-best, zero-liability contract

W
15}
rd

roposition 1 indicates.

sition 1. Among all feasible zero-liability contracts that are also

first-best, the one that is most preferred by the principal
(2) has the agent produce (without compensation) zero output in all (of

the lcwzst) states for which WX(O,G)_i 1.

P
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cr
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*
agent indifferent between autarky and producin x 1in the
g : y p g m

t

]

rt
[

lowest s s, 6 , for which W (0,6 ) < 1.
m x m

{¢) 1leaves the sgent indifferent in any state Si > Bm ‘between producing

% . *
nd producing x

.
>
o

i-1.

"

e proof of Proposition 1 is relzzzt=Z to Appendix B.

In order to 'illustrate the contract described in Proposition 1, a numerical

example along the lines of the special case examined in [12] is dillustrated in

Figure 1. Here, n = 2, Bl =1, 62 =2, U° = 0, and W(x,8) = (x/6)2, s0
X x
that Xl = 1/2 and x2 = 2. In the least pro(.ctive state, 61, the agent

*
receives no surplius from production as S(xl) is set at 1/4, the level of

disutility incurrzd in the production of x

*

1 In state 6 hoﬁéﬁer, the

2’

0

=3 Thz zgent from producing x is only 1/16. Therefore, in order
1

i . X X X
to dzcucs ths z2z=nt to preduce %, instead of %, when €, occurs, S(x?)
Sz szi in zuc=ss of W(xz,sz) ( = 1) by the amount cf the surplus the
. . . x i b *
agsnt couli rzziize if he produced %1, i.e., S(xl) - W(xl,ez) = 3/16.
Thus, the lgazst-costly method by which the principal can emsure that zn

efficient outcoze will be realized in both states of nature without violating

(w3
5
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-liability status is to offer the agent the contract that

Tocations A and B in Figuve 1.
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The agent's state-dependent preferences are.illustrated in Figure 1 ﬁy
30 represenfétive indifference curves labelled UA( |8 1) for éach state
e, 1i=1 ‘2. The agent's utility increases with movements in a northwesterly
tirection. The shape of the indiffefence curves ié determined by the assuined

form of W(,8) which satisfies Properties (1) through (6). ©Note that the

indifferent between A and autarky in state Gl, and between A and

B in state 6,. Although not shown, the principal's indifference curves are

a series of parallel lines with slope of unity. The principal's utility

te the southeast in Figure 1.

e "contiguous—state indifference' (CSI) stfucture of this contract (so
named bzcause the agent's ex post utility level is the same in state 6i
whether he actually produces X, orx the output, X5 9o that he would produce
if = were the true state) corresponds closely to results présentéd by

-

ctnzT =2uthors. Yarris and Townserd [12], for ample, arrive at identical
b4

N

conclusions for the principal-agent problem that they consider. Their model,

in which the agent knows the value of 6 before contracting with the principal,

s formelly equivalent to the model considered here with L = U° (since a

e

ability level equal to the agent's reservation level of expected

r"‘

maxinum 13

b
(T
\(‘

utili ensures that the agent will never be worse off than in autarky, which

e

is eziso the case in the model of Harris and Townsend). The optimal insurance

scha=z discusszd in [25] in which two states (consumer types) are permitited,

timal set of "time-price" contracts analyzed in [3] also

It is perhaps not surprising,

2 s>iution to (PA) with L = U°, or the zero-liability contract, .that

maximizes the principal's expected utility, also has this same structure. The

propaerties of this contract are described more fully in Theorem 1.
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Theoren 1. The zero-liability contract that maximizes the expected utility

) .

(2) consists of k + 1 distinct allocations; k (< n) positive

zllocations (i.e., (xi,Si) pairs with' %7 0) and autarky
(0,0),°
{B) thas X (2nd therefore Si = S(xi)) non-decreasing in €.
(¢) extracts all of the surplus from positive production frem the

agent in {only) the lowest state of nature in which positive
production is induced, and promises the agent no payoff in any

lower state.
(d) exhibits the same CSI structure as the first-best contract described

in Proposition 1.

(e) induces ths agent to profuce the efficient value of output only in
the highest state of nature and in those (lowest) states for which
W_(0,8) > 1. 1In all other states, the value of output produced by

. . . 9
the zgent will fall short of its efficient level.

Proof of Theorenm 1. . ¢

Witk L = U°, the individual rationality constraint (iii) is not binding,

so that the Lagranzian function associated with (PA') is

= n n
L= I =z, -3+ ) & {2 - ”(K.,J;) ~- S, + W(x.,58.)]
. TRt Y . . il 1 i’ i i
i= i=1 =1 J J
el
JTt
n
T -~ 5 _ o
+ Z ) (.S. ‘;-\)\l:ei) U ].
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conditions for a maxihwm can be shown

. - i (1.1)
i jTl J i jil J
jTi iti
n A
- W (x W (x D - W (x,,8, <0 _ 1.2)
pi{l W ( i,ei)] +j§1 Bji[ X(xi,ej)‘ x( i 1)] < (1.2
L1
j3i
x,[-]1=0
i
Condition (b) follews from an argument by contradiction. If X, <X, for

_ 3
_some i > j, then since Sj - Si < W(xj,ei) - W(xi,ei) by the (i,3j)th

seli-szlecticn constraint, S, - Si < w(xj,ej) - W(xi,ej) by Property

J
{3}, which violizes the (j,i)th szli-s=laction constraint.

{h

=
®
H
o
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nder of the precof is outlined here for the case in wﬁich k = n.
The more general proof is more ceomplicated and tedious, but employs the same
technigues outlined below.

Employing techniques analogous to those usea to prove Proposition 1, it can

be shown that for each i=1,...,n Bi =0 ¥j>itl and ¥ j < i-l.

Furtharmere, it can be shown thaﬁ if 8. . >0, then B, . =0
: i, i-1 i-1,1i
¥i=2, ...,
inz ozon? of Freoosition 1 also discussas the arguments which reveal that
Yy T I oané Vi T ¢ =i > 1. This proves condition (c) by the complementary

slacxnass condiiion asscciatéd with the limited liability constraints. Eence,

> shi h im 1 = -— .
0, which implies that 821 1 Py )

2 inducticn argument thes reveals that

n which proves conditica (d).



nd, sinze § =0 i hat ¥ =
And, e n -l % o, Bj,n' 0 ¥ j so that N(xn,en) 1,
which proves the first statement in condition (e).10
Finally, from (1.2),
i ' . V/ 3
p (1 - (x,8)) = [ _1,-51 Pl DW (3,8 = W (xg,08.,4)] (1.3)

Hence, since the right hand side of this equation is strictly positive by

Property (3), wx(xi,ei) <1 which, by Property (2), proves condition (e).
Q.E.D.

he zero-liability contract that maximizes the e pec;ed utility of the

principzl is depicted in Figure 2 for the specia1 case illustrated in Figure 1.

Here, &, and 92 are gssumed equally likely to occur. As indicated by

conditicn (e) of Theorem 1, the main difference to note is that this contract

(consisting of points A' and B') will now induce the agent to.produce‘an

1_ x

e czer s 2
inefficiently small output x, = 7 <

1 occurs. Note also,

N
-

when 61

<nz:zh, that the'payment to the agent for prodﬁcing the efficient value of
cutput (2) when 6, occurs is.only 52/49, which is less than the payment
(19/16) award=d the ggent for such production under the first-best limited
liabiiity contract most preferred by the principal. Herein lieg the advantage
to the principal of intentionally inducing inefficiert production when compelled

, . 4
to respect limitations on the agent's liabilit;. This advantage is developed

more compietely in the following section.
L. ({OrPARATIVE STATICS  AND AX EXPLANATION OF THE FINDINGS

that the der va'ion of the zero-liability
contract most preferred by the principal when there are only.fwo states of
nature is formally equivalent to the problem considered in [12]. Therefore,
it is perhaps not surprising that two important conclusions of the present

study are ot at all dissimilar to the observations of Harris and Townsend.
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he authors essentially prove that xy < xl' as illustrated in

Figure Z. Tgeofem 1 is theVgeneralization of this finding (and the results
in Section & further gene:alizeAthe observation) . 'Second, the authors
essentizlly point out for their two-state example that although the structure
cf the first-best comntract described in Proposition 1 does not depené upon
thg rrincipal's beliefs; the value of the output that the agent will be
induced to produce in any state when the principal is notv;estricted to first-
best con-racts will generally depend upon these prior beliefs. It is the
Lis section to define this dependence precisely, and then to
emplcy the findings derived here to more fully exﬁlain the structure of the
limited liability contract.derived in Theorém 1.

Preposition 2 analyzes the manner in which the zero-liability contract
most preferred by the principal’depends upon the principal's beliefs‘about

Ziatributio.. of €. Tha proposition makes use of the following notation:

{1y

(a3

© = the set of all Sj for which the agent produces x;; under the contract
described in Theorem 1, i = 0,1,...,k where xb =0,

i . . i
1~ = the set of numerical subscripts on those ej e 07,

mi .. i i

67" = minimum {07}, and P = I . p,

i . 1]

jel

vy . - 1 } ' . e ..
Preoposition 2. Let Xg < Xi' < L., < Xﬁ - be the k(<n) distinct, positive

values of ocutput that along with autarky (x6) constitute the solution to

{(P4). If Properties (1) through (6) are satisfied, the following compa-
-znive 3zazic rasulis hold:

I i 0 . i ‘. z

(i) - =, 1increases as pj(JaI ) dincreases and ph(heI i <.z < k)

dacreases by a corresponding magnitude.
o\ v . § . . .z . N
(id) %, increases as pj(JgI ) .increases and pl(hcl 0 < z < 1 < kK
1 =-

decreases by a corresponding magnitude.
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\ } . - Z . .
(iii) x.- increases as p,(jeI” 0 < z < i) increases and
i j = .

Y . .
-ph(heI i < y < k).  decreases by a corresponding magnitude.
L - .

(iv) x; is unaffected when pj(jell) increases and p;(%pj)

decreases by a corresponding magnitude.

of Provosition 2.

The more general counterpart to equation (1.3) in the proof of Theorem 1

can be shown to be '
[ x,6"% ] = @ S ) W ( 'femi“) v (x‘femin)l (2.1)
PO - b)) )= h T x o i%i PN S £ A y
, =0
-l
' This eguation can be rearranged to prove that B(x;) = [Pi]/[l - I Pi]
=0
e mly! c e e v e 3 Lt min, - . v omin
whars ,(xi) is defined to be the _at}o of {kx(xi,ei ) Uk(xi’ei+l>} to

n

1.

l:l.

m

il

{1 -w(x',6
X 1 h

-{-
]

i

The derivative of B(-) with respect to xi; B'(xi), can be shown to be strictly

positive using Properties (3), (4) and (6) and ctndition (e) of Theorem 1.

Yow, ﬁB(x;)/d;j = [1 ]/[1‘~ iéz Pl for  jel,
53(x;}fi;h = O for heT? Cwhere 1 < z <k,
. o :
axp/fap, = [B1/[1 - Iy P 1" = B(xp) [dB(x))/dp,]
for hel®? © Sz < i, and jeIi.
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-

Z) through (iv) then follow from these derivatives, noting that

=
+
d

t
B{x,) < and that since B'(x;) > 0, any increase im B(-)

T e . . min
corresponds to an increase in x. for constant values of €, and 2
i . i

(

Troposition 2 prévides the missing link to a complete understanding of
the 3imized liability contract that maximizes the expected utility of the
principal. Ccnsider the implicaticns of.Propositioﬁ 2 for the simple example-
igure 2. As was noted abﬁve, if he designs the contract such
that the agent is ccapensated for producing an ingfficiently small output in

*x

the lower state of nature (i.e., if he sets x. < x.), the principal reduces

1 1
the magnitude of the payment needed to induce a higher level of output (x2
‘in the more productiva state, 92. And more generally, when designing a

limited liability contract, the principal weighs the expected benefits of
Tting Xy below xi (benefits which accrue in the event that scme state
zbove 5., 'is rezlized) against the costs of inéfficiency (costs which are
borne if © is realized). Thus, as states above ei become more likely

ana ei ‘itself less likely, ceteris paribus, %, will be set further below

*

. . N 11 .
¥, in the contract most preferred by the principal. In the example in

Figure 2, tha greater is P, relative to Py> the smaller will be the value
of x

Ir s=eould = poted, too, that because the benefits associated with

outcome in any state are realized only when higher
5% nafurz occur, there are no incentives for the pripcipal to induce
£ffciwnt cutcome in the highest state of nature. Furthermore, the

distribucicn ¢f & and the technology may be such that in some states, the

in the contreact

[t2]
"

Qe
(L
0
cr
(0
u
(*a
1
5]
o
th
bt
(s
0n
o]
h
{

levating x, above the level of x.
o i l"l
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selected by the principal are outweighed by the expected costs. Under such

circumstances, X and will coincide and the limited liability

. X,
i i-1

contract offered to the agent will be a 'pooling" contract in the terminology

oaly in the presence of limited liability restrictionms. Absent any floor on
the payoff to tﬁe risk-neutral agent, any rent thét the ageﬁt may gaip when

the principal expands x5 to its efficient level in each stéte ei can be
effectively negated by démanding that the agent pay a larger lump sum payment
in ordasr to contract at all. Consequently, it is only when limited liahbility
constraints are binding that social efficienéy and private utility maximization

for the principal are not coincidental.

S. GENERALIZATIOX OF THE RESULTS

The findings in Section 3 and 4 were derived under the assumption that
L = U°, so that the individual rationality constraint ((iii) in (PA)) dimposed
no restrictions on the principal's choice of a contract beyond those impoused

by the limited liability censtraints. In thi.® section, it is demonstrated

esults derived above are unchanged when more general

rt
-
»
ot
o
o
i
Q
¢
®
F—J
M.
ot
o
cr
b
®
"

3

values of L are admitted. It is also shown that the principal will offer the
agent a first-best contract if L is sufficiently negative.
chz le2zal extent of the agent's liability falls short of his

-eservation level of expected utility (i.e., whenever L 2> 1°), the individual

[ N
(s
]
0
Q
jo]
9]
ot
ry
by
l,..l
o)
ot
~
=N

ii) in (PA) is not binding. Under such circumstances,
therefore, the techniques outlined above can be directly enployed to show that

tre limited liability contract most preferred by the principal has the sane
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properties as the zero-liability contract deséribed'by Theorem 1 and equation
(2.1) in thetéréof of Proposition 2. The only difference is a ;hift in the

"origin'" of the contfact,»so that in the lowest state in which positive
production takes place, the agent's compensation leaves him indifferent

betwsen carrying out such production and providing no effort in return for

Similarly, for values of L that are less than but ”éloée" to TU°, the
zerc-1iability contract described in Theérem 1 and equation (2.1) (with an
appropriata shift din the origin of the contract)'ﬁay provide non-negative
expected utility to the agenat, and will therefore be chosen by the principal
for these smaller values of L. However, f;r L sufficiently smaller than

.

e aforementioned zero-liability contract (with shifted origin) may not

e,
provide the agent wiﬁh a level‘of expected utility that exceedsvhis geservation
levei. Conseque.tly, in order to induce the agent to become party to the
contract, the principal must transfer some expected éurplus to him. The best
way to do so from the principal's point of view is, 1oosely speaking, to
maintain the CSI structure of the zero-liability contract but increase tﬁe

i _
level of each %y towards X, . This procedure increases the surplus that the
principal expects to award the agent, bgt is preferable to granting the agent
a'simple ‘upp-sum bonus (in some or all states of nature) because it induces
additicnal cutput Irom the agent in each state in return for payments which
the output to the principal; The more binding.is
=-3dividual wationality constraint at the optimum, the smaller is the

’ *

discrepancy betweszn each X and the corresponding % in the optimal
contvact, and thus the ''closer" is the contract that the principal will
design to o fir§t—xest contract. Tor L. sufficiently far below U°, the two

will coincide.
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To make those observations more precise, let ¢ represent the Lagrange
ciplier zssociated with the individual rationality constraint (iii) din

(PA'). 1t can be shown that at the optiﬁum, 0<d <'l, and ¢ 1is largex

A

the smaller is L, ceteris paribus. ¢ = 0 corresponds to the situation in

ich the solution to (PA') is the zéro-liability contract described in

Thecren 1 &ith the appropriate shift in its origin. ¢ = 1 correspends to the
situzticn in whiéh the individual rationality consﬁraipt is the only constraint
thzt is binding at the optimum. In the latter case, because the agent is
risk-rzuiral, the principal will select a fifst—best contract. Among

the zolutions to (PA') when ¢ =1 is a first-best contract of the general

pe

form cascr

bed in Proposition 1, but where the agent's ex post utility level

in the least productive state is sufficiently large ( > L) to ensure that the

N . R 12
2gent's expected utility under the contract is identically TU°®.

Tor those cases in which 0 < ¢ <1 (di.e., whenever some limited lia-
biiity coastraint is binding at>the optimum as well as the individual ration-
zlity constraint), the solution to (PA')ihas the usual CSI structure, leaves
the agént's ex post utility level at L in the lowest state for which posi-
tive production is induced, and (using the notation which precedes Proposi-

. :

tion 2) has each of the k distinct, positive cutput levels x% ‘determined

by the equation: .-

i-1 " min i nmin
P, -1~ X P g - P ! =
i - IZO r] 1X(Xi’ei y + I IEO ] wx(ki’e'+1)
i . min min
- P . .
o (1 - Ty 1 I (x,0.,) - W (8, ) )

Using techniques analogous to those employed in the proof cf Theorem 1,
>e shown that whenever ¢ < 1 at the optimum, =z, will fall short
i

of x in 211 states of nature for which W _(0,8) > 1 escept the very highest
X

(e mm +hA team Attt AR
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Thus, the qualitative results discussed in Secticns 3 and 4 are largely -

unalzersd by the introduction of more general liability limits. Efficiency
with strictly positive output is attained only in the highest state of nature

under the limited liability contract selected by the principal when L

Je

P
S

utiifzv. As L becomes smaller and smaller relative to this benchmarxk,
though, the value of output produced in every state under the limited liabdility
contTzct most preferred by the principal approaches its efficient level, until

efficiency is achisved in every state when the liability comnstraints are no

6. * CONCLUSIONS

The main thrust of this research has been to show that when the'princiﬁal
is compelled to respect the limited ldizbility status of the risk-neutral agent,
the principal will gererally not offer the agent a first-best contract. The
form of the limited liability contract that the principal will design was
derived and explainéd in detail.

In clcsing, a few additional issuzs are raised. Eirst, it has been
assumad throughout that the. relationship between principal and égent was an

exclusive ome. The presence of pre-contract competition among agents, though,

\,‘!
(1
Q
(W]
(%
n
o
Fiy
=
3

cient to guarantee that a first-best contract will

wltinzzel- -2 realized between the principal and the "winning' agent. If,
for =xzamale, -o= state of nature can only be obsarved after specialized plunt
and been installed and production has begun, it may be necessary

(and socieliv optimal in oxrder to avoid duplication of facilities) for the

principal to centract with only a single agent. And although the principal
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miy benefit from initial bidding among agents for the right to produce, the
finael limited liability contract signed will be of the form derived zbove,

and therafore generally not first-best. It is only if there is significant

competition among identical agents, each of whom knows the actual realization
0f & before centracting with the principal (contrary to the scenario
consiizrad hera) that an outcome which is ex post Paretc-efficient will be

Second, it should be noted that throughout the foregoing analysis the
agent was assumed to be risk-neutral. If the agent were risk-averse, however,
the gualitative results réported in Theorem 1 would be unlikely to change.
Instead, there wouléd be én additional reason  for the principal to choose cther
than a first-best contract; namely, to take advantage of the fisk—sharing
properties offered by contracts that are not first-best (preperties discussed

. for example,‘[l3] and [23]).

B

Finélly, because the principal and agent were assumed here to share symaetri
beliefs about the distribution of 6 before a contract is agreed upon, some
important complications were omitted from the analysis. In particuiar, in

the absence of symmetric precontractual beliefs, the principai and agent will

not necessarily agree upon whether any particu-ur contractftof-the liﬁited

liability varisty or otherwise) provides a level of expected utility for the

<

4
12t exczeds his reservation level, An analysis of this particular

znd other related cnes can be found in [21] and [22].




—26-

Figure 1. The Principal's Preferred First-Best
Zero-Liability Contract (A, B).
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Figure 2. The Principal's Preferred
: Zero-Liability Contract (A', B')
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FOOTNOTES

A number of authors, including Holmstrom [13] and Tewis [15], have noted

that liability limitations may be important to consider in this context.

o)

‘e explicitly, following {13] and 114]; the agent's utilitf function is
assumed to be separablé-in effort and income, so that UA(a,S) = 8§ ~ V(a)..
Then, if v'{(a) > 0, and if a = g(x,€) dis the minimum amount of effort
required to produce x in state 6, the stated form of the agent's
utility function follows if W(x,6) = V(g(x,6)).

Tt should be noted here that fﬁr expositional coﬁvenience, Propertieé 1
through 6 are stated as if the distributioﬂ of © were continuous. This
distribution is, however, assumed to be discrete throughout the ensuing
snalysis. The assumption of a discrete distribution facilitates the comparative
szziizs analysis in Section 4-

The assumﬁtion also adds strength to the conclusion that the optimal
limited liability contract is not first-best. Sappington [21] has shown
that tha set of contracts between principal and agent that are firsﬁ-best

whzn © has a continuvous distribution is a proper subset of the set of

‘first-best contracts when the distribution of © is discrete. Therefore,

a finding that the principal will not offer the agent a limited liability
contract that is first-best when 6 has a continuous distribution would

nct necessarily isnly that the same is true when 6 has a discrete distri-

One such "institution" may simply be the requirement that the agent pay the
lump sum, k, (e.g., post bond) at the time when the contract is signed. This
institution may not be feasible, however, when the agent's total resources are

less than 'k and when he cannot acquire income insurance.
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Furthermore, because any insurance plan which yields a positive

expected profit to a third party is also .profitable for the principal

n

(a

suming this third party can observe neither 6 nor a, and shares

-y

P

e same beliefs about the distribution of € with the principal and

rr

M

gent), any income insurance not provided im the optimal contract between

rincipal and agent will not be forthcoming from any but a risk-loving

v}

souzrscea.

&n alternative formulation of interest would put a lower limit on the

ex post utility level of the agent. However, since the principal cannot
verify the state of nature in this model, it is plausible to assume that

the courts (or other legal institutions) would also be unable to verify

‘8. Consequently, any limitation based explicitly upon the state of

~zture would be inherently unenforgéable.

Similarly, because the agent's actions are unobservable, the lia-
bility restrictions considered here canmot be of the form éonsidéred
in [2] and [6], wherein the extent of the agent's liability depends upon
the action (care) that he chooses to take.s
In the evant that the agént is indifferent>among two or more actioms,
it is assumed (here and throughout thé principal-agent literature)
that he will szlect the oné most preferred by the principal.
= =zmouid 2lso b2 noted here that although (PA) formally captures the
interaction ba2tween two risk-neutral parties, the formulation does admit
encther interpretation. If the agent is risk-neutral over all péyoffs that
exceed L, but asscociates infinite disutility with any payoff below 1L,

ited liability constraint (ii) is simply a necessary condition

ﬁ
oo}
5
=1
t
L
>
i
P_J
’J
£
o
.
s
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or the agent's expected utility under the optimal contract to (weakly)

Hh

excesd his reservation level of expected utility (assuming x_ to be finite).
v . n
Thus, for an agent who exhibits this type of infinite risk aversion, (PA) and

lation of the principal-agent problem are equivalent.

H
(a9
Y
L]
s
Hh
o}
&
[

Consequently, the finding that the risk-neutral principal bears all of
the risk associated with payoffs below L in the solution to (PA) (see
Thecrea 1) is consistent with the work of Shavell [1979]. 1In addition, the
resulss presented in Section 5 are sufficient to prove that the expected
utiliry of tﬁe principél varies inversely Qith L‘ (the "point" of infinite

risk aversion for the agent). Hence, the principal would prefer, other things

equal, to contract with that agent for whom- L is smallest. This finding is

[l
e

similar in nature to Ross' [20] conclusion that when permitted to choose amcng

54 3

o contract with that agent whose

rt

zublic agents,’ the principal will prefer

degree of risk aversion is (in a sense cdefined precisely by Ross) most similar
to his own.
More precisely, the zero-liability contract that the principal will select

need not zlways explicitly include autarky. For example, the contract

illustrated in Figure 2 consists only of allocations A' and B'. However,

the ‘inclusion 2f (0,9) would not alter the expected utility of either

principal cr azznt. Consequently, because there is no loss in generality

included in the zero-liability contract chosen by

convention is maintainad for enalytic coavenienca.
It should zlso be noted here that the agent can be dissuaded from

producin

(€19)
-

an cutput other than one of the k+l levels called for urnder the

M

contract by cffering him the least possible compensation, L, for any such

production.
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agent may be induced to produce zero output im some

before one

t necessary to prove that X1 < X

. An outline of this proof is presented in

contract that is not first-best provides strictly less total

4
'y
{4
[g]
!
(h
[@T]
0
o
]
"J

nlus then doess a first-best contract. However, the first-order

on the teotel surplus of a deviation from the first-best comntract is

zero since the total surplus in any state Si is X - W(xi,ei), and the

&

of this expression with respect to X, when evaluated at X

1 .

Consequently, some deviation from the first-best

The lump sui contract S(x) = x - k that provides the agent with only his
reservation level of expected utility is also a solution to (PA') when
4= 1. This lump sum contract would constitute the unique solution to an

analogous problem in which the principal wer: risk-averse.
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APPENDIX A

A brisf outline of the proof of the equivalence of (PA) and (PA') is pre-

sented here.

-

ITI.

TIT.

Prove that any solution to (PA).is a solution to (PA ).

A Let.g(x), a<S,8>, and % = X(a,8) solve (PA).

3. Show that S(x) .and x satisfy the constraints in (PA'). Here,

it is importaat to note that since the payment to the agent must
never fall below L regardless of the output produced, were his
ex post utility ever to fall below L, the agent would not be
acting rationally as he could always do better if he were to

supply no effort.

C. Prove, by contradiction, that S(x) and x maximize the objective
function in (PA'), utilizing the fact that they maximize the ob-

jective function in (PA).

Prove that any solution to (PA') is a solution to (PA). The proof is

analogous to that outlined in I.

i

cnclusion: Since any solution to (PA) is a solutiou to (PA'), and’

any soluticn to (PA') is a solution to (PA), the two problems are
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APPENDIX B

Proof of Proponsition 1.
The form of the zero-liability contract which, among all first-best
contracts, is preferred by the principal is derived by minimizing

n
I p.S. subject to constraints (1) through (4) in (PA'), with L

. Tivd
i=1 X .

set equal to U° and X, equal to x for all i=1,...,n. By definition,
the efiicient value of output is zero in any state for which the disutility
to the agent of producing positive output exceeds the value of that output to

the principal. Hence, condition (a) follows.

i
Since L = U%  the individual rationality constraint (iii) is redundant in

light of the zero liability constraint (ii), and can be ignored.

coxniizions for a maximum reveal that
n n
.+ .= +, B.. ¥ i=m,... B1.1)
Py jém le Yi ng 813 s o : ( ’
i jti

wherxe B'j is the non-negative Lagrange multiplier associated with the
[ ]

self-selection constraint (i), and Y the corresponding multiplier for

the limited liability constraint (ii).

RApLAL: LN

To provz that Yy, =0 ¥ i >m assume the contrary. Then, using the self-

selzztion censtraiant and Property (1), it follows that

Es x
T° =3 - W(x > - W(x
5 ( i’el) 2 Si—l ‘(hi_l,ei) .
ORI
> -
Sjp WO 8,90,

which is a violation of the limited liability constraint in state Gi 1
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slackrness condi
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n

follows that Y, = L

L > 0 by summing the above

’x

This proves condition (b) using the complementaxy

tion for the limited liability constraint in state 0O .
. m

To prove Chat gij =0 ¥ri>i+1 for all i=m,...,n-2, assume the
contrary.
o 7 ® e W( * 6 A > W( x e )
Tren S, - W8 = 8 Wy, 22 Sipn WO 8-
> w(x',0 Wix: .8
(& iznt 1w
fonsequ-"tL}, SJ Si+l 2 Xj’ i) ' X412 i)
> Wl 10, 1) = W30, ) by Propert (3)
W58 00) ~ W0y 195054 y rroperty .
iival 1 * e < ' i ,0 ) i i
or equivalently, Si+l - W(&i+l, i+1) Sj - X(xj, il which violates

one of the self

-selection constraints.

Similar techniques show that Bij =0 ¥j<i-1 for all' i=m2,...,n.
Fiﬁally, a similar proof by contraﬁiction reveals thatrif Ei;i—l >0, then
gi—l,z =0 ¥i=m,...,n.

And, fron (31.1), S oim ™ Tm Pyt By O S0 that B =0 and
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: n
B = g Py > 0

i,1i-1 Kk

nductiocn argument reveals that
. Zs

Hence, by the complementary slackness condition associated

mFl,. .., 0.
the self-selection counstraints, condition (c¢) of Proposition 1 follows.

Q.E.D.
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Lemma. I an n-state world (m > 2), the zero-liability contract chosen by

the principal has x > X 1

. There are two distinct cases to consider.

@
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li
o
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In this case, since WX(O,BP) < 1 by Property (5), the principal
wiil be strictly better off if he sets ,Xn,? 0 (xn < g;) gnd
s{x ) = w(=x ,Sn) rather than having X =-S(Xn) = 0. Furthermore,

1

the agent's expected utility is unchanged by this alteration and

nona of the self-selection constraints are violated.

CASE TITA. x >0 eand x <x .
n-1 ' n-1 n

In this case, the principal's expected utility is strictly increased
if, instead of setting x_ = x . ha sets x_ =X + e
n . n n-1
*

<X - X ) and S
n n-—-1 n

4

~
(4]
A

3 W =
S(xn) such that Sn (yn’en)

S 1 - w(xn_l,en). Also, such an alteration neither reduces the

=]

agent’'s expected utility nor causes him to change his production

decision in any of states 81 through en 1
*
2 X

bt
o)

CASE 1I71B3. = >3 and x
_ : n-1 n-1

~

Th2 proci of this case is similar to those discussed above, wherein

e new fzasible contract that is strictly preferred by the principal

= i
B L
% s
i3 comsoroucta2d, da whizh % . = x 0, and x = x
n-1 n-1 n n
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