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Abstract. Agents trade because of differences in endowments, tastes and beliefs. In the
standard models of finance beliefs are assumed to be identical across agents so that trade
is due only to differences in endowments and tastes. In this paper I investigate trade due
to different beliefs. Differences in equilibrium beliefs may be due to different opinions (ie.,
prior probabilities) or different information (i.e., different values of the likelihood function).
Using modified versions of a mean-variance model due to Grossman and an Arrow-Debreu
model due to Milgrom-Stokey I argue that differences in information will not in general
cause trade. Rather it is only differences in opinion that generate stock market volume. I
then go on to examine the effect of different opinions on asset prices. I show that if tastes
are identical, and if risk tolerance does not grow too rapidly, then assets that have more
dispersed opinions will, other things being equal, have lower prices and a greater volume
of trade. In general the effect of differences of opinion on asset prices will depend on the
curvature of asset demand functions with respect to the opinions of the agents.
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DIFFERENCES OF OPINION IN FINANCIAL MARKETS
Hal R. Varian

The standard models of financial markets such as the Sharpe-Lintner mean variance
model or the Rubinstein-Breeden-Litzenberger contingent consumption model both assume
morc-or-less homogeneous probability beliefs.! There has been some work on extending the
mcan-variance model to allow for differences in beliefs across agents; see Jarrow (1980),
Lintner (1969), Mayshar (1983), and Williams (1977). Differences in beliefs in contingent
commodities models have received much less attention. The major references are Rubin-
stein (1975), (1976), Breeden-Litzenberger (1978), Hakansson-Kunkel-Ohlson (1982) and
Milgrom-Stokey (1982).

Cragg and Malkiel (1982) have done some empirical work concerning the effect of the
diversity of beliefs on asset prices. According to them:

“We found that the best single risk measure available for each company was the
extent to which different forecasters were not in agreement about that company’s
future growth ... [These results] suggest that the variance of analysts’ forecasts may
represent the most effective risk proxy available . ..” Cragg and Malkiel (1982, p.4).

The strong empirical relationship between dispersion of forecasts and share performance
found by Cragg and Malkiel suggests that it is appropriate to examine more deeply the
theoretical relationship between dispersion of beliefs and asset prices.

One issue that must be faced at the outset is how there can be any differences of belief
in equilibrium. Several authors have argued that differences in beliefs that are due solely
to differences in information should tend to be eliminated in equilibrium. I briefly discuss
this literature in Section 1 and argue that to explain observed trading volumes, one must
allow for differences in opinions—that is, differences in beliefs that are not shared by other
agents, even when they are known to other agents. Equilibrium models that allow for both
differences in opinions and differences in information are explored in Sections 2-5.

In Sections 2-4 I study a simple mean-variance model with differential information of
the sort examined by Grossman (1976), (1978). I generalize Grossman’s model to allow
for different prior probabilities and for two periods of trade and find that even when
the equilibrium prices reflect all available information, the volume of trade is determined
entirely by the differences of opinion. In Section 5 I examine an Arrow-Debreu contingent
consumption model of the sort studied by Milgrom and Stokey (1982). A similar result
cmerges there: prices are determined by information, but the pattern of trade is determined
by the differences in opinion.

Having established the importance of differences of opinion for trade, I then examine
some of its consequences for asset market equilibrium in Sections 6-10. In the context of
an Arrow-Debreu equilibrium I show that if risk aversion does not decrease too rapidly,
then assets with more dispersed opinion will have lower prices, other things being equal. If
risk aversion does decrease too rapidly, then more dispersion of opinion will be associated

This work was supported by the National Science Foundation. I wish to thank Sudipto Bhattacharya,
Fisher Black, Robert Holbrook, Jeff Mackie-Mason, Dale Morse, Paul Milgrom, Tom Russell, Duane Seppi,

Sarab Seth, Joseph Swierzbinski, and Jean Tirole for helpful discussions and references.

! More precisely, the mean variance model requires that agents agree on the mean returns and covariance
matrix of the assets; the contingent consumption model requires that agents agree on the probability of
occurrence of different levels of aggregate consumption.
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with higher prices.? Under general conditions assets with more dispersion of opinion will
have more equilibrium trade, other things being equal.

It is important to understand that the results in Sections 6-10 involve comparisons
of asset prices and trading volumes in a single Arrow-Debreu equilibrium; they are cm-
phatically not comparative statics results about how an equilibrium price changes as the
overall dispersion of opinion changes. Rather they are comparative asset pricing results
that compare the prices of two different assets in the same equilibrium. These results are
analogous to those in standard asset pricing models that compare the equilibrium rcla-
tionship between the prices of assets and various characteristics of the assets such as their
betas, the covariance with aggregate consumption, and so on. We have simply added a
new characteristic of assets, namely, the dispersion of opinion.

Since the results describe the relationship between the equilibrium price and volume
of trade in assets and the equilibrium probability beliefs about those assets, they arc
independent of the exact model of how equilibrium beliefs are formed. As long as one
admits that probability beliefs may differ in equilibrium, the results in Sections 6-10 of
this paper describe how those differences in belief will be related to assct prices, regardless
of precisely why these beliefs differ.

1. No Trade Theorems

The main results of this paper described in Sections 6-10 are independent of the exact
model of why equilibrium beliefs may differ. However, it is worthwhile investigating con-
ditions in which equilibrium probability beliefs differ and agents actually trade on the
basis of these different beliefs, since a number of authors have shown that in a spcculative
market composed of fully rational agents with identical priors there will be no trade in
equilibrium. The basic structure of the argument has been summarized by Tirole (1982):

“Consider a purely speculative market (i.e., a market where the aggregate mone-
tary gain is zero and insurance plays no role). Assume that it is common knowledge
that traders are risk averse, rational, have the same prior and that the market
clears. Then it is also common knowledge that a trader’s expected monetary gain
given his information must be positive in order for him to be willing to trade. The
market clearing condition then requires that no trader expect a monetary gain from
his trade.” Tirole (1982, p.1164).

Put in more familiar terms, if one agent has information that induces him to want to
trade at the current asset price, then other rational agents would be unwilling to trade with
him, because they realize that he must have superior information. Papers that explore this
kind of No Trade Theorem in a variety of contexts include Rubinstein (1975), Bhattacharya
(1976), Hakannsson, Kunkel and Ohlson (1982), and Milgrom and Stokey (1982).

Hence, if we to are examine models with different equilibrium beliefs and non-zero
trading volume, we must consider models that lack one of the necessary hypotheses for the
No Trade Theorems described above. Tirole (1982, p. 1167) describes the possibilities:
(1) there may be some risk loving or irrational traders; (2) insurance and diversification
considerations may play a significant role; or (3) agents may have different prior beliefs.

The first option is compelling on grounds of casual empiricism; clearly some partici-
pants in speculative markets behave in apparently irrational ways. Black (1986) cxplores
some of the implications of this observation. It has sometimes been argued that introduce-
ing a “fringe” of irrational traders into traditional models will not significantly alter the

2 The meaning of “too rapidly” is made precise below.
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analysis of these models, since the irrational traders will only introduce a non-systematic
“error term” on top of the traditional results. However, if the rational traders know that
irrational traders are present in a market they would rationally attempt to cxploit thoewm.
The wntroduction of irrational traders will, in general, alter the behavior of the rational
players and thereby change the nature of the equilibrium. The problem with pursuing this
approach lies in deciding what kinds of irrational behavior are plausible. Some interesting
lcads are being examined in this area, but, as yet, little progress has been made.

The second way to get around the No Trade Theorems is the route that most of the
literature in finance has taken. All trade in speculative markets is taken to be due to
differences in endowments and risk aversion, and observed portfolio holdings are taken to
e the outcome of pure “hedging” rather than “speculation” per se.

However, attributing all trade to hedging seems implausible empirically and doesn’t
rcally get around the No Trade Theorems. Suppose that agents do have different risk
aversion and different endowments, so that there is some gain from trade on these charac-
teristics. After a single round of trading based on hedging and insurance considerations,
there is no further reason to trade when new information arrives for exactly the same
rcasons described by Tirole: in a market of rational individuals there would be no one to
trade with. Trading on the arrival of new information can only arise if agents interpret the
information differently—i.e., if the information affects their posterior beliefs differently.
This point will be explored in greater detail below.

This leaves us with the third option: different prior beliefs. This is the motive force for
trade that we will explore in this paper. If differences in prior beliefs can generate trade,
then these differences in belief can not be due to information as such, but rather can only
be pure differences in opinion. Let us consider the difference between information and
opinion more closely.

The distinction between what counts as differences in information and differences of
opinion must lie in the eyes of the beholder. According to Bayesian decision theory, a
rational agent will combine his prior probability beliefs and his likelihood function via
Bayes’ law to determine his posterior probability beliefs. If I convey a probability belict
to another agent and he updates his posterior just as though this probability belief were
objective evidence, then he has interpreted my probability beliefs as information: he has
accepted my beliefs as being credible. If he doesn’t update his posterior at all, then he has
interpreted my beliefs as opinion—he has interpreted my beliefs as being noncredible. The
extent that one agent’s beliefs are capable of influencing another agent’s beliefs determines
to what extent one agent conveys information or opinion to the others. We will refer to an
agent’s belief about what fraction of other agents’ beliefs are opinion and what fraction is
information as the first agent’s beliefs about the credibility of the other agents’ views.

One hardly needs to consider speculative markets to encounter this distinction. In
any kind of human communication it is necessary for one party to determine how credible
the other’s “information” is. When is someone really conveying information and when is
he just conveying his opinion? How much weight should I attach to another individual’s
pronouncements?

The same sort of question arises in financial markets. If a firm introduces a new product
which I find attractive, but the stock market value of the firm falls, what am I to conclude?
How much of the price fall is due to superior information of others, and how much is due to
differences in opinion? What credibility should we attach to market price movements? As
we will see below, the nature of the market equilibrium will depend crucially on the degree
of credibility that agents’ attach to the “information” conveyed by the market price.
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Allowing for differences of opinion in this sense can be viewed as allowing for a certain
kind of irrational agents. If each agent truly believed that all other agents were rational,
doesn’t that mean that each agent would accept the other agents’ beliefs as being due
solely to different information? If I “weight” another agent’s beliefs differently than hard
evidence, doesn’t this mean that I view the other agent as having some degree of irrational
behavior? Harsanyi (1983), for example, has argued that under certain conditions fully
rational agents must have the same prior beliefs. According to this view, having diffcrent
priors—differences of opinion—is tantamount to irrationality in some cases. However,
Harsanyi’s discussion certainly allows that there also exist cases where rational people can
agree to disagree at least with respect to prior probability beliefs.3

I prefer to remain agnostic on this issue. It seems to me that agents do have different,
beliefs in practice, and that they do have different degrees of credibility. This is enough to
generate equilibrium trade, and nothing in particular hinges on whether we want to call
this “rational” or “irrational”, at least for the purposes of this paper.

2. A Mean-Variance Model

We first consider a simplified version of a model of the sort studied by Grossman (1976),
(1978). There are two assets, one with an unknown payoff and one with a certain payoft.
We let v denote the unknown value of the risky asset next period. For simplicity we assune
that the certain asset has a zero rate of return.

Each investor z has a subjective prior distribution for the value of the risky asset which
we take to be Normally distributed with mean v; and precision a.*

We assume that investor i has a constant absolute risk tolerance utility function with
coeflicient of risk tolerance 7.5 For simplicity we assume for now that all agents have the
same risk tolerance; this assumption will be relaxed in Section 3. It can be shown that the
demand function for the risky asset for each agent will have the linear form

T[Ei(v) — P

Di= var;(v)

(1)

where E;(v) is the expected value of v in the opinion of agent i, var;(v) = 1/« is the
variance v in the opinion of agent ¢, and P is the market price. Thus the demand function
for agent z is

D; = Ta[v,' — P]. (2)

Each agent has a supply S; of the risky asset, and we suppose that the price I” adjusts
so as to equate aggregate demand and supply which yields an equilibrium price of

P*=%-5/1a (3)

where bars over a variable denote the arithmetic mean of that variable across the agents.
Inserting this into the demand function of agent i we find the equilibrium demand for

the risky asset to be _
D! = ralv; — 9]+ S. (4)

3 Aumann’s (1976) famous paper on this topic establishes only that rational individuals with dentical
priors and likelihoods who communicate their posteriors cannot disagree.

The precision of a random variable is the reciprocal of the variance.
5 Risk tolerance is given by —u’(c)/u’/(c); it is the reciprocal of the Arrow-Pratt measurc ol absolute
risk aversion. For a discussion of the Arrow-Pratt measure see Varian (1984).
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Note that each agent’s equilibriun demand depends on the deviation of his opinion from
the average opinion.

Up until now, the trade has been due entirely to differences in opinion. Now supposc
that some information arrives that allows each agent to improve his cstimate of the value
of the asset. In particular, we suppose that each agent ¢ observes a signal V; where

Vi=v+e (5)

and €; is IID Normal with mean zero and precision w. Each agent will have a different
picce of information about the value of the asset, but all agents will have information of
the same precision. Of course the information set of agent ¢ is not limited to just this piece
of information; he or she will also use the market price in forming a final estimate of the
value of the asset.

Given the n observations (V;) an omniscient observer could calculate the sample mean

v=Yy 2 ®)

i=1

which will have a Normal distribution with mean v and precision f = nw. In this model
the equilibrium price turns out to be fully revealing, so that each agent will be able to
calculate V in equilibrium.

Being good Bayesians, each investor will then form a posterior distribution for the
value of the risky asset by combining his prior and his sample information in accord with
Bayes’ law. Given the distributional assumptions we have made, the posterior distribution
of investor ¢ will be Normal with precision of ¥ = @ + nw and mean of

o —
—v; + =V. T
¥ Y (M

Using the assumption of constant absolute risk tolerance, the demand for the risky
assct will have the linear form

HE(v]L,) - P
= " ar(oll) | ®)

D;

where E(v|I;) is the expected value of the asset conditional on the information set of agent
2, var(v|I;) is the variance of the asset conditional on i’s information, and P is the market
price. : '

Inserting the expressions for the expected value and the variance given in equation (7)
in equation (8), the demand of agent ¢ reduces to

D; = T[dv; + BV —4P]. (9)

We suppose that the market price P adjusts so as to equate aggregate demand and
supply which gives us a post-information equilibrium price of

at+ BV - S/r
v

P=

(10)



where, as before, bars over a variable denote the mean across the population.

Let us consider the information structure in this market more closely. Supposc that
all agents agree on the value of the information, (V;), observed by the other agents but
disagree about the value of the other agents’ opinions, (vi). Then knowing the average
prior mean, v, would not lead any agent to revise his own posterior mean, but l\nowmg,,
the average znformatzon v would induce an agent to change his posterior mean. That is,
each agent would agree that V would be a superior estimate of the true value of the asset
compared to any agent’s individual information V;. The distinction being drawn herc is
the distinction between the other agents’ opinions—which do not change a given agent’s
beliefs—and other agents’ pieces of information—which do cha,nge a given agent’s belicfs.

But, if each consumer knows the value of the coefficients in the aggregate demand
function, he or she can estimate V from the observed equilibrium price and the formula:

7= S/T—}-’;P——O[ﬁ'

As in the original Grossman (1976) model, the equilibrium price aggregates all of the
information in the economy and thus provides a superior estimate of the “truc” expected
value of the asset.

In Grossman’s original paper all agents had the same prior beliefs but different tastes.
In that paper he argues for the rational expectations equilibrium by appeallng to a long
run equ111br1um where agents can tabulate the empirical distribution of the (P,V) pairs
and thus infer V from observations of P. The agents do not have to know the structurc of
the model, but only the reduced form relationship between P and V.

This sort of argument does not work here. For if the events were repeated a large
number of times the different prior beliefs would tend to converge to identical posterior
beliefs. Instead it appears that we must assume that agents have some understanding of
the structure of the model and are able to disentangle the information contained in the
market price directly rather than to simply use a reduced form model. It appcars that o
model with different prior opinions demands even more “rational expectations” than does
Grossman’s model.

Luckily this is not the case. For we have an extra feature not present in the original
Grossman model. We have assumed that the agents can observe an equilibrium price prior
to the arrival of the information. And certainly the change in the equilibrium price when
new information arrives should reveal more about the new information than simply the
level of the equilibrium price. In particular, if we rearrange expressions (3) and (10) which
characterize the pre-information and post-information equilibrium prices, we have

(11)

aP* =07 - S/T (12)
yP =av+ fV -5/7. (13)
These equations can be solved for V to yield:
— P —aP*
V=, (14)
p

Using the definitions of the precisions, f = nw, and v = a + nw, this expression can he
rewritten as

A~

V =P+ —(P-P*) (15)

nw
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Thus if the agents are able to observe the change in the equilibrium prices when in-
formation arrives, they only need to know the precisions @ and w in order to estimatc the
ageregate information. The number w/a is the ratio of the precision of the likelihood to
the precision of the prior opinion, and can be thought of as a measure of credibility. A
credible agent gives a larger weight to the evidence than to his opinions; therefore the ratio
w/« should be large. If all agents believe that all agents are very credible-—or that there
is a very large number of not-so-credible agents—then the market price will essentially be
cqual to V', the average information in the population.

If agents perceive the other agents’ beliefs as not being particularly credible in the
sense that w/a is small then they will attempt to use the change in the equilibrium price,
appropriately weighted, to try to sort out the “information” from the “opinion™.®

Inserting the “rational expectations” estimate of V into the demand function for agent
¢ and simplifying we have the equilibrium demand of agent ¢:

D;=7a(vi—7)+ S (16)

Note the interesting feature of this expression: all of the information variables have dropped
out—an agent’s trade in equilibrium is determined solely by the deviation of his or her
opinion from the average opinion.

The size of agent 1’s position in the risky asset depends positively on his risk tolerance,
7, and on his prior precision, a. This latter point is somewhat surprising. The sample
precision of B = nw may be much larger than the prior precision @, and one might have
thought that for large n it would swamp the prior precision. Nevertheless the equilibrium
demand for the risky asset is exactly the same as if the agent had no sample information at
alll An agent’s posterior beliefs may be dominated by the sample information but his trades
will depend only on the prior information. The explanation of this seeming paradox is that
the market price adjusts to reveal all information in the economy and thus eliminates the
value of the sample information to any one agent. Trade can only occur when people are
different; and in this model the only difference that people have are in their prior opinions.

Note that the equilibrium demand for each agent in the post-information equilibrium
1s cxactly the same as in the pre-information equilibrium. The arrival of the information
will have zero impact on the volume of trade. This is because each agent is able to extract
the same information from the market price. The only differences among the agents are
the differences in their prior opinions, and trade on the differences in opinions has already

taken place. Thus there is nothmg left to trade on when the information arrives.

Of course the equilibrium price will respond to arrival of information; if V is large in
some particular realization then the market price will be large. Indeed, the price responds
in such a way as to perfectly offset the desire to trade. But it has to be that way in a
fully revealing equilibrium—if the price reveals all information, there is nothing left to
be revealed by the volume of trade. Thus the volume of trade cannot depend in any
independent way on the information signals received by the agents.”

These observations become even more striking if we consider what happens as the infor-
mation becomes more and more precise, relative to the prior. According to equation (10)

% Milgrom and Stokey (1982) also make use of the change in equilibrium prices to convey information.

We will examine their model in shortly. 1 would like to thank Sarab Seth for suggesting that a similar
approach would be useful in the mean-variance context considered here.

Of course this model leads directly to the Grossman paradox as well: if the market price reveals all
information, why does anyone bother to acquire information? Various resolutions of this paradox can be
found in Grossman and Stiglitz (1980), Hellwig (1980), and Diamond and Verrecchia (1981).
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as n goes to infinity, for example, the precision of the information goes to infinity, and the
equilibrium post-information price becomes V. Thus as the sample information hecones
more and more informative, the price of the asset approaches its average perceived value:
the post-information equilibrium price reflects all available information. Nevertheless, the
equilibrium trade of each agent, as given in equation (16), is entirely determined by the
initial dispersion of opinion and remains unaffected by a change in the accuracy of the
information. When information is very informative the equilibrium price is determined
almost entirely by the information, while the equilibrium trade is determined entircly by
the differences in opinion.

What are the implications of opinion differences for the volume of trade? Agent 7’s net
trade in the risky asset is

Ti=ra(vi—5)—(.5',-—_5-) (17)

so that the equilibrium volume depends on both the differences in opinions and the differ-
cnces in endowments. Suppose for simplicity that each agent has an identical endowment
S of the risky asset. Then the net trade of agent < is simply T; = 7a(v; —2) and the overall
volume of trade is given by:

> raly; —]/2 (18)

=1

which clearly depends only on the dispersion of opinion. An increase in the dispersion of
opinion, as measured by the sum of the absolute deviations of the priors, will nccessarily
increase the volume of trade, regardless of the private information received by the market
participants.

3. Different Tastes

In Grossman’s original model all agents had identical priors but different risk tolcrances;
the equilibrium volume was therefore due solely to the differences in tastes. In the modecl
above the agents all have the same tastes, but different prior opinions, and the equilibrium
volume depends only on the differences of opinion. What if agents have different tastes
and different opinions?

Letting 7; denote the risk tolerance of agent i, the pre-information price is deterinined
by solving:
n n
ZT,'O[[?),'—P] = ZS, (19)
i=1

1=1

and the post equilibrium price is determined by solving:
n n
Zn[a'vi—l-,@V—— ~P] = Z‘Si‘ (20)
=1 =1

Subtracting equation (19) from (20) and solving for V, we find that the rational ex-
pectations estimate of V is exactly the same that given in equation (15):

I
I
o
+

v (P-P*) (21)



The agents do not need to know anything about the taste differences in the population to
estimate V', as long as they can observe the pre-information and post-information prices.
Everything hinges on the magnitude of “credibility” of the market price, as determined by
« relative to nw. .

Using this cstimate of V' it can be shown that the equilibrium trade of agent 1 is:

D; = ria(vi — ijvj) + w;S (22)
Jj=1 '
where T
w; = !

Z?:l Tj

The volume of trade still depends on the deviation of agents opinion from the average
opinion, but now it is a weighted average rather than the simple average we had before.

4. Differences in Interpretation

The no-trade result may appear to fly in the face of common sense; certainly the arrival
of new information in real markets may contribute to volume. It seems that this view is
licld by those who have examined the empirical determinants of the volume of trade. For
example:

“One reason to suggest a relationship between changes in price and transactions
volume is that both are related to the type and flow of information in the mar-

ket. New information can simultaneously spur trading and lead to new equilibrium
prices.” Karpoff (1985)

Casual empiricism (i.e., the nightly news) suggests that volume does react to new
information. Empirical work by Epps and Epps (1976), Tauchen and Pitts (1983), Harris
(1983) and others suggest that volume is highly correlated with the absolute value of the
price change for daily'stock returns. How can we reconcile this observation with the model
described above?

One assumption of the above model was that all agents interpreted the information in
the same way. That is, all agents agree that the observation of V; contributed to their
posterior estimate of v in the same way. For some kinds of information this may be
plausible; but for other types it may be quite implausible. If OPEC were to break up
tomorrow would everyone agree on the impact of this event on all asset prices? When
Apple introduces a new computer line does everyone agree on the impact of this product
on the market value of Apple stock? :

We might model this by distinguishing between the arrival of the information and the
interpretation of the information. Let Y; be a random variable denoting the “magnitude”
of a piece of information, and let V; = §;Y; be agent i’s estimate of the impact of this
information on the mean value of the risky asset. That is, agent ¢ views §;Y; as a signal
about the value of the risky asset in the sense that he believes the model

Vi=46;Y; =v+e;. (23)
All agents agree on the magnitude of the information Y; but the “interpretation” of the

information, é;, differs from agent to agent. That is, each agent 7 has a potentially different
belicf, é;, about how the information ¥; will affect the equilibrium value of the asset.
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Let us assume that the interpretations, (¢;), and the observations, (Y;), are distributed

independently across the set of agents so that V = §Y. Substituting this into equation
(15) and solving for Y yields

Y==+— (24)

Osll el

nw F3

Thus as long as the average value of § is common knowledge, each agent will be able to
estimate Y from the observed change in equ111br1um price. After observing the equilibrivun
price of the asset, agent ¢ should then revise his own estimate of the expected value of the
risky asset to be 5,-Y. This leads to an equilibrium demand of the form

D; = T[av; + B6;Y — ~P). (25)
Solving for the post-information equilibrium price we have

o + B8Y — S/
" :

P=

Substituting this back into the demand function of agent 7 and subtracting off his endow-
ment to get his equilibrium net trade, T;, we have

Ti=rT [a(v,- —7)+ B(6: — E)W + (S, — —5-') (27)

The interpretation of this equation is rather nice. The equilibrium net trade of an
agent depends on the difference in his opinion, his interpretation, and his endowment from
the averages of these variables. In this model, the agents can use the market price to
estimate whether or not the events have occurred, but then put their own interpretation
on the events themselves. In equilibrium the arrival of the information affects the volume
of trade, but only through the differences of opinion about how the information should he
interpreted, not through the difference in information itself.

5. An Arrow-Debreu Model

The model described in the first part of this paper is a mean-variance model. However,
the ideas described there are robust; we will demonstrate that by considering the same
issues in the context of a contingent-consumption model which is a simplification of the
model described in Milgrom-Stokey (1980). Let s = 1,...,.5 index states of nature and
¢ = 1,...,n index the economic agents. Use m;(s) to denote agent ¢’s prior probability
belief about the occurrence of state s, and c¢;s to denote agent :’s contingent consumption
in state s. Finally, let u;(c) be agent 7’s von Neumann-Morgenstern utility function and
p, the Arrow-Debreu price for consumption in state s.

We suppose that all agents trade to an equilibrium which will be characterized by the
first-order conditions for utility maximization:

mi(s)uz(cis) = Aips (28)
where A; is agent 7’s marginal utility of wealth.
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Now suppose that each agent observes a private signal y; which is a realization of a
random variable that affects the probability of occurrence of state s. We suppose that if
agent ¢ could observe the signals of all the agents, y = (y1,...,y,), he would calculate the
probability of occurrence of state s via Bayes’ law, and that all agents agree on the form
of the likelihood function, which we denote by w(y|s).

After each agent observes his private signal, markets are reopened and all agents can
revise their contingent consumption plans. Given the new information we would expect
that prices of the various states would change. As in the model presented above the agents
can take these price changes into account and use them to infer something about what
signals the other agents observed. What will the new post-information equilibrium look
like?

Given this framework, Milgrom-Stokey establish a remarkable result: there will always
be a post-information equilibrium that reveals all the information observed by all the
agents, and furthermore, the new equilibrium involves no trade by any agent.®

The proof is simply to consider what happens if the price of state s consumption
changes to p, = m(y|s)ps. In this case, each agent can extract the likelihood function
7(y|s) by dividing the post-information price by the pre-information price and use this
likelihood to revise his or her prior probability via Bayes’ law. The resulting equilibrium
is characterized by the first-order conditions:

oy Tlsmils) oo i o — 3o 2
mi(sly)ui(eis) = () ui(cis) = m(y)w(yh)ps = APy (29)
where A; = A;/m;(y). Since the new prices, (p,), the new beliefs (;(s|y)), and the original
consumption levels, (c;s), satisfy the appropriate first-order conditions, we do indeed have
an cquilibrium in the post-information market that involves no trade due to the arrival of
the information.

As before, one could question the assumption of a common likelihood function. If agents
have different opinions about the effect of a given piece of information on the probability of
occurrence of a state of nature, the Milgrom-Stokey result need no longer hold. Arrival of
new information will in general cause agents to trade in this case, but only because agents
interpret the information differently, not because it is different information.

This observation can be sharpened; Milgrom-Stokey show that if everyone has the same
likelihood function there will always exist an equilibrium which is fully revealing and which
involves no trade. But there is a partial converse: if there is no trade after information is
revealed, then all agents must have essentially the same likelihood function and equilibrium
will be fully revealing. So the relationship between differences of opinions and the volume
of trade is an if-and-only-if relationship—common opinions about how information affects
state probabilities means zero volume, and zero volume means essentially common opinions.

This proposition is a small extension of arguments given by Rubinstein (1975, Non-
speculation Condition), Milgrom-Stokey (1982, Theorem 3), and Hakansson, Kunkel and
Ohlson (1982, Lemma 2). However, it seems worthwhile to give a brief exposition of the
result.

Following Hakansson, Kunkel and Ohlson (1982), we will say that likelihood functions
are essentially homogeneous if

Wi(yh ﬁls) = ki(yi) ﬁ)ﬂ-l (yi) ﬁls)

% Related insights can be found in Marshall (1974), Rubinstein (1975), Bhattacharya (1976), Hakansson,
Kunkel and Ohlson (1982) and Verrecchia (1981).
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forall: = 1,...,n. If two likelihood functions are essentially homogeneous, then Bayes’ law
implies that they will generate the same posterior probabilities, since the ki(y:,p) terms
will cancel out from the numerator and the denominator. Thus agents that have essentinlly
homogeneous likelihood functions will make the same inferences from the information they
observe.

THEOREM 1. Let (cis,ps) be an equilibrium before the information y is revealed and
let (cis, Ps) be a no-trade equilibrium after y; is revealed to each agent. Then the value of
each agent’s likelihood function is given by: -

~

R P
mi(yi, Pls) = ki(yi,P)I_)i

s

so that agents’ likelihood functions must be essentially homogeneous.

Proof. Choose two states, s and . Since the economy is in equilibritun hefore and after
the information is revealed, we must have:

7i(s)ui(cis) _Ps

mi(t)ui(cit) P

and ~ A
mi(s|ys, P)us(cis) _Ps
Ti(tlyi, P)ui(cit) Dy

By Bayes’ law we can write the latter expression as:

Ti(yi, Pls)mi(s)uicis) _ Ps
miyi, Blt)mi(t)ui(ci)  Pe

Dividing by the first equation gives:

mi(yi, p|s) _ Ds/Ps
Ti(yi, Blt)  Di/pe

This implies that:
R ~P
i, Bls) = ki(yi, p)=
Ps
for all s as required. il

As indicated above, this result is essentially a corollary to Theorem 3 in Milgrom-Stokey
(1982). However, the focus is different; Milgrom-Stokey show that if all agents have the
same likelihood function, then in a post-information, no trade equilibrium, each agent’s
posterior probability must depend only on the post-information prices and be independent
of his private signal. We show something a bit different: that if there is no trade in a post-
information equilibrium, then all agents must have essentially the same likelihood valne,
and the equilibrium price change must reveal this common likelihood value. Hakansson.
Kunkel and Ohlson (1982) have essentially the same result in a somewhat different setting
while Bhattacharya (1976) has shown that this result is closely related to Rubinstein’s
(1975) Nonspeculation Condition.
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6. The Effect of Differences of Opinion on Asset Prices

The results of the last section suggest that the volume of trade in an Arrow-Debreu model is
duc primarily to the differences of opinion. In a one period model, these can be differences
of opinion about the prior probabilities; in a two period model, trade requires differences
of opinion about likelihood functions—that is, the interpretation of information.

How far can this insight be pushed? If two assets are otherwise identical but one has
“more diverse” beliefs, which asset will have the larger volume of trade? Which asset will
have the higher price? It is important to note that these questions can be addressed indc-
pendently of the particular model of information transfer. For the questions are phrased
in terms of equilibrium differences in beliefs; they are questions about comparative asset
pricing, not about comparative statics.

Varian (1985a) has described some results concerning relative pricing in this framework;
hiere we review these results and consider the implications for the volume of trade. In this
scction we will consider only the case of identical utility functions; the case of different
utility functions will be considered in Sections 9 and 10. -

Letting f(-) be the inverse of u/(-) we can write the Arrow-Debreu first-order conditions

in equation (28) as:
cis = f(Aips/mi(s))

where 7;(s) is now interpreted as either a prior or a posterior probability. Let us define
¢is = mi(s)/Ai to be a “weighted” probability for agent i. In general we would expect
wealthier agents to have lower marginal utilities of wealth in equilibrium so that their
beliefs will get a higher weight in the g;; expression. (It is easy to show that if two agents
have the same probability beliefs and the same utility function, the wealthier one will have
a lower marginal utility of wealth.)

Then we can sum the first-order conditions across the agents to derive an expression
for aggregate consumption in state s:

Cs = Zcis = Zf(pa/Qis)'

=1 i=1

THEOREM 2. The function f(ps/qis) is always an increasing function of ¢;s. It will be
a concave (convex) function of ¢;, as the derivative of risk tolerance is less (greater) than 1.

Proof. The first part of the theorem is proved in Varian (1985a). The same paper shows
that f(ps/qis) will be concave in gy, iff r'(c) > —r(c)? where r(c) = —u"(c)/u'(c) is the
Arrow-Pratt measure of absolute risk aversion. This condition can be rearranged to give:

= 2 (79) <

which establishes the second statement. §

It is easy to check that the derivative of risk tolerance for a logarithmic utility is
preciscly one, so we can conclude that f(p,/gis) will be a concave function of ¢;s when risk
tolerance increases less rapidly than it does in the case of logarithmic utility. This secius
like a very natural assumption.

Following Varian (1985a) we now consider two different states, s and ¢, such that
Cs = Ci, but the probability beliefs for state ¢ are a mean preserving spread of the
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probability beliefs for state s in the sense of Rothschild-Stiglitz (1970). It follows from the
strict concavity of f(-) that:

> F(pelaie) < 3 f(ps/tis) = Cs = Ce= 3 f(pe/aie)

=1

and therefore p; < ps.
This argument proves:

THEOREM 3. Consider two Arrow-Debreu assets that pay off in states with the samc
level of aggregate consumption. Then if all agents have identical tastes and risk tolerancc
does not increase too rapidly, the asset with the more dispersion of weighted probability
beliefs will have the lower equilibrium price.

Thus increased dispersion of beliefs should be associated with lower prices in equi-
librium. It is important to understand that this is not a comparative statics statement.
We are not examining two different equilibria. Rather we are examining two different
assets in a given equilibrium. Theorem 3 followed solely from the first-order conditions
and the assumption about risk tolerance; it is therefore compatible with any modecl of
how equilibrium beliefs are formed. Equilibrium beliefs could be due to differences in like-
lihoods, non-rational behavior, or whatever, as long as the first-order conditions for an
Arrow-Debreu equilibrium hold.

7. The Effect of Differences of Opinion on Volume

In order to get a result concerning the relative volume of trade in different asscts we must,
refine the meaning of “other things being equal” and use a more restrictive notion of
“increased dispersion of opinion.” Since the final volume of trade depends on the pattern
of initial endowments across the agents we will further assume that assets s and ¢ have the
same pattern of initial endowments: ¢;; =¢;; for allz =1,...,n.

In a given equilibrium and state s, let D4 be the set of net demanders—those agents
for whom f(ps/gis) > Cis—and let S, be the set of net suppliers, defined in a similar
manner. Since the amount bought equals the amount sold in equilibrium, we can express
the volume of trade in state s by

Vs = Z [f(ps/Qis) _Eis] = Z [Eis - f(p_S/Qis)]'

i€D, 1ES,

Now consider two states, s and ¢, and suppose that all of the agents who purchase asset,
s feel that state t is at least as likely as state s, and that all agents who scll asset s feel
that t is less likely that s. That is:

git > qis forall 1 € D,

git < qis foralli e S,.
Informally, we are assuming that all of the net demanders for state s securitios arc c¢ven
more optimistic about state ¢ occurring than they are about state s occurring and all of
the net suppliers of state s securities are even more pessimistic about state ¢ occurring that

they are about state s occurring. Thus there is certainly more dispersion of equilibrium
beliefs about state t than about state s.

14



THEOREM 4. If all of the net demanders in state s are more optimistic about state t
occurring than state s occurring and all of the net suppliers in state s are more pessinuistic
about state t occurring than state s occurring, then the volume of trade in state t must
he higher than the volume of trade in state s.

Proof. Suppose first that p; > p,, and let agent i be a net supplier of asset s in equilibrium.
By the hypothesis of the theorem, ¢it < ¢is. The function f(ps/g:,) is increasing in ¢;5 and
decreasing in pg by Theorem 2, so we have that

f(ps/gis) > f(pi/qit)-

Since ¢;5 = Ci; by assumption we have

Cis — f(Ps/qis) < Cit — f(pt/qit)-

Summing over the net suppliers shows that V, < V,.
Now suppose that p; < p,. Then let agent : be a net demander of asset s in equilibrium.
By exactly the same argument, we have

f(ps/Qis) — Cig > .f(pt/%'t) — Cit.
Suinming shows that V; > V,, as required. I

It is worth observing that this argument does not depend on agents having identical
tastes or on the earlier assumption about risk tolerance: it is true in complete generality.
Furthermore, the argument holds for the unweighted beliefs, 7;(s), as well as the weighted
beliefs, ;5. In fact, the argument has a very simple graphical proof which is depicted in
Figure la. The assumption that all net demanders become more optimistic implies that
the aggregate demand curve shifts to the right and the assumption that all net suppliers
become more pessimistic implies that the aggregate net supply curve shifts to the right.
Hence the volume of trade must increase, as shown in Figure 1a.?

However, this particular kind of increase in the dispersion of opinion is rather special.
We can get a different result using a weaker definition of an increase in the dispersion
of belief. In particular, let us consider a mean preserving spread that does not decrease
¢is for any agent who is a net purchaser of the asset. That is, we assume that the mean
preserving spread in beliefs is such that:

¢it > ¢is for all ¢ such that ¢;; > C;,.

Let us also assume that the derivative of risk tolerance is less than 1, so that f (ps/qis)
is concave. Then we have the situation illustrated in Figure 2. Here we have plotted the
weighted probabilities ¢;, on the horizontal axis, and ¢;, = f(p./¢is) on the vertical axis.
When we consider the movement from g¢;, to ¢;; we see that:

f(ps/dis) < f(ps/qie) < f(pt/.Qit)

for all net purchasers of the asset where the first inequality follows from the monotonicity
of f(-) and the second from the fact that p; < p, which we established in Theorem 3. Since

¥ The fact that Theorem 4 has an elementary graphical argument was pointed out to me by Duanne
Seppi. ,
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Figure 1. (a) An increase in the dispersion of beliefs of both demanders and suppliers
must increase volume. (b) If the buyers become more optimistic and the equilibrium price
decreases, then the volume must increase, regardless of what happens to the beliefs of
suppliers.

all of the net purchasers of the asset are now buying more, the net sellers of the asset must
be selling more, and the volume of the trade is therefore larger. The volume of trade has
increased for two reasons: each net purchaser wants to buy more at the same price, and
the price decrease makes him or her want to buy even more again.

This can also be demonstrated using the supply and demand graph in Figure 1. If the
demand increases and the equilibrium price decreases, then it follows that the equilibrinun
volume must be larger, as shown in Figure 1b. This result holds regardless of the change
in the beliefs of the sellers of the asset, although it must be the case that on the average
their beliefs have become more pessimistic.

If it appears obvious that making buyers more optimistic will increase the volume of
trade, it might be worth considering the case where f(-) is a convez function of ¢;s. For
e*cample, take constant relative risk averse utlhty functions with p < 1. Then increasing
the dispersion of opinion will increase asset prices, so the two effects described above work
in opposite directions and the volume of trade can go either way. We give an algcbraic
example of this below.

An etample can also be constructed using the supply and demand framework in Fi gure
2. Simply imagine the case where the demand curve shifts to the right as illustrated in
Flgure 2b, but the supply curve shifts far enough to the left so that the equilibriuun price
rises and the equilibrium transactions decrease.

8. Constant Relative Risk Aversion

The case of constant relative risk averse utility functions, u(c;,) = ¢, ?/(1 — p), serves as
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Figure 2. A mean preserving spread in weighted beliefs increases volume.
a convenient example of the above discussion. The first-order conditions take the form:

ce - Aips
Tis

8

Straightforward but tedious calculations show that the equilibrium value of ); is given by:

s g;l % P
A = Za=1p3 Tis
i =
mi

where m; is agent ¢’s equilibrium wealth. As indicated earlier, ); is a decreasing function
of equilibrium wealth. If p = 1, ); is simply 1/m,;.
Letting g; = mis/A; the first-order conditions may be rewritten as:

c._P = p_a
' Qis
so that .
Cig = (l’_’_ %.

8

This in turn implies

Co= ()

j=1
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and .
1
Ps = Ca_p(z q]es)P’
Jj=1

This function gives us the explicit equilibrium relationship between aggregate consunption,
probability beliefs, and equilibrium prices. Inserting this into the first equation, we sce
that the equilibrium demand of agent : takes the form

Cis = wisCs

where

-
Z?:l q]f’s

Thus the equilibrium demand of agent ¢ is completely determined by his weighted proba-
bility, relative to the weighted probabilities of the other agents.

We can use this expression to present the example promised above. Supposc that
p=.5 C,=Cy=1 and (g;5) and (g;;) are as given in Table 1. Note that in statc s all
agents have the same value of ¢;5; so that any mean-preserving change in the equilibrium
beliefs about state s will be a mean preserving spread. In the case illustrated in the table,
both of the net demanders have the same probability beliefs about state ¢ as state s while
one of the net suppliers is more optimistic and one is more pessimistic about state s as
compared to state t.

Using the formula given above it is straightforward to calculate the net trades ()
and (z;¢). We find that state s has a volume of .200 and state ¢ has a volume of .190. Even
though the dispersion of opinion has increased, and no net purchaser has become more
pessimistic, the volume of trade has decreased. This is not of course a violation of Theorcin
4, since one of the net demanders of the Arrow-Debreu security is more optimistic about
state ¢ than about state s. Nevertheless, the example is somewhat surprising since it shows
that without the curvature assumption on demands somewhat perverse results can arise.

Table 1. Example of decreased volume of trade

Qis  Qit Cis Tis Tit

.250 .200 .300 -.050 -.143
.250 .300 .400 -.150 -.047
.250 .250 .100 .150 .145
250 .250 .200 .050 .045

BN~

9. Different Tastes and Different Opinions

Here we discuss the general case where tastes differ across the agents. Letting f;(-) be the
inverse of agent ¢’s marginal utility function, and following the derivation in Scction § we
have:

C,= Z fi(ps/qn)-
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For fixed values of (qrgy ..., qus), fi(+) is a decreasing function of p,. Thus we can invert
it to get py = F(Cs,qs) where ¢s = (Q1sy---,qns). It 1s easy to show, following Varian
(1980.;) that F(C,,qs) is a decreasing functlon of Cs and an increasing function of ¢;, in
a given Arrow-Debreu equlhbrlum What about the curvature of F(C,,¢q,) The results of
Varian (1985h) show that increasing risk tolerance (i.c., decreasing absolute risk aversion)
implics that F(Cs,qs) is a convex function of C,. Wlth some more effort we can show:

THEOREM 5. If risk tolerance increases less rapidly than in the case of logarithmic
utility, F(Cs,q,) will be a quasiconcave function of g,.

Proof. Fix C at C, say, and consider three different sets of prices and weighted probabilities
such that:

Zfz(P"/‘I )= Zfz(P /) = Zfz(P/qz) =

=1
where ¢ = tg; + (1 — t)q!.
In order to establish quasiconcavity, we need to show that:
F(C,q") 2 min{F(C,q), F(C,¢')}
or, equivalently, that
p" 2 min{p,p'}.

Without loss of generality let p = min{p, p'}.

The assumption that risk tolerance does not increase too rapidly implies that f;(p/q)
1s concave in q. This implies that

fip/di) > tfi(p/q:) + (1 — ) fi(p/ 4i)-

By the negative monotonicity of fi(p/¢;) in p and the assumption that p’ > p we have:

tfi(p/ai) + (1 —t)fi(p/ai) = tfi(p/as) + (1 — ) f:(2'/ ).

Putting these two inequalities together and summing we have:

Zfz p/4) 2 thz(p/qz 1-1)) fr'/q)

=1 =1

=tC+(1-t)C=C
=Y file"/d}).
=1

It follows that p < p'’, as was to be shown. I

This result suggests that even if preferences are different, there is a tendency for diver-
gencee of opinion to lead to lower asset prices. Consider Figure 3 where we have illustrated
a level set of F(C, gy, ¢2). In this example we have two states of nature with the same value
of aggregate consumption and state prices but different weighted subjective probabilities,
(¢1,¢2) and (q1,4%). As established above, the upper contour set is convex and monotonic.
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Figure 3. Averaging beliefs will tend to lead to lower asset prices.

Therefore, if we take a weighted average of (g1, ¢2) and (¢1, ¢4) to get (¢V,¢), the equilib
rium value of p' must increase. In this sense, taking an average of “extreme” distributions
of beliefs will tend to increase state prices.

It is instructive to consider this geometry when the tastes are identical. In Figure 4a
we have illustrated a typical level set of F(C,q1,¢2). We can also describe this level set
implicitly as the set of all (g1, ¢2) such that:

C = f(p/q1) + f(p/g2)

where p and C are fixed.

Consider the slope of this level set along the diagonal, where ¢; = ¢5. Since f(p/q;) is
independent of ¢ along the diagonal, the slope of the level set must be —1. Thus if we take
a “spread” in (q1,¢2) away from the diagonal that preserves the mean of (¢1,¢2) we are
moving along a 45 degree line and must therefore move to a lower level set. At any other
point on the curve a mean preserving spread will necessarily move us to a lowor level set,
as illustrated.

Now consider the general case with different utilities as depicted in Figurc 4. Here
the level curve does not necessarily have slope of —1 at the diagonal so that a spreacd in
beliefs may easily move us to a higher level set.

10. Moving from Homogeneous to Diverse Beliefs

The geometric analysis of the last section can be used to describe another sense i whicl
increases in the dispersion of opinion will tend to lower asset prices. Consider Figure 4
once again. It is true that the level curve may not have a slope of —1 at the diagonal, but
we can compute its slope easily enough. The level curve is defined by the identity

filp/q1) + f2(p/q2) = C.
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Figure 4. A mean preserving spread with identical tastes (a) and different tastes (b)

Totally differentiating this expression gives us
_f! Pa ' P 4o =
fi(p/a1)5da1 — fa(p/92)=5dg2 = 0.
7 92
Now use the facts that f] = 1/u} and u} = p/¢; to write
ui(Cl)) dg ( U'z(cz)> dgs _ -
it 1 VAR s RSP (P 1 20 e £ R 30
(-4e3) 2 () o i

Using 7; to represent individual #’s risk tolerance, and evaluating this expression where
q1 = q2 we have

T1dqy + T2dg2 =0 (31)
or d
q2 1
24z _ 11 32
dq, T2. (32)

This gives us the slope of the level set when the weighted beliefs are the same. A change
in (g1,92) that keeps the weighted sum in equation (31) constant represents an increase in
the dispersion of beliefs which preserves the weighted mean. By the convexity of the level
sct, any such change must reduce the state price, starting from equal weighted beliefs.

In this expression an agent’s beliefs are weighted by both his marginal utility of wealth
and his risk tolerance. Generally speaking, the beliefs of wealthy and risk tolerant agents
will have a larger weight in the above expression. Thus an increase in the dispersion of
those agents’ beliefs will have a larger impact than an increase of the dispersion of beliefs
of poorer and more risk averse agents, as one might expect.

21



This result can also be stated in terms of the absolute beliefs rather than the weighted
beliefs. By definition of g;, we have that dq;/q; = dm;/m; since the \; terms will cancel
from the numerator and denominator. Thus if we evaluate (30) at a state where 71y = my,
we have:

Tldﬂ'l + 7'2d7r2 = 0. (33)

In this expression the risk tolerances 71 and 7, are evaluated at a different level of consumny-
tion than before—the consumption in the state associated with homogeneous probabilitics
rather than homogeneous weighted probabilities.

Since the upper contour set is convex in (71, 72) space as well as in (g1, q2) space, any
movement along tangent line defined in (33) will necessarily decrease the state price. Thus
moving from a state with homogeneous beliefs to a state with heterogencous beliefs hut
the same level of aggregate consumption will necessarily lower the state price, as long as
the weighted average of probability beliefs remains constant—where the weights arc given
by the risk tolerances.

Summarizing the above discussion we have:

THEOREM 6. Assume that risk tolerance decreases less rapidly than in the casc of
logarithmic utility. Suppose the agents have homogeneous beliefs about the probability of
occurrence of state s. Then if state t has identical aggregate consumption, and identical
“weighted mean opinion,” 7, but more dispersed probability belicfs, it must have a lower
state price.

11. Other Equilibrium Models

The basic analytic tool used in the last few sections is the relationship between a mean pre-
serving spread in opinions and the concavity of the “demand functions”. This observation
can be applied to a variety of other equilibrium models.

The simplest case is that of a single risky asset. Let u; be agent 7’s estimate of the
expected value of this asset, and let p be the market price. Suppose that all agents
have identical demand functions D(p,v;) and that the equilibrium price is determined by
demand and supply:

E‘D(p’ 'U,‘) =S.
i=1

Suppose that the demand function is a concave function of v;. Then a mean preserving
spread in v; will decrease the sum of the demands. In order to restore equilibrium, the
price must rise. The reverse result holds if the demand function is convex in v;. These
statements, unlike those of the last few sections, are comparative statics results since they
refer to how the equilibrium values change when opinions become more dispersed, rather
than how different asset values compare in a given equilibrium.

So the problem of how an increase in the dispersion of some variable affects equilibrin
prices can be reduced to the question of whether demand functions are concave or convex
in that variable. How can that be determined The answer comes from examining the
structure of the maximization model that lies behind the demands.

The standard comparative static technique to determine the slope of a demand function
with respect to some parameter is to differentiate the first-order conditions. In order to
determine the curvature of a demand function, it is necessary to take the second derivatine
of the first-order conditions which will typically involve the third derivatives of the utility
function. In the case investigated in this paper we were able to give a simple interpretation
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of the conditions for concavity of the demand function in terms of how risk tolerance
changes as wealth changes. In general these third-order terms are rather messy, but it
scems that there is hope of interpreting them in special cases.

Of course in some models one can derive explicit forms for demand functions. For
example, a constant relative risk aversion model with a single, Normally distributed assct
gives rise to a demand function of the form

Ti[vi — P)
e

g;

D; =

where 7; is agent ¢’s risk tolerance, v; is his expected value, and ¢? is his variance. In this
case, demand is linear in the “weighted beliefs” T;v;/0?, so that a mean-preserving spread
in these weighted beliefs will leave asset prices unchanged. However, demand is a convez
function of the variances, (¢2), so a mean preserving spread in the agents’ beliefs about
the variance of the risky asset will tend to increase the equilibrium price.1°

Similar conclusions emerge in a CAPM or continuous time model.1! Since asset demand
functions are linear functions of expected values for each agent, the equilibrium prices of
asscts will simply depend on the average expected values; assets with different degrees of
dispersions of opinion will have the same equilibrium prices, other things being equal.

12. Summary

Iu the first part of this paper I examined the distinction between information and opinions
and showed that in equilibrium the pattern and volume of trade would be determined by
differences of opinion, not differences in information. ‘

In the second part of the paper, I examined a model with pure opinion differences and
derived the implications for comparative asset pricing. Maintaining the assumption that
risk tolerance decreases, but not too rapidly, I showed that if tastes are identical, asset
prices would be decreasing functions of the dispersion of opinion. If tastes are different,
assct prices would be quasiconcave function of the vector of weighted probability beliefs,
so that averaging beliefs would tend to increase asset prices. The curvature of the demand
function is the crucial feature in determining how asset prices relate to different degrees of
dispersion of beliefs.

! For an interesting analysis of an equilibrium in a futures market in which traders have different

variances, see Stein (1986).
I See the Appendix for a discussion of dispersion of beliefs in a continuous time framework.
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Appendix: A Continuous Time Model

In this appendix, we examine a continuous time model in which there are heterogencous
beliefs about asset returns. Models of this sort have been extensively investigated by
Williams (1977) and Grossman and Shiller (1982), with a somewhat different cmphasis.
By combining the insights of these authors we can adapt their results to the problem at
hand.

Let r4 be the (instantaneous) random return on security s, and let o be the (instanta-
neous) risk free rate. Suppose that all asset returns and the optimal consumption of cacl
agent follow an Ito process. Then in our notation Grossman and Shiller’s equation (11a)
takes the form:

ris =70 + Ajcovi(rs, dei/fc;)

where r;, is agent 7’s expected return on security s, cov;(rs,dc;/¢;) is agent i’s belicf about
the covariance of the rate of growth of his consumption and the rate of return on sccurity

s, and
ui(ci)

A =—
ui(ci)

i
is agent i’s coefficient of relative risk aversion. This is simply the first order condition for
optimal choice in a continuous time model, combined with Ito’s lemma. Using the linearity
of the covariance operator, and that fact that ¢; is nonstochastic at the time the optimal
choice is made we have: .

ris =To + :cov,'(r,, de;). (34)

2

where 7; = —u'(¢i)/ui(c;) is agent ¢’s absolute risk tolerance.

Williams (1977) and Merton (1980) have argued that if security returns follow an Ito
process, it is possible to estimate the covariance matrix of security returns arbitrarily
accurately in an arbitrarily short time interval. The expected returns of the assets, ou
the other hand, will always be estimated imprecisely. Thus, following the argument of
Williams (1977), we will assume that agents agree about the covariance matrix of the
returns, and disagree only in their beliefs about the expected returns. This allows us to
drop the subscript ¢ on the covariance term in (34) and simply write it as cov(e;,rs).

Cross multiply (34), sum over the agents ¢ = 1,...,n, and use the linearity of the
covariance operator to get:

n n
Zﬂ‘?"is = T()ZT,‘—i-COV(T3, dC) (35)
=1 =1
where dC = Y1, dc; is the change in aggregate consumption.
Now define
73
")/ =
1 E;‘;A 7j
and
C



and rewrite this expression as:

Z'y,-r,'s =10 + K cov(rs,dC/C). (36)

=1

In order to interpret this equation, we note that the left hand side is the weighted
average of expected returns, where the weight given to agent i’s beliefs is proportional
to his risk tolerance. The right hand side of the equation is the risk free return plus a
constant depending on the average risk tolerance in the economy, times the covariance of
the assct return with the rate of growth of aggregate consumption.

This calculation is similar to the derivation of Grossman and Shiller (1982) but with
a different interpretation. They take expectations with respect to the set of common
information available to the agents at the time their consumption decisions are made. The
left hand side of equation (36) in their framework is the expected return on security s
bascd on the publicly available information at a given time. In our framework, the left
hand side of (36) is a weighted average of subjective beliefs about the expected returns.

Following Williams (1977) we have assumed that agents have homogeneous beliefs
about the covariance structure of the asset returns, but differ in their expected values for
asset returns. The expectations in equation (36) are the actual expectations of the agents,
based on their own private information and beliefs, not the expectations based on some
common information as in Grossman and Shiller.

Equation (36) is the analog of Williams (1977) continuous time CAPM with hetero-
geneous beliefs, but because we use the covariance with consumption rather than the
covariance with respect to wealth, the “hedging portfolios” in his equation are not needed
here. (See Breeden (1979) for further discussion of why “hedging portfolios” are not needed
m gencral in consumption based pricing models in continuous time.)

For our purposes, the interesting thing about equation (36) is what it says about
comparative asset pricing. If two securities have the same “consumption beta” then they
have to have the same “average expected return.” This in turn implies that the pricing of
sccurities is independent of the dispersion of opinion about their expected values. To see
this, let vs be the market value of security s at a specific time and let dv, be the random
change in its value in the next instant. Then since the instantaneous return is given by
ry = dvg/vs, we can solve (36) to get:

Y iy Yidvis + & cov(dC/C, dv,)

To

Vg =

Here dv;, is agent i’s belief about the expected change in value of asset s. Thus two
sccurities that have the same “consumption beta” and the same average expected return
must have the same price.

It is interesting to compare this result with equation (33). In that equation m; and
m, are the expected returns on the Arrow-Debreu asset under consideration, since it pays
zcro in all states but one. Theorem 6 established that an increase in dispersion of opinion
that keeps the weighted average of opinions constant will decrease the state price. In the
continuous time framework examined above, such an increase in dispersion of opinion will
leave the state price unchanged. '

The insensitivity of asset prices to differences of opinion arise in this framework because
of the lincarity of the asset demand functions in the expected returns. Since only the first
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two derivatives of utility enter into the portfolio choice problem, the higher order curvature
properties of utility considered earlier will not affect asset prices in equilibrium.

A similar result occurs in a discrete time model, if we are willing to postulate that
individuals believe that their optimal consumption in future periods and assct returns will
be Normally distributed. Since the algebra is almost the same as that given above, we will
only sketch the details.

The first order conditions for utility maximization by individual 7 will take the form:

Ewi(ci)(rs —rp)

where F; stands for expectation with respect to agent i’s subjective beliefs about the assct
returns. (The expectations are at time O for some given time in the future, but we omit
the time subscript so as not to clutter the notation.)

Using the standard covariance identity, and rearranging, we can write this as:

cov;(ul(e;),7s)

E;u'(c;)
where r;; = E;r,, as before. Assume now that ¢; and r, are perceived as bivariate Normal
by investor z. Applying a theorem due to Rubinstein (1976b) we have:

Eu"(c;
Tis =T+ (— s i ( z)> covi(ci,rs).

Tis=To0—

Eiug(ci)
Letting 7; = —E;ul(ci)/Eiu''(ci) we can write this as:
1 A A
ris = To + —covi(ci, ). (37)

]

This equation is virtually the same as (34). If we assume that agents have the same beliefs
about the covariance structure of the asset returns, the we can apply the same algebraic
manipulations as before gives us:

E’)’iris =ro+ k cov(C,ry). (38)

=1 -

The only difference between (36) and (38) is that v; has a slightly different interpretation
in the two equations, and that (38) is expressed in levels rather than instantaneous rates
of change.

Equations (36) and (38) are on the verge of being estimable, at least given survey data
on expectations and the time series estimates of the covariance between asset returns ancl
aggregate consumption that are beginning to appear. Perhaps the addition of heteroge-
neous beliefs about asset returns will improve the performance of the empirical estimates
of consumption based asset pricing models.

Finally, we consider the volume of trade in this kind of model. If we increase dispersion
of opinion in the way described earlier — where the net demanders become more optimistic
and the endowments of the two assets across the consumers are the same --- and we keep
the weighted sum of expected returns constant then it is casy to sec that the volume of
trade must increase. For an increase in the expected return on an asset must increase
net demand for it by an individual, and we have established above that the assct price
remains unchanged. Thus the transactions volume in the asset with the more dispersed
beliefs must unambiguously be larger.
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