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Sequential Provision of Public Goods

Hal R. Varian

Several authors have examined the private provision of public goods in the context of a
simultaneous move game. The Nash equilibria in these games turn out to have several
surprising and interesting properties. For details see Warr (1983), Cornes and Sandler
(1986) and Bergstrom, Blume and Varian (1986).

As far as I know, no one has examined the Stackelberg equilibria in such games. For
example, suppose that agents decide on their contributions to a public good sequentially,
so that later agents know the contributions of earlier agents when they make their own
decisions. In this sort of game, the earlier agents are able to commit to their contributions;
such commitment is not possible in a simultaneous move game.

It turns out that this ability to commit to a contribution exacerbates the free rider
problem. Our main theorem establishes that the total amount of the public good provided
in a sequential game is typically smaller than the amount provided in a simultaneous move
game. Along the way, we establish several other interesting results concerning equilibria

in sequential games.

1. An Example with Quasilinear Utility

It is instructive to start with a simple example. Suppose that there are two agents. Agent 2
is endowed with wealth w;. Each agent divides his wealth between private consumption,
z; > 0, and a contribution to a public good, g; > 0. The total amount of the public good
is G = g1+ g2

Each agent’s utility function is linear in his private consumption and increasing and

concave in G, so that the utility of agent i is given by

ui(G) + z; = ui(g1 + g2) + wi — gi.

This work was supported by the National Science Foundation. I also wish to thank the Santa Fe
Institute for their hospitality during the period of this research.



We will say that agent ¢ likes the public good more than agent j if u}j(G) > u’y(G) for all
G > 0. Let g; be the amount of the public good that maximizes agent i’s utility function
if the other agent contributes zero. Note that if agent ¢ likes the public good more than
agent 7, it follows that g; > g;.

We assume that w; > g; so that the wealth constraint is never binding. It is therefore

convenient to drop w; as it is an inessential constant in each agent’s utility function.

The Reaction Function

Let us derive the reaction function for agent 1. The first-order condition if agent 1 con-
tributes a positive amount is
ur(g1 +92) = 1.

Letting G1(g2) be agent 1’s reaction function, we must have

u3(Gig2) +g2) = 1.
It follows that
G1(92) = 91— g2
Recall the g, is defined to be the amount that 1 contributes when g, = 0.

However, this derivation is correct only when agent 1 contributes a positive amount to

the public good. Since ¢g; > 0, we must have

G1(g2) = max{g1 — g2,0}.

This “kink” in the reaction function is what makes the analysis interesting.

The Nash Equilibrium

A Nash equilibrium is a point (g1, g2) such that

g1 = Gi(g2)

92 = Ga(q1)-
Given the simple forms of the reaction functions, we can illustrate the equilibrium in Figure
1. In this case the unique Nash equilibrium is for the person who likes the public good
more to contribute the entire amount of the public good. The other agent is a complete

free rider.
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Figure 1. Nash equilibrium. The player who likes the public good the most contributes

everything and the other player contributes nothing.

The Stackelberg Equilibrium

In order to investigate the Stackelberg equilibrium, it is useful to plot the utility of

agent 1 as a function of his contribution:
Vi(g1) = ui(g1 + Ga(91)) — g1
= u1(g1 + max{gs — ¢91,0}) — g1.

It is easy to see that this function has the form

u1(g2) — g1 for g1 < g2
Vi(g1) = {

ui(g1) — g1 for g1 2> g
This function is depicted in Figure 2.

It is clear by inspection that there are two possible optima: either the first agent
contributes zero or g;. In order to determine which one of these possibilities is appropriate

consider two cases..



utility

Figure 2. Indirect utility. This is the utility function of the first contributor as a function

of his gift.

Case 1. The agent who likes the good least is the first contributor. In this case, the

optimal contribution by the first agent is zero. This is true since

u1(@2) > w(32) > (@) = 1.

Case 2. The agent who likes the public good the most is the first contributor. In this
case, either outcome can occur. The easiest way to see this is by example. Suppose that
ui(G) = a;InG. If only agent : contributes he will contribute a;. Normalize a; = 1.

Then agent 1 will prefer to contribute only if
Ina; <lnl-1= -1,

which implies that a; < 1/e ~ .37. 11

In general if the agents have tastes that are very similar, then the first agent will free

ride on the second’s contribution. However, if the first agent likes the public good much
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more than the second, then the first agent may prefer to contribute the entire amount of

the public good himself.

Referring to Figure 1 we see that there are two possible Stackelberg equilibria: one is
the Nash equilibrium, in which the agent who likes the good most contributes everything.
The other Stackelberg equilibrium is where the agent who likes the good least contributes
everything. This equilibrium cannot arise as a Nash equilibrium since the threat to con-
tribute nothing is not credible in a simultaneous move game.

Note that the sum of the utilities is higher at the higher level of the public good. If
you want to ensure that the higher level of the public good is provided, then you should

malke sure that the person who likes the good least moves first.

2. The General Case

The quasilinear case is very special and it is worthwhile examining how far the results
generalize. Suppose that we now consider a general utility function u;(G,z;) where G is
the level of the public good and z; is the private consumption of person . We assume that
utility is a differentiable, concave function.

Person 1’s maximization problem is

max u1(g1 + 92,21)
Z1,91
such that g; + 21 = w;
g1 = 0.

We can add g, to each side of the constraints in this problem and use the definition

G = g1 + g2 to rewrite this problem as

max u1(G, z1)
I ,G

such that G 4+ 21 = wy + ¢
G > gs.
In this interpretation, agent 1 is in effect choosing the level of the public good, subject

to the constraint that the level that he chooses is at least as large as that contributed by

agent 2.



Following Bergstrom, Blume and Varian (1986) we note that this problem is simply
a standard consumer demand problem except for the inequality constraint. Let fi(w) be
agent 1’s Engel function for the public good as a function of his wealth. This is simply
the function that gives the optimal level of G for agent 1, holding prices fixed at (1,1) and
letting wealth vary. It follows that

G = g1 + g2 = max{fi(w + g2), 92}-

Subtracting g, from each side of this equation, we have the reaction function

G1(g2) = max{fi(w1 + g2) — g2,0}.

The reaction function for agent 1 has the simple intérpretation that agent 1 will con-
tribute the amount of the public good that he would demand if his wealth were w; + g2
minus the amount contributed by the other agent, or zero, whichever is larger.

This expression for the reaction function is useful since we know quite a bit about Engel

curves. For example, it is quite natural to make the following assumption:.

Assumption. Both the public and the private good are strictly normal goods at all levels

of wealth. It follows that 1 > f](w) > 0.

Given this assumption it is easy to see the general shape of the reaction function. When
g2 = 0, agent 1 will contribute fij(w;). As g, increases, the contribution of agent 1 will
decrease but at less than one-for-one. If fi(w) is bounded away from zero, then there will
be some g5 at which fi(w; + ¢5) — g5 = 0 and agent 1 will contribute nothing.

The notable feature of this reaction curve as compared to the one in the quasilinear
case is that it is 1) generally nonlinear, and 2) has a slope that is flatter than —1.

As before, we can use this reaction function to calculate the Nash equilibria and the

Stackelberg equilibrium. A Nash equilibrium is a solution (¢7, ¢7) to the following equa-

tions
91 = max{fi(w1 + g2) — 92,0}

g2 = max{ fa(wa2 + g1) — 91,0}
A Stackelberg equilibrium is a pair (g7, G2(g;)) in which g7 solves

max Vi(91) = u1(g91 + max{fo(w2 + g1) — 91,0}, w1 — g1).
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Our main interest is in comparing the solutions of these two sets of equations. This
comparison is made simpler by noting that Bergstrom, Blume, and Varian (1986) have
proved that under the normality assumption we have made there is a unique Nash equi-

librium. There will also be one Stackelberg equilibrium for each ordering of the agents.

3. A Cobb-Douglas Example

A useful example to fix ideas is the Cobb-Douglas case:
ui(G, ;) = ailn(g1 + g2) + (1 — ai)In(w; — g4),

where 0 < ¢; < 1. In this case the agent spends a constant fraction a; of his wealth on the

public good so that the reaction function for agent ¢ takes the form
Gi(g;) = max{a;(w; + g;) — g;,0}.

Here the slope of the reaction function is a; — 1 up to the point §; = a;w;/(1 — a;), and

zero thereafter. It is worth noting that the reaction function will have this form for any

homothetic utility function.
Nash equilibria are the solutions to
91 = max{ai(w1 + g2) — g2,0}
g2 = max{az(ws + ¢1) — ¢1,0}.

The Stackelberg equilibrium is the solution to
max ay In(g1 + max{az(wz + g1) — 91,0}) + (1 — a1) In(w; — g1).
1
Straightforward computations show that the interior solutions to these equations imply

equilibrium levels of the public good of

ar — aas(wy + wz)
ay +az — aa;
G® = alag(wl + 'UJZ).

Note that in this example, G® > G* since a; < 1.
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4. Results

We have three sets of results. The first set of results concerns who contributes and who
free rides. The second set of results concerns the effect of redistributions of wealth. The
third set of results concerns how the amount of the public good‘provided in the Stackelberg
equilibrium compares to the amount provided in the Nash equilibrium.

Recall that §; denotes the optimal contribution of agent 2 if the other person contributes
nothing and that ¢¢ is defined by fa(w, + gf) = ¢f; this is the level of g; at which agent

1’s contribution just crowds out agent 2’s contribution.
Free Riding

Fact 1. If g; < ¢ then person 2 must contribute.
Proof. Evaluate the right derivative of agent 1’s utility function at gi. We have

Qui(g1, w1 —gf)  Bua(gf, w1 —g7)
3G’ 0:1:1

<0.

The inequality follows since the derivative equals zero at g;, and ¢$ > g;. It follows that
agent 1’s utility will increase if he contributes less than ¢§, even if he is the only one to

contribute. The fact that the other agent will contribute can only increase the first agent’s

utilityll

Fact 2. If there is a Nash equilibrium with g = 0, then this is also a Stackelberg equi-

librium.

Proof. By definition of Nash equilibrium, agent 2 is on his reaction curve, so we only need

to show that agent 1 is optimized. This follows from the following string of inequalities:

u1(g2, w1) > u1(g1 + g2, w1 — g1) > ui(g: + G2(g1), w1 — g1)-

The first inequality follows from the Nash assumption. The second inequality follows since

G2(0) = g, and G5(g1) is a nonincreasing function. il



Wealth Redistribution

Fact 3. Suppose that we have a Stackelberg equilibrium (g%, 95). Let (Awi, Aws) be a
redistribution of wealth such that g; > Aw; for: = 1,2. Then the Stackelberg equilibrium
after this redistribution is (g7 + Aws, g5 + Aw,) and the total amount of the public good

remains unchanged.

Proof. Note that the requirement that g; > Aw; implies that the assumptions can only be
satisfied when each person is contributing a positive amount. The first-order condition for

an optimum is

Jui(g1 + g2, w1 —gl)f,(w2 +g1) - Oui(g1+92,w1 —g1) _
5 =

Now suppose that each agent changes his contribution by the amount of his wealth change
so that Ag; = Aw; for 1 = 1,2. Note that since Aw; + Aw,; = 0 we must have Ag; +Agy =
0.

Under this rule none of the arguments of any of the functions in the first-order condition

change. The conclusion follows immediately. §

Warr (1983) and Bergstrom, Blume, and Varian (1986) show that essentially the same
result holds in an (interior) Nash equilibrium. Bergstrom, Blume, and Varian (1986) also
investigate the boundary cases in some detail. In the two-agent context we are investigating

here the results are quite straightforward.

Fact 4. Suppose that person 1 is contributing and person 2 is not. Then a redistribution
from 2 to 1 will increase the amount of the public good, while a redistribution from 1 to

2 can decrease or increase the amount of the public good.

Proof. A distribution from 2 to 1 increases the amount of the public good since f;(w;)

is an increasing function. Since g5 is equal to zero it will remain zero at lower levels of

wealth.
A redistribution from 1 to 2 will decrease the level of the public good for small redis-

tributions by the monotonicity of f;(w;). But when w; gets small enough relative to wy,
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it can easily happen that person 2 starts to contribute, thereby increasing the amount of

the public good. I

Fact 5. Suppose that person 2 is contributing and person 1 is not. Then a transfer from
1 to 2 will increase the level of the public good, while a transfer from 2 to 1 can increase

or decrease the level of the public good.

Proof. A transfer from 1 to 2 will increase the level of the public good by the monotonic-

ity of f2(w;), and a larger contribution by person 2 will never induce agent 1 to begin

contributing.

A small transfer of wealth from 2 to 1 will decrease the level of the public good, but a

larger transfer may induce 1 to start contributing. il

Comparison to the Nash Equilibrium
Our main result has to do with the comparison of the Nash and Stackelberg equilibria.

Theorem. The amount of the public good contributed by agent 1 in the Stackelberg
equilibrium is never larger than the amount provided by agent 1 in the Nash equilibrium.

That is, g5 < g7

Proof. Evaluate agent 1’s utility function at the Nash equilibrium:

v1(g97) = w1 (max{fo(w2 + ¢7), 97}, w1 — ¢7)-

Consider two cases.

Case 1. g} > fo(w2 + g7)

Note that if we increase g; the inequality continues to be satisfied, since f2 has a slope
of less than 1. This means that once agent 2 has stopped contributing, any increase in g¢;
will not induce him to contribute more. This means that g* = ¢§, so that any increase in

agent 1’s contribution must reduce his utility. It follows that g§ < g

Case 2. g7 < fa(wa + ¢7)
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Now take the right derivative of v1(¢7’) and evaluate it at the Nash equilibrium.

have

Aui(gl + g7, w1 — g7)

, n au gn+gn,w_ n
g1 =90 4 gp) - Pl o 2 9D)

33:1

< 0.

The inequality is due to the fact that

Oui(gt + 97, w1 —g7)  Jua(gr + 93, w1 — g7)
BG 03;1

=0

at the Nash equilibrium and fj(w, + ¢7) < 1.

It follows that either g7 must be smaller than ¢ or ¢ = g1 and g5 = 0. We will

establish that the second case cannot occur.

Let ¢gI* be the value of g; that maximizes agent 1’s utility on the region {g1 : fa(w2 +

g1) > g1} If gT* is not a global optimum, then
u1(g1 + 92, w1 — §1) >1 v1(gr, w1 — J1)
>2 wa(g7" + Ga2(91"), w1 — 91°)

>3 ui(g7 + 97, w1 — g7)-

Inequality 1 follows from the fact that utility is increasing in G. Inequality 2 follows from

the assumption that g7 is not a global optimum. Inequality 3 follows from the fact that

g7 optimizes utility over a region that contains ¢7.

Inspecting the first and last terms we see that we contradict the assumption that we

have a Nash equilibrium. It follows that this case cannot occur and we are left with

g3 < g7 1

Corollary. The total amount of the public good in the Stackelberg equilibrium is less

than or equal to the total amount provided in the Nash equilibrium.

Proof. The function G3(g;) has a slope of less than 1. Since ¢§ < ¢7,

91 + 95 = g1 + Ga(97) < g7 + G2(97) = 97 + 93
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5. Incomplete Information

The above analysis has concerned the case where each agent knows the preferences and
wealth of the other agent. One could also consider a model with incomplete information
in which one or both of the agents does not know these things for certain.

The second agent reacts passively, making his optimal choice given the first agent’s
contribution. Hence it is irrelevant whether or not he knows anything about the first
agent. The only interesting uncertainty concerns the first agent’s knowledge of the second
agent’s type.

Consider the quasilinear model examined earlier. In this case the Stackelberg equilib-
rium was either (g1,0) or (0,g2). Hence all that is relevant from agent 1’s point of view
is the distribution of g,. Regard g, as a random variable with some distribution in the
population and suppose that agent 1 seeks to maximize expected utility. Then agent 1 will

choose to contribute zero if
Euy(g2) < u1(d1) — g1

and otherwise agent 1 will contribute 7;.

References

Bergstrom, T., L. Blume, and H. Varian (1986) “On the Private Provision of Public
Goods,” Journal of Public Economics, 29,25-49.

Cornes, R. and T. Sandler (1986), The Theory of Ezternalities, Public Goods, and Club
Goods, Cambridge University Press, Cambridge, England.

Warr, P. (1983) “The Private Provision of a Public Good is Independent of the Distri-

bution of Income,” Economic Letters, 13, 207-11.



Recent CREST Working Papers
89-01: Mark Bagnoli, Severin Borenstein, “Carrot and Yardstick Regulation: Enhancing Market Perfor-
mance with Output Prizes,” October, 1988.

89-02: Ted Bergstrom, Jeffrey K. MacKie—Mason, “Some Simple Analytics of Peak-Load Pricing,” October,
1988.

89-03: Ken Binmore, “Social Contract I: Harsanyi and.Rawls,” June, 1988.

89-04: Ken Binmore, “Social Contract II: Gauthier and Nash,” June, 1988.

89-05: Ken Binmore, “Social Contract III: Evolution and Utilitarianism,” June, 1988.

89-06: Ken Binmore, Adam Brandenburger, “Common Knowledge and Game Theory,” July, 1989.

89-07: Jefirey A. Miron, “A Cross Country Comparison of Seasonal Cycles and Business Cycles,” November,
1988.

89-08: Jeffrey A. Miron, “The Founding of the Fed and the Destabilization of the Post-1914 Economy,”
August, 1988.

89-09: Gérard Gaudet, Stephen W. Salant, “The Profitability of Exogenous Output Contractions: A
Comparative-Static Analysis with Application to Strikes, Mergers and Export Subsidies,” July, 1988.

89-10: Gérard Gaudet, Stephen W. Salant, “Uniqueness of Cournot Equilibrium: New Results from Old
Methods,” August, 1988.

89-11: Hal R. Varian, “Goodness-of-fit in Demand Analysis,” September, 1988.
89-12: Michelle J. White, “Legal Complexity,” October, 1988.

89-13: Michelle J. White, “An Empirical Test of the Efficiency of Liability Rules in Accident Law,” Novem-
ber, 1988.

89-14: Carl P. Simon, “Some Fine-Tuning for Dominant Diagonal Matrices,” July, 1988.

89-15: Ken Binmore, Peter Morgan, “Do People Exploit Their Bargaining Power? An Experimental Study,”
January, 1989.

89-16: James A. Levinsohn, Jeffrey K. MacKie-Mason, “A Simple, Consistent Estimator for Disturbance
Components in Financial Models,” April 25, 1989.

89-17: Hal R. Varian, “Sequential Provision of Public Goods,” July, 1989.
89-18: Hal R. Varian, “Mbnitering Agents with Other Agents,” June, 1989.
89-19: Robert C. Feenstra, James A. Levinsohn, “Distance, Demand, and Oligopoly Pricing,” July 17, 1989.

89-20: Mark Bagnoli, Shaul Ben-David, Michael McKee, “Voluntary Provision of Public Goods,” August,
1989.

89-21: N. Gregory Mankiw, David Romer, Matthew D. Shapiro, “Stock Market Forecastability and Volatil-
ity: A Statistical Appraisal,” August, 1989.

89-22: Arthur J. Robson, “Efficiency in Evolutionary Games: Darwin, Nash and the Secret Handshake,”
1989.

89-23: Mark Bagnoli, Ted Bergstrom, “Log-Concave Probability and Its Applications,” September 7, 1989.
89-24: Gérard Gaudet, Stephen W. Salant, “Towards a Theory of Horizontal Mergers,” July, 1989.

89-25 (evolved from 87-35): Stephen W. Salant, Eban Goodstein, “Predicting Committee Behavior in
.Majority-Rule Voting Experiments,” July, 1989.

89-26: Ken Binmore, Martin J. Osborne, Ariel Rubinstein, “Noncooperative Models of Bargaining,” 1989.

89-27: Avery Katz, “Your Terms or Mine? The Duty to Read the Fine Print in Contracts,” February 19,
1989.



DATE DUE

—r1r 1 T 1

W
mbe”



