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ABSTRACT

Topics on threshold estimation, multistage methods and random fields
by
Atul Mallik

Co-Chairs: Moulinath Banerjee and Michael Woodroofe

This dissertation addresses problems ranging from threshold estimation in Euclidean
spaces to multistage procedures in M-estimation and central limit theorems for ran-
dom fields.

We, first, consider the problem of identifying the threshold level at which a one-
dimensional regression function leaves its baseline value. This is motivated by appli-
cations from dose-response studies and environmental statistics. We develop a novel
approach that relies on the dichotomous behavior of p-value type statistics around
this threshold. We study the large sample behavior of our estimate in two differ-
ent sampling settings for constructing confidence intervals and also establish certain
adaptive properties of our estimate.

The multi-dimensional version of the threshold estimation problem has connec-
tions to fMRI studies, edge detection and image processing. Here, interest centers on
estimating a region (equivalently, its complement) where a function is at its baseline
level. This is the region of no-signal (baseline region), which, in certain applications,
corresponds to the background of an image; hence, identifying this region from noisy

observations is equivalent to reconstructing the image. We study the computational

x1



and theoretical aspects of an extension of the p-value procedure to this setting, primar-
ily under a convex shape-constraint in two dimensions, and explore its applicability
to other situations as well.

Multi-stage (designed) procedures, obtained by splitting the sampling budget suit-
ably across stages, and designing the sampling at a particular stage based on infor-
mation about the parameter obtained from previous stages, are often advantageous
from the perspective of precise inference. We develop a generic framework for M-
estimation in a multistage setting and apply empirical process techniques to develop
limit theorems that describe the large sample behavior of the resulting M-estimates.
Applications to change-point estimation, inverse isotonic regression, classification and
mode estimation are provided: it is typically seen that the multistage procedure ac-
centuates the efficiency of the M-estimates by accelerating the rate of convergence,
relative to one-stage procedures. The step-by-step process induces dependence across
stages and complicates the analysis in such problems, as careful conditioning argu-
ments need to be employed for an accurate analysis.

Finally, in a departure from the more statistical components of the dissertation,
we consider a central limit question for random fields. Random fields — real valued
stochastic processes indexed by a multi-dimensional set — arise naturally in spatial
data analysis and image detection. Limit theorems for random fields have, therefore,
received considerable interest. We prove a Central Limit Theorem (CLT) for linear
random fields that allows sums to be taken over sets as general as the disjoint union
of rectangles. A simple version of our result provides a complete analogue of a CLT

for linear processes with a lot of uniformity, at the expense of no extra assumptions.
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CHAPTER 1

Introduction

A principal task in modern non-parametrics is to devise methods to solve non-
standard problems, problems in which the convergence rate of estimates is different
from /n. This is typically due to the parameter of interest being at the boundary or
the non-smooth nature of the model. These non-standard problems find applications
in a variety of disciplines such as genomics, astrophysics, finance, pharmacology,
environmental statistics, image processing and other related fields. Coming up with
efficient estimates and studying their properties is a major challenge in these settings.
It requires applying and extending results from empirical process theory, especially
for M-estimation methods, which forms a major portion of this dissertation. One
such non-standard problem of threshold estimation is studied in Chapter 2 of this
dissertation, extensions and variants of which are considered in detail over Chapters
3 to 5. In Chapter 6, we provide a general treatment of multi-stage procedures which
are found useful in several non-standard problems such as change-point estimation,
inverse isotonic regression and mode estimation.

In a departure from problems with statistical flavor, a part of this dissertation
addresses a central limit question from applied probability. Central limit theorems
(CLTs) answer how (normalized) partial sums of random variables behave asymptoti-

cally in a variety of settings. They are the cornerstone for doing large sample inference



in statistics and pose exciting challenges to the theorists. Recently, extending CLT's
for random variables to that for random fields has received considerable interest as
random fields — real valued stochastic processes indexed by a multi-dimensional set —
arise quite naturally in applications from spatial data analysis, statistical mechanics
and image processing. We approach one such problem in Chapter 7 of this disserta-
tion.

This thesis covers three broad topics based on a series of papers and articles by

us. We provide a summary of these topics in the following section.

1.1 Summary and organization of the thesis

1.1.1 Part I: Threshold estimation in various settings

Over the course of Chapters 2 to 5, we study the problem of identifying the
threshold level (equivalently, a region in higher dimensions) at which a regression
function leaves its baseline value. This problem is motivated by applications that arise
in toxicological and pharmacological dose-response studies, environmental statistics,
engineering, image processing and other related fields. In the one-dimensional setting,
we consider a data generating model of the form Y = u(X) + ¢, where p : [0,1] — R
satisfies the property that p(z) = 7o for x < dy and u(x) > 79 for z > d; for unknown
To and dy. The interest centers around estimating the threshold level dj.

In Chapter 2, we come up with a novel approach for estimating dy that relies on the
dichotomous behavior of certain p-values on either side of dy. We study the procedure
for two different sampling settings, one where several responses can be obtained at
a number of different covariate-levels (dose-response) and the other involving limited
number of response values per covariate (standard regression). The estimate is shown
to be consistent and its finite sample properties are studied extensively through sim-

ulations. Our approach is computationally simple and extends to the estimation of



the baseline value 7 of the regression function, situations with heteroscedastic errors
and to time-series. We illustrate our approach on some real data applications.

This part of the thesis is based on joint work with Bodhisattva Sen, Moulinath
Banerjee and George Michailidis. It appears in our paper Mallik et al. (2011).

In Chapters 3 and 4, we further delve into the large sample properties of our
p-value based estimate in the dose-response and the standard regression settings.
The two settings require fairly different treatment and yield markedly different limit
distributions. However, they exhibit the same rate of convergence. The smoothness
of the regression function in the vicinity of the threshold plays an important role
in determining the rate of convergence. A “cusp” of order k at the threshold d,
yields an optimal rate of N=/(%*+1) where N is the total budget. In Chapter 3, we
apply non-standard empirical process techniques such as argmin continuous mapping
in the non-unique case to show that the estimate of dy in the dose-response setting
converges to a minimizer of a generalized compound Poisson process. Based on the
limiting behavior, we provide a recipe for constructing confidence intervals which we
study through a limited simulation study and apply to a dataset from a complex
queuing system.

The estimate for dy in the standard regression setting is constructed via kernel
estimators which, in spite of starting with independent observations, induce depen-
dence. We address this and other intricacies of the standard regression setting in
Chapter 4, where in conjunction with standard empirical process techniques (meant
for independent and identically distributed random variables), we apply blocking ar-
guments and martingale inequalities to deduce the rate of convergence. We show
that the asymptotic distribution of the normalized estimate of the threshold is the
minimizer of an integrated and transformed Gaussian process. We study the finite
sample behavior of confidence intervals obtained through the asymptotic approxima-

tion using simulations, consider extensions to short-range dependent data, and apply



our inference procedure to two datasets from Chapter 3.

Chapters 3 and 4 include collaborative work with Bodhisattva Sen, Moulinath
Banerjee and George Michailidis. They appear in our articles Mallik et al. (2013a)
and Mallik et al. (2013b).

In Chapter 5, we consider the multi-dimensional version of threshold estimation
problem, i.e., we now have a regression function u : R — R such that u(z) = 7 for
x € Sp and u(x) > 7 for x € S§. The problem of identifying the baseline region Sy
(equivalently, its complement) arises in a broad range of problems, e.g., determining
high pollution zones in a densely inhabited region, finding active regions from fMRI
studies, image processing and edge detection. The set Sy is the region of no-signal
(baseline region), which, in certain applications, corresponds to the background of
an image; hence, identifying this region from noisy observations is equivalent to re-
constructing the image. The p-value procedure for the one-dimensional case has a
natural extension to this setting but the computational and the theoretical aspects
of the problem become more involved due to complex nature of the set Sy, no longer
being identified by a single point dy, and the local behavior of the function p near the
boundary of Sy. We primarily consider the case with a convex shape-constraint on Sy
and a cusp type assumption on pu at the boundary of Sy. We explore the applicability
of our approach to other situations as well.

This part of the thesis is based on joint work with Moulinath Banerjee and Michael
Woodroofe.

1.1.2 Part 1I: Multistage procedures

Multi-stage procedures involve splitting the sampling budget suitably across stages
and typically involve designing the sampling at a particular stage based on informa-
tion about the parameter obtained from previous stages. They are often found advan-

tageous from the perspective of precise inference in various non-parametric settings



as they typically accentuates the efficiency of the estimates by accelerating the rate
of convergence, relative to one-stage procedures. However, the step-by-step process
induces dependence across stages and complicates the analysis in such problems. In
Chapter 6, we develop a generic framework for M-estimation in a multistage set-
ting. We apply empirical process techniques and careful conditioning arguments to
develop limit theorems that describe the large sample behavior of the resulting M-
estimates. This unified approach is illustrated on a variety of problems ranging from
change-point estimation to inverse isotonic regression and mode estimation.

This part of the thesis is based on joint work with Moulinath Banerjee and George
Michailidis.

1.1.3 Part III: Random fields

As mentioned earlier, random fields are real valued stochastic processes indexed by
a multi-dimensional set which arise naturally in spatial data analysis, image detection
and related fields. We are mainly concerned with proving Central Limit Theorems
(CLT) for linear random fields where sums are taken over sets of arbitrary shape. Most
approaches in the literature rely upon the use of Beveridge—Nelson decomposition to
derive conditions for CLT when sums are taken over rectangles. In Chapter 7, we
provide a different approach that extends the CLT in Ibragimov (1962) for linear
processes to that for linear random fields without putting any extra assumptions.
In its most general form, we prove a CLT when sums of linear random fields are
considered over disjoint union of rectangles.

This part of the thesis is based on joint work with Michael Woodroofe. It appears

in our paper Mallik and Woodroofe (2011).



Part 1

Threshold estimation in various

settings



CHAPTER 2

Threshold Estimation using p-values

In a number of applications, the data follow a regression model where the regres-
sion function u is constant at its baseline value 75 up to a certain covariate threshold
dy and deviates significantly from 7y at higher covariate levels. For example, consider
the data shown in the left panel of Fig. 2.1. It depicts the physiological response of
cells from the TPC-81 leukemia rat cell line to a treatment, at different doses; more
details are given in Section 2.2.5. The objective here is to study the toxicity in the
cell culture to assess environmental hazards. The function stays at its baseline value
for high dose levels which corresponds to the dose becoming lethal, and then takes
off for lower doses, showing response to treatment. This problem requires procedures
that can identify the change-point in the regression function, namely where it deviates
from the baseline value. The threshold is of interest as it corresponds to maximum
safe dose level beyond which cell cultures stop responding. Similar problems also
arise in other toxicological applications (Cox, 1987).

Problems with similar structure also arise in other pharmacological dose-response
studies, where u(x) quantifies the response at dose-level x and is typically at the
baseline value up to a certain dose, known as the minimum effective dose; see Chen
and Chang (2007) and Tamhane and Logan (2002) and the references therein. In such

applications, the number of doses or covariate levels is relatively small, say up to 20,
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Figure 2.1: The three data examples. Left panel: Response of cell-cultures at different
doses. Middle panel: Logratio measurements over range. Right panel:
Annual global temperature anomalies from 1850 to 2009.
and many procedures proposed in the literature are based on testing ideas (Tamhane
and Logan, 2002; Hsu and Berger, 1999). However, in other application domains, the
number of doses can be fairly large compared to the number of replicates at each dose.
The latter is effectively the setting of a standard regression model. In the extreme
case, there is a single observation per covariate level. Data from such a setting are
shown in the middle panel of Fig. 2.1, depicting the outcome of a light detection and
ranging (LIDAR) experiment, used to detect the change in the level of atmospheric
pollutants. This technique uses the reflection of laser-emitted light to detect chemical
compounds in the atmosphere (Holst et al., 1996; Ruppert et al., 1997). The predictor
variable, range, is the distance traveled before the light is reflected back to its source,
while the response variable, logratio, is the logarithm of the ratio of received light
at two different frequencies. The negative of the slope of the underlying regression
function is proportional to mercury concentration at any given value of range. The
point at which the function falls from its baseline level corresponds to an emission
plume containing mercury and, thus, is of interest. An important difference between
these two examples is that the former provides the luxury of multiple observations at
each covariate level, while the latter does not.

Another relevant application in a time-series context is given in the right panel of



Fig. 2.1, where annual global temperature anomalies are reported from 1850 to 2009.
The study of such anomalies, temperature deviations from a base value, has received
much attention in the context of global warming from both the scientific as well as the
general community (Melillo, 1999; Delworth and Knutson, 2000). The figure suggests
an initial flat stretch followed by a rise in the function. Detecting the advent of global
warming, which is the threshold, is of interest here. While we take advantage of the
independence of errors in the previous two datasets, this application has an additional
feature of short range dependence which needs to be addressed appropriately.

Formally, we consider a function p(z) on [0, 1] with the property that u(z) = 7o
for x < dy and p(x) > 79 for x > dy for some dy € (0,1). As already mentioned,
quantities of prime interest are dy and 7y that need to be estimated from realizations
of the model Y = pu(X) +e. We call dy the 7y threshold of the function p. Here 79 is
the global minimum for the function p. To fix ideas, we work only with this setting
in mind. The methods proposed can be easily imitated for the first data application
where the baseline stretch is on the right as well as for the second data application
where 79 is the maximum.

In this generality, i.e., without any assumptions on the behavior of the function
in a neighborhood of dy, the estimation of the threshold dy has not been extensively
addressed in the literature. In the simplest possible setting of the problem posited,
1 has a jump discontinuity at dy. In this case, dy corresponds to a change-point for
1 and the problem reduces to estimating this change-point. Such models are well
studied; see Loader (1996), Koul et al. (2003), Pons (2003), Lan et al. (2009) and the
references therein. Results on estimating a change-point in a density can be found in
Ibragimov and Has'minskii (1981).

The problem becomes significantly harder when p is continuous at dy; in particular,
the smoother p is in a neighborhood of dj, the more challenging the estimation. If dy

is a cusp of p of some known order k, i.e., the first £ — 1 right derivatives of u at d



equal 0 but the k-th does not, so that dj is a change-point in the k-th derivative, one
can obtain nonparametric estimates for dy using either kernel based (Miiller, 1992)
or wavelet based (Raimondo, 1998) methods. If the degree of differentiability of y at
dy is not known, this becomes an even harder problem.

In this chapter, we develops a novel approach for the consistent estimation of dy in
situations where single or multiple observations can be sampled at a given covariate
value. The developed nonparametric methodology relies on testing for the value of
1 at the design values of the covariate. The obtained test statistics are then used to
construct p-values which, under mild assumptions on p, behave in markedly different
manner on either side of the threshold dy and it is this discrepancy that is used to
construct an estimate of dy. The approach is computationally simple to implement
and does not require knowledge of the smoothness of 1 at dy. In a dose-response
setting involving several doses and large number of replicates per dose, the p-values
are constructed using multiple observations at each dose. The approach is completely
automated and does not require the selection of any tuning parameter. In the case
of limited or even single observation at each covariate value, referred to as the stan-
dard regression setting, the p-values are constructed by borrowing information from
neighboring covariate values via smoothing which only involves selecting a smoothing
bandwidth. The first data application falls under the dose-response setting and the
other two examples fall under the standard regression regime. We establish consis-
tency of the proposed procedure in both settings.

An estimate of u, say i, by itself, fails to offer a satisfactory solution for estimating
dy. Naive estimates, using /i, may be of the form d¥ = sup{z : fi(z) < 7} or
d® =inf{x : fi(z) > 7}. The estimator dV) performs poorly when y is not monotone,
and is close to 7y at values to the far right of dy, e.g., when p is tent-shaped. Also,
(JZ(Q), by itself, is not consistent and one would typically need to substitute 79 with a

To -+ M, With n, — 0 at an appropriate rate, to attain consistency. In contrast, our
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approach does not need to introduce such exogenous parameters.

2.1 Formulation and Methodology

2.1.1 Problem Formulation

Consider a regression model Y = (X)) + €, where p is a function on [0, 1] and

p(x) =1 for x < dy, and p(z) > 1 for x > dy, (2.1)

for dy € (0,1), with an unknown 7y € R. The covariate X is sampled from a Lebesgue
density f on [0,1] and E(e | X = z) = 0, 0%(x) = var(e | X = x) > 0 for z €
[0,1]. We assume that f is continuous and positive on [0, 1] and w is continuous. No
further assumptions are made on the behavior of u, especially around dy. We have

the following realizations:

YVij=pmXi)+ey 1=1....n; j=1...,m, (2.2)

with N = m X n being the total budget of samples. The ¢;;s are independent given
X and distributed like € and the X;s are independent realizations from f. Also, (2.2)
with m = 1 corresponds to the usual regression setting which simply has only one
response at each covariate level.

We construct consistent estimates of dy in dose-response and standard regression
settings. In the dose-response setting, we allow both m and n to be large and construct
p-values accordingly. We refer to the corresponding approach as Method 1 from now
on. In the other setting, we consider the case when m is much smaller compared to n
and extend our approach through smoothing. We refer to this extension as Method 2,
which requires choosing a smoothing bandwidth. The two methods rely on the same

dichotomous behavior exhibited by the approximate p-values, although constructed
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differently.

2.1.2 Dose-Response Setting (Method 1)

We start by introducing some notation. Let Y;. = > Y;;/m and z € (0,1) de-
note a generic value of the covariate. Let 6,,,, = ¢ and 7,,,, = 7 denote the estimators
of o(-) and 7y respectively. For homoscedastic errors, 6,,, () is the standard pooled
estimate, i.e., o7, .(v) = >, (Yi; — Y;.)?/(nm — m), while for the heteroscedastic
case G5, ,(Xi) = 200, (Vij — Y;)?/(m — 1). Estimators of 7y are discussed in Section
2.1.4. We seek to estimate dy by constructing p-values for testing the null hypothesis
Ho. @ p(z) = 19 against the alternative Hy, : p(x) > 79 at each dose X; = z. The

)

approximate p-values are

Pmn(Xi) = P (Xiy ) = 1 = 2(Vm(Y;. = 7)/6(X5)).

Indeed, these approximate p-values would correspond to the exact p-values for the
uniformly most powerful test if we worked with a known o, a known 7 and normal
errors.

To the left of dy, the null hypothesis holds and these approximate p-values converge
weakly to a Uniform(0,1) distribution, for suitable estimators of 75. In fact, the
distribution of py,»(X;)s does not even depend on X; when X; < dy. Moreover, to
the right of dy, where the alternative is true, the p-values converge in probability to
0. This dichotomous behavior of the p-values on either side of dy can be used to
prescribe consistent estimates of the latter. We can fit a stump, a piecewise constant
function with a single jump discontinuity, to the p,, ,(X;)s, i = 1,..., n, with levels
1/2, which is the mean of a Uniform (0,1) random variable, and 0 on either side
of the break-point and prescribe the break-point of the best fitting stump (in the

sense of least squares) as an estimate of dy. Formally, we fit a stump of the form

12



&i(x) = (1/2)1(x < d), minimizing

M (d) = Minn(d, 7) = D {pma(X) =172} 4+ > {pma(X)} (23)
X, <d i:X;>d

over d € [0,1]. Let dp, = argmin e g M.,,,..(d). The success of our method relies

on the fact that the p,,,(X;)s eventually show stump like dichotomous behavior. In

this context, no estimate of p could exhibit such a behavior directly. Our procedure

can be thought of as fitting the limiting stump model to the observed p,, . (X;)s by

minimizing an Ly norm. In fact, the expression in (2.3) can be simplified. Let

Mld) =+ 37 (prn(X0) — (1/4)).

i: X;<d

Elementary calculations show that

cfm,n = sargmax M,,, ,,(d).
de[0,1]

Here, sargmax denotes the smallest argmax of the criterion function, which does not
have a unique maximum. In fact, cimn corresponds to an order statistic of X;s and the
above criterion is maximized at any point between aAlmvn and the next order statistic.
Our results hold for any maximizer of the criterion; the smallest argmax is chosen
just to fix ideas. The estimate is easy to compute as it requires a simple search over
the order statistics.

In heteroscedastic models, the estimation of the error variance &(-) can often
be tricky. The proposed procedure can be modified to avoid the estimation of
the error variance altogether for the construction of the p-values, as the desired
dichotomous behavior of the p-values is preserved even when we do not normal-
ize by the estimate of the variance. Thus, we can consider the modified p-values

Pmn(X;) = 1 — @(/m(Y,. — 7)) and the dichotomy continues to be preserved as
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E{1—-®(Z)} = 0.5 for a normally distributed Z with zero mean and arbitrary vari-
ance. In practice though, we recommend, whenever possible, using the normalized
p-values as they exhibit good finite sample performance.

Next, we prove the consistency of our proposed procedure when using the un-
normalized p-values. The technique illustrated here can be carried forward to prove
consistency for other variants of the procedure, e.g., when normalizing by the estimate
of the error variance, but require individual attention depending upon the assumption

of heteroscedasticity /homoscedasticity.

Theorem 2.1. Consider the dose-response setting of the problem and let chn denote
the estimator based on the non-normalized version of p-values, €.g., Pymn(Xi) =1 —
O(/m(Y;. —7)). Assume that /m(Fm, —To) = 0,(1) as m,n — oo, i.e., given €,1 >
0, there exists a positive integer L, such that for m,n > L, P(\/m|T — 10| > €) < 7.

Then, cimyn —dp =0,(1) as m,n — oo.

The proof is relegated to Section A.1 of Appendix A.

2.1.3 Standard Regression Setting (Method 2)

A

We now consider the case when m is much smaller than n. Let j(z) = 7(x)/f(z)

denote the Nadaraya—Watson estimator, where

1 o - X;
rz) = — ZthK (x h Z) and
n'i—1 n

f) = ZK(x;X)

with K being a symmetric probability density (a kernel) and h,, the smoothing band-
width. We take h,, = cn™? for 8 € (0,1). Let 6,,(-) and 7, denote estimators of o()
and 7y respectively. An estimate of 0%(-) can be constructed through standard tech-

niques, e.g., smoothing or averaging the squared residuals m(Y;. — 1(X;))?, depending
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upon the assumption of heteroscedastic or homoscedastic errors.

For x < dy, the statistic T(z,79) = vnh,(i(z) — 79) converges to a normal
distribution with zero mean and variance YX%(z) = X%(z,0) = o?(2)K?/{mf(x)}
with K? = [ K?(u)du. The approximate p-value for testing Hy, against H;, can

then be constructed as:
po(2) = pu(,7) =1 = @ (T, 7,) /5(w,5)),

where Y2(z,6) = 62(x)K2/{mf(z)}. It can be seen that these p-values also ex-
hibit the desired dichotomous behavior. Finally, an estimate of dy is obtained by

maximizing

1
Mi,(d) = — i;d{pn()@) —1/4} (2.4)
over d € [0,1]. Let d, = sargmaxc(o 1) Min(d). Under suitable conditions on 7,, this
estimator can be shown to be consistent when n grows large.

We have avoided sophisticated means of estimating p(-), as our focus is on esti-
mation of dy, and not particularly on efficient estimation of the regression function.
Also, the Nadaraya—Watson estimate does not add substantially to the computational
complexity of the problem and provides a reasonably rich class of estimators through
choices of bandwidths and kernels.

In many applications, particularly with m = 1 and heteroscedastic errors, estimat-
ing the variance function o?(-) accurately could be cumbersome. As with Method 1,
Method 2 can also be modified to avoid estimating the error variance, e.g., the estima-
tor constructed using (2.4), based on p, (X;)s, with p,(z) = 1 — @ (vVnh,(A(z) — 7).
Next, we prove consistency for the proposed procedure when we do not normalize by
the estimate of the variance. The technique illustrated here can be carried forward

to prove consistency for other variants of the procedure. We make the following
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additional assumptions.

(a) Forsomen > 0, the functions o?(-) and o+ (2) = E(|e|*" | X = ),z € [0, 1],

are continuous.

(b) The kernel K is either compactly supported or has exponentially decaying tails,
i.e., for some C, D and a > 0, and for all sufficiently large z, P{|W| > z} <
C exp(—Dx®), where W has density K. Also, K2 = [ K*(u)du < cc.

Assumption (a) is very common in non-parametric regression settings for justifying
asymptotic normality of kernel based estimators. Also, the popularly used kernels,

namely uniform, Gaussian and Epanechnikov, do satisfy assumption (b).

Theorem 2.2. Consider the standard regression setting of the problem with m staying
fized and n — co. Assume that \/nhy, (7, — 7o) = 0,(1) asn — co. Let d,, denote the
estimator computed using pn(X;) = 1 — ®{T(X;,7,)}. Then, d, —do = 0,(1) asn —

0.
The proof is given in Section A.2 of Appendix A.

Remark 2.3. The model in (2.2) incorporates situations with discrete responses.
For example, we can consider binary responses with Y;;s indicating a reaction to a
dose at level X; . We assume that the function p(x), the probability that a subject
yields a reaction at dose x, is of the form (2.1) and takes values in (0,1) so that
o?(x) = p(x)(1 — p(x)) > 0. The results from this section as well as those from

Section 2.1.2 will continue to hold for this setting.

Remark 2.4. Our assumption of continuity of p can be dropped and the results from
this section as well as those from Section 2.1.2 will continue to hold provided that
1 bounded and continuous almost everywhere with respect to Lebesque measure. This
includes the classical change-point problem where p has a jump discontinuity at d

but is otherwise continuous.
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2.1.4 Estimators of 7

Suitable estimates of 7y are required that satisfy the conditions stated in Theo-
rems 2.1 and 2.2. In a situation where dy may be safely assumed to be greater than
some known positive 7, an estimate of 7y can be obtained by taking the average of
the response values on the interval [0,7]. The estimator would be y/mn-consistent
and would therefore satisfy the required conditions. Such an estimator is seen to be
reasonable for most of the data applications that are considered in this chapter. In sit-
uations when such a solution is not satisfactory, we propose an approach to estimate
To that does not require any background knowledge, once again using p-values.

We now construct an explicit estimator 7 of 75 in the dose-response setting, as

required in Theorem 2.1, using p-values. For convenience, let
Zim(T) = P (Xi,7) =1 — D (\/R(S_/; — T)/(%m’n(Xi)) :

Let 7 > 79. As m increases, for pu(X;) < 7, Zy,(7) converges to 1 in probability,
while for u(X;) > 7, Z;,(7) converges to 0 in probability. For any 7 < 79, it is easy
to see that Z;,,(7) always converges to 0, whereas when 7 = 7y, Z;,,,(7) converges to
0 for X; > dy and E{Z;,,(7)} converges to 1/2 for X; < dy. Thus, it is only when
T = 7o that Z;,(7)s are closest to 1/2 for a substantial number of observations. This

suggests a natural estimate of 7¢:
= o = argmin » {Zin(7) — 1/2}°. (2.5)

Theorem 2.5 shows that under some mild conditions and homoscedasticity, v/m (7y,.,—

7o) is 0,(1), a condition required for Theorem 2.1.

Theorem 2.5. Consider the same setup as in Theorem 2.1. Assume that the errors

are homoscedastic with variance oi. Further suppose that the regression function
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satisfies:

(A) Given n > 0, there exists € > 0 such that, for every T > 19,

f(x)dx <.

{z>do:|pu(z)—7[<e}

Also assume that ¢, the density function of \/me, /og, converges pointwise to ¢, the

standard normal density. Then \/m (Tmn — T0) = 0p(1).
This proof is given in Section A.3 of Appendix A.

Remark 2.6. Condition (A) is guaranteed if, for example, p is strictly increasing
to the right of dy although it holds under weaker assumptions on . In particular,
it rules out flat stretches to the right of dy. The assumption that ¢,, converges to
¢ 1is not artificial, since convergence of the corresponding distribution functions to
the distribution function of the standard normal is guaranteed by the central limit

theorem.

This approach in (2.5) can also be emulated to construct estimators of 7, for
the standard regression setting by just going through the procedure with p,(X;, 7)s
instead of py,,(X;, 7)s and it is clear that this estimator is consistent. However,
the theoretical properties of this estimator, such as the rate of convergence, are not
completely known. Nevertheless, the procedure has good finite sample performance
as indicated by the simulation studies in Section 2.2. The estimator is positively
biased. This is due to the fact that a value larger than 7 is likely to minimize the
objective function in (2.5) as it can possibly fit the p-values arising from a stretch
extending beyond [0, dy], in presence of noisy observations. The values smaller than

To do not get such preference as the true function never falls below 7.

18



2.1.5 To smooth or not to smooth

The consistency of the two methods established in the previous sections justifies
good large sample performance of the procedures, but does not provide us with prac-
tical guidelines on which method to use given a real application. In dose-response
studies, it is quite difficult to find situations where both m and n are large. Typically,
such studies do not administer too many dose levels which precludes n from being
large. So, we compare the finite sample performance of the two methods for different
allocations of m and n to highlight their relative merits.

We study the performance of the two methods for three different choices of re-
gression functions. All these functions are assumed to be at the baseline value 0 to
the left of dy = 0.5. Specifically, M; is a piece-wise linear function rising from 0 to
0.5 between dy and 1; M,, a convex curve, grows like a quadratic beyond dgy, and
reaches 0.5 at 1; Mj rises linearly with unit slope for values ranging from dy to 0.8
and then decreases with unit slope for values between 0.8 and 1.0. So, M; and M,
are strictly monotone to the right of dy and exhibit increasing level of smoothness at
dy. On the other hand, Msj is tent-shaped and estimating dj is expected to be harder
for M3 compared to M;.

For each allocation pair (m,n) and a choice of a regression function, we generate
responses {Yi1, ..., Y}, with Yi; = p(X;) + €, the €;s being independent N (0, 0?)
with ¢ = 0.3. The X;s are sampled from Uniform(0,1). The performance for es-
timating dy = 0.5 is studied based on root mean square error computed over 2000
replicates, assuming a known variance and a known 7y = 0. For illustrative purposes,
we use the Gaussian kernel for Method 2. It will be seen that a bandwidth of the form
h,, = hon~"/ (k1) is chosen as it is expected to attain the optimal rate of convergence
for estimating a cusp of order k (see also Raimondo (1998)). For M; and M3, k = 1
while for M, k is 2. We report the simulations for the best hy which minimizes the

average of the root mean square errors for the sample sizes considered, over a fine
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My Moy M3
(m,n) || Method 1 Method 2 Method 1 Method 2 Method 1 Method 2
(0.04n~1/3) (0.08n~1/9) (0.04n~1/3)
(55) || 0.169, 0.045 | 0.180, 0.096 | 0.202, 0.116 | 0.218, 0.109 | 0.205, 0.075 | 0.237, 0.143
(510) || 0.157, 0.067 | 0.166, 0.091 | 0.218, 0.172 | 0.213, 0.115 | 0.201, 0.109 | 0.208, 0.124
(10 10) || 0.134, 0.033 | 0.141, 0.056 | 0.190, 0.139 | 0.193, 0.086 | 0.149, 0.046 | 0.156, 0.069
(10 15) || 0.118, 0.049 | 0.126, 0.052 | 0.187, 0.155 | 0.190, 0.078 | 0.122, 0.053 | 0.129, 0.058
(10 20) || 0.108, 0.062 | 0.109, 0.046 | 0.185, 0.167 | 0.176, 0.069 | 0.109, 0.064 | 0.110, 0.049
(15 10) || 0.125,0.018 | 0.126, 0.040 | 0.177, 0.117 | 0.184, 0.070 | 0.135, 0.020 | 0.132, 0.046
(15 15) || 0.104, 0.038 | 0.109, 0.040 | 0.172, 0.140 | 0.175, 0.066 | 0.109, 0.038 | 0.112, 0.038
(15 20) || 0.094, 0.042 | 0.098, 0.038 | 0.170, 0.149 | 0.174, 0.059 | 0.092, 0.044 | 0.100, 0.036
(20 10) || 0.124, 0.010 | 0.123, 0.029 | 0.165, 0.112 | 0.175, 0.065 | 0.127, 0.007 | 0.123, 0.039
(20 15) || 0.102, 0.025 | 0.106, 0.025 | 0.162, 0.133 | 0.170, 0.058 | 0.103, 0.026 | 0.106, 0.027
(20 20) || 0.089, 0.033 | 0.097, 0.023 | 0.159, 0.139 | 0.161, 0.054 | 0.087, 0.036 | 0.093, 0.027
(380) || 0.162, 0.145 | 0.105, 0.080 | 0.269, 0.262 | 0.164, 0.093 | 0.197, 0.166 | 0.110, 0.083
(3 100) || 0.162, 0.146 | 0.099, 0.077 | 0.270, 0.265 | 0.159, 0.089 | 0.187, 0.159 | 0.098, 0.074
(4 80) || 0.141, 0.124 | 0.094, 0.069 | 0.248, 0.242 | 0.157, 0.086 | 0.150, 0.129 | 0.098, 0.068
(4 100) || 0.140, 0.125 | 0.088, 0.063 | 0.249, 0.244 | 0.148, 0.078 | 0.144, 0.125 | 0.087, 0.063
Table 2.1: Root mean square errors and biases , the first and second entries respec-
tively, for the estimate of threshold djy obtained using Methods 1 and 2,
for the three models with ¢ = 0.3 and different choices of m and n.
grid.

The root mean square errors and the biases for each allocation pair are given in

Table 2.1.

Both procedures are inherently biased to the right as the p-values are not

necessarily close to zero to the immediate right of dy. When m and n are comparable,

e.g.,m < 15 and n < 15, Method 2, which relies on smoothing, does not perform well

compared to Method 1. However, when m is much smaller than n, e.g., m = 4 and

n = 80, smoothing is efficient and Method 2 is preferred over Method 1. When both

m and n are large, both methods work well. As Method 1 does not require selecting

any tuning parameter, we recommend Method 1 in such situations.

2.1.6 Extension to Dependent Data

The global warming data falls under the standard regression setup, but involves

dependent errors. Moreover, the data arises from a fixed design setting, with observa-

tions recorded annually. Here, we discuss the extension of Theorem 2.2 in this setting.

With a fixed uniform design, we consider the model Y; ,, = p (i/n)+€, (i=1,...,n).
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In such a model, Y;,, and ¢;,, must be viewed as triangular arrays. The estimator of

the regression function is

fi(z) = %Z Vi K (f” ‘hz/ ”)
For each n, we assume that the process ¢;, is stationary and exhibits short-range
dependence. Under Assumptions 1-5, listed in Robinson (1997), it can be shown that
Vnhy (f(xy) —p(zg)), 2 € (0,1),k = 1,2 and z; # x4, converge jointly in distribution
to independent normals with zero mean. In this setting, the working p-values, defined
here to be pﬁf)(x, 70) = 1 — ®(v/nh,(fi(x) — 79)), still exhibit the desired dichotomous
behavior. To keep the approach simple, we have not normalized by the estimate of
the variance as this would have involved estimating the auto-correlation function.
The conclusions of Theorem 2.2 can be shown to hold when d, is constructed using
(2.4) based on pg)(X,-, 7)s. Here, 7 is constructed via averaging the responses over an

interval that can be safely assumed to be on the left of dj, as discussed in Section 2.1.4.

2.2  Simulation Results and Data Analysis

2.2.1 Simulation Studies

We consider the same three choices of the regression function M;, M, and Mj,
as in Section 2.1.5. The data are generated for allocation pair (m,n) and a choice
of regression function, with the errors being independent N(0,0?), where o = 0.3.
The X;s are again sampled from Uniform(0,1). We study the performance of the two
methods when the estimates of dy are constructed using p-values that are normalized
by their respective estimates of variances.

Firstly, we consider Method 1. In Table 2.2, we report the root mean square error
and the bias for the estimators of dy and 7y, for different choices of m and n. For

moderate sample sizes, M3 shows greater root mean square errors in general than M,
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M, M, M;

(m,n) do 0 do o do \ 0
(5,5) || 0.255, 0.215 | 0.175, 0.099 || 0.282, 0.255 | 0.134, 0.060 || 0.312, 0.262 | 0.142, 0.084
(5, 10) || 0.248, 0.205 | 0.143, 0.086 || 0.271, 0.223 | 0.102, 0.049 || 0.303, 0.243 | 0.112, 0.072
(10, 10) || 0.207, 0.157 | 0.124, 0.067 || 0.246, 0.216 | 0.077, 0.035 || 0.272, 0.215 | 0.104, 0.069
(10, 20) || 0.172, 0.139 | 0.090, 0.052 || 0.240, 0.224 | 0.054, 0.029 || 0.248, 0.198 | 0.086, 0.062
(10, 50) || 0.136, 0.121 | 0.056, 0.038 || 0.235, 0.228 | 0.038, 0.027 || 0.186, 0.157 | 0.070, 0.058
(20, 50) || 0.090, 0.076 | 0.031, 0.018 || 0.194, 0.187 | 0.025, 0.017 || 0.124, 0.100 | 0.050, 0.034
(50, 100) || 0.050, 0.043 | 0.011, 0.007 || 0.152, 0.148 | 0.012, 0.009 || 0.052, 0.046 | 0.014, 0.009

Table 2.2: Root mean square errors and biases , the first and second entries respec-
tively, for the estimate of threshold dy obtained using Method 1 and the
estimate of 75 with ¢ = 0.3 for the three models.

and M, as the signal is weak close to 1 for Mj3. For large sample sizes, the performance
of the estimate is similar for M; and M3 and is better than that for M5, which can be
ascribed to M, being smoother at dy. The procedure is inherently biased to the right
as p-values are not necessarily close to zero to the immediate right of dy. Further, the
estimator, on average, moves to the left with increase in m as the desired dichotomous
behavior becomes more prominent.

Next, we study the performance of Method 2. As the estimation procedure is
entirely based on {(X;,Y;)}" ,, without loss of generality, we take m to be 1. We
again work with the Gaussian kernel with the smoothing bandwidth chosen in the
same fashion as in Section 2.1.5. In Table 2.3, we report the root mean square error
and the bias for the two estimators, for different choices of m and n. We see trends

similar to those for Method 1, across the choices of the regression functions.

2.2.2 An allocation problem

In common dose-response studies, one is given a total budget of N = nxm samples
that need to be allocated to n covariate values and m replicates at each covariate value,
respectively. Intuitively, increasing the number of replicates m decreases the bias,
whereas increasing the number of values n of the covariate, decreases the variance

of the estimators. The optimal allocation occurs when the two terms are balanced,
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M, M, M;
n hy, = 0.1n"1/3 hy = 0.15n1/5 hy, = 0.1n"1/3
do 0 do To do \ To

20 [[ 0.285, 0.179 [ 0.209, 0.105 [[ 0.290, 0.178 [ 0.147, 0.057 || 0.326, 0.224 | 0.174, 0.084
30 || 0.268, 0.155 | 0.184, 0.094 || 0.268, 0.146 | 0.122, 0.038 || 0.319, 0.218 | 0.151, 0.074
50 || 0.237, 0.138 | 0.158, 0.080 || 0.244, 0.124 | 0.099, 0.031 || 0.284, 0.187 | 0.131, 0.069
80 || 0.215, 0.112 | 0.137, 0.066 || 0.222, 0.084 | 0.078, 0.019 || 0.270, 0.178 | 0.117, 0.068
100 || 0.195, 0.096 | 0.125, 0.053 || 0.216, 0.082 | 0.075, 0.017 || 0.251, 0.147 | 0.109, 0.061
200 || 0.159, 0.062 | 0.088, 0.035 || 0.191, 0.060 | 0.049, 0.011 | 0.210, 0.122 | 0.092, 0.053
500 || 0.104, 0.006 | 0.046, 0.014 || 0.164, 0.039 | 0.027, 0.005 | 0.142, 0.054 | 0.060, 0.025
1000 || 0.095, 0.004 | 0.031, 0.007 || 0.150, 0.020 | 0.020, 0.004 || 0.105, 0.021 | 0.039, 0.012
1500 || 0.085, 0.003 | 0.023, 0.005 || 0.148, 0.015 | 0.018, 0.003 || 0.088, 0.008 | 0.028, 0.008
2000 || 0.072, 0.002 | 0.020, 0.005 || 0.138, 0.007 | 0.015, 0.002 || 0.081, 0.001 | 0.023, 0.005

Table 2.3: Root mean square errors and biases , the first and second entries respec-
tively, for the estimate of threshold dy obtained using Method 2 and the
estimate of 7y with o = 0.3 for the three models.

N M, M3
0=01]0=03[0=01]0=03
100 | (617) | (333) | (812 | (33.3)
200 | (7,29) | (40,5) || (7,29) | (67.3)

Table 2.4: Optimal allocation (m,n) pairs for a fixed total budget N =m x n

usually at a moderate value of n and m, which depends on the value of o and the
regression function. Thus, for a fixed N, one expects that the root mean square error
exhibit a U-shape as a function of m; further, for larger o the optimal allocation
would occur at a larger value of m.

We investigate this allocation problem for Method 1 through a simulation study
and we present the optimal allocations for models M; and Mj. The setting under
consideration is dy = 0.5, N = 100 and 200 and ¢ = 0.1 and 0.3. All possible
combinations of m and n that approximately satisfy the total budget were considered.
As very small values of n are also considered, we work with a discrete uniform design
for this study. The optimal allocations are shown in Table 2.4. It can be seen that for
small o, lots of covariate values and fewer replicates are preferred, while the situation
gets reversed for high o. Further, qualitatively similar results, in accordance with our
observation above, are obtained for the other models. Nevertheless, a few anomalies

are present; specifically, as we are sampling from the discrete uniform design on [0, 1],
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Table 2.5: Root mean square errors for the five procedures for different choices of m
and n and models M; and M; when ¢ = 0.3.

(m,n) M, M,

’ P B [P | P[P P P | P | P ] P
(5, 5) 0.163 | 0.207 | 0.339 | 0.255 | 0.299 0.204 | 0.241 | 0.420 | 0.291 | 0.298
(5, 10) 0.134 | 0.176 | 0.304 | 0.307 | 0.344 0.201 | 0.227 | 0.390 | 0.346 | 0.360
(10, 10) 0.119 | 0.120 | 0.227 | 0.228 | 0.328 0.168 | 0.194 | 0.334 | 0.302 | 0.360
(10, 20) 0.092 | 0.079 | 0.191 | 0.265 | 0.295 0.177 | 0.163 | 0.303 | 0.329 | 0.354
(10, 50) 0.085 | 0.042 | 0.179 | 0.310 | 0.247 0.193 | 0.150 | 0.294 | 0.369 | 0.332
(20, 50) 0.060 | 0.030 | 0.128 | 0.212 | 0.176 0.162 | 0.147 | 0.245 | 0.305 | 0.274
(50, 100) || 0.038 | 0.013 | 0.080 | 0.142 | 0.114 0.132 | 0.145 | 0.197 | 0.254 | 0.211

and dy = 0.5, sometimes the optimal allocation occurs at the rather extreme value
n = 3. This is due to the fact that in that case, the covariate values are placed at
0.25, 0.5 and 0.75, and when m is large, the fitted break point d, is usually 0.5, the
true parameter value. Whenever this is the case, the estimation error is exactly zero,
making the observed root mean square error small. With the same budget, a larger
n, say n = 5, can also lead to 0.5 as a covariate value, but the value of m decreases
in the process thereby increasing the bias and there are more options for the fitted

break point to differ from 0.5, leading to larger root mean square errors.

2.2.3 Comparison with other procedures from dose-response setting

We now compare Method 1 to some competing procedures developed in the phar-
macological dose-response setting to identify the minimum effective dose. Most of
the methods developed in dose-response setting context are based on hypothesis test-
ing procedures. For example, Williams (1971) developed a method to identify the
lowest dose at which there is activity in toxicity studies using a closed testing pro-
cedure based on isotonic regression for a monotone dose-response relationship. Hsu
and Berger (1999) developed a step-wise confidence set approach to estimate and
make inference on the minimum effective dose. A nonparametric method based on
the Mann—-Whitney statistic incorporating the step-down procedure is investigated in

Chen (1999), while Tamhane and Logan (2002) use multiple testing procedures for
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the task at hand. We compare our method with that of Williams (1971), of Hsu and
Berger (1999) and of Chen (1999), referred henceforth as Ps, Py and Ps, respectively.

We compare the performance of Method 1, which we refer to as P;, with that
of P3, Py and P5. A natural parametric procedure to estimate dy might be to fit a
kink-type model like M; to the observed responses and estimate dy and the slope
of the linear segment by the least squares method. We also implement this method
and call it P,. Obviously when the true underlying regression function p is not
a kink-model this method might not be consistent, but given a finite sample it is
often a good first approximation. Whereas, when p is a kink-function, e.g., when we
assume the true model to be M, this approach should clearly outperform the other
procedures. Indeed, Table 5 shows that P, is very competitive for model Mj; still
our approach P; performs better for small sample sizes, e.g., (5, 5) and (5, 10). For
the model M, a slight departure from the model M7, P, mostly dominates P,, and
all the other procedures. Note that as P3, P, and P5 are procedures that are based
on testing hypotheses, we need to specify a level a;, and in the simulations reported
in this chapter, we have set a = 0.05. The choice of the a = 0.05 is purely based on
classical hypothesis testing considerations; a proper choice of the tuning parameter
is not available. Also, to implement P;—Ps5, we computed the cut-off values necessary
to carry out the hypothesis tests using simulation, as such tables are not available for
the different choices of m and n considered in this chapter.

Overall, P, is very competitive, and the simplicity of our approach coupled with
its adaptivity to different types of mis-specifications, makes it a very attractive choice.
Indeed, one of the novelties of our approach lies in the fact that we treat the estimation
of dy purely as an estimation problem and not a result of a series of hypotheses tests,

thereby avoiding the need to specify a.
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2.2.4 Some practical recommendations

Based on our simulation study, the following practical recommendations are in
order. In terms of optimal allocation under a fixed budget N, it is better for one to
invest in an increased number of covariate values n, rather than replicates m. Fur-
ther, when the sample size is reasonably large, the procedure that avoids estimating
the variance function and works with non-normalized p-values, is competitive and is

recommended in the regression settings with heteroscedastic errors and time-series.

2.2.5 Data Applications

The first data application deals with a dose-response experiment that studies the
effect on cells from the IPC-81 leukemia rat cell line to treatment with 1-methyl-3-
butylimidazolium tetrafluoroborate, at different doses measured in M, micro mols
per liter (Ranke et al., 2004). The substance treating the cells is an ionic liquid and the
objective is to study its toxicity in a mammalian cell culture to assess environmental
hazards. The question of interest here is at what dose level toxicity becomes lethal
and cell cultures stop responding.

It can be seen from the physiological responses shown in the left panel of Fig. 2.1,
that there is a decreasing trend followed by a flat stretch. Hence, it is reasonable to
postulate a response function that stays above a baseline level 75 until a transition
point dy beyond which it stabilizes at its baseline level. We assume errors to be
heteroscedastic, as the variability in the responses changes with level of dose, with
more variation for moderate dose levels compared to extreme dose levels. This is
the small (m,n) case with m and n being comparable; in fact, m = n = 9. Hence
we apply Method 1 to this problem. The estimate of 7y was constructed using the
procedure based on p-values as described in Section 2.1.4. We get 7 = 0.0286 with
the corresponding d = 5.522 log M, the third observation from right. We believe

that this is an accurate estimate of dy, since the cell-cultures exhibit high responses
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at earlier dose levels and no significant signal to the right of the computed d.

The second example, as discussed in the introduction, involves measuring mer-
cury concentration in the atmosphere through the LIDAR technique. There are 221
observations with the predictor variable range varying from 390 to 720. As supported
by the middle panel of Fig. 2.1, the underlying response function is at its baseline
level followed by a steep descent, with the point of change being of interest. There is
evidence of heteroscedasticity and hence, we employ Method 2 without normalizing
by the estimate of the variance. It is reasonable to assume here that till the range
value 480 the function is at its baseline. The estimate of 7 is obtained by taking
the average of observations until range reaches 480, which gives 7 = —0.0523. The
estimates d, computed for bandwidths varying from 5 to 30, show a fairly strong
agreement as they lie between 534 and 547, with the estimates getting bigger for
larger bandwidths. The cross-validated optimal bandwidth for regression is 14.96 for
which the corresponding estimate of dj is 541.

The global warming data contains global temperature anomalies, measured in
degree Celsius, for the years 1850 to 2009. These anomalies are temperature devi-
ations measured with respect to the base period 1961-1990. The data are modeled
as described in Section 2.1.6. As can be seen in the right panel of Fig. 2.1, the
function stays at its baseline value for a while followed by a non-decreasing trend.
The flat stretch at the beginning is also noted in Zhao and Woodroofe (2012) where
isotonic estimation procedures are considered in settings with dependent data. The
estimate of the baseline value, after averaging the anomalies up to the year 1875, is
7 = —0.3540. With the dataset having 160 observations, estimates of the threshold
were computed for bandwidths ranging from 5 to 30. The estimates varied over a
fairly small time frame, 1916-1921. This is consistent with the observation on page
2 of Zhao and Woodroofe (2012) that global warming does not appear to have begun

until 1915. The optimal bandwidth for regression obtained through cross-validation
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is 13.56, for which d is 1920.

2.2.6 Extensions

Here we discuss some of the possible extensions of our proposed procedure.

Fized design setting: Although the results in this chapter have been proven assum-
ing a random design, they can be easily extended to a fixed design setup. Consistency
of the procedures will continue to hold. Some of the these extensions, particularly in
the standard regression setting, are considered in great detail in Chapters 3 and 4.

Unequal replicates: We primarily dealt with the case of a balanced design with a
fixed number of replicates m for every dose level X;. The case of varying number of
replicates m; can be handled analogously. In the dose-response setting, Theorem 2.1
will continue to hold provided the minimum of the m;s goes to infinity. In the standard
regression setting, Theorem 2.2 can also be generalized to the situation with unequal

number of replicates at different doses.

2.3 Concluding Discussion

While we have developed a novel methodology for threshold estimation and es-
tablished consistency properties rigorously, a pertinent question that remains to be
addressed is the construction of confidence intervals for dy. A natural way to ap-
proach this problem is to consider the limit distribution of our estimators for the two
settings and use the quantiles of the limit distribution to build asymptotically valid
confidence intervals. This is addressed in Chapters 3 and 4.

In this chapter, we have restricted ourselves to a univariate regression setup. Our
approach can potentially be generalized to identify the baseline region, the set on
which the function stays at its minimum, in multi-dimensional covariate spaces. This
is a special case of the edge estimation problem, a problem of considerable interest

in statistics and engineering. The p-values, constructed analogously, will continue to
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exhibit a limiting dichotomous behavior which can be exploited to construct estimates
of the baseline region. Procedures that look for a jump in the derivative of a certain
order of p (Miiller, 1992; Raimondo, 1998) do not have natural extensions to such

high dimensional settings. We address this problem in Chapter 5.
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CHAPTER 3

Asymptotics for the dose—response setting

For the model Y = pu(X) + € with p : [0, 1] — R satisfying

=T for x < dj
p(z) , (3.1)
> Ty for x > dpy;

we proposed novel and computationally simple procedures for estimating dy in both
the standard regression and dose-response settings in Chapter 2. We established
consistency under mild conditions and also studied the finite sample properties of
the estimates. However, the problem of constructing Cls for dy was not addressed.
In this chapter, we address this inference question in the dose-response setting by
deriving the asymptotic distribution of the estimator dp,, (see (2.3)) as m,n grow
to infinity, and demonstrating how to use the quantiles of this distribution to set
the limits of the CI. It turns out that the asymptotic behavior of the estimators
in the dose-response setting is fundamentally different from that in the standard
regression setting which we address separately in Chapter 4. The estimates in the
regression setting converge to minimizers of processes with differentiable sample paths
that can be written as transforms of Gaussian processes while, as we will see below,
those in the dose-response setting converge to the minimizers of piecewise-constant

processes with jump discontinuities. Thus, many of the tools that play a crucial role
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in standard regression setting are inapplicable in the dose-response case (see Remark
4.8 in Chapter 4).

It should be noted that the problem of estimating dyp in different models has
received much attention in the statistics literature. If p is assumed to have a jump
discontinuity at dy, then dy corresponds to a usual change-point for p. Such change-
point models are very well understood; see e.g., Hinkley (1970), Korostelév (1987),
Diimbgen (1991), Miiller (1992), Korostelév and Tsybakov (1993a), Loader (1996),
Miiller and Song (1997) and the references therein. Our results, here, are developed
for the harder problem that arises when g is continuous at dy. In particular, the
smoother the regression function in a neighborhood of dy, the greater the challenge
in estimating dy precisely. We show that if dy is a cusp of u of order k (i.e., the
first £ — 1 right derivatives of u at dy equal 0 but the k-th does not, so that d; is a
change-point in the k-th derivative) and p is locally monotone in a neighborhood of
dy, then chm —dy is of order N~/ (*+1D where N = m x n is the total budget and m
is chosen in some optimal manner (to be specified later) in terms of n.

The limit distribution of N'/Z*+1)(d,, . — dy) is seen to be that of an appropriate
minimizer of a jump process drifting off to infinity, that can be viewed as a generaliza-
tion of a compound Poisson process. The derivation of the asymptotic distribution is
complicated owing to the fact that the sample paths of the limit process are piecewise
constant, resulting in non-unique minimizers. Hence, the more common continuous
mapping arguments that rely on the uniqueness of the extremum of limit processes
(see e.g., Theorem 2.7 of Kim and Pollard (1990)) — a phenomenon that shows up
often with Gaussian limits and monotone transforms thereof — do not apply, and
careful modifications, which rely on the continuity of the argmin functional in spaces
of discontinuous functions, are required. In particular, the least squares estimate of
do (which is not unique) needs to be carefully picked. Another important challenge

lies in deriving the rate of convergence of the estimator, which requires a considerable
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generalization of the standard rate theorems (see Theorem B.1) in the modern empir-
ical processes literature (see e.g., Theorem 3.2.5 of van der Vaart and Wellner (1996)),
and the choice of a cleverly constructed dichotomous metric on R (see Lemma B.2)
to invoke the generalization. The details are available in the proof of Theorem 3.2.

The knowledge of k is essential for constructing two-sided Cls based on these
limiting results. Although resampling approaches such as subsampling are shown
to work (in Section 3.3.2) for our problem, they do not present a solution for the
situation when k is unknown. We do end up providing a partial answer and show
that adaptive upper confidence bounds can be constructed in the k-unknown case
(Section 3.3.1).

The remainder of the chapter is organized as follows. In Section 3.1, we state the
core assumptions and the variant of the p-based estimator that is primarily studied.
The rates of convergence and the asymptotic distributions are deduced in Section 3.2,
assuming a random design setting. Their implications to constructing Cls in practical
applications, along with some auxiliary results on subsampling and adaptivity, are
discussed in Section 3.3. In Section 3.4, we discuss the large sample behavior of
the estimator of dy in a fixed design setting. We study the finite sample coverage
performance of the Cls through simulations in Section 3.5 and discuss an application
from a complex queuing system. Some conclusion are drawn in Section 3.6. The

proofs of several technical results are provided in Appendix B.

3.1 Formulation and assumptions

For convenience, we study the problem in a random design setting with ho-
moscedastic errors. The extension to the fixed design setting is considered in Section
3.4. The expression for the estimator of dy in fixed design setting is identical to that
in the random design with the exception that the covariate X;s would then just be

fixed design points.
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Assume the covariate X is sampled from a Lebesgue density f, X and e are
independent, E(e) = 0 and let o3 := Var(e) > 0. Consider data {(X;,V;;) :1<j <
m,1 <i <n}, where the X;s are i.i.d. random variables distributed like X, {¢;; } are
i.i.d. random variables distributed like €, the vectors { X} and {e;;} are independent,
and

Yii=pu(X;) +e€5, 1<j<m, and 1<i<n. (3.2)

Here, N = m x n is the total budget and we assume m = mgn® for some 8 > 0,
to incorporate the scenario that m can be ‘large’ relative to n, a feature of several

dose-response studies.

Recall that Y; = Y21 Y;/m, 6% = 37, .(Y;; = Yi)?/(nm — n) and the normalized

p-values are given by

pm,n(Xi> =1- CI)(\/E(Y; - 7_0)/6-)
Let v = 3/4 and PP, denote the empirical measure of (X;,Y;),i = 1,...,n. With a
slight difference of notation from Chapter 2, let

My (d) = My n(d, 6) = P, H@ (M) - 7} 1(X < d)} . (3.3)

g

As (Pmn(Xi)—1/4) = (1) (® (Vm(Y — 70)/6) — ), the estimate from the criterion

(2.3) of Chapter 2 is simply

A = sargmin M, ,,(d).
del0,1]

Here, sargmin denotes the smallest argmin. We initially study this estimate assuming
a known 75. When 7y is unknown, an estimate can be plugged in its place (more about
this in Section 3.5). Also, for any choice of v € (1/2,1) in (3.3) the estimator of dy

can be shown to be consistent by calculations similar to that in the proof of 2.1 from
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Chapter 2.
The smoothness of the function in the vicinity of dy plays a crucial role in deter-
mining the rate of convergence. For the random design setting we make the following

assumptions.

1. The regression function p has a cusp of order k, k being a known positive
integer, at do, i.e., u(dy) = 0,1 <1 <k —1 and p®(dy+) > 0, where u?(.)
denotes the [th derivative of yi. Also, the k-th derivative, u*)(z) is assumed to

be continuous and bounded for z € (dy, dy + (o] for some (5 > 0.
2. The errors € possess a continuous positive density on a (finite or infinite) interval.

3. The design density f for the dose-response setting is assumed to be continuous

and positive on [0, 1].

Remark 3.1. Some words of explanation on why we address the asymptotics for
a random design, as opposed to fixed design, are in order. It turns out that there
1s mo limit distribution in this problem when the X;s are the grid-points of a non-
random grid, say, the uniform grid of size n, on the domain of the covariate. See
Remark 3.7 for a more technical explanation of this issue. Moreover, note that our

data application (see Section 3.5) does come from a random design.

3.2 Main Results

We state and prove results on the limiting behavior of the estimator chn discussed
in Section 3.1. Results on the variants of the procedure discussed in Chapter 2 follow
similarly and are stated without proofs in Section 3.2.3. The results in this section
are developed for v € (1/2,1) and a known 75. It will be seen in Section 3.3.3 that
To can be estimated at a sufficiently fast rate; consequently, even if 75 is unknown,

appropriate estimates can be substituted in its place to construct the p-values that are

34



instrumental to the methods of this chapter, without changing the limit distributions.
Without loss of generality, we take 75 = 0, as one can work with (Y;; —70)s ((Y; —79)s)
in place of Y;s (Vis).

3.2.1 Rate of convergence

As m = mgn®, we consider the asymptotics in the dose-response model as n — oo.

Let P, denote the measure induced by (Y, X) and

Mold) = M () = P, {0 (VfY) —hx<al.

The process M, is the population equivalent of M, ,, defined in (3.3) and can be

simplified as follows. Let

1 m
i = 4 3.4
1 \/EO'(] Zelj ( )

and Z; be a standard normal random variable independent of Z;,s. Then

B - o)

e (e ) ]

(20— Zun _ \/ﬁglj(x)} _ o, (@Tﬂf)) (3.5)

\/5 \/500
where @, denotes the distribution function of (Zy — Zy,)/v/2. Then, by integrating

Jj=1

with respect to the density of X, it can be shown that
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Let d, ,, = sargminge o 1) M, n(d). We first study the behavior of d,, , which satisfies

(S5 -

Let @' be the left continuous inverse of ®,,. By Assumptions 1 and 2, we get

amm—d@kzigﬁgzﬁﬁ, (3.6)

Jm

1® ()
!

where ¢, is some point between dy and d,, ,,. As n — oo, the right-hand side (RHS)
of the above display goes to zero. So, d,, , — do. Also, ®,, converges point wise to P

and the convergence holds for their inverse functions too. Hence,

1/k

k200071 (7) m V@) g om0 (3.7)

Ay = d
SR ICTPS

This shows that d,,, ,, —dy = O(m~Y/2) = O(n=F/*). In a sense, dm,n, is estimating
d,,» instead of dy, and hence, its rate of convergence to dy can be expected to be at
most of order n=?/(%) Moreover, cfmn is one of the order statistics of X;s and hence,
can only be close to dy up to an order 1/n. We next provide a formal statement of

the rate of convergence of Jmn

Theorem 3.2. Let « = min (1,3/(2k)). Then,

A~ — A

(e — do) = my 7 NT (dy — do) = Op(1).

Remark 3.3. The function p may not satisfy Assumption 1 for any k € Z and
can still take off at dy, e.g., pay(z) = exp(—1/(x — do))l(xz > dy) and pe)(zr) =
exp(—=1/(x — do)*)1(xz > dy) are two such infinitely differentiable functions with a
singularity at dy. By calculations almost identical to those for deriving (3.7), it can

be shown that dy,,, —do = O ((log(n))~"/*) when p = pg), i = 1,2. Hence, we do not
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expect a universal rate of convergence for men when p 1s infinitely differentiable at dy

and adhere to Assumption 1.

The proof is given in Section B.1 of Appendix B. The optimal rate corresponds to
a = 1. In terms of the total budget, the best possible rate is achieved when g = 2k.

In that case, NVZ+1(d,, . — do) = Op(1). For, B < 2k, the rate of convergence is
WBICR) op NB/EA4)}

Remark 3.4. The rate N~/15+1) s not surprising as it appears in inverse function
estimation: for example, if h is a smooth monotone function, the isotonic regression
estimate of xo := h™*(0y), where 0y is a fized point in the range of h, converges at
rate STV Y (S being sample size) under the assumption that f is (at least) k-times
differentiable at xo, f*(zo) # 0 and fV(xg) = 0 for 1 <1 < k, which is the exact
analogue of the ‘cusp assumption’ on dy above. We expect this rate to be minimacz,
even though a formal proof appears difficult and is outside the scope of this discussion;

see Section 3.6 for more details.

3.2.2 Asymptotic Distribution

We now deduce the asymptotic distribution of chm for different choices of f,

A

starting with 8 = 2k. Note that n(dy,,, — dy) = sargmin, g V,,(t) where
Vio(t) = n{M,p,,, (do +t/1,6) — My (do, 5)} . (3.8)

We deduce the limit of V,, and then apply a special continuous mapping theorem to
obtain the asymptotic distribution of ch,n.

To state the limiting distribution, we introduce the following notation. Let
{v*(t):t >0} and {v=(t) : t > 0} be two independent homogeneous Poisson pro-
cesses with same intensity f(dy) but with RCLL (right continuous with left limits)

and LCRL (left continuous with right limits) paths, respectively. Let {S;},,, denote
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the arrival times for the process v*. Further, let {Z;},5, and {U;},,, be indepen-
dent sequences of i.i.d. N(0,1)’s and i.i.d. U(0, 1)’s respectively which are, moreover,

independent of the processes v and v~. Define V (¢) as

z( (q,;;dwsw) ). ez

Vit)=<¢ = (3.9)

v (—t
t <0,

—_

]:

where sum over a null set is taken to be zero. We will show that V, converges weakly
to V' as processes in D(R), the space of cadlag functions (right continuous having
left limits) on R equipped with the Skorokhod topology; see Lindvall (1973) for more
details on D(R). Moreover, the asymptotic distribution of chn will be characterized
by a minimizer of the process V. The limiting process V' does not possess a unique
minimizer as it stays at any level it attains for an exponential amount of time. Hence,
the usual argmin (argmax) continuous mapping theorem (see for example Theorem
3.2.2 of van der Vaart and Wellner (1996)) does not suffice for deducing the limiting
distribution; we also need to show the convergence of the involved jump processes
(Lan et al., 2009, pp. 1760-1762).

For convenience, we state a consequence of Lemmas 3.1, 3.2 and 3.3 from Lan et al.
(2009) which provides a version of the argmin (argmax) continuous mapping theorem
required in our setting. Let & denote the class of piecewise constant functions in
D(R) that are continuous at every integer point, assume the value 0 at 0, and possess
finitely many jumps on every compact interval [—C, C], where C' > 0 is an integer.
Note that S is a closed subset of D(R). Also, define the pure jump process, g, (of
jump size 1) corresponding to the function g € D(R), as the piecewise constant right
continuous function with left limits, such that for any s > 0, g(s) counts the number

of jumps of the function g in the interval [0, s], while for s < 0, g(s) counts the number
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of jumps in the set (s,0). We have the following result.

Theorem 3.5. Let V,,,n > 0, be processes in D(R) such that V,, € S, with probability
1. Also, let J,,n >0, denote the corresponding jump processes and (£5,6L),n >0, be

the smallest and largest minimizers for V,. Suppose that:

(1) (Vyn,J,) converges weakly to (Vo,Jo) as processes in D|—C, C] x D[-C,C]|, for

each positive integer C.

(i1) No two flat stretches of Vy(t),t € [-C,C], have the same height a.s., for each

positive integer C'.

(iii) {(&5.€,),n >0} is Op(1).
Then (&3,&L) < (&5,€L), where % denotes convergence in distribution.

Note that V,, € S with probability 1. For ¢ € R, let the function sgn(t) denote

the sign of t. Also, let J,, denote the jump process corresponding to Vn(t) Then,

n

T(t) = sgn(t) > {1 <XZ~ < dy+ %) —1(X; < do)} .

i=1

Further, let J be the jump process associated with V' (¢), ie., J(t) = v (¢)1(t >

0) + v (—t)1(t < 0). We have the following result.

Theorem 3.6. Let 3 = 2k and V,, and V be as defined in (3.8) and (3.9) respectively.
Then, the conditions (i), (ii) and (iii) of Theorem 3.5 are satisfied for V,, =V, and

Vo =V with J, and J being the corresponding jump processes. As a consequence,

(i — do) < sargmin V(t).
teRr

The proof involves establishing finite dimensional convergence using characteristic
functions and justifying a moment condition (see Billingsley (1968, pp. 128)) to prove

asymptotic tightness. It is available in Section B.2.
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Remark 3.7. The counts ), 1(X; € (do,do+1/n]) account for the Poisson process
that arises in the limit. If the X;s were drawn from a fixed uniform design, these
counts would not converge. Hence, a fized design setup does not yield a limiting dis-
tribution for the underlying processes, and consequently for ch,n, in the dose-response
setting. This fact was also observed in the change point setting of Lan et al. (2009,
pp. 1766).

The limiting random variable sargmin, g V' (¢) is continuous by virtue of the fact
that the probability of a jump at a particular point for a Poisson process is zero. Its
distribution depends upon the parameters mq, u*)(do+), oo, f(do) and ~. It is clear
from the expression for V' (see (3.9)) that a larger my, a larger u*)(do+) or a smaller
oo will skew the limiting distribution more to the left. For the sake of completeness,
we state the asymptotics for other choices of 5. When g > 2k, the derivation of the
limiting distribution is similar to that of Theorem 3.6 and is outlined in Section B.3

of Appendix B.

Proposition 3.8. Let 8 > 2k. Also, let {v{(t):t >0} and {v (t):¢t >0} be two
independent homogeneous Poisson processes with same intensity f(dy) but with RCLL
and LCRL paths respectively. Let {Ui}i>1 be a sequence of i.i.d. U(0,1)s which is

independent of {v", vy }. Define V(t) as:

(1= t), t>0,
V(t)=< vh

Z (’Y—Uj)’ t <0,

j=1

~

where sum over a null set is taken to be zero. Then, n(d,, ,—do) KN sargmin, ., V() =

sargmin, o V (t) .

The case 8 < 2k yields a markedly different result from the above two scenarios:

we do not get a non-degenerate limiting distribution any longer as the normalized
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estimator converges to a constant. The proof is given in Section B.4 of Appendix B.

Proposition 3.9. Choose 5 < 2k. Let

and

Then, for any L > 0,

sup  [Ho(t) — e(t)] 20,
te[—L,L]

and

Vo (1B (do+)

teR

1/k
~ 2 k! g &1
n?/R(d,, . — do) L argmin {c(t)} = <\/_ # (7)> :

3.2.3 Limit distributions for variants of the procedure

(3.10)

The rates of convergence and asymptotic distributions can be obtained similarly

for the variants of the procedure that were discussed in Chapter 2. In what follows,

we state the limiting distributions, without proofs, for one of the variants that was

studied in detail in Chapter 2.

For heteroscedastic errors, the non-normalized version of the procedure (p-values

are not normalized by the estimate of the variance), yields the following limiting

distribution.

Proposition 3.10. Consider the dose-response setting with heteroscedastic errors,

i.e., 02(x) = Var(e | X = x) need not be identically oo but is assumed to be continuous

and positive. Let

., = sargmin P, {® (vVm(Y — 7)) =7} L(X < d)],

de(0,1)
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with m = mon®®. Let {v*(t) : t > 0} and {v~(t) : t > 0} be two independent homoge-
neous Poisson processes with same intensity f(dy) but with RCLL and LCRL paths,
respectively. Let {Si}i21 denote the arrival times for the process vt. Further, let

{Z«(l)} and {ZZ@)} be independent sequences of i.i.d. N(0,03(dy))’s. Define
121 i>1

)

V(t) as:
( l/+(t) k‘)
Vo 18 (do+) 1)
) ‘ {(I)( o Si+Z;7 | =y, t20,
{’7_(1)(23(2))}7 t <0,
\  J=1

Then, n(dy, , — do) A sargmin, g V ().

3.3 Construction of Cls

As the form of the limit distribution depends upon the allocation of the total
budget N between m and n and may involve k, the construction of CIs requires some
care. Consider, first, the case that k is assumed known. Writing m = mgn®, we can
set § = 2k, the optimal choice in terms of the total budget, to solve for mg, and
then construct a CI for dy using the result in Theorem 3.6. This requires estimating
nuisance parameters like f(dy), oo and p®)(dy+), of which the last is the hardest to
estimate. Note that we have already estimated o( in order to construct cim,n, while
the design density at dy can be estimated using f (cim,n), where f is a standard kernel

density estimate of f. As far as u®)(dy+) is concerned, observe that
p(w) = p (do+) (= do)* /K + o (& — do)")

for x > dy. An estimate of u®(dy+) can, therefore, be obtained by fitting a lo-

cal polynomial to the right of dAmn that involves the k-th power of the covariate.
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Specifically, an estimate of & = u® (dy+) /k! is:

72259
I

argmin Z{YZ — &(X; — ) Y2 1(X; € (dp, Ay + D))
¢ =

Z )_/’L(X’L - sz,n)k1<Xz € (CZm,na CZm,n + bn])
Z(Xz - sz,n)Qk]-(Xi € (dm,na CZm,n + bn])

)

where b, | 0 and nb?**! — oo. The condition nb**1 — oo is typical for estimating
the k-th derivative at a known fixed point; see e.g., Gasser and Miiller (1984), Hardle
and Gasser (1985). The following lemma, whose proof is given in Section B.5 of
Appendix B, justifies the consistency of this estimate for the optimal choice of 3,
thereby providing a way to construct Cls by imputing this estimate in the limiting

distribution.
Proposition 3.11. Let § = 2k. Then é R &o.-

Remark 3.12. The estimate é 15 effectively a kernel estimate with the smoothing
kernel being uniform on (0,1]. Alternative consistent estimators of & can be obtained
using other one sided kernels. To fix ideas, we only use the above mentioned estimate

in the chapter.

3.3.1 Adaptive upper confidence bounds

Note that the above inference strategy is not adaptive to the order of smoothness,
k, at dy. While we have not been able to develop an adaptive method for two-sided
Cls, we are able to propose a strategy for one-sided honest Cls for dy (which are
also of consequence in applications) that avoids knowledge of k. For example, if dj
represents the minimal effective dose in a pharmacological setting, practitioners would
be naturally interested in finding an upper confidence bound for dy. The following
result, whose proof follows along the same lines as that of Proposition 3.8, is our

starting point for building such CIs.
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Proposition 3.13. Consider the dose-response setting with homoscedastic errors and
normalized p-values and define d,, , = sargming ;4o My n(d), so that d,, , < azmn =

sargming<,<; My, n(d). Then, for any 8 >0,

v (t)
n(d,,, — do) =4 sargmin Z (v —U;),
<0

where U;’s and v~ are as in Theorem 3.6.

In fact the above result does not require m to grow as a power of n. The condition
min(m, n) — oo suffices. Note that the limit distribution above is concentrated on the
negative axis (as it must, since d,,,, < do) and does not depend upon k. Simulating
its quantiles requires just an estimate of f(dy). Let K, be its a’th quantile. Then,

lim P(dy <d,,,— Ko/n)=1—a.

n—0o0

A

Now, d, ., is obviously unknown, but c_lmm < d,, , which is known. It follows easily

m,n

that:

lim inf P(dogcimm— o/n)>1—a.

n—oo

An essentially honest level 1 — « upper confidence bound for dy is therefore given by
[O,cim,n — K, /n]. For an asymptotic allocation where 5 > 2k, by Proposition 3.8,

the limit distributions of d,, ,, and a?mn coincide. Hence, these conservative upper

n

confidence bounds are in a sense, minimally conservative, as they are exact for the

situation § > 2k.

3.3.2 Subsampling

As an alternative to using the limit distribution, subsampling can be used to
construct CIs for the case 5 > 2k. Let g, be a sequence of integers such that ¢,,/n — 0

and g, — 0o0. A subsample is constructed by selecting g, many X;s and l,, = |g,m/n|
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response values at each selected X;. The subsamples are denoted by Si,...,Sn,,

where N, = () [(m)}qn Let d,,,; denote the estimate of dy based on S;,j =

dn In

~

1,...,N,. Let G, 3 denote the distribution of n(d,,, — dy). For f > 2k, G,z
converges weakly to a continuous limiting distribution, say Gg. The approximation

to Gy, 3, based on subsampling, is given by

Nn
A A

Lyg(x) = Lyg(z, B) = NL Z 1 [Qn(dn,%yj — dpnp) < x] -

j=1
The following result justifies the use of subsampling in constructing Cls for dj.

Proposition 3.14. Let § > 2k. If g,/n — 0 and g, — oo then:

(i) sup, |Lng(z, B) — Galz)] 5 0.

~

(it) Plengare < n(dmn — do) < Cpgicap] — 1 — o, where cnq¢ =

inf{z : L, ,(x) > ¢}

The proof follows along the lines of that of Theorem 15.7.1 in Lehmann and
Romano (2005). The details are provided in Section B.6 of Appendix B. The usual

bootstrap methodology is not expected to be consistent.

3.3.3 The case of an unknown 7

While our results have been deduced under the assumption of a known 7y, in real
applications 7y is generally not known. In this situation, quite a few extensions are
possible. If dy can be safely assumed to be larger than some 7, then a simple averaging
of the observations below n would yield a y/mn-consistent estimator of y. If a proper
choice of 7 is not available, one can obtain an initial estimate of 7y using the method
proposed in Section 2.1.4 of Chapter 2, compute Jmn and then average the responses
from, say, [0, chmm], ¢ € (0,1), to obtain an estimate of 79, which will also be y/mn-

consistent. Note that this leads to an iterative procedure which we discuss in more
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detail in Section 3.5.1. Using a y/mn-consistent estimate of 7y, say 7, so that the Y;s
are centered around 7 in the p-values, it can be shown that all the asymptotic results
encountered earlier stay unchanged. A brief sketch of the following result is given in

Section B.7.

Proposition 3.15. Let cimn now denote the smallest minimizer of

Min(d.5.7) =P, | {0 (M) —hux<al.

where \/mn (7 — 19) = O,(1). For m = mgn® and o as defined in Theorem 5.2, we

A~

have n®(dy, , — do) = Op(1). Also, when § = 2k,

~

n(dm.n — do) < sargmin V(t),
teR

where the process V' is as defined in (3.9).

A similar extension of Proposition 3.13 is valid as well.

3.4 Fixed design setting

As mentioned in Section 3.1, the estimation procedure does not change when we
move over from the random design setting to the fixed design setting. For example,

with a model of the form
n

where €;;s are independent and identically distributed with mean 0 and variance o,

an estimate for dy, based on non-normalized p-values, is given by

dEP = sargmin M, ,,(d),
’ de(0,1)
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where
M, (d) = %Z {®(VmYi) =7} 1 (% < d) :

Here, 7y is assumed known and taken to be zero without any loss of generality. The
following result, whose proof is outlined in Section B.8 of Appendix B, shows that

dAFD

m,n

attains the same rate of convergence as its counterpart in the random design

setting.

Proposition 3.16. For m = mgn” and a as defined in Theorem 3.2, we have
n®(dsh — dy) = Op(1).

As mentioned in Remark 3.7, there is no limit distribution available in this setting
as the sums of the form ), [1(i/n < dy +t/n)—1(i/n < dy)], t € R, do not converge.
However, the asymptotic distributions obtained in the random design setup can be
used for setting approximate Cls for dy in such cases. Section 5.1.2 of Lan et al.
(2007) investigated this issue through simulations in the related setting of a change-
point regression model where the quantiles of the limit distribution (of the least
squares estimate of the change-point) in a uniform random design setting were used
for constructing Cls for the change-point when the data were generated from a uniform
fized design setting. The ClIs obtained were seen to have comparable lengths to those
for data generated from the random setting but were prone to over-coverage, and were
therefore honest in the fixed design setting. A similar phenomenon was observed in

our problem.
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3.5 Data analysis

3.5.1 Simulations

We consider the underlying regression function as p(x) = [2(x — 0.5)]1(z >
0.5),z € [0,1], the curve M; from Chapter 2. This function is at its baseline value 0
up to dy = 0.5 and then rises to 1. The errors are assumed to be normally distributed
with mean 0 and standard deviation oy = 0.1. We work with v = 3/4 as extreme
values of v (close to 0.5 or 1) tend to cause instabilities. We study the coverage per-
formance of the approximate Cls obtained from the limiting distributions with the
nuisance parameters estimated.

We generate samples for different choices of m and n, under . The covariate X is
sampled from U(0, 1). For estimation, the factor mg is chosen so that the allocation
between m and n is optimum. We assume 7y to be unknown and get its initial estimate
through the p-value based approach proposed in Chapter 2 (see (2.5)). An iterative
scheme is then implemented where we use this initial estimator of 75 to compute cfmm,
re-estimate 7y by averaging the responses for which X lies in [0, 0.9c§m,n] and proceed
thus. On average, the estimates stabilize within 5 iterations. Firstly, we compare the
distribution of n(cfmn — dy) for m = n = 500 data points over 5000 replications with
the deduced asymptotic distribution. The Q-Q plot, shown in the left panel of Figure
3.5.1, reveals considerable agreement between the two distributions. In Table 3.1 we
provide the estimated coverage probabilities of the Cls over 5000 replications for the
model p constructed by imputing estimates of the nuisance parameters (as discussed
in Section 3.3) in the limiting distribution. The limiting process V' was generated over

a compact set incorporating the fact that dy € (0,1) and consequently n(d,,, —do) €
[n(dn—1), Ny, ). The smoothing bandwidth for estimating p*) (do+) was chosen to
be 5(n/log n) /1) The coverage performance is not very sensitive to the choice

of this bandwidth as long as it is reasonably wide. The approximate Cls exhibit
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Figure 3.1: Q-Q plot under p when m = n = 500 over 5000 replications (left plot),
and the plot of all the response for the data from the queuing system
(right plot).

over-coverage for small samples but have close to the desired nominal coverage level

as the sample size increases. As discussed in Section 3.3.1, upper confidence bounds

1. 90% CI 95% CI
T | E T | E

5 | 5 ]| 0.966 (0.704) | 0.860 (0.637) | 0.973 (0.764) | 0.940 (0.696)
10 | 10 || 0.941 (0.454) | 0.944 (0.473) | 0.970 (0.553) | 0.970 (0.568)
15 | 10 || 0.924 (0.451) | 0.939 (0.472) | 0.966 (0.552) | 0.966 (0.564)
10 | 15 || 0.914 (0.322) | 0.935 (0.338) | 0.961 (0.408) | 0.961 (0.428)
15 | 15 || 0.913 (0.320) | 0.931 (0.345) | 0.959 (0.406) | 0.961 (0.435)
20 | 20 || 0.910 (0.243) | 0.913 (0.254) | 0.955 (0.312) | 0.960 (0.326)
25 | 25 || 0.908 (0.195) | 0.910 (0.202) | 0.951 (0.252) | 0.959 (0.259)
30 | 30 || 0.903 (0.163) | 0.893 (0.167) | 0.951 (0.211) | 0.953 (0.215)
50 | 50 || 0.901 (0.100) | 0.900 (0.100) | 0.950 (0.128) | 0.951 (0.130)

Table 3.1: Coverage probabilities and lengths of two-sided Cls (in parentheses) using
the true parameters (T) and the estimated parameters (E) for different
sample sizes.

can be constructed without the knowledge of k. We provide coverage probabilities

and average lengths of the CIs [0, chvn —

a/n], for @ = 0.05 and 0.10 in Table 3.2.

The only parameter to estimate for computing the quantile K, is f(dy) which, as

mentioned earlier, is computed by evaluating a kernel estimate of f at the point a?/mn

As expected, the Cls are conservative but are close to the desired confidence level
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for large m and n, with their average length converging towards 0.5 (length of the

interval [0, dy]).

1. 90% CI 95% CI
T | E T | E

5 ] 5 ]| 0.951 (0.834) | 0.956 (0.865) | 0.970 (0.927) | 0.971 (0.930)
10 | 10 || 0.955 (0.747) | 0.978 (0.753) | 0.990 (0.851) | 0.993 (0.857)
15 | 10 || 0.962 (0.747) | 0.978 (0.750) | 0.990 (0.849) | 0.992 (0.855)
10 | 15 || 0.933 (0.665) | 0.955 (0.672) | 0.972 (0.748) | 0.991 (0.754)
15 | 15 || 0.921 (0.657) | 0.959 (0.669) | 0.966 (0.741) | 0.990 (0.751)
20 | 20 || 0.920 (0.618) | 0.943 (0.627) | 0.962 (0.680) | 0.986 (0.690)
25 | 25 || 0.921 (0.594) | 0.934 (0.598) | 0.960 (0.644) | 0.972 (0.649)
30 | 30 || 0.915 (0.579) | 0.935 (0.584) | 0.960 (0.620) | 0.971 (0.626)
50 | 50 || 0.913 (0.548) | 0.933 (0.551) | 0.958 (0.573) | 0.970 (0.576)

Table 3.2: Coverage probabilities and lengths of one-sided adaptive Cls (in parenthe-
ses) using the true parameters (T) and the estimated parameters (E) for
different sample sizes.

3.5.2 Complex queuing system

We consider a complex queuing system comprising multiple classes of customers
waiting at infinite capacity queues and a set of processing resources modulated by an
external stochastic process. This data is preferred over the toxicology data in Chap-
ter 2 from the perspective of large sample inference. The system employs a resource
allocation (scheduling) policy that decides at every time slot which customer class to
serve, given the state of the modulating rate process and the backlog of the various
queues. In Bambos and Michailidis (2004), a low complexity policy was introduced
and its maximum throughput properties established. This canonical system captures
the essential features of data/voice transmissions in a wireless network, in multi-
product manufacturing systems, and in call centers (for more details see Bambos and
Michailidis (2004)). An important quantity of interest to the system’s operator is the
average delay of jobs (over all classes), which constitutes a key performance metric

of the quality of service offered by the system. The average delay of the jobs in a
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two-class system as a function of its loading under the optimal policy, for a small
set of loadings is shown in the right panel of Figure 3.5.1. These responses were
obtained through simulation, since for such complex systems analytic calculations
of delays are intractable. More specifically, ten replicates of the response (average
delay) were obtained based on 5,000 events per class by simulating the system under
consideration and after accounting for a burn-in period of 2,000 per class in order to
ensure that it reached its stationary regime. The means per loading, Y;s, are shown
in the left panel of Figure 3.5.2. The system operator is interested in identifying
the loading beyond which the average delay starts increasing from its initial baseline
value. Starting with an initial estimate of 7, the iterative approach discussed in the
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Figure 3.2: Plot of the average responses Y; (left panel) and the estimated p-values
(right panel) for the data from the queuing system.

previous sub-section yields the final estimates to be chn = 0.1165 and 7 = 2.5230,
assuming homoscedastic errors. The estimated p-values are plotted in the right panel
of Figure 3.5.2 which illustrates the dichotomy in the behavior of the p-values — they
are uniformly distributed to the left of (jmm, and close to zero beyond (fmn Taking
k to be 1, and using the methodology described in the previous sub-section, the 90%
and 95% ClIs for the threshold turn out to be [0.1051,0.1276] and [0.1031,0.1301], re-
spectively. Also, the adaptive upper 90% and 95% confidence bound for the threshold

turn out to be 0.1348 and 0.1371, respectively. From the system’s operator point of
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view the average delay of jobs exhibits a markedly increasing trend beyond a loading

of 13%.

3.6 Conclusion

We conclude with a discussion of some open problems that can provide avenues

for further investigation into this problem.

Adaptivity.  We have provided a comprehensive treatment of the asymptotics
of a p-value based procedure to estimate the threshold dy at which an unknown
regression function p takes off from its baseline value, with the aim of constructing
CIs for dy. We have assumed knowledge of the order of the ‘cusp’ of u at dy, which
we need to achieve the optimal rate of convergence (and construct the corresponding
Cls), though not for consistency. When k is unknown, we have been able to construct
adaptive one-sided Cls. However, constructing two-sided adaptive Cls remains a

hard open problem and will be a topic of future research.

Resampling. A natural alternative to using the limit distribution (with estimated
nuisance parameters) to construct Cls for dy would be to use bootstrap/resampling
methods. Drawing from results obtained in similar change-point and non-standard
problems (see e.g., Sen et al. (2010); Seijo and Sen (2011)) it is very likely that the
usual bootstrap method will be inconsistent in our setup. However, model based
bootstrap procedures have recently been studied in the change-point context and
have been shown to work (Seijo and Sen, 2011). Similar ideas may work for our
problem as well, but a thorough understanding of such bootstrap procedures is
beyond the scope of this chapter. Subsampling has been proven to be consistent in

our setting, but its finite sample properties were seen to be rather dismal.
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CHAPTER 4

Asymptotics for the standard regression setting

In this chapter, we address the inference problem for the p-value procedure in
the standard regression or simply the regression setting, i.e, we study the asymptotic
properties of d,, arising out of a variant of criterion (2.4) from Chapter 2 and use these
results to construct asymptotically valid CIs for the threshold, both in simulation set-
tings and for two key motivating examples from Chapter 2. The problem, which falls
within the sphere of non-regular M-estimation is rather hard, and involves non-trivial
applications of techniques from modern empirical processes, as well as results from
martingale theory and the theory of Gaussian processes. Along the way, we also de-
duce results on the large sample behavior of a kernel estimator at local points (see
Lemma 4.4 and Proposition 4.13) that are of independent interest. In most of the
literature, kernel estimates are considered at various fixed points and are asymptot-
ically independent (Csorgé and Mielniczuk, 1995a,b; Robinson, 1997). Hence, they
do not admit a functional limit. However, these estimates, when considered at local
points, deliver an invariance principle; see Lemma 4.4 and the proof of Proposition
4.13.

As in the dose-response setting from Chapter 3, we show that the smoothness of
the function in the vicinity of dy determines the rate of convergence of our estima-

tor: for a “cusp” of order k at dy, the best possible rate of convergence turns out
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—1/@k+1) " The limiting distribution of an appropriately normalized version of

to be n
the estimator is that of the minimizer of the integral of a transformed Gaussian pro-
cess. The limiting process is new, and while the uniqueness of the minimizer remains
unclear (and appears to be a interesting nontrivial exercise in probability), we can
bypass the lack of uniqueness and still provide a thorough mathematical framework
to construct honest CIs. Under the assumption of uniqueness, which appears to be
a very reasonable conjecture based on extensive simulations, we establish auxiliary
results to construct asymptotically exact Cls as well.

The chapter is organized thus: we briefly recall the variant of the estimation
procedure that we study in a fixed design setting and state the core assumptions in
Section 4.1. In a fixed design, the resulting kernel estimates can be shown to be
m-~dependent, a feature that helps us in establishing the rate of convergence. The
rate of convergence and the asymptotic distribution of the estimated threshold, along
with some auxiliary results for constructing Cls, are deduced in Sections 4.2.1 and
4.2.2 assuming a known 1y. Asymptotic results for the other variants of the procedure
are discussed in Section 4.2.3 and extensions of these results to the situation with an
unknown 1y are presented in Section 4.3. We study the coverage performance of the
resulting Cls through simulations in Section 4.4. The applicability of our approach to
short-range dependent data is the content of Section 4.5. We implement our procedure
to two data examples in Section 4.6. Some concluding remarks are drawn in Section

4.7. The proofs of several technical results are available in Appendix C.

4.1 The Method

Consider the uniform fixed design regression model of the form:

Kz,u(%)—kei, 1 <i<n, (4.1)
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with ¢;s i.i.d. having variance o2. Although we suppress the dependence on n, Y; and
€; must be viewed as triangular arrays. Let K be a symmetric probability density
(kernel) and h,, = hon~> denote the smoothing bandwidth, for some A € (0, 1), hg > 0.

With a slightly different notation from Chapter 2, let

) = 1 iﬁ;m (=) (12)

denote an estimate of p. Let

n

1 , ,
M, (d) =~ > {@ <\/nhn (ﬂ (i) - TO>) - 7} 1 (1 < d> . (4.3)
n < n n
Then, an estimate of dy, based on a non-normalized p-value criterion as in (2.4) of
Chapter 2, is given by

d,, = sargmin M, (d),
de[0,1]

where sargmin denotes the smallest argmin of the criterion function as earlier. Ana-
lyzing this method is useful in illustrating the core ideas while avoiding some of the

tedious details encountered in analyzing the normalized p-value based estimate.

Remark 4.1. As in Chapter 3, we first study the above method assuming a known 7.
When 1y is unknown, a plug-in estimate can be substituted in its place (more about
this in Section 4.3). Also, for any choice of v € (1/2,1) in (4.3), the estimator of dy
1s consistent. The proof follows along the lines of arguments for the proof of Theorem

2.2 in Chapter 2.
Throughout this chapter, we make the following assumptions.
1. Assumptions on p:

(a) p is continuous on [0,1]. We additionally assume that p is Lipschitz con-

tinuous of order oy with oy € (1/2,1].
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(b) p has a cusp of order k, k being a known positive integer, at dp, i.e.,
pO(dy) = 0,1 <1 < k—1, and u®(dy+) > 0, where uV(-) denotes the
I-th derivative of p. Also, the k-th derivative, ;*)(z) is assumed to be

continuous and bounded for = € (dy, dy + (o] for some (5 > 0.
2. The error € possesses a continuous positive density on an interval.
3. Assumptions on the kernel K:

(a) K is a symmetric probability density.
(b) K (u) is non-increasing in |ul.
(c¢) K is compactly supported, i.e., K(z) = 0 when |z| > Ly, for some Ly > 0.

(d) K is Lipschitz continuous of order ay with as € (1/2,1].

As a consequence of these assumptions, 1 and K are bounded, K2 = f K?(u)du < oo
and E|W|* < oo, where W has density K. Also, both g and K are Lipschitz con-
tinuous of order & = min(ay, ). These facts are frequently used in the chapter.
Common kernels such as the Epanechnikov kernel and the triangular kernel conve-
niently satisfy the assumptions mentioned above. The results in the next section are
developed for a v € (1/2,1) (cf. Remark 4.1) and a known 75. It will be seen in
Section 4.3 that 7y can be estimated at a sufficiently fast rate; consequently, even if
To is unknown, appropriate estimates can be substituted in its place to construct the
p-values that are instrumental to the methods of this chapter, without changing the
limit distributions. Without loss of generality, we take 75 = 0 in the next section, as
one can work with (Y; — 79)s in place of Y;s.

Comparison with existing approaches. Under the above assumptions, dy is a
‘change-point’ in the k-th derivative of p. Our procedure for estimating this change-
point relies on the discrepancy of p-values, the construction of which requires a kernel-

smoothed estimate (or if one desires, local polynomial estimate) of . The estimation
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of a change-point in the derivative of a regression function has been studied by a num-
ber of authors using kernel-based strategies. However, the approaches in these papers
are quite different from ours and more importantly, our problem cannot be solved
by these methods without making stronger model assumptions than those above. In
Miiller (1992), the change-point is obtained by direct estimation of the k-th derivative
(k corresponds to v in that paper) on either side of the change-point via one-sided ker-
nels and measuring the difference between these estimates. In contrast, our approach
does not rely on derivative estimation. We use an ordinary kernel function to con-
struct a smooth estimate of p which is required for the point wise testing procedures
that lead to the p-values. In fact, a consistent estimate that attains the same rate
of convergence as our current estimate could have been constructed using a simple
regressogram estimator with an appropriate bin-width, in contrast to the approach in
Miiller (1992) which uses a k-times differentiable kernel. Miiller (1992) also assumes
that the k-th derivative of the regression function is at least twice continuously differ-
entiable at all points except dy — see, pages 738-739 of that paper — which is stronger
than our continuity assumption on x® (1(b) above). Cheng and Raimondo (2008)
develop kernel methods for optimal estimation of the first derivative building on an
idea by Goldenshluger et al. (2006), which is followed up in the context of dependent
errors by Wishart and Kulik (2010), and Wishart (2009), but these papers do not

consider the case k > 1. We also note that our method is fairly simple to implement.

4.2 Main Results

We consider the model stated in (4.1) with homoscedastic errors and uniform fixed
design, and study the limiting behavior of d,, which minimizes (4.3). Results on the
variant of the procedure discussed in Chapter 2 follow analogously and are stated in

Section 4.2.3.
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4.2.1 Rate of convergence

We start by fixing some notations. Let the variance of the statistic v/nh,ji(x) be

denoted by

$2(2) = Y2 (z,00) = Var(y/nhpji(z)) = “0 ZKZ( Z/") (4.4)

Note that this converges to ¥2(z) = 02K? with K2 = [ K?(u)du. We first consider
the population equivalent of M,,, given here by M, (d) = E {M,,(d)}, and study the
behavior of its smallest argmin. Recall that 7y is taken to be zero without loss of

generality. Let

ek (M)

fori=1,...,n, and Z; be a standard normal random variable independent of Z;,’s.

o) = S (5) & (501, (45)
Note that v/nh,fi(i/n) = /nhyji(i/n) + Zs, and Var(Z;,) = ¥2(i/n) with 3(-) as in
(4.4). We have

Also, let

E[@( nhnﬂ(z’/n)ﬂ - [cp( nhng(i/n)+zm)]
[1 (zgg nhnﬂ(z’/n)+Zm>}

o, ( Viaplifn) ) | (46)
14+ 32(i/n)

E
E

where @, ,, denotes the distribution function of (Zy — Z;,) /+/1 + X2(i/n). Hence,

iS5 o () =)
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For Loh, <i/n <1— Loh,, ®;,’s and 3,,(i/n)’s do not vary with i. We denote them
by ®,, and %, for convenience. Using Corollary C.2 and (C.1) from Appendix C, 3,
converges to ooV K2. Also, for such i’s, any n > 0 and sufficiently large n,

o, 2, 8 e () (st )

N [:|l—i|<Lonhn

is bounded by

2 [2Lonh,] || K] 2|| K| oo
[ on 2—| U2 ||ooE 6%1 H H _ ‘61’ > 7
nhn(UOK) nhn(Uo\/K2)

which converges to zero. Hence, by Lindeberg—Feller CLT, Z;,,/ 3, and consequently,
®,, converge weakly to ®. In fact, for any 4, we can also show that ®,,, converges
weakly to .

Let d,, = sargmin, M, (d). As mentioned earlier, sargmin denotes the smallest

argmin of the objective function M,, which does not have a unique minimizer. The

following lemma provides the rate at which d,, converges to dy.
Lemma 4.2. Let v, = min(h; ', (nh,)"/?*). Then v,(d, — dy) = O(1).

Proof. 1t can be shown by arguments analogous to proof of Theorem 2.2 from Chapter
2 that (d, — dp) is o(1). As dy is an interior point of [0,1], d,, € (Lohn, 1 — Loh,) and

corresponds to a local minima of M,, for sufficiently large n, i.e., d,, satisfies

Vil i(dy) = [ Vnhafi(dy +1/n)

o, | 222 | <~ and @, =
\1+X2

(4.7)

Ji+s2 )

By Pélya’s theorem, ®,, converges uniformly to ®. Consequently,

0 < v/nhufi(d,) < Py /1+02K2 +o(1). (4.8)
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Note that fi(z) = 0 for z < dy — Loh, and ®,(0) converges to ®(0) = 0.5 < 7.
So, if d,, < dp, then for (4.7) to hold, d, + 1/n + Loh, > dy for large n and thus
h'(d, — dy) = O(1) which gives the result. Also, when dy < d,, < dy + Loh,, the
result automatically holds. So, it suffices to consider the case d,, > dy + Loh.,.

Let u,(xz,v) = (1/hy)pu (v) K ((x —v)/hy,) for x € [0,1] and v € R. By Lemma

C.1 from Appendix C,

ildy) — jun(dn,'z))dv ~0 ((n;n)a) |

By a change of variable, fol Up (dp, v)dv = ffzo w(dy, + uhy) K (u)du for large n. As
d,, > do+Lohy,, the first part of the integrand, p(d,+uh,,), is positive for u € [—Lg, L|.
Let [—Ly, Ly] be an interval where K is positive. Such an interval exists due to as-
sumptions 4(a) and 4(b). Hence, f_Lil p(dy +uhy,) K (u)du = 2Ly p(dy 4+ Enhn) K (&) <
[ un(dy, v)dv, where &, is some point in [—Lq, Ly]. Using Taylor expansion around
do, p(dn + Enhn) = {p™(C) /K (dy + &by — do)¥, for some ¢, lying between dy and
dn + &nhy. By (4.8), we get

(k)
2L1“k—!<<;n><dn + &y — do)F K (&) = O((nhy)™"?).

As d, — dy, p™(¢,) converges to u® (do+), which is positive. Also, as &, € [—Ly, L],

K(&,) is bounded away from zero, and thus (d, + &.h, — do) = O((nh,,)~*/?*), which

yields the result. O]

As d, is, in fact, estimating d,,, its rate of convergence for dy can at most be v 1.

Fortunately, v, ! turns out to be the exact rate of convergence of d,.
Theorem 4.3. Let v, be as defined in Lemma 4.2. Then un((fn —dpy) = O,(1).
The proof is given in Section C.1 of Appendix C. It involves coming up with an

appropriate distance p, based on the behavior of M, near dy (Lemma C.3) and then
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establishing a modulus of continuity bound for M,, — M,, with respect to p,. As the
summands that constitute M, are dependent, the latter cannot be handled directly
through VC or bracketing results (Theorems 2.14.1 or 2.14.2 of van der Vaart and
Wellner (1996)); rather, we require a blocking argument followed by an application
of Doob’s inequality to the blocks.

The optimal rate is attained when h;' ~ (nh,)"/?* and corresponds to h, =
hon~ Y1 and v, = n?/@*1Y We now deduce the asymptotic distribution for this

particular choice of bandwidth.

4.2.2 Asymptotic Distribution

With h,, = hon™ /¥ we study the limiting behavior of the process
Zn(t) = bt M, (do + thy,) — M, (dy)], t€R, (4.9)

where M, is defined in (4.3). The process Z,(t) is minimized at h(d, — dy). At the

core of the process Z,(t) lies the estimator /i, computed at local points dy + th,,. Let
W (t) = v/nhyii(dy + thy,) (4.10)

and By,.(R) denote the space of locally bounded functions on R, equipped with the
topology of uniform convergence on compacta. We have the following lemma on the

limiting behavior of W,,.

Lemma 4.4. There exists a Gaussian process W (t),t € R, with almost sure contin-
uwous paths and drift

K+1/2 (k) ¢
m(t) = BOW (1)) = 0 L (do) / (t — o) K (v) du

—0o0

and covariance function Cov(W (t1), W (ts)) = of [ K(t1 + u)K(ts + u)du such that
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the process W, (+) converges weakly to W (-) in Bj.(R).

The proof is given in Section C.2 of Appendix C. For brevity, — f; is written as

[ whenever z > y.
xX

Theorem 4.5. For h,, = hon V@D and t € R, the process Z,(t) converges weakly

to the process Z(t) = [} [® — 7] dy in Bie(R).

Proof. Split Z,(t) as I,,(t) + I1,(t), where

) = g3 [{e (vtacrm) o)

{(s=aen) (=)

dO +thn

_hin / (@( nhnﬂ(:p)> - 7) dx

do

and 11, = hy* [7"" (@ (V/nhpji(x)) —7) dx. Fix T > 0 and let ¢ € [~T,T]. Using

arguments almost identical to those for proving Lemma C.1 in Appendix C, we have

1L,(t)] < Z / nhnﬂ(z/n))—fb( nhp iz )‘dm
o i/l 57

+0 (n,l,b )+ Ut tha)) — L)),

where the O(1/(nh,)) factor accounts for the boundary terms. Using the fact that

x—1< |z] <x+1, the term (y/(nhy))(|n(do + th,)] — |n(do)]|) — vt is bounded

by 2v(1/(nh,) + T/n) which goes to zero. The sum of integrals in the above display
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is further bounded by

[2Tnh,| ) . N
e sup P nhyj(x)) — @ nh, iy ‘
nhn lz—y|<1/n ( ( )> < ( )>
2,y€[do—Thu,do+Thn)
2Tnh
< PTnhal o W) = Wa(o).

27NNy ju—v|<1/(nhn)
u,we[-T,T]

The above display goes in probability to zero due to the asymptotic equicontinuity
of the process W,, and hence the term [,, converges in probability to zero uniformly

in t over compact sets. Further, we have

dO +thn

IL,(t) = h' / <(I>< nh,ﬁ(m))—v)dm
do

(@ (Vrhoido + yha) ) =] dy

As the mapping W (-) — [, ®(W (y))dy from Bi.(R) to Bi(R) is continuous, using
Lemma 4.4, the term 1, converges weakly to the process f(f [® (W (y)) —v]dy, t € R.

This completes the proof. O
A conservative asymptotic CI for dy can be obtained using the following result.

Theorem 4.6. The process Z(t) goes to infinity almost surely (a.s.) as |t| — oo.
Moreover, let & and & denote the smallest and the largest minimizers of the process
Z. Also, let c;,, and cll_a/2 be the (a/2)th and (1 — o /2)th quantiles of & and &)

2k-+1)

respectively. For h, = hon~/( , we have

lim inf P[c}, » < ht(d, — dy) < cll_a/Q] >1—a.

n—oo
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Note that &5 and & are indeed well defined by continuity of the sample paths of
Z and the fact that Z(t) goes to infinity as |t| — oco. Also, they are Borel measurable
as, say for &, the events [£§ < a] and the measurable event [inf;<, Z(t) < inf;~, Z(?)]
are equivalent for any a € R. Hence c, /2 and cll_a /o are well defined. The proof of
the result is given in Section C.3 of Appendix C.

A minimum of the underlying limiting process lies in the set {y : ® (W (y)) = ~}.
As any fixed number has probability zero of being in this set, the distributions of &
and &) are continuous. The process {W (y) : y € R} has zero drift for y < —Lg and is
therefore stationary to the left of —Ly. Hence, it must cross v infinitely often implying
that Z has multiple local extrema. On the other hand, simulations strongly suggest
that Z has a unique argmin though a theoretical justification appears intractable
at this point. The issue of the uniqueness of the argmin of a stochastic process
has mostly been addressed in context of Gaussian processes (Lifshits, 1982; Kim
and Pollard, 1990; Ferger, 1999), certain transforms of compound Poisson processes
(Ermakov, 1976; Pflug, 1983) and set-indexed Brownian motion (Miiller and Song,
1996). These techniques do not apply to our setting; in fact, an analytical justification
of the uniqueness of the minimizer of Z appears non-trivial. As the simulations
provide strong evidence in support of a unique argmin, we use the following result for

constructing Cls in practice.

Theorem 4.7. Assuming that the process Z has a unique argmin, we have

h ' (dy — do) % argmin{Z(t)},

teR
for hy,, = hon=/k+1),

Remark 4.8. As deduced in Chapter 3, the limit distribution in the dose-response
setting is governed by the minimizer of a generalized compound Poisson process, in

contrast to the integral of a transformed Gaussian process that appears in the stan-
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dard regression setting. The appearance of a markedly different transformed Gaussian
process is an outcome of the local spatial averaging of responses needed to construct

the p-values in the absence of multiple replications.

Note that when the argmin is unique, Theorem 4.6 and Theorem 4.7 yield the
same CI. The proof of Theorem 4.7 is a direct application of the argmin(argmax)-
continuous mapping theorem; see Kim and Pollard (1990, Theorem 2.7) or van der

Vaart and Wellner (1996, Theorem 3.2.2).

4.2.3 Limit distributions for variants of the procedure

The rates of convergence and asymptotic distributions can be obtained similarly
for most of the variants of the procedure that were discussed in Chapter 2. In what
follows, we state the limiting distributions for some of these variants.

Results analogous to Theorem 4.6 can be shown to hold in the setting with het-
eroscedastic errors, i.e., Var(e;) = o2(i/n), where o2(-) is a positive continuous func-
tion. The process Z has the same form as in Theorem 4.6 apart from the fact that the
o2 involved in the covariance kernel of the process W that appears in the definition
of Z is replaced by 02(dy). When normalized p-values are used to estimate dy, we
have the following form for the limiting distribution; an outline of its proof is given

in Section C.4 of Appendix C.

Proposition 4.9. Consider the setting with homoscedastic errors and covariates sam-
pled from the fized uniform design, as discussed in Section 4.1. Let & be an estimate
of oo such that \/n(6 — o¢) = O,(1) and let d. denote the estimate obtained from

minimizing

M., (d, &) | |
SISO e

=1

M, (d)
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Let h, = hon™ Y+ and W(t),t € R, be a Gaussian process with drift

he ™2 u® (do+)

k?!O'()\/ K2

E(W'\(t)) = / (t —v)" K (v) dv

and covariance function Cov(W(t;), Wt(ty)) = (K2)~! [ K(t; +u)K (ts + u)du. Let
ZN\t) = f(f{CD(Wl(y)) —y}dy, fort € R. If 6 is a \/n-consistent estimate of o, then

h Y (dL — do) is O,(1). For Z' possessing a unique argmin a.s., we have

hot(dL — do) < argmin Z(t).

n
teR

When the covariate is sampled from a random design with heteroscedastic errors,
the result extends as follows for the estimate based on non-normalized p-values. Recall

from Chapter 2 that such an estimator of dy has the form

d, = sargmin B, [{cp (\/M(Q(X) - TO)) - 7} 1(X < d)} : (4.11)

de(0,1)
where /1 is the Nadaraya-Watson estimator, i.e.,

Pu[Y K ((x = X)/hn)]

) = B R (= X))

We have the following result on the limiting distribution of d,,.

Proposition 4.10. Consider the setting with covariates sampled from a random de-
sign with design density f and heteroscedastic errors. The variance function o3 (x) =
Var(e | X = x) is assumed to be continuous and positive. Let h, = hon™ "1 and

W(t),t € R, be a Gaussian process with drift

hy ™2 ®) (do+)

- / (t— )" K (v) dv

—00

E(W (1) =
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and covariance function Couv(W (ty), W (t2)) = (}3((0{?)) J Kt + uw)K(t2 + u)du. Let

Z(t) = fot{(I)(W(y)) — Yy, fort € R. For d, defined as in (4.11), assume that

h ' (d, — do) is O,(1). For Z possessing a unique argmin a.s., we have

hY(d, — dy) A argmin Z (t).

teR

A sketch of the proof is given in Section C.5 of Appendix C.

4.3 The case of an unknown 7

Although most of the results have been deduced under the assumption of a known
Ty, in real applications 7y is generally not known. In this situation, one would need
to impute an estimate of 7y in the objective function to carry out the procedure. It
can be shown that the rate of convergence and the limit distribution does not change
as long as we have a /n-consistent estimator of 79. The following result makes this

formal; its proof is given in Section C.6 of Appendix C.
Proposition 4.11. Let d,, now denote the minimizer of
I i i
M, (d,7) = — ) holp|—|—7 -y 1({=-<d],
=32l (v () =) ) =)
where /n(7 — 1) = O,(1) and h, = hon= Y@V Then h'(d, — do) is O,(1).

Assuming that the process Z defined in Theorem 4.5 has a unique argmin, we have

hH(d, — do) KN argmin{Z(t)}.

teR

Quite a few choices are possible for estimating 7. If dy can be safely assumed
to be larger than some 7, then a simple averaging of the observations below n would

yield a /n-consistent estimator of 7y. If a proper choice of 7 is not available, one
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can obtain an initial (consistent) estimate of 7y using the method proposed in Section
2.1.4 of Chapter 2 (see (4.12)), compute d,, and then average the responses from,
say, [0,cd,], ¢ € (0,1), to obtain a /n-consistent estimator of 7o. This leads to an
iterative procedure which we discuss in more detail in Section 4.4. In what follows,

we justify that such an estimate of 7y is indeed \/n-consistent.

Lemma 4.12. Let 0 < ¢ < 1. For any consistent estimator d,, of dy, define

1 1
ri= E Y1 —-<ecd ).
’ [nedy, | £ (n =¢ ")

We have \/n(7 — 1) = O,(1).

Proof. Note that for 7> 0 and 0 < x < min(c, (1 — ¢))do,

PlVnlt—7|>T] < P[Vn|f—7|>T,k<cd, <dy— k]
+P[d, —dy < (k —cdy)/c]

+P[d, —dy > (1 —c)dy — K)/c].

The second and the third term on the right side of the above display both converge

to zero. Also,

En(7—7)1(k < cd, < dy — K)]
| e\
— !
= nk ned | ;el 1(k <ed, <dy— k)
" [ [na)
< FE | su €;
prmsvicl B PP
(o) ?
4n T dn(n(dy — k) + 1)op
< " g | < :
~ (nk—1)2 ZZI ‘ - (nk —1)2
Here, the penultimate step followed from Doob’s inequality. Hence,
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E[n(7 — 7)1 (k < cdl, < dy — k)] = O(1). Thus, by Chebyshev’s inequality,
PlVn|t =1 >T Kk <cd, <dy— k] <O(1)/T?

which can be made arbitrarily small by choosing T large. This completes the proof.
O

4.4 Simulations

We consider three choices for the underlying regression function pu(z) = [2(x —
0.5)]*1(z > 0.5),z € [0,1], k = 1,2 and pz(z) = [(x — 0.5) + (1/5) sin(5(x — 0.5)) +
0.3sin(100(z — 0.5))]1(z > 0.5). All these functions are at their baseline value 0 up
to dy = 0.5. The functions p; (linear) and ps (quadratic) both rise to 1 while ps
exhibits non-isotonic sinusoidal behavior after rising at dy. The right derivative at
dy, a factor that appears in the limiting process Z, is the same for p; and us. The
functions are plotted in the upper left panel of Figure 4.1. The functions p; and po
are paired up with normally distributed errors having mean 0 and standard deviation
o9 = 0.1, while the noise added with ps is from a t-distribution with 5 degrees of
freedom, scaled to have the standard deviation oy. The three models, pq with normal
errors, fio with normal errors and ug with t-distributed errors, are referred to by the
name of their regression functions only. We work with v = 3/4 as extreme values of
7 (close to 0.5 or 1) tend to cause instabilities.

We construct the estimate of dy using the normalized p-values as they exhibit
better finite sample performance and study the coverage performance of the ap-
proximate ClIs obtained from the limiting distributions with estimated nuisance pa-
rameters. The error variance o2 is estimated in a straightforward manner using
o2 = (1/n) > {Y; — iu(i/n)}?. More sophisticated estimates of the error variance are

also available (Gasser et al., 1986; Hall et al., 1990) but we avoid them for the sake of
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simplicity. We use the Epanechnikov kernel for constructing the estimate of p. For
moderate samples, the bad behavior of kernel estimates near the boundary affects
the coverage performance. In order to correct for this, we only consider the terms

between h,, to 1 — h,, in our objective function, i.e., for d € (h,,1 — h,),

- 5 {o() (5

hn<£<1-hn

1

The asymptotic distribution of the minimizer of this restricted criterion function
still has the same form as in Proposition 4.9. A good choice for hg in the optimal
bandwidth A, = hon~'/*+1) can be obtained through minimizing the MSE of i(dy).

Standard calculations shown that

(k)
Bias(fi(dy)) = %hﬁE[W’“l(W > 0)] +o(hF) + 0O ((miga) , and

where W has density K. The MSE is minimized at h,, = h’'n~"/@*1) where

opt
h/o h—

o2 R ()2 —1/(2k+1)
[%{u(’”(doJr)E[W’“l(W > 0)]}2] '

This bandwidth goes to 0 at the right rate needed for estimating dy. Moreover,
efficient estimation of p in the vicinity of dy is likely to aid in estimating dy. Hence,
we advocate the use of this choice of hg for our procedure.

With the above mentioned choice of hg, we compare the distribution of h 1(cZn —
dy) for n = 1000 data points over 5000 replications with the deduced asymptotic

distribution. As 7y is assumed unknown, we implement an iterative scheme. We
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obtain an initial estimate of 7y using the method prescribed in Chapter 2, i.e.,

Tinit = argmlnz { ( /(2(/%”()7)_ %)) — %}2 . (4.12)

SN

A

This estimate of 7y, based on hg’ " is used to compute d,. We re-estimate 7y by
averaging the responses for which i/n € [0, O.QCZn] and proceed thus. The Q-Q plots are

shown in Figure 4.1 which show considerable agreement between the two distributions.

—w
ogH __ . ’/—

¥2 § 0 1
0Bl - =~k P 4/!7
AR AN

o7 A y o |

! H 4
o ro P ‘u Jij
03 ! YV ? #
J [ VA 3‘
02 i ' /Y ! o
‘ M 4 A
01 I Y +/+
R S S e
o 01 0z 03 04 o5 06 07 08 g 1 -5 -4 -3 -2 -1 o 1
¥ Quantiles
(a) Regression Functions (b) Q-Q plot under 4
1 + 1
.
o o B
1 1 4
s P s ¢
g2 - {l-f =2 # "
= L S e
- P = e
3 a4t 3 e
e T
P +
4T Eane
-4 ot 4 +
+ +/+/
T e
5 ; 5L
5 A 3 -2 -1 o 1 -5 -4 -3 -2 1 o 1
X Quantiles A Quantiles
(¢) Q-Q plot under pus (d) Q-Q plot under ug

Figure 4.1: The three regression functions and Q-Q plots for the normalized estimate
h.'(d, — dy) computed with n = 1000 over 5000 replications.

Next, we explore the coverage performance of the Cls constructed by imputing
estimates of the nuisance parameters in the limiting distribution. Computing hg
requires the knowledge of the k-th derivative of u at dy which we also need to generate
from the limit process. To estimate ;(¥)(dy+), first observe that p(x) = u® (do+)(x—

do)* /k! + o((x — dy)*) for x > dy. Hence, an estimate of ;¥)(dy+) can be obtained by
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fitting a k-th power of the covariate to the right of d,,. More precisely, an estimate of

& = u®(do+)/k! is given by

£ = argmini{Yi —&(i/n— d,)*}Y?1(i/n € (dy, dn + by))
S

S Yi(i/n —AcZn)kl(z'/n € (@n,gn + b))
S (i/n — d,)?*1(i/n € (dn, dy + b))

Y

where b, | 0 and nb?**1 — oco. For the optimal h,,, this provides a good estimate of
€o-

We include this in our iterative method where we start with an arbitrary choice
of hy and compute 7;,;. We use 7;,;; to compute azn and ﬂ(k)(do—i-). The pa-
rameter [1*)(dy+) is estimated using a reasonably wide smoothing bandwidth b,
b, = 5(n/logn) 1/ k+D)  These initial estimates are used to compute the next level
estimate of hy using the expression for hg’ ", We re-estimate 7, by averaging the
responses for which i/n € |0, 0.9(%] and proceed thus. On average, the estimates sta-
bilize within 7 iterations. The coverage performance over 5000 replications is given
below in Table 4.1. The approximate CIs mostly exhibit over-coverage for moderate
sample sizes for py; and usg but converge to the desired confidence levels for large n.
Also, the limiting distribution is same under models p; and pz which is evident from

the coverages and the length of CIs for large n.

4.5 Dependent data

We briefly discuss the extension to dependent data in this section. Our problem
is relevant to applications from time series models (see Section 4.6) where it is not
reasonable to assume that the errors ¢;’s are independent. A model of the form (4.1)
can be assumed here with the exception that the errors now arise from a station-

ary sequence {...€_1,¢€g,€1,...} and exhibit short-range dependence in the sense of
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90% CT 95% CT
" T | E T | E
30 [ 0.949 (0.462) | 0.961 (0.614) | 0.989 (0.588) | 0.987 (0.659)
50 || 0.943 (0.420) | 0.951 (0.539) | 0.971 (0.547) | 0.978 (0.625)
100 | 0.921 (0.357) | 0.939 (0.448) | 0.965 (0.483) | 0.972 (0.559)
500 | 0.914 (0.218) | 0.922 (0.258) | 0.961 (0.299) | 0.965 (0.346)
1000 | 0.907 (0.173) | 0.911 (0.197) | 0.955 (0.237) | 0.959 (0.265)
2000 || 0.900 (0.137) | 0.903 (0.153) | 0.951 (0.188) | 0.954 (0.205)
H1
. 90% CT 95% CI
T | E T | E
30 [ 0.957 (0.544) [ 0.849 (0.651) | 0.992 (0.624) | 0.899 (0.665)
50 | 0.948 (0.539) | 0.876 (0.615) | 0.973 (0.620) | 0.908 (0.627)
100 | 0.933 (0.519) | 0.883 (0.602) | 0.964 (0.617) | 0.917 (0.616)
500 | 0.917 (0.415) | 0.889 (0.477) | 0.962 (0.548) | 0.934 (0.555)
1000 | 0.907 (0.385) | 0.894 (0.424) | 0.957 (0.511) | 0.944 (0.525)
2000 || 0.904 (0.350) | 0.899 (0.384) | 0.951 (0.471) | 0.948 (0.490)
H2
. 90% CI 95% CI
T | E T | E
30 [ 0.960 (0.461) | 0.968 (0.620) | 0.992 (0.590) | 0.994 (0.672)
50 || 0.949 (0.424) | 0.959 (0.541) | 0.977 (0.548) | 0.982 (0.630)
100 || 0.925 (0.358) | 0.941 (0.472) | 0.970 (0.482) | 0.976 (0.539)
500 || 0.915 (0.218) | 0.925 (0.304) | 0.961 (0.299) | 0.966 (0.348)
1000 || 0.906 (0.173) | 0.914 (0.199) | 0.954 (0.237) | 0.958 (0.264)
2000 || 0.901 (0.138) | 0.904(0.154) | 0.950 (0.188) | 0.954 (0.204)
M3

Table 4.1: Coverage probabilities and length of the CI (in parentheses) using the true
parameters (T) and the estimated parameters (E) for different sample sizes
under i1, po and pus.
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Robinson (1997). As with (4.1), the dependence of Y;’s and ¢;’s on n is suppressed
but they must be viewed as triangular arrays. The extension to this setting would
work along the following lines. The estimate of ;1 with dependent errors still has
the same form as (4.2). With additional assumptions (Assumptions 1-5 of Robinson
(1997)), it is guaranteed that v/nh, (i(z;) — p(z;)), z; € (0,1) and x1 # z9, converge
jointly in distribution to independent normals with zero mean — a fact that justifies
the consistency of our p-value based estimates in this setting. Hence, cfn, defined
using (4.3), can still be used to estimate the threshold. The limiting distribution
would be of the same form as in Lemma 4.4 but with a different scaling factor that
appears in the covariance function of the process W. We outline the form of the
limiting distribution below. The technical details are more involved in the sense of
tedium but the approach in deriving the limiting distribution remains the same at
the conceptual level.

To precisely state the limiting distribution, let p(i,7) = p(7 — j) denote the co-
variance between ¢; and ¢; and let ¢ denote the underlying spectral density defined
through the relation ogp(l) = [* w(u)exp(du)du,l € Z. Let W be a Gaussian

process with drift m(-) (defined in Lemma 4.4) and covariance function
Cov(W (t1), W (ts)) = 2m)(0) / K (t1 +u)K(ty + u)du.

It is not uncommon for the spectral density at zero, ¥(0) = (21) o7 >= ., p(4), to
appear in settings with short range dependence (Robinson, 1997; Anevski and Héssjer,

2006).

Proposition 4.13. Consider the setup of (4.1) with the errors now exhibiting short-
range dependence as discussed above. Assume that for h, = hon™ 1) the resulting

estimate d,, obtained using (4.3) satisfies b, (d, — do) = O,(1) and that the process
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Z(t) = J[@(W(y)) —|dy, t € R has a unique minimum a.s. Then

h ' (d, — dy) = argmin Z(t).

teR

The proof is outlined in Section C.7 of Appendix C.

An illustration of the above phenomenon is shown through a Q-Q plot (Figure
4.2), where we generate ¢;’s from an AR(1) model ¢; = 0.25¢;_;+z;. Here, z;s are mean
0 normal random variables with variance 0.0094 so that ¢;’s have variance (0.1)?. The
Q-Q plot shows considerable agreement between the empirical quantiles, obtained

from samples of size n = 1000, with the theoretical quantiles.
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Figure 4.2: Regression setting with dependent errors: Q-Q plot under ;.

4.6 Data Analysis

We now apply our procedure to two interesting examples from Chapter 2.

The first data set involves measuring concentration of mercury in the atmosphere
through a LIDAR experiment which has a visible evidence of heteroscedasticity. The
observed covariates can be considered to have arisen from a random design and the
threshold dy corresponds to the distance at which there is a sudden rise in the con-
centration of mercury. We employ the non-normalized variant of our procedure (see
Proposition 4.10) which is suited for heteroscedastic settings. It is reasonable to as-

sume here that the function is at its baseline till range value 480. The estimate of 7
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is obtained by taking the average of observations until range reaches 480, which gives
# = —0.0523. The estimate d, is obtained through the iterative approach described
in Section 4.4. The expression for the approximate bias of the Nadaraya-Watson
estimator turns out to be the same as that for the fixed design kernel estimator
at dy while the approximate variance turns out to be (02K2)/(nh,f(dy)) and the
optimal value of hg is adjusted accordingly. The limiting distribution, as well as
the optimal hg, involves the parameter oy(dp), which we estimate using 6(d,,) where
6%(x) = [Pu(Y = (X))’ K ((x = X)/hn)] [ [Pn K ((z = X) /)]

The estimate d, has an inherent bias which is a recurring feature in boundary
estimation problems. A simple but effective way to reduce this bias is to subtract
the median of the limiting distribution with imputed parameters, say o5, from our
crude estimate, after proper normalization (so that the limiting median is zero).
More precisely, d, — n=Y/@+ g, - is our final estimate. Assuming k to be 1, the
resulting estimate of dy is 551.05 which appears reasonable (see Figure 2.1 of Chapter
2). Moreover, the Cls are [550.53,555.17] and [549.75, 557.82] for confidence levels of
90% and 95%, respectively, which also seem reasonable.

Our second data set, which comes from the last example in Chapter 2, involves
the measurement of annual global temperature anomalies, in degree Celsius, over
the years 1850 to 2009. The depiction of the data (see Figure 2.1 of Chapter 2)
suggests a trend function which stays at its baseline value for a while followed by
a nondecreasing trend. We follow the approach of Wu et al. (2001) and Zhao and
Woodroofe (2012), and model the data as having a non-parametric trend function
and short-range dependent errors. The flat stretch at the beginning is also noted
in Zhao and Woodroofe (2012), where isotonic estimation procedures are considered
in settings with dependent data. They also provide evidence for the errors to be
arising from a lower order auto-regressive process. A comprehensive approach would

incorporate a cyclical component as well (Schlesinger and Ramankutty, 1994), which
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we do not pursue here.

The estimate of the baseline value, after averaging the anomalies up to the year
1875, is 7 = —0.3540. Using this estimate of 75, we employ our procedure with non-
normalized p-values (see (4.3)) in this example with the optimal hy chosen through an
iterative approach. Constructing the CI involves estimating an extra parameter 1(0)
for which we use the estimates computed in Wu et al. (2001, pp. 800) (the parameter
o2 estimated in that paper is precisely 2w (0)). Assuming k to be 1, the estimate of
the threshold dy after bias correction, which signifies the advent of global warming,
turns out to be 1912. The ClIs are [1908,1917] and [1906, 1919] for confidence levels
90% and 95% respectively. This is compatible with the observation on page 2 of Zhao

and Woodroofe (2012) that global warming does not appear to have begun until 1915.

4.7 Conclusion

Adaptivity. As was the case with the dose-response setting, we can come with an
adaptive approach that yields (one-sided) upper confidence intervals for dy when k
is unknown. Also, when k is unknown, ideas from multiscale testing procedures for
white noise models (Diimbgen and Spokoiny, 2001; Diimbgen and Walther, 2008)
can conceivably be used to develop adaptive procedures in our model. This is a hard

open problem and a topic for future research.

Minimazity.  The estimators studied in this chapter attain the convergence

2k+1)  This leads to a natural question as to whether this is the best

rate of n~1/(
possible rate of convergence. When p is monotone increasing, dy is precisely pu=* (7o),
where ! is the right continuous inverse of p. Wright (1981) (Theorem 1) shows
that the rate of convergence of the isotonic least squares estimate p at a point,

xp, where the first & — 1 derivatives vanish but the kth does not, is precisely

n~k/(k+1) A glightly more general result establishing a process convergence is

7



stated in Fact 1 of Banerjee (2009). Using this in conjunction with the techniques

for the proof of Theorem 1 in Banerjee and Wellner (2005), it can be deduced

1 1/(2k+1)

that the rate of convergence of the isotonic estimate of p~' at p(zg) is n~ ,
which matches the rate attained by our approach. Hence, we expect this rate to be
minimax in our setting. We note that this rate is not the same as the faster rate
min(n =% 2k+3) 5 ~1/2k1) obtained in Neumann (1997) for a change-point estimation
problem in a density deconvolution model and also observed in the convolution white
noise models of Goldenshluger et al. (2006) and Goldenshluger et al. (2008). These
models are related to our setting; e.g., Problem 1 in Goldenshluger et al. (2008)
is a Gaussian white noise model where the underlying regression function also has
a cusp of a known order at an unknown point of interest. The convolution white
noise model considered in Goldenshluger et al. (2006) (Problem 2 in Goldenshluger
et al. (2008)) is equivalent to this problem for a particular choice of the convolution
operator; see Goldenshluger et al. (2006, pp. 352-353) and Goldenshluger et al.
(2008, pp. 790-791) for more details. Besides these being white noise models, they
differ from our setting through an additional smoothness condition (Goldenshluger
et al., 2006, pp. 354-355), which translates, in our setting, to assuming that pu*) is
Lipschitz outside any neighborhood of dy, an assumption not made in this chapter.
Hence, Neumann’s rate need not be minimax for our setting. The faster rate of
Neumann (1997) was also observed for & = 1 in Cheng and Raimondo (2008) but
once again under the assumption that the derivative of the regression function is at
least twice differentiable away from the change-point, again an assumption not made

for this approach.
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CHAPTER 5

Baseline zone estimation in two-dimensions

In this Chapter, we address the two-dimensional version of the threshold esti-
mation problem from Chapter 2. In particular, we consider a model of the form

Y = u(X) + ¢, where u is a function on [0, 1]? such that

wu(z) =7 for x € Sy, and p(x) > 7 for x ¢ S (5.1)

and 7y is unknown. The covariate X may arise from a random or a fixed design
setting and we assume that € has mean zero with finite positive variance o2. Interest
centers on estimating the baseline region Sy beyond which the function deviates from
its baseline value. There are several practical motivations behind detecting Sy (or
S5) which can be thought of as the region of no-signal. For example, in several
fMRI studies, one seeks to detect regions of brain activity from cross sectional two-
dimensional images. Here, Sy corresponds to the region of no-activity in the brain
with S§ being the region of interest. In the two dimensional version of LIDAR (light
detection and ranging) experiments used for measuring concentration of pollutants
in the atmosphere, interest often centers on finding high/low pollution zones (see,
for example, Wakimoto and McElroy (1986)); in such contexts, Sy would be the
zone of minimal pollution. In dose-response studies, patients may be put on multiple

(interacting) drugs (see, for example, Geppetti and Benemei (2009)), and it is of
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interest to find the dosage levels (05p) at which the drugs starts being effective.

The question of detecting Sy is also related to the edge detection problem which
involves recovering the boundary of an image. In edge detection, i corresponds to the
image intensity function with S§ being the image and S, the background. A number
of different algorithms in the computer science literature deal with this problem,
though primarily in situations where p has a jump discontinuity at the boundary of
So; see Qiu (2007) for a review of edge detection techniques. With the exception of
work done by Korostelév and Tsybakov (1993b), Mammen and Tsybakov (1995) and
a few others, theoretical properties of such algorithms appear to have been rarely
addressed. In fact, the study of theoretical properties of such estimates is typically
intractable without some regularity assumption on Sy; for example, Mammen and
Tsybakov (1995) discuss minimax recovery of sets under smoothness assumption on
the boundary.

In this chapter, we approach the problem from the point of view of a shape-
constraint (typically obtained from background knowledge) on the baseline region.
We assume that the region Sy is a closed convex subset of [0,1]* with a non-empty
interior (and therefore, positive Lebesgue measure) and restrict ourselves to the more
difficult problem where p is continuous at the boundary. Convexity is a natural shape
restriction to impose, not only because of analytical tractability, but also as convex
boundaries arise naturally in several application areas: see, Wang et al. (2007), Ma
et al. (2010), Stahl and Wang (2005) and Goldenshluger and Spokoiny (2006) for a
few illustrative examples. In the statistics literature, Goldenshluger and Zeevi (2006)
provide theoretical analyses of a convex boundary recovery method in a white noise
framework. While this has natural connections to our problem, we note that they
impose certain conditions (see Definitions 2 and 3 of Goldenshluger and Zeevi (2006)
and the associated discussions), which restricts the geometry of the set of interest, G,

beyond convexity. Hence, their results, particularly on the rate of convergence, are
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difficult to compare to the ones obtained in our problem. Further, they estimate G
through its support function which needs to be estimated along all directions. It is
unclear whether an effective algorithm can be devised to adopt this procedure in a
regression setting.

Our problem also has connections to the level-sets estimation problem since S§
is the “level-set” {x : p(x) > 79} of the function u. However, because 7y is at the
extremity of the range of u, the typical level-set estimate {x : fi(x) > 79}, where [ is
an estimate of u, does not perform well unless p has a jump at 905 (a situation not
considered in this chapter). Moreover, this plug-in approach does not account for the
pre-specified shape of the level-set. We note that the shape-constrained approach to
estimate level-sets has received some attention in the literature, e.g., Nolan (1991)
studied estimating ellipsoidal level-sets in the context of densities, Hartigan (1987)
provided an algorithm for estimating convex contours of a density, and Tsybakov
(1997) and Cavalier (1997) studied “star-shaped” level-sets of density and regression
functions respectively. All the above approaches are based on an “excess mass”
criterion (or its local version) that yield estimates with optimal convergence rates
(Tsybakov, 1997). It will be seen later that our estimate also recovers the level-set of
a transform of p, but at a level in the interior of the range of the transform. More
connections in this regard are explored in Section 5.4.

In this chapter, we extend the p-value based approach from Chapter 2. The
extension is fairly involved, even from a computational perspective (see Section 5.1.1).
The smoothness of y at its boundary again plays a critical role in determining the
rate of convergence of our estimate: for a regression function which is “p-regular”
(formally defined in Section 5.2) at the boundary of the convex baseline region, our
estimate converges at a rate N~2/(#7+3) in the dose response setting, N being the
total budget. This coincides with the minimax rate of a related level-set estimation

problem; see Polonik (1995, Theorem 3.7) and Tsybakov (1997, Theorem 2). The
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analogue of the estimate in the regression setting converges at the slightly slower rate
of N=1/(r+2)  The difference in the two rates is due to the bias introduced from the
use of kernel estimates in the regression setting. A more technical explanation is given
in Remark 5.15. It should be pointed out that our convergence rates are very different
from the analogous problem in the density estimation scenario which corresponds to
finding the support of a multivariate density. Faster convergence rates (Hérdle et al.,
1995) can be obtained in density estimation due to the simpler nature of the problem:
namely, there are no realizations from outside the support of the density.

The main contributions of this chapter are the following. We extend a novel and
computationally simple p-value approach to estimate baseline sets in two dimensions
and deduce consistency and rates of convergence of our estimate in the two aforemen-
tioned settings. Our approach falls at the interface of edge detection and level-set
estimation problem as it detects the edge set (S§) through a level-set estimate (see
Section 5.4). The proofs require heavy-duty applications of non-standard empiri-
cal processes and, along the way, we deduce results which may be of independent
interest. For example, we apply a blocking argument which leads to a version of Ho-
effding’s inequality for m-dependent random fields, which is then further extended to
an empirical process inequality. This should find usage in spatial statistics and is po-
tentially relevant to approaches based on m-approximations that answer the central
limit question for dependent random fields and their empirical process extensions; see
Rosén (1969), Bolthausen (1982) and Wang and Woodroofe (2013) for some work on
m-~dependent random fields and m-approximations. While we primarily address the
situation where the baseline set is convex, in the presence of efficient algorithms, our
approach is extendible beyond convexity (see Section 5.4).

The rest of the chapter is arranged as follows: we briefly describe the estimation
procedure in the two settings in Section 5.1. Barring x4 and Sy, notations are not

carried forward from the dose-response setting to the regression setting unless stated

82



otherwise. We list our assumptions in Section 5.2. We justify consistency and deduce
an upper bound on the rate of the convergence of our procedure (assuming a known 7o)
for the dose-response and regression settings in Sections 5.3.1 and 5.3.2 respectively.
Situations with an unknown 7y are addressed in Section 5.3.3. We explore extensions

to non-convex baseline regions and connections with level-set estimation in Section

0.4.

5.1 Estimation Procedure

In this section, we extend the non-normalized variant of the p-value procedure
from Chapter 2. The two versions of the procedure, the normalized and the non-
normalized one, exhibit similar fundamental features such as the same dichotomous
separation over Sy and S, and identical rates of convergence. The non-normalized
version is notationally more tractable and avoids a few routine justifications required

for the normalized version.

5.1.1 Dose-Response Setting

Consider a model of the form
Vij=pwXi)+e; j=1...,m i=1..n

Here m = m,, = mon® for some 8 > 0, with N = m x n being the total budget. The
covariate X is sampled from a distribution F' with Lebesgue density f on [0,1]* and
¢ is independent of X, has mean 0 and variance 3.

Let Y = > joy Yij/m and 7 is some suitable estimate of  (to be discussed later).

Following the approach from Chapter 2, an estimate of Sy can be constructed by

83



minimizing

M, (8) =P {® (Vm(Y — 7)) — 7} 1s(X),

where P, denotes the empirical measure on {Y;., X;}i<, and v = 3/4.

The class of sets over which M, is minimized should be chosen carefully as very
large classes would give uninteresting discrete sets while small classes may not provide
a reasonable estimate of Sy. As we assumed S; to be convex, we minimize M, over S,
the class of closed conves subsets of [0,1]%. Let S, = argming.g M, (S). The estimate
S, can be computed by an adaptation of a density level-set estimation algorithm
(Hartigan, 1987) which we state below. Note that if a closed convex set S* minimizes
M, the convex hull of {X; : X; € S*,1 < ¢ < n} also minimizes M,,. Hence, it
suffices to reduce our search to convex polygons whose vertices belong to the set of
X;’s. There could be 2" such polygons. So, an exhaustive search is computationally
expensive.

Computing the estimate. We first find the optimal polygon (the convex polygon
which minimizes M, ) for each choice of X as its leftmost vertex. We use the following
notation. Let this particular X be numbered 1, and let the X;’s not to its left be
numbered 2, 3, ..., 7. The axes are shifted so that 1 is at the origin and the coordinates
of point i are denoted by z;. The line segment az;+(1—a)z;, (0 < a < 1) is written as
i, 7]. Assume that 1, ..., 7 are ordered so that the segments [1, i] move counterclockwise
as ¢ increases and so that ¢ < j if ¢ € [1,j]. Polygons will be built up from triangles
for 1 < i < j <r; Ay is the convex hull of (1,4, j) excluding [1,:]. Note that the

segment [1, 7] is excluded from A;; in order to combine triangles without overlap. The
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’) 3

Figure 5.1: Notation for constructing the convex set estimate. An arbitrary vertex
is numbered 1, and those not to its left are numbered 2,3,...,8 in a
counterclockwise manner. The triangle Azg excludes the line segment
[1,7]. The optimal polygon (with measure Mg;) with successive vertices
6, 7 and 1 is depicted as the convex polygon with vertices 1,4,6 and 7.

quadrilateral with vertices at 1,4, 7, k for i < 7 < k < r is convex if

Let My; be the value of M, on the line segment [1,j]. Further, for 1 < j <
kE <, let M), denote the minimum value of M, among closed convex polygons with
successive counterclockwise vertices j, k and 1. Note that all such convex polygons
contain the triangle Aj;; and hence, M, (Aj;), M, measure of Aj;, is a common
contributing term to the M, measure of all such polygons. This simple fact forms

the basis of the algorithm. It can be shown that

M = My ; + M, (Aj), (5.2)
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Figure 5.2: An illustration of the procedure in the dose-response setting with m = 10
and n = 100. The set Sy is a circle centered at (1, —1) with radius 1.

where i* = I(k, j) is chosen to minimize M,; over vertices ¢ with i < j, D;;x > 0, i.e,

i* =1(k,j) = argmin M. (5.3)
i:i<j, Dy, >0
Note that ¢* could possibly be 1, in which case M, is simply the M, measure of the
triangle formed by j, k and 1 (including the contribution of line segment [1, j]).

One way to construct an optimal polygon with leftmost vertex 1 is to find the
minimum among M, 1 < j < k, where M;’s are computed recursively using 5.2 and
5.3. Hence, one optimal polygon with leftmost vertex 1 has vertices i;,19,...,1s = 1,
where either s = 1 or M;,;, = minj<jo My, i35 = I(i1,12), iq = (i,13), ..., 1 =is =
I(i5_9,i5_1). Once this is done for each choice of X as the leftmost vertex, the final
estimate S, is simply the one with the minimum M, value among these n constructed
polygons.

There are minor modifications to this algorithm which reduce the over-all imple-

mentation to O(n?®) computations; see Hartigan (1987, Section 3) for more details.
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5.1.2 Regression Setting

Consider a model of the form

Yie = p(xw) + €x,

with zy = (ug,v), ux = k/m, vy = I/m, k,l € {1,...,m}. The total number
of observations is thus n = m?. The errors eys are independent with mean 0 and
variance o2. Here, p is as defined earlier and we seek to estimate Sy = p~1(0).

Let

denote the estimator of y, with K being a probability density (kernel) on R? and h,,
the smoothing bandwidth. We take h, = hon™? for 8 < 1/2 and K to be the
2-fold product of a symmetric one-dimensional compact kernel, i.e., K(zy,x2) =
Ko(x1)Ko(zg), where Ky is a symmetric probability density on R with Ky(x) = 0
for |x| > Ly. Note that (the normalized) [ is asymptotically normal and the limiting
variance of \/nh2fi(z) is ©* = 6 [, s, K*(u)du > 0 and hence, the multiple \/nh2
is used (instead of y/nh,) to construct the p-values. Let 7 is a suitable estimate of

To- We can estimate Sy by minimizing

1 . R 3
m(s) = & 3 {e (Vi) - 1) - s 60
kl:xp €Ly,
1 —
= — Z Wiils(xp)
" klnet,

with Wy, = @ ( nhgg(xkl)> — 4 and v = 3/4. To avoid the bad behavior of the
kernel estimator at the boundary, the sums are restricted to design points in Z,, =
[Lohn, 1 — Lohy)?. With S being the class of closed convez subsets of [0, 1] as defined

carlier, let S, = argming.g M,,(5).
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The estimate can be computed using the algorithm stated at the end of Section

5.1.1

5.2 Notations and Assumptions

We adhere to the setup of Sections 5.1.1 and 5.1.2, i.e., we assume the errors to be
independent and homoscedastic and consider random and fixed designs respectively
for the dose-response and regression settings. A fixed design in the regression setting
provides a simpler platform to illustrate the main techniques. In particular, it allows
to treat the kernel estimates as an m/—dependent random field which facilitates in
obtaining probability bounds on our estimate; see Section 5.3.2. Also, a random
design in the dose-response setting permits the use of empirical process techniques
developed for i.i.d. data ((Y;, X;)’s are i.i.d.). However, we note here that the dose-
response model in a fixed (uniform) design setting can be addressed by taking an
approach similar (and in fact, simpler due to the absence of smoothing) to that for
the regression setting. The results on the rate of convergence of our estimate of Sy are
identical for the random design and the fixed uniform design dose-response models.

Let A denote the Lebesgue measure. The precision of the estimates is measured

using the metrics

dF(Sl, SQ) = F(SlASQ) and d(Sl, SQ) = )\(SlASQ)

for the dose-response and the regression settings respectively. The two metrics arise
naturally in their respective settings as X;’s have distribution F' (in the dose-response
setting) and the empirical distribution of the grid points in the regression setting
converges to the Uniform distribution on [0, 1]2.

For simplicity, we assume 7y to be known. It can be shown that our results would

extend to case where we impute a y/mn (dose-response)/ \/n (regression) estimate of
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7 (more on this in Section 5.3.3). We summarize the assumptions below:

1. The function p is continuous on [0, 1]2. For the standard regression setting, we

additionally assume that p is Lipschitz continuous of order 1 .
2. The function p is p-regular at 95y, i.e., for some kg, Cp, C; > 0 and for all x ¢ Sy
such that p(z, So) < Ko,

Cop(x,50)" < p(x) — 7o (5:5)

Here p is the £, metric in R? (for convenience).
3. So = p~ (7o) is convex. For some ¢y > 0, , Sy C [eg, 1 — €o]? and \(Sp) > 0.

4. The design density f for the dose-response setting is assumed to be continuous

and positive on [0, 1]%.

5. Assumptions on the kernel K (z) = Ko(z1)Ko(z2), * = (21, 23), for the standard

regression setting:

(a) Kj is a symmetric probability density.
(b) Ky is compactly supported, i.e., Ko(z) = 0 when |z| > Ly, for some Ly > 0.

(c) K is Lipschitz continuous of order 1.

Note that by uniform continuity of p and compactness of [0,1]?, inf{u(x) :
d(x,Sy) > Ko} > 19. For a fixed p, 19, Ko, do > 0, we denote the class of func-

tions p satisfying assumptions 1, 2, 3 and

inf{u(z) : d(z, So) > Ko} — 710 > 0o (5.6)

by fp = ‘Fp(p7 TO?’K‘:Ou(SO)'
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Remark 5.1. [t can be readily seen that if the regularity assumption in (5.5) holds
for a particular p, it also holds for any p > p as well. We assume that we are working
with the smallest p such that (5.5) is satisfied (the set of values p such that (5.5)
holds for a fized pu, Cy and ko is a closed set and is bounded from below whenever it
is non-empty). In level-sets estimation theory, analogous two-sided conditions of the

form

Cop(z, 50)" < |p(x) — 70| < Cip(z, 50)°

are typically assumed (see Tsybakov (1997, Assumptions (4) and (4’)), Cavalier
(1997, Assumption (4))). This stronger condition restricts the choice of p. How-
ever, we note here that the left inequality plays a more significant role as it provides
a lower bound on the amount by which u(x) differs from 7o in the vicinity of 0Sp.
Some results in a density level-set estimation problem with a slightly weaker analogue
of the left inequality can be found in Polonik (1995). The upper bound (right inequal-
ity) is seen to be useful for establishing adaptive properties of certain density level-set

estimates (Singh et al., 2009).

5.3 Consistency and Rate of Convergence

5.3.1 Dose-response setting

As 7 is known, we take 75 = 0 without loss of generality. Recall that M, (S) =
P, {® (vmY) — v} 1s(X). Let P, denote the measure induced by (¥, X) and

Myu(S) = Py [{® (Vim¥) — 4} 15(X)] .

The process M,, acts as a population criterion function and can be simplified as

follows. Let

m

1
! \/ﬁao j=1 o (5 7)
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and Zy be a standard normal random variable independent of Z;,,s. Then

E[®(vVmY)|Xi=z] = E[®(vVmu(z)+00Z1m)]

E[E[1(Zy < Vmu(x) + 00Z1m)| Zim]]
p B =002 _ ymu@)] o (mm) |

V1+od <\/1+a§ V1+ g

where @, denotes the distribution function of (Zy — 00Z1,)/+/1 + 03. By Pdlya’s

theorem, ®,, converges uniformly to & as m — oo. Hence, it can be seen that

lim E [ (Vim¥:)| Xy = o] = 215 (2) + L (2).

m—ro0 2

By the Dominated Convergence Theorem, M,,(S) converges to M (S), where

M(S) = Mp(S) — / <%130(x)+158(93)—’y)F(d93)

= (1/2-7)F(SonS) + (1 —y)F(S5NS). (5.8)

Note that Sy minimizes the limiting criterion function M (S). An application of the
argmin continuous mapping theorem (van der Vaart and Wellner, 1996, Theorem

3.2.2) yields the following result on the consistency of S,

Theorem 5.2. Assume Sy to be a closed convexr set and the unique minimizer of
M(S). Then supgeg |M,,(S) — M(S)| and dp(S,, So) converge in outer probability to

zero for any v € (0.5,1).

Remark 5.3. We end up proving a stronger result. The consistency is established
in terms of the Hausdorff metric which implies consistency with respect to dp. More-
over, we do not require m to grow as mon®, > 0 for consistency. The condition
min(m,n) — oo suffices. Also, the result extends to higher dimensions as well, i.e.,

when p is a function from [0,1]% — R and Sy = p=1(0) is a closed conver subset of
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0, 1], then the analogous estimate is consistent. However an efficient way to compute

the estimate is not immediate.

The proof is given in Section D.1 of Appendix D.

We now proceed to deducing the rate of convergence of dF(S'n, So). For this, we
study how small the difference (M,, — M) is and how M behaves in the vicinity of S.
We split the difference (M,, — M) into (M,, — M,,) and (M,, — M) and study them
separately. The term M, — M,, involves an empirical average of centered random
variables, efficient bounds on which are derived using empirical process inequalities.
We start with establishing a bound on the non-random term (M, — M) in the vicinity
of Sy. To this end, we first state a fact that gets frequently used in the proofs that
follow. For any § > 0, let S° = {z : p(z,S) < §} and 55 = {z : p(x, S§) > &} denote
the o-fattening and d-thinning of the set S. There exists a constant ¢y > 0 such that

for any S € S,
A(S°\s5) < cod and consequently, F(S°\55) < &9, (5.9)

with ¢ = || f|leC (| f|lcc < 00, by Assumption 4). For a proof of the above, see, for

example, Dudley (1984, pp. 62-63). We now address the non-random term (M,,—M).

Lemma 5.4. For any 6 >0, a, | 0 and S € S such that F(SASy) < 9,

(M = M)(S) = (M — M)(S0)] < |@(0) = 1/2[0 + min(éoan, 6)

p
i CI)m Co\/man 1
V1+ 0o}

\/mdo
+ P, | —/— | — 1}0.
<\/1+03

4]
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Proof. Note that

Mm(S)_Mm(SO) = P,

1+ 0}
ME) = MS) = [{(1/2)15/@) + 1(0) — 7} 1s(e) — (o)} Fldo)

{CI)m (M> - 7} {1s5(x) — 150(37)}] and

Hence, the expression |(M,, — M)(S) — (M,, — M)(Sp)| is bounded by

1 Vmp(x)
®,, (0) — =| F(dz) + o, (—2> — 1| F(da). (5.10)
xe(SO/mS) 2’ xe<543> I+

Note that the first term is bounded by |®,,(0) — 1/2|§. Further, let S, = {z :
p(x,Sy) > an}. Using (5.9), F'(SS\Sy) < épan. Also, as a,, | 0, a, < kg for sufficiently

large n. Thus, for x € S,
p(x) > min(p(x, Sp)?, dg) > min(a?, ),

using (5.5) and (5.6). Hence, the second sum in (5.10) is bounded by

o (V@)Y |

F(S:\So) + F(dx) < min(¢yay, d)

z€(SnNS)
p
n / { o, <CO1—\/\/_LGZ> — 1|+ |®,, (%) 1 }F(dx).
2€(SnNS) + oy + oy
As F(S, N S) <6, we get the result. O

To control M, — M,,,, we rely on a version of Theorem 5.11 of van de Geer (2000).
The result in its original form is slightly general. In their notation, it involves a bound
on a special metric pg(-) (see van de Geer (2000, equation 5.23)) which, in light of
Lemma 5.8 of van de Geer (2000), can be controlled by bounding the Ls-norm in the

case of bounded random variables. This yields the consequence stated below. Here,
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Hpg denotes the entropy with respect to bracketing numbers.

Theorem 5.5. Let G be a class of functions such that sup,cg ||gllcc < 1. For some

universal constant C' > 0, let Cy, C3, R and N > 0 satisfy the following conditions:

B> swplgle),

geg
R
N > /Hl/ngLg P))duV R
0
022 Z 02(03+ )and
N < Csv/nR%.

Then
pP* {sup|Gn(g)| > N] < Cexp [

geg

—N?
C2(Cs + 1)R2] ’

where P* denotes the outer probability.
We have the following proposition on the rate of convergence of S,..

Proposition 5.6. When g > 0,
P* (dF(Sn, So) > 5n> -0

for 6, = Ky max{n=2/3 m=Y/@P)} where K, > 0 is some constant.

Proof. Let k, be the smallest integer such that 2*¥+15, > 1. For 0 < k < k,, let

Spk = {S 1S €8, 286, < dp(S,Sy) < 2k+15n}. As S, is the minimizer for M,,,

AeS n,k

(dF(Sn,SO > ) ZP*( inf M, (A) — M, (So) < o).
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The sum on the right side is bounded by

ZP*(sup (M, — M)(S) — (M, — M)(So)| > inf (M(S)—M(SO))). (5.11)

AES, & Aesn,k

For ¢(y) = min(y — 1/2,1 —v) > 0,
M(S) = M(S5) = (7 — /2)(F(So) = F(So N1 S)) + (1 =) F(SEN ) > (1) F(SAS0),

and hence, (5.11) is bounded by

ZP<WWM MN@%%—MWM>MM%Q

AES,, &

A€ES,, i

ZP* ( sup |(Mp, — M)(S) — (M — M)(So)| > c(v)2’“5n> . (5.12)

Note that M,, — M is a non-random process and hence, each term in the second
sum is either 0 or 1. We now show that the second sum in the above display is

eventually zero. For this, we apply Lemma 5.4. Note that

sup (M, — M)(S) = (M — M)(5o)]

AGSnyk
< | ®,,(0) — 1722515, + min(&a,, 28714,)

P
(I)m Co\/%an 1
V1+o?
o (VT
V1+o?

<4 [\%(0) 120+
- (00_ wﬂ@) .
V14§

+ 2k+15n+ ) 1 2k+15n

_Vmdo |
"\t
—1]2’“5”

] 2k=16,,. (5.13)

+4

Qéo(ln
On

Hence, it suffices to show that the coefficient of 25714, in the above expression is
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smaller than ¢(y). To this end, fix 0 < n < ¢(v)/8. For large m,

o, (mao/m +ag) _ 1‘ <.
1/

Choose ¢, such that a, = ¢,m /) > [@T;l(l -1+ 08/(0()@)] " For large
n, the coefficient of 28714, in (5.13) is then bounded by

|[©m (0) = 1/2] +

60077
8n 4+ L1
n+ e c(),

for K7 > (Goc,y)/(c(y) — 8n). Hence, each term in the second sum of (5.12) is zero for
a suitably large choice of the constant K;. Note that the first term in (5.12) can be

written as

ZH:P* < sup | Gygm(Y)1ans, (X)] > 0(7)2’“—15”\/%) , (5.14)

AESn’k

where ¢,,(y) = ® (v/my) —v. We are now in a position to apply Theorem 5.5 to
each term of (5.14). In the setup of Theorem 5.5, N = ¢(7)2""16,4/n. The con-
cerned class of functions is G, = {gm(Y)1p(X): B= AASy, B € S,k }- Note that
19m 1Bl L.p) < [E1p(X)]Y? < (28415,)1/2. So we can pick R = R, ), = (2"*14,)"/2.
As S, C S, Npj(u, {AASy : A € S, i}, La(P)) < (Npj(u, S, La(P)))? for any u > 0.
Also, starting with a bracket [f, fu] for {AASy : A € S,x} containing B with

|fu = frllLo(py < u, we can obtain brackets for the class G, j, using the inequality

@ (vmy) fr — vfv < gm(y)1s(z) < @ (Vmy) fu — [

As [lgmlle < 1,

(@ (vVmy) fo — /i) — (@ (Vmy) fo — 7o)l < u.
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Hence, Hp(u,Gnk, L2(P)) < Hgp(u,S, L2(P)). Using the fact that in dimension
d, Hp(u,S, Ly(P)) = log(N;j(u, S, La(P))) < Agu=@"Y for d > 2 (see Bronstein
(1976)), we get

Hp(u, G g, La(P)) < Agu™!

for some constant Ag > 0 (depending only on the design distribution). The conditions

of Theorem 5.5 then translate to

25t e(y)6/1 20, max(A, 1)(2"+16,,) /4

3

v

Y

O2<Cg + 1) and
c(7)2"15,v/n < Csy/n2M4,.

It can be seen that for K, > 2°(Cy max(Ag, 1)/c(7))*3, Cs = ¢(7)/4 and Cy = /5C/2,

these conditions are satisfied, and hence, we can bound (5.14) by

> oo G}

As 6, = n~2/3 (the symbol > is used to denote the corresponding > inequality holding
up to some finite positive constant), the term d,n diverges to oo as n — oo. Hence,

the above display converges to zero. This completes the proof. O

Remark 5.7. The result also holds for values of 0, larger than the one prescribed
above. Hence, the above result also gives consistency though it requires m to grow as
mon®. In terms on the total budget, choosing 3 = 4p/3 corresponds to the optimal
rate. In this case, 8, is of the order n=2/® or N=2/(#+3)  This is the minimaz rate
obtained for a related density level set problem in Tsybakov (1997, Theorem 2) (see
also Polonik (1995, Theorem 3.7)).

Note that the bounds deduced for the two sums in (5.12) depend on p only through
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p and &y, e.g., the exponential bounds from Theorem 5.5 depend on the class of
functions only through their entropy and norm of the envelope which do not change
with p. Hence, we have the following result which is similar in flavor to the upper

bounds deduced for level-set estimates in Tsybakov (1997).

Corollary 5.8. For the choice of ,, given in Proposition 5.6,

lim sup sup E, [5;1d(,§n, So)} < 0. (5.15)

n—oo ueFy

Here, E, 1is the expectation with respect to the model with a particular p € F,. The
other features of the model such as error distribution and the design distribution do

not change.

Proof. Note that

B (6,08, 50)] < 1 Y 2 (2R <6 d(8,, 5) < 2

k>0,2k5,<1

< 1+ 2’“13*( inf Mn(A)—Mn(SO)§O>.

AESn’k
k>0,2k6,<1

The probabilities P* (inf 4cs, , M,(A) — M,,(S) < 0) can be bounded in an identical

manner to that in the proof of the above Proposition and hence, we get

sup B |6, d(S,,50)] < 1+ iC’QkHe {_QHCZW)‘%”}
u ny > X .

As §,n — oo, the right side of the above is bounded and hence, we get the result. [

5.3.2 Regression Setting

With 7y = 0, recall that

M, (S) = L > {‘D ( nh%ﬂ@kl)) - 7} Ls ().

kl:xp €Ly,
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For any fixed v € (1/2,1), it can be shown that S, is consistent for Sp, i.e., d(Sn, So)

converges in probability to zero.

Theorem 5.9. Assume Sy to be a closed convexr set and the unique minimizer of
M(S), where
M(S) = (1/2 = 7)A(So NS) + (1 = AS5 N S).

Then, supges |M,,(S) — M(S)| converges in probability to zero and S, is consistent

for Sy in the sense that d(g, So) converges in probability to zero for any v € (0.5,1).

As was the case in the dose-response setting (see Remark 5.3), a more general
result holds and is proved in Section D.2 of Appendix D.

We now deduce a bound on the rate of convergence of S,, (for a fixed v € (1/2,1)).
We first consider the population equivalent of ML, given here by M, (S) = E{M,,(S)}

which can be simplified as follows. Let

1 - Ty — Tpy
L = K | ————

k'l xp €Ly,

for k =1,...,n, and Zy be a standard normal random variable independent of Z;,’s.
For notational simplicity, >, , (equivalently, >, ) is used to denote a sum over the

set {k,l: xy € Z,,} unless stated otherwise. Also, let

Y 1 T — Tgy 2 1 2.9 [ X — Ty
fi(x) = —nhikz/l;ﬂ(fﬂw)ff ( 0 > and X7 (z) = e ZO‘OK P -
(5.16)

Note that \/nh2ji(zy) = /nhi(xy) + Zi and Var(Zy) = X2 (zg). We have

B [‘D ( nhiﬂ(fﬁu))] = E [‘D ( nh () + Zkl)]
E

[1 (Zo < v/nh2i(ze) + Zkl)}

nhZ ()
= Oy, | - —m————= |,
\/1+Z%(Ikl)
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where @y, ,, denotes the distribution function of (Zy — Zy) /+/1 + £2(x). For zy €

T, X2 (x1;) and Py, do not vary with k and [ and hence, we denote them by %2 and

®,, for convenience. We get

31,(8) = B, (9)) = L 30 da, [ VR b ),

" \ 1432

Also, for xy; € Z,,, any n > 0 and sufficiently large n,

2 g2 (TR TR e | K ((xgr — xi1r) / Pon) >
w hn wnh%f)n

1
nh23.2 Z E

n—n k/’l/

p(xr1, ) <Lomhy,

is bounded by

2 [2L0mhn—|2||}<||2:: 2 2”}(”00
= E 1 = >n s
nh%(agKQ) = nh%(o’o\/ K 2) |€11’

which converges to zero. Hence, by Lindeberg—Feller central limit theorem, Z;/ >,

and consequently, ®, converge weakly to ®. Further, by Podlya’s theorem, &, con-
verges uniformly to ® as n — 0o, a fact we use in the proof of Lemma 5.10.

We now consider the distance d(gn, So), the rate of convergence of which is driven
by the behavior of how small the difference M,, — M is and how M behaves in the
vicinity of Sy. We split the difference M,, — M into M, — M,, and M,, — M and study

them separately. We first derive a bound on the distance between M,, and M.

Lemma 5.10. There exist a positive constant ¢; such that for any a, | 0, 6 > 0 and
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/\(SAS()) < 5,

|(M,, — M)(S) — (M, — M)(Sp)| < [@n(0) — 1/2|6 + min(coay, 5)

e, («/nh%Co(an - 2L0hn)p> .

J

SNESY (5.18)

+ (i) —Vnh%(so _1
"\ 2v1Fx2

) + Clhn-

Proof. Let Bing = {x = (z1,22) : k/m <z < (k+1)/m,l/m < zo < (I+1)/m}.

Recall that

M(S) — M(Sy)
— / {(1/2)150(36) + 1ge(z) — ’Y} {1s(x) — 1sy(x) } do
— Y [ {02+ 15—} )~ 1 o)) o

0<k,I<(m—1)

Bing,
1
— Z / {ﬁ—v}dx—l— / {1 —~}dx
ng,lﬁ(m—l) Binklm(soms‘c) Binklm(SgﬂS)
1 (1)
_ Z 57 dr + {1—~}dx| +e,’.
kl:xp €L, BingN(Sonse) BingN(S§NS)

Here, el is the remainder term arising out of replacing the sum of all choices of k

and [ to sum over {(k,[) : x5 € Z,}. As the integrands in the above sum are bounded

by 1, e < A([0,1]2\Z,,) = O(h,,). Also,

My(S) — M,(So) = . >, {&)n (M) - 7} {1s(zm) — Lsy(zw)}

n "l 1+ E%(xkl
- nh?i(x
o ‘ 1+ E%(xkﬂ
" x€Binyg
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Consequently,

(M, = M)(S) = (M, — M)(So)

_ - nhiplew) \ 1Y
a ; / <®"< 1+zg(x,d)) 2>d

" € BingN(SpNSe)

- h2 i
X Z &, nh () 1) dx
Ll 1 + E%(l’kl)
’ xeBinklﬁ(SgﬁS)

+e?, (5.19)

where 6512), the contribution of the terms at 9(So N S) along with 6511), is bounded by

leM] + Z / 2dz.

k’l:Binklma(SOmS)7é¢Binkl

This is further bounded by 2A({z : p(x,050) < 2/m}) + 2 \({x : p(x,0S) < 2/m})
which is at most 2¢o(2/m) + 2¢o(2/m) = 8cy/m using (5.9) (Mx : p(z,05) < a} <

A(S*\,S) for any o > 0). Hence, for some ¢; > 0,
e | < O(hy) + 8¢o/m < éihy,.

This contribution is accounted for in the last term of (5.18).
We now study the contribution of the other terms in the right side of (5.19). Note
that the integrand in the first sum in the right side of (5.19) is precisely (®,,(0) —1/2)

whenever Bing C(ron,) So as [i(zy) is zero. As the integrand is also bounded by 1,

the first sum in the right side of (5.19) is then bounded by
|©,,(0) — 1/2/6 + M(So\(zon)S0) N S) < [@,(0) — 1/2]0 + min(coLohy, 6).

Choosing ¢; = ¢, + ¢oLyg, the second term on the right side of the above display is

also accounted for in the last term in (5.18). Further, let S,, = {x : p(z,Sy) > a,}.
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Note that A(S5\Sp) < ¢opan using (5.9). Hence, the second sum in (5.19) is bounded
by

/ 1d:c+kzl / dx

Se\So ” z€BingN(SENS)

< min(coan, d) + Z
Jel

" x€Bing Q(Sn QS)

b nhifi(zw) | ]
& nhip@n) \

To bound the second term in right side of the above, note that as xy; € Z,,,

dx,

i(zr) = E[p(@n + haZy)] % > K ((_ _)) ’

" si|r|,|s|< Lomhny

where Z,, is a discrete random variable supported on {(r/m,s/m) : |r|, |s| < Lomh,}
with mass function P [Z,, = (r/m,s/m)] o< K ((r/m,s/m)). Hence, the argument of

®,, can be written as

Zr,sz|r|,\s|§L0mhn K ((r/m,s/m))

2
nh?

Vh2E [y + hnZy)]

Note that
Zr,s:|r\,|s|§Lomhn K ((r/m, S/m))

+o(1),
nhQ\/l—i—f}? 1+ 32 W

uniformly in £ and [ for xy; € S USy. For zp € 5, NSy and a, < kg, when

—_
- +
M
SN

(g + hnZn, So) < Ko, by triangle inequality,

w(ze + hnZyn) > Cop(xrr + hnZn)? > Colp(xriy So) — p(Xkts Trr + hnZn))P.

As p(zgr, g + hnZyn) < 2Lohy,

w(xy + hnZy) > Cola, — 2Lohy,)P.
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On the other hand, when p(xy + hnZn, So) > ko, p(xg + hnZy) > dp. Consequently,

for xy; € S, NSy, we get

&, nhifi(zw) | ]

2v/1 432
()

<\/WCO n — 2Loh,,)P )_1‘

+

2v/1 432

As \(S, N S) < 0, we get the result. O
We now consider the term M,,(S) — M,(S). With Wis as defined in (5.4), let
Wkl = Wkl — E{Wkl} Then

Ma(S) = V() = - 3 Wials(au).

For notational ease, we define Wy, = 0 whenever x5 ¢ Z,. As the kernel K is
compactly supported, Wy, is independent of all Wy/s except for those in the set
Wi+ (K,0) € (1,...,m}%, p((k, 1), (K,1I') < 2Lgmh,}. The cardinality of this set

is at most m’ = 16L2nh%. Hence, {Wi}i<ki<m is an (v/m’/2)-dependent random

field. For

ki =i+ k (\/mﬂ L=+l [\/mﬂ andry = > 1, (5.20)

k:1<k i <m

let

(Sl7 SZ) (1517 152)

1/2
1
= max — Z (131 (Ikilj) - 152 (xkilj))2

.. 7”,.
1<ij<[Vm'| | Tij k11 <kl <m

and ||S|], = |[1s]ln = dn(S, ¢). Then, the following relation holds.
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Lemma 5.11. For sufficiently large n,

1
p(_
n

The proof is given in Section D.3 of Appendix D. In fact, such a result holds

> Wials(z)
¥

o) < na?
=~ Qa _2€Xp —W .

for general (bounded) (v/m'/2)-dependent random fields {V;, : 1 < k,I < m} with

Vil < 1 and weights g(x;) (instead of 1g(xy;)’s) as long as n/m’ — oo, i.e., it can
Vi ghts g s g , ie.,

1
p(_
n

Moreover, we can generalize the above to a probability bound on the maxima of an

be shown that

na?

Z Vklg(mkl)
k,l

empirical process.

Theorem 5.12. Let G denote a class of weight functions g : {xg : 1 < k, Il <m}— R
and H denote the entropy of this class with respect to covering numbers and the metric
d,. Assume sup,eg |9lln < R. Let Viys be random variables with |Viy| < 1 such that
the inequality (5.21) holds for all g € G. Then, there exists a universal constant

C > 0 such that all 6y > 69 > 0 satisfying

R
vn/m'(6; — ) > C / HY*(u,G,d,)duV R | , (5.22)

52/8

we have

P* |sup >0

g€eg

Cm'R?

< Cexp {—”(51—_52)2} :

1
- > Viag(rw)
ol

The above result states that the supremum of weighted average of (bounded)
(vm//2)-dependent random fields, where weights belong to a given class, has sub-
gaussian tails. As mentioned earlier, we expect this to be useful in m-approximation

approaches that are used for deriving limit theorems for dependent random variables
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and to obtain their empirical process extensions. Here, we use it to control the
centered empirical averages M, — M,,. The proof of the above result is outlined in
Section D.4 of Appendix D.

We are now in a position to deduce a bound on the rate of convergence of d(gn, So)-

Proposition 5.13. Let v, = max {h,, (nh2)"V/®)}. For some K; > 0, and 6, =

Kv,, P* (d(gn,So) > 5n> — 0 as n — oo.

Proof. Let k, be the smallest integer such that 2¥*15, > 1.For 0 < k < k,, let

Spk = {S 1S €8, 286, < d(S,S) < 2k+15n}. As, S, is the minimizer for M,,,

( (8, So) >5) ZP*< inf M, (A) — M,.(S,) go).

AESnJQ

The sum on the right side can be written as:

AES, 1 A€S, &

ZP* ( sup |(M,, — M)(S) — (M, — M)(Sop)| > inf (M(S)— M(So))> . (5.23)

For ¢(y) = min(y — 1/2,1 — ), M(S) — M(So) > c(7)A(SASy), and hence (5.24) is
bounded by

AESn k

> P ( sup |(M, — M,)(S) — (M., — M,)(S0)| > c(wzk—lan)

kn
+ 1 [ sup 7n - M)(S) - (Mn - M)(‘SO)‘ > c(7>2k_16n (524)

=0 AESn k

We first apply Lemma 5.10 to the second sum in the above display. Note that

sup | (M, — M)(S) — (M, — M)(S)]
AES, )

< |®,(0) — 1/2|2¥5, + min(h,, 28716,)

) <\/WCO 0, — 2Loh, )>_

1 2k+16n

2v/1 432
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~ \/ﬂh%(go k+1
*‘I)n(m)‘” On T+ 1l
- - v/nh2d
< 4||Pn(0) = 1/2] + | Dy (2 ": 0 ) —1u 2515,

(i) \/nh%Co(an - 2L0hn)p 1
" 21 + 22

] k=16,

Fix 0 < 1 < ¢(7)/8. For large n, |®,(0) —1/2| 4+ ¢1/(v/nd,) < 1. Choose ¢, such that
- 1/
ap = Cplp, > [2(1);1(1 —n)V1+%2/(Coy /nh%)} " + (2Lg)hy,,. Then the coefficient of

2+=15,, in the above display is bounded by

2cocy + ¢

K< c(7),

when Ky > (2coc, + ¢1)/(c(y) — 8n). Hence, for a suitably large choice of K each
term in the second sum of (5.24) is zero.

We now apply Theorem 5.12 to each term in the first sum of (5.24). For this we
use the following claim to obtain a bound on the entropy of the class S, .

Claim A. We claim that supg, g,cs [d2(S1,S2) — A(S1A8,)| = O(hy,) and that
H(u,{BASy : B € Sn,k},czn) < Ai(u — c3hy,) 7! for constants ¢; > 0 and A; > 0.
We first use the above claim to prove the result. As a consequence of Claim A,
SUP ac(BAsyBes, o} [ Alln < Rug = (2718, +c3hy,)'/?, for some ¢ > 0. Using Theorem

5.12 with §; = ¢(7)2%71,, 6 = 8coh,, we arrive at the condition

\/n/m’(c(’y)Zk_lén —8cohy) Z (Ruk + C4hn)1/2 V Rk,

for some ¢4 > 0. As 6, = v, this translates to (287 tc(v))402 2> (2% + c5)h? for some

¢s > 0. This holds for all & when § 2 hf/ % which is true as dn 2 hy,. Hence, we can
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bound the first sum in (5.24) by

kn k—1 2
n (0(7)2 Op — 802hn)
— 2
kzzo 5Cexp | = (2515, & cah) 12 (5.25)
Consequently, the display in (5.25) is bounded by
> 261 _ )26,
Z SCexp | — <C(7>2 k+1 06) ’
=0 Chn(2 + C7>
for some constants cg, ¢; > 0. As §,,/h? = h! — oo, we get the result.
Proof of Claim A. Note that d*(S;,S) = d*(S108,¢) =

MaX) ¢; <[] QY(S1ASy), where QY is the discrete uniform measure on the
points {zpy, : ki = i+ k(\/ﬁw < m, l; = j—{—l(\/m < m}. Note that
each Q% approximates Lebesgue measure at resolution of rectangles of length
m/m’ = O(h,). The rectangles that intersect with the boundary of a set S account
for the difference |Q%(S) — A(S)|. As argued in the proof of Lemma 5.10, the error
SUpges max; ; |QY(S) — A(S)| < A{z : p(x,05) < O(h,)}, which is O(h,) using
(5.9).

To see that H(u,{BASy : B € Spx},dyn) < Ai(u — cohy)™", first, note that
H(u,{BASy : B € S,1},d,) < H(u,S,d,). For any convex set S, it can be shown

from arguments analogous to those in the proof for Lemma 5.10 that for some ¢y > 0,

max__ QY(S°\s5) < A(STH N\ 51 1,0 5) < o8 + eahn).
1<i i< [V

If S1,..., S, are the center of the Hausdorff balls with radius ¢ that cover S (see (D.1)
in Appendix D for a definition of Hausdorff distance dy), then [55;, S?], i < r form

brackets that cover S. The sizes of these brackets are (co(0 + cohy))/? in terms of
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the distance d,,. Hence,
H((CQ((s + Cghn))l/Q, 8, Jn) S HB((C()(5 + Cghn))l/g, S, Jn) S .[{(57 S, dH)

Letting u = co(d+c2hy,))'/? and using the fact that H (6, S, dy) < 67'/% we get Claim
A. ]
As was the case with Corollary 5.8, Proposition 5.13 extends to the following

result in an identical manner.

Corollary 5.14. For the choice of ,, given in Proposition 5.13,

lim sup sup E [5;1d(§n, So)} < 0. (5.26)
n—00 pEF,

Remark 5.15. The best rate at which the distance d(Sn, So) goes to zero corresponds
to hy ~ (nhy)~YP) which yields v, ~ h, = hon™/?®TV  This is slower than the rate
we deduced in the dose-response setting in terms of the total budget (N~%/4P+3) ) The
difference in the rate from the dose-response setting is accounted for by the bias in
the smoothed kernel estimates. The regression setting is approzimately equivalent to a
dose-response model having (2Loh,,) ™2 (effectively) independent covariate observations
and n(2Loh,)? (biased) replications. These replications correspond to the number of
observations used to compute [ at a point. If we compare Lemmas 5.4 and 5.10,
these biased replications add an additional term of order h, which is absent in the
dose-response setting. This puts a lower bound on the rate at which the set Sy can be
approzimated. In contrast, the rates coincide for the dose-response and the regression
settings in the one-dimensional case; see Chapters 3 and 4. This is due to the fact
that in one dimension, the bias to standard deviation ratio (hy,/(1/v/nh)) is of smaller
order compared to that in two dimensions (h,/(1/v/nh?)) for estimating ji. In a

nutshell, the curse of dimensionality kicks in at dimension 2 itself in this problem.
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5.3.3 Extension to the case of an unknown 7,

While we deduced our results under the assumption of a known 7y, in real appli-
cations 7y is generally unknown. As was the case with the one-dimensional problem,
quite a few extensions are possible in this situation. For example, in dose-response
setting, if Sy can be safely assumed to contain a positive F-measure set U, then a
simple averaging of the Y~ values realized for X’s in U would yield a /mn-consistent
estimator of 7y. If a proper choice of U is not available, one can obtain an initial

estimate of 7y in the dose-response setting as

= 1
Tinit = argmin P, [P (\/m(Y _ T)) -5
TER

This provides a consistent estimate of 75 under mild assumptions. A y/mn-consistent
estimate of 7y can then be found by using 7;,; to compute Sn and then averaging
the Y value for the X’s realized in 5§n for a small 6 > 0. Note that this leads to an
iterative procedure where this new estimate of 7 is used to update the estimate of
S,. It can be shown that the rate of convergence remains unchanged if one imputes

a y/mn-consistent estimate of 7). A brief sketch of the following result is given in

Section D.5.

Proposition 5.16. Let S, now denote the minimizer of

M.,(S,7) = P [{® (Vim(Y = 7)) =7} 1s(X)] ,

where /mn (7 — 1) = O,(1). For m = myn® and 6, as defined in Proposition 5.6,
we have P (d(é’n, Sy) > (5n> — 0.

In the regression setting as well, an initial consistent estimate of 7y can be com-

puted as

e = argain = 3° @ (Vi (ato) - ) - 3] 2

n
TER el
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which can then be used to yield a y/n-consistent estimate of 7y using the iterative
approach mentioned above. We have the following result for the rate of convergence

of S, in the regression setting.

Proposition 5.17. Let S, now denote the minimizer of

o1 N R
Ma(5,7) = =3 [{ @ (Vaka(aten) = 7)) =7} 15(0)] |
kel
where /n (T — 1) = O,(1). For 6, as defined in Proposition 5.13,
P (d(ﬁn,Sn) > 5n) 0.

The proof is outlined in Section D.6 of Appendix D.

5.4 Discussion

Extensions to non-convex baseline sets. Although we essentially address the situ-
ation where the baseline set is convex for dimension d = 2, our approach extends past
convexity and the two-dimensional setting in presence of an efficient algorithm and
for suitable collection of sets. For example, let S denote such a collection of subsets
of [0, 1]¢ sets such that

Sy, = argmin M, (5)
Ses

is easy to compute. Here, 1 is a real-valued function from [0, 1]¢ and Sy = ' (79) is
assumed to belong to the class S. Then the estimator S, has the following properties

in the dose-response setting.

Proposition 5.18. Assume that Sy is the unique minimizer (up to F-null sets) of
the population criterion function My defined in (5.8). Then dp(S,,Sy) converges in

probability to zero. Moreover, assume that there exists a constant ¢ > 0 such that
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F(S\.S) < e for any e >0 and S € S, and

Hp(u,S, Ly(P)) Su™" for some r < 2.

Then, P (dp(gn, So) > Sn> converges to zero where 8, = Ky max(n=2/+7) m=1/(p)

for some Ki > 0.

The proof follows along lines identical to that for Proposition 5.6. Note that the
relation of the type F'(S€\.S) < ¢e was needed to derive Lemma 5.4. This assumption
simply rules out the sets with highly irregular or non-rectifiable boundaries. Also,
the dependence of the rate on the dimension typically comes through r which usually
grows with d. A similar result can be established in the regression setting as well.

Connection with level-set approaches. Note that minimizing M,,(S) in the dose-

response setting is equivalent to minimizing

N

M, (S) = M,(S)— 12 G —pm,n(Xz-))

=1
n

_ Z 1/4 —I;mﬁ’l(Xi) [1(X; € S) — 1(X; € 59).

This form is very similar to an empirical risk criterion function that is used in Wil-
lett and Nowak (2007, equation (7)) in the context of a level-set estimation pro-
cedure. It can be deduced that our baseline detection approach ends up finding
the level set S, = {z : E [pmn(x)] > 1/4} from iid. data {p,.(X;), X;}, with
0 < prn(X;) < 1. Asm — o0, Sy,’s decrease to Sy, which is the target set. Hence,
any level-set approach could be applied to transformed data {p,, »(X;), X;}7 to yield
an estimate for S,, which would be consistent for Sy. Moreover, a similar connec-
tion between the two approaches can be made for the regression setting, however
the i.i.d. flavor of the observations present in the dose-response setting is lost as

{pn(xr) }1<k,i<m are dependent. While the algorithm from Willett and Nowak (2007)
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can be implemented to construct the baseline set estimate, it is far from clear how
the theoretical properties would then translate to our setting given the dependence of
the target function E [p,,,(z)] on m in the dose-response setting and the dependent
nature of the transformed data in the regression setting.

In Scott and Davenport (2007), the approach to the level set estimation problem,
using the criterion in Willett and Nowak (2007), is shown to be equivalent to a cost-
sensitive classification problem. This problem involves random variables (X,Y, C) €
R? x {0,1} x R, where X is a feature, Y a class and C' is the cost for misclassifying X
when the true label is Y. Cost sensitive classification seeks to minimize the expected

cost

R(G) = E(C 1(G(X) £Y)), (5.27)

where G, with a little abuse of notation, refers both to a subset of R and G(x) =
I(z € G). With C = |y — Y| and Y = 1(Y > 7), the objective of the cost-sensitive
classification, based on (X, Y, ('), can be shown to be equivalent to minimizing the
excess risk criterion in Willett and Nowak (2007). So, approaches like support vector
machines (SVM) and k-nearest neighbors (k-NN), which can be tailored to solve the
cost-sensitive classification problem (see Scott and Davenport (2007)), are relevant
to estimating level sets, and thus provide alternative ways to solve the baseline set
detection problem. Since the loss function in (5.27) is not smooth, one might prefer to
work with its surrogates. Some results in this direction can be found in Scott (2011).

Adaptivity. We have assumed knowledge of the order of the regularity p of p at
05y, which is required to achieve the optimal rate of convergence, though not for
consistency. The knowledge of p dictates the allocation between m and n in the
dose-response setting and the choice of the bandwidth h, in the regression setting
for attaining the best possible rates. When p is unknown, the adaptive properties of
dyadic trees (see Willett and Nowak (2007) and Singh et al. (2009)) could conceivably

be utilized to develop a near-optimal approach. However, this is a hard open problem
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and will be a topic of future research.

114



Part 11

Multi-stage procedures
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CHAPTER 6

A generic approach to multistage procedures

Multi-stage procedures, obtained by splitting the sampling budget suitably across
stages, and designing the sampling at a particular stage based on information about
the parameter obtained from previous stages, have received some attention in recent
times (Lan et al., 2009; Tang et al., 2011; Belitser et al., 2013). They are found
advantageous over their one-stage counterparts from the perspective of inference. For
example, Lan et al. (2009) considered the problem of estimating the change point
do from a regression model Y = f(X) + € with f(z) = apl(z < dy) + Bol(x > dy),
oo # Bp and showed that a two-stage estimate converges to dy at a rate much faster
(almost n times) than the estimate obtained from a one-stage approach. In a non-
parametric isotonic regression framework, Y = r(X) + € with  monotone, Tang et al.
(2011) achieve a y/n-rate of convergence (seen usually in parametric settings) for
estimating thresholds dy of type dy = r~(ty) (for a fixed known ;) by doing a linear
approximation at the second stage of sampling. This is a marked improvement over
the usual one-stage estimate which converges at the rate n'/3. Further, Belitser et al.
(2013) considered the problem of estimating the location and size of the maximum
of a multivariate regression function, where they avoided the curse of dimensionality
through a two-stage procedure.

In the problems mentioned above, a common (multistage) sampling scheme was
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implemented which we state below.

1. In the first stage, utilize a fixed portion of the design budget to obtain an initial
estimate, say, of the location dy and the nuisance parameters present in the

model.

2. Sample the second stage design points in a shrinking neighborhood around the
first stage estimator and use the earlier estimation approach (or a different one
that leverages on the local behavior of the regression function in the vicinity of

do) to obtain the final estimate of dy in this “zoomed-in” neighborhood.

This type of an approach adds an extra level of complication as the second stage data
is no longer i.i.d. This is due to the dependence of the design points on the first stage
estimate of dy. Moreover, in several cases, the second stage estimates are usually
constructed by minimizing (or maximizing) a related empirical process sometimes
over a random set based on the first stage estimates. In the problems mentioned
above, these intricacies were addressed using fairly different theoretical tools starting
from first principles. However, in a variety of problems similar in flavor to those
mentioned above, a unified approach is possible which we develop in this chapter.

In this chapter, we extend empirical process results originally developed for the
i.i.d. setting to situations with dependence of the nature discussed above. In particu-
lar, we establish general results for deriving rate of convergence, proving tightness of
empirical process and deducing limiting distribution in general multi-stage problems
(see Section 6.1). We implement our results on problems from change-point analysis
(Section 6.2), inverse isotonic regression (Section 6.3), classification (Section 6.3.1)
and mode estimation (Section 6.4).

Our results are also relevant to situations where certain extra/nuisance parameters
are estimated from separate data and argmax/argmin functionals of the empirical

process acting on functions involving these estimated parameters are considered. We
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note here that van der Vaart and Wellner (2007) considered similar problems where
they provided sufficient conditions for replacing such estimated parameters by their
true values, in the sense that supyep |G, (f, af fa0,)| converges in probability to zero.
Here, G,, = /n(P, — P), with IP,, denoting the empirical measure, f; are measurable
functions indexed by (d,#) € D x © and 6 denotes a suitable estimate of the nuisance
parameter 6. We show that a result of the above form does not generally hold for
our examples, (see Proposition 6.7), but the final limit distribution still has a form

with estimated nuisance parameters replaced by their true values.

6.1 Formulation and general results

A typical two-stage procedure involves estimating certain parameters, say a vector
0,,, from the first stage sample. Let 6, denote this first stage estimate. Based on
6., a suitable sampling design is chosen to obtain the second stage estimate of the

parameter of interest dy by minimizing (or maximizing) a criterion function M, (d, 6,,)

over domain Dy C D, i.e,

~

d, = argmin M, (d, 6,,). (6.1)

dEDén

We denote the domain of optimization for a generic 6 by Dy. We will impose more
structure on M,, as and when needed. We start with a general theorem about
deducing the rate of convergence of d,, arising from such criterion. In what fol-
lows, M, is typically a population equivalent of the criterion function M,,, e.g.,
M,(d,0,) = E[M,(d,0,)], which is at its minimum at the parameter of interest

dy or at a quantity d,, asymptotically close to dp.

Theorem 6.1. Let {M,,(d, ), n > 1} be stochastic processes and {M,(d,0), n > 1}
be deterministic functions, indexed by d € D and 6 € ©. Let d, € D, 0, € © and

d s po(d,d,) be a measurable map from D to [0,00). Let d,, be a (measurable) point
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of minimum of M, (d, én) over d € Dy C D, where 0, is a random map independent
of the process M,,(d,0). For each T > 0 and some k, > 0 (not depending on T),

suppose that the following hold:
(a) There exists a sequence of sets O7 in © such that P[0, ¢ OT] < 7.

(b) There exist constants ¢, > 0, N, € N such that for all 8 € O], d € Dy with

pn(d,d,) < Kn, and n > N,
M, (d,0) — M, (d,,0) > c.p2(d,d,). (6.2)
Also, for any 6 € (0,k,) and n > N,

sup E*  sup |(M,(d,8) — M,(d,0)) — (M,(dn,0) — M,(d,,0))|
o, pn(d,dn)<é,
deDy

C, %?, (6.3)

for a constant C. > 0 and functions ¢,, (not depending on 7) such that § —

dn(0)/0% is decreasing for some o < 2.

Suppose that r,, satisfies

2 6 (i) < v,

T'n

and P (pn(a?/n, d,) > mn) converges in probability to zero, then r, pn(czn, d,) = Op(1).

Further, if the assumptions in part (b) of the above theorem hold for all sequences
kn > 0 in the sense that there exist constants ¢, > 0, C, > 0, N, € N such that
forall® € ©F, d € Dy, 6 >0 and n > N,, (6.2) and (6.3) hold, then justifying the

convergence of P (pn(dn, d,) > /@n) to zero is not necessary.

A version of this result involving a fixed k,, = k > 0 also holds where N is allowed

to depend on k. The proof uses shelling arguments similar to those in the proof of
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Theorem 3.2.5 in van der Vaart and Wellner (1996). It is given in Section E.1 of
Appendix E. An intermediate step to applying the above result involves justifying
the convergence of P (pn(czn, d,) > /{n> to zero. As mentioned in the result, if the
assumptions in part (b) of the above theorem hold for all sequences k, > 0, then
justifying this condition is not necessary. This is the case with most of the examples

that we study in this chapter. The following result is used otherwise.

Lemma 6.2. Let M,,, M,, and p,, be as defined in Theorem 6.1. For any fixed T > 0,
let

(kp) = inf  {My(d,0) — My(dy,0)}

Pn (d7dn)2"€n 7deD9
Suppose that

sup P (2 sup |M,,(d,0) — M, (d,0)| > c;(/in)) — 0. (6.4)

9cor deDy

Then, P (pn(cin, d,) > /{n> converges to zero .

Condition (6.4) requires ¢, (k,) to be positive (eventually) which ensures that d,
is the unique minimizer of M,,(d, 8) over the set d € Dy. The proof is given in Section
E.2 of Appendix E.

The conclusion of Theorem 6.1, r, pp(dy,, dy) = O,(1), typically leads to a result
of the form sn(cfn —d,) = O,(1), s, — 0o0. Once such a result has been established,
the next step is to study the limiting behavior of the local process

20(08,) = v |10, (o 2.0, ) = 10, (d,6,)

for a properly chosen v,,. Note that

A~

sn(a?n —d,) = argmin Z,(h,0,).
hidn+h/sn€D,
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Note that Z, can be defined in such a manner so that the right hand side is the

minimizer of Z, over the entire domain. To see this, let Dy = [a,(0,), by (0,,)], say

(in one dimension). If we extend the definition of Z,, to the entire line by defining

2.(h0,) — Zn(5n(bu(0n) — dy))  for h > s,(b,(0,) — dy) and 65)

Z(sn(an(0,) — dy)) for b < sp(an(0y) — d,),

then, clearly:
$n(d, — dy,) = argmin Z,(h,0,).
R

In p dimensions, define Z, outside of the real domain, the translated f)énv to be
the supremum of the process Z,, on its real domain. Then the infimum of Z,, over
the entire space is also the infimum over the real domain. Such an extension then
allows us to apply the argmin continuous mapping theorem (Kim and Pollard, 1990,
Theorem 2.7) to arrive at the limiting distribution of s,(d, — d,,).

In our examples and numerous others, Z,, can be expressed as an empirical process
acting on a class of functions changing with n, indexed by the parameter h over which
the argmax/argmin functional is applied and by the parameter § which gets estimated

from the first stage data, e.g.,
1 n
Zu(h0) = =3 Fna(V) = Gaduna + Galhs6) (6.6)
i=1

Here, V; ~ P are i.i.d. random vectors, G,, = v/n(P, — P) and (,(h,0) = /nP fnne
with P, denoting the empirical measure induced by V;s. The parameter 6 could be
multi-dimensional and would account for the nuisance/design parameters which are
estimated from the first stage sample. Moreover, f,’s need not have zero mean and
/NP fu e could possibly contribute to the drift of the limiting process. First, we

provide sufficient conditions for the asymptotic tightness of the processes Z,(h, én)
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Theorem 6.3. Let 0, be a random variable taking values in © which is independent
of the process Z,, defined in (6.6). As in Theorem 6.1, let there exist a (non-random)
set ©T C O such that P[0, ¢ O] < 7, for any fired T > 0. For each 6 € ©, let
Funo = {fano: h € H} with measurable envelopes F,, . Let H be totally bounded with

respect to a semimetric p. Assume that for each 7,m > 0 and every 9, — 0,

sup PF2, = O(1), (6.7)
veor,
sup PF 1 [Foo>nvn] — 0 (6.8)
€on
GSEUQ% P(fono — fame)® — 0 and (6.9)
p(h1,h2)<én
Sup |Ga(P1,0) = Gu(ha, 0)] — 0. (6.10)

ﬁ(hl ,h2)<5n

Assume, for 6 > 0, Fn5 = {fn,hl,é —f

whad  P(R1,ha) < 8} is suitably measurable
(explained below), for each 6 € O, Flys5 = {(fan.o — fapo)® @ p(h1,ha) < 0} is

P-measurable, and

sup /Sup \/IogN (ul| Frll 22(@), Frps L2(Q))du < o0 (6.11)
veor ) @
or .
sup / V108 N (tl gl oy, oo, Lo(P)) du < o0 (6.12)
0<or )

Then, the sequence {Z,(h,0,) : h € H} is asymptotically tight in 1°(H). Here, Npp()
and N() denote the bracketing and covering numbers respectively and the supremum

in (6.11) is taken over all discrete probability measures Q.

The measurability required for the class F,, s is in the following sense. For any
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vector {eq,...,e,} € {—1,1}", the map

Vi, Vo, ..., V0 eq,...,e,) —  sup
9,6€Fn,s

(6.13)

1 n
—= 2 €i05(V)
\/ﬁ =1

is assumed to be jointly measurable. This is very much in the spirit of the P-
measurability assumption made for Donsker results involving covering numbers (e.g.,
van der Vaart and Wellner (1996, Theorem 2.5.2)) and can be justified readily in
many applications.

We prove the above result assuming (6.11). The proof follows the road map of that
for Theorems 2.5.2 and 2.11.1 of van der Vaart and Wellner (1996) and is outlined in
Section E.3 of Appendix E.

In our examples, the form of the limit process does not depend on the weak limit

of the first stage estimates, and can be derived using the following lemma.

Lemma 6.4. Consider the setup of Theorem 6.5. Additionally, assume that for any

T >0,

1. The covariance function

Cn(hla h/27 8) = an,h1,9fn,h2,9 - an,hlﬂpfn,hz,@

converges pointwise to C(hy, he) on H x H, uniformly in 0, 0 € O .

2. The functions (,(h,0) converges pointwise to a function ((h) on H, uniformly
ind,0¢cor.
Let Z(h) be a Gaussian process with drift ((-) and covariance kernel C(-,-). Then,

the process Zy(-,6,) converges weakly to Z(-) in £°°(H).

We prove a stronger result where we allow for the limit distribution of the first
stage estimates to affect the limit process Z. The proof is given in Section E.4 of

Appendix E.
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In our applications, the process Z, (h, én) is defined for A in a Euclidean space, say
H = R? and Theorem 6.1 is used to show that izn = sn(czn—dn), which assumes values
in H, is O,(1). The process Z, is viewed as living in Bj (R?) = {f : R? — R : f is
bounded on [—L, L]P for any L > 0}, the space of locally bounded functions on R”.

To deduce the limit distribution of izn, we first show that for a Gaussian process
Z(h) in Cppin(RP) = {f € Bioe(RP) : f possesses a unique minimum and f(z) — oo as
| ]| = 0o}, the process Z,(h, 0,) converges to Z(h) in Bi.(RP). This is accomplished
by showing that on every [—L, L|P, Z,(h, én) converges to Z(h) on ¢*°([L, L]?), using
Theorem 6.3 and Lemma 6.4. An application of the argmin continuous mapping
theorem (Theorem 2.7) of Kim and Pollard (1990) now yields the desired result, i.e.,
B - argming g, Z(h).

Next, we summarize what has been discussed above to provide a generic approach

to multi-stage problems.
Rate of convergence.

1. With 6, denoting the first stage estimate, identify the second stage criterion
as a bivariate function M, (d,6,) and its population equivalent M, (d,6,). A
useful choice for M, is M, (d,0) = E[M,(d,0)]. The non-random process M,
is at its minimum at d,, which either equals the parameter of interest dy or is

asymptotically close to it.

2. Arrive at p,(d,d,) using (6.2) which typically involves a second order Taylor
expansion when M, is smooth. The distance p, is typically some function of

the Euclidean metric.

3. Justify the convergence P <pn(cfn, d,) > /sn> to zero using Lemma 6.2 if needed
and derive a bound on the modulus of continuity as in (6.3). This typically
requires VC or bracketing arguments such as Theorem 2.14.1 of van der Vaart

and Wellner (1996). With suitably chosen K, ©] can be chosen to be shrinking
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sets of type [0, — K./n”. 0, + K./n”], when a result of the type n” (6, — 6,) =

O,(1) holds. Such choices typically yield efficient bounds for (6.3).
4. Derive the rate of convergence using Theorem 6.1.
Limit Distribution.

5. Express the local process Z,, as an empirical process acting on a class of functions

and a drift term (see (6.6)).

6. Use Theorem 6.3 and Lemma 6.4 to derive the limit process Z and apply argmin

continuous mapping to derive the limiting distribution of d,,.

The following sections illustrate applications of the above results.

6.2 Change-point model with fainting signal

We consider a change-point model of the form Y = m,,(X) + ¢, where
mn(z) = ayllz < do] + Bnllx > do)

for an unknown dy € (0,1) and 8, — a,, = cen™%, ¢p > 0 and € < 1/2. The errors

¢ are independent of X and have mean 0 and variance o2

In contrast with the
change-point model considered in Lan et al. (2009), the signal in the model f,, — a,,
decreases with n. A similar model with decreasing signal was studied in Miiller and
Song (1997). We assume that the experimenter has the freedom to choose the design
points to sample from but has a fixed budget n. We apply the following two-stage

approach.

1. At stage one, sample n; = pn covariate values, (p € (0,1)), from a uniform

design on D = [0, 1] and, from the obtained data, (Y-(l), X-(l))?:ll, estimate a,,

2 3
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These are simply the least squares estimates.

2. For K > 0 and v > 0, sample the remaining ny, = (1 — p)n covariate-response

pairs {}/;.(2), X1 where
Y = 0, 1[X? < do) + Bul[X? > do] + €

and X;’s are sampled uniformly from the interval Dénl = [621 — Knq77, 621 —

Kn,77]. Obtain an updated estimate of dy by

n2

dy = argminy_ |(v? = @)1 | X <d| + (@ = 81 [XP > d] ] (6.14)

3
€Dy, =1

Here, ~ is chosen such that P <d0 c [dl — Kny 77, dy — Knlﬂ]) converges to 1. Intu-
itively, this condition compels the second stage design interval to contain dy with high
probability. This is needed as the objective function relies on the dichotomous be-
havior of the regression function on either side of d for estimating the change-point.
If the second stage interval does not include dy (with high probability), the stretch of
the regression function m,, observed (with noise) is simply flat, thus failing to provide
information about dy.

In Bhattacharya and Brockwell (1976) and Bhattacharya (1987), similar models
were studied in a one-stage fixed design setting. By a minor extension of their results,
it can be shown that ny”(dy — do) = O,(1) for v = 1 — 2€, V(& —ay) = Op(1) and
\/n_l(B — Bn) = O,(1). Hence, any choice of v < v suffices.
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For simplicity, we assume that the experimenter works with a uniform random
design at both stages. An extension to designs with absolutely continuous positive
densities supported on an interval is straightforward.

The expression in (6.14) can be simplified to yield

A~

dy = argmin M., (d, ) (6.15)
deDénl

where for 6 = (o, 3, ) € R3,

M, (d0) = 2= i (y<2> - “*5) (1[x® <d] -1 [x? <))

A
n 2
2 i=1

~

with X; ~ Uniform[g — Kn; ™7, u+ Kny 7], 6, = (&, A, 621) and sgn denoting the sign
function. We take M,,(d,0) = E[M,,(d,0)] to apply Theorem 6.1, which yields the

following result on the rate of convergence of ds.

Theorem 6.5. For dy defined in (6.15) andn =1+~ — 2¢
n"(cig — do) = Op(l)

Proof. As ni, ny and n are of the same order, we deduce bounds in terms of n

only. For notational ease, we first consider the situation where d > dy. Recall that

0 = (o, B, ). Also, let

- + -
Vi Vi (6.16)

where K. is chosen such that P <én1 € @;1> >1—7 Forf € O, -a>
con™t — 2K,/ /iy, As € < 1/2, sgn(f —a) = 1 for n > NV = (2K, /(/peo)) ¥ 9.
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Also, for z > dy, m,(x) = 5, and thus,

Mm(d’@) = Pm [gm,dﬁ(v)]

where for V = (U,¢), U ~ Uniform[—1, 1],

B+ a

gnz,dﬁ(v) = (ﬁn +e— T) 1 [[L + K’NJI_WU € (do, d]]

B Bt do—p d—p
_ (gm ! )1[U6(Knlv,KWH_

Consequently, for n > Nf(l),

1 B+« do—p d—p
Mn,(d,0) = g(ﬁn— 5 )A([_l’l]ﬂ<Kn;7’Kn;7D'

Asy < v, dy € Dy forall § € O, for n > N = (1/p)(K,./K)"Y®@= and hence,

ny?

the intervals
{((do — )/ (Kny "), (d— p)/(Kny")] : d > do,d € Dy,0 € O] }

are all contained in [—1, 1] for large n. Therefore, for n > NP = max(ZNf(l), NT(Q)),

M,,(d,0) — %(ﬂn—ﬁ+a> d — d

2 Kn{"’

Note that M,,(dy,0) = 0 for all § € R®. Further, let p2(d,dy) = n?~¢|d — dpy|. Then,

for n > NT(S),

Bn+an KT)d_dO

M,,(d,0) — M,,(dy,0) >  — - —

(.0) =M (dot) > (3= 20— T ) T
(ﬁn_an K‘r)d_do

2 Jm 2Kny”
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B (con_£ B KT) d — dy
B 2 Vi) 2Kny?

> ¢,p2(d.do), (6.17)

for some ¢, > 0 (depending on 7 through K). The last step follows from the fact
that £ < 1/2. Also, the above lower bound can be shown to hold for the case d > dj

as well. Further, to apply Theorem 6.1, we need to bound

sup E* sup Ve (M, (d,0) — M,,(d,0)) — (M,,(dy,0) — My, (do,8))].
0eo7, |d—do|<n&=752,
deDg

(6.18)
Note that for d > dy, the expression in | - | equals (1//12)G,gn,.40. The class of
functions Fsg = {gnya0 : 0 < d —dy < n*776%,d € Dy} is VC with index at most 3

and is enveloped by

_ Bn—an  K; do—p do— p+ 00t
M579<V) = (’€| -+ 2 + \/n_l 1 U € Kn1_77 Knl—fy .
Note that
E [Ms(V))?

1 By—an K, \? do—p do — po+ 6*ns=7
= —-F A=1,1]N
(’6‘ + 2 + \/nl) |:[ ’ ] |:Kn1'yj an“f

1 o — o Ko\ [do—p do— pi4 620t
< lp ’€‘+5 O )\o,u’o pton
2 2 A/ M1 Knl‘V Kn1—7
—v §2
< 20 e
— T —y T Y

where C is positive constant (it depends on 7 through K). Further, the uniform

entropy integral for Fsp is bounded by a constant which only depends upon the

129



VC-indices, i.e., the quantity

J(1, Fsp) = sgp/ V1 +10g N (ul Mgllg 2, Fap. La(Q))du
0

is bounded, where N(-) denotes the covering number; see Theorems 9.3 and 9.15 of
Kosorok (2008) for more details. Using Theorem 2.14.1 of van der Vaart and Wellner
(1996),

E* sup Gy Gnp.ao| < J(1, Fso)||Mspll2 < Crnt/?. (6.19)

0<d—do<ns~7§2
deDy

Note that this bound does not depend on # and can be shown to hold for the case
d < dy as well. Hence, we get the bound ¢,(8) = n¥/2§ on the modulus of continuity.
For n > N, (6.17) holds for all d € D, and (6.19) is valid for all § > 0. Hence, we
do not need to justify consistency with respect to p,. For r, = n'/?7¢/2, the relation
r2¢n(1/r,) < /n is satisfied. Consequently, r2(n"~¢(d, — do)) = n(d, — do) =
O,(1). O

To deduce the limit distribution of cZQ, consider the process

Zny(h,0) = Z < -2 ﬁ) (1[x® <do+ ] =1 [xP <d]) (620

n211

with XZ-(Q) ~ Uniform[y — Kny ™7, u+ Kny~7]. Note that
n(dy — do) = argmin Z,, (h, ).
h

It is convenient to write Z,,, as

ZnQ(h'7 9) = anfnmhﬂ(‘/) + gnz (h’ 9)’ (621)
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where (, (R, 0) = /2P fr, ne(V) and

- - +
Jrano(V) = néﬂ 5 <mn(ﬂ+ UKny") +e— . 2 ﬁ) X

(1[p+UKn" <dy+hn"] =1 [p+UKn;" < dy]).
This is precisely the form of the local process needed for Theorem 6.3. We next use
it to deduce the weak limit of the process Zp, (h, 6).

Theorem 6.6. Let B be a standard Brownian motion on R and

(—n)
2K

(1-p)'*p e

2(h) = oK 2

B(h) + |h].

Then, the sequence of stochastic process Zy,,(h), h € R are asymptotically tight and

converge weakly to Z(t).

Proof. For any L > 0, we start by justifying the conditions of Theorem 6.3 to
prove tightness of the process Z,,(h, énl), for h € [—L, L]. For sufficiently large n,
the set {h:dy+ h/n" € Dy} contains [—L, L] for all # € O] and hence, it is not
necessary to extend Z,, (equivalently, f,, ) as done in (6.5). Further, for a fixed

0 € ©7, (defined in (6.16)), an envelope for the class of functions { fy,ne : |h| < L}

is given by
1/2— 571, — Qp K’T‘
Foo(V) = ny/* < R |e|) x
1[p+UKny" € [dy— Ln™",dy+ Ln"]] .
Note that

2 -
PF? ,<n'™* (6n —n B ) +0° 2Ln _Z
’ 2 VT 2Kn,

Asn = 1+~v—2¢, the right hand side is O(1). Moreover, the bound is uniform in 0, 6 €
O7,. Let K be a constant (depending on 7) such that Ko > (8, — o) /2 + K, /\/n1.
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Then, for t > 0, PE;, g1[Fy, 6 > /nat] is bounded by

n'"%P (Ko + |e])?1 [p+ UKn{” € [dy — Ln™",dy + Ln "] x

1 [nV2E(Ky + Jel) > viat])
As € and U are independent, the above is bounded up to a constant by
P(Ko + [e])*1 [(Ko + |e]) > /pn®t]

which goes to zero. This justifies condition (6.7) and (6.8) of Theorem 6.3. Let
p(h1,he) = |hy — ho|. For any L > 0, the space [—L, L] is totally bounded with

respect to p. For hy, hy € [=L, L] and 6 € O], , we have

1-2¢ [P — han ™"

EKy+ le]?.
2K [Ko + |e]]

P(fnz,hlﬂ - fn27h2,9>2 S

The right side is bounded up to a constant by |h; — he| for all choices of 6, 0 € O, .
Hence, condition (6.9) is satisfied as well. Condition (6.10) can be justified in a manner
mentioned later. Further, the class of functions {fu, ne : |h| < L} is VC of index at
most 3 with envelope F},, 9. Hence, it has a bounded entropy integral with the bound
only depending on the VC index of the class (see Theorems 9.3 and 9.15 of Kosorok
(2008)) and hence, condition (6.11) is also satisfied. Also, the measurability condition
(6.13) can be shown to hold by approximating F,,, 5 = { fus.h1.0— frahe.0 © |1 —ha| <}
(defined in Theorem 6.3) by the countable class involving only rational choices of hy
and hy. Note that the supremum over this countable class is measurable and it agrees

with supremum over F,, 5. Thus Gy, f,,, , 5 is tight in I°°([—L, L]).
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Next, we apply Lemma 6.4 to deduce the limit process. Note that for 6 € ©F,
and |h| < L,

a+ B\ hn™"
2 ) 2Kn;"”

a+ B\ hnt
2 ) 2Kp~—

Goal ) = S (an1<hs0>+ﬁn1<h>0>—

= (1—p) <an1(h <0)+ Bu1(h > 0) —

(1 —p)'—cpint
2K

h (anl(h <0)— Bu1(h > 0) + O‘"gﬁ") + R,

The remainder term R,, in the last step accounts for replacing o + 8 by «,, + 3, in

the expression for ¢,, and is bounded (uniformly in 6 € ©7 ) up to a constant by
n*L (Jaw — al + |8, — B]) = O(n*~72).

As £ < 1/2, \/naP fn, 9 converges uniformly to |h| ((1 — p)'~*p7co) /(4K). Condition
(6.10) can be justified by calculations parallel to the above. Further, Pf,, no =
Cny (R, 0) [/ converges to zero (uniformly) and hence, the covariance function of the
limiting Gaussian process (for hy, hy > 0) is given by

].lm an27h1,9fn21h170

n—oo

2 _

By A hon

= lim ny~* [(anl(h <0)+ Bul(h > 0) — “6) —|—<72] CEALLC
n—o0

2 2Kn;"”
(1—=p)'~*pio’

Analogous results can be established for other choices of (hy,hy) € [—L, L]?. Also,
the above convergence can be shown to be uniform in 6 by a calculation similar to
that done for (,,. This justifies the form of the limit Z. Hence, we get the result. [

Comparison with results from van der Vaart and Wellner (2007). As mentioned

earlier, van der Vaart and Wellner (2007) derived sufficient conditions to prove results

133



of the form supyep |Gn(fyg — fas,) 20, where {fs9 : d € D, € O} is a suitable
class of measurable functions and 6 is a consistent estimate of 0y. If such a result
were to hold in the above model, the derivation of the limit process would boil down
to working with the process {G,, f44, : d € D}, which is much simpler to work with.

However, we show below that for h # 0,

T’VZQ = (an (ha O, 6717 dl) - an(h7 A, 5717 dO)) (622)

does not converge in probability to zero, let alone the supremum of the above over h

in compact sets and hence, the results in van der Vaart and Wellner (2007) do not

apply.

Proposition 6.7. Let 72 := o?p"(1 — p)!"%|h|/K and T,, be as defined in (6.22).
Then, for h # 0, T,, converges to a normal distribution with mean 0 and variance

2
5.

The proof is given in Section E.5 of Appendix E. We now provide the limiting

distribution of a?Q.

Theorem 6.8. The process Z possesses a unique tight argmin almost surely and for

Ao = (8K0?)/(ci(1 — p)p7),

n(dy — do) < argmin Z(h) £ \oargmin [B(v) + |v]] .
h v

Remark 6.9. We considered a uniform random design for sampling at both stages.
The results extend readily to other suitable designs. For example, if the second stage
design points are sampled as Xi@) =d, + ViKn{", where V;’s are i.i.d. realizations
from a distribution with a positive continuous density 1 supported on a compact set
containing an interval around zero, it can be shown that dy attains the same rate of

convergence. The limit distribution has the same form as above with Ay replaced by
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Ao/(do).

Proof. As Var(Z(t) — Z(s)) # 0, uniqueness of the argmin follows immediately
from Lemma 2.6 of Kim and Pollard (1990). Also, Z(h) — oo as |h| — oo almost
surely. This is true as Z(h) = |h| [02B(h)/|h| + ¢/2] with B(h)/|h| converging to zero
almost surely as |h| — co. Consequently, Z € C,,;,(R) with probability one and the
unique argmin of 7 is tight. An application of argmin continuous mapping theorem
(Kim and Pollard, 1990, Theorem 2.7) then gives us distributional convergence. By

dropping a constant multiple, it can be seen that

argmin Z(h) = argmin

h h 2K 2

oB(h) + wc—oyhy] .

As oy Ao = /(1 — p)p?)/(2K)(coNo)/2, by the rescaling property of Brownian mo-

tion,
: (1—p)p7 co
B Al ) e
arg}rlmn oB(h) + 5K 2 ||
= ) argmin |oB(\gv) + mg|)\0HU]
v 2K 2
- —
£ )\ argmin o/ XoB(v) +1/ ﬂ@)\ohﬂ
v 2K 2
= g argmin [B(v) + |v]] .
The result follows. ]

Optimal allocation. The interval from which the covariates are sampled at
the second stage is chosen such that the change-point dy would be contained in
the prescribed interval with high probability, i.e., we pick K and ~ such that
P (do = [cil — an”,cfl — an”]) converges to 1. But, in practice for a fixed n,

a suitable choice would be
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with C/, being the (1 —7/2)th quantile of the limiting distribution of ni%(dy — dy)
which is symmetric around zero. As argmin, [B(v) + |v|] is a symmetric random

variable, the variance of (dy — dy) would then be (approximately) smallest when

)\0 . 8[(0'2 . 80'207—/2
G =p)pnt (1 — p)pramy T
80'20.,-/2

A(1 — p)p'—%n20-2)

is at its minimum. This yields the optimal choice of p to be py,r = (1—2€)/(2(1—¢)).

6.3 Inverse isotonic regression

In this section, we consider the problem of estimating the inverse of a monotone
regression function at a pre-specified point ¢y using multi-stage procedures. Responses
(Y, X) are obtained from a model of the form Y = r(X) + ¢, where r is a monotone
function on [0,1] and the experimenter has the freedom to choose the design points.
It is of interest to estimate the threshold dy = r~'(ty) for some t, in the interior of

the range of r with 7/(dy) > 0. The estimation procedure is summarized below:

1. At stage one, sample ny; = p X n covariate values uniformly from [0, 1] and, from
the data, (E(l),Xi(l))?:ll, obtain the isotonic regression estimate 7,, of r (see

Robertson et al. (1988, Chapter 1)) and, subsequently, an estimate d; = o (to)
of do.

2. For K > 0 and v > 0, sample the remaining ny, = (1 — p)n covariate-response

pairs {Y;?, X2 where

=15
Y;(Z) _ T(Xi(2)) + €, x® o Uniform[(fl — Kny”, dy + Kni"].

7

Obtain an updated estimate dy = P (do) of dy, where 7, is the isotonic regres-
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sion estimate based on {Yi(2), XZ»(Q)}igm. Also 7, ! is the right continuous inverse

of 7p,.

This procedure has been empirically studied in Tang et al. (2013). Here, we rigor-
ously establish the limiting properties of dy. The parameter ~ is chosen such that
P (do €ldy — Kny”,dy + an”]) converges to 1. As n'/3(dy — dy) = O,(1) (see, for
example, Tang et al. (2011, Theorem 2.1)), any choice of v < 1/3 suffices.

The switching relationship (Groeneboom, 1985, 1989) is useful in studying the
limiting behavior of 7,,, through M-estimation theory. It simply relates the estimator

Tn, to the minima of a tractable process as follows. Let

1 1
VOx) = — VA [X-(Q) < ZL‘] and G°(7) = — v [X-(z) < x} .
)= L350 [ <] ani ) = L S [ <
For 0,, = dy and any d € [0,, — Kn; ", 0,, — Kny"], the following (switching) relation

holds with probability one:

Py (d) <t & argmin V() — tG°(x)} > X7, (6.23)

2€[0n, —Kny " 0n; —Kny7]

where X ((3)) is the last covariate value XZ-(Q) to the left of d and the argmin denotes the
smallest minimizer if there are several. As 7, ! is the right continuous inverse of 7,,,

Fnp(d) <t < d <7, 1(t) and hence, using (6.23) at ¢ =ty = r(dy), we get

=71t >d & argmin {VO(x) = r(do)G°(x)} > X((j))’ (6.24)

2€[0n, —Kny " 0n, —Kn; ]

Let
T = argmin {VO(z) — r(do)G°()}.

2€[0n, —Kny " 0, —Kn] 7]
Note that both # and ds are order statistics of X (7n,(-) and VO(-) — r(do)GO(-) are

piecewise constant functions). In fact, it can be shown using (6.24) twice (once at
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d = dy and the second time with d being the order statistic to the immediate right of

A~

dy) that they are consecutive order statistics with probability one. Hence,

) 1 1
dy =i+ 0, ((2Knﬂ) 08 ”2> — 340, ( Og") . (6.25)

The O, term in the above display corresponds to the order of the maximum of the
differences between consecutive order statistics (from ns realizations from a uniform
distribution on an interval of length 2Kn;”). We will later show that n(1+7)/3(3—d) =
0,(1). As n*9/3 = o(n*7/logn), it suffices to study the limiting behavior of & to
arrive at the asymptotic distribution of dy. To this end, we start with an investigation
of a version of the process {V°(z) —r(dy)G°(z)} at the resolution of the second stage

“zoomed-in” neighborhood, given by
Vg (1) = Py (Y — 1(do))1 [X® < dy +uny "] .

For ,Dénl = ng(ém — Kn{"), ng(ém + an”)},

U :=ny (T — dp) = argmin V,,, (u).
UEDénl

Further, let U ~ Uniform|[—1,1] and V = (U, ¢). Note that X® = 0, + UKn;" and
Y® = (0, +UKn;") +e Let

Gnomo(V) = ng (r(@ +UKn]")+e— r(do)) X

(1[0+UKn” <do+uny”] —1[0+UKny" <dy)).

Also, let

M, (u’ 0) =Py, [gn2,u79(v)] .
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Then, u = argminuepén1 M., (u, ém) Let M,,(u,0) = Pgp,.ue which, by monotonic-
ity of 7, is non-negative. Also, let 6y = dy and O], = {0 : |0 — 0y| < KTnl_l/g} where
K is chosen such that P (ém € @;1) >1—r7for7>0. As v < 1/3, 0 is contained
in all the intervals Dy, § € O] (equivalently, dy € [§ — Kn;”,0+ Kn;"]), eventually.
Note that M,,(0,0) = 0. Hence, 0 is a minimizer of M, (-, ) over Dy for each 6 € O7.
The process M, is a population equivalent of M,,, and hence, @ estimates 0. We have

the following result for the rate of convergence of .

Theorem 6.10. Assume that r is continuously differentiable in a neighborhood of dy

with 1'(dy) # 0. Then, for a = (1 —2v)/3, n§a = O,(1).

The proof is given in Section E.6 of Appendix E. Next, we derive the limiting

distribution of dy by studying the limiting behavior of W = n§u. Let fo,we =

n21/6_47/3gn2’wn;a707 an (w7 9) = V /n’2an2,'LU,0 a‘nd
ZTLQ (w7 9) = Gﬂzfnz,w,e + Cn2 (w7 9)

Then, n{t = w = argrninwm;awe%n1 Zy(w, 0y, ). We have the following result for the

weak convergence of Z,,.

Theorem 6.11. Let B be a standard Brownian motion on R and

. p7 p \ 7(do) ,
Z(w)=o0 mB(w)+(1_p) Y

~

The processes Zy,(w,0,,) are asymptotically tight and converge weakly to Z. Further,

802K
(r'(do))?p7(

1/3
N3 (dy — dy) LN ( - p)) argmin{ B(w) 4+ w?}. (6.26)

The proof is given in Section E.7 of Appendix E. As was the case with the

change-point problem, extensions of the above result to non-uniform random designs
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are possible as well. Also, the proportion p can be optimally chosen to minimize
the limiting variance of the second stage estimate. More details on this and related

implementation issues can be found in Tang et al. (2013, Section 2.4).

6.3.1 Application to a classification problem

In this section, we study a non-parametric classification problem where we show
that a multi-stage procedure yields a better classifier in the sense of approaching the
misclassification rate of the Bayes classifier.

Consider a model Y ~ Ber(r(X)), where r(z) = P(Y = 1| X = z) is a function
on [0,1] and the experimenter has freedom to choose the design distribution (distri-
bution of X). Interest centers on using the training data {Y;, X}, obtained from
an experimental design setting, to develop a classifier that predicts Y at a given real-
ization X = x. A classifier f is a simply a function from [0, 1] to {0, 1} which provides
a decision rule; assign x to the class f(z). The misclassification rate or the risk of a
classifier f is given by

R(f) = PY # f(X)].

As R(f) = E[P[Y # f(X) | X]] which equals

EL[f(X) =0]r(X) +1[f(X) = 1] (1 = r(X))],

it is readily shown that R(f) is at its minimum for the Bayes classifier f*(z) =
1[r(x) > 1/2]. Note that the Bayes classifier cannot be computed simply from the
data as r(-) is unknown. It is typical to evaluate the performance of a classifier f
by comparing its (asymptotic) risk to that of the Bayes classifier which is the best
performing decision rule in terms of R(-).

We study the above model under the shape-constraint that r(-) is monotone. In

this setting, r~!(1/2) can be estimated in an efficient manner through the multi-
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stage procedure spelled out in Section 6.3. Let dy = 7 (1/2) denote the second
stage estimate. In contrast with Section 6.3, we now have a binary regression model
with the underlying regression function being monotone. It is noted here that the
asymptotic results for dy in this model parallel those for a heteroscedastic isotonic
regression model (note that Var(Y | X) = r(z)(1 — r(z))) and can be established in

analogous manner. For example, it can be shown that

8Kr(dy)(1 —r(dp)
(r'(do))*p7(1 — p)

) 1/3
N3 (dy — dy) LN ( )) argmin{ B(w) 4+ w?}, (6.27)

where dy = r7(1/2). Here, the variance o2 in Theorem 6.11 gets replaced by Var(Y" |
X = do) = T(do)(l - T(do))

Now, an efficient classifier can be constructed as
f@) =1 (@) 2 1/2) =1[r 2 &) .

We study the limiting risk of this classifier with that for the Bayes rule f*. To fix
ideas, we define R(-) with respect to the first stage design distribution which we take
to be uniform on [0, 1] for simplicity. Note that the Bayes classifier is invariant of the
design distribution and hence, a valid classifier to compare with.

We have the following result on the misclassification rate of f . Here, R( f) is

interpreted as R(f) computed at f = f.

Theorem 6.12. Assume that r is continuously differentiable in a neighborhood of d

with r'(dy) # 0. Then,

2

8Kr(dy)(1 —r(dp)

V1 (do)p?(1 — p)

2/3
n2HB(R() = R(fY)) N ( )> [arginin{B(w) + w?}

This is a significant improvement over the corresponding single stage procedure,

the procedure that is equivalent to working with the first-stage classifier f = 1z > dl]
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(621 is the first stage estimate) whose risk approaches the Bayes risk at the rate nf/ 5.

Theorem 6.13. Assume that r is continuously differentiable in a neighborhood of

do =r"1(1/2). Then,

2

n?/sR A R(F4)) & 4r(do)(1 — r(dy))
(R(f) = R(s ))%( —

2/3
> {argmin{B(w) + w?}
We prove Theorem 6.12 below. The proof of Theorem 6.13 follows along the same
lines starting from the limit distribution of dy.

Proof of Theorem 6.12. Note that for f(x) =1z > d

a

R(f)—/r(x)dx—l—/(l—r(m))dx—j(l—r(m))dw+/(2r(m)—1)dx.

0

For notational ease, we use fcd to denote — [ whenever ¢ > d. Then, by a change of

variable,
ds

n2HNB(R() = R(f*)) = n(1+7)/3/2(r(x) —1/2)dx
do

(n(1+v>/3(32_d0))

(/3 / 2(r(dy + hn~H/3) — r(do))dh.

0

By Skorokhod’s representation theorem, a version of n+7/ 3(ci2 —dyp), say &, (w), con-
verges almost surely to a tight random variable £(w) which has the same distribution
as the random variable on right side of (6.27). As r is continuously differentiable in
a neighborhood of dy = r~1(1/2), there exists §y > 0, such that |r'(z)| < 2r/(dy),
whenever |z —dy| < dy. Hence, for a 7 > 0 and a fixed w, there exist N, ,5, € N, such

that |£,(w) — E(w)| < 7 and (|€(w)] + 7)n~UH+M/3 < § whenever n > N, 5,. Hence,
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for n > N, -5,

&n(w)
n1+7/3 / 2(r(do 4+ hn~ W3 —r(dy))dh

0

&n(w)
n(1+7)/3/ 2(r(dy + hn=O+V3) — 1 (o)1 [|h] < [€(w)] + 7] dh
0

‘fn(w)
- /<2r (@)L [H] < |E@)) + 7] dh,
0

where dj is an intermediate point between dy and dy + hn~(+9/3 Note that
r’(dy) converges (pointwise in h) to r'(dp). As the integrand is bounded by
4r'(dp)h1 [|h] < |€(w)| + 7] which is integrable, by the dominated convergence the-

orem, the above display then converges to r'(dy)&%(w). Consequently,

571
P [ nt+0/3 / 2(r(do + hn~OFD/3) — 1 (dy))dhAr' (do)€? | < P (£,4€) =0,
0
Thus, we get the result. O

6.4 A mode estimation problem

Consider a model of the form Y = m(X) + € in an experimental design setting
where m(z) = m(|z — dy|) with m : [0,00) — R being a monotone decreasing func-
tion. Consequently, the regression function m is unimodal and symmetric around dy.
Interest centers on estimating the point of maximum dy € (0, 1) which can be thought
of as a target or a source emanating signal isotropically in all directions. We assume

that 7m/(0) < 0. We propose the following two-stage approach.

1. At stage one, sample n; = pn (p € (0,1)) covariate values uniformly from

143



[0,1] and, from the obtained data, (YL»(U,X»(I))”ID estimate dy by d; =

(2 1=

argmax e, 1) My, (d), where
M, (d) =P, YP1 [|Xx® —q| <], (6.28)

where the bin-width b > 0 is sufficiently small so that [dy — b,dy + b] C (0, 1).
Note that the estimate is easy to compute as the search for the maximum of
M,,, can be restricted to points d such that either d — b or d + b is a design

point.
2. For K > b > 0and ~ > 0, sample the remaining n, = (1—p)n covariate-response
pairs {Yi@), XZ@)}, where
Y;(Z) = m(Xi(Q)) + 652), X2 ~ Uniform[d, — Kny ™7, dy + Kny ™).

Obtain an updated estimate of dy by

dy = argmax M, (d), where
deDénl

M,,(d) =P, YP1[|X® —d| <bny7], (6.29)

0,, = d, and Dy, = [0, — (KK —b)ny”,0,, + (K —b)n;"]. Here, ~y is chosen such that
P (do €ldy— (K —bn, 7, dy + (K — b)n1_7]> converges to 1. It will be shown that
n1"/3(dy — do) = O,(1). Hence, any choice of y < 1/3 suffices.

The single stage approach is adapted from the shorth procedure (see, for exam-
ple, Kim and Pollard (1990, Section 6)) originally developed to find the mode of a

symmetric density. The limiting behavior of the first stage estimate is derived next.
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Theorem 6.14. We have ny'/3(dy — do) = O,(1) and

(s — do) (%)2/ " argmax { B(h) — h?) (6.30)

where a = /2(m2(dy + b) + 02) and ¢ = —m/(dy + b) > 0.

Remark 6.15. The symmetry of the function m around dy is necessary. If m were
not symmetric, our procedure (at the first stage), which reports the center of the bin
(with width 2b) having the mazimum average height as the estimate of dy, need not
be consistent. For example, when m(x) = exp(—ai|z — do|) for < dy, and m(z) =
exp(—ag|z —dp|) for x > dy, (a1 # az), elementary calculations show that the expected
criterion function, E[M,,(d)] is minimized at d* = dy + (a1 — a2)b/(a1 + as) # dy

and that dy is a consistent estimate of d*.

The proof follows from application of standard empirical process results and is

outlined in Section E.8. For the second stage, we get the following result.

Theorem 6.16. We have ny+/3(dy — dy) = O,(1) and

AR (m?(do) + ?)
(m/(do+))*p"(1 —p

1/3
n(1+7)/3 Ag— 0 d argmax —h? )
(o= o) % ( ) argmax (B0 -1} (63)

Remark 6.17. It is critical here to work with a uniform design for this problem.
The uniform design at each stage ensures that the population criterion function is
mazimized at the true parameter dy. In fact, if a non-flat random design is used at
the second stage with design distribution symmetric at dl, it can be shown that dy
can not converge at a rate faster than n'/? as it effectively ends up estimating an
intermediate point between dy and d; . Further, if a non-flat design is used at the first

stage, it can be shown that dy need not be consistent for dy.

Remark 6.18. Root finding algorithms (Robbins and Monro, 1951) and their ex-

tensions (Kiefer and Wolfowitz, 1952) provide a classical approach for locating the
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mazimum of the a regression function in an experimental design setting. However,
due to the non-smooth nature of our problem (m not being differentiable at dy), dy is
no longer the solution to the equation m/(d) = 0, and hence, these algorithms do not

apply to our setting.

The proof is given in Section E.9 of Appendix E. As was the case with the change-
point and the inverse isotonic regression problem, an optimal choice for the proportion
p exists that minimizes the limiting variance of the second stage estimate. As before,
K and ~ are chosen in practice such that

CT/2

1/3°
LG

Knl_'y ~

with C;/, being the (1 — 7/2)th quantile of the limiting distribution of ni/g(dl —dp).

The variance of (622 — dy) would be (approximately) at its minimum when

1 AK(m2(do) + o) \"* 1 AC, n(m?(dy) +0%) \'*
W\ (o) 2 (=) ) ol \ (o) 25— p)
is at its minimum. Equivalently, p*/3(1 — p) needs to be at its maximum. This yields

the optimal choice of p to be py, ~= 0.25.

6.5 Conclusions

Negative examples and possible solutions. In this chapter, we considered examples
where multistage procedures accentuated the efficiency of the M-estimates by acceler-
ating the rate of convergence. However, this is not a universal phenomenon. In most
regular parametric problems, where the estimates exhibit a y/n-rate of convergence,
acceleration to a faster rate is not possible. Also, in the mode estimation problem
considered in this chapter, it can be shown that if the regression function is smooth at

do, i.e., m'(dy) = 0, the second stage estimate converges at a slower rate than the first

146



stage estimate. This is due to the fact that the function appears almost flat in the
(second stage) zoomed-in neighborhood and our criterion that simply relies on find-
ing the bin with maximum average height is not able to capture the local quadratic
nature of the function in this shrinking neighborhood. In such a situation quite a
few extensions are possible. Working with a symmetric (non-flat) design centered
at the first stage estimate, which affects the population criterion function favorably
in this setting (in contrast with Remark 6.17), an n!'/3-rate of convergence can be
maintained for the second stage estimate. Alternatively, one can fit a quadratic curve
(which is the local nature of the regression function m, provided m”(dy) # 0) at the
second stage which is expected to accelerate the rate of convergence. Some work in
this direction can be found in Hotelling (1941). As mentioned earlier, similar phe-
nomena were observed in Tang et al. (2011), where they constructed a y/n-consistent
estimate by doing a linear approximation at the second stage of sampling to estimate
the inverse of a monotone regression function. We note here that unlike our settings,
the shrinking neighborhood chosen in Tang et al. (2011) was not required to contain
dy with high probability. This is due to the fact that their criterion function leverages
on the linear approximation of regression function and can extrapolate to estimate
do. Hence, the acceleration in the rate (or the lack of it) turns out to be a feature
of the model as well as the method. Further, as mentioned in Remark 6.18, Kiefer-
Wolfowitz procedure (Kiefer and Wolfowitz, 1952) can also be used to estimate the
location of the maximum of the regression function in this smooth m setting with
m/(dy) = 0.

Pooled data. In certain models, it is preferred, at least from the perspective of
reducing the limiting variance, to pool the data across stages to obtain the final
estimates. For example, in change-point models where regression function is linear
on either side of the threshold, e.g., m(z) = (ap+a12)1(z < do)+(Bo+S1x)1(x > dy),

a; # B, 1 = 1,2, it is recommended to estimate at least the slope parameters using
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the pooled data. This is due to the fact that slopes are better estimated when the
design points are far apart. It is far from clear whether a generic formulation is
possible to approach such multistage procedures as the nature of the dependence gets

more convoluted.
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Random fields
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CHAPTER 7

A central limit theorem for linear random fields

Random fields have attracted a lot of attention especially in modeling spatially
correlated data. They are encountered in several applications from geo-spatial statis-
tics, environmental statistics, human brain mapping, and image processing (e.g., see
Cressie (1991); Ivanov and Leonenko (1989)). Limit theorems for random fields have
motivated a number of papers. They have been studied under different settings.

In this chapter, we are mainly interested in Central Limit Theorems (CLT) for
linear random fields. In the paper by Phillips and Solo (1992), it was demonstrated
that the so-called Beveridge-Nelson decomposition (BND) presents a simple method
for proving limit theorems for sums of values of linear processes. This has been
exploited in several papers to decompose partial sums of linear random fields into
a partial sum of independent components and a remainder term which can be dealt
more readily. Using this technique, Marinucci and Poghosyan (2001) proved IP for
partial sums of linear random fields with independent innovations over rectangles as
well as a strong approximation result for the same by a Gaussian random field. This
was further generalized for dependent innovations by Ko et al. (2008). Paulauskas
(2010) used BND to obtain sufficient conditions for CLT and strong laws for the
partial sums of linear random fields as well as their squares summed over sets such

as rectangles and squares. Using BND seems to give weak limit results at the price
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of a simpler proof.

Our approach to the problem does not rely upon the use of BND. We provide suf-
ficient conditions for CLT to hold for linear random fields based upon a criterion that
arises naturally starting from the Lindberg-Feller condition. The approach requires
innovations to be independent and does not deliver a functional version. However, we
allow sums to be taken over sets as general as the disjoint union of rectangles. Also,
our result in its simpler form extends a CLT for linear processes (Ibragimov, 1962)
to that for linear random fields with no extra conditions.

We formulate the problem in a two-dimensional setting in Section 7.1. The results
presented in this chapter can be easily extended to d-dimensional, linear random fields,
d > 1. Notational ease restricts us to illustrate the techniques for d = 2 only. In
Section 7.2, we deduce fundamental criteria for CLT to hold when sums are taken
over general shapes. Simpler conditions are derived in Section 7.3 which ensure a

CLT for linear random fields when sums are taken over finite union of rectangles.

7.1 Formulation

Consider a two-dimensional, linear random field, say

X-]7k = Z Z arysé-j_nk_s - Z Z a’j+7‘,k+$£—'l’,—87

r€Z sEL rel s€Z

where a, 5, 7,5 € Z, are square summable, &5, r,s € Z, are i.i.d. with mean 0
and unit variance, and Z denotes the integers. It is convenient to regard the array
a=(a,,:r s €Z)as an element of *(Z?%). Let F denote the common distribution
function of the &, ; and (€2, A, P) the probability space on which they are defined. If

I is a finite subset of Z2, let

S=5@Tl)= ) X

(j,k)el’
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and

o? =o*(a, ') = E(S?),

and suppose that 0% > 0. (Of course, S depends on w € ) too, but this dependence is
suppressed. As indicated, dependence on a and I" will only be displayed when needed

for clarity.) Then

S = Z Z br,s&—r,—s;

re€Z s€L

where

br,s = rs a F E Qjtrk+s)

(j,k)er

and

=> D e

rel s€Z

assumed to be positive. Let ® denote the standard normal distribution and

G(z):G(z;a,F,F):P[ggz] , 2z €R.

o

Sufficient conditions for G to be close to ® are developed.

7.2 Generalities

Let
p=plarl)= M (7.1)
rsEZ o
Interest in p stems from the following:
Proposition 7.1. Let H denote a class of distribution functions for which
/:L'H{dm} =0, /:L“QH{d:v} =1,forall H € H, (7.2)

R R
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lim sup / v*H{dz} = 0; (7.2)
Cc—00 HE'Hl |
x|>c

Then ¥V € >0, 3 0 = dy, depending only on € and H for which
d(G,®) :=sup|G(z) — P(2)] <€ (7.3)

for all F € H for all arrays a and finite regions I' C Z? for which p < 6.

Proof: Let ~ denote Fourier transform (characteristic function), so that F(t) =

Jp € F{dz}, and

L= [ lbaPFas)

T’8€Z|br,s$\>770

for n > 0. Then, for any 1 > 0, |G(t) — ®(t)| < n|t] + 2L(n) + t* exp(t?)p? for all
t € (0,4/2/p) from the proof of the Central Limit Theorem for independent summands
(Billingsley, 1995, pp. 359-361) and

T L A
1[G - o) 24
|G <>|_7Tl t — (7.9
a1, 1 12,y , 24
<472 ~eT(T? -1 =
< 5 5T + 5 | )P+

for any T € (0,/2/p) by the smoothing inequality (Feller, 1971, pp. 510-512). Given
€ >0, let T, = 96/¢ and 7. = 3¢/(4T2). Then the left side of (7.4) is at most

1 1 1
_T2L 3 P b= T2 -1 2 -

provided p < v/2/T.. Next, let J(¢) = supycy flm|>cx2]—]{dx} for ¢ > 0, so that
J(c) = 0 as ¢ — oo by (7.2); and let J#(z) = inf{c > 0: J(c) < z} for z > 0. Then

<YYo, [ ar < (g) |

reZl s€Z
lz|>n/p
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and J = min (\/§/Te, Ve/(2exp(T2) (T2 — 1)), UG/J#<T€_26/2)> has the desired prop-
erties. O]

Next, let

1
P
lall, = [Z Iar,slp] < 00

r,SEL
for 1 < p < 2. Thus, ||a||; is assumed to be finite and ||al|, may be finite for some

value of p < 2. In terms of ||a||, there is a simple bound on p,

p < lalpGFD)T (75)

g

where ¢ denotes the conjugate, 1/p + 1/q = 1 and #I" denotes the cardinality of T.

In particular, p < ||al|;/o. This leads to:

Corollary 7.2. Let H be as in Proposition 1. If ||a]|; < oo, then V e > 0, 3 k =

Key > 0 for which (7.3) holds whenever o > kl|ally and F € H.

Proof: For § as per Proposition 1, let k = 1/0. The result is then a consequence
of the proposition and the fact that p < ||al|;/o. O

An immediate consequence of the above result is the following.

Corollary 7.3. Let ||a||; < oo and T, be a sequence of finite subsets of Z* such that

o(a, ') = 00 as n — oo. Then the distributions of S(a,T',)/o(a,I',) converge to ®.

Remark 7.4. Our result does not put any restrictions the shape of the sets I, but
it requires #I',, — oo (as a consequence of o(a, ') — oo). In Paulauskas (2010),
a similar theorem is shown to hold for rectangles, i.e., Ty = {(5,k) : 1 < j <
M(n),1 <k < N(n)}, with min(M(n), N(n)) — oco. But it was not resolved whether
a CLT would hold with the weaker condition #I',, — oo. In particular, our result
provides a CLT when T, s are effectively “one-dimensional”, e.g., M(n) = 1 and

N(n) — oo.
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7.3 Union of Rectangles

We specialize our results to [ being a union of finitely many discrete rectangles.

To bound p, suppose that the maximum in (7.1) occurs when r = ry and s = s, say
[brg,s0| = max [by.o],
T8

and let Ab,, = byy — buw1 — bu_10 + by_14-1 for (u,v) € Z*. Then
ro+r s0+s
bro+r,80+s - bT0780+S - bTo-H‘,SO + bT0750 = Z Z Abu,v (7’6>

u=ro+1 v=sg+1

for r,s > 1. Let

m n ro+r s0+s ro+m  so+n
= > D A= > D (r=ro)(s—s0)|Abes|  (7.7)
r=1 s=1 u=ro+1v=sg9+1 r=ro+1 s=so+1
. _ ro+r so+s
for m,n = 1. Since bm,So - _bToJrT,SOJrS + bTo,SoJrS + bToJrT,SO + Zu:rngl v=s0+1 Ab“ﬂ”

we have [by, 5,| < |bro750+8|+|bro+r750|+|b7’o,80|+220:t,2+1 30:4;2—‘,—1 |Ab, | for all 7, s > 1

and, therefore,
m n
mnbygs,| < Z Z(|bro+r,80+8’ + [bro,s0+s| + 1brotrsol) + Qumn

r=1 s=1

for all m,n > 1. Here

n

ZZ |bro-tr,50+s] < vmn ZzbroJrr so+s < Vmno,

r=1 s=1 r=1 s=1

and similarly, > 7" 3" [brgsots| < my/no and Y D by | < v/mno. So,
mn|by, so| < v/mno + my/no + /mno + Qun. That is,

_|b7‘o,so| 2 an
p=— <(\/— \/—) m——— (7.8)
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for any m,n > 1. The first two terms can be made small by taking m and n large.
Thus, the issue is Qy,n. Suppose now that I' can be written as the union of ¢ non-

empty pairwise mutually exclusive rectangles, i.e.,

<k <N} (7.9)

EAR)

I =|J{G.k): M, <j <M, N,

Proposition 7.5. IfT" is of the form (7.9), then

0 <20 (ﬂ”a’b) 4 8velall> (7.10)
g g

Proof: In this case b, s = Zle bﬁz, where b% = ZJM:M Zkﬁzﬂ Qjgrjots, Dbpgs =

14 (4) (@) _ L _ _
Zizl Abys, and Abrs = Qpy M5+ N: — Y My s+N; — U My s+ N, + Ary M, s+N,- So,

)

m n ¢
men S mn z : z : z :(‘ar-l—ﬁi,s—&-ﬁi - a’l‘—l—Mi,S-i-Ni - aT‘—l—M,’,S—i—ﬂi + 0’7'+M1'75+ﬂi

r=1 s=1 i=1

A(mn)*Ve||all2,

IA

by Schwartz” Inequality, and

2 2 4 l
pe (2 2y dmnvilall
vm o \/n o
for any m,n > 1. Letting m = n = [(¢/v/?||a]|2)5], the least integer that exceeds
(o/v/0||al|2)3, leads to (7.10). O

When specialized to (intersections of) rectangles (with Z?), we have the following

result.

Corollary 7.6. Let H be as in Proposition 7.1 and let R, be the collection of pairs
(a,T) for which ||alls > 0, T is a finite rectangle, and o(a,T') > k| a|lz. Then, as

Kk — 00, the distributions of S/o converge to ® uniformly with respect to (a,T') € R,
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and F € H.

This provides a complete analogue of Ibragimov’s theorem (Ibragimov, 1962), with
a lot of uniformity. Next, we give a convenient formulation which, like Corollary 7.3,
provides a CLT with a weak condition (#I', — 00) on the growth of rectangles I,

defined below.

Corollary 7.7. Let ', ={(j,k) : 1 <j<M(n),1 <k < N(n)} for M(n),N(n) >
1. Ifo(a,I',) — oo as #I',, — oo, then the distributions of S(a,I',)/o(a,I',) converge

to ®.
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APPENDIX A

Proofs for Chapter 2

We start with establishing an auxiliary result that is used in the subsequent de-

velopments.

Theorem A.1. Let T be an indexing set and {M] : 7 € T}, a family of real-
valued stochastic processes indexed by h € H. Also, let {M™ : 7 € T} be a family of
deterministic functions defined on H, such that each M7 is maximized at a unique
point h(T) € H. Here H is a metric space and denote the metric on H by d. Let B;
be a maximizer of M7 . Assume further that:

(a) Sup,cr supper MG (h) — M7(h)] = 0,(1), and

(b) for every n > 0, c(n) = inf; infrgp, (b)) [MT(R(T)) — M7 (h)] > 0, where By(h)
denotes the open ball of radius n around h.

Then, (i) sup, d(hT,h(r)) = op(1). Furthermore, if T is a metric space and
h(t) is continuous in T, then (ii) hT* — h(mo) = 0,(1), provided T, converges to 7.
In particular, if the M s themselves are deterministic functions, the conclusions of
the theorem hold with the convergence in probability in (i) and (ii) replaced by usual

non-stochastic convergence.

Proof. We provide the proof in the case when H is a sub-interval of the real line, the

case that is relevant for our applications. However, there is no essential difference in
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generalizing the argument to metric spaces - euclidean distances simply need to be
replaced by the metric space distance and open intervals by open balls.

Given 7 > 0, we need to deal with P*(sup,. |h — h(7)| > 7), where P*
is the outer probability. The event A,, = {sup,or |h7 — h(r)| > n} implies
that for some 7, h7 & (h(r) — n,h(r) + ) and therefore M7 (h(7)) — M7(hT) >
infrg (n(r)—nnr)1n) [MT(R(T)) — M7(h)]. This is equivalent to

M (h(r)) = M (hy,) + M () — M (h(7))

Z gt iy M) = MIR)] M (Rr) = MG (A(7).

Now, M7 (hT) — M7 (h(r)) > 0 and the left side of the above inequality is bounded
above by
2[|M5, = M7|l3 = 2 sup [M,(h) — M7(h)],
heH

implying that 2||MJ, — M7 |y > infrgnr)—nnir)+n) [M7(R(T)) — M7 (h)] which, in turn,
implies that 2 sup,cr [|M], — M7 ||y > infrer infrgniry—pnie)1n) [M7(R(T)) = M7 (R)] =
c(n) by definition. Hence A, C {sup,cr ||M] — M7||% > ¢(n)/2}. By assumptions
(a) and (b), P*(sup,cr ||M], — M7|lx > ¢(n)/2) goes to 0 and therefore so does
P*(A,,). O

Remark A.2. We will call the sequence of steps involved in deducing the inclusion:

{sup b — ()| > n} c {supnM; M > c<n>/2} |
T€T T€T

as generic steps. Very similar steps will be required again in the proofs of the theorems
to follow. We will not elaborate those arguments, but refer back to the generic steps

in such cases.
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A.1 Proof of Theorem 2.1

To exhibit the dependence on the baseline value 7y (or its estimate), we use nota-
tions of the form M,,(d, 7o) and d,,, (7). For convenience, let T0™ (X;) = \/m(Y;.— )
and Zip(10) = Pmn(Xi,70) = 1 — ®(T™(X;)). As m changes, the distribution of
Zim(10) changes, and so we effectively have a triangular array {(X;, Zin(70)) 2, ~
P,,, say. Using empirical process notation, M, ,(d, 70) = Py, n{Z1m(10) —1/4}1(X; <
d), where IP,, ,,, denotes the empirical measure of the data. Firstly, we find the limiting
process for M., ,,(d, 7). Define M,,(d) = Pp{Zim(10) — 1/4}1(X; < d) where M,,(d)

can be simplified as

d

Mad) = [ {nle) = 1/} (@) (A1)

0

where v,,(1) = E[Z;im(70) | X; = z]. Observe that for X; = x, as m — oo, T™(z)
converges in distribution to N(0,0%(z)) for z < dy and T (z) = /m{Y;. — p(z)} +
vm(u(z) —19) —o0, in probability, for x > dy. Thus, v, (x) — v(x) for all z € [0, 1],
where v(z) = (1/2)1(x < dp). Let M(d) be the same expression for M,,(d) in (A.1)
with v,,,(x) replaced by v(x), e.g., M(d) = fod{u(x) — 1/4} f(x)dz. Observe that for
c=(1/4) J, “ f(x)dz, M(d) < cfor all d, and M(dy) = c. Also, it is easy to see that dq
is the unique maximizer of M (d). Now, the difference |M,,(d)—M (d)|, can be bounded
by fol |Um () — v(z)|f(x)dz which goes to 0 by the dominated convergence theorem.
As the bound does not depend on d, we get || M,, — M ||oc — 0, where |||/, denotes the
supremum. By Theorem A.1, d,,, = argmaxgejo,1] My (d) — argmaxgejo,1) M (d) = dy
as m — co. It would now suffice to show that (dp,,(7) — dp) is 0p(1).

Fix € > 0 and consider the event {|d,,,.(7) — d,n| > €}. Since d,, maximizes M,,

and dmm(%) maximizes M,, (-, 7), by arguments analogous to the generic steps in

161



the proof of Theorem A.1, we have:
|dm,n(7A_) —dn| > €= My n(,7) — M () loo = 1 (€)/2,

where 1, (€) = infac(d,, —e,dm+e)e {Mm(dm) — My (d) }

We claim that there exists 7 > 0 and an integer M, such that 7,,(¢) > n > 0 for
all m > M. To see this, let us bound M,,(d,,) — M, (d) below by —2||M,,, — M||~ +
M(d,,)—M(d). As||M,;,—M]||o — 0asm — oo, it is enough to show that there exists
n > 0 such that for all sufficiently large m, infac(a,,—edp+e)e{ M (dn) — M(d)} > n.
We split M(d,,) — M(d) into two parts as {M(dy) — M(d)} + {M(d,,) — M (dp)}.
Notice that by the continuity of M(-), the second term goes to 0. To handle the
first term, notice that M(d) is a continuous function with a unique maximum at
dy. There exists My € N such that for all m > M, we have (dy — €/2,dy + €/2) C
(dm — €,dp, + €) as d,,, = dy. So, for m > My, infae(g,,—edmte)e{M(do) — M(d)} >
inf ge (dg—e/2,d0+¢/2)e A M (do) — M (d)}. As M(dy) — M (d) is continuous, this infimum is
attained in the compact set [0, 1] N (dy — €/2, dy + €/2)¢ and is strictly positive. Thus,
a positive choice for 7, as claimed, is available.

The claim yields,

Po(|dmn(7) = dpn| > €) (A.2)

< Pm(”Mm,n('v%) - Mm,n('ﬂ—O)Hoo > 77/4) + Pm(slgp HMm,l('vTO) — Mp|loe > n/4).

For the first term, notice that, M, ,(-,7) — Myn(70)|lc < maxi<y, | Zim(T) —

Zim(10)|. This is bounded above by
sup ’CI)(U) =@ (u+vm(7 — 7'0))‘ :

u€R

As sup,eg [P (u) — @ (u+a)| = 2P (|a|/2) — 1, for a € R, [|My,(+, 7) — My (-, 70) || 0o
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is bounded by {2® (v/m|7 — 79|/2) — 1}, which goes in probability to zero.

To show that the last term in (A.2) goes to zero, consider the class of functions
F = {fa(z,2) = (2 — 1/4)1(x < d)|d € [0,1]} with the envelope F(x,z) = 1. The
class F is formed by multiplying a fixed function z — (z — 1/4) with a bounded
Vapnik-Chervonenkis classes of functions {1(z < d) : 0 < d < 1} and therefore
satisfies the entropy condition in the third display on page 168 of van der Vaart and
Wellner (1996). It follows that F satisfies the conditions of Theorem 2.8.1 of van der
Vaart and Wellner (1996) and is therefore uniformly Glivenko—Cantelli for the class

of probability measures {P,,}, i.e.,

sup Pm(SU_p ||Mm,n(7 7_0) - Mm()”oo > E) —0

m>1 n>k

for every € > 0 as kK — oo. Thus, we get P(|dm7n(7ﬁ) —dy| > €) > 0asm,n — 0.

This completes the proof of the theorem. n

A.2 Proof of Theorem 2.2

Recall that T'(x,79) = v/nh,(ft(z) — 7). The following standard result from non-
parametric regression theory is useful in proving Theorem 2.2. The proof follows, for

example, from the results in Section 2.2 of Bierens (1987).

Lemma A.3. Assume that u(-) and o?(-) is continuous on [0,1]. is continuous on

[0,1]. We then have:

(i) For 0 < z,y <dy and x # y,

T(z,70) N 0 K20%(z)/(mf(z)) 0

T(y,m0) 0 0 K20%(y)/(mf(y))

i distribution.
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(ii) Fordy < z <1, T(z,79)—00 in probability.

We now prove Theorem 2.2. Let v(z) and M (d) be as defined in proof of The-
orem 2.1, e.g., v(x) = (1/2)1(z < dy). For notational convenience, let Z;(1y) =
(X)) = 1 — O(T(X;,70)). We eventually show that ||M,(-,7) — M(-)||e con-
verges to 0 in probability and then apply argmax continuous mapping theorem to
prove consistency. By calculations similar to those in the proof of Theorem 2.1,
M, (-, 7) = M, (-, 70) || < {2® (V/nha|? — 70|/2) — 1}, which converges to 0 in proba-
bility. So, it suffices to show that ||M, (-, 79) — M (-)||c converges to 0 in probability.

We first establish marginal convergence. We have

E[®(T(X1,70))| X1 = 2] (A.3)

_ z [q) ((nhn)‘m [(u(x) — 70+ ) K(0) + S0 (Vi — 7o) K (b} (x — Xi))])}
(nhy) 1 [K(0) + 3700, K (hy 'z — X)) '

The first term, both in the numerator and the denominator of the argu-

ment, is asymptotically negligible and thus, the expression in (A.3) equals

E[O(T(z,10) + o0,(1))]. Using Lemma A.3, this converges to 1 — v(z),
by definition of weak convergence. As Zi(r) = 1 — O(T(X;,7m)), we
get E[M,(d,7)] = FE[E{Zi(rn) — 025}1(X; < d)|X;] which converges
to M(d). Further, var(M,(d,79)) = n tvar[{Zi(r)—0.25}1(X; <d)] +

n~t(n — 1)cov [{Z1(1) — 0.25}1(X; < d),{Zo(70) — 0.25}1(X5 < d)].  The first
term in this expression goes to zero as |Zi(1) < L For y # «x,
by calculations similar to (A.3), E[Zi(10)Z2(70)| X1 =z, Xo =y =
E[® (T (x,70) + 0,(1)) (T (y,70) + 0,(1))]. Using Lemma A.3, T(x,79) and
T(y, 7o) are asymptotically independent. Thus, by taking iterated expectations, it

can be shown that

cov [{Z1 (1) — 0.25}1(X; < d), {Za(r0) — 0.25}1(X, < d)]
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converges to 0. This justifies pointwise convergence, e.g., M, (d, 7) — M (d) = o,(1),

for d € [0,1]. Further, as |Z;(7) — 1/4] < 1, for d; < d < dy, we have

E[|{M.,(d, 70) — MLy (dy, 70) M (d2, 70) — Miu(d, 70) ]

< F {%fjuxie(dl,db}{%ime(d,m}]

=1 =1

- E %Zl(XiG(d1>d])1(Xj€(d>d2])]
R

_ % S F((dy, d))F((d. da)])
i#j
n(n

= MY P dyF((d. ).
Note that the terms in the sum on the right side with ¢ = j are zero as (dy,d]
and (d,ds] are disjoint. Further, the expression on the right side is bounded by
112, (d—dy)(dy—d) < || f|° (d2—d:)?. As f is continuous on [0, 1], || £, < co. Thus,
the processes {M,, (-, 70)},>1 are tight in D|0, 1] using Theorem 15.6 in Billingsley
(1968). So, M, (-, 79) converges weakly to M as processes in D[0,1]. As the limiting
process is degenerate and the map x(-) — supye(o 1 [(d)| is continuous, by continuous
mapping, we get ||M, (-, 79) — M(-)|| converges in probability to zero. As dy is the
unique maximizer of the continuous function M(-) and d,,(7) is tight as d,,(7) € [0, 1].

Hence, by argmax continuous mapping theorem in van der Vaart and Wellner (1996),

we get the result. O

A.3 Proof of Theorem 2.5

We start with some notation. Let W = Vme;.Jog (i =1,...,n), and consider
our data as: {X, Wr(,i)}(z =1,...,n). The variable W has density Om(+). Let Ppon(+)
denote the empirical measure of these observables and P, the joint law of {Xj, W )}.

Let o denote the true variance of ¢;;, and let o denote any such generic value. For
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a fixed 0 > 0 and h € R define, with a slight abuse of notation, Z7 (h) = 1 —

¢ ((vVm(Yy —m) = h)/o) = 1= &([ym(u(Xi) — o) — h+ me, ] /o) , M} . (h) =
n 'S {77 (h) —1/2} = P,,, {Z7,(h) —1/2}”, and note that
ﬁgm = arg m}jn Mgm(h) = \/E(%gm — 7o),

where 6 = G, ,,. Let hY, = argminy, M7 (h) where

Mg(h) = Py [1/2 =& [[Vm(u(X1) = 70) — b+ oW /o]]”

B / /{1/2_9§ih($>y>}2¢m(y)dy px (z)dz,

with g7 (z,y) = @ [[y/m(u(x) — 70) — h + ooyl /o].
Let €, > 0 be given. We want to show that P(|ﬁ7‘;m — 0] > €) < ¢ for all large m

and n.We bound the quantity of interest as
P(|hf,, = 0 > €) < P(l,, = hi| > €/2) + P(lhj, = 0] > ¢/2). (A.4)

We employ the following steps to complete the proof of the theorem:

Step 1: Establish that there exists dp > 0 and My > 0 such that |0 — o¢| < dp and
m > M, implies |h7, —0| < €/2. Notice that as ¢ is a consistent estimator of oy, there
exists M such that for all m,n > M; > 0, P(|6ymn — 00| < d9) > 1 —¢/3. Therefore,
using Step 1, P(|hS, — 0| > ¢/2) < £/3 for m > max(M,, M,).

Step 2: The first term on the right side in (A.4) is bounded by P(|ﬁgm — he| >
€/2,|6 — 00| < 60) + P (|6 — 00| > 6p) < P <sup|c,_ao|§50 he . —ho| > 6/2) +¢/3 for

all n,m > max(My, M;). Therefore, it is enough to show that for some M, possibly
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depending on e,

m>M |o—0o0|<do

sup P ( sup |iLfnn —hl| > e/2> — 0, as n — o0. (A.5)

Proof of Step 1: We study the behavior of M7 (h) as m — oo. Note that ¢"(z,y) —
O ((=h+ooy)/o),ifx <d’ and 1if x > d°, as m — oo. Therefore, M7 (h) converges

point—-wise, by the dominated convergence theorem along with Scheffe’s theorem, to

M?(h), where

M?(h) = c{(h) /pX(a:)dm +i/px(x)dx < 1/4, (A.6)

with ¢f(h) = [72 [1/2— @ ((=h + ooy) /o)) ¢(y)dy. To see this, observe that
f_oooo {1 /2 — g% (x, y)}2 ¢m(y)dy, which is uniformly bounded by a positive constant

for all m and x, can be decomposed as

/ {1/2 = g3 (2,9)} oly)dy + / (1/2 = g2 (2, 9) } {om(y) — 6(y) }dy,

where the first term converges to ci(h) for x < d° and to 1/4 for x > d°. The
second term converges to 0 by Scheffe’s theorem for all x € [0,1]. The convergence
of M7 (h) now directly follows from the dominated convergence theorem. Let h? =
argmin M7 (h) for h € R.

We claim that there exists 6’ > 0, such that sup,_,, <5 Supser | My, (h) =M (h)| —
0 as m — oo. In course of justifying this claim, we will write ®(z) (1 — ®(z)) as
® (1 — @)(z) for notational convenience. Choose ¢’ such that 0 < ¢’ < g. Let n > 0
be given. Note that M2 (h) — M°(h) = A%" fodo px(z)dr + fdlo B&h(x)px (x)dz, where

oo

Azt = / 11/2 — @ (—h + 009) /o)) (¢ — 6)(y)dy and

—00
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B /{1/2— 2 9)} fmly)dy — 1/

To simplify notation, denote the set {(o,h) : |0 — o] < ¢’,h € R} by C. Then,
sup |V (1) = MO < Fa(d) sup |45+ sup [ [B54 o) (o) do
c c c
0

Now, sup, |A%"| < ffooo |6 — ¢|(y)dy — 0 by Scheffe’s theorem, and

By ()| < _7|¢m—¢l(y)dy+sgp 7{1/2—gfgh(x7y)}2¢(y)dy—1/4
= o+ 7 ® (1 - @) ((im(e(a) — 70) — h+ 709)/) S(y)dy
Also,
sup /1 | B3 (2)| px (x) dx
- {an [ mern v [ i

where C<g and Cs are defined analogously to C, but with h varying over (—oo, 0] and

(0, 00), respectively. For each z > d°,

o0

sup [ @ (1= @) ((Vin(u(o) ~ ) ~ -+ o) /o) o(u)dy

C<o
— 00

is easily seen to be dominated by

o0

‘05;11‘)<6/ /(1 — CI)) [[\/ﬁ(,u(x) — 7'0) + on]/a} gb(y)dy,
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which goes to 0 as m — oo. It follows readily that the first term on the right side of
the last display is o(1). It remains to deal with the second. To this end, for A\, h > 0,
define DM = {d° < x < 1: |u(z) — (10 + h//m)| < A}. Given n > 0, there exists
A = A(n) > 0, not depending on h > 0, such that fD?n:h px(z)dx < n by Assumption
(A) of Theorem 3 in the paper. Then,

1

sup | [ Bz (s (a)da

C>o
J0

< sw | [ Bt s | [ B

C C>o
ok do,1]—D"
< n+o(1)
i o —1)2
I B K e E e
C>o

[dO,1]—Dp," —°

The last term in the above display is readily seen to be bounded by

/1 7 sup e {0 (2L (1) (LEEDY) Ry o

lo—0o0|<é’

which can be made less than 7 for large m. It follows that
supe._, J. dlo |B&" ()| px (x) dz < 3 for all sufficiently large m and the claim follows.
Next, we claim that there exists there exists &g > 0 and M, > 0 such that
for all o with |0 — 09| < 6 and m > My, |h?, — 0| < €/2. This is proved by
a direct application of Theorem A.In that theorem, take n to be m, 7 to be the
set |0 — op| < 0" and H to be R. Also, M7 is now —M7 and M7 is now —M?°.
We will show that —M? is uniquely maximized at a point, say h%, and also that
inf|o_ oo <o i0fjppopsn{M7(h) — M?(h7)} > 0 for every n > 0, whence, by by the
previous claim, it will follow that sup,_,, <5 |hg, —h7| converges to 0 with increasing

m. But, as will also be seen, h? equals 0 for all ¢ and hence the claim follows with
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0o taken to be ¢'.

From the form of M7 (h) (see (A.6)) it suffices to show that

inf inf {c{(h) —c](h°)} >0,

lo—00|<8’ |h—he|>n

where h? is the unique point at which ¢{ is minimized. We now make some change
of variables to facilitate the ensuing argument. Define A = o/0¢ and s = h/og. Then
o0 — 0ol <0 & |A—1] <6 (for some § < 1) and ®((—h + opy)/o) = Ay —
5)). Defining &\(s) = [°° [1/2 = ¢(A\"'(y — s))]* é(y) dy, it suffices to show that
inf|\ <57 Infls o >p/00 {2}(s) — & (sx)} > 0 where s* is the unique minimizer of é;.
It is easy to see that & (s) = E [1/2 — ®(A"1(Z — s))]° where Z is a standard normal
random variable. By the symmetry of Z about 0, it follows easily that ¢} (s) = &} (—s).
Furthermore ¢} (s) is strictly increasing for s > 0, and is therefore strictly decreasing

for s < 0, showing that 0 is the unique minimizer of . Hence s, = 0 for all ),

showing that h? = 0 for all . Thus,

inf i {&(s) — @} = it {@n/os) — E0)}.

[A—1|<8” |s—s}=n/o0 [A—1|<68”

Since ¢(n/oy) — ¢&1(0) is continuous and positive for each A, its infimum on the set
A — 1] < ¢", which must be achieved, is positive.

Proof of Step 2: Consider the class of functions F,, = U,, F,, where F,, =
{fro(z,w) =[1/2—=2(vVm(p(z)—70)/o+h]/o+woe/o)]*| T € R, 0 € [00—0d0, 00+00]}-
This is a subclass of the large class of functions G = {ga (2, w) = [1/2 — ®(au(z) +
Bw + ) (o, B,7) € R3}. The class {au(z) + pw + v} as («,B3,v) varies in
R3 forms a finite dimensional vector space of measurable functions and is there-
fore a Vapnik-Chervonenkis class. Hence, 1/2 — ®(au(z) + fw + ), being their
bounded monotone transformation, is a bounded Vapnik—Chervonenkis class and

consequently, so is F,,. Thus, F, satisfies the entropy condition in the third dis-
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play on Page 168 of van der Vaart and Wellner (1996) and therefore the conditions
of Theorem 2-8-1 of van der Vaart and Wellner (1996) and is uniformly Glivenko—
Cantelli for the class of probability measures {P,}, i.e., for any given ¢ > 0,

SUD,,>1 P (SUDgs,, [[MY, . — M7 || 7 5¢c) — 0 as n — oo and therefore,

sup P, (sup My, . — My |7, > C) — 0 asn — oo. (A7)
k>n

m>1

Next, using generic steps, we can show that supj,_, <, |B1‘§m —he|>¢€/2 = ||ann -
M\ 7 2 Mm(e/2) Where nm(€) = inflogof<sy 0| —ng, [>e/a{ My, (h) = M7, (h7,)}-
Next, we claim that there exists n > 0 and an integer M such that Nm(€) >n >0
for all m > M. To see this, note that by the previous claim, for all sufficiently large
m, uniformly for o € [0g — 09, 00 + o], we have [h — /2, h%, + €/2]° C [—€/4,€/4]°.

We conclude, that for all sufficiently large m,

m(€) 2 7m(€) = inf inf  {M7(h) — Mg (h7)} -

|o—00|<do |h—0|>¢/4

For h and o such that |h—0| > ¢/4 and |c—0¢| < dp, we can bound M7, (h)—MZ (h?,) =
(M7, = M?)(h) =My, (h7,) +M? (h) = = supjy,_qps.esa | (M7, = M) (h)| = M, (0)+ M7 (h)

further from below by

— sup sup [(My, = M?)(h)| = sup |(M7 — M?)(0)|

|o—00|<do |h|>€/4 |o—o0|<do

+ inf  inf {M7(h) — M“(0)}.

|o—o0|<do |h|>€/4

AS SUD|;_ gy <5o SUP|h—o[>e/4 | (M, — M) (h)| = 0 and sup|, <5, [(My7, = M?)(0)| — 0
as m — 00, and 7 = infj,_ <5, iDfjp_o)>ea {M7(h) — M?(0)}/2 > 0, it follows that
for all large m, 7,,(¢) > n > 0; therefore, for all sufficiently large m, say m > M,

Nm(€) > n > 0. This completes the proof of the claim.
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Hence, for all m > M,

m>M |o—00]<do

< swp P, {sup IMS,  — ME 5 > 1(€)/2

m>M k>n

< sw P, (iup 1M, — M5 > n/2)
>n

mZ]\;[

and (A.5) follows from (A.7).
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APPENDIX B

Proofs for Chapter 3

We first state a result which is useful in deriving the rate of convergence of our
estimators. As earlier, we readily use the notations * <" and * 2’ to imply that the
corresponding inequalities (< and >) hold up to some positive constant multiple.
We use E* to denote the outer expectation with respect to the concerned probability

measure.

Theorem B.1. Let {M,,(d, o), n > 1} be stochastic processes and { M, (d,o), n > 1}
be deterministic functions, indexed by d € © and o € ¥. Let d, € O, 0y € X and
k > 0 be arbitrary, and d — p,(d,d,) be an arbitrary map from © to [0,00). Let d,

be a point of minimum of M, (d,&,), where &, is random. For each € > 0, suppose

that the following hold:

(a) There ezists a sequence of sets U, . in X which contain oy and PG, ¢ Uy, < €.

(b) For all sufficiently large n, 0 < 6 < Kk, and d such that p,(d,d,) < K,

Mn(d7 0_0) - Mn(dn7 UO) 2 pi(da dn)>

E° Sup ’(Mn(d’o) o Mn(d7 00)) - (Mn<dna U) - Mn(deO))| < Ce ¢n(6),
pn(d,dn)<5 \/’TL

UEUn,e
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for a constant C. > 0 and functions ¢, (not depending on €) such that 6 —

On(0)/0% is decreasing for some o < 2.

Suppose that r, satisfies

2o (1) sV

and pn(cfn, d,) converges to zero in probability; then r,, pn(cfn, d,) = Op(1).

This theorem puts together the results in Theorem 3.2.5 in van der Vaart and

Wellner (1996) and Theorem 5.2 in Banerjee and McKeague (2007).

B.1 Proof of Theorem 3.2

The following lemma gives the explicit distance function p,, that is used in proving

Theorem 3.2.

Lemma B.2. Fizn > 0. Let the map d — p2(d,dmn) from (0,1) to [0,00) be

K [|d = do| 1(d < do) + ]d— i — %‘ 1(d > dun + %)} (B.1)

for some K1 > 0. Then Ky and k > 0 can be chosen such that for sufficiently large
n and pn(d, dp.n) < K, we have

Mm,n<d) - Mm,n<dm,n> Z Pi(d, dm,n)

Using this lemma, we first give a proof of Theorem 3.2. Note that v/mn(6 —og) =
Op(1). So, given € > 0, there exists L. > 0 such that P[\/mn|6 — o¢| < L] > 1 —e.
Let Uy = [01,09) = [00 — L//mn, 00 + Le/v/mn] and let G,, denote the empirical
process, i.e., G, = \/n(P, — P,). For k as in Lemma B.2, 0 < § < &, and p, as
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defined in (B.1), consider the expression

E* sup \/ﬁ’(Mm,n(dy U) - Mm,n(d7 UO)) - (Mm,n<dm,na U) - Mm,n(dm,n7 UO))‘
Pn(dydm,n)<5
O’GUn,e

< E* sup \/ﬁ‘(Mm,n(da U) - Mm,n(dm,n7 U)) - (Mm,n(dy U) - Mm,n<dm,na 0'))’
Pn(dadm,n)<5
O'GUn,e

+ sup \/E’(Mm,n(dy 0) - Mm,n(dm,na U)) - (Mm,n(d7 UO) - Mm,n(dm,na UO))’
pn(dydm,n)<6

UeUn,e
Y
< E* sup Gn Kq) (ﬁ ) - ’7> (I(X <d)—-1(X < dm,n)):| ‘
|d—dm n|<62/K1+Am~1/2k o
UeUn,e
Y v
+vn sup P, H@(W >_q)<\/m )}(1(X§d)_1(xgdmm))H
|d—dym,n| <62/ K1+Am—1/2k P -
TEUn,c

The first term in the above display involves an empirical process acting on
a class of functions, say JF. This class F is a product of two VC classes,
{(@(ym -Jo)—7):0€Up,} and {1(- < d) — 1(- < dpy) : |d — dpman| < 8?/K; +

Am~Y?F} each with VC-index at most 3. Also, an envelope for this class is given by

G(z) =1z € (dmy — 0*/ K1 — Am™VC0) d, 4+ 6% /Ky + Am~V/O9)]

with (P,G?)Y/2 < \/2(02/ K, + Am~1/(k)). Hence, the uniform entropy integral for F

is bounded by a constant which only depends upon the VC-indices, i.e., the quantity

1
10.7) = sup [ /15108 Ne(elGlloz. 7. Ln(@)de
0

is bounded, where N¢ () denotes the covering number; see Theorems 9.3 and 9.15 of

Kosorok (2008) for more details. Using Theorem 2.14.1 of van der Vaart and Wellner
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(1996), we have

vmY
E* sup Gy, {(cp ( m ) _ 7) (I(X <d)-1(X < dmn))”
|d—dym | <62/ K1+Am—1/2k o
OeUn,e

< J(1,F)(P.GHY?* < \/2(52/K1+Am71/(2k)).

Note that for o € U, = [01, 03], we have

() = Ca)l= e (5 = (5]

d 00 01 09

Hence, by using the fact that ® is Lipschitz of order 1, for sufficiently large n, we get

\/ﬁd—dm,n|<52z]/;f§1:n4m1/% Fn qu (\/TY> -° (\/Z)Y) } (1X <d) - (X < dm,n)):| ‘
’ (42 -+ (]
< VI B2 252 Ky + A1)

0201

e (proyy 2\/ 2(02/ Ky + Am~1/(2)),
90

AN

As E(Y?) = (1/m)E{u(X)}? + 02 is bounded, we have

E*  sup  Vn|(Mpn(d,0) — Myn(d, 00) = Myn(dmns 0) = My n(dmns 00))|
Pn(dydm,n)<6
UEUn,e

< Cegn(0)B.2)

for some C, > 0 and ¢,,(8) = V32 + m=1/CR . Also, p2(d, dpn) < K1(|d — do| + |do —

i — = CR|) = 0, if |[d — do| — 0. So, Pn(CZm,n, dm.n) converges in probability to
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zero by consistency of dmn Then by Theorem B.1, the rate of convergence, say r,,

satisfies

n

e (l) <V =2 4eim Ve <
r
= 12 <n A Vnlth/(2k), (B.3)

With a = min(1,3/(2k)) = min(1,1/2+ 3/(4k),3/(2k)), 72 = n* satisfies

n

(B.3). As m™ Y/ < n=* we also have n®(dp,, +nm~Y@) —dy) = O(1). So,

no‘pi(dm,n,dm,n) = 0p(1) = n*(dmn — do) = Op(1). As men't? = N, we get the

result. O

Proof of Lemma B.2. Let ¢ > 0 be chosen such that yu is increasing on (dy, do + ¢€).
Let fo = infd:‘d,do‘q f(d) > 0. For d € (d() — €, do + 6),

Mm,n(d) - Mm,n(dm,n) > 1(d < dO)fO [(Cbn(o) - 'Y) (d - dO) + Mm,n(do) - Mm,n(dm,n)]

+ 1(d > do) fo /d [(I)" (@a(;)> - 7] "

m,n

> 1(d < do)fo[|®n(0) —~|[d — dol]

s an [ fon (V) ],

m,n

Recall that from (3.7),

1/k

V200271 (0) | e o(m~1/@), (B.4)

1 ®) (do+)

dm,n = dO + [

Hence, for sufficiently large n, d,,, + nm~1/(k) < dy + €. For such large n’s and

d € (dpn +nm~ Y% dy + €), we have:

M)~ = o | [0 (1) ]

dm,n

177



] ()

m m—1/(2K)
o, <\Fu(dm,:z/—gaz )) _,Y]  (B5)

dm,n +77m71/<2k)

> fo (d = (dpp +nm = 20))

Next, we show that [®,, (v/mu(dm, +nm= ) /(v/200)) —~] is bounded away from

zero. By Pdlya’s theorem, ®,, converge uniformly to ®. So, for sufficiently large n,

mp(dpy  + =Y @R
CI)n(\/_u( n ))_7

V20,
(g o ()
() ()

As @ (vmp(dm,)/(V200)) converges to v € (0,1), /mpu(dm,) is O(1). Hence, it
suffices to show that the difference v/m{u(dm n +nm=®)) — 1(d,, )} is bounded
away from zero. With C~n being some point between dy and d,,,, + nm =) and ¢,

as defined in (3.6), we have

\/E{,“(dm,n + 777"1_1/(%)) - M(dmm)}

= ﬁ—?{u‘k)(fn)(dm,n +m V) — gV — 18 () (Ao — do)*}

m (k) ~n
o G (g m VO ) — (dy — o)

k!
+g[ﬂ(kz)(én) — /L(k)(Cn)](dm,n —dy)*
> W +o(1).

Hence, we can choose a positive constant K such that

(@0 (Vg + ™) (V300) ) = 7] > Ko
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for all sufficiently large n and thus, from (B.5) we get
Mipn(d) = My n(dimn) = foKo (d — (dmn + Um_l/(%))) (B.6)

for d € (dp, +nm™Y® dy +€). Also, |®,(0) — 7| > (1/2)[1/2 — ], for large n.
Choose K; = £ fo min [Kj, |y —1/2[] in (B.1). Then,

(on(d,dpmrn) < K] = [do,dmn +1m YU [d < dy, |d — do| < K*/ K1)
Uld > dpn +nm Y |d — dp, . — pm V9| < K2/ K]

C ld = dpn| < K2/Ky + Am~Y/ )],

Here, A is a fixed constant chosen such that A > max(n, m~Y)(d,,, — dy)), for
all sufficiently large n; this follows from (3.7). Let s be chosen such that x*/K; +
2Am~Y () < ¢ for all sufficiently large n. As |dy — dp.,| < Am~Y 0 this gives
[pn(d, dpn) < K] C (do—€,dp+¢€). Thus, for large n and d such that [p,(d, dpm.n) < K],

using the definition of p,, and relations (B.4) and (B.6), we have the desired result.

B.2 Proof of Theorem 3.6

~

In order to deduce the limit of the process V;, (see (3.8)), we first prove a lemma

that allows us to work with o instead of &.

Lemma B.3. Let V,(t) = n{M,,,, (do +t/n,00) — My,n(do,00)}. Then, for any
L >0,
sup |Vn(t) — Vo (t)] — 0,

te[—L,L]

where & denotes convergence in probability.
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Proof. For all t € [-L, L], we have

KA
N\
B

)4 ()} (x5 £) s )

Jm vm - L L
< sup (I>< iny)—fb( my) Zl(XiE {do——,do—k—})
yeR o o) P n n

& ~ L L
< O (u) -0 — (X, e |dy—=,dy+ =1 ).
< o o (Zo)| 1 (e [ o 7

=1

Also, o +— sup,g |® (u) — @ (uo/0g)| can be shown to be continuous; in fact, a
closed form expression can be obtained by taking derivatives. It can be seen that for

a € (0,00),
0, a=1,
sup |® (u) — @ (au)| =
2 o (/258) -0 (o)) a1

This can be shown to be continuous at 1 by elementary calculations. Thus the first

term in the bound for |V, (t) — V,,(t)| converges in probability to 0. Moreover, the
remaining term is a Binomial random variable (Bin(n, F(dy+ L/n) — F(dy — L/n)))
which converges weakly to the Poisson distribution with parameter 2L f(dy). Thus

by Slutsky’s theorem, we obtain the desired result. O]

We now continue with the proof of Theorem 3.6. We first prove that (Vn, Jn)
converges weakly to (V,.J) as processes in D[—C,C] x D[-C,C], for each positive
integer C. By Lemma B.3, it suffices to show that (V,,,J,) converges weakly to
(V, J).

To justify the finite dimensional convergence of (V;,, J,,) to (V, J), first on [0, 00),

let 0 =ty <t <ty <...<t. By Cramér-Wold device, it suffices to show that the
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characteristic function of

(Va(t1), Jn(t1), Va(ta) — Vo(tr), Jn(ta) — Ju(t1), ..., Va(t) — Va(ti—1), Jn(t1) — Jn(ti—1))

converges to that of

(V(t1), J(t2), V(t2) = V(1) J(t2) = J(t1), ..., V(&) = V(tiza), J(tr) — J(ti-1)) -

We illustrate this derivation for [ = 2, the extension to larger [s following in a

straightforward manner. For (c;,d;) € R?, i = 1,2, consider the expression

Elexp [t (e1Va(ty) + didu(t) + {ea(Va(ta) — Vilty)) + da(Jn(tz) — Ju(t1)) D] . (B.7)

As ty = 0, note that

01V (tl

~—

+ diJn(th) + C2(‘f w(t2) = Va(th)) + da(Jn(ta) — Ju(tr))
B () e (o et

The above summands are independent for different js and hence, (B.7) equals

exp [zg{q@ (V22 —an v (xie %Dm

Let Z1, be as defined in (3.4) and Z ~ N(0, 1). Taking iterated expectations (by first

M:

J

E

conditioning on X7), the above display equals (1 4 &,/n)", where

do +ti/n

£, = ”22: / {E [exp <z{ci<b <\/@é(x) +Z1n> - cm+dz}>] - 1} f(z)dx

1:1d0+t¢71/n

1 E (ci exp (zs { (\/7 Z’ao(d0+)Uk +o(1) + Z1n> — oy + dz}>> - 1]

2
-y /
=17
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w f (dﬁ%)} du.

The o(1) term appearing in the above expression does not depend on u as

sup  |u®(x)| < o0
(do,do+<o)

by Assumption 1. As Zj,, + o(1) converges weakly to Z and exp(z-) is bounded, &,

converges to f(dy)& where

& = it/ {E <exp (zs{ (\/_l’;ao(do”uk + Z) = 7})) - 1} du.

So, the expression in (B.7) converges to exp (f(dy)&o). This is precisely the character-

istic function of (V' (t1), J(t1), V(t2) — V(t1), J(t2) — J(t1)) evaluated at (c1, dy, ca, da).
To see this, first note that (V(t1), J(¢1)) and (V(ta) — V(t1), J(t2) — J(t1)) are inde-
pendent by virtue of the fact that the arrival times of events occurring over disjoint
sets are independent for a Poisson process. Further, let W; be i.i.d. U(0,t), for j > 1,
which are independent of {Z;};>, and v*. Using the order statistic characterization

of the arrival times of a Poisson process,

 Elexp({eaV(t)+diJ < D) I (1) (B8)

vh(t)
) (do+
= F exp Z 2 Clq) < k|0_0 0 )S]k + ZJ) — C17Y + d1> y+(t1)
7j=1

vt
= FE|exp 1 cl<I><

J=1

- [E exp( < (J_ o i (d0+>W’“+Zl> —cw+d1)>r(m)

k?'O'O

=

M (do+)

Wi+ Zj) —cay+ dl) v (t)

k'O'O

. cl,dl,O tl +t ()
= tl ,
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where for 0 < s < t,

seniion) ~ [ [ (o (oo (P 1 ) v} -

s

Note that the relation in (B.8) holds even when v*(¢) is 0. Thus,

Elexp (1{e1V (t1) + diJ(t1)})] = exp(f(do)g(c1,dr,0,t1)).

Similarly, it can be deduced that

Eexp (1 {ca(V(t2) — V(t1)) + da(J(t2) — J(t1))})] = exp(f(do)g(ca, da, 1, t2)).

Using the independence between (V' (t1), J(t1)) and (V(t2) — V(t1), J(t2) — J(t1)), we

get that the limit of (B.7) is indeed the characteristic function of

(V(tr), J(t1),V(t2) = V(tr), J(t2) — J(t1)) -

Hence, finite dimensional convergence of (V,,, J,,) to (V, J) on [0, o] follows from Lévy
continuity theorem. The finite dimensional convergence on the entire domain can be
deduced analogously.

Next, we complete the proof of weak convergence of (V,,, J,,) to (V, J) by showing

asymptotic tightness. For t; < t < ty and sufficiently large n,

El|Jn(t) = Ju(t)|[In(t2) — Ju(t)]]
o S )
= n—l)E[(Xle (d0+—d0+ D1<Xze (do+%,do+%’b]
< 2| fII% t) < 2| fI% (b2 — t1)%,
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where || f||,, < oo by Assumption 2. The above relation shows that the condition
stated for tightness in Theorem 15.6 of Billingsley (1968, pp. 128) is satisfied and
hence, the process J, is asymptotically tight. As |V, (t) — V. (t1)| < |Jn(t) — Jn(t1)],
the process V,, is asymptotically tight. As both the marginal processes are tight,
(Vi J) is tight and hence, condition (i) of Theorem 3.5 is satisfied.

Moreover, no two flat stretches of V(t),t € [-C,C], have the same
height (w.p. 1). To see this, let Ac denote this event and define R; =
S (@ (Vme p®) (do+)/ (Kloo)SE + Z;) — ) when i > 0, and R; = Y-, (v — Uj)
when ¢ < 0, and Ry = 0. For non-negative integers n; and ny, ny + ny > 0, we have
PIR; = R)|vt(C) = ny,v (C) = ny| =0 for ny > i > 1> —ny. This is because given
vt(C) = ny and v~ (C) = ng, the arrival times for S;s are the order statistics from

U(0,C) and thus R; — Ry is a continuous random variable. Now,

P[Ac|vt(C) = ny, v (C) = ny)

U [Ri=R]

ny>i>1>—no

= 1-P vH(C) =ny, v (C)=ny| = 1.

Also, P[Ac|vT(C) =0,v(C) = 0] = 1. Hence,
P[Ac] = E[P[Ac|v™(C), v (C)]] = 1.

Further, let le = n(a?mn — dy) and fzu denote the smallest and largest minimizers
of V,(t), respectively. Using Theorem 3.2, (hy,hy) is Op(1). Also, let h; and h,
denote the smallest and largest minimizers for V' (¢). As V(0) = 0 and V(t) — oo
as |t| — oo w.p. 1, we get (h;, h,) = Op(1). To see that V(t) — oo as [t| = oo

a.s., note that > 7 (y = Uj)/n — v —

N[ —=

> 0 and v~ (—t) — oo, a.s. So, we get
V(t) — 0o as t — oo a.s. Also, choose € > 0 and 7. > 0 such that v+ ¢ < 1 and
E®n. + Zy] = ®[n./V/2] = v+ €. Then by the SLLN, > (@ + Z5] =) /n — €

a.s. As S; — oo and v (t) — oo a.s., we get liminf, .. {V(¢t)/v*(t)} > € a.s. Thus
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V(t) — oo as |[t| — oo w.p. 1. Hence, by applying Theorem 3.5 we get the desired

result. O

B.3 Proof of Proposition 3.8

The proof of Proposition 3.8 follows along the same lines as that of Theorem 3.6.
Here, we briefly justify the form of the limiting distribution. By calculations analogous
to those used for simplifying (B.7), it can be shown that for t > 0, E(exp(:cV,(t))) =

(14 &./n)", where

t

- ol () )

0
1 b+ 2)]

t

= f(do) / lexp (1 {1 = 7}) — 1] du = f(do){exp(ec(l — 7)) — 1}t.

0

The above convergence uses the fact \/mu(dy + u/n)/oy — oo for u > 0, which can
be justified through a k-th order Taylor expansion of u around dy. The limit here is
precisely the characteristic function of V(t). Hence, the one-dimensional marginals
of V,, converge to that of V on the positive half line. The remainder of the proof is

almost identical to that for Theorem 3.6.

B.4 Proof of Proposition 3.9

For proving Proposition 3.9, we first prove the following lemma to justify imputing

0o in place of ¢ in the local processes.

Lemma B.4. Consider the case when 5 < 2k. Let

Hn(t) = nﬂ/(%) {Mm,n (do + t/nﬁ/(%), 0'0) — Mm,n(dOa 0'0)} .
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Then, for any L > 0,
sup |I:In(t> — H,(t)| = 0.

te[—L,L]

Proof. For t € [-L, L],

|Hn(t) - Hn(t)|

_ pplen-1

£007) ()
( (X <dp+ i(ik)> X<d0>‘
e pl (V22) g (V)

yER
n 1| X; e |d L do
Z i € |do — nB/(2k) 70 Ry oY) nﬁ/(%)

i=1
(0 6/(2k)—lzn . __L =
@ (u) @(ao“> {" 1<XZ€ [dO w0t S| ) (-

i=1
As in the proof of Lemma B.3, the first term goes in probability to zero. As for the

IN

IN

sup
u€R

second term,

n L L
B/(2k)—1 _— YR
=1

L L
n?B/ =D p Var {1 (Xi € [do — A dot nﬁ/(%)} )}

= n2B/EDp O F) = 0(n ) — 0,

and

E

i=1

L L
(8/(2k)—-1) ) — — o0
n nE [1 (Xz S [do B/ (k) do + nb’/(%)} >]

— pB/@Ek-1), O(n—ﬁ/(%)) =0(1).

B/(2k)—1 —
n/2 Zl(XiE{dO‘W’domﬁ/wm
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Thus the second term is O(1) + op(1). Hence, we get the result. O

We use a version of the Arzela-Ascoli theorem in several proofs and thus we state

it below for convenience.

Theorem B.5 (Arzela-Ascoli). Let f, be a sequence of continuous functions defined

on a compact set [a,b] such that f, converge pointwise to f and for any 6, | 0

SUD|y—y|<s, |fn(T) = fuly)| converges to 0. Then sup,ciqy |fn(z) — f(2)| converges to

ZET0.

We now continue with the proof of Proposition 3.9. Using Lemma B.4, for proving

(3.10), it would suffice to show that

P

s \H,(t) — c(t)] 5 0. (B.9)
Let
o= — [ e [{e(Y) M) por

For x < 0 and given X =z, ® (m?) — U(0,1). Hence, by the dominated conver-

o0

d
gence theorem (DCT), ¢, (t) = (3 — ) f(do)t, for t < 0. For t > 0, we have:

do+tn—B/(28) B
Y
Q) = e EH@<V’” )—7}‘)(:4 flw)ds
(o
do 0
do+tn—P/(28)

o e (452) o

do

- ()
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- ) s )

— f(do) /t {cb (W%Z);joﬂuk) ~ 7} du, by DCT.

Hence, ¢,(t) — ¢(t). In fact, this convergence is uniform on any compact set. To
see this, note that |c,(t) — ¢, (s)| < || flleo|t — s|. So, ¢,s are equicontinuous and thus
by Arzela-Ascoli, the convergence is uniform on [—L, L] for every L > 0. Further, let

H,(t) = n'/2=B/ER) (M, (t) — ¢, (t)). Then, for t; <t < t,,

E|Hy(t) — Ho(t) | Ha(t2) — Ha(t)]
—

v (o (4T
{ ( _

Hy(t) = Hu(t1)]* B |Hy(ts) = Ha(t)]

<d ﬁ/(Qk)’d0+ ﬂ/ D}
1€(d0+ d0+ )}

<d0+ S d nﬂ/%Drx
( |

t
7t
t

do + arm ¢ nﬁ/ e } )

)
f

(s
o) b

111 (t—tl)(tz—t < IFI1% (82— 12)*.

o
mY

é
(x

VA
s
<
©
5
—
/—/H
/\/—\ =

np

IN

So, by Theorem 15.6 of Billingsley (1968, pp. 128), H is tight in D(R). As p < 2k,
(H,(t) — cn(t)) % 0 and hence H,(t) A c(t) as processes in D(R). As the limiting
process in degenerate and x(-) = sup;e_y, 1) [2(t)| is continuous, we get (B.9).
Moreover the limit process, ¢(t), is continuous and has a unique minimum. Also,
nf/) (d,, . — doy) is Op(1). Thus, by the argmin continuous mapping, we obtain the

desired result. O
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B.5 Proof of Proposition 3.11

We first show that

1 ; f(do)
ng(dm,m hn) — m + Op(l),

where
n

gi(d,h) =Y " (X; — d)* 1(X; € (d, d+ h)).

=1

Note that A, 2k+1)(d op(1). Fix 6 > 0. Then P[]a?mn — dy| < & B2

do) =
converges to 1. On the set [|dy,, — do| < & h2FH1],
g1(do — Sh2FL by, 4 20h2FY) > gy (s ) > g1(do + 6R25HY by — 26R294Y). (B.10)

So, it suffices to show that the above two bounds converge in probability to

f(do)/(2k + 1). Note that

1
E {ng (do + 5hik+1, h, — 2(5hik+1)

do+hy—8R2FTT

- # / (z — do — Sh2H) 2R f(2)dx

n n

do+5h2F+1
1-6h2k

1

Tkt / (why) 2 £ (do + K2 + why) hpdu
" 0
| S (do)
0
and
Var ng (do + 5hik+1, h, — 25h721k+1)}
n n

n
- m\/ar [(Xl —dy — Sh2F2R(X € (do + A2 dy — ShAF T 4 hn])]
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" g (X1 = do — S ™*1(Xy € (do + Sh2FH do — SR2F ' + hy))]

< g = 2+ o(1) = S 0,
Thus,
1 (do O, By — 2001 = 2]:?1 +op(1).

The treatment of the upper bound in (B.10) is similar. Next, let go(d, h) = > Vi(X;
d)*1(X; € (d,d + h]). As the k-th derivative of u is bounded in (dy,dy + ¢) for

sufficiently small (, we have

d0+hn
1 n
E [Wgz(do,hn)] = pi / () (= do)* f (x)da
n n do

1
1
= / w(do + uhy ) (why)® f(do + Sh2EHY + uhy,)hydu
0

h%k—‘rl
= / €l )+ of (uhy))) (b, ) F(dy + B2+
0
= ( ) by DCT.
= Spg ey

Also, by similar calculations,

Var [#gg(do, hn)]
= WE [Vi(X1 = do)* (X, € (do, do + ho])]’
- ﬁE [{12(X1) + 05/ (mon™) } (X1 = do) 1(X1 € (do, do + h])]
o(1) no

O(h2Ft1y = 0.

nh,  c(nh2+1)2p2k
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So, (1/(nh2* 1)) gy(do, b)) = E(f(do)/(2k + 1)) + 0p(1). To conclude the final result,

we need to show that

1 .
it {92 s ) = g2(do, ) | = 0p(1).

Let My = SuDye(gy.do+¢) £4(d), Wwhich is finite for sufficiently small (. On the set

(| dm.n — do| < 6A25+1], and for large n,

~

g2<dm,n7 hn) - 92(d0, hn)

1
a1 192(ds ) — ga(do, ) }

sup Y [IVil(Xi — d)F — (X, — do)*[1(X; € (do, do + ha) N (d,d + hy])
|d—d0|<§h3ﬁ+1 i=1
+ |Yi[(X; — d A do)* 1(X; € (do, do + hn) A(d, d + hy))]
sup Y [[VilR(X; — do + SR d — do|L(X; € (do, do + h))

ld—do| <o =1

+ [Vil(X; — do — 62 {1(1X, — do| < 6hZ1)+

< sup
|d—do|<8h2k+1

IN

IN

1(]X; — do — hy| < 0hZFTH)}]

— O S VLK, € (dovdo + 1)

i=1

+ O(hy) D IVH{L(1X; — dol < 8R2) + 11X — do — ha| < 835}
=1

O(h) > ~(Mo + |&)L(X; € (do, dy + hn))

i=1

IN

+O(hy) Y (Mo + &) {1(1X: = do| < k1) +1(1Xs — do — ha| < 6121}
=1

O(h¥*)Op(nhy) + O(HE)Op (h2EF1) = o0p (nh2E1).

IN

The last inequality follows from the fact that (1/(nhy,)) > (Mo + |&|)1(X; €
(do, dy + hy)) converges in probability to My f(dy), which can be justified by com-

puting the limiting means and variances. This completes the proof. O
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B.6 Proof of Proposition 3.14

For e > 0 and = € R, let

Nn

S 1 [guldngns — do) <@

Jj=1

==

and E, = [qu|ld, — do| < €. As ¢o/n — 0 and n(d, — dy) = Op(1), P(E,) — 1.

Moreover, on the set FE,,
Un(x —€) < Ly 4(x) < Uy(z +€).

Hence, to show pointwise convergence (in probability) of L, (-, 5) to Gs(-), it suf-
fices to show that U,(x, ) Ei Gp(z). Note that E [U,(x)] = G,s(z) = Gp(x).
So, it suffices to show that Var(U,(xz)) — 0. To this end, let s, = |n/q,|. For

j = 0,...,(sn — 1), let R, ; be the statistic d,, computed from the data set
(

‘<an+17 )(an“!‘l) 17 ) ) (an+1) ln’ R 7‘<QW]+(]n7 )(an‘ Qn) 17 ) (an 'Qn) ln)
Sn ] sdn,)

U,(x) has the same expectation as U,(x), but its summands are independent. Also
each summand lies between 0 and 1, and hence has a variance bounded above by 1/4.
Let X(;s denote the ordered X;s and Y[;(;)s be their ordered concomitants, i.e.,Y;(;s
are the replications at X(»s and Yj() < Yjyii1),J = 1,... (m —1). It can be seen
that

Up(x)=F [Un(.%)‘X(i),Y[i](j), 1<:1<n,1<5< m} .

So, by the Rao-Blackwell theorem, Var(U,(z)) < Var(U,(z)) < 1/(4s,) — 0 as
$p = |n/q,] — oo and thus U,(z, 5) KR Gp(x) for € R. The uniform convergence

in probability and (ii) follow from arguments for Theorem 15.7.1 in Lehmann and
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Romano (2005), given the pointwise convergence shown above. O]

B.7 Proof of Proposition 3.15

We first justify that the rate of convergence of cimn remains unchanged when we

impute a y/mn-consistent estimator of 75. Recall that

(. 0vr) =B, [fo (YROZD) o hax <.

g

As in the proof of Theorem 3.2, we need to bound the expression

E* sup \/ﬁHMm,n(da g, T)_Mm,n(da 0g, TO)}_{Mm,n(dm,na g, T>_Mm,n<dm,n7 00, 7—0)}’7
pn(d,dm,n)<d
(0,7)EVn,e

where M, ,(d,0,7) = EM,,,(d,0,7)], and V. = [09 — Lc/v/mn, o0 + Lc/+/mn] x
[70 — L¢/v/mn, 19 + L. /«/mn] is a set with L. chosen in such a way that P[(G,7) €
Ve > 1—¢, for € > 0. Following the proof of Theorem 3.2, the above display can be
bounded by

E* sup  [Gn [{@ (Vm(Y —7)/0) =7 }{I(X <d) = UX < dpnn)}]]
s

+v/n (dsdup - ‘Pn {® (Vm(Y —10)/0) — @ (Vm(Y —70)/00) } ¥
f:ﬁ\’aféZ\<Le

{1(X <d) = (X < dmn)}]]

+v/n (dsdup - ’Pn {® (vVm(Y —71)/0) —® (Vm(Y —79)/0) } %
G

{1(X <d) = 1U(X < dmn)}]]-

The first term involves empirical process acting on a class of functions with VC-
index at most 3 while the second term appears in the proof of Theorem 3.2. These

two terms can be dealt in the same manner as in that proof. For the third term,
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note that [® (vm(Y —7)/0) —® (vVm(Y — 1) /o) | < sup, |® (u+ /m(ro —7)/0) —
® (u) | which equals |® (v/m(17o — 7)/20) — ® (—v/m(70 — 7)/20)|. As ® is Lipschitz
of order 1, this is further bounded above by \/m|ry — 7|/0o. Hence, for sufficiently

large n, the third term in the above display is bounded by

2(L6/00> sup Pn|1(X < d) - 1(X < dm,n)|'

Pn (dvdm,n)<6

Hence, this term has the same order as ¢,(-) appearing in (B.2), in the proof of
Theorem 3.2. The rest of the argument is identical to the proof for the known 7y case
and thus, we end up with the same rate of convergence.

To justify that the limiting distributions also stay the same, note that n(czmn —dp)
is a minimizer of the process n{M,(dy + t/n,5,7) — M, (dy,6,70)}, t € R. But by
arguments analogous to the proof of Lemma B.3, the difference sup;e_;, 1 n|My(do +
t/n,o,7) — M, (do + t/n,d,7)| is /m(7 — 79) /6 x Op(1), which goes in probability
to zero for any L > 0. Hence, the limiting distribution is not affected as long as we

have a v/mn-consistent estimate of 7. O

B.8 Proof of Proposition 3.16

For notational convenience, we denote M1 (d) by M} " (d) (as m is a function of
n). Let ®,, be as defined in Section 3.2.1 and
IRS Vm p(i/n) :
MIP(d) = B [MEP(d)] = ~ P, | ==L | =y p1(i/n < d).
@=r ] =S e (YREE) i sa

The expression on the right side follows from calculations almost identical to (3.5).
Let di” = sargmin,c(o,) M7 (d). To prove Proposition 3.16, we use Theorem 3.2.5

of van der Vaart and Wellner (1996) (see also Theorem 3.4.1) which requires coming
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up with a non-negative map d — p,,(d,d:?) such that
M2 (d) = MP(d, ") 2 pr(d, d;).
Then a bound on the modulus of continuity with respect to p, is needed, i.e.,

E|vn sup  |(MJP — MEP)(d) — (MLP = MEP)(dEP)]| < éa(0),

pn(d,dED) <6

where the map 6 +— ¢,(5)/6* is decreasing for some o < 2. The rate of convergence

is then governed by the behavior of ¢,. We start with the following choice for p,.

Lemma B.6. Let n > 0. Let d — p,(d,dEP) be a map from (0,1) to [0,00) such that

puld dy?) = (1/n){| [nd| — [ndo][1(d < do)

+ | nd] — [n(dy? +nm~ V)] 1(d > dP +9m )}

Thenn and k > 0 can be chosen such that for sufficiently large n and p,(d, dEP) < &,

we have

Also, (dE'P — dy) = O(m~Y/2R),

We first provide the proof of Proposition 3.16 using Lemma B.6. Using the
above lemma, there exists A < oo such that for sufficiently large n and any 6 > 0,

W (d, dEPY < 6V C {|d — dEP| < A(62 + n~)}. Consider the case d > df'P and let
{pn(d. d;, n n

Note that E{U(i,d)} = 0 and for 1 < i # j < n, U(i,d) and U(j,d) are indepen-
dent. Also, S(i,d) := (MEP — MIP)(d) — (MEP — MEPY(dEP) = (1/n) >, Ui, d), a

Ui, d) = {@(\/ﬁfq)—@n <M>}1(d§D<z/ngd).
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normalized sum of (|nd| — |ndZP|) non-zero independent terms, is a martingale in

n Y

d, d > df'P. with right continuous paths. As |U(-,d)| < 1, E{U?(-,d)} is at most 1.

Using Doob’s inequality, we get

E sup \/ﬁls(i,d)\]

0<d—dEP <A(62+n—)
1/2

< Vi {ES(i,d" + A(8> +n"))}

1/2
> E{U(,dP + A5 + n—a))}]

i<n

1
NG

< (@4 n)
A similar bound can be established for the case d < df'P. Hence, we get

E

Vo osup o [(MG P = M) (d) — (M P = M) ()] | S ¢a(0),
pn(d,dEP)<S

where ¢, (0) = (62 +n~%)Y2. The function ¢,(-) and p,(-, d5P) satisfy the conditions

of Theorem 3.2.5 of van der Vaart and Wellner (1996). Hence, the rate of convergence,

say r,, satisfies

1
24, (—) < Vit = (24 <n.

T'n
Note that 2 = n® satisfies the above relation and therefore n®p2(d,,dEP) is Op(1).

Consequently, we get na(czn —dy) = Op(1). ]

Proof of Lemma B.6. Since p(z) = 0 for z < dy, note that d£'P > d, for sufficiently

large n. As ®,,(0) converges to 1/2, it can be seen that for large n and d < dj,

My (d) — My(dy,”) > My(d) — My (do)

n

— Z{’y —®,(0)}1 (d < % < do>

i=1
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(7= 3) fLnd = Lndol} /. (B.11)

|
DO | —

Next, we show that

o, (W“%/”Q)> — > Ko, (B.12)

for sufficiently large n and some Ky > 0. It can be shown that dX” converges to dy.

Hence, dZ'P is not a boundary point of the interval [1/n, 1] for large n; it corresponds

to a local minimum of M, i.e,
o (Vinldi?) 1+t ) <7 < 0 (Vinatds? + 1/ 1+ o).

Thus,  ®,(ymu(diP)/\/1+03) converges to ~ and  consequently,
Vmu(dEP)/\/1+ 02 and m~Y¥)(d, — dy) are O(1). Thus, it suffices to show
that v/m(u(dEP +n/v,) — u(dEP)) is bounded away from zero to justify (B.12). This
can be shown in an identical manner as in the proof of Lemma B.2.

Choose k > 0 such that p is non-decreasing in (dy, dy + ). For sufficiently large

n, dEP +nm~1) +1/n < dy + k and hence,

Mn<d> - Mn(d5D> > Mn(d) - Mn<d0 + Umfl/(%))

> > o (Vmtmn/tea) -}
do+nm—1/(2k) <j/n<d
> Ko(|nd] — [n(d)” +77m_1/(2k))J)/n. (B.13)
Using (B.11) and (B.13), we get the result. O
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APPENDIX C

Proofs for Chapter 4

We start with proving a few auxiliary results that are repeatedly used in the
proofs. Recall that K and p are Lipschitz continuous of order o € (1/2,1]. Let
up(z,v) = (1/hp)p (v) K ((x —v)/hy,) for z € [0,1] and v € R.

Lemma C.1. For ji(-) as in (4.5), we have

1

1
sup |ji(x) — unx,vdv—O( )
s (o) / (@) T

Proof. Note that fi(x) = (1/n))_, un(x,i/n) and u,(x,v) = 0 whenever |z —v| >

Loh,,. Moreover, the difference between

() —/lun(x,v)dv

and
(i4+1)/n

Z / {un(x,i/n) — uy(x,v) }do

1<i<n 7
lz—i/n|<Lohn, “/™
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1s at most

1/n z—Lohn+1/n
/]un(x,v)|dv+ / ()| do
0 -T*Lohn

which is bounded by (1/n)sup, , un(z,v) < ||pl|oc|| Koo/ (nhr). Hence,

(i4+1)/

< 0 (nzn) + I;n / [ (x,i/n) — u,(z,v)|dv.

|z—i/n|<Lohn i/n

For vi,vs € R, hpluy(z,v1) — up(z,v2)] < |u(vr) — p(u)|K ((x —v1)/hn) +
| (v2) || K ((z —v1)/hn) — K ((x —v2)/hy) |. As K and p are Lipschitz continuous
of order «, |u,(z,v1) — up(z,v2)| < 1/hT vy — v9]®. Also, the cardinality of the set
{i :1<i<n,|z—1i/n| < Loh,} is at most 2Lgnh, + 2 and therefore, the above

display is further bounded (up to a positive constant multiple) by
(i+1)/n

1 li/n —v|* 1 2Lgnh, + 2
g ———dv <
O (nhn) i 1<i<n / h1+a N O (nhn> - (O{ + 1)(nhn)1+a’

|le—i/n|<Lohn i/n

which is O (1/(nh,)®). Here, the final bound does not depend on z and thus, we get

the desired result. OJ

Note that the above result holds for generic functions p and K, satisfying as-
sumptions 1(a), 4(c) and 4(d). Letting u(r) = o2 and substituting K? for K, we
get:

Corollary C.2. Let z,(x,v) = (02/h,)K? ((x — v)/h,) . Then,

1

1
sup Eix—/zn:ﬁ,vdv20<—).
z€0,1] (@) J (z:0) (nhp)®
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As a consequence, when i/n € [Loh,, 1 — Loh,],

Y2 (i/n) = /zn(i/n,v)dv~|—0(1)

i/(nhp)
= o) min K?(u)du + o(1)

C.1 Proof of Theorem 4.3

To prove Theorem 4.3, we use Theorem 3.2.5 of van der Vaart and Wellner (1996)
(see also Theorem 3.4.1) which requires coming up with a non-negative map d
pn(d, d,) such that

Ma(d) = Ma(dn) = p2(d, dy).

Then a bound on the modulus of continuity with respect to p, is needed, i.e.,

v sup I(Mn(d)—Mn(dn))—(Mn(d)—Mn(dn))!] (C.2)

where the map § — ¢,(J)/d* is decreasing for some o < 2. The rate of convergence

is then governed by the behavior of ¢,. We start with the following choice for p,,.

Lemma C.3. Fizxn > 2Ly > 0. Let d — p,(d,d,) be a map from (0,1) to [0, 00)

such that

puld.dn) = (Kyi/n){| [nd] — [n(do — Lohn)] [1(d < do — Lohy,)

+[ [nd] — [n(dn +n/va) ] [1(d > dn +1/1n)}

200



for some K1 > 0. Then K; and k > 0 can be chosen such that for sufficiently large

n and p,(d,d,) < Kk, we have
M, (d) — My (dn) > py(d, dn).

We first provide the proof of Theorem 4.3 using Lemma 4.2. By the above Lemma,
there exists A < oo such that for sufficiently large n and any § > 0, {p,(d,d,) < 6} C
{ld —d,| < 6*/K1+ AJv, +2/n}. Let d > d, and

Utid) — {@(m(w/n))) o, (mmwm»)}

1+ 32(i/n)
)

where i is defined in (4.5). By (4.6), E{U(i,d)} = 0. Also, for 1 < 4,5 < n,

x1 (dn <

SH

U(i,d) and U(j,d) are independent whenever |i — j| > 2Lgnh,. Let ji = i and
Ji=ji, + [2Lgnh,]. Then,

S(i.d) == (1/n) 3 UG, d).

ji<n

a sum of at most [(d — d,,)/(2Loh,)| non-zero independent terms, is a martingale in
d, d > d,, with right continuous paths. As |U(-,d)| < 1, E{U?(-,d)} is at most 1.

Using Doob’s inequality, we get

E sup |5 (i,d)]
|d—dn|<8%/K1+A/vn+2/n
d

2>dn

< {ES*(i,dy + 6/ Ky + Afvy +2/n)}"?
1/2
1
= | 2o BAUGr dn+ 0K+ Afvn 4 2/n)}
Ljy<n
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1
m((52/K1 + A/Vn —I— 2/n)l/2
0

As (M, — M,,)(d) — (M,, — M,,)(d,,) = ZDLOM" S(i,d), for sufficiently large n,

E \/ﬁ sup |(M,, — M,,)(d) — (M, — M,,)(dy)|

Pn (d,dn)<5,d>dn

< E|vn sup |(M, = My)(d) — (M, — My,)(dn)]
|[d—dn|<6?/K1+A/vn+2/n
d>dn
1
< ﬁ(%onhwm(ﬁ/m + Afvn +2/n)? < ¢,(6), (C.3)
o iin

where ¢,,(8) = /nh, (0% +v; ' +n~1)1/2. This bound can also be shown to hold when
d < d,. Also, ¢,(-) and p,(-,d,) satisfy the conditions of Theorem 3.2.5 of van der

Vaart and Wellner (1996). Hence, the rate of convergence, say r,,, satisfies
radn ( ) <Vn = nh,(r2 4t v, i n) <

Note that 2 = v, satisfies the above relation and therefore v,p2(dy,d,) is O,(1).
Consequently, we get v, (d, — do) = O,(1). O

Proof of Lemma C.3. Since ji(z) = 0 for x < dy — Loh,,, note that d,, > dy — Loh,
for sufficiently large n. As ®;,,(0) converges to 1/2 uniformly in 4, it can be seen that

for large n and d < dy — Loh,,,

Mn(d) - Mn<dn> > Mn(d) B Mn<d0 - Lohn)
= i{'y —®;,(0)}1 (d < % <dy— Lohn)
> 1 (7 _ %) {[nd] — [n(do — Loha) |} /0. (C.4)
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Next, we show that

& vl fi(dy +1/vn)

V14322
for sufficiently large n and some K, > 0. Using (4.7), note

that @, (\/nhnp,( W) /)1 + X2 (d )) converges to vy and consequently,

Vihoi(dy)/A/1422(d,) is O(1). As Y2(d,) is also O(1), it suffices to show

that v/nh,(i(d, + n/v,) — f(d,)) is bounded away from zero. To show this, note

that by Lemma C.1,

Vb (i(dy +n/vn) — ji(dy))
/ v nh, {p(d, +n/ve + uhy,) — p(d, + uhy)} K(u)du + o(1).

—Lo

Choose k > 0 such that p is non-decreasing in (do, dy + 3k). For sufficiently large
n, d, + 1n/vs + Loh, < dy + 3k, and hence, the integrand in the above display is
non-negative. With L; such that K,,;, = inf{K(z) : x € [—Ly, L1]} > 0, the above

display is bounded from below by
201 Koin N/ nhy (p(dy + /vy — Lihy) — p(dn + Lohy))-

As 1 > 2L, note that d,, + n/vn — Lihn > dy, + Lohy > do. With ¢{” and ¢{? being

some points in (dy, d,, + 1n/vy, — L1hy,) and (do, d,, + Loh,,) respectively, we have

Vnho{p(dy +n/ve — Lohy) — p(dn + Lohn)}

vnh,
o ) (/v = Ly = do)* = i (¢ (o + Lol — do)*)
Vb u® (¢
/;g‘ <C ) [(dn + 77/1/n — Llhn — do)k — (dn + LOhn o dO)k]
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nh,

k!

> nhy, [

(D) = () (dn + Loha — do)*

{u®) (dog+) + 0(1)} (/v — 2Lohn)*
!

+o(1)(dy — do + Lohn)k] .

Using Lemma 4.2, (d,,—dp) is O(1/v,,) and hence, the above display is further bounded
from below by

(n —2Lo)* +o(1)] .

Vnh, {M(k)(dﬁ-)

vk k!
As v/nh,/vF > 1, (C.5) holds.
Further, as the kernel K (u) is non-increasing in |u|, fi is non-decreasing in (dy, do+

2k). For d € (d,, + n/vy, do + 2k),

My (d) = My(dy) = My(d) — My (do +1/vn)

> > { @ (Vahaat/m) VIF S -7
do+n/vn<i/n<d
> Ko([nd) — |n(d, +n/v.)])/n. (C6)

Using Lemma 4.2, there exists Ay < oo such that for sufficiently large n, v,|dy—d,,| <
Ayp, and hence {p,(d,d,) < k} C {|d—do| < K*/ K1+ AJv,+2/n} C {|d—dy| < 2k},
where A = 2max(n, Ly, Ap). Letting Ky = (1/2) min(y — 1/2, Ky) and using (C.4)

and (C.6), we get the desired result. O

C.2 Proof of Lemma 4.4

In order to prove Lemma 4.4, we first justify a few auxiliary results required to

prove the tightness of W,,. Recall that

Wi (t) = v/nhnji(do + thy).
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Let €,(-) be such that €,(t) = W, (t) — Vnh,i(dy + thy,), i.e.,

e(t) = ;hn 2:; K (W + t) | (.7)

Lemma C.4. The processes v/nh,é,(dy + thy,), t € R, are asymptotically tight in
C(R).

Proof. As the kernel K is Lipschitz of order ae > 1/2, there exists a constant Cy > 0,

such that |K(t) — K(s)| < Cy|t — s]*. Fix T' > 0. For s,t € [-T,T], we have

:nihn 3 o2

|do—i/n|<(Lo+T)hn
A4(Lo+T + 1)asC2|t — s

IN

Since av > 1/2, the result is a consequence of Theorem 12.3 of Billingsley (1968, pp.
95). O

We use a version of the Arzela-Ascoli theorem to prove the next result and thus

we state it below for convenience.

Theorem C.5 (Arzela-Ascoli). Let f,, be a sequence of continuous functions defined

on a compact set [a,b] such that f, converge pointwise to f and for any 6, | 0

SUD|;_y|<s, [fn(T) = fu(y)| converges to 0. Then sup,c(, | fu(7) — f(2)| converges to

ZEero.

Lemma C.6. The sequence of functions /nh,i(dy + thy,) converges to m(t), uni-

formly over compact sets in R.
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Proof. The pointwise convergence is evident from Lemma 4.4. To justify the uniform
convergence, let z,(z,t) = (1/hy)u(x)K((dy — x)/h, + t). By arguments similar to
those for Lemma C.1, |z,(z,t) — z,(y,t)] < 1/hlT¥z — y|* and consequently, for

te[-T,T),

1 li/n — x|* 1
< of— pm =l e —o(——),
= O(n%)* 2 PR O<<nhn>a>

1<i<n
|dn—i/n|<(Lo+T)hn

As the above bound does not depend on ¢t and a > 1/2, for s,¢t € [-T,T], and 6 > 0,

sup ‘\/ nh,fi(do + thy) — \/nh,j(dy + shy)

[t—s|<d

[t—s|<d

= sup \/nhn/{zn(x,t)—zn(x, s)}dzx| 4 o(1)

< \/nhn/u(d0+uhn)|K(t—u)—K(s—u)|du—|—0(1)

bott
< Vi [ ) (=) K (5 =)l du o),

where (, is some intermediate point between dy and dy + wh,. The k-th derivative
of p is bounded on (dy, dy + (Lo + T)h,,) for sufficiently large n and hf+/nh,, equals
hlgH/ >, As K is uniformly continuous, the above display goes to zero as 6 — 0 by

DCT. Hence, by the Arzela—Ascoli theorem we get the desired result. ]

We now continue with the proof of Lemma 4.4. For (a;,t;) € R?, i =1,...1, we

have
ZaiajCov(W(ti), W(t;)) = / {Z a; K(t; + u)} du > 0.

Hence, the defined covariance function is non-negative definite and by Kolmogorov
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consistency, the Gaussian process W exists.

Let r(h) = {/ K(h +u)K (u)du} /K? denote the correlation function of W. For
W to have a continuous modification, by Hunt’s theorem (e.g., see Cramér and Lead-
better (1967, pp. 169-171)), it suffices to show that r(h) is 1—O((log(h))~°) for some
0 > 3 as h — 0. Note that the kernel K is Lipschitz continuous of order o and hence,

we have

0= rttoa(h)) = |t [ =T kua

0

1
< —————|h%(log(h))’] = 0.
Thus, W has a continuous modification. Next, we justify weak convergence of the
process W, to W.
As a consequence of Lemma C.4 and C.6, the process W,, is asymptotically tight.
To justify finite dimensional convergence, it suffices to show that:

Walt) | 4 [ W0 , (C.8)

W, (t2) W (ts)

where 1,23 € R. Let x; = do +tjh,, j = 1 and 2. Then,

i(x;) = /nhn jhinu(a:)l((xjh;x) dz + O (m)

do/hn-i-tj
= +/nh, / p(do + (t; — v)hy) K (v)dv+0(1)

(do—1)/hn+t;

4 (k) (g
— nh, / “k—(!d()) ((tj—v)’fhmo(hg))f((v) dv + o(1)

(do—=1)/hn+t;
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tj

= hﬁ“”% /(tj—v)kK(v)dv+o(1) +0(1) = m(t;) + o(1).

[e.9]

The last step follows from DCT as the k-th derivative of p is bounded in a right

neighborhood of dy and [ |v|"K (v)dv < co. Moreover,

E[ETL(IJ)] = 0,

Var[€.(z))] = ¥ (x;) = og K2,
and, by a change of variable,

Cov [€,(x1), € (22)
1

YaK (@i —i/n)/h,) 1 Y &K ((xa—i/n)/hy)
nh, (1) "/nh, Y (x2)

= o2 / Kt + w)K (s + u)du + o(1).

= COV[

Also,

S K2 (5 — i) fh) (24 o()) O

Hence, the Lindeberg-Feller condition is satisfied for €,(z;)s and by the Cramér-Wold
device, (C.8) holds. This justifies the finite dimensional convergence and hence, we

have the result. O

C.3 Proof of Theorem 4.6

In order to prove Theorem 4.6, an ergodic theorem and Borell’s inequality are
found useful, which are stated below for convenience. For the proofs of the two
results, see, for example, Cramér and Leadbetter (1967, pp. 147), and (Adler and
Taylor, 2007, pp. 49-53), respectively. Also, we use Theorem 3 from Ferger (2004)

which we state below as well.
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Theorem C.7. Consider a real continuous second order stationary process &(t) with

mean 0 and correlation function R(t). If

for any a > 0, then & satisfies the law of large numbers, i.e., T—! fOT{’(t)dt converges

a.s. to zero as T — oo.

Theorem C.8 (Borell’s inequality). Let & be a centered Gaussian process, a.s.

bounded on a set I. Then E {sup,c;&(u)} < oo and for all x > 0,

P {supﬁ(u) —-E <Sup€(U)> > l’} < exp (_—x;) )
uel u€el 207

where 02 = sup,c; Var{&(u)}.

Theorem C.9 (Ferger (2004)). Let V,,, n > 0, be stochastic processes in D(R),
defined on a common probability space (2, A, P). Let &, be a Borel-measurable mini-

mazer of V,,. Suppose that:
(1) V,, converges weakly to Vo in D[—C,C] for each C > 0.

(i) The trajectories of Vo almost surely possess a smallest and a largest minimizer

& and & respectively, which are Borel measurable.
(1ii) The sequence &, is uniformly tight.

Then for every x € X,
Pl < 2] < liminf P,[¢, < 2] < limsup P*[¢, < 2] < P& < z].
n—oo

n—oo

Here, X = {x € R : P[Vy is continuous at x| = 1}.
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We now continue with the proof of Theorem 4.6. Let

This is a mean zero stationary process and thus, so is the process D(t) = ® (Wy(t)) —
1/2 with correlation function R(t), say. As, K is supported on [—Lg, Lo}, W(t1) and
W (ty) are independent whenever |t; — to| > 2Ly and hence R(t) = 0 for ¢t > 2L,.
So, (1/t) fot R(y)dy = O(1/t) as |[t| — oo and therefore, by Theorem C.7, Z\(t) =

(1/t) fOtD(y)dy — 0 a.s. as |t| = oco. For t < 0, we write Z(t) as

Z(t) =t Zl(t)+(1/2—’v)+(1/t)/{CD(W(t))—‘I)(Wo(t))}dy

When t < —Lg, m(t) = 0, which gives W (t) = Wy(t) and hence the third term in the
above display goes to zero and Z(t) — oo a.s. ast — —oo. For ¢ > 0, fix M > 0 and

J be a positive integer. Then

PLeinf W(t)<M] < PLeinf Wo(t) + inf m(t)<M}

[7,5+1] [7,4-+1] telj,i+1]
— P sup <—wo<t>>>m<j>—M],
te[j.j+1]
as infiefjpm(t) = m(j). By Borell’s inequality, the above probability is

bounded by exp [{—m(n) — Lo — Esupte[jJH](—Wo(t))}Q], where by stationar-
ity, Esupejp(=Wo(t)) = Esupyoq(=Wo(t)) which is finite, again due to
Borell’s inequality. Also, it can be seen that m(j) = (j — Lo)* and hence
Y P [supepj i (—=Wo(t)) > m(j) — M] < oo. Using Borel-Cantelli lemma, we
get Plliminf; o, W(t) > M| = 1. As M can be made arbitrarily large, we get that
W (t) diverges to oo a.s. as t — oo and consequently so does Z(t).

Note that Z,, (defined in (4.9)) converges weakly to Z in Bj,.(R) and consequently,
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in D(R) as well. Moreover, Z has continuous sample paths with probability 1. As
Z(t) — oo when [t| — oo, & and &, are well defined and Borel measurable. Further,
recall that h,, 1(6271 — dp), the smallest argmin of the process Z,(+), is determined by
the ordering of finitely many random variables and hence, is measurable. Also, by
Theorem 4.3, it is O,(1). Hence, conditions (i), (ii) and (iii) of Theorem C.9 are

satisfied with V,, = Z,, and Vy = Z, and thus,

liminf P[c},;p < by (dy — do) < ¢\ _pp] > liminf Plh, ' (d, — do) < ¢}, o]

n—oo n—oo

—limsup P[h;}(d, — dy) < Co/2)

n—oo

> 1—a.

Hence, we get the desired result. O]

C.4 Outline of the proof of Proposition 4.9

We assume the rate of convergence for the proof as it is a consequence of arguments
similar to that for the proof of Proposition 4.11 (see Section C.6).

To see that we end up with the given limiting distribution, recall that for 7y = 0,

- {a () (£ 20)

del0,1]

Thus, the form of the limit distribution is dictated by the asymptotic behavior of the

local process

0 - (TR ) (s oorn) - (129)

Proceeding as we did in the proof of Theorem 4.5, Z! can be split into I}(t) + 112 (1),
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where
d0+t n

Ik (t) =h! / ( <‘/_( C§>))—7)dx (C.9)

0
and the contribution of I!(t) = Z!(t) — IT(t) can be shown to converge to zero. By

a change of variable, II} can be written as

0= (i) o

0

where, W, is as defined in (4.10). This term differs from its analogue for Method 2
(see (4.3)) through the normalizing factor ¥, (do + yh,, d) which converges in prob-
ability to o9V K?2. The tightness of the ratio process Wi (y)/Sn(do + yhn, &) can be
established through calculations similar to those in the proof of Lemma 4.4. Hence,

by a Slutsky-type argument, we get that

t
1 : W(y)

hoi(d —d —>darm1n/{<1>( )— }d,
n(n 0) thIR{ / 0 ) Y Y

for h, = hon~ k1) Note that the process on the right side of the above display is

precisely Z;. This completes the proof. O]

C.5 Outline of the proof of Proposition 4.10

Here, we provide a brief outline of the proof to convince the reader about the form
of the limiting distribution. Note that this is dictated by the asymptotic behavior of

the local process

Z(t) = P, [{@ ( nhnﬁ(X)) - 7} (1(X < do + thy) — L(X < do))]
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that arises out of the criterion in (4.11) (with 7 = 0). As in the proof of Theorem

4.5, Z, can be split into I,,(t) + IT,(t), where

d() +thn

I1,(t) = bt / (<I>< nhn,&(:c)) . 7> F(a)dx (C.10)

do
and the contribution of I,(t) = Z,(t) — I1,(t) can be shown to go to zero. By a
change of variable, I1,, can be written as

t

11,00 = [ [# (W) =] Fdo + by

0

where W, (y) = v/nhnji(dy + yhy). The process W, can be shown to converge weakly
to the process W by an imitation of the arguments in the proof of Lemma 4.4. Also,

f(do + yh,) converges to f(dy) > 0. Consequently

ht(d, — do) < argmin {f(dO)Z(t)} = argmin {Z(t)} :

teR teR

C.6 Proof of Proposition 4.11

Recall that

s () ) =9

1=1

3 |

and M, (d,7) = EM,(d,7)]. We make the dependence on the parameter 7 explicit
for the analysis. Here M, (d, 7) is interpreted as M, (d,7) computed at 7 = 7. Now,
we extend the proof of Theorem 4.3 to show that the rate of convergence remains the
same.

Rate of convergence. As \/n(7 — 19) = Op(1), for any € > 0, there exists Vo > 0

such that P [\/n|f — 79| < V2] > 1 — €. To show that the rate of convergence does
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not change, we need to derive a bound on

E \/ﬁ sup  [(M,(d,7) —M,(d, 7)) — (My(dn, 0) — My (dn, 7_0))|]

pn(d,dn)<d

having the same order as ¢,(6) (see (C.2) and (C.3)). A relaxation is possible due to

Theorem B.1 of Appendix B. For each ¢ > 0, it suffices to find a bound of the form

\/ﬁ sup |(Mn - Mn)(d’ 7:) - (Mn - Mn)(dm TO)|1(Un,e> < Ce¢n(5)7 (C'll)

pn(d,dn)<d

E

where P[U, ] > 1 — € and C, > 0; see Banerjee and McKeague (2007, Theorem 5.2).
For U, = [T € [t — Vij2/\/1, 7o + Vesa/v/1]], the left side of the above display can
be bounded by

E \/ﬁ sup \(Mn - Mn)<d7 7~') - (Mn - Mn)(dm 7'0)‘
pn(dydn)<6,|F—70|<Ve/2/v/n
< F \/ﬁ sup |(Mn - Mn)(dv TO) - (Mn - M">(d"’ TO)‘]
pn(dydn) <8

+FE |v/n sup |(M,,(d, T) — ML, (d, 79)) — (M,,(dy, T) — M,,(dy, 70))|
pn(d,dn)<8,
[F—To|<Ves2/vn

The first term on the right side is precisely the term dealt in the case of a known 7

(see (C.2)). As for the second term, note that by the Lipschitz continuity of ®,

(M, (d, 7) — M (d, 70)) — (M (dn, 7) — M (di, 70))|

S () ) - (v () )
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Thus, we have

E |vn sup |(M,,(d, 7) — M, (d, 70)) — (M, (dpn, T) — M, (dn, 70))|
pn(d,dn) <9,
[T=70|<Ve/2/v/n

S VA 4 2/n) £ Voo (9)

for § < 1 and large n. Hence, the expression in (C.11) has the same bound ¢, (-) (up
to a different constant) and thus, we get the same rate of convergence.

Limit distribution. Recall from (4.9) that
Zn(t) = Zn(t,70) = hy,' [Min(do + thy, 7o) — M, (do, 70)] -
To show that the limiting distribution of d, remains the same, it suffices to show that

sup | Zn(t,7) — Zn(t, 70)] (C.12)

te[-T,T]

converges in probability to zero, for any 7" > 0. Again by the Lipschitz continuity of
d

’

’Zn(t> ’f_) - Zn(ta 7_(])’

n

S o (v (2) ) o (v ()
\

i=1

G )

1 | . i i
S . ;\/nhn|7—_7_0| (1 (Eﬁdtﬁ-Thn)—l(ESdo))‘
< hn<Tnhn+2)\/ﬁ\7°—To|.

nh,
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As the above bound is uniform in ¢ € [T, T] and /n(7 — 7o) is O,(1), the expression

in (C.12) converges in probability to zero and hence, we get the desired result. O]

C.7 Proof of Proposition 4.13

Given what has been done earlier for proving results from Section 4.2.2, it suffices
to show that the process €,(t), defined in (C.7), converges weakly to a mean zero
Gaussian process having the covariance function of W in the setup of Section 4.5. As
W, (t) = v/nhpji(dg + thy,) + €,(t), Lemma C.6 then justifies the weak convergence of
W,, to W. The statement and the proof of Lemma 4.4 relies on the i.i.d. assumption
only through the convergence of W,,’s and the form of their limit. Hence, it would
follow that the process Z, (defined in (4.9)) converges to Z. The result then follows
from applying the argmin continuous mapping theorem as in proving Theorem 4.7.

We start by showing the covariance function of the process €, converges to that

of W. For t1,t, € R, let xj = dy +tih,, j = 1,2. We have

Cov(En(t), en(ts)) = thz—] ( h””)K(%).

As oip(l—7) = [ ¥(uw) exp(e(l — j)u)du, the above expression reduces to

Km (u) K yy (—u)du,

nh,

where for z,u € R, K,(u) = >, K(h~{x —j/n})ev". Under short range depen-
dence, Assumption 1 of Robinson (1997) requires 1 to be an even non-negative func-

tion which is continuous and positive at 0. Using this assumption, it can be shown
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that the difference between the above display and

GO) [
n—hn/Km(u)Km(—u)du

goes to zero by calculations almost identical to those in Robinson (1997, pp. 2061—
2062). As ["_exp(e(l — j)u)du = 2mdy;, with &;; being the Kronecker delta, the above

expression equals

s (25w (2722

Following the arguments identical to that in the proof of Lemma 4.4, this expression
can be shown to converge to the covariance function of W. What remains now is
the justification of the asymptotic normality of finite dimensional marginals of €, and
proving tightness.

Justifying asymptotic normality of the finite dimensional marginals of €, requires
showing the asymptotic normality of any finite linear combination of marginals of €,
and then applying the Cramér-Wold device. Given the convergence of the covariances,

it suffices to prove that for (¢,,t,) e R, 1 <r <R €N,

cEn(t,) 5 N(0,1), (C.13)

where v2 = Var (ngr CTEn(t,,)). The left hand side equals ) w;,€e; where

s anz (B )

As in (Robinson, 1997, Assumption 2), we assume ¢;’s to be a linear process with
martingale innovations and square summable coefficients, i.e, there is a sequence of

martingale differences u;,j € Z adapted to F; = o{uy : k < j} with mean 0 and
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variance 1, such that
€ = Z aUi—j, Z 05]2- < 0. (014)

To show asymptotic normality, we justify conditions (2.3) and (2.6) from Robinson
(1997). The condition (2.3) is just a normalization requirement which holds in our
case as the variance of the left hand side of (C.13) is 1. The condition (2.6) of
Robinson (1997) is about justifying the existence of a positive-valued sequence a,,

such that as n — oo,

1/2
S owi > ol + max [wi| > oyl = 0. (C.15)
g lil>an o lil<an

For a, such that a, — oo and nh,/a, = 00, 37, aF = o(1), due to (C.14). Also,
by Cauchy-Schwartz, 3 . ., [a;| = O(y/an). By the compactness of the kernel and the
fact that v, = O(1), >, w3, = O(1). As the kernel K is bounded, max<;<, |wi,| =
O (1/v/nhy,). Hence, the left hand side of (C.15) is o(1) + O <\/W) which is
o(1). This shows convergence of the finite dimensional marginals.

For tightness, recall that for ¢t € [T, T]

_ 1 do - z/n
- S (B,
Vih, - P

i:|do—1i/n|<(Lo+T

We have

Ee,(th) — &l(ts)]” = 1 /@D(U)(Kml(U)—Km(U))(Km(—U)—f(m(—U))du

nh,,

As 1) is a bounded function, the above expression is bounded up to a constant, due
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to Cauchy-Schwartz, by

1
nhy,

[ 1) = Ko
As [A(Il (u) = Zj K ((1’1 - ]/n)/hn) ezju’

|Kx1 (u) - [A(ZL“Q (u)’2 S nhn‘tl - t2’2a
due to Lipschitz continuity of K. Hence,

Ele(t) — &) < |t —t™

The tightness follows from Theorem 12.3 of Billingsley (1968, pp.
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APPENDIX D

Proofs for Chapter 5

D.1 Proof of Theorem 5.2

Here, we establish consistency with respect to the (stronger) Hausdorff metric,

dp(S1,S2) = max |sup p(x,Ss), sup p(x,S1)| - (D.1)

€S €S2

Moreover, we would only require min(m,n) — oo instead of taking m to be of the
form mgn?, B8 > 0.

To exhibit the dependence on m, we will denote M, by M,,,. Recall that
M,,(S) = E [M,,,(S)] converges to M(S) for each S € S. Also, Var(M,,,(5)) =
(1/n)Var ((®(v/mY:) —v)1s(X)) < 1/n which converges to zero. Hence, M, ,(S)
converges in probability to M(.S) for any S € S, as min(m,n) — oo.

The space (S, dy) is compact (Blaschke Selection theorem) and M is a continuous
function on §. The desired result will be a consequence of argmin continuous mapping

theorem (van der Vaart and Wellner, 1996, Theorem 3.2.2) provided we can justify
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that supges My, (S) — M(S)| converges in probability to zero. To this end, let
M, ,,(S) = My n(S) + Puylx (S) = P,® (VmY) 15(X)
and M'(S) = M(S) + Py1x(S). Note that

sup M, (S) — M(S)| < ysup [(P, — P)(S)| + sup M, ,(S) — M*(5)].
Ses Ses ses

The first term in the above expression converges in probability to zero (Ranga Rao,
1962). As for the second term, note that M), (S) converges in probability to
M*'(S) for each S and M, , is monotone in S, i.e., M}, (S1) < M}, (S2) when-

ever S; C Sy. As the space (S, dy) is compact, there exist S(1),...,S5(l(d)) such that

SUPges Miny<j<is) du (S, S(1)) < 4, for any 6 > 0. Hence,

sup [M, , (S) — M'(S5)|
Ses

= max sup  |M}, . (S) — M*(S
1Sl§l(6)dH(s,S(z))<5| ’ (5) (5)1

< 2 max sup ML, (S) — M*(S(I
1§lSl(5)dH(5,5(l))<5| () (SO

< 2 max max([M,,,(:(S()) = M'(S(D)], M}, , ((S())") — M (S(1))))-

1<I<I(8)

The right side in the above display converges in probability to
2 masx; << [max(| M (5(S(1)) — M'(SWD)], [M((SW)') — MUSD)])] can be
made arbitrarily small by choosing small § (as M! is continuous). Also, as the map
S — dp(S,Sy) from (S,dy) to R is continuous, we have consistency in the dp metric

as well. This completes the proof. O]
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D.2 Proof of Theorem 5.9

In light of what has been derived in the proof of Theorem 5.2, it suffices to show

that M., (.S) converges in probability to M (S). Note that,

7 _ nhy (@)
For z € {(z1,22) : k/m < xy < (k+1)/m,l/m < xy < (I 4+ 1)/m}, let

fulw) = Wiy and f(2) = B |fu(2)| = @, (M) )

Then M,(S) = [ fu(x)dz. For any fixed x in the interior of the set Sy, f(x) = ®,(0)
for sufficiently large n which converges to 1/2. As pu is continuous, for any fixed x ¢ Sy,
pzs, = inf{pu(y) : p(x,y) < 6;} > 0 for some 0, > 0. Hence f,(x) > ®(\/nh2p,s,)
converges to 1. Also, |f,,(z)] <1 and hence, M,,(S) converges to M(S) by DCT.

Moreover,

~ ~

Var(M,(.5)) < s Z Cov <fn(xk7l)7fn($k’,l’)> :

As |fn(xkl)| <1, and fn(l"k,l) and f,(zy ;) are independent whenever min{|k—k'|, || —

U'l} > 2Lymh,,, we have

Z Cov <fn(xkl)7 fn(ﬂck',l')) < (mhy,)? = nhZ,

Kl

for any fixed & and [. Hence, Var(M,,(5))is bounded (up to a constant) by n(nh?)/n?
which converges to zero. Hence, M, (S) converges in probability to M(S), which

completes the proof. O
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D.3 Proof of Lemma 5.11

The sum Zk,l Wiils(xg) can be written as zl<ij< [V R; j where for k;s and [;s
defined as in (5.20), each block

Ri; = Z Wi, 1s(w,1;) (D.2)

k:1<k; i <m

is a sum of r;; many independent random variables with
2 2
[t [V | <y < o [V [

As m/vm/ — oo,
n/(2m') <ry; <2n/m/, (D.3)

for large n, a fact we use frequently in the proofs. Note that ), <ig<[vamr] T = 1

and hence, by convexity of exp(-),

1 ri (R
exp (E Z Wklls(xkl)> < Z #GXP (rijj> '

1<k,I<m 1<ij< [V’

As |Wklls(l’kl>| < 1s($kl>7

AN
|§
Ay
&
©)
]
o}
N\
>
-
s |
<.
>
)
~__
&)
B
o,

1
P (g ZWklls(fEkl) > a>
kol

VAN

@

[
i)

AR, A?
E exp( J) < 2 Z (1S($kilj))2

7"'. . ..
v W 1<kl <m

The second bound in the above display is simply the one used in proving Hoeffd-

ing’s inequality for independent sequences (Hoeffding, 1963, equation (4.16)). Con-
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sequently,

1
P (ﬁl Z Wiils(zm) > a)
kol

)\2
< eMexp [ ———  max ls(Tr;)
8(n/2m’)? 1<ij< [Vim'] k’,l:1<zk:i,lj<m !

Choosing
a(n/m’)

A\ =
max, e Fyar] | (1) Sty om L@,

and paralleling the above steps to bound P <(1/n) Yk Wils(zm) < a>, we get

4t >

< 2exp |—
16m/ MaxX, < j<[vm') [(1/%) Zk,l:lgki,ljgm 1S(xkilj)]

Z Wiils(zgr)
ol

na2

Using the definition of d,,, the result follows.

D.4 Proof of Theorem 5.12

Let S = min{s > 1:2°R < §,/2}. By means of condition (5.22), we can choose

C to be a constant large enough so that

S
Vn/m/(61 — 6,) > 48 27°RH'?(27°R, G, d,) v (115210g2)'/*(4m)R.

s=1

We denote the class of functions G by {gy : 0 € ©} for convenience. Let {g; év;l be
a minimal 275 R-covering set of S, s = 0,1,.... So, N, = N(2_5R,3,cin). For, any

0 € ©, let g; denote approximation of gy from the collection {g; ;Vzl As [Wy| <1,
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applying Cauchy-Schwartz to each block R; ; defined in (D.2) and using (D.3) yields

< 2d,(gs,95) < 0s.

% Z Via(9o(xa) — g5 (x11))

k1l

Hence, it suffices to prove the exponential inequality for

>51—62>.

Next, we use a chaining argument. Note that g; = Zle(gs —g;7"). By triangle

Z Viag; (k)

inequality,

du(95.957") < du(g5, 9o) + dnlge. g5 ') < 3(27°R).

Let 75 be positive numbers satisfying >, <sMs < 1. Then,

pP* (sup > 01 — 52)
0eO

< ZP* (SUP ZVM(QS(W) — g5 Haw))| = (61 — 52)%)

- ZZVM (95(zm) — g5 (1))

s=1 k|l

0cO

s 5y _ 0= 6)%
< E:z 2H (2 - . D.4
< exp { TR, - grgma e (D4)

We choose 7, to be

_ 6V16m/2°RHY?(2°R, S, d,) At
773 V(01 — 62) 8

The rest of the argument is identical to that Lemma 3.2 of van de Geer (2000). It

can be shown that <sMs < 1. Moreover, the above choice of 7, guarantees

Csp & n(0y — 62)*n2
H(27°R,S8,d,) < 5,
(7R, S, dn) < e G e
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Hence the bound in (D.4) is at most

Z 2exp |— (01 — 52) s
18(16m’)2—25 R?

Next, using 1, < 27°y/s/8 and that n(d; — 63)/(1152(16m')R?) > log(2), it can be

shown that the above display is bounded above by
ZQeXp [ —51 — 52)28 ]
1152(16m') R?
< 2(em [aie]) [
s dexp [ 1152( 16mz };2}

This completes the proof.

D.5 Proof of Proposition 5.16

Note that \/mn(7 — 179) = Op(1). So, given a > 0, there exists L, > 0 such that
for Vi, o = [10 — Lo/v/mn, 79 + Lo //mn], P[T €V, o] > 1 —a. Let S’n(T) denote the
estimate of Sy based on M,,(S, 7). Then,

P*[d(S0(7),50) > | < P* [d(Su(7), 50) > 6,7 € Vi + v

Following the arguments for the proof of Proposition 5.6, the outer probability on the

right side can be bounded by

ZP*( inf M, (A, 7) —M,(Sy,7) <0,7 € Vn,a)

AES, &
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The is further bounded by:

ZP* sup (M (S, 7) — M(S)) = (Mn(So,7) — M(S0))| > inf (M(S) —M(S))

AGSn ks Aesn,k
7€V, a
(D.5)
As before, M(S) — M(Sy) > c(v)F(SASy), and hence, (D.5) is bounded by
ZP* sup = M;n)(S,7) = (M — M) (S0, 7)| > €(7)256n /3
AESn ks
7€V, a
|
31| sup [(Min(S,7) = Myn(S, 7)) = (M (S0,7) — Min(S, 70))| > €(1)2"6,/3
I =i
kn
+ Z 1| sup |[(M,, — M)(S,10) — (My, — M)(So,70)| > c(7)2%6,/3] .
=0 _AGSn,k
(D.6)

The third term can be shown to be zero for sufficiently large n in the same manner

as in the proof of Proposition 5.6. Note that the first term can be written as

Zn:P* ( sup G (Y)1ans, (X)| > 0(7)2’“_15”\/5/3) ) (D.7)

Aesn,k 7T€Vn «

where ¢, -(y) = ® (vm(y — 7)) —~. We are now in a position to apply Theorem 5.5 to
each term of (D.7). In the setup of Theorem 5.5, N = 281§, \/n and the concerned
class of functions is Gux = {gn,(Y)15(X) : B = AASy, A € Sk, 7 € Vo For
B € {AASy : A € Sui}hy gn-1Bllp) < [E1p(X)]Y? < (2%16,)Y2. So, we can
choose R = R, = (2¥*14,)Y/2. Also,

HB(U, {AASQ A€ Smk},LQ(P)) S A()U_l,

for some constant Ay > 0. To bound the entropy of the class of functions 7, =

{gn-(-) i 7€ Voat, let 1o — Lo /v/mn =1ty <ty <...<t, =70+ Lo//mn be such
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that |t; — t;_1] < u/y/m, for v > 0. Note that r, < 4L,u/y/n. As ® is Lipschitz

continuous of order 1 (with Lipschitz constant bounded by 1),

|gn,7’(g) — On,7; (g)| < \/E’T - Ti‘ < u,

for 7 € [1;, 7;41]. Hence,

HB(uv’ﬁ%L?(P)) <4 log(u/\/ﬁ)v

for some constant A; > 0 and for small w > 0. As the class G,  is formed by product

of the two classes S, and 7, the bracketing number for G, ; is bounded above by,
Hp(u, G, Lao(P)) < Agu™t + A4 log(u/y/n) < Aqu™ .

In light of the above bound on the entropy, the first term in (D.6) can be shown to
go to zero by arguing in the same manner as in the proof of Proposition 5.6.

For the second term in (D.6), note that |® (v/m(Y — 7)) — @ (Vm(Y — 7)) | <
vm|to — 7|. Hence,

(Mo (S, 7) = My (S, 70)) — (My(So, 7) — Min(So, 70)))|
= [P, [{® (Vm(Y = 7)) =@ (Vm(Y — 7))} {15(X) — 15,(X)}]|

< Vmlro = 7| [P [15(X) — 15, (X)]]
Thus, the second term in (D.6) is bounded by

2(La/\/ﬁ) sup PmHS(X) - 150 (X)| < La2k+25n/\/ﬁ'
SESmk

This is eventually smaller that c(+)2"6,/3 and hence, each term in the second sum of

(D.6) is eventually zero. As « is arbitrary, we get the result. O
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D.6 Proof of Proposition 5.17

Note that v/n(7 —15) = Op(1). So, given a > 0, there exists L, > 0 such that for
Via = [To— La//, 7o+ Lo/ /), P[# € Vo] > 1—a. Let S,(7) denote the estimate
of Sy based on M, (S, 7). We have,

P [d(ﬁn(%), Sp) > 5n] < p [5n < d(8,(7),7 € VW] +a.

Following the arguments for the proof of Proposition 5.13, the first term can be

bounded by

> P*( inf M, (A, 7) — M, (S, 7) < 0,7 € VW>

AES,, i
k>0,2k5,<1

This is at most

kn
SoPt| s [(0(S,) — M(S)) — (Ma(So7) = M(Su))| > inf (M(S) — M(So)
k=0 €Sn k) n,k

TEVR,a

(D.8)
Note that M(S) — M(Sy) > c(7)A(SASy) as earlier, and hence (D.8) is bounded by

Z P sup [(Mn(S,7) = M(S)) — (Ma(So, 7) — M(So))] > c(7)2*6,
e n,
TGVHZ
Moreover,

+ |(Mn(5, ’7') - M(S, TQ)) — (Mn(SQ,T) - M(SQ,TO))| .
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By the Lipschitz continuity of ®, we have

(ML, (S, 7) = M(S, 70)) — (Mi,(So, 7) — M, 70))|

< Vnk2|r -7l [%;\15(%1) - 150(93kz)|]
2T — {A(SASO) +0 (%)} |

IA

Here, the last step follows from calculations similar to those in the proof of Lemma

5.10. Consequently, for sufficiently large n,

sup }(Mn(S, 7) — M(S, 7)) — (M,,(So, 7) — M(SO,TO)){

Aesn,k7
’TEVn,a
< @Lhn |25, 10 (“L)] < o,
- vn 2
Hence,
kn
> P sup [(ML(S,7) — M(S)) = (M (So, 7) — M(Sp))| > c(7)2%6,
k=0 AESn,k
TEVn,a
kn,
* . . . 0(7) k
< P\ sup [(M(S,70) = M(8)) = (M(So, 70) = M(S0))| > —5=2"3,,
k=0 Ae“s/n,kv
TE n,o

The above is a probability inequality based on the criterion with known 7y. This can
be shown to go to zero by calculations identical to those in the proof of Proposition

5.13. As a > 0 is arbitrary, we get the result. O]
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APPENDIX E

Proofs for Chapter 6

E.1 Proof of Theorem 6.1

Note that if x,r, = O(1), i.e., there exists C' > 0, such that x,r, < C for all n,

then

P (rnpn(czn,dn) > C’) = P (rnﬁnpn(dn,dn) > C’mn)

< P (pn(dn,dn) > mn) ,

which converges to zero. Therefore, the conclusion of the theorem is immediate when
knrn = O(1). Hence, we only need to address the situation where x,r, — occ.
For a fixed realization of 6 = 6, we use cZn(e) to denote our estimate, so that

A~

d, = d,(0,). For any L > 0,
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The second term on the right side goes to zero. Further,

P (TnI{n > Tnpn(dn(én),dn) > 2L,én € @;)

= B[P (v > run (a0, ) = 21 0:) 1 [ < €]

< sup P (’f’n/in > rnpn(czn(ﬁ), d,) > 2L> . (E.2)
pcor

Let Sjn = {d: 2 <ropa(d,d,) < min(2 k,r,)} for j € Z. If rypn(da(6), dy) is
larger than 2L for a given positive integer L (and smaller than ,ry), then d,(6,) is
in one of the shells S;,’s for j > L. By definition of dn(e), the infimum of the map
d — M, (d, 0) — M, (d,, ) over the shell containing d,(6) (intersected with Dy) is not

positive. For § € O],

P (Tn/sn > T (dn (), dn) > 2L)

< > P*( inf Mn(d,e)—Mn(dn,9)§O>.

- deS; nNDy
J>L,27<knrn

For every j involved in the sum, n > N, and any 6 € O, (6.2) gives

2%
inf M,,(d,0) — M,(d,.0) > ¢, —. E.
27 /rngpn(d,dn)<milr111(2j+1 JknTn)/Tn,d€Dy ( ) ( ) ¢ T‘% ( 3)
Also, for such a j, n > N, and 0 € O],
P ( inf M, (d,0) — M,(d,,0) < 0)
dGSjynr\IDQ
< P i — — —
< P (L nt, [00,(0) = D(0,6)) = (41, (0 ) = M (0 )
<~ inf  M,(d,6) — Mn(dn,e))
d€S7 nMNDg
2%
< _ _
< (desiggpg 2 (0.0) = M,(d.0) = (W, (d0) — M (00, 0))] < —c: 2
2%
< sSup d 8) Mn(d’ 0)) - (Mn(dm0> - Mn(dn70))| > Cr—5 |-
deS]ang L
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For n > N., by Markov inequality and (6.3), we get

sup Z P (desljafmpg M, (d,0) — M, (d,,0) < O)

0 T -
SO J>L.2<knrn

<o ¥ %(min(i“\/g;f;n)/m)ri (E.4)

jZL72j§"5nTn

Note that ¢,(cd) < c®¢,(8) for every ¢ > 1. As k,r, — oo, there exists N € N, such
that k,7, > 1. Hence, for L > 0 and n > max(N, N,), the above display is bounded
by

& in(9i+1 —2j & (j+1)a—2j
. JZL;HM” min (27 r, k)27 < . jyﬁ;ﬁnm 2 ,
by the definition of r,. For any fixed n > 0, take 7 = 1/3 and choose L, > 0 such
that the sum on the right side is less than 7/3. Also, there exists Nn € N such that

for alln>]\~fn€N,

P (pn(czn(én),dn) > /{n> <n/3.

Hence, for n > max(N, N, 3, N,),
P (rapu(du(B). o) > 27) <,

by (E.1) and (E.4). Thus, we get the result when conditions (6.2) and (6.3) hold for
some sequence k, > 0.
Further, note that if the conditions in part (b) of the theorem hold for all sequences

kn > 0, following the arguments in (E.1) and (E.2), we have

P <Tnpn(cin(én),dn) > 2L> < sup P (Tnpn(éznw),dn) N 2L> 4

ocor,

Moreover, the bounds in (E.3) and (E.4) hold for all j > L and n > N,. Hence, we

do not need address the event P <pn(cin(én), d,) > mn) in (E.1) separately and thus,

233



the result follows. O

E.2 Proof of Lemma 6.2

~

Note that Mn(&n(én),én) — M, (d,,0,) is not positive by definition of cZn(én)

Hence,

ocer

< sup P[My(da(0),6) = Ma(dn,0) > €5 ()]
vcor

< sup P [My(dn(8), 0) = Mo(dn,0) — (Mo(dn(6), 6) — M, (d,0)) > ()]
pcor L

IN

sup (2 sup [M1,(0,6) = My(a.0)] = 50,

96@;; L deDy

As the probability in right side converges to zero and 7 > 0 is arbitrary, we get the

result. O

E.3 Proof of Theorem 6.3

As sum of tight processes is tight, it suffices to show tightness of Cn(-,én) and

Guf,. 4, separately. To justify tightness of the process (,, we need to bound

>t],

Pr Cn(hla éN> - Cn(h% én)

sup
p(h1,h2)<bn

for 6, 4 0 and ¢ > 0. The above display is bounded by

P’ Colh, 0n) = Co(ha, )| > .0, € OF

sup
p(h1,h2)<n

+ P[0, ¢ O]
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< 1 sup  |Cu(h1,0) — Gu(ho,0)] > t| + 7.
geor
p(h1,h2)<dn

By (6.10), the above can be made arbitrarily small for large n and hence, the process
Cu(-,6,) is asymptotically tight.
We justify tightness of the process {G,f, ,; : h € H} when (6.11) holds. The

proof under the condition on bracketing numbers follows along similar lines. Consider

>t],

for 9, L 0 and ¢ > 0. Let e;,7 > 1 denote Rademacher random variables independent

the expression

P*

sup ’Gn(fmhl,én - fn,hz,én)
p(h1,h2)<én

of Vs and 6. Following the arguments for the proof of the symmetrization lemma for
probabilities, Lemma 2.3.7 of van der Vaart and Wellner (1996), for sufficiently large

n, the above display can be bounded by

4P* sup

h1 hg <(5n

WZ i (V) = (V) >§J. (E5)

The only difference from the proof of the cited lemma is that the arguments are to
be carried out for fixed realizations of Vi’s and 6 (and then outer expectations are

taken) instead of just V;’s. Further, from the measurability assumption, the map

(%,VZ,...,Vn,é,el,...,en)|—> sup

p(hl h2 <On

\/_Zel n,h1,0 )_fn,hQ,é(‘/i»‘

is jointly measurable. Hence, the expression in (E.5) is a probability. Let @, denote

the marginal distribution of O, Then,

t

4P hlskl2p<5n \/_Zez nhl )_fn7h2’é(‘/;')) > Z
= 4| P v t »
— / hls;gq \/_Zez S o(Vi) = [unao(Vi)) >1 Q.. (dh)
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t
> —

< 4sup P 1

ocor,

sup + 7

hl h2 <On

fz Fono(VD) = Fuaa(V)

For a fixed 0 € O], let F,, 05, = {fuh1.0 — frhso : p(h1, he) < 6y} For g € Fp95,, the
sum Y, e;g(V;) (given V;s) is sub-Gaussian and hence, by chaining, Corollary 2.2.8

of van der Vaart and Wellner (1996), the above display can be bounded by

£n(0)
16

= sup E / VIO N (. Fog,. La(Py))du, (E.6)
0cO7,

with

1 n
&0)= sup |glli,e, = sup [EZQQ(V
=1

9EFn,0,6n 9EFn,0,6n

The integrand in (E.6) can be bounded using the inequality N(u,F; 5 , La(Pyn)) <

N%*(u/2, Fne, L2(P,)). By a change of variable, the expression in (E.6) is then

bounded by:
&n(0)/I1Fn.0llLyen)
16
s E [|Fn6llrae.) / Sup \/10gN (ull Frolla@) Fros, s L2(Q))du
€oy,

0 (E.7)

By Cauchy-Schwartz inequality, the expectation above is bounded by the product of

1/2
E[HFn,eH%Q(Pn)] and
€n(0)/11Fn pllLy () 1"

Bl [ swyfloeN @l Pl Fes, L2(@)du

0

By dominated convergence, it can then be shown that the expression in (E.6) goes to
zero provided supyeer EHFn,gH% () 18 O(1) and supyeg, P* [{n(H)/HFn,gHLQ(Pn) > n]
goes to zero for any 1 > 0. Note that El/F,gl|7, ®) = = PF?, which is uniformly

bounded in 6 using (6.7). Moreover, the envelopes F,, o can be chosen bounded away
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from zero without disturbing the assumptions of the theorem (F,,p V 1 is also an

2

envelope). Hence, it suffices to show that supgee, £7§,(0)° converges to zero. Note

that

E*6,(0)* < E* sup (P, — P)gg\ + sup |Pg?|

9EFn,0,6n 9EFn,0,6n

By (6.9), the second term on the right side goes to zero uniformly in § € ©7. By the
symmetrization lemma for expectations, Lemma 2.3.1 of van der Vaart and Wellner

(1996), the first term on the right side is bounded by

1 n
2B sup =S eg(Vi)
9EF? o5 nzzl
Note that Gng = (2F.9)* is an envelope for the class F2,;. By con-

dition (6.8), there exists a sequence of numbers 7, | 0 (slowly enough)

such that suppee, PFr4l [F2y > nny/n] converges to zero.  Let Fr,s

{gllg <nm2]: g€ F24s, - Then, the above display is bounded by:

n

%Zeig(vz‘)

i=1

2F* sup

2
gE]-'n

+4P*Gppl [Gnﬁ > nn,ﬂ

10,6n,mn

The second term in the above display goes to zero (uniformly in ) by (6.8). By
the P-measurability of the class F,s . the first term in the above display is an

expectation. For u > 0, let G, be a minimal u-net in L (I,) over F> . Note that

,0,0n,1n

cardinality of G, is N (u, F2 L,(P,)) and that

,0,0m,mn

n

1 2
2E*  sup —Zeig(‘/;) < —FE* sup Zeig(Vi) + u.
9EF] gsmam || =1 o gedu |

Also, SUPger2 , lg| < nn?. Now, by arguments similar to those in the proof of
n,0,0n,Mn

Theorem 2.4.3 of van der Vaart and Wellner (1996), the first term on the right side
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is bounded (up to a constant multiple) by

2n
E%\/l +1og N(u, Fly s, 5,0 Lr(Pn)) < 77}‘1\/1 + 2suplog N(u, g, L(Q)).

As n, converges to zero (uniformly in 6) and u is arbitrary, we get the result. O

E.4 Proof of Lemma 6.4

Here, we prove a more general result which also applies to situations where the
limit distribution of the first stage estimate can appear in the limit process. We state

the result below.

Lemma E.1. For a generic 0, let Ag = n”(0 — 0,,). Consider the setup of Theorem

6.3. Additionally, assume that
1A = n”(én — 0,,) converges in distribution to a random vector &.

2. For any T > 0, the covariance function

Cn<h1> h2a A@) = an,hlﬁn—&-n*VAgfn,hgﬂn-l—n*VAg
= Pl bnin—vng P frho bnin—vn,
converges pointwise to C(hy, ha, Ng) on H x H, uniformly in Ny, 6 € O .

3. For any T > 0, the functions (,(h,0,+n""Ag) converges pointwise to a function

C(h, Ag) on H, uniformly in ANy, 6 € OF.
4. The limiting functions C'(hy, ha, Ag) and ((h, Ag) are continuous in Ay.

Let Z(h,§) be a stochastic process constructed in the following manner. For a partic-
ular realization & of £, generate a Gaussian process Z(h, &) (independent of ) with

drift ((-,&) and covariance kernel C(-,-,&y). Then, the process Zy(-,0,) converges
weakly Z (-, &) in £°(H).
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For notational ease, we assumed each element of the vector 0, converges at the
same rate (n”). The extension to the general situation where different elements of
6, have different rates of convergence is immediate. Also, note that condition 4 is
redundant when the functions C' and ¢ do not depend on Ay.

Proof. In light of Theorem 6.3, we only need to establish the finite dimensional
convergence. Given the independence of vectors V;s with én, the drift process (,(-, 9n)
is independent of the centered process (Z, — Cu)(+,0,) given 6,. Hence, it suffices to
show the finite dimensional convergence of these two processes separately. On the set
0eor,

[Cn(hy O + 1770 ) = (R, €)] < sup [Ga (P, 0 + 17" Ag) — C(R, D)

(R, Ag,) = C(h, ).

In light of conditions 3 and 4, an application of Skorokhod representation theorem
then ensures the convergence of finite dimensional marginals of (,(-,0, + n™"4; )
to that of the process ((+,£). To establish the finite dimensional convergence of the
centered process Z, — (,, we require the following result that arises from a careful
examination of the proof of the Central Limit Theorem for sums of independent zero

mean random variables (Billingsley, 1995, pp. 359 - 361).

Theorem E.2. Forn > 1, let {X;,}", be independent and identically distributed
random variables with mean zero and variance o; > 0. Let Sy = (1/y/n) 37,2 Xin,

F, be the distribution function of S, and for k > 0,
Ly(k) = E [X7,1[| X1 > svn]]

Then, for any t € R with |o,t| < v/2n, we have

Z 7 444 242
|F”(t) - CI)(gnt)| < HJ121|t|3 + t2Ln(/§) + Lp(an)
n
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Here " denotes characteristic function, so that <i>(t) = [p e ®{dx}.

We now prove Lemma E.1. Let k > 1, ¢ = (c1,...cx) ER¥ h = (hy,..., h) € RF

and for Ag =n"(0 —6,,),

To(Dg) = To(h,c, 89) = Y ;G fun; on4n-va,

Jj<k

Note that

T2 (Ag) = Var(T,,(Ag)) = Var (Z ijn,hj,en+nVAe> :

i<k

converges uniformly in Ay, § € O7, to

T (D) =Y 5,05, Chjy, hyy, D).

J1,j2
By Lévy continuity theorem, it suffices to show that the characteristic function

(c1,...c1) — Eexp [ZTn(Aén)}

converges to F exp [1mo(£)Z], where Z is a standard normal random variable indepen-

dent of § and A; . Note that

‘Eexp [zTn(Aén)} — Fexp [mo(f)ZH < ‘Eexp [zTn(Aén)} — Fexp [mn(Aén)Z} ‘

+|Eexp (1 (D ) Z] — E exp [1m0(£) Z]] -
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The right side is further bounded (up to 4¢) by

sup | B exp [1T3,(A)] — B exp [ima(A) Z]|
ocor,

+ sup |Eexp [1m,(Ag) Z] — E exp [1mo(Ag) Z]| (E.9)
veery,

+ |Eexp [1m0(Ag )Z] — Eexp 1m0 (£)Z]] -

The second term in the above display is precisely supgeg, | exp(—m;(Ag)/2) —
exp(—m2(Ag)/2)| which converges to zero. The third term converges to zero by con-

tinuous mapping theorem. To control the first term, we apply Theorem E.2. Let

Ln(:‘i, Ag) = P

|

Then, by Theorem E.2, the first term in (E.9) is bounded by

2
Z cj(fn,hj,9n+n_”A9 - an,hj,9n+n_”A9)] X

i<k

> ity uin-vng = Planyoin-va,)

Jj<k

sup |:/17TZ(A9) + L, (K, Ay)

(0 eplri(Ae))
pcor,

n

whenever supyce- [, (Ag)| < 2y/n, which happens eventually as the right side is O(1).

To see this, note that

Z ijn,hj,0n+n_”Ag

i<k

< 2kmax(|cj| V 1)F, . (E.10)
J

Then, by (6.7), suppee; [T (Ag)| < 2k max;(|c;| V 1) supgegr PE;, = O(1). Further,

using (E.10),

2
Ln(k, Ag) < (2/<; max(|c;] V 1)) P [[Fgﬂ +PFEZ,|1 {F > L) - PFn,eH :
J

max;(|c;| V1
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which converges to zero uniformly in 6 € ©7 due to conditions (6.7) and (6.8). Hence,

lim sup sup |Eexp [1T},(Ag)] — Eexp [1m,(Ag)Z]| < klim sup sup 72(Ag).

n—o0 €O, n—00 0cO,

As supgeer T (Ag) = O(1) and £ > 0 is arbitrary, we get the result. O

E.5 Proof of Proposition 6.7

We show that the result holds for h > 0. The case h < 0 can be shown analogously.
In what follows, the dependence on h is suppressed in the notations for convenience.

To start with, note that &, = n”(d; — dq) is O,(1) and it converges in distribution
to a tight random variable ¢ with a continuous bounded density on R. In particular,
P [|§n| < 0,1&| > K5/2] converges to P [|£| < 0,&| > Kg/g} < ¢4, for some C' > 0.

For u € R, let F}! denote the distribution function of T5,,(u), where
Ty (w) = Ziny (hy o0, By do +un™) — Zny (h, i, B, do).

Also, let 72 := w2 (u) = Var[Tp,(u)]. Conditional on &, = u, T,, is distributed as
T, (u). Also, let = denote characteristic function, so that ®(¢) = Jp e ®{dx}. By

Lévy continuity theorem, it suffices to show that for any t € R,
E [exp (1tT,,)] — ®(tmo)

converges to zero. Note that

A

E [exp (itT,,)] — ®(tm)| = ‘E [E [exp (itT,,) — P(tmp)

6]

= sup |FU(t) — Btmo)| + 2P [|¢] < 6,|¢] > Ky)s]
O<|ul<Ks )0

= s [B(0) — dltm,(w)
0<|u|<Ks 2
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+ sup | B(tmy,(u) — B(tm)| + C. (E.11)

0<|u[<K;5)0

We first show that m,,(u) converges to my uniformly over u, § < |u| < K/, which will
ensure that the second term on the right side of the above display converges to zero.

To show this, note that

T, (u)

1 & (B —a
P> ( El +€i> [1 [V ™ € (=un™, —un™ + hn™"]]

13
N =1 2

—1[UiKn, ™ € (0,hn" "] ]
1 no o, ) y 3 5
- n_g ; (ﬁ 2 =+ €i> [1[UiKp™ € (—un™"7, —un™"" + hn™"]]

—1[U;Kp™ € (0, hn""]]].

Hence, m,, can be simplified as

72 (u) = Var[T,, (u)]
N %E [((ﬁn —on)/2=¢) [1 [UKP_V = (—Un_uﬂ, —un" "t + hn_y]]
—1[UKp™ € (0,mn™]]]]’

_ %E (B — an)?/4 4 07 x

L[UKp™ € (—un™""7, —un™""" + hn™"]A(0, hn™"]] ] .

For n > Ny = (h/|d])"/", the sets (—un™*7, —un""*"" + hn~"] and (0,hn""] are

disjoint and hence,

2 —v
2 _ N2 (G —o¢ 2 | 2hn — 2 O % E.12
T, (1) o (4n +a> {QKp_V} mp +Cn™ >, (E.12)

where C' = 2(1—p)'%h/(4K). Consequently, 72 (u) converges to 2 uniformly over

u.
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Next, we apply Theorem E.2 to show that the first term in (E.11) converges to

zero. Write Tp,,(h) as (1/y/n2) 3 <, Rin, (1), where

Riny(u) = ny*™* (@ + Gi) [1[U;Kp™ € (—un™*, —un™""" + hn™"]]

—1[U;Kp™ € (0, hn~"]]] .

As v < v, the intervals (—un""7, —un="*" + hn~"] and (0, hn~"] are both contained
in [-Kp~7,Kp™] for n > Ny = max {(Ks2/Kp~ )Y, (h/Kp~")"/*} and have
the same Lebesgue measure hn~". Hence, E[T,,(u)] = E[R;n,(u)] = 0 for n > Nj.

Thus T,,,(u) is a normalized sum of mean zero random variables. Let
Ly (1) = E [Riy (0)* L[| Ry (u)| > /2r]] (E.13)

Using Theorem E.2, for any x > 0, ny > max(Ny, N2) and |m,, (u)t| < /2ny (which

holds eventually) we have

R ~ 4 t4 2 t2
L () = Doy (w)8)] < w2, ()]} + 2L () + T2 P (1))

= (E.14)

AS SUDs<jui<k, ,, Tno () = O(1) and £ is arbitrary, it suffices to show that

sup Ly, (k,u)
0<|u|<Ks /0

converges to zero. Using the expression for m,, in (E.12), we have

L, (K, u)

no
2¢
Ty

1 [n;/2_§|e| > \/ngliiH +Cn %

< SE[E[L[UKp™ € (mun™", —un™" 4 hn "] A0, hn™]]] x

< n® L E& [|e| > /-mg} :
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which converges to zero uniformly in u. Hence, the first term in right side of (E.11)

converges to zero. As d > 0 is arbitrary, we get the result. m

E.6 Proof of Theorem 6.10

We derive bounds in terms of n (ni, ny and n have the same order). Firstly,

note that 0 € Dy, for all § € O7 , whenever n > N = (1/p)(K,/K)3/1=37.

ni?

Further, as 7'(dp) > 0 and 7’ is continuously differentiable, there exists dy > 0 such
that |r'(z) — 7'(dy)| < r'(dp)/2 (equivalently, r'(do)/2 < r'(x) < 3r'(dp)/2) for x €
[do — 0,do + ). Asu € Dy and 6 € O, |dy + uny”| < K.ny /> + Kny" < 4, for
n> N = (1/p) (K, + K)/8)"". Hence, for n > NS’(;)O = maX(Nf(l),NT(iS)O), by a

T760

change of variable,

[ do+uny” ,
M,y (u,0) = n} / (r(t) = r(do)) 52t
L do
[ do+uny” / ,
> ng / L (2do) (t — do) %dt > =: p2 (u,0).
do

Using Theorem 6.1, we need to bound

sup B sup  |[(M,,(u,8) — M,,(u,0)) — (M,,(0,0) — M,,(0,0))] (E.15)
e, |u|<8,u€Dy

Recall that M,,,(0,0) = M,,(0,6) = 0. Also,

\/E|Mn2 (uv 6) - Mn2 (U, 6)‘ - |angn2,u79|
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The class of functions Fsy = {gn,ue : |u| < d,u € Dy} is a VC class of index at most

3, with a measurable envelope (for n > NT(:?O)

Msp = n3(2flrllee + [e]) X

L[UKn" € [dy — 0 — 6ny ", dy — 6 + dny"]] .
Note that
E[M;se]> Sn3P [UKny™ € [dy— 6 — ony” do — 0+ 6ny"]] S 6.

Further, the uniform entropy integral for F;y is bounded by a constant which only

depends upon the VC-indices, i.e., the quantity

1
J(l, ]:579) = sup/ \/1 + log N(u||M5’9||Q72, .F(;’g, LQ(Q))dU
%%
is bounded. Using Theorem 2.14.1 of van der Vaart and Wellner (1996), we have

E* sup 03 |GGyl S I (L, Foo)l| Mssll2 < 672
|u|<éueDy

Note that this bound is uniform in € ©]. Hence, a candidate for ¢,(-) to apply
Theorem 6.1 is ¢,(6) = 6'/2. The sequence r, = n!=27/3 satisfies the conditions

120,(1/7,) < \/n2. As a consequence, r,i = Op(1). O

E.7 Proof of Theorem 6.11

We outline the main steps of the proof below. Note that

frowe = né/ﬁ_v/?’(r(@ +UKny")+e—r(dy)) X

(1 |:0+UKTLI'Y < d0+wn2_(a+7)] —1[0+UKn;" < doD :
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For any L > 0, we use Theorem 6.3 to justify the tightness of Zm(w,ém) for w €
[—L, L]. For sufficiently large n, the set {w:w/ng € Dy} contains [—L, L] for all
¢ € ©7, and hence, it is not necessary to extend Z,, (equivalently, f,, .¢) as done in

(6.5). For a fixed § € O] and an envelope for { fy,we : w € [—L, L]} is given by
Foyo(V) = 0532 1l + D1 [0 + UKD € [do — Ly @™, do + Ln;“‘*”]] .
Further, PF?2, < n'/3~2/3p72 = O(1). Also,
P [F o1[Fny0 > vnat]] S EE1[2|r]|« + |e] > \/n_gn_1/6+7/3t] )

which goes to zero (uniformly in 0) as F [¢?] < co. Hence, conditions (6.7) and (6.8)
of Theorem 6.3 are verified. With p(wq, ws) = |wy — ws|, conditions (6.9) and (6.10)
can be justified by elementary calculations. We justify (6.10) below. For —L < wy <
wy < L and sufficiently large n (such that (KTnl_l/3 + Ln;(lﬂ)/?’) < min(Knj"”, d)
with g as defined in the proof of Theorem 6.10), a change of variable and boundedness

of " in a dp-neighborhood of dy yields

d0+wln;(1+7)/3
_ n?
Gonl00,6) = Gz, 8] < 03[ () = (o)) s
d0+w2n2_(1+7)/3
1/3-2v/3 i —(1+7)/3 n?

= Ny /(r(do + tn, ) — T(do))ﬁds

w2
3r'(d
S Ti O)(wl — wy)

The above bound does not involve # and converges to zero when |w; — ws| goes to
zero. Hence, condition (6.10) holds.
Further, for a fixed 6, the class {fn,wo : w € [—L, L]} is VC of index at most 3

with envelope F), 9. Hence, the entropy condition in (6.11) is satisfied. The measur-
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ability condition (6.13) can be readily justified as well. Hence, the processes Z,,, are
asymptotically tight for w in any fixed compact set.

For a fixed § € ©7, w € [0, L] and sufficiently large n, (,,(w, ) equals

do-tung 073
v
_ n
w0 [ ) - o) s
do
233 03123 do+wn;(1+'7)/3
1— /307 2/3+27
_ (1-p L / (r(s) — r(do))ds
do

1— 2/3—7/3,Y,1/3+7/3 e 3
_ (@=p) / (r(do + tn; F3)  1(do) ) dt
0

2K (1 — p)(it)/3

(1—=p) 7" 1'(do)
5K 5 W + o(1).

This convergence is uniform in € by arguments paralleling those for justifying condi-
tion (6.10).

Note that P fp,we = Cno(w,8)//n2 converges to zero. Hence, for a fixed 6 € O]
and wq,wy € [0, L], L > 0, the covariance function of Z,,, eventually equals (up to an

o(1) term which does not depend on € due to a change of variable)

P [fn%’wl ,9fn2,w2,9]

(wl/\wg)n;(1+7)/3 X
_ n
= né/?’ /3 / [02 + (r(do + s) — r(do))Q] ﬁds
0
p'ynl/3+’y/3
- 2K (1 — p)- /32073 x
(wl/\wg)n;(1+w/3
[0% + (r(do + s) — r(do))?] ds
0
N (wl/\wg)
p —(147)/3
- / o 4 (r(dy + 13 ) — r(d))?] ds

0
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P’ 2
= m(wl/\wz)a + o(1).

This justifies the form of the limit process Z. Note that the process Z € Ci;,(R) with
probability one (using argmin versions of Lemmas 2.5 and 2.6 of Kim and Pollard
(1990)) and it possesses a unique argmin almost surely which is tight (the Chernoff
random variable). An application of argmin continuous mapping theorem (Kim and
Pollard, 1990, Theorem 2.7) along with (6.25) and rescaling arguments gives us the

result. O

E.8 Proof of Theorem 6.14

Let M(d) = P [YW1[|[X® —d| < b]]. For F(t) = fot m(z + do)dz, we have
M(d) = F(d —do+b) — F(d —dy — b).

Note that M'(d) = 0 implies m(d 4+ b) = m(d — b) which holds for d = dy. Hence, dy
maximizes M (). Also, note that M"(dy) = m/(dy+b) —m/(dy —b) = 2m/(dy+b) < 0.
For d in a small neighborhood of dy (such that d+b > dy and 2m/(d+b) < m/(dy+D)),

we get

M (d) — M(do) < —|m/(do + b)|(d — do)*.

Note that we derived an upper bound here as our estimator is an argmax (instead
of an argmin) of the criterion M,,,. Hence, the distance for applying Theorem 3.2.5
of van der Vaart and Wellner (1996) can be taken to be p(d,dy) = |d — dy|. The
consistency of d; with respect to p can be deduced through standard Glivenko-Cantelli
arguments and an application of argmax continuous mapping theorem (van der Vaart

and Wellner, 1996, Corollary 3.2.3). For sufficiently small § > 0, consider the modulus
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of continuity

E* sup /ni|(My, — M)(d) — (M, — M)(do)|

|d—do| <8
= E* sup |G, YW {1[|XW —d| <b] —1[|XD —dy| <b]}|
|d—do|<d
An envelope for the class of functions Fj = {g9a(z,y) =

y{l]lx —d| <b] —1[|lx —do| < b]}:|d—dy| < I} is given by
F5(XW, €)= ([[mllos + )1 [[ XY —do| € [b— 6,0+ 4] .

Note that || Fs|ls < 6'/2. Further, the uniform entropy integral for F; is bounded by

a constant which only depends upon the VC-indices, i.e., the quantity

1
J(1, ) = Sup/ 1+ 10g N (u] Fsl g2, Fs. L(Q))du
° 9
is bounded. Using Theorem 2.14.1 of van der Vaart and Wellner (1996), we have
E*‘ sup NVl (M, = M)(d) = (M, = M)(do)] S I (L, Fo)l|Esll S 012,
d—dp|<

Hence, a candidate for ¢,(d) in Theorem 3.2.5 of van der Vaart and Wellner (1996)

is ¢,,(8) = 6'/2. This yields ni"*(d; — do) = O,(1). Next, consider the local process,
Zi () = 02PP, Yy [1 [\X(l) — (do + hnY?)| < b] —1XD —dy| < b]] .
Note that

EZ ()] = ni* {M(do+hn;"*) - M(dy) }
d

(hny )P
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= m/(dy +b)h + o(1) = —ch + o(1).
to 2
Let G(t) = [, m*(dy + x)dz. Then,

Var(Z,, (h))
4/3

M (1) ) _ -1/3 _ m _
o Var [Y {1 [|X (do + hny )] < b] 1[xD — dy| < b}”
2
— n'E [(Yﬂ))? [1 [yxm — (do + hny )| < b} S [IX® — gy < bﬂ }
+o(1)
= i3 [G(b a3 = G + Qb+ hn ) — G(—b) + 202hn;1/3]
= (m*(dy+ b) +m*(dy — b) +20%)h + o(1)

= 2(m*(dy +b) +0*)h +o(1) = a*h + o(1).

The limiting covariance function can be derived in an analogous manner and the
tightness of the process follows from an application of Theorem 2.11.22 of van der
Vaart and Wellner (1996) involving routine justifications. An application of argmax

continuous mapping theorem (van der Vaart and Wellner, 1996, Theorem 3.2.2) gives
1/3,3 d 2
ny'"(dy — do) — argmax {aB(h) — ch®} .
By rescaling arguments, we get the result. O]

E.9 Proof of Theorem 6.16

Rate of convergence. As v < 1/3, for all § € ©] = [0y — K.ny ' 60 + KTnfl/?’],
dy € Dy, whenever n > NIV := (1/p)(K,/(K — b))*0=39_ For d € Dy, the set

{u:10+uKny” —d| <bny"} C [-1,1]. Hence, by a change of variable,

M,,(d,0) = E[M,,(d,0)]
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1
1
= §/m(9 +uKny")1[|0 +uKn;” —d| <bn;"] du
21
1
) / m(0 + uKn; )1 [|0 + uKn;” —d| < bny"] du

R
= ﬁ/m(x)l |z —d| <bn;"]| dx
2K -
R

d+bn;
N
= 2”_[1( m(x)dzx.
d—bn7"
Let
d+bny
F,(d) = / m(z)dz.
d—bny "

Note that F(d) = m(d+bn;") —m(d —bny"). Also,

F!'(d) = m'(d+bn]")—m'(d—bni")

n

= m/(d+bny") +m/(2dy — d+ bny "),

whenever d # do £+ bnj’. Here, the last step follows from the anti-symmetry of
m’ around dy (but not at dy). Further, as —m’(dp+) > 0 and m is continuously
differentiable in a neighborhood of 0, there exists dy > 0 such that |m/(z)—m/(do+)| <
—m/(do+)/2 (equivalently, 3m/(do+)/2 < m/(x) < m/(dy+)/2) for x € (do,do + o).
For d € Dy and § € O], |[d £ bn; " — dy| < Kony® + Kn7" < 8 for n > NT(?(S)O =

(1/p) (K7 + K) /60)/7. Let p3(d, do) = n](d — do)?. For n > N := max(N{", N%) )

7—750

and p,(d,dy) < Kk, 1= bnl_w2 (so that dy € [d —bny ", d+bn;"]),

F'(d) = m'(d+bn]")+m'(2dy —d+bn;")

< 2(—m/(do+)/2) = m/(do—l-) = —|m/(d0—|—)‘.
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Consequently, by a second order Taylor expansion,

Moo (d6) ~ Muo(do,6) = T F,(d)  Fi(dy)]
o _mImE g,
S —ni(d—do)* = (=1)p(d, do).

Again, an upper bound is deduced here as we are working with an argmax estimator.
Claim A. We claim that P pn(czn, dy) > /{n] converges to zero. We first use the

claim to prove the rate of convergence. To apply Theorem 6.1, we need to bound

sup E* sup \/n_2 |(Mn2 (d7 6) - Mm (d7 8)) - (an (dOv ‘9) - Mn(d07 6))| :
0€0L  Jd—do|<n; /%6
d€Dy

(E.16)

Note that

V2 (M, (d, 0) = Mn,(d, 0)) — (M, (do, 0) — Mn(do, 0))) = Gnygna,as(V),

where

Gnaao(V) = [m(0+UKn") + €] x

[1[|6+UKn; " —d| <bny"] —=1[|0 + UKny" — do| < bny"]] .

The class of functions Fsg = {gn,.a0 : |d — do| < nf7/25, d € Dy} is VC with index at

most 3 and has a measurable envelope

Mso(V)
= (Imlloo +ef) x

[1 [zm;7 ~(do+177%5) < O+ UKny" < bny” — (do — n;""%5)
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+1 [—bni ~(do+n]"%) < o+ UKny” < —bny™ — (dy — n;7/25)H .

Note that E [Mse(V)]> < n~7/25. Hence, the uniform entropy integral for Fyg is

bounded by a constant which only depends upon the VC-indices, i.e., the quantity

1
J(1, Fsg) = sup/ /14108 N (ull Myl Foor Lo(Q))du
9%
is bounded. Using Theorem 2.14.1 of van der Vaart and Wellner (1996), we have

E* sup  |Guynpael < J(1, Fo)l|Msglla < n/45Y2,

ld—do|<ny /%5
deDy

The above bound is uniform in 6 € ©7, . Hence, a candidate for ¢,, to apply Theorem
6.1 is P, (0) = /462, This yields n+0/3(dy — do) = O,(1).

Proof of Claim A. Note that p,(d,dy) > Kk, < |d — dy| > bny". Also, for such
d € Dy, the bin (d — bny",d + bn] ") does not contain dy and is either completely
to the right of dy or to the left (regions where m is continuously differentiable). In

particular, for such d’s with d > dy and n > NT(?(S)O,
Fo(d) = m(d+bny") —m(d—bny") < —(Im/(do+)|/2)(20n; ") = —|m(do+)[br; .
As a consequence,

Mn2 (dv 9) - Mn2 (do + bnl_va 9) < (nY/QK)(_Um/(dO_")|bn1_’y)|d - (dO + bn1—7)|) < 07
(E.17)
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for d > dy + bny”. Also, for n > N(?’(;)O,

T,

do+2bn7 " do+bny”
,
M (do -+ bn ™, 6) — My (do, 6) = o2 / m(x)dz — 2 / m(z)dz
L do dO
[ do+26n" do+bny "
] mwde— [ i
Ve m(z)dz m(z)dz
do+bny " do
| dotbny”
n _
= ﬁ (m(xz+bny") —m(zx))dz
do
d0+bn1 v
ny _ —|m/(do)|0* _
< 2—1 (m/(dp)/2)bni " )dz < Tnlw.
do
(E.18)

Using (E.17) and (E.18),

cr(kp) = sup sup {M,,(d,0) — M,,(dy,0)}
€Oy, Pn(d,dn)zﬂn»d>d0
deDy

sup sup {an (d,0) — My, (do + bny ", 9)}
€Oy, Pn(d»dn)znn»d>d0
deDy

+ sup sup {Mm(do +bny",0) — M,,(do, 0)}
96@;—1 Pn(dydn)zﬁnyd>d0
deDg

IN

—n 7.

AN

Note that an upper bound is derived as we are working with argmax type estimators
instead of argmins. The same upper bound can deduced for the situation d < d,.

Further, M., (d, 8) — M,,(d,0) = (P, — P)gn,.4,0, where

Gnpao(V) = [m@+UKn")+€|1[|0+UKn;" —d| <bny"].
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The class of functions G, 9 = {Gn,a0 : d € Dy} is VC of index at most 3 and is

enveloped by the function

Gy (V) = (Imloo + e])

with ||Gp,||z,py = O(1). Further, the uniform entropy integral for G,, ¢ is bounded

by a constant which only depends upon the VC-indices, i.e., the quantity

1
J(1,Gna) =515 [ /14108 N(ulGonlloz,Graa: La(@)i

9%
is bounded. Using Theorem 2.14.1 of van der Vaart and Wellner (1996),

E” sup ‘Gn2gn2,d,9| 5 ‘](Lgnz,@)HGHQHQ = 0(1)7 (Elg)

ng,0

where the O(1) term does not depend on 6 (as the envelope G,,, does not depend on

). Consequently, by Markov inequality,

O(1)
sup P |2 sup |M,(d,0) — M, (d,0)| > —c; (K, < .
06@121 deD]i [M..(d,) () (5n) V=

As v < 1/3 < 1/2, the right side converges to zero. Hence, Claim A holds.

Limit distribution. For deriving the limit distribution, let
Ly, (h7 6) = anfm,h,@(v) + Cn2<h7 ‘9)7
where C,,(h,0) = /2P [fu,ne(V)] and

1/6—v/3
an,hﬁ(v) = TL2/ K <gn2,do+hnél+7)/3,9(v>_9”27‘1079(‘/))'
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Further, the asymptotic tightness of processes of the type

V112G, (m(0 + UK + €)1 |dy — bny” < 0+ UKny" < do + hny "% 4 bn”
(E.20)
can be established by arguments analogous to those in the proof of Theorem 6.11. As

indicators with absolute values can be split as
1[|6L1—(12| §a3] :1[61,1—@2 §a3]—1[a3 <a1—a2H,

the process Z,, can be broken into process of the form (E.20). As the sum of tight

processes is tight, we get tightness for the process Z,,,. Further,
Coo (B, ) = /21613 [Mn2 (do + hny "3 0y — M, (do, 0)] .

Fix L > 0. For h € [~L, L] and 6 € 7, , both do + hng"""* and dj lie in the set D

and hence,
Guhs8) = 122 [ (dy b %) — Fo(do)]
Note that
F!'(do + hny 7Y = i (dg + hng TP 4 onlY) — m (d + hng TP —bnyY).

For any h € [~ L, L], dy € [do + hng ™% —bny7, dy + hng “T* — bn77] eventually

and hence, F(dy + hny (1) /3) 2m’(do+) + o(1). Consequently,

p7n§/3+2w/3 F"(dy + o(1)) B2 20 /3
2K (1 —p) 2 2
p7 |m/(d0+)|

= a2k e

Cna (B, 0)
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Note that the above convergence is uniform in 6 € O], (due to a change of variable
allowed for large n). Next, we justify the form of the limiting variance function
for simplicity. The covariance function can be deduced along to same lines in a
notationally tedious manner. As P [fn, no(V)] = (o, (h, 0)/+/n converges to zero, for

0 € ©], and h € [0, L], the variance of Z,,(h) eventually equals (up to an o(1) term)

P{fina] =

na,h1,0
1/3—2~/3
n2/ v/

MR/ (o 4 m2(@) [t [lo = do ) < b ] <1 i = o] < ;]|

Note that

2
[1 []a; — (do + hny 1) < bnlﬂ} — 1|z —do| < bnlﬂ]]
~ [do Y bnY < < do+ hny VP 4 bnfq

+1 [do —bnT <@ < do + hny TV - zm;”] .

Further,

1/3=2v/3_~
Ty 1

T / (0% +m*(z)) 1 [do FbnyT <z < do+ hng T bl | da

R
7n1/3+’y/3 B
= = (7 + o) + o(1) g (A4+/3
P’ 2 2

Hence, the process Z,, converges weakly to the process

h?.

Z(h) = \/K(lp—iw(m%do) +o?)B() ~ f”p)w |m/é€}l2+)|

Note that Z € C,,;n(R) with probability one. By rescaling arguments, the result
follows. o
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