
The Canadian Journal of Statistics

Vol. xx, No. yy, 20??, Pages 1–25

La revue canadienne de statistique

1

Semiparametric methods for survival analysis

of case-control data subject to dependent

censoring:

Supplementary Materials

Douglas E. SCHAUBEL1*, Hui ZHANG2, John D. KALBFLEISCH1 and Xu SHU1

1Department of Biostatistics, University of Michigan, Ann Arbor, Michigan, USA.

2U.S. Food and Drug Administration, Silver Spring, Maryland, USA.

Appendix S1

In this report, we provide a proof of Theorem 2 and an examination of the corre-

sponding variance estimator. We begin with a review of the notation.

A.01 Notation

i = subject (i = 1, . . . , n)

Ti = failure time

C1i = independent censoring time

C2i = dependent censoring time
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Ci = C1i ∧ C2i

Xi = Ti ∧ C1i ∧ C2i

Yi(t) = I {Xi ≥ t}

∆1i = I (Ti ≤ Ci)

∆2i = I {C2i ≤ C1i, C2i < Ti)}

∆3i = (1−∆1i)(1−∆2i)

Ni(t) = I {Xi ≤ t,∆1i = 1}

NC
i (t) = I {Xi ≤ t,∆2i = 1}

Z1i = time-constant covariate vector

Z2i(t) = time-dependent covariate vector

Zi(t) =
{
ZT

1i,Z
T
2i(t)

}T

Zi(t) = {Zi(u) : 0 ≤ u ≤ t}

Vi(t) = {V1i(t), . . . , Vqi(t)} = functions of Zi(t)

λi(t) = λ0(t)e
βT

Zi(0)

λC
i (t) = λC

0 (t)e
αTVi(t)

ξi = I ( individual i is selected for the subcohort )

pk = Pr(ξi = 1 | ∆ki = 1), k = 1, 2, 3

p = (p1, p2, p3)
T

ρi(p) =
∑3

k=1∆kiξi/pk

dMi(t) = dNi(t)− Yi(t)e
βT

Zi(0)λ0(t)dt

dMC
i (t) = dNC

i (t)− Yi(t)e
αTVi(t)λC

0 (t)dt
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A.02 Matrices pertaining to Theorem 1

Ω(α) = E
{
ψi(α,p)

⊗2
}

ψi(α,p) = Ki(α,p) +BC(α,p)Qi(p)

Ki(α,p) =

∫ τ

0

{Vi(t)− v(α, t)} ρi(p)dMC
i (t)

BC(α,p) =

∫ τ

0

{
s
(1)
c (α,p, t)

s
(0)
c (α,p, t)2

r(0)(α,p, t)− r(1)(α,p, t)

s
(0)
c (α,p, t)

}
dFC(t) + d(α,p)

r
(d)
k (α,p, t) = − 1

pk
E
{
∆k1Y1(t)V1(t)

⊗deα
TV1(t)

}
, d = 0, 1

r(d)(α,p, t) =
{
r
(d)
1 (α,p, t) r

(d)
2 (α,p, t) r

(d)
3 (α,p, t)

}
, d = 0, 1,

where we further define

dk(α,p) = − 1

pk
E

[∫ τ

0

{V1(t)− v(α, t)}∆k1dN
C
1 (t)

]
d(α,p) = {d1(α,p) d2(α,p) d3(α,p)}

Qki(p) = η−1
k ∆ki(ξi − pk)

ηk = pr(∆k = 1), k = 1, 2, 3

Qi(p) = {Q1i(p) Q2i(p) Q3i(p)}T ,

with dMC
i (t) = dNC

i (t)− Yi(t)dΛ
C
i (t).

The following is a proof of Theorem 2, for the case where Ŵ1i is used in the

proposed estimators. The proofs for stabilized weights, Ŵ2i and Ŵ3i, proceed

through steps analogous to those listed below. To begin, we list explicit defini-
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tions of the matrices referred to in the theorem.

A.02 Matrices pertaining to Theorem 2

A(β) =

∫ τ

0

{
s(2)(β, R, t)

s(0)(β, R, t)
− z(β, R, t)⊗2

}
dF (t)

Σ(β, R) = E
{
Θi (β, R)⊗2}

Θi (β, R) = O(β, R)Qi(p0)

+H(β, R)AC(α0)
−1ψi(α0,p0)

+

∫ τ

0

χ(u, τ)dΦi(α0,p0, u)

O(β, R) = E

[∫ τ

0

{Zi(0)− z(β, R, t)}µi(p0)W1i(t)dMi(t)

]
µki(p) =

dρi(p)

dpk
= −∆kiξi

p2k

µi(p) = {µ1i(p) µ2i(p) µ3i(p)}T

H(β, R) = E

[∫ τ

0

{Zi(0)− z(β, R, t)}ψT
i (t)Ri(t)dMi(t)

]
Ψi(t) =

∫ t

0

Vi(u)dΛ
C
i (u)

χ(t1, t2) = E

[
eα

T
0 Vi(t1)

∫ t2

t1

{Zi(0)− z(β, R, t)}Ri(t)dMi(t)

]
The Canadian Journal of Statistics / La revue canadienne de statistique DOI:
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dΦi(α,p, u) = s
(0)
C (α, u)−1

{
dJ(u)− r(0)(α,p, u)dΛC

0 (u)
}
Qi(p)

−vT (α, u)dΛC
0 (u)A

C(α)−1ψi(α,p)

+s
(0)
C (α, u)−1ρi(p)dM

C
i (u)

dJ(u) = E
{
µi(p0)

TdNC
i (u)

}
,

A.1 n− 1
2UC(α0,p0)

The estimating function for the dependent censoring model is

UC(α0,p0) =
n∑

i=1

∫ τ

0

{
Vi(t)−V(α0,p0, t)

}
ρi(p0)dN

C
i (t),

where

V(α,p, t) =
S
(1)
C (α,p, t)

S
(0)
C (α,p, t)

S
(d)
C (α,p, t) = n−1

n∑
i=1

ρi(p)Yi(t)Vi(t)
⊗deα

TVi(t).

Let s
(d)
C (t,α) = E{Y1(t)V1(t)

⊗deα
TV1(t)} and let v(α, t) =

s
(1)
C (t,α)/s

(0)
C (t,α). We define dMC

i (t) = dNC
i (t)− Yi(t)e

αTVi(t)λC
0 (t)dt.

By van der Vaart & Wellner (1996, Example 2.11.16), Hn(t) =

n− 1
2

∑n
i=1 ρi(p0)M

C
i (t) converges weakly to a tight Gaussian process H(t) with

continuous sample paths on [0, τ ].
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By some simple algebra, we have

n− 1
2UC(α0,p0) = n− 1

2

n∑
i=1

∫ τ

0

{Vi(t)−V(α0,p0, t)}ρi(p0)dM
C
i (t)

= n− 1
2

n∑
i=1

∫ τ

0

{Vi(t)− v(α0, t)}ρi(p0)dM
C
i (t)

−n− 1
2

n∑
i=1

∫ τ

0

{
V(α0,p0, t)− v(α0, t)

}
ρi(p0)dM

C
i (t)

= n− 1
2

n∑
i=1

∫ τ

0

{Vi(t)− v(α0, t)} ρi(p0)dM
C
i (t) + op(1)

= n− 1
2

n∑
i=1

Ki(α0,p0) + op(1),

with Ki(α,p) =
∫ τ

0
{Vi(t)− v(α, t)}ρi(p)dMC

i (t). Note that

E{ρi(p0)dM
C
i (t)} = 0, such that E{Ki(α0,p0)} = 0, for i = 1, · · · , n.

A.2 n1/2(α̂−α0)

Using a Taylor expansion, we can show that

n−1/2UC(α0, p̂) = n−1/2UC(α0,p0) +BC
n (α0,p∗)n

1/2 (p̂− p0) ,

where p∗ is on the line segment between p̂ and p0, and

BC
n (α,p) = n−1 ∂

∂p
UC(α,p)

= n−1

n∑
i=1

∫ τ

0

{
S
(1)
C (α,p, t)

S
(0)
C (α,p, t)2

∂

∂p
S
(0)
C (α,p, t)

− 1

S
(0)
C (α,p, t)

∂

∂p
S
(1)
C (α,p, t)

}
ρi(p)dN

C
i (t)

+n−1

n∑
i=1

∫ τ

0

{
Vi(t)−V(α,p, t)

} ∂

∂p
ρi(p)dN

C
i (t).
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We define R
(d)
k (α,p, t), d = 0, 1 and Dk(α,p) as follows,

R
(d)
k (α,p, t) =

∂

∂pk
S
(d)
C (α,p, t)

= n−1

n∑
i=1

−∆kiξi
p2k

Yi(t)Vi(t)
⊗deα

TVi(t)

such that

R
(d)
k (α,p, t) −→− 1

pk
E{∆k1Y1(t)V1(t)

⊗deα
TV1(t)}

≡ r
(d)
k (α,p, t)

in probability. We then have

Dk(α,p) = n−1

n∑
i=1

∫ τ

0

{Vi(t)−V(α,p, t)} ∂

∂pk
ρi(p)dN

C
i (t)

= −n−1

n∑
i=1

∫ τ

0

{Vi(t)−V(α,p, t)}∆kiξi
p2k

dNC
i (t)

= −n−1

n∑
i=1

∫ τ

0

{Vi(t)− v(α, t)}∆kiξi
p2k

dNC
i (t)

+

∫ τ

0

{V (α,p, t)− v(α, t)}n−1

n∑
i=1

∆kiξi
p2k

dNC
i (t)

such that

Dk(α,p) −→− 1

pk
E[

∫ τ

0

{V1(t)− v(α, t)}∆k1dN
C
1 (t)]

≡ dk(α,p)

in probability. Let r(d)(α,p, t) =
[
r
(d)
1 (α,p, t) r

(d)
2 (α,p, t) r

(d)
3 (α,p, t)

]
and let d(α,p, t) = [d1(α,p, t) d2(α,p, t) d3(α,p, t)]. Then by contin-
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uous mapping,

BC
n (α,p) −→

∫ τ

0

{
s
(1)
c (α,p, t)

s
(0)
c (α,p, t)2

r(0)(α,p, t)− 1

s
(0)
c (α,p, t)

r(1)(α,p, t)

}
dFC(t) + d(α,p)

≡ BC(α,p)

in probability, where FC(t) = E{ρi(p)NC
i (t)}. It is easy to show that

n1/2(p̂k − pk0) = n1/2

(∑n
i=1∆kiξi∑n
i=1∆ki

− pk0

)
= n1/2n

−1
∑n

i=1∆ki(ξi − pk0)

n−1
∑n

i=1∆ki

= n−1/2

n∑
i=1

η−1
k ∆ki(ξi − pk0) + op(1)

= n−1/2

n∑
i=1

Qki(p0) + op(1),

where Qki(p) = η−1
k ∆ki(ξi − pk), ηk = pr(∆k = 1), k = 1, 2, 3. Let Qi(p) =

[Q1i(p) Q2i(p) Q3i(p)]
T . Note that E {Qki(p0)} = 0, therefore,

n−1/2UC(α0, p̂) = n−1/2

n∑
i=1

{
Ki(α0,p0) +BC(α0,p0)Qi(p0)

}
+ op(1)

= n−1/2

n∑
i=1

ψi(α0,p0) + op(1),

where ψi(α,p) = Ki(α,p) +BC(α,p)Qi(p). Since E {ψi(α0,p0)} = 0, by

the Multivariate Central Limit Theorem (MCLT),

n−1/2UC(α0, p̂) −→ N(0,Ω(α0))

in distribution, where Ω(α0) = E{ψi(α0,p0)
⊗2}.

The Canadian Journal of Statistics / La revue canadienne de statistique DOI:
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We then have

n1/2(α̂−α0) = AC
n (α∗, p̂)

−1n−1/2UC(α0, p̂),

where AC
n (α,p) = n−1

∑n
i=1

∫ τ

0
{S(2)

c (α,p, t)/S
(0)
c (α,p, t)−

V(α,p, t)⊗2}ρi(p)dNC
i (t) and α∗ is on the line segment between

α̂ and α0. Note the fact that n−1
∑n

i=1 ρi(p)dN
C
i (t) −→ dFC(t) in

probability, such that AC
n (α∗, p̂) converges in probability to AC(α0),

with AC(α) =
∫ τ

0
{s(2)c (α, t)/s

(0)
c (α, t)− v(α, t)⊗2}dFC(t). Therefore,

by Slutsky’s Theorem, n1/2(α̂−α0) converges in distribution to a

N(0,AC(α0)
−1Ω(α0)A

C(α0)
−1) variate.

A.3 n1/2{Λ̂C
0 (t)− ΛC

0 (t)}

We can decompose n1/2{Λ̂C
0 (t)− ΛC

0 (t)} as follows,

n1/2{Λ̂C
0 (t)− ΛC

0 (t)} = n1/2{Λ̂C
0 (t; α̂, p̂)− Λ̂C

0 (t; α̂,p0)} (1)

+n1/2{Λ̂C
0 (t; α̂,p0)− Λ̂C

0 (t;α0,p0)} (2)

+n1/2{Λ̂C
0 (t;α0,p0)− ΛC

0 (t)}. (3)

DOI: The Canadian Journal of Statistics / La revue canadienne de statistique
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Applying a Taylor expansion of ρi(p̂)/S
(0)
C (α̂, p̂, t) around

ρi(p0)/S
(0)
C (α̂,p0, t), we can write (1) as

(1) = n1/2

n∑
i=1

∫ t

0

{
ρi(p̂)

S
(0)
C (α̂, p̂, u)

− ρi(p0)

S
(0)
C (α̂,p0, u)

}
n−1dNC

i (u)

= n−1

n∑
i=1

∫ t

0

{
1

S
(0)
C (α̂,p0, u)

dρi(p)

dp
|p=p0 −

ρi(p0)

S
(0)
C (α̂,p0, u)2

∂

∂p
S
(0)
C (α̂,p, u) |p=p0

}
dNC

i (u)

×n1/2 (p̂− p0) + op(1)

=

∫ t

0

{
n−1

∑n
i=1µ

T
i (p0)dN

C
i (u)

s
(0)
C (α0, u)

− r(0)(α0,p0, u)dΛ̂
C
0 (u; α̂,p0)

s
(0)
C (α0, u)

}

×n−1/2

n∑
i=1

Qi(p0) + op(1)

= L(α0,p0, t)n
−1/2

n∑
i=1

Qi(p0) + op(1),

where

µki(p) =
dρi(p)

dpk
= −∆kiξi

p2k

µi(p) = [µ1i(p) µ2i(p) µ3i(p)]
T

L(α0,p0, t) =

∫ t

0

s
(0)
C (α0, u)

−1
{
dJ(u)− r(0)(α0,p0, u)dΛ

C
0 (u)

}
,

with dJn(u) = n−1
∑n

i=1µ
T
i (p0)dN

C
i (u), which converges to dJ(u) in proba-

bility.

The Canadian Journal of Statistics / La revue canadienne de statistique DOI:
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Considering (2),

(2) = n1/2

n∑
i=1

∫ t

0

{
1

S
(0)
C (α̂,p0, u)

− 1

S
(0)
C (α0,p0, u)

}
n−1ρi(p0)dN

C
i (u)

= n−1

{
n∑

i=1

∫ t

0

− S
(1)
C (α0,p0, u)

S
(0)
C (α0,p0, u)2

ρi(p0)dN
C
i (u)

}T

n1/2(α̂−α0) + op(1)

=

{
−
∫ t

0

V(α0,p0, u)dΛ̂
C
0 (u;α0,p0)

}T

AC(α0)
−1n−1/2

n∑
i=1

ψi(α0,p0) + op(1)

= ĥT
C(t;α0,p0)A

C(α0)
−1n−1/2

n∑
i=1

ψi(α0,p0)

= hT
C(t;α0,p0)A

C(α0)
−1n−1/2

n∑
i=1

ψi(α0,p0) + op(1),

where

ĥC(t;α0,p0) = −
∫ t

0

V(α0,p0, u)dΛ̂
C
0 (u;α0,p0)

hC(t;α0,p0) = −
∫ t

0

v(α, u)dΛC
0 (u).

Moreover,

(3) = n−1/2

n∑
i=1

∫ t

0

S
(0)
C (α0,p0, u)

−1ρi(p0)dM
C
i (u)

= n−1/2

n∑
i=1

∫ t

0

s
(0)
C (α0, u)

−1ρi(p0)dM
C
i (u) + op(1).

Combining the above results, one obtains

n1/2{Λ̂C
0 (t)− ΛC

0 (t)} = n−1/2

n∑
i=1

Φi(α0,p0, t) + op(1)

= n−1/2

n∑
i=1

∫ t

0

dΦi(α0,p0, u) + op(1)

DOI: The Canadian Journal of Statistics / La revue canadienne de statistique
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where

Φi(α0,p0, t) = L(α0,p0, t)Qi(p0) + hT
C(t;α0,p0)A

C(α0)
−1ψi(α0,p0)

+

∫ t

0

s
(0)
C (α0, u)

−1ρi(p0)dM
C
i (u)

dΦi(α0,p0, u) = s
(0)
C (α0, u)

−1
{
dJ(u)− r(0)(α0,p0, u)dΛ

C
0 (u)

}
Qi(p0)

−vT (α0, u)dΛ
C
0 (u)A

C(α0)
−1ψi(α0,p0)

+s
(0)
C (α0, u)

−1ρi(p0)dM
C
i (u).

Note that E{Qi(p0)} = 0, E{ψi(α0,p0)} = 0 and E{ρi(p0)dM
C
i (u)} = 0,

such that

E{dΦi(α0,p0, u)} = 0.

A.4 n1/2{Λ̂C
i (t)− ΛC

i (t)}

We can decompose n1/2{Λ̂C
i (t)− ΛC

i (t)} as follows,

n1/2{Λ̂C
i (t)− ΛC

i (t)}

= n1/2{
∫ t

0

eα̂
T
Vi(u)dΛ̂C

0 (u)−
∫ t

0

eα
T
0 Vi(u)dΛ̂C

0 (u)} (4)

+n1/2{
∫ t

0

eα
T
0 Vi(u)dΛ̂C

0 (u)−
∫ t

0

eα
T
0 Vi(u)dΛC

0 (u)}. (5)

The Canadian Journal of Statistics / La revue canadienne de statistique DOI:
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By a Taylor expansion,

(4) = n1/2

∫ t

0

{
eα̂

T
Vi(u) − eα

T
0 Vi(u)

}
dΛ̂C

0 (u)

=

∫ t

0

VT
i (u)e

αT
0 Vi(u)dΛ̂C

0 (u)n
1/2(α̂−α0) + op(1)

=

∫ t

0

VT
i (u)dΛ

C
i (u)A

C(α0)
−1n−1/2

n∑
l=1

ψl(α0,p0) + op(1).

Now considering the second term (5),

(5) = n1/2

∫ t

0

eα
T
0 Vi(u)d{Λ̂C

0 (u)− ΛC
0 (u)}

=

∫ t

0

eα
T
0 Vi(u)n−1/2

n∑
l=1

dΦl(α0,p0, u) + op(1).

It follows that

n1/2{Λ̂C
i (t)− ΛC

i (t)} =

∫ t

0

VT
i (u)dΛ

C
i (u)A

C(α0)
−1n−1/2

n∑
l=1

ψl(α0,p0)

+

∫ t

0

eα
T
0 Vi(u)n−1/2

n∑
l=1

dΦl(α0,p0, u) + op(1)

= n−1/2

n∑
l=1

Gl(t) + op(1),

where

Gl(t) = ΨT
i (t)A

C(α0)
−1ψl(α0,p0) +

∫ t

0

eα
T
0 Vi(u)dΦl(α0,p0, u)

Ψi(t) =

∫ t

0

Vi(u)dΛ
C
i (u)

DOI: The Canadian Journal of Statistics / La revue canadienne de statistique
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A.5 n1/2{R̂i(t)−Ri(t)}

Letting Ri(t) = ρi(p)W1i(t), we have

n1/2{R̂i(t)−Ri(t)} = n1/2{ρi(p̂)eΛ̂
C
i (t) − ρi(p0)e

Λ̂C
i (t)}

+n1/2{ρi(p0)e
Λ̂C
i (t) − ρi(p0)e

ΛC
i (t)}

= µi(p0)
T eΛ

C
i (t)n1/2(p̂− p0)

+ρi(p0)e
ΛC
i (t)n1/2{Λ̂C

i (t)− ΛC
i (t)}+ op(1)

= µi(p0)
TW1i(t)n

−1/2

n∑
l=1

Ql(p0) +Ri(t)n
−1/2

n∑
l=1

Gl(t) + op(1).

A.6 n1/2(β̂ − β0)

It is easy to show that

n1/2(β̂ − β0) = An(β0)
−1n−1/2

n∑
i=1

Ui{β0, R̂i(t)}+ op(1),

where

Ui {β, R} =
∫ τ

0

{
Zi(0)− Z(β, R, t)

}
Ri(t)dNi(t)

Z(β, R, t) =
S(1)(β, R, t)

S(0)(β, R, t)

S(d)(β, R, t) = n−1

n∑
i=1

Ri(t)Yi(t)Zi(0)
⊗deβ

T
Zi(0), d = 0, 1, 2

s(d)(β, R, t) = E
{
Ri(t)Yi(t)Zi(0)

⊗deβ
T
Zi(0)

}
z(β, R, t) = s(1)(β, R, t)/s(0)(β, R, t).
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We then write

An(β) = n−1

n∑
i=1

∫ τ

0

{
S(2)(β, R, t)

S(0)(β, R, t)
− Z(β, R, t)⊗2

}
Ri(t)dNi(t)

−→
∫ τ

0

{
s(2)(β, R, t)

s(0)(β, R, t)
− z(β, R, t)⊗2

}
dF (t)

≡ A(β)

in probability, with n−1
∑n

i=1Ri(t)dNi(t) converging in probability to dF (t).

We can decompose n−1/2U(β, R̂) as follows,

n−1/2U
(
β0, R̂

)
= n−1/2

n∑
i=1

∫ τ

0

{
Zi(0)− Z(β, R̂, t)

}
R̂i(t)dMi(t)

= n−1/2

n∑
i=1

∫ τ

0

{
Zi(0)− Z(β, R, t)

}
Ri(t)dMi(t) (6)

+n−1/2

n∑
i=1

∫ τ

0

{
Zi(0)− Z(β, R, t)

}{
R̂i(t)−Ri(t)

}
dMi(t) (7)

−n−1/2

n∑
i=1

∫ τ

0

{
Z(β, R̂, t)− Z(β, R, t)

}
R̂i(t)dMi(t) (8)

It is easy to show that (6) = n−1/2
∑n

i=1

∫ τ

0

{
Zi(0)− Z(β, R, t)

}
Ri(t)dMi(t) +

op(1). The third term (8) converges in probability to 0. We can express (7) as
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follows,

(7) = n−1/2

n∑
i=1

∫ τ

0

{
Zi(0)− Z(β, R, t)

}
{
µi(p0)

TW1i(t)n
−1

n∑
l=1

Ql(p0) +Ri(t)n
−1

n∑
l=1

Gl(t)

}
dMi(t) + op(1)

= n−1

n∑
i=1

∫ τ

0

{
Zi(0)− Z(β, R, t)

}
µi(p0)

TW1i(t)dMi(t)n
−1/2

n∑
l=1

Ql(p0)(9)

+n−1/2

n∑
i=1

∫ τ

0

{
Zi(0)− Z(β, R, t)

}
Ri(t)

×n−1

{
n∑

l=1

ΨT
i (t)A

C(α0)
−1ψl(α0,p0)

}
dMi(t) (10)

+n−1/2

n∑
i=1

∫ τ

0

{
Zi(0)− Z(β, R, t)

}
Ri(t)

×n−1

n∑
l=1

∫ t

0

eα
T
0 Vi(u)dΦl(α0,p0, u)dMi(t). (11)

We can show that

(9) = Ô(β, R)n−1/2

n∑
i=1

Qi(p0)

= O(β, R)n−1/2

n∑
i=1

Qi(p0) + op(1),

where

Ô(β, R) = n−1

n∑
i=1

∫ τ

0

{
Zi(0)− Z(β, R, t)

}
µi(p0)

TW1i(t)dMi(t)

O(β, R) = E

[∫ τ

0

{Zi(0)− z(β, R, t)}µi(p0)
TW1i(t)dMi(t)

]
.
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Moreover,

(10) = n−1

[
n∑

i=1

∫ τ

0

{
Zi(0)− Z(β, R, t)

}
Ri(t)Ψ

T
i (t)dMi(t)

]

AC(α0)
−1n−1/2

n∑
l=1

ψl(α0,p0)

= Ĥ(β, R)AC(α0)
−1n−1/2

n∑
l=1

ψl(α0,p0)

=H(β, R)AC(α0)
−1n−1/2

n∑
l=1

ψl(α0,p0) + op(1),

where

Ĥ(β, R) = n−1

[
n∑

i=1

∫ τ

0

{
Zi(0)− Z(β, R, t)

}
ΨT

i (t)Ri(t)dMi(t)

]

H(β, R) = E

[∫ τ

0

{Zi(0)− z(β, R, t)}ΨT
i (t)Ri(t)dMi(t)

]
.

Changing the orders of integration and summation,

(11) = n−1/2

n∑
l=1

∫ τ

0

[
n−1

n∑
i=1

eα
T
0 Vi(u)

∫ τ

u

{
Zi(0)− Z(β, R, t)

}
Ri(t)dMi(t)

]
dΦl(α0,p0, u)

= n−1/2

n∑
l=1

∫ τ

0

χ̂(u, τ)dΦl(α0,p0, u)

= n−1/2

n∑
l=1

∫ τ

0

χ(u, τ)dΦl(α0,p0, u) + op(1),

where

χ̂(t1, t2) = n−1

n∑
i=1

eα
T
0 Vi(t1)

∫ t2

t1

{
Zi(0)− Z(β, R, t)

}
Ri(t)dMi(t)

χ(t1, t2) = E

[
eα

T
0 Vi(t1)

∫ t2

t1

{Zi(0)− z(β, R, t)}Ri(t)dMi(t)

]
.
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Combining the above results,

n1/2
(
β̂ − β0

)
= A(β0)

−1n−1/2

n∑
i=1

Θi (β0, R) + op(1),

where

Θi (β, R) = O(β, R)Qi(p0)

+H(β, R)AC(α0)
−1ψi(α0,p0)

+

∫ τ

0

χ(u, τ)dΦi(α0,p0, u).

Note that E{Θi(β, R)} = 0. By the MCLT and Slutsky’s Theorem, n1/2(β̂ −

β0) converges in distribution to a N(0,A(β0)
−1Σ(β, R)A(β0)

−1) variate,

where Σ(β, R) = E{Θi(β, R)⊗2}.

A.7 Estimating var(β̂)

The variance of β̂ can be consistently estimated by n−1
∑n

i=1 Θ̂i (β, R), with

Θ̂i (β, R) being obtained by substituting limiting values in Θi (β, R) with the

sample analogs. However, as shown in the Web Appendix, the computation of

Θ̂i (β, R) is very complicated and difficult to implement numerically. A useful

alternative is to estimate the variance of the proposed estimators by treating the

weights Ri(t) as known rather than estimated.
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By some simple algebra, we have

n−1/2U (β0, R) = n−1/2

n∑
i=1

∫ τ

0

{
Zi(0)− Z(β, R, t)

}
Ri(t)dNi(t)

= n−1/2

n∑
i=1

∫ τ

0

{
Zi(0)− Z(β, R, t)

}
Ri(t)dMi(t)

= n−1/2

n∑
i=1

∫ τ

0

{Zi(0)− z(β, R, t)}Ri(t)dMi(t) (12)

−n−1/2

n∑
i=1

∫ τ

0

{
Z(β, R, t)− z(β, R, t)

}
Ri(t)dMi(t).(13)

Note that E {W1i(t)dMi(t) | Zi(0)} = 0, such that

E {Ri(t)dMi(t) | Zi(0)} = E {ρi(p)W1i(t)dMi(t) | Zi(0)}

= E [E {ρi(p)W1i(t)dMi(t) | ∆1i,∆2i,∆3i,Zi(t)} | Zi(0)]

= E {W1i(t)dMi(t) | Zi(0)}

= 0.

Therefore, (13) converges in probability to 0. It follows that

n−1/2U (β0, R) = n−1/2

n∑
i=1

U‡
i (β0, R) + op(1),

where U‡
i (β0, R) =

∫ τ

0
{Zi(0)− z(β, R, t)}Ri(t)dMi(t). Hence, under the as-

sumed conditions, {U(β0, R)} is asymptotically a sum of independent and iden-

tically distributed zero-mean random quantities. By the MCLT, n−1/2U (β0, R)

converges asymptotically to a N(0,Σ‡(β0, R)) distribution, where Σ‡(β, R) =

DOI: The Canadian Journal of Statistics / La revue canadienne de statistique
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E
{
U‡

i (β, R)⊗2
}

. By the Functional Delta methods,

n1/2
(
β̂ − β0

)
=A(β0)

−1n−1/2

n∑
i=1

U‡
i {β0, R}+ op(1),

Therefore, the variance of β̂ is estimated by Â(β̂)−1Σ̂
‡
(β̂, R̂)Â(β̂)−1, where

Â(β̂) and Σ̂
‡
(β̂, R̂) are calculated by replacing limiting values with their corre-

sponding empirical counterparts.

We now provide a proof of the large-sample distribution of the cumulative

baseline hazard estimator.

A.8 Proof of Theorem 3

We can decompose n1/2{Λ̂0(t)− Λ0(t)} as follows,

n1/2{Λ̂0(t)− Λ0(t)} =n1/2{Λ̂0(t; α̂, β̂, p̂)− Λ̂0(t; α̂, β̂,p0)} (14)

+ n1/2{Λ̂0(t; α̂, β̂,p0)− Λ̂0(t; α̂,β0,p0)} (15)

+ n1/2{Λ̂0(t; α̂,β0,p0)− Λ̂0(t;α0,β0,p0)} (16)

+ n1/2{Λ̂0(t;α0,β0,p0)− Λ0(t)} (17)
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Applying a Taylor expansion of R̂i(t; α̂, p̂)/S
(0)(α̂, β̂, p̂, t) around

R̂i(t; α̂,p0)/S
(0)(α̂, β̂,p0, t), we can write (1) as

(1) =n1/2

n∑
i=1

∫ t

0

{ R̂i(u; α̂, p̂)

S(0)(α̂, β̂, p̂, u)
− R̂i(u; α̂,p0)

S(0)(α̂, β̂,p0, u)
}n−1dNi(u)

=n−1

n∑
i=1

∫ t

0

{ 1

S(0)(α̂, β̂,p0, u)

dRi(u; α̂,p)

dp
|p=p0 −

Ri(u; α̂,p0)

S(0)(α̂, β̂,p0, u)2
∂

∂p
S(0)(α̂, β̂,p, u)|p=p0}dNi(u)

× n1/2(p̂− p0) + op(1)

where

dRi(t; α̂,p)

dp
=
dρi(p)

dp
eΛ̂

C
i (t;α̂,p) + ρi(p)e

Λ̂C
i (t;α̂,p)dΛ̂

C
i (t; α̂,p)

dp

and

dΛ̂C
i (t; α̂,p)

dp
=

∫ t

0

eα̂
TV i(u)n−1

n∑
j=1

{
µT

j (p)

S
(0)
C (α̂,p, u)

− ρj(p)

S
(0)
C (α̂,p, u)2

∂

∂p
S
(0)
C (α̂,p, u)}dNC

j (u)

and

∂

∂p
S(0)(α̂, β̂,p, t)|p=p0 = n−1

n∑
i=1

∂Ri(t; α̂,p)

∂p
Yi(t)e

β̂
T
Zi(0)|p=p0 → r∗(0)p (α0,β0,p0, t)

Thus

(1) ≡L∗
1(α0,β0,p0, t)n

−1/2

n∑
i=1

Qi(p0) + op(1)
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where

L∗
n1(α0,β0,p0, t) =n−1

n∑
i=1

∫ t

0

s(0)(α0,β0,p0, u)
−1{µT

i (p0)e
Λi(u) + ρi(p0)e

ΛC
i (u)

∫ u

0

eα̂
TV i(s)s

(0)
C (α0, s)

−1

× [dJ(s)− r(0)(α0,p0, s)dΛ
C
0 (s)]} −

∫ t

0

s(0)(α0,β0,p0, u)
−1r∗(0)p (α0,β0,p0, u)dΛ0(u)

→ L∗
1(α0,β0,p0, t)

Considering (2),

(2) =n1/2

n∑
i=1

∫ t

0

{ 1

S(0)(α̂, β̂,p0, u)
− 1

S(0)(α̂,β0,p0, u)
}n−1R̂i(u; α̂,p0)dNi(u)

=n−1{
n∑

i=1

∫ t

0

− S
(1)(α̂,β0,p0, u)

S(0)(α̂,β0,p0, u)2
R̂i(u; α̂,p0)dNi(u)}Tn1/2(β̂ − β0) + op(1)

={−
∫ t

0

V
∗
(α̂,β0,p0, u)dΛ̂0(u; α̂,β0,p0)}TA(β0)

−1n−1/2

n∑
i=1

Θi(α0,β0,p0) + op(1)

={−
∫ t

0

v∗(α0,β0,p0, u)dΛ0(u)}TA(β0)
−1n−1/2

n∑
i=1

Θi(α0,β0,p0) + op(1)

≡L∗
2(α0,β0,p0, t)n

−1/2

n∑
i=1

Θi(α0,β0,p0) + op(1)

where

V ∗(α̂,β0,p0, t) =
S(1)(α̂,β0,p0, t)

S(0)(α̂,β0,p0, t)

v∗(α0,β0,p0, t) =
s(1)(α0,β0,p0, t)

s(0)(α0,β0,p0, t)

L∗
2(α0,β0,p0, t) ={−

∫ t

0

v∗(α0,β0,p0, u)dΛ0(u)}TA(β0)
−1
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Moreover,

(3) =n1/2

n∑
i=1

∫ t

0

{ R̂i(u; α̂,p0)

S(0)(α̂,β0,p0, u)
− Ri(u;α0,p0)

S(0)(α0,β0,p0, u)
}n−1dNi(u)

=n−1

n∑
i=1

∫ t

0

{ 1

S(0)(α0,β0,p0, u)

dRi(u;α,p0)

dα
|α=α0 −

Ri(u;α0,p0)

S(0)(α0,β0,p0, u)2

× ∂

∂α
S(0)(α,β0,p0, u)|α=α0}dNi(u)× n1/2(α−α0) + op(1)

where

dRi(t;α,p0)

dα
= ρi(p0)e

ΛC
i (t;α,p0)

dΛC
i (t;α,p0)

dα

and

dΛC
i (t;α,p0)

dα
=

∫ t

0

V i(u)
T eα

TV i(u)n−1

n∑
j=1

ρj(p0)

S
(0)
C (α,p0, u)

dNC
j (u)

+

∫ t

0

eα
TV i(u)n−1

n∑
j=1

(−ρj(p0)S
(1)
C (α,p0, u)

S
(0)
C (α,p0, u)2

)dNC
j (u)

and

∂

∂α
S(0)(α,β0,p0, t)|α=α0 = n−1

n∑
i=1

∂Ri(t;α,p0)

∂α
Yi(t)e

β0
TZi(0)|α=α0 → r∗(0)α (α0,β0,p0, t)

Thus,

(3) ≡ L∗
3(α0,β0,p0, t)n

−1/2

n∑
i=1

ψi(α0,p0) + op(1)
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where

L∗
n3(α0,β0,p0, t) ={n−1

n∑
i=1

∫ t

0

s(0)(α0,β0,p0, u)
−1{ρi(p0)eΛ

C
i (u)[

∫ u

0

V i(s)
T eα

TV i(s)s
(0)
C (α0, s)

−1dJ∗(s)

−
∫ u

0

eα
TV i(s)v(α0,β0,p0, s)dΛ

C
0 (s)]}

−
∫ t

0

s(0)(α0,β0,p0, u)
−1r∗α(α0,β0,p0, u)dΛ0(u)} ×AC(α0)

→ L∗
3(α0,β0,p0, t)

with

dJ∗
n(t) = n−1

n∑
i=1

ρi(p0)dN
C
j (t)

which converges to dJ∗(t) in probability.

The last part,

(4) =n−1/2

n∑
i=1

∫ t

0

S(0)(α0,β0,p0, u)
−1Ri(u;α0,p0)dMi(u)

=n−1/2

n∑
i=1

∫ t

0

s(0)(α0,β0,p0, u)
−1Ri(u;α0,p0)dMi(u) + op(1)

Combining the above result, one obtains

n1/2{Λ̂0(t)− Λ0(t)} =n−1/2

n∑
i=1

Φ∗
i (α0,β0,p0, t) + op(1)

where

Φ∗
i (α0,β0,p0, t) =L

∗
1(α0,β0,p0, t)Qi(p0) +L

∗
2(α0,β0,p0, t)Θi(α0,β0,p0)

+L∗
3(α0,β0,p0, t)ψi(α0,p0) +

∫ t

0

s(0)(α0,β0,p0, u)
−1Ri(u;α0,p0)dMi(u)

The Canadian Journal of Statistics / La revue canadienne de statistique DOI:



20?? 25

Note that E{Qi(p0)} = 0, E{Θi(α0,β0,p0)} = 0, E{ψi(α0,p0)} = 0 and

E{Ri(u;α0,p0)dMi(u)} = 0, such that E{dΦ∗
i (α0,β0,p0, t)} = 0.
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TABLE 1: Supplementary analysis comparing HCC (assigned MELD of 22; reference) versus non-HCC

(by lab MELD) pre-transplant mortality

Case-Control Case-control

Weighted: W1 Weighted: W3

Patients MELD β̂ SE p β̂ SE p

HCC “22” 0 – – 0 – –

non-HCC 6-8 -1.15 0.14 < 0.0001 -1.05 0.15 < 0.0001

9-11 -0.65 0.10 < 0.0001 -0.53 0.12 < 0.0001

12-13 -0.60 0.10 < 0.0001 -0.44 0.12 0.0003

14-15 -0.20 0.11 0.056 -0.05 0.12 0.69

16-17 0.02 0.10 0.88 0.20 0.13 0.13

18-19 0.28 0.14 0.04 0.54 0.16 0.0006

20-22 0.44 0.14 0.001 0.73 0.13 < 0.0001

23-24 0.78 0.21 0.001 1.29 0.20 < 0.0001

25-29 1.38 0.17 < 0.0001 1.82 0.17 < 0.0001

30-39 1.88 0.17 < 0.0001 2.30 0.18 < 0.0001

40 2.64 0.36 < 0.0001 2.80 0.45 < 0.0001
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TABLE 2: Simulation results based on 1000 replications: Mis-specified model:

Setting 2A-2B, but with (Zi1 deleted)

Wi(t) Estimator BIAS ESD ASE CP

Setting 2A: p1 = p2 = p3 = 0.15

1 β̂1 0.096 0.136 0.139 0.901

W1 β̂W1
1 0.124 0.144 0.146 0.862

W2 β̂W2
1 0.095 0.137 0.141 0.910

W3 β̂W3
1 0.082 0.135 0.139 0.929

1 β̂2 -0.104 0.133 0.134 0.876

W1 β̂W1
2 -0.031 0.135 0.139 0.945

W2 β̂W2
2 -0.018 0.132 0.136 0.945

W3 β̂W3
2 -0.013 0.132 0.136 0.946

Setting 2B: p1 = p2 = p3 = 0.10

1 β̂1 0.101 0.169 0.171 0.916

W1 β̂W1
1 0.132 0.179 0.179 0.890

W2 β̂W2
1 0.101 0.170 0.173 0.914

W3 β̂W3
1 0.088 0.168 0.171 0.927

1 β̂2 -0.102 0.167 0.164 0.912

W1 β̂W1
2 -0.030 0.169 0.170 0.948

W2 β̂W2
2 -0.018 0.164 0.167 0.947

W3 β̂W3
2 -0.013 0.165 0.167 0.949
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