(Generalizations of the Lerch zeta function

by
Trung Hieu Ngo

A dissertation submitted in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
(Mathematics)
in the University of Michigan
2014

Doctoral Committee:

Professor Jeffrey C. Lagarias, Chair
Associate Professor Kartik Prasanna
Assistant Professor Andrew Snowden
Professor Martin J. Strauss
Professor Robert C. Vaughan



Acknowledgments

[ am grateful to my advisor, Professor Jeffrey C. Lagarias, for suggesting the thesis
problem, for sharing his mathematical ideas and insights on the Lerch zeta function,
and for numerous helpful discussions. I further thank my advisor for his careful
reading of the thesis and his suggestions to greatly improve the overall presentation
of the thesis.

I thank the thesis committee: Professor Kartik Prasanna, Professor Andrew Snow-
den, Professor Martin J. Strauss, and Professor Robert C. Vaughan for reading the
thesis and providing constructive feedback.

I thank Cameron Franc for career advice and his friendship. I thank Yu-Jui Huang
for being my best friend till now.

The work of this thesis was partially supported by NSF grant DMS-11010373.

i



Contents

Acknowledgments
Abstract
Chapter
1 Introduction
1.1  The Lerch zeta function . . . . .. ... ... ... .. ......
1.2 Properties of the Lerch zeta function . . . .. ... ... .. ...
1.3 Motivation and goal of the thesis . . . . .. ... ... ... ...
1.4 A recollection on Tate’s Thesis . . . . . . . . ... ... ... ...
1.5 Statements of main results . . . . . ... ...
2 Local zeta integrals
2.1  Overview of the chapter . . . . . .. .. ... ... ... .....
2.2 Notations and basic definitions . . . . . . . .. ... ... ... ..
2.3 Local norm sections . . . . . . .. ... ... L.
2.4 Local Lerch-Tate zeta integrals . . . . . . ... ... ... ... ..
2.5 The Main Local Theorem . . . . . . . . . ... ... ... .....
2.6  Gauss sums and Fourier transform . . . . . . . ... ... ... ..
2.7 Proof of the Main Local Theorem . . . . ... ... ... ... ..
2.8 Example . . . . ..
3 Global zeta integrals over number fields
3.1 Overview of the chapter . . . . . .. ... ... ... ... ...,
3.2 Notations and basic definitions . . . . . . . .. ... ... ... ..
3.3 Global norm sections . . . . .. ... ...
3.4 Global Lerch-Tate zeta integrals over a number field . . . . . . . .
3.5 The Main Global Theorem over a number field . . . . . . . .. ..
3.6 Absolute convergence . . . . . ... ...
3.7 Analytic continuation and functional equation . . . . .. ... ..
3.8 Example: thecase K =Q . .. ... .. ... ... ........

il

H El

B EH &8 HEH-

|



4 Global zeta integrals over function fields 67

4.1  Overview of the chapter . . . . . . . ... ... ... ....... 67
4.2 Notations and basic definitions . . . . . . . . .. .. ... ... .. 671
4.3 Global norm sections . . . . . . .. ... ... 6]
4.4  Global Lerch-Tate zeta integrals over a function field . . . . . .. 69}
4.5 The Main Global Theorem over a function field . . .. ... ... (71l
4.6  Analytic properties of global zeta integrals . . . . . ... ... .. 2]
4.7  Example: the case K =F,(T) . . .. ... ... ... ... ..., [T

5 A generalized Lerch zeta function &1l
5.1 Overview of the chapter . . . . . ... ... ... ... ... ... Rl
5.2 Absolute convergence of the series . . . . . .. .. .. ... .... 821
5.3  Confluent hypergeometric function: Shimura’s tau function . . . . [R4
5.4  Confluent hypergeometric function: the upsilon function. . . . . . R7
5.5 Confluent hypergeometric function: Whittaker’s function . . . . . 911
5.6 A Fourier transform calculation . . . .. ... ... ... ... .. 94
5.7  Fourier expansion and analytic continuation of Z(z,y;«,3) . . . . [0
5.8 Relation of Z(x,y; a, B) to the Lerch zeta function . . . . . . . .. 98]
References 104

v



Abstract

The Lerch zeta function is a three-variable generalization of the Riemann zeta
function and the Hurwitz zeta function. In this thesis, we study generalizations and
analogues of the Lerch zeta function. Our approaches proceed along three directions:
local, global and classical.

In the local study, we construct a new family of local zeta integrals, called local
Lerch-Tate zeta integrals. These local zeta integrals have analytic continuation and
functional equation which resembles the functional quation of the Lerch zeta function.
Our local zeta integrals generalize Tate’s local zeta integrals.

In the global investigation, we introduce a family of global zeta integrals over
global number field and a family of global zeta integrals over global function field;
these families are called global Lerch-Tate zeta integrals. These global zeta integrals
converge absolutely on a right half-plane; they have meromorphic continuation and
functional equation. Our global zeta integrals generalize Tate’s global zeta integrals.
In the special case when the number field is the field of rational numbers, specializa-
tions of these global zeta integrals give the symmetrized Lerch zeta functions.

In the classical approach, we study a generalized Lerch zeta function with four

variables. We compute its Fourier expansion and establish its analytic continuation.



Chapter 1

Introduction

1.1 The Lerch zeta function

This thesis studies generalizations and analogues of the Lerch zeta function. The

Lerch zeta function is given by the Dirichlet series

((s,a,c) = Z ﬁ e(na)

n=0

where e(z) = ¢?™ for a complex number z. If a is complex with non-negative imagi-
nary part and c is real but not a non-negative integer, ((s, a, c) converges absolutely
for R(s) > 1.

Special cases of the Lerch zeta function include the Riemann zeta function

C(S) = ZTfS = C(3>0a 1)7

the Hurwitz zeta function

[e.9]

((s,c) = Z(n +¢)7* =((s,0,¢),

n=0
and the periodic zeta function [23], Section 25.13]
= 1
F(a,s) = Z —e(na) = e(—a)((s,a,1).
n=1

First investigations on the Lerch zeta function can be found in papers of Lipschitz
[13, 14] and Lerch [12]. Weil gave a beautiful exposition of the analytic continuation

and the functional equation of the Lerch zeta function in his classic book [42]. The



book of Laurincikas and Garunkstis [11] carefully studies analytic properties of the

Lerch zeta function.

1.2 Properties of the Lerch zeta function

Lerch [12] showed that ((s,a,c) extends to a meromorphic function for s € C by

virtue of the integral representation

I'(1—ys) z5 e
C(Sa a, C) = . /C’ 1— ez+27ria dZ

271

where C' is the contour running from —oo below the negative real axis to the origin,
encircling around the origin in positive orientation, and tracing back to co above the

negative real axis. Lerch [I2] proved the three-term functional equation

['(s)

(e e (s, —c,a) + e 7 200 (5,¢,1—a)}, (1.1
(2m)°

((1—=s,a,c)=

which researchers call Lerch’s transformation formula.
Now suppose that a and c are real variables with 0 < a < 1 and 0 < ¢ < 1.

Fundamental properties of the Lerch zeta function ((s, a, ¢) include the following:

(i) Functional equation: Lerch’s transformation formula (|1.1)) admits a more sym-

metric form. Define

~
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(5,a,¢) +e 2™ (5,1 —a,1—c)

(s,a,¢) — e *™((s,1—a,1—c).

3
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The symmetrized Lerch zeta functions L*(s, a, ) can be expressed, for Re(s) >

1, as Dirichlet series

G 1
L*(s,a,¢c) = E TR e(na)
B =, sgn(n+c)
L (8,(1, C) = E We(na).



On completing L*(s,a,c) with

L (s,a,¢)=7"3T <§> L*(s,a,c)

A S 1
L™ (s,a,c) = T (8;— ) L™ (s,a,c),

it is shown that ﬁi(s, a, c) extends to entire functions of s and admits functional

equations

~>

*(s,a,¢) = e(—ac) LY (1 — 5,1 — ¢, a) (1.2)
“(s,a,¢) = ie(—ac) L~ (1 —s,1— ¢, a). (1.3)

~>

The functional equations ([1.2)) and (1.3)) were proved by Weil [42, p. 57] and
Lagarias and Li [7, Theorem 2.1].

Differential-difference equations: The Lerch zeta function satisfies, for all s by

analytic continuation, the differential-difference equations

L, 0.C(s,a,¢) = (s —1,a,¢) — c((s,a,c) (1.4)

271

0.((s,a,¢c) = —s((s+1,a,c). (1.5)

From (1.4 and (1.5]), one derives a second order linear partial differential equa-
tion satisfied by ((s, a, ¢), namely

(L 8aac+cac+5) ((s,a,c)=0. (1.6)

271

The differential equations (|1.4)—(1.6) were shown for ((s,a,c) by Apostol [I]
p. 163] and extended to an analytic continuation of ((s,a,c) by Lagarias and
Li [8, Theorem 5.1].

The zeta functions L*(s, a, ¢) satisfy the periodicity relations

L*(s,a+1,¢) = L*(s,a,c) (1.7)
L*(s,a,c+ 1) = e(—a) L*(s,a, c). (1.8)

Beside (i) and (ii), the Lerch zeta function exhibits several salient features which

are interesting and worthwhile for further investigation.



(iii) Multivaluedness: Viewed as a function of three complex variables, ((s,a,c)
exhibits multi-valued nature. Lagarias and Li [§] showed that ((s,a,c) can be

defined as a multi-valued function on the complex manifold
{(s,a,c) eCx (C—-Z)x (C—-72)}

and that the multi-valued function descends to a single-valued function on the

maximal abelian cover of this complex manifold.

(iv) Special values of ((s, a, ¢) and its variants have interesting arithmetic properties,

as shown by Lagarias and Li [0] and Shimura [31], 32].

(v) The Lerch zeta function ((s,a,c) can not be expressed as an Euler product in

general.

1.3 Mbotivation and goal of the thesis

Tate reformulated classical number-theoretic zeta functions, for instance the Rie-
mann zeta function, Dirichlet L-functions, and Hecke L-functions, as zeta integrals.
Modern number theory transforms Tate’s perspective into the theory of automorphic
L-functions. The automorphic L-functions have Euler products which provide them
with vast connections with arithmetic geometry and representation theory.

Because of the translation twist by the variable ¢ and the additive character twist
by the variable a, the Lerch zeta function ((s, a,c) does not have an Euler product
in general. It is natural to ask whether there is an automorphic framework for which
the Lerch zeta function fits in. This is too broad a question to answer, but let us

raise the following concrete questions:
(1) Can the Lerch zeta function be realized as a zeta integral on the adeles?
(2) Is there a generalization of the Lerch zeta function for global number field?
(3) Does the Lerch zeta function have an analogue over global function field?

(4) If Question 1 has a positive answer, is there an analogous zeta integral over
local fields?

This thesis constructs new generalizations and analogues of the Lerch zeta function.
We give an affirmative answer to each of these questions. In Section we describe

and summarize new results obtained.



1.4 A recollection on Tate’s Thesis

Let us briefly review Tate’s Thesis, preparing appropriate background to describe the
results of the thesis on generalizations and analogues of the Lerch zeta function. The
best references are the original Tate’s Thesis [33], which is reprinted in [5], and the
reinterpretation of Weil [41] in the language of distributions (see also [6], 40]).

Suppose that G is a locally compact abelian group. A quasi-character (resp.
character) of G is a continuous homomorphism y : G — C* (resp. x : G — T). We
denote by X(G) (resp. G) the group of all quasi-characters (resp. characters) of G.
The group G endowed with the compact-open topology is called the Pontryagin dual
of G.

Tate’s Thesis [33] realizes the spaces X(G) of those G arising from number-
theoretic contexts as complex varieties; it is on these varieties that the zeta integrals
will live. In number-theoretic considerations, we encounter situations where GG admits
a norm map |- | : G — R, with compact kernel G' and with image H C R,. We

assume that either
(a) H=R, or
(b) H is an infinite discrete subgroup of the form ¢Z for some real number ¢ > 1.

There holds an exact sequence
1t sah g

Interesting situations include, but not exclusively, instances with
e (G = I where F is an archimedean local field
e (G is the idele class group of a global number field K
e (G = F* where F is a nonarchimedean local field
e (G is the idele class group of a global function field K;

the first two instances yield case (a), whereas the latter two yield case (b).

In case (a), every quasi-character of H is of the form ¢ — ¢* for some s € C and
hence X(H) = C. In case (b), every quasi-character of H is uniquely determined
by its value on ¢, whence one has a natural isomorphism X (H) — C*,x — x(q).
Alternatively, in case (b), the inclusion H C R, induces the surjection X(R,) —
X (H), which in turn realizes X (H) as the quotient C/ Zg’E;)Z because X (R,;) = C. In

lo



either case, X (H) is naturally endowed with a structure of one-dimensional connected
complex variety.
It follows from our assumptions on G and H that there is a natural exact sequence
(of abstract groups)
1—>X(H)—>X(G)—>(/J\1—>1,

with GI being discrete (because G' is compact). This exact sequence realizes X (G)
as a disjoint union of copies of the complex algebraic variety X (H). One therefore
endows X (G) with a structure of one-dimensional complex variety. The connected
complex variety X (H) is the connected component at the identity of X (G), called
the neutral component of X(G). The discrete group Gl is the component group of
X(G); we write GI = mo(X(G)).

Our assumptions on G and H imply that every quasi-character of H, which is
either R, or ¢Z, is of the form x(t) = t°, where s € C in case (a) and where s €
C/ %Z in case (b). It allows one to define the real part of the quasi-character
X € X(H) to be Re(x) := Re(s). Moreover, the notion of real part extends to a
quasi-character of G as follows. If x € X(G), the quasi-character |x| of G defined by
Ix|(x) := |x(z)] is trivial on G' and hence descends to a quasi-character |x|g € X (H).
Then one defines the real part of the quasi-character x € X(G) to be Re(x) :=

Re(|x|n).
Tate’s local theory

Suppose that F' is a nonarchimedean local field. Hence F' is either a finite extension
of Q, or the field of formal Laurent series F,((¢)). Let O be its ring of integers and
7 a uniformizer. For comparison with the global theory, let Xr = X (F*) denote the
group of quasi-characters of F'*.

A quasi-character of F'* is said to be unramified if it has trivial restriction to Op;
such a quasi-character is determined by its value y(7) € C*. It is clear that the
neutral component of Xp consists of unramified quasi-characters. The component
group mo(Xp) is identified with the (discrete) Pontryagin dual (’/)% Each connected
component of Xp is labeled by a unique character of O, namely the restriction
to O of any of the element in the same connected component. Furthermore, each
connected component of Xz can be (non-canonically) identified with the connected
variety C*.

A complex-valued function on a locally compact Hausdorff and totally discon-
nected group G is called a Schwartz-Bruhat function if it is locally constant and

compactly supported; the space of all Schwartz-Bruhat functions on G is denoted by



S(G).
For each Schwartz-Bruhat function f € S(F), Tate defined the local zeta integral

Z(f,x) = . f(@)x(z) d"x, (1.9)

where d*x is a Haar measure on F'*. The assignment x — Z(f, x) defines a function
on Xp. At first Z(f,) is absolutely convergent and defines an analytic function
for Re(x) > 0. Then Z(f,-) meromorphically extends to a function, also denoted by
Z(f,-),on Xp. The function Z(f, ) is holomorphic away from the neutral component;

on the neutral component, it is meromorphic with at most a simple pole at the trivial

character Xxuiy € Xp whose residue equals ; S g?ﬂ). In particular, if f € S(F*), then
Z(f,-) is a holomorphic function on Xp.

Let v : FF — C* be a nontrivial additive character. For a Schwartz-Bruhat
function f € S(F), its Fourier transform with respect to ¢ and a Haar measure d x

on F'is given by
fo) = [ f@yiten) dx
F

One chooses d;x to be the unique Haar measure on F for which the Fourier inversion
f(x) = f(—=) holds. Tate showed that Z(f, y) satisfies the functional equation

~

Z(f,xX") =v(x,¢,dix) Z(f, x)

where yx' = | - | and y(x, 1, d;x) is the local gamma factor independent of f. The

local gamma factor encodes important arithmetic information.
Tate’s global theory

Let K be a number field; let Ag be its ring of adeles and A} its group of ideles.
Let v denote a generic place of K; let p denote a generic finite place of K. Write
Kr = K ®g R for the Minkowski space of K. If ry (resp. r3) is the number of real
embeddings (resp. (equivalence classes of ) complex embeddings) from K into C, then
Kg is a vector space of real dimension ry + 27s.

Let A be the group of adeles and Ay its multiplicative group. By definition,
these are the restricted direct products Ax = Kp X H; K, and A} = Ky X H; K.
For an idele x € A%, let |x| denote the standard idele norm, so the product formula
|z| = [1, |z|, = 1 holds true for every x € K*. Recall the standard normalization:
if v is a real place, | - |, is the usual absolute value; if v is a complex place, | - |, is

the square of the usual absolute value; if p is nonarchimedean, |z|, = ¢~¥**®) where



q = |k(p)| is the cardinality of the residue field and val,(x) is the valuation which
takes value one on any uniformizer. Write A} for the group of ideles of norm one.
Write Cx = A% /K™ for the idele class group and C} = AJ,/K* for the norm one
idele class group.

For a global number field K, one takes G = Ck, so G* = C} and H = R,. Set
Xk = X(G). The exact sequence

1—>G1—>Gﬂ>R+—>1,

where | - | denotes the standard norm, splits non-canonically. The splittings G =
G' x R, correspond bijectively to sections of the norm map |- | : G — R,. Later
on we will define a continuous homomorphism 7 : R, — G to be a norm section if
|- | o7 =idg, . Each splitting G = G* x R, induces a decomposition X = @( x C;
the component group 6’1?( has discrete topology. For the rational number field, Cé
is isomorphic to the profinite group Z = Hp Z,, thus the (torsion) Pontryagin dual
Cé is /ic\lentiﬁed with the set of all Dirichlet characters. If K is a generic number

—~

field, C') is not necessarily torsion; it consists of (finite order or infinite order) Hecke
Grossencharacters.

In parallel with the local theory, Tate defined for every Schwartz-Bruhat function
f € S(Ak) the global zeta integral

Z(f,x) = » f(@)x(x) d*x (1.10)

where d*x is a Haar measure on Aj. The assignment x — Z(f, x) defines a function
on Xk. The global zeta integral Z(f, x) converges absolutely for Re(x) > 1.

Let v : Ax — C* be a nontrivial additive character which is trivial on K. For a
Schwartz-Bruhat function f € S(Ak), its Fourier transform with respect to ¢ and a

Haar measure d . x on Ay is given by
f)= | fl@)(ry)dix.
A

One chooses d; x to be the unique Haar measure on Ay for which the Fourier inver-
sion f(z) = f(—z) holds. Tate showed that the global zeta integral Z(f,y) admits
meromorphic continuation to the whole variety X and satisfies the functional equa-
tion

A

Z(.f7 X/) = Z(f’ X)



where xx' = |- |.

1.5 Statements of main results

In Chapter [2] we introduce a new family of local zeta integrals, called local Lerch-Tate
zeta integrals. These local zeta integrals have analytic continuation and functional
equation which resembles the functional quation of the Lerch zeta function. Our
local zeta integrals generalize Tate’s local zeta integrals. In Chapter 3| we study
a family of global zeta integrals over a number field; called global Lerch-Tate zeta
integrals over a number field. These global zeta integrals converge absolutely on a
right half-plane; they have meromorphic continuation and functional equation. Our
global zeta integrals generalize Tate’s global zeta integrals. In the special case when
the number field is the field of rational numbers, our global zeta integrals give the
Lerch zeta function. In Chapter [l we show that an analogue for function field of curve
over finite field, namely global Lerch-Tate zeta integrals over a function field, also has
interesting analytic properties. In Chapter [5| we introduce and study a generalized

Lerch zeta function.

We now give a more detailed description of the main results of the thesis.

In Chapter [2| we construct local Lerch-Tate zeta integrals over a nonarchimedean
local field F' as follows. Define

Zrae(fix) = /

F

« v (T(a’;)) flz+er(z)) x(z) d*x

where x is a quasi-character of F*, (7, a,c) is a local Lerch tuple, f is a Schwartz-
Bruhat function on F. For the definition of local Lerch tuple, see Section [2.4} here
a,c € F. Let Xr be the variety of all quasi-characters of F*. We show the Main Local

Theorem which establishes analytic properties of local Lerch-Tate zeta integrals.

Theorem 1.5.1. (Main Local Theorem) Let F' be a nonarchimedean local field. Let
(1,a,c¢) be a local Lerch tuple and f be a Schwartz-Bruhat function on F; set m =
7(q71). Let ) be an additive character of levell of F. Take for F' the self-dual measure

d.x with respect to v; take for F* any Haar measure d*x.

(i) (Absolute convergence and analytic continuation) On each connected component
of Xr, the zeta integral Z. o .(f,x) converges absolutely for 0 < Re(x) <1 to a

rational function (of the variable z = x () ).

(ii) (Poles and residues) Let xo be a character on the unit group.

9



If ¢ ¢ O%, the restriction of Z,..(f,x) to the connected component Xp,, has
at most a simple pole at the unique quasi-character x-o € Xg,, which takes

value 1 on w. The residue of Zr..(f,-) at xr0 is
ReS(ZT,a,c(f7 X) X = XT,O) = _f<0) dXX<OX) G(qu)m XO)'

If c € O%, the restriction of Z,..(f,x) to the connected component Xp,, has
at most two simple poles at the unique quasi-character x-o € Xgy, which takes

value 1 on m and at the unique quasi-character x, 1 € Xp,y, which takes value

q ' onw. The residue of Z,..(f,") at xro is

ReS(ZT,a,c(f7 X) X = XT,O) - —f(O) dXX(OX> GWm XO)

The residue of Zrqc(f,-) at xr—1 is
h
ReS(ZT,a,c(f7 X) X = XT,fl) = q —ac XO f d+X

where h = &

(iii) (Functional equation) Let xo be a character of level m on the unit group.
Let Zroc(f,X0,2) denote the restriction of Z,..(f,-) to the connected com-
ponent Xp.,. In other words, if x|ox = xo and x(7) = z, then Z.,.(f, x) =
Zr ac(fix0,2). There holds the symmetry:

o if x is unramified, then

Zﬂ',a,c(f? XO0,nr; Z)
P(—ac) dyx (O]

R 1 -1 R 1
- Z Z ZTF —cmT,am ™" (f7 X0,nr, _) + © Z7r —cml=1 qml-! (fa X0,nr> _) ;
’ ’ gz 1—q & ’ gz

r>1

o if x is ramified of level m > 1, then

ZTK'CLC(f X0, 2 )
Xo(—1) $(—ac) dyx(0%) ~

1
l mG(wﬂ'l maXO) Zﬂ,fmrl—m,mrm—l (f7X0 a_> .

qz

In Chapter |3| we construct global Lerch-Tate zeta integrals over a number field K

10



as follows. Define

Zeacl 10 = [ 0 (5 ) o+ erla) aio) @
ap \7(lz])
where x is a quasi-character of the idele class group A% /K>, (7,a,c) is a global
Lerch tuple, and f is a Schwartz-Bruhat function on Ag. For the definition of global
Lerch tuple, see Section here a,c € Ag. Let Xk be the variety of all quasi-
characters of Aj;/K*. We show the Main Global Theorem over Number Field which
establishes analytic properties of global number field Lerch-Tate zeta integrals. For
each Schwartz-Bruhat function f on A, the allowed set of values (a, c) € A% excludes

a “singular set”, which is specified by a “compatibility” condition defined in Section

Bl

Theorem 1.5.2. (Main Global Theorem over a number field) Let K be a number
field. Let (1,a,c) be a global Lerch tuple and v be an additive character of Ak with
trivial restriction to K. Let f be a Schwartz-Bruhat function on Ag and f be the
Fourier transform of f with respect to v and d,x. Suppose that c is compatible with
f and that a is compatible with f )

(i) (Absolute convergence) On each connected component of Xy, the zeta integral

Zrac(f,x) converges absolutely for Re(x) > 1.

(ii) (Analytic continuation) The zeta integral Z, . .(f,x) extends to a meromorphic

function on Xg.

(iii) (Poles and residues) The meromorphic function Z,,.(f, x) is holomorphic out-
side of the unramified component. On the unramified component, Z;..(f,x)
has at most simple poles at x = || and x = Xuiv. Observe that each of the two

integrals

/faT Y1) %t and /fcr V(7 () d*t

converges absolutely for Re(x) > 1 and has a meromorphic continuation to

X € Xk. Then the function

Zrac(f,x)—t(—ac UK/ f a7(®) X' (r(1)) dXt—i-vK/ fer(t)) x(7(t)) d*t
extends to a holomorphic function on the unramified component of Xg.

11



(iv) (Functional equation) Observe that the integral

Si(f.x) = /0 Fler(t) x(r(t) d<t

converges absolutely for Re(x) > 0 and extends to a meromorphic function of
X € Xk; we denote this meromorphic function also by Si(f,x). Observe also
that the integral

&UAQZAmf@T@)MﬂﬂMVt

converges absolutely for Re(x) < 0 and extends to a meromorphic function of

X € Xk, we denote this meromorphic function also by Sa(f,x)-

Set
”Z’ (f X) - ZT,&,C(fJ X) + (%)7¢ (Sl (f; X) + SQ(f7 X)) ZfX Z'S Unramiﬁed
T,a,c\J » ZT,a,C<f7 X) Zf X 78 mmiﬁed,
One has

~ A

2T,CL,C(f7 X) = w(_ac) ZT:*C’a(f’ X/)

Remarks 1.5.3. (i) We show in Section that, when K = Q, the global Lerch-

Tate zeta integral can be specialized to give the Lerch zeta function.

(ii) Since the Lerch zeta function can not be expressed as an Euler product, it would
be interesting if there is some relation between the global and local Lerch-Tate

zeta integrals.

In Chapter [ we fix a smooth projective geometrically connected curve C' over a
finite field k = F, and let K = k(C) be the function field of C'. This chapter constructs

global Lerch-Tate zeta integrals over the function field K as follows. Define

Zeacl 10 = [ 0 (5 ) o+ erla) ao) a*
ap \7(lz])

where X is a quasi-character of the idele class group A% /K>, (7, a,c) is a global Lerch
tuple, and f is a Schwartz-Bruhat function on Ag. For the definition of global Lerch
tuple, see Section [£.2} here a,c € Ag. Let Xx be the variety of all quasi-characters of
Ay /K*. We show the Main Global Theorem over Function Field which establishes

analytic properties of global function field Lerch-Tate zeta integrals.
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Theorem 1.5.4. (Main Global Theorem over a function field) Let (7, a,c) be a global
Lerch tuple and 1 be an additive character of Ax with trivial restriction to K. Let

f be

a Schwartz-Bruhat function on Ak and f be the Fourier transform of f with

respect to ¥ and dyx. Suppose that c is compatible with f and that a is compatible
with f )

(i)

(i)

(i)

(Absolute convergence) On each connected component of Xy, the zeta integral

Zrac(f,Xx) converges absolutely for Re(x) > 1.

(Analytic continuation) The zeta integral Z, . .(f, x) extends to a meromorphic

function on Xg.

(Poles and residues) The meromorphic function Z, . .(f,x) is holomorphic out-
side of the unramified component. On the unramified component, Z; . .(f,X)
has at most simple poles at x = || and x = Xuiv- Observe that each of the two

sums

Y Flar@)X (@) and > fler(q™) x(7(¢")

n>0 n<0

converges absolutely for Re(x) > 1 and has a meromorphic continuation to
X € Xk. Then the function

ZraelfX) = ¥(=ac) v Y f (ar(@) X' (r(a") +vx Y f(eT(d") x((q")

n>0 n<0

extends to a holomorphic function on the unramified component of X .

(Functional equation) Observe that the integral

converges absolutely for Re(x) > 0 and extends to a meromorphic function of
X € Xk; we denote this meromorphic function also by Si(f,x). Observe also
that the integral
Sa(fx) =D fler(g™) x(r(g™))
m=0

converges absolutely for Re(x) < 0 and extends to a meromorphic function of



X € Xk ; we denote this meromorphic function also by So(f, x). Set

Zrac(fx) +vr (S1(f,x) +S2(f,x)) if x is unramified

Z‘f‘,a,c(f, X) =
ZT,(I,C(f? X) Zf X 18 mmiﬁed.

One has

~ ~

ZT,a,c(fv X) = @Z)(—CLC) ZT,—C7‘1(f7 X,)

In Chapter 5| we study a generalized Lerch zeta function given by the Dirichlet

series
o

Z(wyia )= Y

n=—oo

1
(n+z)*(n+71T)8

e(ny)

where x, y, o and 3 are complex variables, e(z) = €™, and the primed sum excludes
the term n = —x when x is an integer. Here we fix the log branch log z = log |z| +
i arg z with —m < arg z < 7 and define 27 = €71°¢% for two complex numbers z and
v.

We establish analytic continuation of Z(z,y;a, ) by means of Fourier develop-

ment. More precisely, we define the upsilon function
v(z;a, B) = / ettt +2) P dt
0

which is absolutely convergent and defines an analytic function for x € C — R« and
a, B € C with Re(8) > 0. We prove that v(z;«, #) extends to an analytic function
forx € C —R<p, a € C, f € C— Z<y. We show the following

Theorem 1.5.5. Suppose that © = x’ + iz” € H and that y € R. Suppose further
that o, p € C with Re(a+ ) > 1. Then

o0

Z(x,y;a, 8) = e(—2'y) Z cn e(nz’) (1.11)

n=—o0
where the Fourier coefficients ¢, = c,(2”,y; «, B) are given by

e—2m(n— YVa!! .
I‘(a)l"(yﬁ) v(dr(n —y)z";o, B) ifn>y
Cp = 27 e3mi(B=0) (2$”)1_0‘_ﬁ FF((OS?(*;)) ifn=uy

672Tr(y7n)z//

T vArly —n)a"iBa) ifn<y.

(1.12)
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From the above theorem, we deduce the analytic continuation of ((z,y; «, 5):

Theorem 1.5.6. (i) For fized x € H and fized y € R—Z, the function Z(z,y; c, 5)
extends to an analytic function for a € C, 5 € C.

(ii) For fired x € H and fizred y € Z, the function

” . _ . B Lri(B—a) (o./1\1—a—p M(a+p—1)
Z(x,y, 0, B) = Z(z,y;, ) — 2me (22! —F(Q)F(ﬁ)

extends to an analytic function for o € C, 3 € C.

The generalized Lerch zeta function Z(z,y; «, 5) is related to the Lerch zeta func-
tion via certain limiting behaviors. Suppose that Re(s) > 1, that z € H satisfies
0 < Re(z) < 1, and that y € R. Write z = 2’ +iz” with 2/,;2” € R, s0 0 < 2/ < 1.
Among other relations, we show that

lim Z(2' +iz”,y;s,0) = ((s,y,2") +e(—y) e ™ (s, —y,1 — 2').

/=0
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Chapter 2

Local zeta integrals

2.1 Overview of the chapter

In this chapter we construct a family of local zeta integrals over nonarchimedean local

field and prove its analytic properties. The organization of the chapter is as follows.

e Section|2.2|gives preliminary concepts which are necessary for the p-adic analysis

of local zeta integral.

e Section defines norm section, Lerch tuple, and local Lerch-Tate zeta inte-

grals.

e The analytic properties of local Lerch-Tate zeta integrals are formulated in Sec-
tion [2.5] Theorem [2.5.1] asserts that these zeta integrals are rational functions;
Theorem asserts that they have functional equations which are similar to
that of the Lerch zeta function.

e Section [2.6] computes certain Gauss sums and Fourier transform.

e Section [2.7]is devoted to the proofs of Theorems [2.5.1] and [2.5.2]

e Section [2.8 works out an example of local Lerch-Tate zeta integrals.

2.2 Notations and basic definitions

Suppose that F' is a nonarchimedean local field. Hence F' is either a finite extension
of Q, or the field F,((7)) of formal Laurent series over a finite field. We write O = Op
for its ring of integers and k = kg for its residue field; put ¢ = card .

The space X of all quasi-characters of F'* has a natural structure of a complex
algebraic variety. Furthermore, considered as a complex analytic variety, X is a dis-

joint union of connected components, each of which can be non-canonically identified
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with C*. All quasi-characters of F'* which have the same restriction to the unit group
O* belong to the same connected component. Let us set some notations to specify

the connected components of Xz more conveniently.

Definition 2.2.1. If y, : O* — C* is a character of the unit group, set

Xryo = {X € Xr : Xlox = Xo}- (2.1)

In other words, Xp,, is the connected component of Xp labeled by x, € O*. Tn
particular, if Xon, is the trivial character on the unit group, then Xp,, . is the
neutral component consisting of unramified quasi-characters of F'*; we write Xpy,

for this neutral component.

Much of the arithmetic content of an (additive or multiplicative) character is
contained in the following notion called level of a character. Throughout this chapter,
we use ¥ to denote an additive character and y to denote a multiplicative character.
Let val : FF — Z U {oco} denote the normalized valuation on F for which every

uniformizer 7 has valuation one. In other words

ord.(a) if a = un®d@ oy € O ord,(a) € Z
val(a) =
+00 if a =0.

Definition 2.2.2. Suppose that ¢y : FF — C* is an additive character. Define the
level of 1) to be the smallest integer | such that ¢ has trivial restriction to p’. In
particular, if ¢ has level | and ¢,(x) = ¥(ax) (a € F*), then the level of v, is
[ —val(a).

Definition 2.2.3. (i) Suppose that xo : O* — C* is a character. xj is said to be
unramified if it is trivial; otherwise xq is said to be ramified. If x, is ramified,
define the level of xq is the smallest positive integer m such that xo has trivial

restriction to 1 + p™. If xo is unramified, define the level of x( to be 0.

(ii) A quasi-character y : F'’* — C* is said to be unramified (resp. ramified) if its
restriction to O is unramified (resp. ramified). Define the level of x to be the

level of its restriction to O*.

We recall the standard notions of Fourier transform on local field and of self-dual

measure.
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Definition 2.2.4. Suppose that ¢ : F' — C* is a nontrivial character and that d x
is a Haar measure on F. If f is a Schwartz-Bruhat function on F'| define the Fourier

transform of f with respect to ¢ and d;x to be the function
fo) = [ r@) vy dix wep). (22)
F

The Fourier transform f is also a Schwartz-Bruhat function on F.

Definition 2.2.5. For every nontrivial character ¢ of F', there exists a unique Haar
measure dyx on F' such that, for all Schwartz-Bruhat functions f on F, one has

f (x) = f(—=z). This Haar measure dx is called the self-dual measure with respect to

0.

Example 2.2.6. Suppose that F' is a finite extension of Q,. If z € Q,, write {z},
for the p-adic fractional part of z; in particular x — {z}, € Z, for every z € Q,.
Denote by trg g, the trace homomorphism from F' to QQ,. Let © denote the different
of F/Q,, i.e. the smallest integral ideal of O for which trg,q,(97'0) C Z,. Take for
¥ F— C* the character

P(x)=e ({trF/Qp(x)}p> (x € F).

Then the self-dual measure with respect to 1 is the measure for which the ring of

integers has volume (N@)_%.
We now introduce Gauss sums which play an important role in the study of local

zeta integrals.

Definition 2.2.7. Suppose that x : O* — C* is a character and that f is a complex-
valued locally constant function on F. If n is a positive integrer, define the Gauss
sums G(f,xo0) and G, (f, xo0) to be

Gllox) = iy [, F)vola) s 2.3
1

Gn(f,x0) = W L f(x) xo(x) d*x (2.4)

where d*x is any Haar measure on F'*. Note that the values of G(f, xo) and G,.(f, x0)

are independent of choice of Haar measure on ['*.

Remark 2.2.8. Suppose that ¢ : F' — C* is a character of level [ and y, : O* — C*
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is a character of the same level [ > 1. Then v and x, induce finite characters
V0 =C, xo:(0f) —C.

Let n be a positive integer such that n <. Consider the finite Gauss sums

G0 = Y Bla)Xala). (2.5
a€(O/ph)>

Gy 30) = Y Ba)xala), (2.6)
a€(O/ph)*
a=1 (mod p"™)

It follows from ([2.3) and ({2.5)) that

1 _
G, x0) = i Gy (¥, Xo)- (2.7)
Similarly, by and (2.6)),
1 _
Gn(¥, x0) = =gt Gyt n (¥, X0)- (2.8)

The identities (2.7 and ([2.8) justify why the integrals (2.3)) and (2.4)) are called Gauss

sums.

2.3 Local norm sections

Recall val : F — Z U {oo} is the normalized valuation which takes unit value on any

uniformizer. The continuous homomorphism
|| F* =Ry, |z|= g V™)

is called the normalized norm of F. Write N for its image, so N = ¢* C R,.

Definition 2.3.1. A group homomorphism 7 : N — F* is called a norm section if

|+ | o7 = idy.
Lemma 2.3.2. The assignment T — 7(q~') defines a bijection between the set of
norm sections and the set of uniformizers of F.

Proof. Since N = ¢ is cyclic, every norm section 7 is determined by its value on ¢~ .

It is apparent that m = 7(¢™!) is a uniformizer of F. The lemma is shown. O
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2.4 Local Lerch-Tate zeta integrals

Definition 2.4.1. A local Lerch tuple is a triple (7, a, ¢) consisting of a norm section

7 and a pair (a,c) € F?.

Definition 2.4.2. (Local Lerch-Tate zeta integral) Suppose that (7,a,c) is a local
Lerch tuple. If f is a Schwartz-Bruhat function on F' and y is a quasi-character of
F*, define the local Lerch-Tate zeta integral

ax

Zuaeo0 = [0 (55 ) Flater(oh) o) a° (2.9
px \T(|z])

Remark 2.4.3. On setting a = ¢ = 0, one recovers Tate’s local zeta integral ([1.9)).

Namely

Zroo(fsx)=2Z(f.x) = . flx)x(z)dz.

This special caes explains the name local Lerch-Tate zeta integrals.

Remark 2.4.4. One gains a better understanding of the local zeta integral Z, ., .(f, x)
with the following observation: every quasi-character of F* is determined by its
restriction to the unit group and its value on a uniformizer.

More exactly, suppose that a norm section 7 is given and that 7 = 7(¢~!). If y
is a quasi-character of F'*, put xo = x|ox and z = x(m) € C*. Then y, determines
the connected component of X that y belongs to, namely the connected component
Xp,y, (Definition [2.2.1)). One can view Xp,, as the complex algebraic variety C* by
identifying a quasi-character y with its value z on 7. One can also define a complex
variable s € C/%Z such that z = x(m) = ¢~°. This definition of s depends on the
choice of the uniformizer 7, but Re(s) is independent of this choice.

Then the restriction of Z, , .(f, ) to Xp,, becomes a function of z; write Z . .(f, x0, 2)
for this function. By we have

7rac f X0, 2 Z 'QD CLU ( n(U‘I‘C)) XQ(U) 2™ d*u.

n=—oo

We shall use Z,,.(f,-) to refer to a function on the whole complex variety X and
use Zrq.(f, X0,-) to mean a function on the connected component Xp,,. One only
needs to remember that, if the norm section 7 corresponds to the uniformizer 7= and

if v is a quasi-character on F'* with restriction yg to the unit group and with value
zonTm, then Zr,a,c(fa X) = Zw,a,c(fa X0, Z)
Remark 2.4.5. We shall see that the convergence of the integral (2.9) is delicate.
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Suppose that f = 1p,. For ¢ = —1, the equation
o+ c7(|zo]) =0
with x¢g = 7™ holds for all m € Z. For m < —1 and
r:=x0+y € D(xg,1) ={z: |r — x| <1}

one has

fx+cer(le])) = fly) = 1.

For a suitable choice of a, the term (%) is non-constant on D(xg, 1) for all

(||

m > 1. In this case the integrand

o (55 ) Fle+erleD)

is not compactly supported on F', so it is not a Schwartz-Bruhat function on F'. The
convergence of the integral (2.9)) will be restricted to the annulus

1
- < |z| <1, resp. 0 < Re(s) < 1.
q

2.5 The Main Local Theorem

In this section we formulate the analytic properties of the local Lerch-Tate zeta inte-
grals as two theorems: Theorem and Theorem [2.5.2] Their combination gives
Theorem [L.5.1] which we call the Main Local Theorem.

Theorem 2.5.1. Let F' be a nonarchimedean local field. Let (1,a,c) be a local Lerch
tuple and f be a Schwartz-Bruhat function on F; set m = 7(q™"). Let ¢ be an additive
character of level | of F'. Take for F the self-dual measure d  x with respect to ; take

for F* any Haar measure d*x.

(1) (Absolute convergence and analytic continuation) On each connected component
of Xr, the zeta integral Z. . .(f,x) converges absolutely for 0 < Re(x) <1 to a
rational function (of the variable z = x(m)).

(ii) (Poles and residues) Let xo be a character on the unit group.

If ¢ ¢ O%, the restriction of Z;q.(f,x) to the connected component Xp,, has

at most a simple pole at the unique quasi-character x;o € Xg,, which takes
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value 1 on w. The residue of Z;q.(f,-) at x+0 is
Res(Zra,c(f,X) : X = Xr0) = —f(0) d*x(O”) G (¥, x0)-

If ¢ € O%, the restriction of Z;q.(f,x) to the connected component Xp,, has
at most two simple poles at the unique quasi-character x,o € X, which takes
value 1 on m and at the unique quasi-character x, 1 € Xpy, which takes value

q ' on w. The residue of Z,..(f,") at Xro is

ReS(Zﬂa,c(fv X) X = XT,O) = _f<0) dXX<OX) G(@Da, XO)-

The residue of Zrac(f,*) at xr—1 is

h
ReS(Zr el 1) X = Xet) = (=)0~ / f(2) dix

d*x(0*)

where h = T x(0%)

Observe that Tate’s local zeta integral

Zroo(f,x) = . f(z)x(x)d*x

has at most a simple pole at z = 1. The local Lerch-Tate zeta integrals are more

complicated and may have poles at z =1 and z = %.

Theorem 2.5.2. Let F' be a nonarchimedean local field. Let (T,a,c) be a local Lerch
tuple and f be a Schwartz-Bruhat function on F; set m = 7(q7"). Let 1 be an additive
character of level | of F'. Take for F the self-dual measure d x with respect to ; take
for F* any Haar measure d*x.

Let xo be a character of level m on the unit group. Let Z. o.(f, Xo0,%) denote the
restriction of Z, ...(f,-) to the connected component Xg,,. In other words, if x|ox =

Xo and x(m) = z, then Zrac(fiX) = Znac(fiX0,2). There holds the functional
equations:

e if x is unramified, then

Zﬂ,a,c(fv X0,nr) 2)
b(—ac) dyx (O]

A 1 21 A 1
- Z Z Zﬂ' —cn”am ™" <f7 X0,nr5 _) + Zﬂ' —crl=1 qrl-t (fa X0,nr; _> )
’ ’ gz 1—q & ’ gz

r>l
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e if x is ramified of level m > 1, then

Zﬂ,a,c(fa X0, Z)
Xo(=1) ¥ (—ac) dyx (O%)

—m ;o1 1
- Zl G(l/}ﬂl*"H XO) Z7r,—c7rl*m,a7rm*l (f7 Xo 17 _) .
qz
Observe that the local functional equation for ramified y has the schematic form

A 1
Zﬂ,a,c(fa X0, Z) = W—GC) X0<_1) T(Xa W Zlim Zﬂ',fc/,a’ (fa X617 E)

where T'(x, ) depends on x and ¢ and

d=crt™™, d =an™!
so that ac = a’¢. The local functional equation for unramified y is more complicated.
It has an extra term with an infinite sum over powers of z. It is a interesting ques-
tion to find out a conceptual explanation of this sum. In both cases, the functional
equation has a prefactor ¢)(—ac) which resembles the functional equation of the Lerch

zeta function.

2.6 Gauss sums and Fourier transform

To prepare for the proof of Theorem [2.5.1] in this section we prove several lemmas on
p-adic integration. Lemmas|2.6.1] and [2.6.2] compute Gauss sums of an additive char-
acter and a multiplicative character. Lemma and Corollary demonstrate a

duality of Gauss sum via Fourier transform. Finally, Lemma [2.6.6| records a Fourier

transform calculation.

Lemma 2.6.1. Suppose that 1 : F' — C* is a character of level | and that xo : O* —

C* s a character of level m.

(1) If xo is unramified, then

1 (if 1<0)
G, xo) =4 (if 1=1)
0 (if 1>1).
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(ii) If xo is ramified, then

0 (if L#m)

G, =
o W GN(%v Xo) (if l=m)

where, in the case | = m, 1 and xo induce finite characters
P O/pt — C*, Xo ((D/pl)X — CX

and sz(@, Xo) s given by (12.5)).

Proof. (i) Assume Yo is unramified. Take for [’ a Haar measure d*x; it follows
that

Gl x0) = Gy . Vo dx = g [ o) s

If [ <0, then ® is trivial on O, thereby G(1, xo) = 1. If I = 1, then v induces
a nontrivial character ¢ : O/p — C* and hence

Glox0) = = > Wla

ae(’)/p a#0

If [ > 1, then 1 induces a nontrivial character ¢ : O/p' — C* and a nontrivial
character ¢, : p='/p! — C*. Let {a; : 0 < j < q} C O be the set of
Teichmiiller representatives of the residue field x; rearrange the elements if
necessary so that ap = 0. Let m be an arbitrary uniformizer. On writing

a = aj,+ maj + -+ 7 'a;,_, mod p', we find that

Gw,xO):d;Lm > )

X
X(O ) aGO/pl a#£0
q—1
== 1Z¢ @ Z¢ mag) e Y oy ).
Jjo=1 J1=0 Jji—1=0

But in the last sum, the elements {ﬂl_lajH 0 < ji—1 < ¢} form a complete set

of representatives of p'~' /p!. Hence, by the nontriviality of 1,

Z¢7T ajz1 = Z @l(a’):
Ji—1=0

aepl—l/pl
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Thus G(%, xo) = 0. This completes the proof of (i).

(ii) Assume Yy is ramified of level m > 1. This means X, has trivial restriction to
1+ p™ but not to 1 + p™~1. We consider three cases:

(a) Case I < m. Then Yq is nontrivial on O* N (1 + p!). If I < 0, it follows

from the nontriviality of yo on the compact group O that

G(¢aXO) = m /O>< XQ(Q?) d*x = 0.

If I > 0, on decomposing the integral [ ox modulo !,

G0 = ey 2 Vo) [ xwa

a (mod™ pt)
which vanishes because of the nontriviality of y, on the compact group
1+ pl. Thus, G(¢, xo) = 0 provided that [ < m and that m > 1.

(b) Case I >m. Then o is trivial on 1+ p'~*. Let {a; : 0 < j < ¢} C O be
the set of Teichmiiller representatives of the residue field x; rearrange the
elements if necessary so that ay = 0. Let m be an arbitrary uniformizer.

On decomposing the integral |, ox modulo p!, we deduce that

d 1 —I—
G, xo) = p S d(a
a (mod ™ pt)
On writing a = b+ 7'~1a; with b (mod” p'~!) and 0 < j < ¢, we find that

Gxo) = —d" > Zwb+w Dxo(b+ 7' lay)

b (mod*pt—1) j=0

q—1
=(¢'=d7") Y vOxod) Y v"ay).
b (mod*pt—1) Jj=0

But the last sum Z?;é vanishes because 1 is nontrivial on p'~'. Thus,
G(1, xo) = 0 provided that [ > m > 1.

(c) Case I =m. Then ¢ and x, induce finite characters

¥:0O/pl = C*, Yo (O/p')" = C*,
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the latter via the natural isomorphism O* /1 + p! = (O/pl) . By @7),

d*x (1 + p - 1 -
M Gpl(d}?XO) = 7 Gpl(¢aX0>‘

G, x0) = P

This completes the proof of (ii).
[l

Lemma 2.6.2. Suppose that i : F' — C* is a character of level | and that xo : O —

C* s a character of level m. Suppose that n is a positive integer.

(i) If m < n, then

(1) :
Gl xo) = Tt W=
0 (if 1> n).

(ii) If m > n, then

0 (if 1 #m)

Gn ) = _
<¢ XO) ql_}llﬂ Gpl,n(w>%) (Zf [ = m)

where, in the case | = m, ¥ and xo induce finite characters
V0 =C* xo:(0fp) = C*

and G ,(1,Xo) is given by ([2.6).

Proof. (i) Assume m < n. Take for F' a Haar measure d,x and for F* the Haar

measure d*x = %; it follows that

G, xo) = bla) dx = df<—(1(;) /pnwx) dox.

If | < n, then v is trivial on p”, thereby G(v, xo) = ;:)f((g;)) P(l) = qn’f(qln),l.
If [ > n, then ¢ induces a nontrivial character on the compact group p™ and
hence G (v, xo) = 0.

(ii)) Assume m > n. Hence xo has nontrivial restriction to 1 + p™. Take for F' a
dix

PR We consider three

Haar measure d,x and for F'* a Haar measure d*x =

cases:
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(a) Case I < m. Then Yq is nontrivial on (1+p™) N (1+p'). If I < n, it follows
from the nontriviality of yo on the compact group 1 + p” that

G(¥, x0) = % /1+p" Xo(z) d*x =0.

If n <l < m, on decomposing the integral fox modulo p',

1
G0 = gy 3 Ylehal@) [ xe(wdu
d X<O ) a (mod* pt) Ltp!
a=1 (mod p™)

which vanishes because of the nontriviality of y, on the compact group

1+ p'. Thus, G(x, xo) = 0 provided that m > n and that m > [.
(b) Case I > m. Then xq is trivial on 1+ p'~*. Let {a; : 0 < j < ¢} C O be

the set of Teichmiiller representatives of the residue field x; rearrange the

elements if necessary so that ag = 0. Let m be an arbitrary uniformizer.

On decomposing the integral |, ox modulo p!, we deduce that

Gon) = s X o

a=1 (mod p™)

On writing a = b+ 7'~'a; with b (mod™ p'~!) and 0 < j < ¢, we find that

Gl = —d) 3 S wlb+ e xolb + 7 ay)

(mod*p!) =0

Il =

b=1 (mod p™)
q—1
=(d' =4 Y vOx®) ) v ey
b (mod > p!) J=0
b=1 (mod p™)

But the last sum Z?;é vanishes because 1) is nontrivial on p'~'. Thus,
G (v, x0) = 0 provided that [ > m > n.

(c) Case I =m. Then ¢ and x, induce finite characters

0 :O/pt — C*, Yo (O/p')" = C,
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the latter via the natural isomorphism O* /1 + p! = (O/pl) . By (2.9),

1 _
G, x0) = P Gy (¥, X0)-

This completes the proof of (ii).
O

Lemma 2.6.3. Suppose that » : F' — C* s a character of level | and that xo :
O* — C* is a character of level m. Take for F' a Haar measure d.x. Let f be
a Schwartz-Bruhat function on F and write f for the Fourier transform of f with

respect to ¥ and d,x.

(1) If xo is unramified, then

G(vao) = /Ffl(l’) dyx

where
fl@) (i val(x) 21)
file) = <25 (if val(x) =1-1)
0 (if val(x) <1—1).

(ii) If xo is ramified and 7 is a uniformizer, then

~

G(f, x0) = ¢" " dyx(OX) G(nimm, x0) G(frimm, X5 )
where fr-m is the function given by fu-m(z) = f(ﬁlfmx)'

Proof. The idea is to rewrite G( f , Xo) using Fubini’s theorem and then appeal to

Lemma 2.6.1]
For every z € F, let ¢, denote the character 1,(y) = ¥(zy). If x € F*, the
character v, has level | — val(x). Since the Gauss sum does not depend on choice of

Haar measure on F'*, take for F'* the normalized Haar measure d*x such that the
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unit group has volume one. By Fubini’s theorem,

G(f,x0) = . f(u) xo(u) d*u
- / / F(2) (@) vo(u) dax d*u
OX JF
_ / F(2) b(zu) xo(u) d*u dyx
F JOX
— [ 1) 6w na) dix

We are in a position to show (i). The integral over F' can be decomposed according
to the valuation of z. By the unramified assumption on xo and Lemma [2.6.1] (i), if
val(x) > 1 (resp. val(x) =1 — 1, resp. val(x) < 1— 1), then G(¢,, xo) takes value 1
(resp. ﬁ, resp. 0). It follows that

G(J?, Xo) = /Ffl(af) dyx

where

This proves (i).
We now show (ii). Assume Yo is ramified of level m. By Lemma (ii),
G(Ys, Xo) = 0 unless the levels of 1, and xo coincide, in which case val(x) =1 — m.

The change of variable x = 7/~™z’ translates this condition into 2’ € O*. Since
dix = ¢™ ! d,x/, by Lemma (ii),

F _1 - —-m_/ _— ___ , ,
G(f7 XO) = T m—1 qm : / f(’ﬂ'l T ) Gpm (¢ﬂl—mx/, Xo) ]_OX (l‘ ) d+X
q” —4q F
_ 1 —m, ./ _— __ ,
- ql _ ql—l / f(ﬂ.l z ) Gpm (wﬂ‘l_mx’a XO) d+X .
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But it follows from (2.5)) that

Gpm (Eﬁl*me %) = Z wﬂ'l*mwl (G)%(a)

ac€O/p™,a#0

=x, ' (2) Z Y-m(ax’)Xo(az’)

a€O/p™,a#0
=X (2') Gy ($i-m, Xo)-

Therefore
) 1 _ o
G(f,x0) = 57— Gpm (Ymi-m, Xo) Sy gt (@) dyx!
¢ —4q Ox
=q" " G, x0) | (AT xo (@) dix
OX
This proves (ii). O

Corollary 2.6.4. Suppose that ¢ : F — C* s a nontrivial character of level | and
that xo : O — C* s a character of level m. Take for F the self-dual measure d x
with respect to . Let f be a Schwartz-Bruhat function on F and write f for the

Fourier transform of f with respect to 1 and d x.

(1) If xo is unramified, then

Gt = [ (7), 0 e

where
flx)  (if val(x) > 1)
(f), @ =312 (i vale) =1-1)
0 (if val(x) <1—1).

(ii) If xo is ramified and 7 is a uniformizer, then

G(f.x0) = xo(=1) 4" dix(0%) Gt gi-m, X0) Gt x5 ")
where fﬂ-lfm 1s the function given by fﬂl,m(x) — f(wlfmx)'

Proof. Let f7 denote the function on F' given by f7(z) = f(—z). Since the Gauss

sum does not depend on choice of Haar measure on F'*, take for F'* the normalized
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Haar measure d*x such that the unit group has volume one. Therefore

G(f7,x0) = f(=z) xo(z) d*x

OX

= Xxo(—1) f(=2) xo(—2) d*x
Ox

= Xo(—=1) G(f, x0)-

In particular, since d;x is normalized to be self-dual with respect to ¢ (Definition
2.2.5), the equality f = f7 holds true, whence G(f, x0) = xo(—1) G(f, xo). Parts
(i) and (ii) are now immediate consequences of Lemma [2.6.3] on replacing f by its

Fourier transform. O

Remark 2.6.5. On choosing appropriate f, for example f = 1 + p™ for m > 1 in
Lemma (ii) and on combining with Lemma [2.6.3, one obtains another proof of

the classical fact about the absolute value of the Gauss sum.

Lemma 2.6.6. Suppose that ¢ : F' — C* s a character and that d,x is a Haar
measure on F. Suppose further that 7 is a uniformizer and that (a,c) € F?. If f is a

Schwartz-Bruhat function on F, then the Fourier transforms of f and of the function

9(x) = ¢(ax) f (7" (z + c))

are related by

A n ~fx+a
) =" (~clo+a) (711
where the Fourier transforms are taken with respect to ¢ and d x.

Proof. The Fourier transform § can be computed in three steps. First, if fi(z) =
f(m™z), then

fi) = [ s vien) dix =" ().
Secondly, if fo(x) = fi(z +¢) = f (7™ (x + ¢)), then

faly) = / fi(e + &) ¥lay) dex = (=) i (y).
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Thirdly, since g(z) = ¥(azx) fo(z) = Y(az) f (7" (x + ¢)), it follows that
= [ wlax) fe)vlan) dix = ula+y).
Thus §(x) = ¢" ¥ (—c(z +a)) f (52). 0

2.7 Proof of the Main Local Theorem

We are now in a position to establish the analytic properties of local Lerch-Tate zeta

integrals.

Proof of Theorem[2.5.1]. Let us briefly recall some notations. A norm section 7 cor-
responds to a uniformizer 7, namely m = 7(¢™!). If x is a quasi-character of F™*, put
X0 = X|ox and z = x(7) € C*. Then x € Xp,,. On identifying a quasi-character
in the connected component Xp,, with its value on 7, we view the restriction of
Zrac(f,") to Xpy, as the function

2= Zraelf, X0, 2 Z w au) f (7" (u+c)) xo(u) 2" d*u.

n=—0oo

Since f is a Schwartz-Bruhat function on F, there is a sufficiently large integer
M such that f is supported on p~™ and that f is constant on every coset = + p™
(x e F).

We consider two cases.

(a) Assume ¢ ¢ O*. Put r = min (val(c),0) and write Z; o .(f, X0, 2) as

( Z + Z + Z ) Y(au) f (7" (u+c)) xo(u) 2" d*u.

n<—M-—r —M—-r<n<M-—r n>M—r

The first sum vanishes because 7"(u + ¢) does not belong to p~* and hence
does not belong to the support of f. The second finite sum is clearly an element
of C[z,271]. The third sum equals

> [ vl FO o2 an= [ ) £0) xo(w) du Y 2

n>M—r ox n>M-—r

which converges absolutely for |z| < 1 to a rational function of z. Hence

Zrac(fy x0,2), viewed as a rational function of z, has at most a pole of finite
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order at z = 0 and a simple pole at z = 1; the residue at z = 1 equals

— [ ¢(au) f(0) xo(u) d*u = —£(0) d*x(O%) G(¢a, Xo)-

OX

Thus the restriction of Z; , .(f, -) to the connected component Xp,, has at most
a simple pole at the unique quasi-character x,o € Xp,, which takes unit value
on 7. The residue of Z, ,.(f,-) at xr0 is —f(0) d*x(O*) G(¥a, X0)-

Assume ¢ € O*. Write Z, ,.(f, x0, ) as

(Z > +Z) W(au) f (7" (u+ ¢)) xo(u) 2" d*u.

n<—M —M<n<M n>M

The second finite sum is clearly a function in C|z, z7!]. The third sum equals

Z @) fO) xolw) " du= | w(au) £(0) duy 2"

n>M n>M

which converges absolutely for |z| < 1 to a rational function of z. However, the

first sum

Z 1/1 au) f (7" (u+ c)) xo(u) 2" d*u

n<—M

does not vanish as in the preceding case.

Now suppose that n < —M and put u = —cw with w € O*. Then

T = xo(— Z (—acw) f (m"c(1 — w)) xo(w) 2" d*w

n<—M

Since f is supported on p~™ it follows that f (7"c(1 —w)) = 0 unless w €
1+ p~ =" Now suppose further that w € 1+ p~™~". By the local constancy
of the characters ¢ and yg, apart from finitely many integers n, the equalities
Y(—acw) = P(—ac) and xo(1 + p~™~") = 1 hold true. The finitely many
integers n that are excluded, say —M' < n < —M, contributes to T" a function
in C[z,27!]. On setting w = 1 — ¢ 'n7 with t € p™  we find that the
remaining integers n contribute to 7" the quantity
x X
o vt [ a3 @ 20

p—M Y
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where dt is any Haar measure on F. Thus T converges absolutely for |z| > %

to a rational function of z.

The argument given above also shows that Z, ,.(f, xo, 2), viewed as a rational
function of z, has at most a pole of finite order at z = 0, a simple pole at z =1

and a simple pole at z = %. The residue at z =1 is

. (au) £(0) xo(u) d*u = —f(0) d*u(O%) G(ta, X0)-

. 1 . _ d*x(0X)

The residue at z = , 18, on putting h = dix(0X)?
i h
G av=ad) | () dit = Txo(=0)w—ac) | F(1) dit.
q p—M q

Thus the restriction of Z; , .(f, ) to the connected component Xp,, has at most
two simple poles at the unique quasi-character x,o € Xp,, which takes unit
value on 7 and at the unique quasi-character x,_1 € Xg,, which takes value
¢ ! on 7. The residue of Z,,.(f,-) at xr0 is —f(0) G(¢a, x0); the residue of

Z‘r,a,c(fa ) at X7,—1 i57 by ‘ )

h
—Xo —ac /f dyt.

Proof Theorem [2.5.3. We consider two cases.

(a) Assume x is unramified. By Remark [2.4.4} the restriction of Z.,.(f,") to the

unramified component Xp,, is the function Z; , .(f, Xo.nr, 2). It follows that

Zﬂ,a,c(fa X0,nr; 2 Z 1/} CLU ( n(u + C)) 2" d*u.

n=—oo

Put g,(z) = ¢¥(ax) f (7"(z + ¢)), so that

o0

Zw,a,c(fa XO,nra Z) - dXX (OX) Z G(grw XO,nr) Zn

n=—oo
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By Lemma [2.6.6 the Fourier transform of g, is

Corollary (i) then gives

G (Gn, Xor) = /F (Gn); (z) dix

= p(—ac) (/p dp{—i—%} .. d+x> (- cx)f(ﬁ—l—a) e

Put
2 = a%x(0%) Z Y(-cz) | (””j) (42" dix
n=—oo /P
so that P
Zw,a,c(f: X0,nr;, Z) = ¢(—a0) < 1 _2q) . (211)

We proceed to compute Z; and Z5. On the one hand

Z (x;;a> (g2)" dyx

z
n=—oo b

:zz =

n=—oo r>|

yf(
=3 Z/ b(—cn'y) f (“Ha) (q2)"" dyy
G

y+a

) (qz)" " dyy

r>1 n=—o00
— ZZ Z —cr” "(y+ar") ) (gz)™™ d,y.
r>1 n/=—oo
Since fox p(r)dix = Sji(gi fox d*x, it follows that
2= 4x(0°) Y. 2 Zy oo ( F Xours 1 /(qz)) . (2.12)
r>l

35



On the other hand

Zy = Z /pl . (x:a) (g2)" dyx,

n=—oo

(Tl +a _
| 1y)f(—7f_/n ) @

n=—0oo

-1 Z 1y)f<7r”'(7rl_1y+a7r1_l)> (q2)™ d,y.

n/=—oo

Since fox p(r)dix = Sji(gi) fox d*x, it follows that
Zy = dox(0) 2™ Z i i (f, Xom,l/(qz)). (2.13)

Finally, (2.11)) together with (2.12]) and (2.13)) yield the functional equation

Zn,a,c(fa XO,nr; Z)
b(~ac) dx (0%)

A 1 2t A 1
- er Zﬂ' —cn”am ™" <f7X0 nr _) + Z7r —cnl=1 grl-l (f7X0 nr _> )
’ ’ gz 1—q & ’ gz

r>1

provided that y is unramified.

(b) Assume x is ramified of level m > 1. By Remark|2.4.4] the restriction of Z 4 .(f, )

to the connected component Xp,, is the function Z, , .(f, X0, 2). It follows that

Zrae( [ X0, 2 Z 1/) au) f (7" (u+ ¢)) xo(u) 2" d*u.

n=—oo

Put g,(z) = ¢(ax) f (7"(z + ¢)), so that

o

Zﬂ,a,c(fu X0, Z) = Z G(gn7 XO) 2"

n=—oo

By Lemma [2.6.6 the Fourier transform of g, is

Gul) = 4" (—clz + ) f(x +a)
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Corollary (ii) then gives

G(gn7 XO) = XO(_l) qm—l G(¢wl—mxa XO) / gn(ﬂ_l_mx) X(;l(a’") d+X'

OX
Put
o o (T 4 a n . —1
Z = d*x(0%) ; M) f o (¢2)" xo (x) dyx
so that
Zﬂ,a,c(fa X0, Z) = w(_ac> XO(_l) qul G(%rl—m; XO) Z. (214)

It remains to compute Z. We have

-y [ ) f (T (ot o) dx

n=—oo 7T
o i [T+ am™ no
= Z ") f (W) (g2)" xp ' () dyx
= Z —er' ™ z) f <7T"'(w+a7rm‘l)> (q2) ™" xg H(2) dyx

= (qz)lim Zﬂ,—cwl*m,mrm*l <f7 Xala 1/<q2)) :

Since [, @(x)dix = gii(gi) Jox @(x) d*x, it follows that
Z = (@) " x(0%) Zy emer gt (foxa 1/ (02)) . (215)

Finally, (2.14) and (2.15]) yield

Zw,a,c(fﬁ X0, Z)
Xo(=1) ¥ (—ac)d;x(O%)

= Zl_m G(Qﬁﬂ—lfma XO) Zﬂ,—Cﬂl*m,mrm*l <f7 Xalu ]_/((]Z)) :

The proof is complete.

2.8 Example

In this section we work out an example of the local zeta integrals.
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Let now F' = Q,. Suppose that fy = 1z, and that the norm section 7 : p? — F*
is given by 7(p~!) = p. Suppose further that

Y(z) = ey(x) :==e({z},) (€ Q)

where {2}, denotes the p-adic fractional part of . If z = 32" a,p~™ where

N is a positive integer, then by definition {z}, = Zﬁzl a_mp~ ™. Take for Q) the
normalized measure d*x such that the unit group has volume one. If (a,c) € QIZJ and

X 1s a quasi-character of Q, consider

ax
Zrac(fosXx) = / (G <T(x)> fo(x + cp™™) x(2) d*x. (2.16)
(AN

If xo is a character on Z;, then the restriction of Z,,.(f,-) to the connected
component Xq, \, of Xg, is the function Z,,.(1z,, xo,-) of the variable z = x(p).
More exactly, if X’Z,? = xo and if 2 = x(p), then Z.,.(fo,X) = Zpac(lz,, X0, 2),

where
Zpac(lz,, X0, 2) = Z / ep(au) 1z, (p" (u + ¢)) xo(u)z" d*x. (2.17)
n=—oo v Ly

It follows that Z; 4 «(fo, X) = Zr.atv.e(fo, x) for every v € Z,. Let I(xo) be the function

which takes value 1 if xq is unramified and 0 otherwise. Propositions [2.8.1| and [2.8.2]

give explicit formulas for the local zeta integral Z, , .( fo, ).
Proposition 2.8.1. Suppose that a € Z,,.

(1) [fC € pr; then Zp,a,c<1Zp7 X0, Z) = Il(i(;) .

(i) If e ¢ Zp, then Zyao(lz,, Yo, 2) = e dlx0),

1—2

(iii) If c € Z) and xo is unramified, then

1 1
ZCLC]- Y Y = .
B e S (R [ =y

If c€ Z; and xo is ramified of level m, then

Zp,a,c(lzp,Xo,Z) = :

(pz)™t (1—p)(pz—1)

Proposition 2.8.2. Suppose that a € ]%Zp — I%Zp where | € Z>1.
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(i) If ¢ € pZy, then Zpac(1z,, X0, 2) = SeXo).

1—-z
(i) If ¢ & Zp, then Zyae(lz,, X0, 2) = ‘e Clbuixo)

(iii) Ifc € Z) and l =m, then

~ G x0) | xo(=0)p(1) 1
Zpﬂyc(lzp’ Xo0; Z) - 11—z + (pZ)m_l (1 - p_l)(pz - 1)
m—1
_C S EE—
+ % > 7" Gy (Vo Xo)-
pT—=p n—=1
Ifce Z; and | # m, then
~ G x0) | xo(=0)p(1) 1
Zp,a,c(lzpa X0 Z) - 1— 2 + (pz)m_l (1 — p_l)(pZ - 1)

Proof of Proposition [2.8.1. If a € Z,, then e, <z%> = 1 for every z € Q). It
follows from ([2.17)) that

Zpac(lz,, X0, 2) = / 1z, (x + cpva1<x)) x(z) d*x.
Q

X
P

First assume that ¢ € pZ,. Then 1z, (z + ¢ p*™)) = 0 precisely when z € Z,, and

hence

- I
Zpac(lz,, X0, 2) =/ x(x) d*x :/ xo(z) d*x Zzn _ 1(X0).
Zp\{0} Z 0 —Z

Next assume that ¢ ¢ Z,. Then 17 (z +c p*)) = 0 unless z € p~*©7Z,. Hence

X
P

Zpac(12,, X0, 2) —/ x(x) d*x
pfval(c)Zp\{O}

vaal(c) I
— /Z Xo(x) d*x Z 2™ = —— Z(XO).

X
P m=—val(c)

Finally assume that ¢ € Z%. Write fo = fzp\{o} + 2021 J,-ngx- The first integral
P P

is
I
[ s o)
Z,\{0} ==z
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whereas the second term equals

Zz / 2+ €) xo() d%u = Yol Zz /hﬂnzp()x@(v)dxv,

by a change of variable v = —uc. If x( is unramified, then
/ Ly, (0) Xo(v) v = ————
7% 14p"Zp 0 P — pn—l

P

and hence the second term is

= pr—pt (L—pH(pz—1)

If xo is ramified of level m, the integral fo Litprz, (V) Xo(v) d*v is zero unless n > m,

in which case it is %, hence the second term is

. 1 Xo(—c¢) 1
Xo(—c z = .
of )Zn; pr—pt  (p)"t (1-pHpz—1)
This completes the proof. O

Proof of Proposition [2.8.3. Tt follows from ([2.17)) that

Zp.ae(1z,, X0, %) Z w au)lz, (p"(u + ¢)) xo(u) 2" d*u.

n=—oo

First assume that ¢ € pZ,. Then 17, (p"(u + c)) = 0 precisely when n > 0 and hence

Gt o)

Zpae(12,, X0, 2) Z ¢CW Xo(u) 2" du = 11—

Next assume that ¢ ¢ Z,. Then 17 (p"(u + ¢)) = 0 unless n > —val(c). Hence

z—val(c) G(Q/}a ’ XO)

1—2

Zp.ac(1z,, X0, %) Z ¢ au) xo(u) 2" d*u =

n=—val(c
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Finally assume that ¢ € Z;. A change of variable u = —cv yields

Zp,a,c(llpa X0, Z) = XO(_C> Z T/J(—(ZC’U)lH_pfnZP (U) XD(’U) 2" d*v.

X
n=-—oo ZP

Write f@§ = pr\{o} +3 fpfnz;;' The first integral is

G(¢a7 XO)

1—z 7

Z —acv) xo(—cv) 2" v =
whereas the second term equals
WD [ e o) du = xo(=0) D & "GV xa)
n=1 +p"Zp n=1

Suppose first that [ = m. By Lemma [2.6.2] the n > m contribute to the second term

the quantity )
o) . v 1
;p —p” T ) A p )z - 1)

whereas the n < m contribute to the second term the quantity

m—1
Xo(—¢) _—
m _ pm—1 Z Gpmzpyn(wfaw XO)'
p p n=1

Thus the second term now equals

) 1
(pz)™t (1 —p)(pz—1) + _pm 1 Z Gz ($—acs X0)-

Next suppose that [ # m. By Lemma [2.6.2 only the n > m contribute to the second

term, and thus the second term equals

o) e I
,;P —p“ T U—p Hpr—1)

This completes the proof. O
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Chapter 3

Global zeta integrals over number fields

3.1 Overview of the chapter

The goal of this chapter is to give an adelic generalization of the Lerch zeta function.

This is accomplished in Sections [3.4] and [3.5] Here is an overview of the chapter.

e In Section [3.2] we describe the variety of quasi-characters for a number field and

the connected components of this variety.

e In Section we construct a family of global zeta integrals over a number
field. Therein we define norm section, Lerch tuple and global Lerch-Tate zeta

integrals.

e The analytic properties of global Lerch-Tate zeta integrals are formulated in

Section as Theorem [3.5.1] Theorem and Theorem [3.5.3]

e Section [3.6] contains the proof of Theorem [3.5.1}

e Section [3.7is devoted to the proofs of Theorems [3.5.2] and [3.5.3]

3.2 Notations and basic definitions

Suppose that K is an algebraic number field. Write C = A% /K* for the idele class
group and C} = Al /K* for the norm one idele class group. The space Xx of all
quasi-characters of C'x has a natural structure of a complex variety. Furthermore, Xg
is a disjoint union of connected components, each of which can be non-canonically
identified with C. All quasi-characters of the idele class group which have the same
restriction to C') belong to the same connected component. Let us set some notations

to specify the connected components of X more conveniently.
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Definition 3.2.1. If yq is a character of C, set
Xk xo = {x € Xk : Xl = Xo}- (3.1)

In other words, Xk ,, is the connected component of Xx labeled by xo € Cj. In
particular, if xq,, is the trivial character on C}, then X K.xon 18 the neutral compo-
nent consisting of unramified quasi-characters of Cx; we write Xg . for this neutral

component.

Remark 3.2.2. There are non-canonical isomorphisms from C onto Xg,,. If xo :
Ck — C* is an extension of yg, then the map which sends a complex number s to

the quasi-character x(z) = Xo(z) |z|* defines an isomorphism from C onto X ,,.
We recall the standard notions of adelic Fourier transform and of self-dual measure.
Definition 3.2.3. Suppose that ¢ : Ax — C* is a nontrivial character and that

d . x is a Haar measure on Ag. If f is a Schwartz-Bruhat function on Ay, define the

Fourier transform of f with respect to ¢ and d,x to be the function

fly) = () Y(zy) dix  (y € Ag). (3.2)

Ak
The Fourier transform f is also a Schwartz-Bruhat function on Ag.

Definition 3.2.4. For every nontrivial character 1 of A, there exists a unique Haar
measure d,;x on Ag such that, for all Schwartz-Bruhat functions f on Ak, one has

f(x) = f(—x). This Haar measure d_ x is called the self-dual measure with respect to

.

3.3 Global norm sections
Let |- | : Ay — Ry denote the standard norm map of Ay. Then |- | is trivial on K*

and induces a continuous homomorphism, also denoted by | - |, from Ck to R;.

Definition 3.3.1. A continuous group homomorphism 7 : Ry — A is called a norm

section if | - | o7 = idg, .

Remark 3.3.2. Since R, is connected and K,* is totally disconnected for every finite
place p, every continuous homomorphism R, — K is trivial. Therefore the image

of 7 lands entirely in Ky .
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The following lemma describes the totality of norm sections over a generic number

field.

Lemma 3.3.3. Suppose that K is a number field of degree n and that ry (resp. rs) is
the number of real embeddings (resp. complex embeddings). Then the set of all norm

sections 1s in bijection with
T1 T2
T = { ((au), (z,)) € R x C™: Za# + ZZRe(z,,) = 1}.
pn=1 v=1
More precisely, each norm section
T . R+ — A?(
is of the form T(t) = (Too(t), 1) where To(t) € Ky is given by
Too(t) = (£ )1<psrss (7 )1<v<ry) -

for a unique element ((a,),(z,)) € T.

Proof. Observe that every continuous homomorphism ¢ : Ry — G, where G is a
topological group which is uniquely divisible, is determined by its value on an arbi-
trary element ¢, € R, with t; # 1. This is clear on noting that the image of the
map

Q—>R+, ’r"—>t6

is dense in R, . In particular, if G = R, this observation implies that every continu-
ous homomorphism ¢ : R, — R, is of the form ¢(t) = t* for a uniquely determined
real number a. Consequentially, every continuous homomorphism ¢ : R, — R* is of
the form ¢(t) = t* for a unique a € R. On the other hand, it is a standard fact that
every quasi-character ¢ : R, — C* is of the form ¢(t) = t* for a unique complex
number z.

Suppose that 7 : Ry — Ak is a norm section. By Remark , T is necessarily

of the form
T(t) = (T (1), 1)

where 7., : Ry — Ky satisfies | - | 0 7o = idg, .
If 7y (resp. r9) is the number of real embeddings (resp. complex embeddings),
then K = (R*)™ x (C*)™. For every real embedding, the composition of 7, : Ry —

K7 with the corresponding projection from K7 onto R* gives rise to a continuous
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homomorphism R; — R* which is necessarily of the form ¢ — t* for q, € R.
Similarly, for every complex embedding, the composition of 7., : Ry — K with the
corresponding projection from K7 onto C* gives rise to a quasi-character Ry — C*

which is necessarily of the form ¢t +— t* for 2z, € C. The condition for 7 to be a norm

Tzlau +2 7iRe(zy) = 1.
pn=1 v=1

This completes the proof. n

section is tantamount to

Examples 3.3.4. 1. If K is a totally real number field of degree n, then

T = {(aﬂ) eR”:iaﬂzl}.

p=1

2. If K is a totally imaginary number field of degree 2n, then

T = {(zy) eCm: zn:Re(zy) - %}

v=1

Definition 3.3.5. . Suppose that ((a,), (z,)) is an element of

7= { (@) () € B €253 0y 423 Refa) =1},

p=1 v=1

Suppose further that 7, : Ry — Kj is given by
Too(t) = ((t" )r<psrss (F )1<v<r)
and that 7 : Ry — A% is the norm section
7(t) = (To(t), 1).

We call 7 a positive norm section if a, > 0 for every 1 < p < r; and Re(z,) > 0 for

every 1 < v <o,

3.4 Global Lerch-Tate zeta integrals over a number field

Definition 3.4.1. A global Lerch tuple is a triple (7,a,c) consisting of a positive

norm section 7 and a pair of adeles (a,c) € A%.
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Definition 3.4.2. (Global Lerch-Tate zeta integral) Suppose that (7,a, c) is a global
Lerch tuple. If f is a Schwartz-Bruhat function on Ax and x is a quasi-character of

C¥, define the global Lerch-Tate zeta integral

Zrae(f,x) = /

X
AK

ax

o (55 ) ot eriah) ae) @ (3.3
7(lz[)

Remark 3.4.3. On setting a = ¢ = 0, one recovers Tate’s global zeta integral (1.10]).

Namely

Zroolf:x) = 2(f:) = | fo)x(a) da

K

This special case explains the name global Lerch-Tate zeta integrals.

Remark 3.4.4. One gains a better understanding of the global zeta integral Z, , .(f, x)
with the following two observations. First, a norm section 7 induces a splitting
AYX = Al x 7(R;). Secondly, every quasi-character of A) is determined by its
restrictions to AL and to 7(R,).

Suppose that a norm section 7 is given. Then every z € Ay can be written

uniquely as * = 7(t)y where t = |z| € R, and y = ﬁ € Al If x is a quasi-

P
character of A%, write o for its restriction to A}. By D‘eflinition 7 x belongs to
the connected component Xg ,, of Xg. There is an isomorphism C — Xk ,, which
sends a complex number s to the quasi-character x(z) = xo (ﬁ) |z|*. Via this
isomorphism, the restriction of Z,,.(f,-) to Xk,, becomes a function of s; write

Zra.c(fy X0, ) for this function. By (4.3) we have
Zeacfoxos) = [ [ vlan) £ (470 xolw) e a*y 4t
Ry JAL

Remark 3.4.5. Tt is non-trivial to show the convergence of the global Lerch-Tate zeta

integrals. The function

o () ot erah)

is not a Schwartz-Bruhat function on Ak in general. To show absolute convergence

we assume:
e the norm section 7 is a positive norm section;

e for each adelic Schwartz-Bruhat function f, a certain range of parameters
(a,c) € A% is excluded; the remaining range of parameters (a,c) € A% sat-

isfies the conditions that c is compatible with f.
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The following definition is a technical condition that we need in order to show the an-

alytic properties of global zeta integrals. It will be used to exclude, for each Schwartz-

Bruhat function f on Ay, a singular set of (a, c) in A% to ensure that the global zeta

integrals are absolutely convergent and satisfy functional equation.

Definition 3.4.6. (i) Suppose that o = ®,0, @ € Ag. The singular support of

(iii)

(iv)

oy is the smallest fractional ideal a, C K, such that O, C a, and that o, € a,.
The singular support of « is the smallest fractional ideal a C K such that O C a
and that o, € aO, for every p.

Suppose that f = ®, f, ® fw is a factorizable Schwartz-Bruhat function on Ag.
The singular support of f, is the smallest fractional ideal a, C K, such that
O, C a, and that Supp(f,) C a,. The singular support of f is the smallest
fractional ideal a C K such that O C a and that Supp(f,) C aO, for every p.

Suppose that f is a Schwartz-Bruhat function on Ag. Suppose further that
[ =>_r, fi where each f; is a factorizable Schwartz-Bruhat function on Ag.
The singular support of f with respect to the decomposition f =", f; is the
fractional ideal @ = " | a; where each a; is the singular support of f;. The
pole of f is the smallest fractional ideal of K among all singular supports of f

with respect to all decompositions f =", f;.

Suppose that o = ®pap ® o € Ag and that f is a Schwartz-Bruhat function
on Ag. Write d = [K : Q] and let a C K (resp. b C K) be the singular support

of a (resp. f). We say a and f are compatible if Nﬁﬂ) ¢ 7\ {0}. Otherwise

we say a and f are incompatible.

FExamples 3.4.7. Suppose that K = Q.

(1)

If o =®,0, € Ag with a, € R, ay = %,Ojg = % and oy, € Z, for every prime
p > 5, then the singular support of ay is %Zg, of ag is $Z3 and of o), for p > 5

is Z,. Therefore the singular support of « is %Z.

If f= (1§Z2 ®Rp>2 17,) ® foo With foo € S(R), then the singular support of f; is
%Zg and of f,, where p > 2, is Z,.

If o and f are as in (i) and (ii), then « and f are compatible if and only if ||

. . . . 1 _ 1
is different from a nonzero integer multiple of = (= g5)-
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3.5 The Main Global Theorem over a number field

In this section, we formulate the analytic properties of the global Lerch-Tate zeta
integrals as 3 theorems: Theorem [3.5.1, Theorem |3.5.2) and Theorem [3.5.3, Their
combination gives Theorem which we call the Main Global Theorem over a
number field.

Let K be a number field. Take for Ag the self-dual measure d,x with respect to
¢ and take for A% any Haar measure d*x. Put vg = d*x(C}) where d*x is induced
by d*x. Write d*t = % where d;t denotes the Lebesgue measure on R.

For a Schwartz-Bruhat function f on Ag, let f denote the Fourier transform of
f with respect to ¢ and d x. For a quasi-character x on Cp, let x’ denote the

quasi-character given by xx' =| - |.

Theorem 3.5.1. (Absolute convergence) Let (1,a,c¢) be a global Lerch tuple and 1
be a nontrivial additive character of Ax with trivial restriction to K. Let f be a
Schwartz-Bruhat function on Ag and f be the Fourier transform of f with respect
to ¥ and dyx. Suppose that c is compatible with f (in the sense of Definition
(iv) ). Then the global zeta integral Z, . .(f,Xx) is absolutely convergent for Re(x) > 1
and defines a holomorphic function on this right half-plane of X .

Note that the absolute convergence theorem imposes a compatibility condition on
f and the variable ¢ € Ak.

Theorem 3.5.2. (Analytic continuation) Let (7, a,c) be a global Lerch tuple and
be a nontrivial additive character of Ax with trivial restriction to K. Let f be a
Schwartz-Bruhat function on Ak and f be the Fourier transform of f with respect to

¥ and dyx. Suppose that c is compatible with f and that a is compatible with f (in

the sense of Definition (iv) ).

(i) The zeta integral Z. o .(f,Xx) extends to a meromorphic function on Xj.

(ii) The meromorphic function Z. . .(f, x) is holomorphic outside of the unramified
component. On the unramified component, Z. . .(f,x) has at most simple poles

at x = || and x = Xuiv- Observe that each of the two integrals

/lwf<m<t>>x'<7<t>> =t and / £ (er(®) x(r(t)) d*t

converges absolutely for Re(x) > 1 and has a meromorphic continuation to
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X € Xg. Then the function

o) 1
Zraelf)=b(=ac)vic [ F @r) () devoie [ fler(t)) xrie)
1 0
extends to a holomorphic function on the unramified component of Xg.

Note that the analytic continuation theorem imposes the compatibility condition
on a € Ag with f and the the compatibility condition on ¢ € Ag with f.

Theorem 3.5.3. (Functional equation) Let (7,a,c) be a global Lerch tuple and 1
be a nontrivial additive character of Ax with trivial restriction to K. Let f be a
Schwartz-Bruhat function on Ag and f be the Fourier transform of f with respect to
¥ and dyx. Suppose that c is compatible with f and that a is compatible with f (in
the sense of Definition (iv) ).

(i) The integral 1
Sif,y) = /0 Fler(®) x(r(t) d*¢

converges absolutely for Re(x) > 0 and extends to a meromorphic function of

X € Xk ; we denote this meromorphic function also by Si(f, x). The integral

Sa(f,x) = / " Fler(t) x(r(t) 4

converges absolutely for Re(x) < 0 and extends to a meromorphic function of

X € Xk, we denote this meromorphic function also by Sa(f,x).

(ii) Set
> Zrac(f,x) + v (S1(f,x) +S2(f,x))  if x is unramified
ZT,a,c(f7 X) = ) ) )
Zrae(fiX) if x 1s ramified.
One has
Zraef,x) = ¥(=ac) Zr —calf,X): (3.4)

In Section , we show that the symmetrized Lerch zeta functions L*(s, a,c) in
Chapter [1| can be obtained from a suitable Z,, .(f, x) for Re(x) > 1. Theorem m

and Theorem |3.5.3| give analytic continuation and functional equation respectively.
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3.6 Absolute convergence

In this section we prove the absolute convergence of the global zeta integral Z, , .(f, ).
We briefly recall some notations. Let (7,a,c) be a global Lerch tuple and f be a
Schwartz-Bruhat function on Ag. The norm section 7 induces a splitting Ay =
AL x 7(R,). If x is a quasi-character of Cx with restriction yo to C', then x belongs
to the connected component X ,, of Xg. There is an isomorphism from C onto
Xk, which sends a complex number s to the quasi-character x(z) = xo (ﬁ) |z|®.

Via this isomorphism, we view the restriction of Z,,.(f,-) to Xk, as the function
s Zeaefoxos) = [ [ wlan) P+ @) o) Py e @5)
R, JaL

To show the absolute convergence of Z, , .(f, X0, s), assume without loss of gener-
ality that f is factorizable. Write f = ®, f, ® fo where f, € S(K,) and fo € S(KR).
Let Ny be a sufficiently large integer so that Supp(f,) C p~O, and that ¢, € p~™ O,
for every p.

Let us start with a preparatory lemma.

Lemma 3.6.1. Suppose that f = ®,f, ® foo 5 a Schwartz-Bruhat function on Ag
and that ¢ € Ag. Suppose that C' > 0 is an arbitrary positive real. Then there exists
a finite set S of places of K which includes all infinite places and which satisfies three

properties:
(a) for everyp & S, one has f, = lo,;
(b) for every p ¢ S, one has ¢, € Oy;

(¢) ify € Ak with y, + ¢, € Supp(fy) for every p and yy € p'Oy for some p’ ¢ S,
then |ys| > C.

Proof. Since f is a Schwartz-Bruhat function and ¢ € Ag, there is a finite set .S
of places which includes all infinite places and satisfies (a) and (b). Then the set
S can be enlarged, if necessary, to another finite set S’ so that, if p’ ¢ S’ then
Ny’ > C Hpes(Np)NO. It is clear that the set S’ necessarily satisfies (a) and (b).
Suppose now that y € A} with y, + ¢, € Supp(f,) for every p and yy € p'Oy for
some p’ ¢ S'. Hence |yy| < Nip, By definition Nj is a sufficiently large integer so that
Supp(f,) C p~MO, and that ¢, € p~™ O, for every p. In particular, at every place
peS, y €p MO, and hence |y,| < (Np)™o; whereas at every place p ¢ S, y, € O,
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and hence |y,| < 1. It follows that

Yoo = = > > N
Yool = = =
Hp Wolp — |yl HpeS Y] HpES Y
/

Np
> > C.
~ Ipes(MNp)™

Therefore the set S’ satisfies the property (c), besides the properties (a) and (b)
that S’ inherits from S. The existence of a finite set of places of K with the three

properties is thus verified. O

We are in a position to prove the absolute convergence of global Lerch-Tate zeta

integrals.

Proof of Theorem |3.5.1. Let C' > 0 be a constant which depends on ¢ € Ag and
which is to be chosen. Let S be a finite set of places of K which contains all infinite
places and which satisfies the three properties in Lemma(3.6.1] In (3.5)), we decompose

the integral over A} into the integrals over the two subsets

Hy, ={y € Ay : yy € p'O, for some p’ ¢ S}
Hy={y€Aj:y, € O forall p ¢ S}.

By definition, H; is a closed subset of AL and H, is an open subset of Al. We
will show that the integral over H; converges absolutely for 0 = Re(s) > 1 and the
integral over Hy converges absolutely for o > 0.

Let us set some notations for the proof. Suppose that K has r; real embeddings

and ry complex embeddings; put R = ry + ry. Write
S = {infinite places} U {p; : 1 <j <r}=S,U{p;: 1 <j<r}
and put ¢; = Np; for 1 < j <r. Write
Seo ={r;:1<j <R}
for the set of archimedean places of K. We therefore have
S=5cUfp;:1<j<r}

If y = ®,y, € Ak is an idele, write Yoo = ®1<j<rYyy, for its archimedean component
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and ys, = ®pyp for its nonarchimedean component. Put |yl,, = [yoolv, = [Yu; ;-
Recall that the norms at real places are the usual absolute value and at complex

places are the square of the usual absolute value. For a positive real A, put
Kgjea={y € Kg : |y = A}.

For a place v of K and a positive constant A, the sets K~

y .
D> A and KV,HSA have their

obvious meanings. For an archimedean place v, set
U ={xe K} :|z|, =1}

for instance U, = {+1} if v is real and U, = S! if v is complex. We also need some

notations related to the norm section 7 : Ry — A%. Let 7, be the composition
R, D A% 2o g

For 1 < j < R let 7; be the projection
Ry = Ky 2 KX

For 1 < j < R let b; € R be such that |7;(t)|,, = t%. The condition that the norm
section is positive is equivalent to b; > 0 for every 1 < j < R.

Consider the integral over Hs, namely
[ ] wtan i+ @) e ¢y d (36)
Ry JH,

Our goal is to show that this integral converges absolutely and uniformly on compacta
for 0 > 0. We do this by carrying out a series of reductions. Note first that ¢ and x
are unitary characters and that we may assume without loss of generality that each
component of f takes value in R>y. The absolute and uniform convergence of
is reduced to showing that, for arbitrary positive reals 0 < 6 < A, the integral

| ] stwomoy e ay (3.7
R+ Ho
is uniformly bounded for § < o < A.

By the properties (a) and (b) of S given by Lemma 3.6.1} f, = 1o, and ¢, € O,
for every p ¢ S. Recall that Ny is chosen as a sufficiently large integer so that
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Supp(f,) C p~ MO, and that ¢, € p~ 00, for every p. It follows that
[ ] s oren e ary ax
R+ Ho

< / {/ Joo ((yoo+coo) T(t>>pr(yp+Cp) ®p€SdXYp®deoo}todXt
R4 HpesKXXKRX)ﬂA}(

pes

<</ {/ foo (Yoo + Co0) T(1)) Rpesd™yp @ dxyoo} 7 4%t
Ry | ([Tpes (K np=No0p ) x KX )nak

< /R+ Z / x foo (Yoo + €oo) T(1)) Ayoo o t7 A7t

T nj
Rl |=TT7_; No,

The uniform boundedness of (3.7) now reduces to the uniform boundedness of

/]R /Kx foo (Yoo + Coo) T(1)) 17 d"yoo At (0 <o <A).

Ry[=ITj_y Np

(3.8)
To simplify notation, assume that r = 1; the proof of convergence of (3.8|) for general

r is the same. When r = 1, we have S = {r; : 1 < j < R} U {p} and the integral

(3.8) equals

> / / (Yoo + o) T(1) 17 d¥yoe ¥t (6 <o <A).  (3.9)

n>—Np RH Npn

It follows from the compatibility assumption of ¢ and f, which is prescribed in

Definition [3.4.6 (iv), that
|coo| # Np™  for every n > —Nj.

In the integral (3.9)), one has |y.| = Np™. When y., belongs to the hypersurface
Kﬁl =Npr> there is at least one place v € Sy, such that

Yoo + Coolv > [Yoolu (3.10)

Here the notation f > g means there is a positive constant C' such that f(z) >
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Clg(z)]. Without loss of generality assume v = 1. We then rewrite ({3.9) as

> // Ay "t =) // d“uyd¥y, ... A%y d*t.
o Ry K n> Ny R+ U [T, K2

n=>—N R,|-|=Np™
(3.11)
The integrand of the second member of (3.11)) is

foo ((MVN% uy + cl) 71(t), (y2 + ca)m2(t), ..., (yr + CR)TR(t)> . (3.12)

The inequality (3.10) now becomes

Np”

Uy + C1 > .
vy ‘y’VZ |y|VR

Np”
(3.13
‘ ‘3/’1/2 )

o ylog

We are now reduced to showing the uniform boundedness of the second member
of for § < 0 < A, given that holds. For this purpose we make use of
the fact that f, is of rapid decay; in particular it decays rapidly with respect to each
coordinate. For each 2 < 7 < R, write KVX]_ = D; U E; where

Dj={x € K, : |z[,; <2|c|,, +1}
Ej={z € K |z, > 2[c[,, +1}.

By definition, if y; € Ej, then |y + c|,, > |y|,,. In the integral (3.11]), we make two

decompositions:

e decompose fR+ = fol +f1°°;

e decompose the integral over Hfﬂ K ij into the integral over “tubes” where each
factor is either D; or E;. If y; € D;, then there is a pole at 0 which is taken
care by the rapid decay of f., with respect to the first coordinate. If y; € £},
then the convergence at infinity is taken care by the rapid decay of f,, with

respect to the coordinate y;.

More precisely, first look at fol. Let ¢’ > 0 be arbitrary and suppose that y; € D;
for 2 < j <T and that y; € E; for T+ 1 < j < R. Then (3.12) is

n 5 R ,
< (- pn®) 10ty ™
Vo
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Then the contribution to (3.11]) is

1
< Z (Np)—n5//0 t075’b1725/ Zf:T+1 bj%

n>—Ng
R
/ H|y IT " & wd*y,...d*ys,
UIXHJ o Dj XHJ =ry1Ej j=2 J=T+1

which is finite given that o > ¢’ <b1 +2 Z] 4l )
Next look at f1 . Let A" > 0 be arbitrary and suppose that y; € D; for 2 < j <T
and that y; € Ej for T+ 1 < j < R. Then (3.12) is

" ~A R )
Sl (i) I | O
Vo -

Then the contribution to (3.11)) is

— / o ’ / dt

t
n>—Ng 1
T R
Al e 1x o y
/ T R H’y"/j H ’y‘uj d*ud”ys...d"yg,
UrxIlj—e DixITj=ri1 B j=2 Gj=T+1

which is finite given that o < A’by+ (A’ +¢) Z] T41

that all b; are positive reals, since all combinations of the b; may occur in general.

b;. Here we crucially use that fact

Finally, by making ¢’ sufficiently small and A" sufficiently large, we can ensure that
the condition § < o < A implies the two requirements on o. This proves that absolute
convergence of for ¢ > 0; the convergence is uniform in strips § < ¢ < A for
arbitrary 0 < 0 < A.

Now consider the integral over Hy, namely

/R [ lan) £+ ) 70) o)t Ay (3.14)

Our goal is to show that this integral converges absolutely and uniformly on compacta

for o > 1. We now set the constant C' > 0 at the beginning of the proof to be

R
C = 2% [ max (|c|,,, 1).
j=1
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By definition, if y € H; then yy € p'O, for some p’ ¢ S. For every p ¢ S, the
properties (a) and (b) of S in Lemma [3.6.1) imply that f, = 1o, and that ¢, € O,. If,
furthermore, ¢t € Ry and (y + ¢) 7(t) € Supp(f), then y verifies the condition (c) of
Lemma and hence |y.,| > C. By our choice of C, when y € Hy, there is a place
v € Sy such that

‘yOO‘V > 2|COO’V7

which in turn implies that
Yoo + Coolv > [Yoolu- (3.15)

Proceeding exactly the same as above, we deduce that converges absolutely
for ¢ > 1; the convergence is uniform in strips 1 + 6 < o < A for arbitrary 0 < § <
A — 1. Again the positivity assumption on the norm section, namely b; > 0 for every
1 < j < R is used here.

On combining the absolute convergence of and , we conclude the abso-
lute convergence of Z, , .(f, X0, s) for Re(s) > 1, provided that ¢ and f is compatible.
This completes the proof of Theorem [3.5.1] O]

3.7 Analytic continuation and functional equation

In this section we prove the analytic continuation and the functional equation of the
global zeta integral Z,,.(f,x). In Section the global zeta integral Z,,.(f, x)
is shown to converge absolutely for Re(y) > 1. To establish analytic continuation
and functional equation, we follow the adelic analysis framework which was first
introduced in Tate’s Thesis. The origin of Tate’s approach traced back to Riemann’s
second proof of the analytic continuation and functional equation of the Riemann’s

zeta function.

Definition 3.7.1. Suppose that F' C Ak is a fundamental domain for the additive
action of K on Ag. Let Z(Ag) denote the class of functions f : Ax — C which

satisfy the following conditions:
(i) f(z) and f(z) are continuous and are in L*(Ag):;

(i) Doeer flx+&) and 3 g f(x + €) are absolutely and uniformly convergent for
r € F;

Note that any Schwartz-Bruhat function f € S(Ag) is also in Z(Ag). The main
tool that we need in proving analytic continuation and functional equation is the

following result of Tate.
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Proposition 3.7.2. (Tate’s adelic Poisson summation formula [5, p. 333]) If f €
Z(Ak) and x € A¥, then

S figw) = |—1| S fie/a).
§EK ¢eK

The following preparatory lemma computes a Fourier transform.

Lemma 3.7.3. Suppose that ¢ : Ag/K — C* is a character and that d;x is a
Haar measure on Ag. Suppose further that 7 : Ry — Ay is a norm section and that
(a,c) € A%. If f is a Schwartz-Bruhat function on Ag and t € Ry, then the Fourier

transforms of f and of the function

g9:(x) = Y(ax) f ((x +c) 7(1))

are related by

) =1 v (~clo+a) (S50

where the Fourier transforms are taken with respect to ¢ and d x.

Proof. The Fourier transform ¢ can be computed in three steps. First, if fi(z) =
f(z7(t)), then

A = [ lort) v ax =1 7 ().

Secondly, if fo(z) = fi(x +¢) = f((z+¢)7(t)), then

Fy)= [ fle+c)v(zy) dix =d(—cy) fi(y).

Ay

Thirdly, since g;(z) = (az) fo(x) = Y(ax) f ((x + ¢) 7(t)), it follows that

Guly) = | laz) fo(@) dlay) dix = fola+y).

Thus gy(z) = ¢ (—c(z + a)) f(%) O

We are in a position to establish the analytic continuation of Z,,.(f,x) and

compute its poles and residues.

Proof of Theorem[3.5.9 Let xo be a character of C. By Remark [3.4.4] we view the

restriction of the zeta integral Z, , .(f,-) to the connected component Xy ,, of X as
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the function

s Zaefoxos) = [ [ dlan) F+ 7)o@ Oy e (316)
R, JAL
Following Riemann, let us rewrite (3.16)) as fm = [T+ fol. Set

Ziltoos) = [ [ v £+ oro) we ey de @

1

Zradtoxws) = [ [ ) Fl+0m0) e ¢y a3

On the one hand, the zeta integral Zj_f a.c(f> X0, 8) converges absolutely and defines
an entire function of s. This can be shown similarly to the proof of Theorem [3.5.1]

On the other hand

Z?,a,c(f,XoaS)=/0 { g Y(ay) f ((y +¢)7(t)) xo(y) dxy} t°d*t

:/o {/ o 2 V&) T (&4 0)7(0) xoly) de} =t

{eK™

=/01 {/AK/K > a(&y) xoy) dXY} t*d*t

EEKX

where g,(y) = ¥(ay) f ((y + ¢) 7(1)). Put

v- [ { L 3wl de} e

U=/O {/A}(/KX 9+(0) xo(y) de"} t'd*t
V=/O1 {/A}(/KX 9+(0) xo(y) dxy"} t*d*t.

It follows from Proposition that

Z 0l Xx0,8) =M+ U -V. (3.19)
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We proceed to compute M, U and V. First, by Proposition [3.7.3] we have

: i(f)/y) By

Gu(Ely) = 2o (—clat ely)) | (

S| = |

w(eac)v (~eer™) f (
It follows that
J— ' — ¢ a + Sy_l X S— X
=i [ 3] 3 vt g (“E5) ) @ty eian
1
=vtao [ 3] g{jxw(—csyl)f(“fyl) ) ap s

~vt-ae) [ [ > o (=c6m) (- €n) T0) 6" () 4530 b

" ek x
= ¢(_ac) Z:—c,a(fv Xo_la - 8)' (320)

Thus M extends to an entire function of s.

Secondly, observe that both U and V vanish unless x is unramified. Put vg =

IR sicx 1y If x is unramified, by Proposition 3.7.3| we have
K

U = ¢(—ac) UK/O fa/7() ¢~ d%t (3.21)

V= ug /01 F(er() ™. (3.22)

Since the infinity components fs and fo are Schwartz function, it is clear that both
U and V define holomorphic functions for ¢ > 1 and have meromorphic continuation
to s € C.

On combining (3.19)), (3.20)), (3.21)) and (3.22), we deduce that

ZT,a,c(fa X0, S) = Z:a,c(fv X0 3) + ’QU(—(IC) Z:,——c,a<f’ Xaly 1- S) + Uu-V.

Moreover, both Z, .(f, x0,s) and Z;f_w(f, Xo',1 — s) are entire functions of s,
whereas both U and V extend to a meromorphic function of s € C. This shows
the meromorphic continuation of Z. , .(f, X0, s). The preceeding argument also shows

that, if x is unramified, then U = V = 0 and hence Z, ,.(f, xo0,$) extends to an
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entire function of s. If y is ramified, then Z, , .(f, xo0,s) —U + V extends to an entire

function of s. The proof of (ii) and (iii) is complete. O
We now show the functional equation of Z, , .(f, X0, 5)-

Proof of Theorem[3.5.5 Observe first that, on putting f7(z) = f(—z), we see that
Z‘:— a, c(fT?XO?S) = Z’f—'i:ap(f? X07S)‘ (323)
In fact, by (3.17) and by the triviality of xo on K*,
Zi o o) = [ [ oan 1= 0 r@) ) e ay art
1 Jal
[ ] vca s e- v o) v ¢y
1 Al
=[] ) £ (e ) @) o) ¢ 47y 7
1 Jal

- Z‘rac(fv X0, 8)'

We consider two cases:

(a) Assume y is unramified. It follows from (3.19), (3.20), (3.21)) and (3.22)) that

ZT,G,C(f?X()aS)_ T&C(f X0, S + ( ) T,— ca(f XO7 _S)
/ (a/7(1)) t° 1dxt—vK/ fer(t)) t° d*t.

(3.24)

This expression of Z, , .(f, xo, s) exhibits the symmetry

fef
X = (x0,8) & X' = (xo "1 - 5)
(a,c) <> (—c,a).
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More precisely, (3.24]) together with (3.23)) and the fact that f =/ vield
Zcha(JEaX(;lal —5)
- Z:_ ca(fvxalﬂ 1- S) + 1/}(@6) Z:_ a, c(fT7X07S)
1 1
+ (ac) v / F—e/r(t) 1 d*t — vy / Flar(®) ¢ d*¢
0 0
= Z}_calfixo " 1= 5) +0(ac) Z7, (f X0, 9)

+b(ac) vi /1°of(—07(t)) 175 % — vy /100f(a/7(t)) £ A%t (3.25)

It follows from (3.24) and (3.25]) that

L( T,a,C f>X07 %U(—GC) ZT—ca(faX6171_3)>

VK
— s—1 d>< > S d>< )
( ac/ fa/T ) t /0 fler(t)t t

Thus

Zraelfy X0, 8) + vk /OO fler(t))t® d*t
0
= d(—ac) (Zn_c,aaf, ol 1= ) + vk / " Flafr) e dXt) |
0

By definition, the first member is 27,a7c( f,x), and second member is ZT7_c7a( f X))
This proves the functional equation (3.4) when x is unramified.

(b) Assume y is ramified. It follows from (3.19), (3.20)), and the vanishing of both
U and V that

Z‘r,ap(f? X0, S) = Z:,_a,c(f’ X0 S) + ¢( CLC) Z: ca(fv Xal> 11— S)' (326)

This expression of Z, , .(f, xo, s) exhibits the symmetry
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More precisely, (3.26]) together with (3.23)) and the fact that f =/ vield

ZT,*C,a(fv Xala 1-— 5)
=7 _J(fixg" 1= 8) +¥(ac) Zi_, _.(f" X0, 5)
=7 o(foxo ' 1= 8) +(ac) Z], (f x0.9)- (3.27)

Therefore, by (3.26)) and (3.27]),
ZT,a,c(fa X0, S) = ¢(—GC) ZT,—C,(l(fa Xal7 11— S)'

This proves the functional equation when y is ramified. The proof of the func-

tional equation of global zeta integrals is now completed.

3.8 Example: the case K = (Q

The purpose of this section is to show that global Lerch-Tate zeta integrals for QQ can
be specialized to give Lerch zeta function.

Observe that there is a unique norm section 7 : Ry — Ag because each norm
section R, — A@ has image in the archimedean component and Q has only one
infinite place.

We choose adelic Haar measures as follows:

e the Haar measure dyx, on Q, provides Z, with unit volume;
e the Haar measure d*x; on Q, provides Z; with unit volume;
e the measure d ;x, on R is the Lebesgue measure;

e on R* take d*x,, = d¥=.

EN

o for Ag set dyx =[], dyxy;

e for Ag set d*x =[], d*x,. Since the inclusion of Z* in Ay induces an isomor-
phism Z* = Cg, it follows that

vg = d*x (Cg) = 1.
We choose the additive character ¢ : Ag — C* as follows:
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o set ¥, : Q, = C* by ¢,(z,) = e ({zp}p);
o set Yo : R = C* by Voo (s0) = €(—2Z0);
o define ¢ : Ag = C* by ¢(z) =[], ¥u(z,) for v = ®,2, € Ag.

We give the symmetrized Lerch zeta functions as examples of global Lerch-Tate

zeta integrals:
Proposition 3.8.1. Suppose that a = ®,a, € Ag and c = ®,c, € Ag satisfy
(a) a, =c, =0 for every p;

(b) oo ER—Z and co, € R —Z.

One has:
(i) of fo=®plz, ® e ™% and ys = | - %, then for Re(s) > 1
Zrwelhox) = 20 (3) Y L e(-man) (3.29)
T,a,ec\J0y Xs) — 3§ o T . e(—Ma); .
e J0r X 2" 2/ = |m + Coo®
m#£0
(i) if fi = Opeoolz, ® Tooe ™% and x, = | - |*, then for Re(s) > 1

1 e (541 = (m+cx)
Zr,a,c(f17Xs) = 57’(’ 2 [ ( 5 ) Z W e(—maoo). (329)

m=—0oQ

m#0

Remark 3.8.2. In Proposition [3.8.1] the hypothesis (b) encodes compatibility condi-
tion for the test functions fy and fi. The values ¢ € Ax with ¢, € Z \ {0} are
incompatible with fy and fi; the values a € Ag with a,, € Z\ {0} are incompatible
with fo and fl. However, the values ¢ € Ag with ¢, = 0 are compatible with f; and

f1; the values a € Ak with a, = 0 are compatible with fo and fl.

Proof of Proposition [3.8.1. A fundamental domain for the action of Q* on A}@ is given
by {1} x Z* = {1} x [[,Z, CAg If fo=®,lz, ® e ™% and Y, = | - |*, then

Zunclfox) = [ [l folly+ 0 70) xalo) ¢y

:/R+

S [ e B+ @) o) @'y
BEQX {1}xZ%
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Since fo ((By + ¢) 7(t)) = e ™+ T] 15 (By,), it follows that fo ((By + ¢) 7(t)) =
0 unless (3 is an integer. If § is an integer and y € {1} X 7%, then by assumptions

770(@3?/) = e(—ﬁaoo>
Jo((By+c)7(t)) = e T(B+eo) 2

Therefore
Zrac (fo,xs) / (—mas) e T(mteso) 2 ys x4
R+ mez\{0}
o0 U 8/2
== e(—ma )/ e_“( ) d*u
1 s /s 1
— T .
2" Z Im + coo|® e(—max)
mez)\{0}
This proves (i).
On the other hand, if f; = ®,17, ® 5 e~™2% and x, = | - |*, then

Zunclfixd) = [ [ ) £+ o) r0) ) ¢ 'y

:/R+

Since f1 ((By + ¢) 7(t)) = (B + coo) t e ™FHeec)*?? [1,12,(8yp), it follows that

S [ e 5B+ @) o) @'y
BEQX {1}xZ%

fi((By+e)r(t)) =0

unless 3 is an integer. If § is an integer and y € {1} x 7%, then by assumptions

¢(a5y) = e(—ﬁaoo)
FL(By + ) T(1)) = (B + co) t e T(Bres)t?

64



Therefore

Ta ,C fl; Xs / maoo) (m + Coo) e*ﬂ(m+coo)2t2 ts+1 d><t
R+ mez\{o}
s+1

OO —Uu u : X
_5 Z e(— maoo)(m—l—coo)/o e (W]m+coo|2) d*u

mez\{0}

1 s+1 m + Coo
= 577' z [ ( 5 ) Z We(_mao@).

meZ\{0}

This proves (ii). O
Remark 3.8.3. In the notation of Section [1.2], we have
ZT,(l,C(fO; Xs) =
ZT,a,c(fI; Xs) =

75l (g) (L+(S, —Cog; Coo) — ‘Coors)

s 1
S (8; ) (L7 (8, —aoo, Coo) — 581 (Cx0) |Coo] %) -

1
2
1
2

The functional equations of global zeta integrals translate to the functional equa-

tions of the symmetrized Lerch zeta functions. In fact, on setting u = 2 t?,
| perantrma= [T et e
0 0
:/ 6—7ruu§ |COO|—sd><t
0
1 ]
=37 (3) lewl™
Similarly, on setting u = c2_t2,

J A e e

|Cool

Since vg = 1 and x5 = | - |* is unramified, it follows that

Zraelfosxs) = Zoaelfonxs) + v / foler (1)) xo(r(1) d*t

=g z[ (%) LT (8, =00, Coo)
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and that

ZT,a,c(fl; Xs) = Z‘r,a,c(fla Xs) + UQ /O‘OO fl (CT<t)) XS(T(t)) dXt

1 s
=—m 20 <E> L™ (8, — oo, Coo)-
2 2

Theorems (3.5.2] and [3.5.3| apply to give the analytic continuation and functional equa-

tion for LT(8, —aso, Coo) and L™ (8, —@uo, Coo)-
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Chapter 4

Global zeta integrals over function fields

4.1 Overview of the chapter
The current chapter aims to provide a function field analogue of the Lerch zeta func-

tion. This analogue is produced in Sections [4.2] and [4.5]

e Section applies the ideas of Chapter [3] to construct global Lerch-Tate zeta

integrals over a function field of a curve over finite field.

e The analytic properties of global function field Lerch-Tate zeta integrals are
formulated in Section as Theorem [4.5.1], Theorem and Theorem [£.5.3]

e Section is devoted to the proofs of Theorems [4.5.1} 4.5.2| and {4.5.3|

4.2 Notations and basic definitions

Fix a smooth projective geometrically connected curve C' over a finite field & = F,.
Let K = k(C) be the function field of C' and |C| the set of closed points of C. For
each v € |C|, let O, denote the completed local ring at v with fraction field K, and
residue field k, of cardinality ¢, = ¢%. Let Jac(C) be the Jacobian variety of C,
defined over k£ and parametrizing line bundles of degree 0.

Write Ak for the ring of adeles and A% for the ring of ideles. Write Cx = Ay /K*
for the idele class group and C} = Al /K* for the norm one idele class group. Let
|| : Ay — R, denote the standard norm map of Aj. Then |- | is trivial on K*
and induces a continuous homomorphism, also denoted by | - |, from Ck to Ry. One
knows that the image of | - | is N = ¢Z (see [40, Chapter VII]).

The space Xk of all quasi-characters of C'x has a natural structure of a complex
variety. Furthermore, considered as a complex analytic variety, Xg is a disjoint

union of connected components, each of which can be non-canonically identified with

67



C/ ligiq Z. All quasi-characters of C'x which have the same restriction to C}, belong
to the same connected component. We set some notations to specify the connected

components of Xx more conveniently.

Definition 4.2.1. If xq is a character of C'k, set

Xk = {X € Xk : Xler = Xo}- (4.1)

In particular, if xon, is the trivial character on Cj, then Xk ,, . is the neutral
component consisting of those quasi-characters of Cx which have trivial restriction

to C’}{; we write Xg p, for this neutral component.

Remark 4.2.2. There are non-canonical isomorphisms from C / 1(2)7;1 Z onto Xk . If

Xo : Cxg — C* is an extension of xg, then the map which sends a complex number s

127” 7, onto
ogq

to the quasi-character x(z) = Yo(z) |z|® induces an isomorphism from C /
XK xo-

The standard notions of adelic Fourier transform and of self-dual measure for

function field are the same as that for number field.

Definition 4.2.3. Suppose that ¢ : Ax — C* is a nontrivial character and that
d . x is a Haar measure on Ag. If f is a Schwartz-Bruhat function on Ay, define the

Fourier transform of f with respect to ¢ and d,x to be the function
f)=[ f@)v(y) dix  (yehg). (4.2)
Ak

The Fourier transform f is also a Schwartz-Bruhat function on Ag.

Definition 4.2.4. For every nontrivial character ¢ of Ak, there exists a unique Haar
measure d,;x on Ag such that, for all Schwartz-Bruhat functions f on Ak, one has

f (x) = f(—=). This Haar measure dx is called the self-dual measure with respect to

.

4.3 Global norm sections

Let | -] : Ay — N = ¢* C R, denote the standard norm map of A%. Then |- | is
trivial on K and induces a continuous homomorphism, also denoted by | - |, from
C K to N.

We proceed to give preliminary notions of norm section and global Lerch tuple.
They are main ingredients in the definition of global zeta integrals over a function
field.
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Definition 4.3.1. A group homomorphism 7 : N — A% is called a norm section if

|- |or =idy.

Remark 4.3.2. Since N = ¢Z is cyclic, every norm section 7 gives rise to a divisor of

degree one on the curve C, namely the divisor of the idele 7(¢7!) € A.

Definition 4.3.3. A norm section 7 : N — A% is said to be positive if the support of
the divisor of the idele 7(¢™') consists of a singular point. Equivalently, 7 is positive
if there is an Fg-rational point, say co € |C], such that 7(¢7") = ®Qpejjzp with
xzp € OF for every P € |C|\ {o0}.

Remark 4.3.4. There exists a positive norm section 7 : N — A% if and only if C' has

an [F -rational point.

Lemma 4.3.5. A choice of a positive norm section then corresponds to a choice of
an [F -rational point, say oo, a choice of a uniformizing parameter at that point, say
Too € Koo, and a choice of unit up € Op for every P € |C|\ {oo}. We say that T is

supported at oo and is given by 7(¢7) = Qpejcp\ (oo} TP @ Too.

Proof. By definition 7(¢7') = @pejcjzp has zp = up € OF for every P € |C|\ {o0}.

For 7 to be a norm section, z,, € K must be a uniformizer. The lemma is shown. []

4.4 Global Lerch-Tate zeta integrals over a function field

Definition 4.4.1. A global Lerch tuple is a triple (7, a,c) consisting of a positive

norm section 7 and a pair of adeles (a,c) € A%.

Definition 4.4.2. (Global Lerch-Tate zeta integral) Suppose that (7,a, c) is a global
Lerch tuple. If f is a Schwartz-Bruhat function on A and yx is a quasi-character of

Ck, define the global Lerch-Tate zeta integral

Zenel 0= [ 0 () florera) o) s (@3
ax \7(=])
Remark 4.4.3. One gains a better understanding of the global zeta integral Z, , .(f, x)
with the following two observations. First, a norm section 7 induces a splitting
A% = Al x ¢%. Secondly, every quasi-character of A% is determined by its restrictions
to A}, and its value on 7(g71).
Suppose that a norm section 7 is given. Then every z € Ay can be written

uniquely as x = t™y where t = 7(¢7'), m € Z and y € A}.. If x is a quasi-character of
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Ck, write xo for its restriction to C}. By Definition [4.2.1] y belongs to the connected

component X ,, of Xg. There is an isomorphism C / ﬁ’g”q Z = X, which sends

21
log q

Xo(y) ¢~™°. Via this isomorphism, the restriction of Z,,.(f,) to Xk,, becomes a
function of s; write Z;,.(f, xo, ) for this function. By (4.3]) we have

a complex number s modulo Z to the quasi-character y(z) = xo < (e > |z]® =

Zrae(fs X058 Z 1/1 ay) [ ((y +)t™) xoly) g™ d*y.

m=—0Q

The following definition is a technical condition that we need in order to show
the analytic properties of global zeta integrals. It will be used to exclude, for each
Schwartz-Bruhat function f on Ay, a singular set of (a,c) in A% to ensure that the

global zeta integrals are absolutely convergent and satisfy functional equation.

Definition 4.4.4. (i) Suppose that o = ®pcicjap € Ag. The singular degree of
ap is the biggest integer np such that Op C m%” and that ap € mp”. The
singular degree of « is the sum ) pe|c| vp Where each np is the singular degree

of ap.

(i) Suppose that f = ®@peic|fp is a factorizable Schwartz-Bruhat function on A-.
The singular degre of fp is the biggest integer np such that Op C m7” and that
Supp(fp) C mp’. The singular degree of f is the sum Zpem np where each

np is the singular degree of fp.

(iii) Suppose that f is a Schwartz-Bruhat function on Ag. Suppose further that
f= Z;Zl f; where each f; is a factorizable Schwartz-Bruhat function on Ag.
The singular degree of f with respect to the decomposition f = Z;Zl fj is the
sum Z;Zl n; where each n; is the singular degree of f;. The singular degree
of f is the biggest singular degree of f with respect to all the decompositions

f= Z;Zl f; into factorizable functions.

(iv) Suppose that a € Ag and that f is a Schwartz-Bruhat function on Ag. Let
ne (resp. nys) be the singular degree of v (resp. f); put na, s = max(ng,ny).
Suppose further that C' has an Fg-rational point oo and let val,, : Ko —
ZU{oo} be the normalized valuation which takes value one on any uniformizing

paramter. We say « and f are compatible at the point oo if valy(coo) > |Na.f|-

Note that all of the singular degrees in Definition 4.4.4] are non-positive integers.
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4.5 The Main Global Theorem over a function field

In this section, we formulate the analytic properties of the global Lerch-Tate zeta
integrals over a function field as 3 theorems: Theorem [£.5.1 Theorem and
Theorem [£.5.3] Their combination gives Theorem [I.5.4] which we call the Main Global
Theorem over a function field.

Let C be a smooth geometrically connected projective curve over a finite field
k = F,; suppose that C' has an F, -rational point co. Let K = K(C) be the function
field of C. Take for Ak the self-dual measure dx with respect to ¢ and take for Aj
any Haar measure d*x. Put vxg = d*x(C}) where d*x is induced by d*x.

For a Schwartz-Bruhat function f on Ay, let f denote the Fourier transform of
f with respect to 1) and d;x. For a quasi-character x on Cp, let x’ denote the

quasi-character given by xx' = | - |.

Theorem 4.5.1. (Absolute convergence) Let (T,a,c) be a global Lerch tuple and
be an additive character of Ak with trivial restriction to K. Let f be a Schwartz-
Bruhat function on Ak and f be the Fourier transform of f with respect to ¢ and
dyx. Suppose that T is supported at the given g -rational point oo of C'. Suppose
further that ¢ is compatible with f at oo. Then on each connected component of Xk,

the zeta integral Z, o .(f,Xx) converges absolutely for Re(x) > 1.

Note that the absolute convergence theorem imposes a compatibility condition on
f and the variable ¢ € Ag.

Theorem 4.5.2. (Analytic continuation) Let (7,a,c) be a global Lerch tuple and 1
be an additive character of Ak with trivial restriction to K. Let f be a Schwartz-
Bruhat function on Ak and f be the Fourier transform of f with respect to 1 and
dix. Suppose that T is supported at the given FF -rational point oo of C'. Suppose

further that ¢ is compatible with f at oo and that a is compatible with f at 0o.

(i) The zeta integral Z. . .(f,Xx) extends to a meromorphic function on Xp.

(ii) The meromorphic function Z. . .(f, x) is holomorphic outside of the unramified
component. On the unramified component, Z. . .(f,x) has at most simple poles

at x = |- | and x = Xuiv. Observe that each of the two sums

Y Flar@)X (@) and > fler(q™) x(7(¢")

n>0 n<0
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converges for Re(x) > 0 and has a meromorphic continuation to x € Xk. Then

the function

Zraelf:X) = W(=ac) v Y [ (a7(g™) X (7(¢") + v Y f(er(a™) x(7(q")

n>0 n<0

extends to a holomorphic function on the unramified component of Xg.

Note that the analytic continuation theorem imposes the compatibility condition

on a € Ag with f and the the compatibility condition on ¢ € A with f.

Theorem 4.5.3. (Functional equation) Let (7, a,c) be a global Lerch tuple and 1 be
an additive character of A with trivial restriction to K. Let f be a Schwartz-Bruhat
function on Ak and f be the Fourier transform of f with respect to ¢ and d x.
Suppose that T is supported at the given IF-rational point oo of C'. Suppose further
that ¢ 1s compatible with f at oo and that a is compatible with f at 0o.

(i) The integral
St = 3 Fler@) xir@™)

converges absolutely for Re(x) > 0 and extends to a meromorphic function of

X € Xk ; we denote this meromorphic function also by S1(f, x). The integral
Sa(f.x) = fler(@™) x(r(g™)
m=0

converges absolutely for Re(x) < 0 and extends to a meromorphic function of

X € Xk ; we denote this meromorphic function also by So(f, x)-

(ii) Set
Zoosfx) = Zrae(f,X) +vr (S1(f,x) + S2(f, X)) if x is unramified
ma,clt Zra.e(fX) if x is ramified.
One has

~ ~

ZT,a,c(fv X) = w(_ac) ZT,—c,a(fa X/)

4.6 Analytic properties of global zeta integrals

In this section we prove the analytic properties the global zeta integral Z, , .(f, x).
We briefly recall some notations. Let (7,a,c) be a global Lerch tuple and f be a
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Schwartz-Bruhat function on Ag. The positive norm section 7 is given by

(¢ ") = @ Pe|c|\{oo}UP & T

where 7 € K is a uniformizing parameter at the given F,-rational point oo €
|C| and up € Op for every P € |C|\ {oco}. Note also that 7 induces a splitting
A% = Al x ¢ If x is a quasi-character of Cx with restriction xo to C}, then y

belongs to the connected component Xy ,, of Xg. There is an isomorphism from

C/ lim Z = Xk, which sends a complex number s modulo %Z to the quasi-

character x(x) = xo ( (D > |z|*. Via this isomorphism, we view the restriction of
Zrae(f,") to Xk, as the function

§ = Zrae(f, X0, 8 Z ¢ ay) f((y+)7(@™) xoly) g™ d*y.  (4.4)

m=—0oQ

Let Ny be a sufficiently large integer so that Supp(f,) C p,jNOO,, and that ¢, €
p, NoO, for every place v.

The following preparatory lemma is an analogue of Lemma [3.6.1]

Lemma 4.6.1. Suppose that f = Qpejc) @ fp is a Schwartz-Bruhat function on Ay
and that ¢ € Ag. Suppose further that D > 0 is an arbitrary positive real. Then there
exists a finite set S of places of K which includes all places in D and which satisfies

three properties:
(a) for everyv ¢ S, one has f, = lo,;
(b) for everyv ¢ S, one has ¢, € O,;

(c) ify € AL with y, +c, € Supp(f,) for every v and y,» € p,,O,s for some V' & S,
then
Yool > D.

Proof. Since f is a Schwartz-Bruhat function and ¢ € Ag, there is a finite set S
of places which includes all places in D and satisfies (a) and (b). Then the set
S can be enlarged, if necessary, to another finite set S’ so that, if v/ ¢ S’ then
NV > D [],eq {OO}(NI/) This is possible because there are only finitely many
points on the curve C with bounded degrees. It is clear that the set S’ necessarily
satisfies (a) and (b).

Suppose now that y € Ak With y,+c, € Supp(f,) forevery v ¢ D and y,, € p,, O,

for some v/ ¢ S’. Hence |y,/| < 7. By definition N is a sufficiently large integer so
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that Supp(f,) C p,; 0, and that ¢, € p,; MO, for every v. In particular, at every
place v € S, y, € p, MO, and hence |y,| < (Nv)™o; whereas at every place v ¢ S,
y, € O, and hence |y,| < 1. It follows that

1 1 N/

Yool = > >
Hu;éoo vl lyv| HVES—{OQ} |y HVGS—{oo} |y
N/

>
o HVGS—{OO} (NV)NO

> D.

Therefore the set S’ satisfies the property (c), besides the properties (a) and (b)
that S’ inherits from S. The existence of a finite set of places of K with the three

properties is thus verified. O
We are in a position to prove the absolute convergence of Z. . .(f, x).

Proof of Theorem[{.5.1 Let D > 0 be a constant which depends on ¢ € Agx and
which is to be chosen. Let S be a finite set of closed points on C' which contains the
[F-rational point co and which satisfies the three properties in Lemma|4.6.1 In (4.4,

we decompose the integral over Al into the integrals over the two subsets

Hy, ={y € A : ypr € mp: for some P’ ¢ S}
Hy={y € A}, : yp € OF for all P ¢ S}.

By definition, H; is a closed subset of Al and H, is an open subset of AL.

Let us set some notations for the proof. Write

Let d; denote the degree of the point P;

%, 80 ¢ = q% is the size of the residue field

kp, = Op;/mp,. If y = @pecioiyp € Ak, Write ysn = ®pejcp\(c}¥p- Put |y|p, = |yp,|p;-
For a point P € |C| and a positive real A, put

K;,H:A ={ye K|yl = A}

Similarly, the sets K 1§H> 4 and K 1§|~| < 4 have their obvious meanings. Recall also that
N = ¢ C R is the image of the norm map |- |: A} — R, and that 7: N — A% is
given by

T(g") = ® pe|c|\{oo}UP @ Moo € Aj

with up € Op for every P € |C]\ {o0}.
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Consider the integral over H,, namely

Z | Vlay) Fly+e)r(@™) xoly) ™™ d*y. (4.5)

m=—00

Our goal is to show that this integral converges absolutely and uniformly on compacta
for o > 0. We do this by carrying out a series of reductions. Note first that ¢ and yq
are unitary characters and that we may assume without loss of generality that each
component of f takes value in Rsy. The absolute convergence of is reduced to
that of the integral
Z (y+c)ml) ¢ dy (4.6)

for o > 0.

By the properties (a) and (b) of S given by Lemma[l.6.1] fp = 1o, and cp € Op
for every P ¢ S. Recall that Ny is chosen as a sufficiently large integer so that
Supp(fp) € mp™ and that cp € mp"™° for every P. It follows that

Z /H (y+o)r(g™) ¢ d*y

<3 / o (e + ) 72) TT F((wp + c)u) @gesd™yo } g
m=—oo (HQeS KS)OA}( PesS

foo ((yoo + Cc>o) Won;) ®QESdXYQ} q—ma

< Z Z / 5 Joo ((yoo+COO) )d Voo ¢ ¢ °.

The uniform boundedness of (4.6 now reduces to the uniform boundedness of

> Z / foo((yoo+coo) ™Ay (6 <o < A).

gz e I
g 0

(4.7)
To simplify notation, assume that r = 1; the proof of convergence of (4.7]) for
general r is the same. When r = 1, we have S = {oo, P} and the integral (4.7)
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equals

> Z / (oo + co) ™) dyoe (<o <A).  (48)

n>—Ng m=—00 ooH qt

By the compatibility assumption of ¢ and f, which is prescribed in Definition [4.4.4]
(iv), we have

lcoo| < g for every n > —Nj.

Since |yso| = g7 in (4.8)), it follows that

Since f. is a Schwartz-Bruhat function on K, it is apparent that (4.8)) converges
absolutely for o > 0. This proves the absolute convergence of (4.5)) for o > 0.

Now consider the integral over Hy, namely

Z | Vlay) Fly+e)m(@™) xoly) g™ d*y. (4.10)
Our goal is to show that this integral converges absolutely for ¢ > 1. We now set the

constant D > 0 at the beginning of the proof to be
D = max (|cxo|, 1).

By definition, if y € H; then yp € m)p for some P’ ¢ S. For every P ¢ S, the
properties (a) and (b) of S in Lemma imply that fp = 1o, and that cp € Op.
If, furthermore, yp + cp € Supp(fp), then y verifies the condition (¢) of Lemma[4.6.1]
and hence |y.,| > D. Hence |yo| > |coo|, and so

‘yoo +Coo| = |yoo| (411>

Proceeding exactly the same as above, we deduce that converges absolutely for
o> 1.

On combining the absolute convergence of and , we conclude the abso-
lute convergence of Z, , .(f, X0, s) for Re(s) > 1, provided that ¢ and f are compatible
at 0co. This completes the proof of Theorem |4.5.3|

m
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The proofs of Theorems [£.5.2] and [£.5.3] are the same as that of Theorems [3.5.2
and respectively.

4.7 Example: the case K =F,(T)

The purpose of this section is to show that global function field Lerch-Tate zeta
integrals can be specialized to give an analogue of Lerch zeta function for the rational
function field F (T") .

Let C' denote the projective line ]P’]qu over the finite field F,. Fix an algebraic
closure F, of F, and let C' = C xp, F,. Write K = K(C') for the function field of C,
namely the rational function field F,(T); so K(C) = F,(T) is the function field of C.

Every closed point P € |C| corresponds either to an irreducible monic polynomial
in F,[T] or to the degree valuation for which % is a uniformizer. We say in the
former case that P is a finite closed point, and in the latter case that P = oo is the
closed point at infinity. Let Kp denote the completion of K at P, Op its ring of
integers and mp the maximal ideal of Op. The residue field kp = Op/mp is a finite
extension of F,. If ¢p is a uniformizing parameter at P, then Kp = kp((tp)), Op =
kp([tp]] and mp = (tp). In particular, on putting 7., = 7, we have Ko, = Fy((7)),

O = F[[7x]], Moo = (7o) and ko = F,. Write |2| = g V=) (r € K) for the
normalized absolute value on K, for which |y |e = é.

Now consider our projective line C' = ]P’Iqu. Let 1), be a nontrivial additive character
1y : F, — C*. Let w denote the differential form w = dT on Plqu. For each closed
point P € |C/|, let Resp : Q}((C)P/KP

Define the local additive character ¢p : Kp — C* by

— Kkp denote the kp-linear residue map at P.

Yp(xp) =1, (TrKP/Fq Resp (:va)) (xp € Kp).

Define the global additive character ¢ : Ag — C* by ¥ = @ pc|c|¥p. By definition

Y(@pecirp) = || vp(zp) = ] ¢a (Trep/m, Resp (zpw))

Pe|C| Pe|C|
The following lemma follows immediately upon unwinding the definition of residue.
Lemma 4.7.1. (i) ¢ has trivial restriction to K.
(i) If f € F,[T] and P € |C|\ {oo}, then ¢¥p(f) = 1.

(i) If f = Y s oo 0% € Ko, then too(f) = 1y (1)
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We now define an analogue of the Lerch zeta function for the projective line

1 _ ol
P! = IP’Fq.
Definition 4.7.2. Define the Lerch zeta function over P! to be Dirichlet series

Voo (Baioo)
B+ ool

C[Pl (87 Qoo Coo) - Z

BEF[T]
where ao € Ko, ¢ € Koo — Oy, and s € C.

Lemma 4.7.3. (p1($, aoo, Coo) converges uniformly absolutely on compact subsets of

R(s) > 1 and defines a holomorphic function on this right half-plane.

Proof. Put 0 = R(s), so 0 > 1. By assumption there exists a positive integer N such
that

Coo = Z cnh (en € Fyye_n #0).
n=—N
Therefore, for every polynomial 5 € F [T of degree m > N, we have

|8+ coolde = 4™

Hence
Z M < Z (number of polynomials of degree m) ¢~™°
BEF,[T] 1B+ cools m=N+1
deg B>N+1
< Y (g-Dg" g™
m=N+1
=(q=1) > ¢
m=N+1
which is finite. The proof is complete. n

We proceed to show that (pi (s, ax, €oo) arises from global function field Lerch-Tate
zeta integrals. We take for 7 : ¢ — A% the norm section for which 7(¢7!) = (7w, (1)).

We normalize adelic Haar measures as follows:
e let d*xp be the Haar measure on K/ for which OF has unit volume;
e take for Ay the product measure d*x = []pc o d"xp;

o take for Ax the self-dual measure with respect to .
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Proposition 4.7.4. Suppose that a = @pejcjap € Ag and c = @pejcicp € A salisfy
(a) ap =cp =0 for every P € |C|\ {o0};
(b) oo, Coo € Koo and valy(coo) > 0.
Suppose further that xs = |- |° and that f = @pejcifp € S(Ak) is given by
(a) fp =1, for every P € |C]\ {o0};
(b) foo = line.-

Then for Re(s) > 1
ZTva,C(f7 XS) = gpl(saaomcoo)' (412)

Proof. The proof starts with the observation that a fundamental domain for the action

of K* on Al is given by the following subset of AL

E:=(+mg)x [][ 05
Pe|C\{oo}

It follows from the hypotheses that

Zraef,xs) = Z / dlay) f((y+e)(@™™) ¢ d*y

m=—0oQ

- Y "] S s (G aria ) o

m=—00 BEK X
s me [$Y wtasn) £ (By+rla™) by
m=—00 BeK *

Since

F((BYy+)7(@™) = Lo (Byso +c)7) [ Lon(Bup),

Pe|C\{oo}

it follows that f ((fy +c)7(t)) = Ounless 3 € F,[T]. If § € Fy[T] and y = @peiciyp €
E, then

V(afy) = Voo (Bascyso)
F(By+)7(@™)) = Ine (BYoo + coo) ) -
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Therefore

Zraelfxs)= D> ™ / Voo (Bocloo) Lma ((BYoo + Coo) The) A Voo
m=—co  BeF,[T]\{0} ¥ 1T

An easy calculation then gives

1
Zr,a,c(fa Xs) - ((] — 1)(1 _ qiS) Cpl (S, Ao, COO).
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Chapter 5

A generalized Lerch zeta function

5.1 Overview of the chapter

In this chapter we study a generalized Lerch zeta function given by the following

Definition. Suppose that z, y, @ and  are complex variables. Set

Z > ! 5.1
@)= 2. ey (5.1)
where e(z) = €*™* and the primed sum excludes the term n = —x when x is an

integer. Here we fix the log branch log z = log |z|+i arg z with —7 < arg z < 7 and

define 27 = €7'°8* for two complex numbers z and .

The series representation is a Fourier expansion of Z(x, y; «v, 8) in terms of y.
On letting = to be a complex variable, the function m becomes multivalued
in x. We will, however, restrict to the case x € H for the purpose of getting a
single-valued function. Our goal is to show analytic continuation of Z(z,y;«, ) in
(a, 8) € C* by means of Fourier development in terms of the real part of z. The

chapter outline is as follows.

e Section shows the absolute convergence of Z(z, y; a, B) for real y and Re(a+
g) > 1.

e In Sections [5.3Hb.5| several confluent hypergeometric functions are introduced
and studied in detail. We define and introduce the upsilon hypergeometric
function. We give a tabulation of their analytic properties, stated in a quite

general form.

e Proposition in Section shows that the upsilon hypergeometric function

is the Fourier transform of a product of two complex powers.
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e On putting z = 2’ 4+ iz”, Section gives the Fourier expansion of ((x,y; «, )

in terms of ' and establishes its analytic continuation in («, f3).

e Section relates Z(z,y; «, 3) to the Lerch zeta function.

Throughout, let C' = C — R« denote the cut complex plane and C* = C — Z<,

denote the complex plane punctured at the non-negative integers. Let

H=H"={z€C:Im(z) >0}
H™ ={z e C:Im(z) <0}
H* =H" UH™
Ct ={z€ C:Re(z) >0}
C™ ={2z€ C:Re(z) <0}.

5.2 Absolute convergence of the series

We are treating complex powers in the definition of Z(z,y; a, 5). We define
2% = exp(a log(2))
where log is the principal branch
log(z) = log |z| + iarg(z)

specifying —m < arg(z) < m. We will sometimes need to allow negative real values

for z, in which case arg(z) = —7 and hence 2% = |z|%e~™*.

Lemma 5.2.1. Suppose that w,v € C satisfy —m < arg(w) + arg(v) < w. Then

(wv)® = w*v® for every a € C.

Proof. Recall that we fix the log branch log z = log |z| + iarg z with —7 < argz <7
and define z® = exp(alog z). The hypothesis —m < arg(w) 4+ arg(v) < 7 then implies
that arg(wv) = arg(w) + arg(v). Thus (wv)® = w*v® for every a € C. O

Remark 5.2.2. Lemma [5.2.1] gives for z € H* the identity

1 1
(n+2)*(n+7)°%  |n+axP(n+ )b

The following lemma shows that the series representation (5.1)) of Z(x,y;a, f)

converges for y € R.
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Lemma 5.2.3. Suppose that x € H and y € R. Suppose further that o, 5 € C satisfy
Re(a+ B) > 1. Then on the region («, ) € C? with Re(a + 3) > 1, the series

o0

Zryaf)= > (n+x)a1(n+j)ﬁ e(ny)

n=—oo

converges absolutely and defines a function which is real analytic in x,y and which is

holomorphic in «, (3.
Proof. Put x = 2/ +i2”. If the hypotheses are satisfied, then for every integer n

1 1
e <K .
(n + x)a(n + f)ﬁ (ny)‘ |n + a:”|Re(a+5)

Let 6 > 0 be arbitrary. Hence the summation which defines ((x,y; a, 3) is bounded
absolutely and uniformly for Re(a+ 8) > 146 by

- 1
Z ‘n + x//|1+5’
n=—oo

which is finite because Re(a + ) > 1. The proof is complete. ]

Remarks 5.2.4. 1. On setting a = s and 5 = s — a with a € {0, 1}, one derives a

variant of the Lerch zeta function, namely

n +z ZL‘
Z(x,y;8,8+a) = Z |n—|—x|25 (ny)
which was studied by Weil [42, Chapter VII|, who called it S,(x, —y,s). This
function exhibits the real analyticity in the “Hurwitz variable” x and the com-

plex analyticity in the “Lerch variable” y

2. Suppose that s € C. On setting a = s and § = 0, one considers an analytic

continuation of the Lerch zeta function, namely

[e. o]

Zloyis.0)= 3 o elny) = (o)

n=—oo

which was the main object of investigation of Lagarias and Li in [8]. This

function exhibits the complex analyticity in both the “Hurwitz variable” x and
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the “Lerch variable” y. We refer the reader to [§] for interesting results on the

multivalued nature of this function.

5.3 Confluent hypergeometric function: Shimura’s tau func-
tion
We start with a confluent hypergeometric function studied by Shimura, namely the tau
function 7(x;«, 3). Properties of the tau function were proven and used extensively
in [27, 28, 29, 30]. See also [31), 32] for more recent papers of Shimura related to the
Lerch zeta function. Precedents of the tau function appeared in Maass’ classic works
[15], 16, [17, 18, 19]. Since it is not easy to extract the results, we collect the analytic
properties proven by Shimura and state them in a slightly more general form.
Suppose that = € C with Re(z) > 0. Suppose that a, 3 € C with Re(8) > 0.
Then the integral

T(z; 00, B) = /OOO e (14 t) P dt (5.2)

is uniformly convergent on compacta and defines an analytic function of z,«a, .
Lemma and Proposition below are due to Shimura.
Recall that C' = C — R« and that C* = C — Z,.

Lemma 5.3.1. The function 7(x;«, B) extends to an analytic function for x € C,
a € C, g eC*. Inthis extended domain, the function T(z; o, B) satisfies the following

properties:
(i) 2°7(z;0,8) = [[Te (1 + i)a_l tP=1dt provided that Re() > 0;
(i) zr(z;a+ 1,84+ 1) = pr(z;a+ 1,68) + ar(z; o, B+ 1);
(iii) 7(z; 0 +1,8) = 7(z;0, 8) + 7(2;0, B+ 1);

(iv) %T(m‘; 1-6,1—a) = ng)T(:U; a, 3), both sides being analytic for x € C', o €

C.peC

(V) Ou7(z50,0) = —7(x;0, 5+ 1).

Proof. The analytic continuation consists of two steps. First, suppose that z € R,
that o € C, and that Re(f) > 0. Then a change of variable ¢ — £ in (5.2)) gives the

identity
o0 t a—1
T(z; 0, B) = x’B/ e <1 + —) 1 dt,
0 x
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the second member of which is analytic for x € C',a € C,Re(f) > 0. The analyticity
follows immediately from the observation that the term (1 + %)a_l is bounded as
t — 0 and is polynomially bounded as ¢ — oo, provided that z is in a compact subset
of €', that o € C, and that Re(8) > 0. Secondly, suppose that x € Ry, that a € C,
and that Re(/) > 0. Then an integration by parts of the quantity %{e‘”(l + t)atﬁ}
yields

zr(v;a+ 1,80+ 1)=p1r(r;a0+ 1, 8) + ar(z;a, + 1).

This identity implies that 7(x;«, ) can be analytically continued to the extended
domain x € C',a € C, 5 € C*. The singularities at non—negative integers [ are at
worst simple poles; in other words the function (z, o, ) — F(ﬁ) 7(z; o, B) is analytic
for x € C',a € C,B € C. It now follows by analytic continuation that (i) and (ii)
hold true in the asserted domains.

Next, apply for 7(z;a+ 1, 8) and write (1 +¢)* = (1 +¢)* ' (1 +¢). This
yields (iii), first for Re(z) > 0, € C,Re(8) > 0 and then for the extended domain
by analytic continuation. Also from , differentiation with respect to x under
integral sign is permissible when Re(z) > 0,a € C,Re(f) > 0. Hence (v) is shown,
originally for Re(z) > 0,a € C,Re(f) > 0 and hence for the extended domain
x € C,aeC,p e C* by analytic continuation.

Finally, by analytic continuation it suffices to prove (iv) for z € R, 0 < Re(a) <
1,0 < Re(f) < 1. In this region

dudt
M@t =p1-a)= [ [T emtenary e
u t
/ / o v(1+t) B —wtyl— odvdt
o Jo vt
/’OO > e v,Uﬁ —t(v+x) tl oedt dv
o Jo t v
/OO o — _odwdv
e 0P (v + )
o Jo w v
> —v, B a—1 dv
=T(1—«) e v+ a)T —
0 v
=T(1 - )z 1 (z;a, B).
Thus (iv) follows. The proof is complete. O

Recall that C' = C — R4 and that C* = C — Z<o.

Proposition 5.3.2. Suppose that x € C', that o € C, and that 5 € C°.
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(i) The function T(x;«, B) satisfies the differential equation
2037 (w0, B) + (o + B — )07 (w50, f) = Br(w;0,8) = 0. (5.3)

(ii) Suppose further that 0 < § < 3. If Re(f) > 0 and Re(a + () > 1, then
T(z;, B) ~ D(a+ B — 1)zt~
as x — 0 in the cone |arg(z)| < § — 0.
(iii) Suppose further that 0 <6 < 7. If Re(8) > 0, then
T(zi 0, ) ~ T(B)a™”

as x — oo in the cone |arg(x)| < § — 4.

Proof. We first show (i). Lemma (v) implies that 0,7(z; o, f) = —7(2; 0, B+ 1)
and that 027(z; «, B) = —7(z; , B + 2). Therefore, by Lemma [5.3.1] (ii) and (iii),

10?7 (2; 0, B) + (a0 + B — 2)0,7(z; 0, B) — B7(7; 00, B)
=o7(zr;0, 8+ 2) — (o + B —2)7(x;0, 8 + 1) = B7(7;0, B)
=—(a+P/)r(z;0,8+ 1)+ (o= D)71(x;00 — 1,5+ 2)

+ B+ Dr(x;0,64+ 1)+ (o — D7(;0— 1,8+ 1)
=(a—1){7(w;a—1,5+2)—T(:v;a,6+1)+7(93;04—1,64—1)} = 0.

Alternatively, one asserts that the differential operator
D =20+ (a+ 8 —2)0, — 3
applied to the integrand of the integral representation ([5.2)), namely to
e "1+ )P

yields an exact form

d t
—3 —e (1 tatﬁ}.
dt{ e (1+)

Moreover, any primitive of this exact form takes the same value at the boundaries 0
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and oo. Hence it remains to verify the assertion. On putting f(z) = e 2! (1+¢)*~1#F~1,

Ouf(x) = —tf()
Opf(z) =t f(2),

t

and so (Df)(x) = f(z)(zt?* —t(a+ B —2)— ) = i{ —e Tt + 1)%5}. This verifies
the assertion.
We now show (ii). When Re(8) > 0, Re(a+ /) > 1 and x — 0 we have, by Lemma

5.3.1{ (i) and the dominated convergence theorem,
T(z;, B) = xl_"‘_ﬂ/ e x4+ ) " dt ~T(a+ B — 1)z b,
0

We next show (iii). When Re(3) > 0 and * — oo we have, by Lemma [5.3.1] (i)

and the dominated convergence theorem,

00 a—1
T(z; 00, B) = x_ﬂ/ e (1 + i) 7t ~ T(B)z™".
0

This completes the proof. O

5.4 Confluent hypergeometric function: the upsilon function

In this paragraph we introduce and study the analytic properties of a confluent hy-
pergeometric function, which we call the upsilon function v(z;a, ). The upsilon
function is closely related to Shimura’s tau function and gives the Fourier transform
of complex powers (Proposition . In Theorem below we use the upsilon
function and its analytic properties in obtaining the Fourier expansion and hence the
analytic continuation of the generalized Lerch zeta function Z(z,y; a, §).

Suppose that z € C'. Suppose further that «, 8 € C with Re() > 0. Then the

integral

v(z;a, B) = /OO ettt +2) P dt (5.4)
0

is uniformly convergent on compacta and defines an analytic function of x, o, 5. This
is evident on noting that (¢ + 2)*! is bounded as ¢ — 0 and that (¢t 4+ z)*! is

polynomially bounded as ¢t — oo. The relation of v(x; «, ) and the function 7(z; a, 3)
in the previous paragraph, by Lemma (i) and (5.4)), is

m(z; 0, B) = 27 Pu(z; a, B). (5.5)

87



Recall that C' = C — R« and that C* = C — Z<y.

Lemma 5.4.1. The function v(z;«, 5) extends to an analytic function for x € C',
a € C, g€ C*. In this extended domain, the function v(z; «, 3) satisfies the following

properties:
(i) v(z;a,B) =27t [[Te (1 + ﬁ)a_l t7=1dt provided that Re(8) > 0;
(i) v(z;a+ 1,8+ 1) = av(z;a, + 1) + Pu(z;a + 1, B);
(iii) v(z;a+1,8) =v(r;a, f+ 1) + 2v(z; o, B);

(iv) F?T—:;)v(m; 1-6,1—a) = %U(l‘; a, B), both sides being analytic for x € C' o €
C,peC;

(v) Owv(z; e, B) = (a — Du(z;a0 — 1, 5).

Proof. We first show the analytic continuation and (ii). Suppose that z € C', that
a € C, and that Re(f8) > 0. An integration by parts of the quantity %{e‘t(t—i-:v)atﬂ}
yields

v(z;a+1,6+1) =av(z;a, B+ 1) + fv(z;a+ 1, 5).

This identity implies that v(z;«, §) can be analytically continued to the extended
domain z € C',a € C, 5 € C*. The singularities at non-negative integers J are at
worst simple poles: the function (z, a, 3) — ﬁv(x; a, B) is analytic for z € C' o €
C, s € C. Thus (ii) follows.

Now suppose that x € R, that a € C, and that Re(8) > 0. Then a change of
variable ¢+ £ in gives the identity

%) a—1
t
v(z;a, B) = 271 / et (1 + —) P dt,
0 x

the second member of which is analytic for z € C',a € C,Re() > 0. The analyticity
follows immediately from the observation that the term (1 + %)ail is bounded as
t — 0 and is polynomially bounded as ¢ — oo, provided that x is in a compact subset
of €', that o € C, and that Re(8) > 0. By virtue of analytic continuation (i) holds
true in the asserted domain.

Next, apply for v(z;a 4+ 1,8) and write (1 +¢)* = (1 +¢)*1(1 +¢). This
yields (iii), first for Re(z) > 0, € C,Re(f) > 0 and then for the extended domain
by analytic continuation. Also from , differentiation with respect to x under
integral sign is permissible when Re(z) > 0,a € C,Re(5) > 0. Hence (v) is shown,
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originally for Re(xz) > 0, € C,Re() > 0 and hence for the extended domain
x € C' aeC,p e C*® by analytic continuation.

Finally, by analytic continuation it suffices to prove (iv) for x € Ry,0 < Re(a) <
1,0 < Re(f) < 1. In this region

dudt
R R R A A R
u t
/OO > —U(t-l—;t —ttl adV dt
0o Jo

vt
/oo OO ey ft v+1)t1 adt dv
o Jo t v
/ —vx B v+1)a 1 e Y 1— adeV
o Jo w v
vz, dv
=TI'(l-a) (v+1)*"
0
=I'(1 — )z Pu(z;a,B).
Thus (iv) follows. The proof is complete. O

Remark 5.4.2. For fixed x € C' and « € C, the function v(z;a, #) is a meromorphic
function of f € C with simple poles at negative integers. For fixed x € C’, Lemma
5.4.1| (iv) implies that the function ==
C2.

Recall that C' = C — R<( and that C* = C — Z<y.

v(z; «, ) is a holomorphic function of (a, §) €

F(/3)

Proposition 5.4.3. Suppose that x € C', that a € C, and that f € C*. Suppose
Jurther that 0 < § < 7.

(i) The function v(x;a, B) satisfies the differential equation
v0*v(z;a, B) + (2 —a — B —2)0v(z;a, B) + (o — Dv(z;, 8) = 0. (5.6)
(ii) If Re(8) > 0 and Re(a + ) > 1, then
v(z; o, f) ~ T+ 5 —1)

as v — 0 in the cone |arg(z)| < § — 0.

(iii) If Re(B) > 0, then



as x — 00 in the cone |arg(x)| < § — 4.

(iv) Let K be a compact subset of C x C*. As x — oo in the cone |arg(z)| < § — 0
and uniformly for («, 8) € K, the function v(x;«, 3) is polynomially bounded.

More precisely, there exist positive constants A and B such that
s
v(wsa, B)] < (A+|e])®  (Jarg(e)| < 5 =0, (e, 8) € K).

Proof. We first show (i). Lemmal5.4.1] (v) implies that d,v(z; , 8) = (a — 1)v(z; a0 —
1, 8) and that 9?v(7; a, 8) = (o — 1)(a — 2)v(x; o — 2, B). Therefore, by Lemma [5.4.1]
(ii) and (i),

v0*v(z;a, B) + (2 — a— B — 2)0v(z; a, B) + (a — Dvu(z; a, )

=(a— 1){x(a —2Qu(r;a—2,8)+(2—a—pF—z)v(r;a—1,8) + v(x; a,ﬁ)}

=(a— 1){ —z(f—Dv(y;a—1,6—-1)+ (1 — a)v(z;a — 1, 5)

+ (1 =p)v(r;a—1,8) +v(r; a, 5)}
= (a=){(1=Av(xia. B~ 1) = (@ = Do(aia - 1,8) + v(zia, f) | = 0.

Alternatively, one asserts that the differential operator
D=20?+02—-a—p—-2)0,+ (a—1)
applied to the integrand of the integral representation (|5.4f), namely to
e Ht 4+ 2) 1P

yields an exact form
d
— (1 —a)e f(t+a O‘_Qtﬁ}.
—{1—a)e(t+)
Moreover, any primitive of this exact form takes the same value at the boundaries 0

and oo. Hence it remains to verify the assertion. On putting f(x) = e *(t+z)* 71,

0.(0) = f() S
21(w) = fl) 1O,
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and so

(DA)a) = (o= 1100 { T + T+ 1)

o ) 2 +tr— Bt +x)— (a—2)t
d

= &{(1 —a)e " (t+ x)“’Ztﬁ}.

The assertion is verifed.
We next show (ii). When Re(f8) > 0,Re(a + ) > 1 and x — 0 we have, by
Lemma [5.4.1] (i) and the dominated convergence theorem,

v(z;a, ) = /000 e x+t) At ~T(a+8—1).

We now show (iii). When Re(3) > 0 and z — oo we have, by Lemma [5.4.1] (i)

and the dominated convergence theorem,

e a—1
t
v(z;a, f) = xa_l/ e’ (1 + —) 77 dt ~ T(B)x L.
0 x

Finally we show (iv). In view of Lemma [5.4.1] (i), we may assume without loss of
generality that Re(8) > 0. In this case, (iv) is clear from the integral representation
(5.4). This completes the proof. O

5.5 Confluent hypergeometric function: Whittaker’s function

Both the tau function 7(z; o, 5) and the upsilon function v(z; o, ) studied in previous
paragraphs are closely related to a Whittaker’s function. For intuition as well as to
shed light on their origin, in this paragraph we tabulate the analytic properties of a
genuine Whittaker’s function, namely the function W (z;a, ). It is a solution to a

confluent hypergeometric second-order differential equation and has rapid decay at

infinity.
Set
Wi(wi0,) = e o' r(wia. ) (5.7)
= ﬁe_%xl_o‘ v(z; o, B). (5.8)

which is called a Whittaker confluent hypergeometric function. It follows from Lemma
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5.3.1{ (i) that the Whittaker function W (z; «, ) is an analytic function of x € C', a0 €
C,peC.

Lemma 5.5.1. Suppose that x € C' and that o, 5 € C. Then

N

(i) W(z;a,pB) = ﬁe_ T et (1 + %)ail t=1dt provided that Re() > 0;
(i) W(zia+1,8+1) =W(z;a+1,8) + SW(xia, B+ 1);
(i) W(z;a+1,8) = W(z;a, 8) + 2W(z; 0, 8+ 1);
(iv) W(z;1-8,1-a)=W(z;a,B);
(V) W (w0, 8) = (2 = 3) W(z;a, B) — W (w0, 8+ 1).
Proof. Each part is a simple translation of the corresponding part in Lemmal[5.4.1] O

Proposition 5.5.2. Suppose that x € C', that a € C, and that 5 € C.

(i) The function W (x; a, B) satisfies the generalized Whittaker’s differential equa-

tion
=5 (30-9) + (5(1—6)—%2)”W=

(ii) Suppose further that 0 < < %. If Re(f) > 0 and Re(a + ) > 1, then

{1283 + (= B)z0, +

F(O[—f-ﬁ— 1) l1—a

W(z; o, B) ~
B~ )
as v — 0 in the cone |arg(z)| < § — 0.

(iii) Suppose further that 0 < 6 < %. If Re(8) > 0, then
W(x; o, B) ~ e 2"

as x — 00 in the cone |arg(x)| < § — 4.

Proof. First we show (i). For Re(xz) > 0,a € C,Re() > 0, the function W (z;«, 5)
admits an integral representation

1 oo
W(x;a, B) = m/o e_%xa:ﬁe_“(l + )2~ 1Pt
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To show ([5.9)), it suffices to assert that the differential operator

D:a;ﬂ—%z_{a—ﬁ(é_1)+(1_5<1_;ﬁ>)}

T T r 2

applied to the integrand of the above integral representation, namely to
6—%zx66—$t(1 + t)a—ltﬂ—l,

yields an exact form

d 1
E{ — e 2% e (1 + t)atﬁ}.

Then, since any primitive of this exact form takes the same value at the boundaries
0 and oo, the differential equation ([5.9)) follows.

To verify the assertion, one puts f(z) = e 2%z%e (1 + ¢)* 1t*~! and deduces
that

07 f(z) = f() (t(t+1)+%_§_%ﬁt+i),
whence
(DN = fo) {4+ 20D 0 20 L (0 BF P o
+(ﬁ—xa)t_a;ﬁ (g_%)_%rw}
= (I){t(t+1)—%t_5(1;t)}

= %{ — e_%xmﬂ_le_wt(l + t)atﬁ}.

This proves the assertion.
We now show (ii). When Re(5) > 0, Re(a+ /) > 1 and £ — 0 we have, by Lemma

5.5.1| (i) and the dominated convergence theorem,

W(z;a, B) = E(;g;xl_o‘ /000 e o+ 1) dt ~ %xl_a.

We next show (iii). When Re(3) > 0 and * — oo we have, by Lemma [5.5.1] (i)
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and the dominated convergence theorem,

_1 a—1
2:17 (o.0] t 1
W(x;a,B) = li(ﬁ) /0 e’ (1 + E) P71 dt ~ e 2%,

This completes the proof. O

5.6 A Fourier transform calculation

The confluent hypergeometric functions are useful because they are Fourier transforms

of complex powers.

Proposition 5.6.1. Suppose that x1,xo € R with x5 > 0. Suppose that & € R.
Suppose further that o, B € C with Re(a+ ) > 1. Then

o0 I?(;)?Z;) v(4réxy; o, ) if >0
/ e(—¢{x1) dx; =27 (2:62)170475 L(a+p-1) i€ =0

oo (T2 — 1) (29 + 121)8 r_(;)\gr‘w)
%(a)r(;) v(dr|€|zy; B,a) if € <.
(5.10)

Proof. This computation is due to Maass [18, pp. 208-209]. It is a standard fact that

/ €_Zttsﬁ — F(S)
O t

ZS

for Re(z) > 0 and Re(s) > 0. First assume that Re(a) > 0, that Re(8) > 0, and that
Re(a+ 8) > 1. On writing

1 1 o0 ,
_ —(za—iz1)tpa—1
. = e 7 dt
(zg —ix1)*  T'(a) /0
1 1 / ety s
, = e TP du,
(z2 +iz1)?  T(B) Jo

we find that

1 1 0o oo A
_ —x2(t+u) za:l(t—u)toc—l B—1 dt du.
(v2 — i21)" (@3 + i21)? rmww»é A T .

A change of variables ¢ — $(u+t),u — 3(u — t) yields

1 9l—a—p oo i
. I e 7 1P du e
(9 —ixy)¥(xg +iz1)?  T(a)T(B) /—oo /u>|t ( o )
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Thus the function .

((L’Q — ia]1>a($2 + Zl‘l)ﬁ

T —

is the Fourier transform of the function

2! f —Zou a— -
th/u>lt|€ (U+t) 1(u—t)ﬁ 1du.

On applying Fourier inversion formula

09 = [ swetae = fw) =5 [ geeds

—00

we find that

/_OO e(—{z1) dxy

o (g —ix1)*(xg + ix1)P
2w gl-a=h
- T(a)T(B)

(27T)a+ﬂ 9l—a—p

— 6—27ra:gu U a—1 u— -1 .
[(a)T(8) /u>|§ (ur & (w=07d

/ e (y + 276)* Hu — 2m€)P 1 du
u>[27€|

Consider the latter integral. If £ = 0, the integral is
/OO e~ 22U 0072y = (271a0) P (a0 + B — 1).
0
If £ > 0, the integral is
/:o e 22U (y 4 £)* Ny — )P du
= e 2wz /OO R (T 2£)a71uﬁ’1 du
0

oo
= 722 (g )P / e (u+ 4n€xy)* P du
0

= 7272 (2o ) P w(dméag; a, B).
If £ <0, the integral is

[ e e el du = e ) (el 6,0,
€]

This concludes ((5.10) for Re(a) > 0, Re(5) > 0, and Re(a+ /) > 1. But both sides of
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(5.10) are analytic functions of o, 8 in the domain {(«, ) € C? : Re(a+ ) > 1}. Thus
(5.10) holds for Re(ar + /) > 1 by analytic continuation. The proof is complete. [

5.7 Fourier expansion and analytic continuation of Z(z,y; «, 3)

We are in a position to deduce the Fourier development of the genaralized Lerch zeta

function Z(x,y; a, B), thereby proving its analytic continuation.
Recall that C' = C — R<.

Lemma 5.7.1. (Poisson summation formula) Suppose that y € R, that f € L'(R)
and that f is continuous on R. Suppose further that

converges absolutely and uniformly for x € T = R/Z, and that

ZI (£ —y)| < oo.

E=—0

Then

an+x Zf5 y)e((€ —y)x).

n=-—00 E=—o0

Proof. Put g(x) =>.>" ___ f(n+z)e((n+ x)y), so g is a continuous function on T.

n=—oo

Its Fourier coefficient g(§), where £ € Z, is
1
99 = [ gle)e(—x) ds
=[5 st arelin s ag)ol-ga) i

n=—oo

= Z / f(n+z)e((n+x)y)e(—Ex)dx

7oof — ) dx
f&=y).

By hypothesis, the Fourier coefficients of g are absolutely summable. Hence the
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Fourier series of g converges uniformly to g, namely

o0

glx) = Y 4(&)e(éw).

E=—o0

Thus

an+x Zf£ y)e((€ —y)x).

n=-—o00 f=—0

The proof is complete.

O

Theorem 5.7.2. Suppose that © = 2’ + iz” € H and that y € R. Suppose further

that o, p € C with Re(aw + ) > 1. Then

o0

Z(x,y; 0. 8) = e(=a'y) Y cn e(na')

n=—o00
where the Fourier coefficients ¢, = ¢, (", y; v, B) are given by

672Tr(n7y)z//

T v@r(n =y’ a, B) ifn >y

¢, = 2 e2mi(B—a) (22" 1;(&??(*61)) ifn=uy

6727'r(y7n)z

St vér(y —n)a"iBa) ifn<y.

Proof. We begin the proof by writing

o0

Zewof) = Y oy )

n=—oo
[e.9]

1
ZOO (n + x! + ix”)a(n + T — i[E”)’B .

n=—

o0

1

— e3mi(B-a) e(n
Z (2" —i(n+2")*(z" +i(n + 2'))? (ny)

n=—oo
o0

= eFO ST g0’ ) efuy)

n=—oo

1
(2" —ix)> (z"" +iz

where g(2') =
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(5.12)

n7; hote that the third equality follows from Lemma



5.2.1. It follows from Proposition that

727r§z”

S vArEa 0, B) i €> 0

~ . N1-a—pB ) T(a+p-1) . B
9(&) = 27 (22") i e
v(dr|E|z"; 5, a) if € <O.

—27r|§\7‘

INCOINE)

We are in a position to apply Poisson summation formula as stated in Lemma [5.7.1]
Lemma [5.2.3] shows that

[e.e]

Z gn+2")e((n+12")y)
converges absolutely and uniformly for 2’ € R. Proposition (iv) shows that
> 15 —y)| < 0.

E=—00

It now follows from Lemma [5.7.1] that

o0 o0

> gln+a)elny) = > 3 —ye((§ —y)a').
n=-—o00 =—0
Thus -
Z(x,y; 0, B) = 2™ N7 g(e —y) e(2/ (€ — y)).
E=—o0
This proves the theorem. O

Theorem 5.7.3. (i) For fized x € H and fizred y € R—Z, the function Z(x,y; a, B)
extends to an analytic function for a € C, 3 € C.

(ii) For fized x € H and fized y € Z, the function

MNa+B8-1)

2w,y 0,8) = Z(a,ys, 6) = 2med ™7 ) =0 S

extends to an analytic function for a € C, 5 € C.

Proof. By Theorem [5.7.2 Z(x,y;«, 3) admits a Fourier expansion given by (/5.11)).
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Therefore

%ﬂ'i( —a) MN1—a— F(O& + 6 - 1)
Z(x,y; , B) — Oyez 2m 2™ =) (27)1mF BONOR (5.13)
= e(—1'y) Z cn e(na’) (5.14)
“ny

where ¢, = ¢, (2", y; «, ) is given by (5.12)). If n # y, then

6727r(n7y)ac”
_ Iri(B—a) M1—a—p I'(a)T(B)
Cp = 2me2 (22") e

(@) I'(8)

v(dr(n —y)z"; o, B) ifn>y
v(dn(y —n)z”; B,a) ifn<uy.

In view of Lemma[5.4.1] (iv), the second member of is an analytic function for
a € C,p € C. Moreover, Proposition (iii) implies that the Fourier coefficients
cn = cn(2”,y, a, B), which are given by (5.12), are of exponential decay as |n| — oo.
This proves the theorem. O]

5.8 Relation of Z(x,y;a, ) to the Lerch zeta function

The Lerch zeta function ((s,y,x) is given for Re(s) > 1, 0 < x < 1, y € R as the
Dirichlet series .

(5,9, @ HZ:O oy o)
The Lerch zeta function ((s,y,z) has two closely related variants given by the fol-

lowing

Definition 5.8.1. The (real-analytic) Lerch zeta function is defined by the series

o0

. 5.15
(5,9, Z n+x| (5.15)

=0

Here = exp(—slog|n + z|) for the principal branch logarithm.

|n+ [ntal*

The series (5.15]) converges on the domain
D={xeCyecH}

to an entire function of s € C. For each fixed s € C, the function (g(s, y, x) is complex

analytic in y and real analytic in x on the domain D.
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If y € R and x € C*, then the series (5.15]) converges to an analytic function for
Re(s) > 1. For fixed s with Re(s) > 1 and fixed y € R, the function (g(s,y, ) is real

analytic in x € Ct.

Definition 5.8.2. The (complex-analytic) Lerch zeta function is defined by the series

(5,9, Z oy o) (5.16)
n=0

Here log(n + x) = log |n + x| + iarg(n + =) with —7 < arg(n+ ) < 7, and —— =

n+z

exp(—slog(n + x)).

The series converges on the domain D to an entire function of s € C. For
each fixed s € C, the function (c(s,y,x) is complex analytic in both z and y on the
domain D.

If y € R and x € C*, then the series converges to an analytic function for
Re(s) > 1. For fixed s with Re(s) > 1 and fixed y € R, the function (c(s,y,z) is

complex analytic in x € C*.

Remark 5.8.3. If x,y € R with 0 < z < 1, then

CR(S,Z/,ZL') = C(C(sayax) = C(Sayaﬁ)'

Recall

o

Zryof) =Y (n+x)°‘1(n+f)5 e(ny)

n=—oo

which, by Lemma , converges for Re(a+ ) > 1 provided that y € R and that
x € C*. In Theorem 5.7.3 we analytically continue it to (a, 8) € C2. We now study

how Z(l‘7 Y; aaﬁ) relates to C(sa yvx)v C]R(S, y7x) and C(C(Svyu I)
For Re(s) > 1,z € H,y € R, we have

Z(a; ) ) Z \n+x| ny).

For Re(s) > 1,z € H,y € R, we have

e}

Z (x,y;s,0) = Z m e(ny)

n=—0oo
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Lemma 5.8.4. (i) Suppose that Re(s) > 1, that x € H* satisfies 0 < Re(z) < 1,
and that y € R. Write x = 2’ + ix” with 2',2” € R, so 0 < a2’ < 1. Then

S S
Z(Zl?,y;—

9’ 5) = CR(Sv Y, ZL') + e(_y) CR(S’ —Y, 1- 'I)

(ii) Suppose that Re(s) > 1, that x € H satisfies 0 < Re(x) < 1, and that y € R.
Write x = ' +i2” with ', 2" € R, so 0 < 2’ < 1. Then

Z(xvy; S, 0) = C(C(S; y,JE) + e(_y) efm's QC(Sv Y, 1— I)

(iii) Suppose that Re(s) > 1, that x € H~ satisfies 0 < Re(z) < 1, and that y € R.
Write x = ' +ix” with ', 2" € R, so 0 < 2’ < 1. Then

Z(ZL’, Y; S, 0) = C(C(Svya l‘) + e(_y) em's C(C(Sv Y, 1 - 1’)

Proof. We first show (i). If the hypotheses are satisfied, then x € H* N C* and so

- C]R(S7 yvx) + e<_y) C]R(sv -V, 1 - Ilf)

This proves (i).
We next show (ii). If the hypotheses are satisfied, then x € HHN C" and so

e}

Z(.T,y;S,O): Z me(ny)

n=—0o0
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The last equality follows from Lemma since

-1 1 00
nz_ (n—l—a:)se n;) —1+x) (=my)
—mis - 1
=)™ Y g el

This proves (ii).
Finally we show (iii). If the hypotheses are satisfied, then x € HHN C* and so

Z (-T,y; 570) = Z ﬁ e(ny)
= i L e(ny) + Zl . _e(ny)
— (n+ z)s = (n+z)s
= C(C(Sa Y, x) + e(_y) ems C(C<Sa Y, 1 - :L‘)

The last equality follows from Lemma [5.2.1] since

-1 oo

1
mzo (m+1—x) s el=my).
This proves (iii). O

We derive a relation between the limit behaviour of Z (z,y; £, %) (resp. Z(z,y;s,0))
to the Lerch zeta function ((s,y,x) where one fixes y € R and lets x approach the

segment 0 < x < 1 from the upper or lower half-plane.

Proposition 5.8.5. (i) Suppose that Re(s) > 1, that x € H* satisfies 0 < Re(r) <
1, and that y € R. Write x = ' +ix” with ', 2" € R, so 0 <2’ < 1. Then

lim Z(z' + ix’ ,y,S i

s 55) = (s, m2) +e(=y) (s, —y, 1 = o).

(ii) Suppose that Re(s) > 1, that x € H satisfies 0 < Re(x) < 1, and that y € R.
Write x = ' +i2” with ', 2" € R, so 0 < 2’ < 1. Then

lim Z(a' +iz",y;5,0) = ((s,y,2") + e(—y) e ™ (s, —y, 1 — 2).

/=0
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(iii) Suppose that Re(s) > 1, that x € H~ satisfies 0 < Re(x) < 1, and that y € R.
Write x = ' +ix” with ', 2" € R, so 0 < 2’ < 1. Then

lim Z(2' +i2”,y;5,0) = ((s,y,2") + e(—y) ™ (s, —y,1 — 2').

z!'—0

Proof. We first show (i). If the hypotheses are satisfied, then by Lemma [5.8.4]

Z(ﬂﬁ,y;f

35) = Gls.9.2) +e(=9) Gals, .1~ )

For fixed s with Re(s) > 1 and fixed y € R, the function (g(s,y, ) is real analytic in
x € HNC'. On taking the limit as 2" — 0

lim Z(2' +ia",y; 0, o) = Ga(s,9.2') + e(—y) Ga(s, —y. 1 — ).
" —0 2°2

This, in view of Remark [5.8.3] shows (i).
We next show (ii). If the hypotheses are satisfied, then by Lemma

Z (xay; S, 0) = C(C(S; y,l’) + e(_y) efm's CC(Sv Y, 1- x)

For fixed s with Re(s) > 1 and fixed y € R, the function (¢(s,y, x) is complex analytic
inz € HNC*'. On taking the limit as 2" — 0

lim Z(2' +i2”,y;s,0) = (c(s,y,2') + e(—y) e ™ (e(s, —y, 1 — a).

z'—0

This, in view of Remark [5.8.3] shows (ii).
Finally we show (iii). If the hypotheses are satisfied, then by Lemma [5.8.4]

Z (l‘, Y5 S, 0) = C(C(saya ZL‘) + e(_y) eTris CC(Sv Y, 1 - {L')

For fixed s with Re(s) > 1 and fixed y € R, the function (c(s, y, x) is complex analytic
inz € HNC™'. On taking the limit as 2" — 0

lim Z(2' +iz",y;5,0) = Ce(s,y,2') + e(—y) e™ (s, —y, 1 — ).

z'"—0

This, in view of Remark [5.8.3} shows (iii). O
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