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In this online supplement, we provide the missing proofs in the paper. We first prove Lemmas

2 and 3. For easy reference, we state the results again.

Lemma 2. Suppose ¢i(z,0) : R x [0,1] — R is submodular in (x,0), i = 1,2; ¢1(x,0) is concave

in x; and ¢1(x,0) — ¢2(x, ) is decreasing in x, then

(e, 0) = max {061y, 0) + (1 — 0)¢a(x, 0)}
is also submodular in (z,0).
Proof. We prove the submodularity of i(z,8) by definition, i.e., for any ;1 < 22 and 0 < 6; <
0y < 1, verify that
P(z1,01) + (22, 02) < (21,02) + (22, 061). (23)

Denote z*(f) = argmax, ¢1(z,0). Then, ¢(x,0) = O¢1(max{z,z*(0)},0) + (1 — 6)pa(z, ).
Since ¢1(z,0) is a submodular function, x*(#) is decreasing in 6. Thus, z*(61) > x*(f2). In what
follows, we divide the analysis into three cases and separately verify (23) holds under all cases.
Case 1. z1 > z*(01). In this case, x5 > x1 > 2*(01) > 2*(62). Then, ¥(x;,0;) = 0;¢1(x;,0;) +
(1 —05)¢2(xi,0;), 4,5 = 1,2. Then,

P(x2,02) — (21, 02) = O2(P1(22,02) — P1(x1,02)) + (1 — 02)(¢2(x2, 02) — pa(21,02))
< O2(p1(w2,01) — P1(x1,01)) + (1 — 02)(¢2(22,01) — pa(21,61))
< O1(p1(z2,01) — p1(21,01)) + (1 — 01)(p2(w2,01) — P2(71,01))
= ¥(x2,01) — ¥(x1,01),

where the first inequality is from the submodularity of ¢;(z,0) and ¢2(x, ), and the second one

holds since 0; < 62 and ¢1(x,0) — ¢p2(x,0) is decreasing in =. Thus, (23) holds in Case 1.
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Case 2. z9 < 2*(61). In this case, *(01) > x2 > x1. Then, ¥(z;,01) = 0161(x*(01),61) + (1 —
01)p2(x;,61), i = 1,2. Since ¢1(x,0) is concave in x and ¢1(x, 61) — ¢pa(x,01) is decreasing in z, we

have ¢y (x2,01) > ¢1(x1,01) and ¢a(z2,01) > ¢a(w1,61). Then,

Y(x2,02) — P(21,02) = (1 = O2)(d2(2,02) — d2(21,02)) + 02 (ggg ¢1(y, 02) — max ?1(y, 92))

< (1 = 62)(¢p2(w2, 02) — P2(21,02))

< (1 = 61)(g2(x2,01) — p2(x1,01))

= (2, 01) — (21, 61),
where the first inequality holds since max,>; ¢1(y, 62) is decreasing in = and the second inequality
holds since when ¢2(22,02) < ¢a(21,02), (1—62)(d2(w2,02) — g2(21,602)) < 0 < (1—61)(P2(x2,61) —
$2(x1,601)); and when ¢o(z2,02) > ga(1,02), (1—02)(P2(z2,02) — d2(21,02)) < (1—02)(P2(w2,61) —
(bg(l‘l,el)) < (1 — 91)(¢2($2,91) — ¢2($1,01)) due to the submodularity of ¢2($,9) and 0 < 64 <
62 < 1. Thus, (23) holds in Case 2.

Case 3. z; < z%(01) < x9. In this case,

Y(x2,02) — Y(22,01) < (2™ (61),02) — (™ (01),01) < ¥(z1,02) — (21,61),

where the first inequality follows since (23) holds under Case 1 and the second inequality follows
since (23) holds under Case 2. Thus, (23) holds in Case 3.
In summary, since we have shown (23) holds under all possible cases, ¥(x,#) is submodular in

(z,0). The proof is complete. O

Lemma 3. Suppose ¢1(z,q) : R x RT — R is concave and submodular in (x,q) and ¢a(z) : R — R
is concave in x. In addition, suppose max(, gepxn+ ¢1(7,q) = maxzen ¢1(x,0) and ¢1(x,0) —d2(z)

1s increasing in x. Then,
T) = max@1(z,q) — max ga(r +
¥(@) = max 1 (2,q) — max a(a + )
s also increasing in x.

Proof. Define z7 = arg max,en ¢1(x,0) and 23 = arg max,en ¢2(x). Then, it follows that
$1(21,0) — ¢2(21) = ¢1(25,0) — d2(x3).
Since ¢1(z,0) — ¢2(x) is increasing in =, we have z7 > x3.
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We first prove ¢ (x) is increasing in x when = < z7. By the definition of 7 and the assumption
that max,ep ¢1(7,0) = max, gepxn+ ¢1(2, ), we have

r;leag{r;lgg o1 (x, q)} = max ¢1(z,0) = ¢1(27,0) < max g, (21, 9)- (24)

Thus, max,>0 ¢1(x,q) achieves its maximization when & = z7. Since ¢1(z,¢) is concave in (z, q),
maxg>0 ¢1(, q) is also concave in z, and thus, it is increasing in  when x < x7. Since max,>o ¢2(z+
q) = maxy>, ¢2(y) is decreasing in z, it follows that ¢(x) is increasing in « when z < z7.

We next prove v(z) is also increasing in  when x > z}. Define ¢f(z) = argmaxg>0 ¢1(z, q).
Since ¢1(x, q) is submodular in (x, ¢), then ¢ (x) is decreasing in z. Note from (24) that ¢1(z7,0) =
maxg>o ¢1(27,¢). Then, ¢f(z7) = 0, and thus, ¢ (z) = 0 for > z]. Since ¢2(x) is concave in

and by the definition of 3, max,>¢ ¢2(z + ¢) = ¢2(max{z,z5}). Thus, when = > 7,

Y(x) = ¢1(w, q7 (2)) — p2(max{x3, v}) = ¢1(x,0) — do(x).

As ¢1(x,0) — ¢2(x) is increasing in z, it follows that i (z) is increasing in  when x > z7. O

Proof of Theorem 2

We prove (a) by induction on t; and (b) will be proved simultaneously. Since Vryi(x,7,7) =0, (a)
is obviously true for ¢ = 7'+ 1. Now assume inductively that (a) holds for ¢ + 1 and we shall prove
the theorem holds for ¢. In what follows, we will only prove the theorem holds for ¢ when k = 1,
and a similar approach can prove the results when k = 2.

We first prove Vi(x,1, j| ¢1) is decreasing in ¢;. Since Vii1(x,4,j| ¢1) is decreasing in ¢; by the
inductive assumption, it follows from (9) and (10) that L;(z,,j| ¢1) and Wi(z,y,4,j| 1) + c1x are
both decreasing in ¢;. Thus, for any ¢ > 0, one can easily verify that the maximand in (15) is
decreasing in c¢1, and consequently, V;(x,1, j| ¢1) is decreasing in c;.

We next prove Vi(x,i,j| ¢1) is supermodular in (x,c;) and part (b) when k& = 1. By replacing
q1, ¢2, and d with §; = —q1, o =  + ¢o — d and d = = — d, the optimality equation (15) can be
rewritten as

Vi(z,i,jle1) =  max ~{Rt(:c —d) + v erd+Wi(d — G, G2 — 41, 1, j] 1)
1<0,g2>d

Qlt Sm*dgczt

(= erd + Wild, @2, 0,1 e} (25)
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By the convexity of G¢(+) and the inductively assumption on Vi1(z, 4, j| ¢1), it can be easily ver-
ified from (9) and Proposition 1 that L.(z,1, j| ¢1) is concave in x and supermodular in (z, ¢;) while
Li(x,i,j] ¢1) — c1x is submodular in (2, ¢1). Thus, it follows from (10) that c1d + W;(d, 2,0, j| ¢1)

is supermodular in (d, g, ¢1). In addition, from (10), we have

crd + Wild — q1, G2 — 41,1, 4] e1)
=acy(d — G1) + 7> [erdy + Li(Ga — G, 3,1 e1)] 4+ (1 — > [erdy + Le(d — G1,4,0] ¢1)].

Then, it can be easily verified from the above expression that cad + Wt(d~ —q1,G2 — q1,1,j| 1)
is supermodular in (J, G2, G2, c1). Since Ry(z — d) is supermodular in (a:,J) from the concavity
of Ry(-), the maximand in (25) is a supermodular function in (z,q,q,d,c1). Notice that the
constraint in (25) is a lattice. Thus, by applying Lemma 1, V;(x, 1, j| ¢1) is supermodular in (z, ¢1),
and G (z,4,j| ¢1), @(x,4, 4| ¢1) and d*(z,i,j| ¢1) are all increasing in ¢;.

Note that @} (2,7, 1] e1) = —af 1 (2,1,3] 1), @3] €1) = o+ (@ ] e1) — df (2,4, ] e1) and
d*(z,i,j| ¢1) = @ — d¥(x,4,j] ¢1). It follows that qr1(z,i, 7| c1) and df(x,i, j| c1) are decreasing
in ¢; while g;5(z,4,j| c1) — di(,1, | 1) is increasing in ¢;. Since pt(-) is a decreasing function,
pi(x,4,4| c1) = pe(di(z,4,7| c1)) is increasing in ¢;. In addition, since g;;(z,1,j| c1) is decreasing
in z from Theorem 1, &1:(4, j| e1) = sup{z| ¢; (7,4, j| c1) > 0} is also decreasing in ¢;. Thus, (b)
holds for ¢t when k = 1.

We finally prove that Vi(z,i,j| ¢1) — c1z is submodular in (x,¢1). By replacing ¢; and g2 with
G1 ==+ q and ¢ = d — g2, (15) can be rewritten as

Vi(z,i,j] —c1) +cx = max {Rt(d)-i-’yl’i cid+Wi(q1 — d,q1 — G2, 1, 7] —c1)]
G12>2x,G2<d
dtSdSCZt

+ (1= 9" [ad+ Wile = d,o = 42,0,5] — )]} (26)
From (10), we have
Cld+ Wt((jl - d7 qu - (,?27 1)j| - Cl)
=acy (G — d) + v [ergy + Le(Gr — G2, 1L, 1| — e1)] + (1 = 7*7) [erdr + Le(Gr — d,1,0] —¢1)] -

Since Ly(x,i,j| — ¢1) is concave in x and Li(—z,i,j| — c¢1) and Ly(z,i,j| — ¢1) + c1x are both
supermodular in (z,¢1), one can easily verify from the above expression that c;d + Wy (¢1 — d, ¢1 —
G2, 1,7 —c1) is supermodular in (§1, g2, d, ¢1). Similarly, c;d + Wy(x —d, x — §2,0, j| — 1) is super-

modular in (z, §2,d, ¢1). Thus, the maximand in (26) is a supermodular function in (z, 41, 2, d, c1).
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Since the constraint in (26) is a lattice, by applying Lemma 1, Vi(z, 4, j| —c1)+c12 is supermodular
in (x,c1) and thus Vi(z,4,j| ¢1) — ciz is submodular in (x,c1). In summary, (a) holds for ¢ when

k = 1. The proof is complete. O

Proof of Proposition 2

Since Theorem 2 holds for the case when supplier 1 is perfectly reliable, it follows that Vi1 (z, j| cx)
is supermodular in (z, ¢;) while Vi1 (z, j| cx) — cxx is submodular in (z,¢x), k = 1,2. Then, from
(4), fi(z, 7] c1,c2) is supermodular in (z,c;) but submodular in (x, c2). Therefore, by the definition
of z;5 and by applying Lemma 1, we have 22‘72(01, ¢2) is increasing in ¢; while decreasing in cs.
We next prove the monotonicity results on z; (j] ¢1,¢2). Based on Lemma 1, it suffices to prove
that g.(z, j| ¢1,c2) is submodular in (x,¢;) while supermodular in (x, o). We first prove g;(z, j|c1)

is submodular in (z,¢;1). Notice that (5) can be rewritten as
ge(z,jler) = acaz — Gi(z) ++ max{fi(z = g, 1er) — ez} + (1 - ) (f(2,0le1) —er2). (27)

Since Viy1(z,jle1) is supermodular in (x,c;) and Vipi(z, jlc1) — ciz is submodular in (z,¢1),
it follows from (4) that fi(z, j|c1) is supermodular in (z,c;) and fi(z, j|c1) — c1z is submodular in
(z,¢1). Thus, fi(2—q, 1|—c1)+c12 is supermodular in (z, ¢, ¢1). Since the constraint {(z, ¢, c1)|g < 0}
is a lattice, by applying Lemma 1, maxg<o{fi(# — ¢, 1| — ¢1) + c12} is supermodular in (z,¢;) and
thus maxg<o{ fe(z — ¢, 1]c1) — c12} is submodular in (2, ¢;). Since 0 < 7?7 <1 and f(z,0lc1) — 12
is submodular in (z, ¢1), it follows from (27) that g:(z, j|c1) is submodular in (z,¢1).

We next prove g;(z, j|c2) is supermodular in (z, c2). Note that fi(z,0] c2) + acaz = aEViy1(z —

€t,j| c2) is supermodular in (z,cz). Thus, from (5), it remains to prove
max f(z, 1| c2) + acez = max {fi(z — ¢, 1] c2) + acaz}
zZ>z q<0

is also supermodular in (z,cz). From the concavity of f; and Theorem 2, it is easy to verify that
ft(z—q, 1] c2) + acaz is supermodular in (z, g, c2). Since the constraint set is a lattice, by applying
Lemma 1 we obtain the desired result.

We finally prove ¢;;(z,j| c2) is increasing in c2. To this end, we rewrite (7) as
651 (%, 4| c2) = max{ds + 21 (j| ¢2) — x,0}.

Since z;1(j| c2) is increasing in cy, it follows from the above equation that g;;(z,j| c2) is also

increasing in cs. O
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Proof of Theorem 5

We prove (a) by induction; and (b) will be proved simultaneously. Since Vri1(z,4,7) = Vryi(z,j) =
0, (a) is trivially true for ¢t = 7'+ 1. Now assume inductively that (a) holds for ¢ + 1. To complete
the proof, we shall show that the theorem holds for t.

For convenience, we define
¢t<x7 q1, 7’7.7) = zng)é{’yl’lwt(x + q1,T + q1 + q2, 17]) + (1 - ’yl’i)Wt<$7x + q2, 07j)}
22

Then, the optimality equations (6) and (15) can be rewritten as

Vi(w,j) = max {Ri(d) + e1(a — d) + maxgi(z + g — d.j) }s (28)
d,<d<d: q1>0

V;f(xﬂaj) = max_ {Rt(d) + Cl(x - d) + max ¢t($ - da QIJ?J‘)}' (29)
d,<d<d q1>0

We first prove Vi(x,,7) < Vi(z, j). From (28) and (29), it suffices to prove maxg, >0 ¢¢(x, q1,4,5) <

maxg, >0 g¢ (T + q1,7), or equivalently,

max {’Yl’i max Wi(z + q1,2 + q1 + g2, 1, 7) + (1 = y" Wiz, 2 + g2, U,j)}
q2>0 q1>0

< T {]qm%’é{—(cl —acy)(w+q) = Gi(w+q) + 7 filz + @ + g2, 1) + (1 =) filz + a1, 0)}} '
22 1=

Note that manIZO Wt(x+Qla $+Q1 +QQ, 17]) Z Wt(ﬂf, $+q23 17.]) 2 Wt(CU, $+Q27 Oa]) by PI‘OpOSitiOD
1. Then, to prove the above inequality, it suffices to show that, for any x, ¢1, and ¢o,
Wt(fl: + q1,% + q1 + q2, 17])

=—(a—ac)(@+q) =Gz +q) +7 Lz + g1 + g2, 1,1) + (1 =7*)) Ly(x + ¢1,1,0)

<—(c1—ac)(@+q) — Gz +q) + v filz + ¢t + a2, 1) + (1 = ¥*) fulz + ¢1,0).
Since Vit1(x,1,5) < Vigi1(x,j) by the inductive assumption, by (4) and (9), L(z,1,5) < fi(z,j),
this shows that the above inequality holds. Hence, Vi(z,1,7) < Vi(z,j).

We next prove Vi(z,1,j) — Vi(x, j) is increasing in z. In what follows, we will first apply Lemma

3 to show that maxg, >0 ¢¢(z, q1, 4, j) — maxy, >0 g¢(z + g1, j) is increasing in z. To this end, we need

to verify that ¢ (x,q1,1,7) and g.(x, j) satisfy the following properties:
(a) ¢u(x,q1,1,7) is concave and submodular in (z,q1), and g;(z, j) is concave in x;
(b) ma‘x(ac,ql)G%X%Jr ¢t(x7 q1, ia j) = MaXgeR ff’t(% 07 Z?j)a and
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(¢) ¢u(x,0,4,7) — gi(x,j) is increasing in x.

Firstly, since Wy(z,y,1,j) is concave and separable in (z,y) by (9), (10), and Proposition 1, it
is easily seen that ¢1(x,q1,1,7) is concave and submodular in (z,q;). In addition, g;(z, ) is clearly
concave in x.

We next verify max(, ¢ \epxnt+ ¢t(, 1,1, ) = maxgen ¢¢(z, 0,1, j). Denote

(z*,q;,¢3) = arg e )Igggwaw{vl’th(w +aq,r+q +q,1,5) + (L =" Wz, 2+ qQ,O,j)}
»41,42

Then, by the definition of ¢¢(z, q1,1, j), we have

max ¢ (z,q1,4,§) = YIWe(a* + gf, 7 + ) + @5, 1, 5) + (1 — ) Wit 2t + ¢5,0,7). (30)
(z,q1)ERXRT

Since Wy(x,x + ¢3,1, j) is submodular in (z, ) following from Proposition 1 and by the optimality

of ¢, we have
Wt(x* + QT,.’L"F QT +q§707j) - Wt(x*vx +q>2kaoaj)
ZWt(x* + QT’I + QT + qgu 17.7) - Wt(SC*,.T + qza 17.7) > 0.
Then, Wi(z* + ¢i,x + ¢} + ¢5,0,7) > Wi(z*, 2+ ¢5,0, 7). According to (30), we have

max T,q1,1,]
(,q1) ERX R+ ¢t( q1, aj)

<YVWi(at 4 gf 2+ gf + 63, 1,0) + (1= )Wi(a® + ¢f, 2" + ¢f + 63,0, 5)
qul(m*_i_qioala]) S?gggbt(w,()?z?]) < max ¢t(xaq1ai7j)'

T (z,q1)ERXRT

Hence, maxg g;)eRx R+ ¢t($7 q,1, ]) = MaXgzgeR ¢t(x> 0,1, ])
We lastly verify that ¢¢(x,0,1,5) — g+(x, j) is increasing in z. By the definition of ¢1(z,q1,1,7)
and Wy(x,y,1,j), we have

d1(, 0,4, 5) = max {y " Wil 2 + 2. 1, ) + (1 =7 Wil 2 + 22,0, )}
= —(c1 — acy)x — Gy(x) + (1 — y*7) (Y Ly(2,1,0) 4+ (1 — 4 Ly(z,0,0))
+ 42 max {"""Li(z + q2,1,1) + (1 =) Li(z + 2,0,1) } . (31)
Then, from (5) and (31), we have
91 0,7, ) — g, 7) = (1= 429) (45 Ly(,1,0) + (1 = 41) Ly (2, 0,0) — fu(a,0)

+ ’)/2’j max {717iLt(x + g2, 1, 1) + (1 - ’Yl’i)Lt(w + q2,0, 1)} — mmnax ft(-x + g2, 1) .
q22>0 q2>0
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By the inductive assumption, Vi1 (z, 4, 7)—Vit1(z, j) is increasing in x. Then, it follows from (4)
and (9) that L;(z,1, j)— fi(x, j) is increasing in 2. Then, v Ly(x, 1, §)+ (1=~ L(z,0,5) — fe(z, §)
is also increasing in z. Notice that Yy Ly(z,1,1) + (1 —~2")L(2,0,1) and f;(x, 1) are both concave

in . Thus, one can easily verify that

max {fyl’iLt(x +q2,1,1) + (1 =) Ly(z + g2, 0, 1)} —max fi(x 4 ¢2,1)
q220 220

is increasing in z. Hence, ¢(x,0,1,7) — gi(x, j) is increasing in x.

In summary, since ¢¢(z,q1,14,7) and g(x, j) satisfy the properties (a)-(c), by applying Lemma
3, we conclude that maxg, >0 ¢¢(, q1,4, J) — maxy, >0 g:(x + q1, ) is increasing in x.

Now we prove Vi(x,i,j) — Vi(z,j) is increasing in x and dj (z,1,j) < dj(z, j). Define

Vil ijin) = max {Ri(d) +ei(e —d) + Vile — di,jin) }. (32)
a;>0x0a¢

where Vt(x, i,j,1) := maxg, >0 ¢¢(x, q1, 4, j) and V}(:c, i,7,0) := maxg, >0 g¢+(x+q1, ). Then, Vt(m, i,j,m)
is supermodular in (x,n). By replacing d as d=x— d, (32) can be rewritten as
Vi(z,i,j,n) = max {Rt(x - CZ) + c1d + Vt(d, iy 7, n)}
d,<z—d<d,

Since Ry(+) is a concave function, the maximand in the above optimization problem is supermodular
in (x,cf, n). Since the constraint is a lattice, by applying Lemma 1, Vi(x,1,j,n) is supermodular
in (z,n) and ci*(:c, i,7,m) is increasing in n. By the definition of Vi(z,1,j,n) and Vt(:c, i,7,m), then
Vi(x,i,j) — Vi(z,7) is increasing in = and df(x,1,j) < df(z, 7). Furthermore, p;(z,1,7) > p;(x,j).

The proof of Theorem 5 thus completed. (|

Numerical studies on additive-multiplicative demand

We report some of the results of the numerical studies conducted on models with additive-multiplicative

demand. Suppose T'=4,c¢1 =5,c0=3, «a=0.97, h=1,b=28, and
Dt(p) = wt(100 — ].Op) + €,

where wy, ¢, 1 <t <T are independent random variables with Pr(w; = 0.5) = Pr(w; = 1.5) = 0.5,
¢ ~ Uniform[—10, 10], p, =4, bt =38, A0 = 4Ll =1, 420 = 0.3, and +*! = 0.9. The current
period t = 1.

In the following, Figure 6 shows the impact of adding a second supplier on the firm’s expected

total discounted revenue and optimal pricing when the firm originally only sources from supplier 1.
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From this figure, it can be seen that both the firm and its customers benefit from dual sourcing, and
the benefits decrease when supplier 2 becomes less reliable or when it charges higher unit ordering
cost. Figure 7 illustrates the impact of unit ordering cost ¢; on the optimal order quantity from
supplier 2, and it demonstrates that supplier 2 may receive less orders when supplier 1 becomes
more expensive, implying that supplier 2 may receive more orders when supplier 1 is added into
the firm’s sourcing system. Finally, Figure 8 shows that supplier 2 may receive less orders when it

becomes more reliable.
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Figure 8: Optimal order quantity from supplier 2 when v'? = 0.6, %! = 0.9, and (4,5) = (0,1)
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