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sented by the red arrow. (Right) The particle is also off-centered, but is now
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tum. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

ix
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mixed polarization. (Left), a probabilistic beam splitter randomly selects each
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the two arms will interfere at a slight skewed angle. This will produce the
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readily noticeable - the angle is simply exaggerated for illustrative purposes. . 24

2.3 The other kind of basic interferometers is a Michaelson interferometer. (Left)

The Michaelson interferometer is perfectly aligned so that the beams exiting
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interference pattern. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.4 Simulated intensity, phase and diffraction patterns for six different states.

Other states causing interference are Gaussian beams. Every state is
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5
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ference patterns. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.5 This cartoon gives an intuitive understanding of the fork dislocation pattern

commonly associated with orbital angular momentum of light (OAM). The

first image shows the standard fringe interference pattern from two skewed

plane waves. If the bottom of one of the plane waves is shifted π out of phase,

then the interference pattern will shift as well. Including an intermediate step

and one can see how the fork dislocation is form. The last image considers

ℓ = 2 and demonstrates the the prongs of the fork is always ℓ+ 1. . . . . . . . 27

2.6 This interference pattern was created by interfering a Laguerre-Gaussian mode

|1, 0〉 with itself. The skew angle allows the fringes to be seen and a displace-

ment of the beam allows phase singularities of both beams to be seen. This

works because away from the phase singularity, the Laguerre-Gaussian mode

has a locally homogeneous phase. . . . . . . . . . . . . . . . . . . . . . . . . 28
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will self interfere and form a diffraction pattern that depends on both ℓ and its

sign. In the figure, I have selected several ℓ values to show the triangle lattice

pattern. By counting the lobes on the side, one can determine the ℓ value.

Note, for negative values of ℓ the triangle lattice faces the opposite direction.

These are simulated images to match the results shown by Hickmann et al. . . 29
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or unblazed diffraction grating. . . . . . . . . . . . . . . . . . . . . . . . . . . 32
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VPP that decreases the OAM value by 1 per pass, and an SMF to filter out
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3.2 (a-e) The intensity measured with a camera of the different initial OAM beams
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5.5 (a) Extinction ratio η as a function of the number of loopsN for various losses

|α|2. Solid symbols are for l0 = 1 and open symbols are for l0 = 3. l0 > 3 are

essentially indistinguishable from l0 = 3. For the l0 = 0 case, the extinction
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ABSTRACT

The orbital angular momentum of light (OAM) is a fundamental property of

light. Beams with OAM have a helical wave front that carries quantized or-

bital angular momentum ℓ~ per photon, where ℓ is any integer. This unbounded

Hilbert space can increase information capacity of both classical and quantum

communications and also improve and extend qubit and qudit quantum algo-

rithms. Additionally, the use of the OAM modes allows for novel imaging tech-

niques to directly observe and measure various topological properties of objects

ranging from defects in semiconductors to rotating black holes and extrasolar

planets. However, measuring such higher dimensional OAM states is fundamen-

tally important, albeit challenging, in order to use this rich degree of freedom.

In the work that follows, I present two novel OAM to time mapping schemes

and an application using the higher dimensionality of OAM to non-destructively

probe quantum states. These are the first OAM measuring schemes to use the

temporal degree of freedom to measure OAM. The use of the novel loop na-

ture allows for high fidelity and high speed measurements of a large number

of OAM states without significant increase in experimental resources. The first

scheme experimentally demonstrates a compact and practical device to measure

the OAM spectrum. I report a fidelity of −21.3 dB for 5 different OAM states.

The second scheme extends the first, but uses non-demolition measurements

to iteratively test for specific OAM values. While this increases experimental

complexity, it allows for the detection of an arbitrarily large OAM value from

a single photon. I also discuss details of each technique investigate the affects

xix



of misalignment on the OAM spectrum. In the remaining part, I discuss my

novel generalized quantum Zeno interrogation. The original quantum Zeno in-

terrogation is limited to the two-dimensional state of a single object; while the

generalized version has the ability to non-destructively probe the quantum state

a set of objects, and deterministically imprint that information onto a single pho-

ton using the OAM degree of freedom.
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CHAPTER 1

Orbital Angular Momentum of Light

1.1 History of OAM

Maxwell described light in a series of wave equations known as Maxwell’s equations [3];

Poynting later published papers showing that light has both linear momentum [4] and an-

gular momentum (in the form of polarization) [5]. But it was not until 1992 when Allen

and coworkers discovered that light possesses as well defined orbital angular momentum

in the paraxial regime in the form of Laguerre-Gaussian modes [6]. Since then, many

researchers have discovered other interesting properties of orbital angular momentum of

light (OAM), and also a variety of applications ranging from the quantum mechanical to

astronomical. In this chapter, I will briefly introduce the history of light’s momentum,

then give the mathematical expression for light containing OAM, followed by discussion

of the quantum mechanical nature of OAM and then lastly discussing various applications

of OAM.

1.1.1 Light and momentum

In 1884, Poynting noted that electromagnetic fields had an energy flux density given by

the, now called, Poynting vector ~S = ~E × ~H where ~E and ~H are the electric and magnetic

fields respectively. An electromagnetic field will exert a radiation pressure on objects equal

to 1/c of the time average of the Poynting vector. This implies that light has linear momen-
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tum [4, 7]. In quantum mechanics, where light has been quantized, the photons will have

momentum but no mass [8].

In addition to linear momentum, light will have angular momentum. Initially theorized

by Poynting in 1909 [5], then later in 1936, Beth experimentally verified light’s angular

momentum [9]. If circularly polarized light passes through a half wave-plate, the polariza-

tion would change to the opposite polarization. If light has angular momentum, the angular

momentum must be conserved and thus imparted onto the waveplate itself! This change

in angular momentum would manifest in the form of a torque that could be measured. A

more recent experiment using optical tweezers to demonstrate the mechanical transfer of

angular momentum to birefringent micro-particles was developed and readily accessible to

undergraduates [10].

1.1.2 Paraxial wave equation

Helmholtz’s equation describes time-independent source-less light waves (See Equa-

tion 1.1) where ∇2 is the Laplacian, k is the wave vector and A is the amplitude.

(

∇2 + k2
)

A = 0 (1.1)

In the paraxial approximation, where the light is a beam rather than spherical wave, the

z-component of the wave vector can be written as kz =
√

k2 − k2x − k2y ≈ k − k2x+k2y
2k

. This

allows for the Ansatz of A(~r) = u(~r)eikz. Plugging back into the Helmholt’z equation:

(

∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
+ 2ik

∂

∂z

)

u = 0 (1.2)

In the paraxial regime, the time-independent amplitude of the light wave in the prop-

agation direction changes slowly with respect to the transverse amplitude; therefore, the

second spatial derivative in the propagation direction is dropped yielding the equation be-

low:
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(

∂2

∂x2
+

∂2

∂y2
+ 2ik

∂

∂z

)

u = 0 (1.3)

Note, the electric field is related to the field amplitude u by ~E (~r, t) =

u (~r) eikz−iωt~e (~r, t) where ~e (~r, t) is the polarization. In the paraxial regime, polarization is

completely separate from the field amplitude u. Most laser beams are commonly described

as solutions to the paraxial wave equation [11]. In the non-paraxial regime, this separation

is not generally true; however, light still has a total angular momentum [12].

1.1.3 Laguerre-Gaussian and other sets of modes

The common solution to this equation is the fundamental Gaussian mode; however, higher

order solutions exist. When considering rectilinear symmetry, the solutions are Hermite-

Gaussian modes (Equation 1.4) [13, 14], while cylindrical symmetry provides Laguerre-

Gaussian modes (Equation 1.6) [6, 14, 15]. Each solution set form a complete orthog-

onal set of solutions to the paraxial Helmholtz’s equation; therefore, any paraxial beam

(e.g., most laser beams) can be represented as a superposition of modes from either of

these bases. Moreover, any Hermite-Gaussian mode can be written as a superposition of

Laguerre-Gaussian modes and vice versa [16]. The fundamental Gaussian mode is both

uLG0,0 and uHG
0,0 .

uHG
m,n(x, y, z) = uHG

m (x, z)uHG
n (y, z) (1.4)

uHG
n (x, z) =

1
√

w(z)

√

√

2/π

2nn!
e
− x2

w2(z)Hn

(√
2x

w(z)

)

e

ikρ2z

2(z2+z2
R) (1.5)

×e−i(n+1/2) tan−1
(

z
zR

)

uLGl,p (ρ, φ, z) =
1

w(z)

√

2

π

p!

(p+ |l|)!

(√
2ρ

w(z)

)|l|

e
− ρ2

w2(z)L|l|
p

(

2ρ2

w2(z)

)

eilφ (1.6)

×e
ikρ2z

2(z2+z2
R) e

−i(2p+|l|+1) tan−1
(

z
zR

)
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The beam waist is given by w(z) (Equation 1.7) where w0 is the beam waist at the

focus, zR is the Rayleigh range, L
|l|
p (x) is the Laguerre polynomial and Hn(x) the Her-

mite polynomial. The phase term containing tan−1
(

z
zR

)

is called the Gouy phase. The

Laguerre-Gaussian modes are plotted in Figure 1.1.

wz = w(z) = w0

√

1 +
z2

z2R
(1.7)

Figure 1.1: This figure is divided into two sections: (left) intensity and (right) phase. More

precisely, three rows and 10 columns. The columns represent different ℓ’s ranging from 0 to

4, then repeating for phase. The rows represent different p’s ranging from 0 to 2. Negative

values of ℓ will have the same intensity, but the phase would twist in the opposite direction.

Allen and coworkers noticed that Laguerre-Gaussian modes have a helical phase term

expiℓφ. Analogous to quantum mechanics, these modes would be an eigenfunction of the

orbital angular momentum operator L̂z = −i~ ∂
∂φ

with eigenvalue ℓ~. In the ray-optics

picture, the Poynting vector is perpendicular to the phase front, then Laguerre-Gaussian

modes and other beams with helical phase will have a Poynting vector that twists about

the optical axis. For a beam with OAM ℓ, wave vector k and at radius r from the optical

axis, then the skew ray will have an angle β = ℓ
kr

. The momentum per photon is ~p =

~~k; therefore, the angular momentum per photon is ~r × ~p = r~k sin β. In the paraxial

approximation sin β ≈ β; therefore the orbital angular momentum per photon is ~ℓ, as

expected. Allen and coworkers used another approach of deriving the OAM to energy

ratio, which is ℓ/ω, which implies ~ℓ orbital angular momentum per photon.
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Phase singularities, in general, have been studied since 1974 in both acoustic and optical

fields [17, 18]. In 1974, Nye and Berry observed lines of undefinable phase (phase singu-

larities) in radio echoes in the ice sheets in Antarctica [19]. In 1990, Bazhenov observed

phase singularities in laser light by interfering Laguerre-Gaussian modes and observing the

fork dislocation pattern [20]. However, none of these researchers associated helical phase

patterns with orbital angular momentum of light before Allen and coworkers in 1992.

While the 1992 seminal paper discusses Laguerre-Gaussian modes containing orbital

angular momentum of light there are other modes of interest to researchers. One such

example are Ince-Gaussian modes, which is a third class of orthogonal complete solutions

to the paraxial wave equation. They are the solutions in elliptical coordinates and serve

as a continuum between Laguerre-Gaussian and Hermite-Gaussian modes [21, 22, 23].

Another interesting set of modes are called Bessel beams, but they are solutions to the

full Helmholtz’s equation and have infinite energy (like plane waves) [24]; the paraxial

solutions are called Bessel-Gauss beams [25]. In both cases, they have the helical phase

factor eiℓφ which imparts the beam with OAM ~ℓ per photon.

The term OAM mode is technically ambiguous; therefore, throughout this thesis when

I refer to an OAM mode, I am only concerned with the helical phase twist eiℓφ which

gives the original angular momentum. Sometimes I will refer to the ℓ-state, or a beam or

wave with helical phase. This matches what I have read in literature and it is my opinion

that this provides for less clunky exposition since often the ℓ value is generally the most

important. However, when I do refer to a generic OAM state I am usually thinking about

Laguerre-Gaussian modes, either with p = 0 or summing over all p-states. Wherever the

exact transverse mode is important to the discussion, I will then refer to the precise mode.
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1.2 Quantum Nature of OAM

In the previous section, I introduced the concept that light has angular momentum and

in the paraxial approximation, light has a well-defined separation between spin angular

momentum (polarization) and orbital angular momentum (helical phase front). Moreover,

light has quantized orbital angular momentum of ℓ~ per photon. In this section, I will

discuss the quantum mechanical implication of OAM.

Light, as what is known from quantum mechanics, is quantized in units called photons.

Einstein originally postulated the existence of quanta of light, in part, to solve the ultraviolet

catastrophe. This effect is called the photoelectric effect and the quanta of light, now called

photons, would have quantized energy E = ~ω where ~ is Planck’s constant divided by

2π and ω is the angular frequency [26]. Earlier, I derived a classical explanation for OAM.

Like polarization, OAM exists at the quantum level and is an extremely useful quantum re-

source. For example, in 1996, Dholakia et al. demonstrated that through second-harmonic

generation, not only is the energy of the photon doubled, but so is the ℓ value [27]. And un-

like polarization, there are an arbitrarily large number of different orthogonal OAM states,

opening up studying quantum mechanics of light in higher dimensions.

1.2.1 Entanglement of OAM

Entanglement is truly a quantum phenomenon [28, 29, 30, 31, 32]. Originally entangled

photons were produced via atomic cascades [31] and now are commonly done via spon-

taneous parametric down-conversion (SPDC) [33]. SPDC [34, 35] is a non-linear process

that splits a “pump” photon into two photons (“signal” and “idler”) in a way that conserves

energy (Equation 1.8) and momentum (Equation 1.9). SPDC is now commonly used in

experiments involving entanglement of photons.

~ωp = ~ωs + ~ωi (1.8)

6



~kp = ~ks + ~ki (1.9)

Entanglement in the many different degrees of freedom for a photon has been demon-

strated: polarization [36, 37, 33], linear momentum [38, 39], time-energy [40, 41], time-bin

[42] and other spatial modes, like Hermite-Gaussian [43, 44], the p-modes of Laguerre-

Gaussian [45], Bessel-Gaussian modes [46] and Ince-Gauss modes [47]. If two or more

of these categories are entangled together, it is called hyper-entanglement [48, 49, 50, 51]

including that of polarization and OAM [52].

Entanglement in the OAM degree of freedom has been demonstrated. The first non-

trivial case in 2001 was by Zeilinger’s group by demonstrating entanglement in three dif-

ferent OAM states (ℓ = −1, 0, or 1) [53]. In 2011, entanglement of 11 different ℓ values

was demonstrated by Dada et al. [54] and very recently in 2014 the creation and measure-

ment of a massive 100x100 dimensional entangled system using the photons’ transverse

modes [55] was also demonstrated. These experiments have not only demonstrated the fea-

sibility of using the OAM degree of freedom for a quantum resource, but also the arbitrarily

large Hilbert space that is possible with OAM.

Due to the azimuthal symmetry of the SPDC Hamiltonian [56], OAM is expected to be

conserved throughout this process. This is true for mostly collinear type-I SPDC and the

selection rule is similar to the energy and linear momentum (Equation 1.10) [57] and the

output wavefunction will be an entangled state in OAM (See Equation 1.11).

ℓp = ℓs + ℓi (1.10)

|ψ〉 =
∞
∑

ℓ=−∞
cℓ|ℓp − ℓ〉s|ℓ〉i (1.11)

However, in general [58], OAM is not conserved. Tweaking the parameters of the

SPDC, like crystal thickness, can change the spiral bandwidth (which changes cℓ) to either
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make the output state entangled in a few OAM states or many [59].

While experimental verification for entanglement was demonstrated in 1972 [31] there

still remains a few technical loopholes. Closing these loopholes is not just in the interest of

good science, but for good secure quantum communication schemes that use entanglement

since any asinine attack can be thwarted [60]. One loophole is called locality, or that

space-like intervals are required for detection to prevent any subluminal communication

no matter how improbable. The second loophole invokes the fair-sampling assumption in

which events that are detected represent a fair-sample of all events, not a biased sample

that would make the experiment work. The third assumption is in which the settings of

the experiment are not influenced by the states created. Use of detectors set by quantum

random number generators alleviates the third loophole. The local loophole has been closed

by use of photons [61]. The detection loophole has been closed by use of ions [62] and very

recently with photons [63], albeit with an experiment in which closing the locality loophole

would be extremely difficult due to the use of special high-efficiency detectors. However,

the use of higher dimensional states, like OAM, can be used to close the detection (fair-

sampling) loophole because the detection efficiency required for an inequality violation

is reduced, reaching a limit of 1/d in the limit of large d, where d is the dimension of

the system [64]. Therefore, using normal detectors to allow for space-like separation, all

loopholes could be conceivable closed simultaneously with the use of OAM. That would

be an exciting experiment.

1.2.1.1 Fourier relationship between OAM and angle

Quantum mechanics states that precise information about all measurables of a system can-

not be simultaneously knowable. This is the uncertainty principle and there are uncertainty

relationship between conjugate variables, like the canonical example of position and mo-

mentum [65, 66, 67]. OAM and angular position are conjugate variables [68], albeit with a

more complicated uncertainty relationship as shown below:
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Figure 1.2: Top: The angular position ranging from all angles (open aperture), to narrow

angular range. Bottom: The corresponding OAM uncertainty where the original state be-

fore passing through the angular aperture was ℓ = 0.

∆φθ∆ℓ ≥
1

2
|1− 2πP (θ)| (1.12)

P (θ) is a complicated expression that depends on the uncertainty in the angles [69]. In

the limit of a small uncertainty of angles, P (θ) → 0, one recovers the standard uncertainty

relationship. In the limit of all angles (full aperture) there is no uncertainty in OAM. This

is like the Fourier relationship between a Dirac-delta function and a constant; except that

angles only range from −π to π instead of all real values1. Figure 1.2 shows three examples

of this relationship.

This relationship is important to consider when encoding and transmitting messages, or

use imaging techniques with OAM, since partial angular measurements puts a fundamental

limit on the fidelity of OAM spectrum of the source. The uncertainty relationship has

been confirmed in 2008 with entangled photon pairs [70] and in 2010, the use of angular

position states in lieu of the conjugate OAM states has been shown for quantum information

schemes [71].

OAM is well-defined and quantized for paraxial beams, conserved in various non-linear

processes, such as frequency-doubling and SPDC and has a quantum mechanical uncer-

1The fact that the angles θ + N2π are all considered the same angle is what gives rise to the more

complicated uncertainty relationship
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tainty relationship with the conjugate variable angular position. Therefore, OAM is truly a

quantum mechanical resource and the following section will discuss applications of OAM.

1.3 Applications of OAM

The orbital angular momentum of light has been exploited for a wide range of modern ap-

plications from increased bandwidth of quantum and classically communication, increased

security in quantum networks, astronomical applications and novel detection and imaging

techniques. In this section I will briefly describe some of the interesting applications of

OAM.

1.3.1 Quantum Applications of OAM

One obvious and self-evident application for OAM is increased bandwidth for quantum

communications [72, 73]. Normally, polarization is used to send qubits (2 dimensions)

while OAM can be used to send qudits (d dimensions)2. Additionally, use of qudits, as

opposed to qubits, can increase security for quantum key distribution. The BB84 protocol

was the first quantum key distribution (QKD) scheme [74, 75]. The idea was for the two

receivers, commonly called Alice and Bob, to share a secret key with only each other.

In encryption parlance, if a one-time pad (key) that is at least the same size of the plain-

text (the message) is used to encrypt the message, then the encrypted text is fundamental

unbreakable without the key. However, distribution and creation of perfectly random one-

time pads (keys) is difficult.3

The BB84 protocol solves the key distribution problem by allowing Alice and Bob

2In the literature, sometimes qunits or quNits is used instead
3For a bit of history, the enigma machines during World War II, if used properly, would have one-time

pads to have unbreakable messages. However, the distribution of those keys were a concern. Currently, the

key distribution problem is “solved” via public-key cryptography in which deriving the private key used to

decode the message is a “hard” problem from the public key. However, Shor’s quantum factoring algorithm

that would solve the factoring problem in polynomial time [76] putting most current encryption schemes into

jeopardy.
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d 2 3 4 5 8

Maximal error rate (%) 11.00 15.95 18.93 20.99 24.70

Table 1.1: In quantum key distribution, the use of qudits increases the security of key

exchange. The upper bound on the disturbance, or error rate, increases with increased

d (dimension of system). Disturbance below this level has guaranteed security against

coherent attacks or any weaker attacks.

to create a random key (random from quantum mechanics) that is shared only between

those two parties. In fact, if the eavesdropper, Eve, attempts to listen in on the key, that will

disturb the creation of the key and so Alice and Bob could detect eavesdropping. Therefore,

there is a limit on how much information Eve can glean from Alice and if the mutual

information between Alice and Eve (IAE) is less than the mutual information between Alice

and Bob (IAB) then Alice and Bob can share a secret key. For BB84, this limit is 11% error

rate. If the dimension of the system is changed from 2-dimensions to d-dimensions [77],

the maximal error rate is increased as seen in Table 1.1 [78, 79, 80]. A successful qutrit

(3-dimensional system) has been experimentally demonstrated in 2006 using OAM [81].

While larger Hilbert spaces (that OAM can provide) increases security for QKD, it can

also be used to detect cheating for quantum coin-tossing protocols in which Alice and Bob

once again are trying to share a message, but they do not trust each other. Alice sends Bob

a state, Bob makes a bet, Alice tells Bob what she sent and Bob then verifies. Alice could

simply send mixed states and lie and will win much more than 50% of the time. By using

qutrits, the error rate of the protocol will be much more than normal error rate due to honest

participants and lying can be detected. This experiment was carried out in 2005 and uses

OAM to provide the three-dimensional Hilbert space [82].

The use of larger Hilbert spaces can also simplify quantum logic. One such example

is the Toffoli gate, also called a CCNOT4 gate, which has three inputs and outputs. If the

first two inputs are logically true, then the third input is flipped; otherwise everything stays

the same. The Toffoli gate, with the single-qubit Hadamard gate, form one of the simplest

4controlled-controlled-NOT

11



instruction sets for universal quantum computing [83]. Deconstruction of the three-qubit

Toffoli gate requires at least five two-qubit gates (or six two-qubit gates if restricted only

to CNOT gates). Naturally, other single-qubit gates are required. However, if one of the

inputs is replaced by a qutrit, then only three two-qubits gates are used. The qutrit gate

is not a complete qutrit gate because it only operates on two-dimensional subspaces at a

time [84]. There have been other studies on qudits gates and the improvements on quantum

computation [85, 86]. Using OAM allows for arbitrarily large Hilbert spaces for use of

qudit gates, while still retaining all the advantages of a photon-based system.

1.3.2 Enhanced Classical Communication

In addition to enhanced quantum communication and computing, classical communica-

tions can have increased bandwidth due to the increased alphabet. In 2012, Alan Wilner’s

group demonstrated free space propagation information transfer speeds of 2.56 Tbit s−1

by multiplexing 16 OAM modes along with polarization and frequency multiplexing [87].

In the following year, the same group demonstrated slightly reduced speeds in an opti-

cal fiber at 1.6 Tbit s−1 using two OAM modes over 10 wavelengths in a fiber, or speeds

at 400 Gbit s−1 using four OAM modes at a single wavelength [88].

However, OAM, being encoded in phase, is sensitive to atmospheric disturbance. OAM

modes are eigenmodes of free-space propagation and thus have advantages over other non-

orthogonal modes when diffraction effects are significant. However, when propagating

through the atmosphere, turbulence will change the wavefront and distort the modes. The

channel capacity will be adversely affected [89, 90]. Experiments have been performed

to study the effects of atmospheric turbulence on OAM modes and OAM communication

[91], including entangled states [92]. Since OAM values can take on any integer, encoding

information by skipping OAM modes can salvage channel capacity.

Aside from optical frequencies, work has been done in the radio frequency where co-

herent measurements are electronically accessible. Tamburini et al. created a special radio
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transmitter and receiver to create the helical phase front waves and transmitted two differ-

ent radio signals at the same time and at the same frequency from a hotel balcony to an

island about half a kilometer away [93]. Due to the orthogonality of the helical waves, both

signals could be recovered independently of each other.

1.3.3 Imaging with OAM

The orbital angular momentum of light, like wavelength, polarization, linear momentum

and other fundamental properties of light can be used to infer information from the sources,

reflections, refractions or other interactions with objects. For example, the wavelength can

be used in spectroscopy to identify chemical compositions. In this section, I will provide

rich examples of how OAM can be used to image and measure interesting and unique

properties of objects or phenomena [94]. In some cases, by rephrasing the problem in terms

of OAM, or more precisely, Laguerre-Gaussian modes, the answer can be more apparent,

or even in one of several orthogonal OAM states. The decomposition into the OAM “basis”

is called the spiral spectrum.

The spiral spectrum can yield interesting information about a system. For example, due

to the uncertainty relationship between OAM and angular position, the spiral spectrum of

a known OAM source passing through an angularly truncated object will reveal informa-

tion of the type of truncation. The spiral spectrum can also be used to identifying more

complicated objects [94, 95], such as size and position of dielectric spheres [96]. Also,

the correlation in OAM in entangled photon pairs can reveal information about the object

being probed [97, 98]. Recently in 2014, Chen et al. devised a remote sensing scheme, the

entangled photon pairs can be used to identify pure-phase objects without interacting with

the object [99]. There is a recent review article giving more details about this subject [100].

In addition to direct identification of objects, the use of OAM or a vortex phase plates (a

device to create OAM, which will be discussed in more detail in the following chapter) can

be used to enhance standard imaging techniques. For example, spiral phase contrast mi-
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Figure 1.3: A diagram of a vortex coronagraph. L1, L2, L3 are lens in the system. VC

is the vortex coronagraph (acts like VPP that adds the helically phase twist to the on-axis

starlight (reddish-orange), but does not add much phase twist to the off-axis brown dwarf’s

or extrasolar planet’s light (greenish-blue). Since the on-axis light gets a helical phase twist,

it will focus to an annular shape and thus blocked by the Lyot stop. The off-axis extrasolar

planet’s light to pass through and arrive at detector D.

croscopy imaging uses a standard microscope setup, but places a vortex phase plate (VPP)5

along the imaging pathway creates a sharp phase gradient and enhances edge detection for

specimens [101, 102]. In a similar vein, the use of an optical vortex coronagraph in tele-

scopes (See Figure 1.3) would allow detection of faint objects nearby bright objects, like

extrasolar planets or weaker binary stars [103, 104, 105].

The basic operating principle of the vortex coronagraph telescope is that the bright star

will be centered directly upon the telescope, after passing through the VPP, the star light

will have ℓ = 1 and will be focused to a ring instead of a bright spot. The dimmer, off-axis,

object will have a superposition of ℓ-states [106], but having mostly ℓ = 0, which would

be focused to a bright spot. The use of a Lyot spot in the second Fourier plane would

greatly suppress the on-axis bright starlight annulus allowing direct imaging of the much

dimmer object. Additionally, there are some theories that sub-Rayleigh resolution can be

achieved due to diffraction effects of higher order Laguerre-Gaussian modes [107, 108].

5Technically, the paper uses a spatial light modulator
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Figure 1.4: The image above is taken from a 1.5-meter portion of the Palomar Observa-

tory’s Hale Telescope in California. The star’s intensity (HR8799) has been greatly sup-

pressed and replaced with an X to indicate the position. The star is 120 light years away.

The three planets, called HR8799b, c and d respectively are believed to be gas giants larger

than Jupiter and orbiting the star at 24, 38 and 68 AU. For comparison, Jupiter is about 5 AU

away from our Sun. This is the first image taken of extrasolar planets from a telescope this

size. Image credit: NASA and JPL-Caltech and Palomar Observatory

This suppression and sub-Rayleigh resolution allows for smaller ground-based telescopes

to image these astronomical systems. Several weaker partners to binary systems have been

imaged via this technique [109, 110, 111] and the star HR8799 with three extrasolar planets

has been directly imaged with a 1.5 meter ground-based telescope (See Figure 1.4) [112].

The spiral spectrum can also be used to directly detect rotating black holes. Addi-

tionally, the rotational speed and angle can be inferred from the distribution of the spiral

spectrum [113]. This is due to strong gravitational fields near the rotating black hole and

the light emitting from the accretion disc will be twisted and emit a distinct OAM signature.
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OAM superposition states will produce azimuthal asymmetry in the intensity and from

this pattern the spiral spectrum and other properties can be deduced. For example, in the

past few years, Rumala et al. studied multiple reflections from a VPPs modelled as a Fabry–

Pérot etalon. Due to multiple reflections, the output state would not just be |ℓ+L〉, where |ℓ〉

is the original state and L is the topological charge of the VPP, instead the output state will

have a small contribution from even higher order states. This cause cylindrical asymmetry

in intensity and yields a star-shaped pattern. If the wavelength is changed slightly, this star-

shaped pattern will be rotated relative to the previous position at the previous wavelength.

Thus one application would be an extremely sensitive frequency sensor [114, 115].

OAM can also be used indirectly to measure the rotation of remote objects. This is the

rotational Doppler shift analogous to the linear Doppler shift which produces a frequency

shift proportional to the velocity of the object towards or away from the detector. For the

rotational Doppler shift, there is a frequency shift that is proportional to the product of the

rotational speed and OAM even in the case where the angular momentum vector of the

object is parallel to the vector between the detector and object [116]. This can be used to

determined rotation of remote objects, for example, astronomical sources.

1.3.4 Optical tweezers

At the beginning of this chapter, I discussed the physical embodiment of momentum, orbital

angular momentum, of light. In 1936, Beth demonstrated that polarized light does indeed

possess angular momentum and can impart a torque on birefringent materials [9]. Due to

the linear momentum of a laser beam, dielectric microparticles can be trapped in a focused

beam due to the gradient force because the net force on the particle will move it into a

position of highest intensity. For a focused Gaussian beam; there is a stable position at

the focus (See Figure 1.5) [117]. For a Laguerre-Gaussian beam, He et al. demonstrated

that black (or reflective) particles comparable to the beam waist would be similarly trapped

[118] with a torque applied to the particle proportional to ℓ. A year later, Friese et al.
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Figure 1.5: A cartoon of a particle trapped by a focused laser beam. (Left) The particle,

as shown, is off-centered. There is a restoring force, the gradient force, that moves the

particle towards the region of high intensity. This force is represented by the red arrow.

(Right) The particle is also off-centered, but is now trapped by an OAM beam. It moves

along the annulus because that is the region with highest intensity and will rotated about

the optical axis, thus imparting the particle with orbital angular momentum.

trapped particles using OAM and polarization to show that the torque was Γ = Pabs

λ
(ℓ+ σ)

where Pabs is the power absorbed. Therefore, using ℓ = 1 and σ = −1, the particle would

be trapped, albeit with no net torque [119]. More recently, more elaborate trapping schemes

were developed, like an optical shield, where one OAM beam would trap the particle while

the other OAM beam would have a larger annulus and shield the inner ring from other

particles in the liquid [120].

1.4 Outline of Thesis

In this thesis I will discuss my contributes to the field of orbital angular momentum of light.

This chapter is an introduction to OAM with a brief history, mathematical derivation and

discussion of applications. The following chapter will give a detailed overview of a variety

of methods used to measure OAM and compare and contrast them. Chapter 3 will discuss

my experimental scheme used to measure OAM wit high fidelity by using an optical loop.

Chapter 4 will give a treatise on various overlap integrals and the affect of misalignment

on Laguerre-Gaussian modes relevant to the aforementioned experiment. Chapter 5 will

discuss a modification to the loop design to incorporate a quantum Zeno interrogator in
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order to measure the OAM for a single photon. Chapter 6 will discuss my work on the

generalization and abstraction of quantum Zeno interrogator in using the OAM degree of

freedom to probe higher dimensional states. Lastly the conclusion will summarize my work

in the context of the field of OAM and give advice for future continuation of my work.
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CHAPTER 2

Measurement of the Orbital Angular

Momentum of Light

In the previous chapter, I introduced the concept of the orbital angular momentum of light

and discussed a variety of applications. Naturally, measuring (and preparing) states of or-

bital angular momentum is very useful, but remains technically challenging. In this chapter,

I will discuss a variety of existing methods used to determine the orbital angular momentum

of light and discuss the various pros and cons of each approach. In the following chapters,

I will discuss the two approaches I have invented in more detail; therefore, they will only

be discussed briefly in this chapter.

In preparation for the discussion of how to measure the orbital angular momentum of

light, it is important to first consider the experimental techniques used to measure another

fundamental property of light, that is the polarization1. There are two kinds of methods to

measure the polarization as indicated in Figure 2.1. The first kind of measurement uses two

different, orthogonal, polarizers which filters all other polarizations except for the desired

one, either horizontal or vertical2. The second kind uses a polarizing beam splitter to send

the orthogonal states of polarization to different paths. The first case acts as a filter that only

can detect one of the two states, while the second separates the eigenstates to be measured

1The previous chapter mentioned that polarization (spin angular momentum of light (SAM)) is distin-

guishable from OAM in the paraxial approximation. I will consider the paraxial approximation unless stated

otherwise
2Or the basis vectors of the other two mutually unbiased bases - diagonal/anti-diagonal and left-/right-

circularly polarized light
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by two detectors. Another analogy is a monochormator versus a spectrometer. The former

allows a narrow band of frequencies to transmit through the system, while the later images

a large segment of the spectrum to photographer paper, or much more likely, a camera.

Figure 2.1: This figure shows two main methods for measuring the polarization of light. I

have used color to denote polarization. Red being one polarization (horizontal) and blue

the other. Without loss of generality, one of the other two mutually unbiased bases could

have been chosen. Purple denotes unknown or mixed polarization. (Left), a probabilistic

beam splitter randomly selects each photon to either attempt pass through the vertical or

horizontal filter for future detection. (Right), a polarzing beam splitter separates the two

states and allows for the two orthogonal states to be measured simultaneously and lose no

information.

In the context of OAM measurements, I will categorize the methods of detection into

three classes, two which are analogous to the aforementioned polarization methods. The

classes are pattern recognition, filtering techniques and OAM beam-splitter techniques.

There are some other esoteric methods, such as measuring the speed of rotation of micro-

particles [118].

The OAM beam-splitter techniques have a bandwidth and efficiency advantage over the

filtering techniques. The OAM beam-splitter can determine which OAM state the light is

in, while the filtering techniques can only determine if the light is in a particle state or not.

This is an important distinction. Therefore, for filtering techniques, in order to measure N

different OAM states, at least N different filters will be required and thus require at least

N identically prepared states. For communication or information purposes this erases all
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advantages of using the larger Hilbert space OAM brings since the channel capacity of the

system can never exceed 1 bit/photon — the same limit as using polarization. However, for

other purposes, for example OAM spectroscopy, the to-be measured state is in a superpo-

sition of multiple eigenstates and thus fidelity may be more important than efficiency.

As an aside, most techniques, when measuring an OAM mode, will actually measure

the probability the state is in that particle OAM mode according to Born’s rule and not any

phase3 relationship between the OAM eigenstates. More specifically, an arbitrary state can

be written as a superposition of OAM eigenstates as shown in Equation 2.1 where cℓ is the

complex amplitude of the OAM eigenstate |ℓ〉4. Some techniques can measure cℓ, others

only |cℓ|2. In the case where the to-be measured state is an OAM eigenstate, there is no

difference between global phases do not matter in quantum mechanics.

|ψ〉 =
∞
∑

ℓ=−∞
cℓ|ℓ〉 (2.1)

Lastly, it is still an open problem whether or not there exists a simple and extremely

efficient method to detect an arbitrarily large amount of OAM states with high fidelity.

While the methods discussed in the section about OAM-beam splitters are interesting and

ingenious, it is the author’s opinion that none of them meet this criteria.

2.1 Pattern matching methods

Since OAM modes are just modes of light propagating, it should be possible to directly

image them. There are a variety of ways to do this.

3This is a different kind of phase than the helical phase twist
4In terms of Laguerre-Gaussian modes introduced in the previous chapter, this would be a summation

over p-states
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2.1.1 Modal matching

The first and most obvious method would be to take an image of the intensity as a function

of spatial position, although there are disadvantages to this technique. Since any paraxial

beam is a superposition of Laguerre-Gaussian beams, all that is required is a fit the inten-

sity pattern to a superposition of Laguerre-Gaussian modes. This method will be limited

by the noise and dynamic range of the camera. Moreover, the complete state cannot be

found in general, since there an infinite number of Laguerre-Gaussian modes. In fact, even

with a handful of modes, fitting the complex amplitude coefficients will be computation-

ally expensive. Moreover, while a singular Laguerre-Gaussian mode is a eigenmode of

the paraxial wave equation, which means that the intensity pattern does not change under

propagation (apart from an increased beam waist, like the Gaussian mode), a superposition

can have interference between the Gouy phases and result in radically different intensity

profiles along propagation. For example, one researcher looked at bottle beams which have

zero intensity at the focus, but non-zero intensity elsewhere[121].

Nevertheless, direct imaging of OAM beams is extremely easy and many researchers

use it to distinguish modes with helical phase and those without (Gaussian mode) due to

the distinct annulus shape characteristic of OAM beams. Additionally, if the mode is a

pure Laguerre-Gaussian mode LGℓ,p=0, then the annulus size (the point with maximum

intensity) scales as the square root of ℓ (full form given by Equation 2.2). Therefore with

a known beam waist, w0, and focus position, z, where zR is the Rayleigh range, the actual

value of ℓ can be measured albeit up to a sign.

ρmax =

√

|ℓ|
2
w(z) =

√

w2
0|ℓ|
2

(

1 +
z2

z2R

)

(2.2)

I (ρ = ρmax) =
1

w(z)2
2

π|ℓ|! |ℓ|
|ℓ|e−|ℓ| (2.3)
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2.1.2 Interference

The intensity information alone cannot determine the sign of the OAM value; yet, the phase

information can reveal both the value and sign of OAM. However, at optical frequencies,

no electronics can measure the phase directly, but interference techniques can recover the

phase. One method to recover is to interfere with a reference plane wave at a skew angle

and extract the phase from the Fourier transform at the spatial frequency of the skew angle.

If the reference is a Gaussian beam, additional corrections would be required to compensate

for the potentially curved phase front, but the phase twists from OAM will still be apparent.

I use this method to visually inspect the quality of my input beams used in an experiment

in Chapter 3.

The two interferometers discussed in this chapter are the Mach-Zehnder (Figure 2.2)

and Michaelson (Figure 2.3) interferometers. As shown in the figures, the two arms of the

interferometer can either be coincident, or interfere at a slight skew angle. A Gaussian beam

will be the input and one arm will be the reference beam. The other arm will contain the

experiment or whatever creates the OAM mode from the Gaussian beam. This allows for

a coherent measurement. The reference beam can be focused or enlarged to function as an

effectively plane wave over the region of the signal beam. If the signal and reference beam

are coincident there will be spiral fringes [122]. By adjusting the focus, the spiral fringes

will go one way, straighten out and then reverse direction. If the signal and reference beam

are at a skew angle, then there will be a forked diffraction pattern where the number of the

fork (1 line going into N+1 lines) determines the OAM value of the signal beam. Bazhenov

and coworkers observed the relationship between the forked diffraction pattern and optical

vortices before the work by Allen and coworkers in 1992, although they did not realize

the connection between optical vortices and orbital angular momentum [20]. Simulations

of these various interference patterns are shown in Figure 2.4 and a cartoon to understand

where the fork interference comes from is shown in Figure 2.5.

However, it is still possible to recover the phase, or at least, qualitatively determine the
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Figure 2.2: One of the basic kinds of interferometers is a Mach-Zehnder interferometer.

(Left) The Mach-Zehnder interferometer is perfectly aligned so that the two exit ports are

coincident. (Right) In one of the arms of the interferometer, the bottom-right mirror is

angled and displaced slight so that the two beams from the two arms will interfere at a

slight skewed angle. This will produce the fringe interference pattern. In general, the

skewed angle is very small and not readily noticeable - the angle is simply exaggerated for

illustrative purposes.

OAM value where a plane wave or Gaussian reference beam is unavailable, undesired or

experimentally challenging. Such examples include light from astronomical sources, or

when the experiment is not a coherent process, such as the light from exciton-polaritons in

semiconductors in which the polaritons have been created from non-resonant pumping. Yet,

even without a reference beam, experimenters can still get interference via self-interference

with a Michelson interferometer5, or biprism [123]. By designing the Michelson interfer-

ometer (Figure 2.3) such that the two beams will come not only at a skew angle, but also

displaced when imaged on the camera, a fork pattern can be observed as seen in Figure 2.6.

The astute reader will notice that there are two fork dislocations, both facing in the oppo-

site direction. This is because the signal is split into two beams. From the first beam’s

perspective, it sees the other beam greatly displaced. Displaced from the center, the change

in phase is rather small, much less than 2π; therefore, behaves somewhat like a plane wave.

This produces the fork pattern. For the second beam, this perspective is also true, so there

is another fork. The second fork could be considered a “fake” fork because one would only

expect to see a single fork when interfering with a plane wave or Gaussian.

5Or even just the Mach-Zehnder interferometer again.
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Figure 2.3: The other kind of basic interferometers is a Michaelson interferometer. (Left)

The Michaelson interferometer is perfectly aligned so that the beams exiting the lower port

are coincident. Technically, the Michaelson interferometer has two exit ports, but it is often

left unused. (Right) one of the arms of the interferometer is greatly exaggerated so that at

the exit port, the two beams from the two arms will interfere at a slight skew angle. This

will produce the fringe interference pattern.

2.1.3 Diffraction patterns

Diffraction from special apertures, being sensitive to phase, can create distinct patterns in

near- or far-field, which allow researches to determine the OAM value. The far-field pattern

of light through an aperture can be calculated by the two-dimensional Fourier transform the

electric field amplitude immediately after the aperture (See Equation 2.4). This is known

as Fraunhofer diffraction. This is contrasted with Fresnel diffraction which is near-field

diffraction. What is considered near and far (distance L) is relative based on the size of

the aperture (a) and the wavelength of light (λ) denoted by the Fresnel number (F ) given

in Equation 2.5. F ≫ 1 is considered the Fresnel regime, while F ≪ 1 is considered the

Fraunhofer [124]. A lens can also be used to achieve Fraunhofer diffraction.

Efar field

(

~k⊥

)

=

∫

τ (~r⊥)Esource (~r⊥) e
i~k⊥~̇r⊥d~r⊥ (2.4)

F =
a2

Lλ
(2.5)

25



State |0, 0〉 | − 1, 0〉 |3, 1〉 |ψ1〉 |ψ2〉

Intensity

Phase

Incident

Skew

Figure 2.4: Simulated intensity, phase and diffraction patterns for six different states. Other

states causing interference are Gaussian beams. Every state is an eigenstate and can be

visually identified. |ψ1〉 is a superposition of two states 1√
2
(|1, 0〉+ |3, 0〉) and |ψ2〉 is

a superposition of five states. 1√
5
(|2, 1〉+ i| − 1, 3〉+ ei0.2π|3, 0〉 − |0, 2〉 + ei0.6π|1, 1〉)

For the superposition states is nearly impossible to identify the various components in the

interference patterns.

2.1.3.1 Triangular aperture

One of the neatest and simplest methods to determine ℓ from an aperture was created by

Hickmann and coworkers in 2010 using a triangle aperture to produce a triangular lattice

of circles that gave the value and the sign of ℓ [125]. The helical phase produces an ℓ-

dependent diffraction pattern at each of the triangles edges and in total produces a triangular

lattice with ℓ + 1 bright orbs per side as shown in Figure 2.7. Additionally, when the sign

of ℓ is reversed, the entire diffraction pattern is flipped. Therefore, this is a rather neat and

easy way to determine both the sign and magnitude of OAM eigenstates.
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Figure 2.5: This cartoon gives an intuitive understanding of the fork dislocation pattern

commonly associated with OAM. The first image shows the standard fringe interference

pattern from two skewed plane waves. If the bottom of one of the plane waves is shifted

π out of phase, then the interference pattern will shift as well. Including an intermediate

step and one can see how the fork dislocation is form. The last image considers ℓ = 2 and

demonstrates the the prongs of the fork is always ℓ+ 1.

2.1.3.2 Multi-Point Interferometer

For the triangle aperture method to function, the size of the aperture is comparable to the

size of the beam waist. In some cases, the beam waist could be very large when arriving

at the detector and such a large aperture to capture the entire beam would be impractical.

An example would be light arriving from astronomical sources having propagated long

distances. Berkhout and Beijersbergen demonstrated a scheme, based on a multi-point

interferometer, to determine the OAM value of a beam in which the total aperture area is

very small. The device containsN individual pinholes evenly spaced on an figurative circle

concentric with the optical OAM beam axis. The size of the pinholes need to be smaller

than the space between them. A multi-point interferometer with N pinholes will only

produceN unique patterns forN odd, andN/2+1 ifN is even due to symmetry. Thus only

distinguish N (N/2 + 1) OAM states [126]. Berkhout and Beijersbergen also devised the

algorithm to determine the cℓ coefficients in Equation 2.1 from these interference patterns,

but noted that it would require many Fourier transforms and may be impractical for some

purposes [127]. By using multiple circles, the technique could be extended to distinguish

the radial modes (p) as well [128].
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Figure 2.6: This interference pattern was created by interfering a Laguerre-Gaussian mode

|1, 0〉 with itself. The skew angle allows the fringes to be seen and a displacement of the

beam allows phase singularities of both beams to be seen. This works because away from

the phase singularity, the Laguerre-Gaussian mode has a locally homogeneous phase.

2.1.3.3 Near-Field Double-Slit

A group of researchers at Zhejiang University considered distinguishable patterns in self-

interference for helically phased beams, but in the near-field instead of far-field [129]. In

a setup similar to a Young’s double-slit, they considered two Laguerre-Gaussian modes

propagating along the same direction, albeit displaced from each other by some small dis-

tance d. This configuration could easily be made via a beam splitter and carefully placed

mirrors, or a specially cut beam splitter. In the near-field there will be a figure eight pattern

with |ℓ| − 1 twists with the direction of the twists determined by the sign of ℓ. This dis-

tinguishes modes with |ℓ| > 1. However, in the far-field the interference patterns are not

distinguishable.
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ℓ = −2 ℓ = 1 ℓ = 2 ℓ = 6

Figure 2.7: A beam with a helical phase twist when passing through a triangular aperture

will self interfere and form a diffraction pattern that depends on both ℓ and its sign. In the

figure, I have selected several ℓ values to show the triangle lattice pattern. By counting the

lobes on the side, one can determine the ℓ value. Note, for negative values of ℓ the triangle

lattice faces the opposite direction. These are simulated images to match the results shown

by Hickmann et al.

2.1.3.4 Summary of Diffraction Patterns

Any of these pattern matching techniques result in images in which the patterns caused by

different OAM states will spatially overlap. In other words, the location where a single

photon hits the detector is insufficient to uniquely determine the OAM state. Many photons

are requires to resolve and distinguish the intensity patterns from each other. Additionally,

resolving superpositions of OAM states would be technically and computationally difficult.

For the rest of the chapter I will discuss techniques that, in principle, would require only a

few photons to distinguish the different OAM states.

2.2 Filtering methods

The polarization filter example requires two filters for the two different states. ForN OAM

states, at least N filters would be required. If a photon is in an OAM state other than

the filter, the photon will be scattered or absorbed. Because of this inherent loss, filtering

methods would require at least N copies of the original state to determine which of the N

eigenmodes the state was in. The most common OAM filter is the single mode fiber (SMF),
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Figure 2.8: The ℓ = 1 beam passes through the vortex phase plate decreasing the helical

phase by a step of 2π thus turning the ℓ = 1 beam into ℓ = 0, the Gaussian beam, which

then can be focused through a single mode fiber. Had any other ℓ 6= 1 beam passed through

the VPP, the beam would not be a Gaussian and thus not go through the fiber. This is the

basic idea of the filtering techniques for measuring OAM

which, as the name suggests, only couples to a single mode6, the Gaussian or uLG0,0 in the

parlance of Laguerre-Gaussian modes. There are several techniques to produce an OAM

mode from the fundamental Gaussian and by the reversibility of optics, the same technique

can be applied to measure said OAM state (See Figure 2.8). This section will discuss these

various techniques.

2.2.1 Cylindrical lenses

One technique that is used to create higher order Laguerre-Gaussian modes, but really used

to distinguish OAM modes are cylindrical lenses. Cylindrical lenses can be used to convert

Hermite-Gaussian modes into Laguerre-Gaussian modes [6, 130, 131]. This is due to the

anisotropy in the focusing, allowing the different Gouy phase shifts along the different axes

thus changing the relative phases in the superpositions and creating a Laguerre-Gaussian

mode. Hermite-Gaussian modes can be created in a laser cavity by placing wires along the

lines of zero intensity. This method was used by Allen and coworkers in order to create the

Laguerre-Gaussian modes to discover OAM.

6As long as the alignment is perfect and this is very critical and Chapter 4 will discuss this in more detail
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2.2.2 Forked diffraction grating

Forked diffraction gratings are commonly used to create and detected OAM when coupled

with a SMF and generally in the form of a spatial light modulator (SLM)7. A SLM is a

device that has individually addressable pixels in order to change the phase and/or intensity

(for phase only, intensity only or complex SLMs) of the beam. The process works as a

hologram in which the forked diffraction grating is calculated by the interference between

a helical phase wave and a plane wave, so that when a plane wave diffracts from the grating,

it will produce the helical phase wave. Bazhenov and coworkers noticed the connection be-

tween helically phase beams and forked diffraction gratings prioer to Allen and coworkers

[20].

A forked diffraction grating operates under a similar principle of an ordinary diffrac-

tion grating. A forked diffraction grating with (topological) charge ℓ is mathematically

determined by “adding” the helical phase term eiℓφ to a normal diffraction grating (See

Figure 2.9). The mth diffraction order will increase its OAM value by mℓ [132]. There-

fore, the zeroth order will be unchanged in phase and undergo specular reflection as in the

ordinary diffraction grating. Additionally, there are two main kinds of gratings — blazed

and unblazed, and these still apply to forked diffraction gratings. A blazed, or sawtooth

grating, is often used to make a particle diffraction order most efficient. The equations for

constructing each grating are given for both blazed (Equation 2.6) and unblazed (Equa-

tion 2.7) forked diffraction gratings, where Λ is the pitch of the grating, Arg returns the

argument of the exponential between −π and π and Sign(x) returns either ±1 if x = ±|x|.

1

2π
Arg

[

exp

(

i
2πx

Λ
+ ℓ arctan(y/x)

)

+ π

]

(2.6)

7A computer generated pattern printed on an overhead projector’s transparency using a standard desktop

printer can give proof-of-principle results with a laser pointer. This is an easy experiment and I urge the

reader to try this.
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Figure 2.9: The fork diffraction patterns are taken by superimposing the desired OAM

phase to reconstruct with the standard blazed or unblazed diffraction grating.

Sign

[

exp

(

i
2πx

Λ
+ ℓ arctan(y/x)

)]

(2.7)

The forked diffraction gratings, as defined above, will produce the correct helical phase;

however, in the language of Laguerre-Gaussian modes, for a phase-only forked diffracted

grating; there will be a superposition of p-states. One researcher christened these modes

Hypergeometric Gaussian modes [133]. Since most SLM are phase-only devices, it is

useful to create a specific pure higher order Laguerre-Gaussian mode. In 1999, Davis et

al. concluded that by changing the diffraction efficiency into the first diffraction mode at

a pixel level, then both the phase and intensity can be changed producing an exact higher

order Laguerre-Gaussian mode from a Gaussian [134]. There are several techniques in

how to encode both the phase and diffraction efficiency and a good experimental review

was provided by Ando et al. [135]. Only until recently was the exact solution to the

simultaneous encoding of phase and intensity with a phase only SLM proven [136]. By the

reversibility of optics, ℓ can be determined by diffract the incoming beam from the reverse

forked diffraction grating and attempting to couple into a SMF. Zeilinger’s group in 2001

was the first to use this principle to measure OAM between one of three values: -1, 0 and 1.

32



Beam splitters were used to probabilistically select from one of the three forked diffraction

gratings [53]. Often, researchers use a SLM coupled with a single SMF and iterate through

all the forked diffraction grating holograms to make a measurement.

By using a two-dimensional grating, one can produce orders of diffractions in both or-

thogonal directions and have 8 different first order diffraction locations, with a total of nine

when including the zeroth diffraction order [73]. This produces an tartan like pattern. The

simplest tartan forked diffraction grating would have topological charge 1 in one direction

and 3 in the other; which would have pm1m± 3n as the possible OAM values to measure

with m,n = ±1, 0. This results in a grid of 9 beams ranging in OAM value from -4 to 4.

This allowed for detection of 9 different OAM values when using one fixed forked grating

without encountering fidelity and efficiency issues of higher diffraction orders or higher

topological charges.

2.2.3 Vortex phase plate

The VPP, also known as spiral phase plate (SPP), of topological charge ℓ is an optic that

imparts the helical phase eiℓφ to a beam. It works by having an azimuthally varying thick-

ness of “glass” so than an incident input beam will receive an azimuthally varying phase

shift [137, 138]. By selecting the thickness, index of refraction and wavelength of light,

the VPP can shift the azimuthal phase by an integer multiple of 2π (See Equation 2.8).

This creates an OAM state in a very similar way to the forked diffraction grating. In fact,

for small angles, the first order diffraction from a forked diffraction grating of topological

charge ℓ is exactly the same as the transmitted beam through a VPP of topological charge

ℓ [139, 140] and can be used interchangeably in various measuring devices8. Also like

some forked diffraction patterns, since the VPP imparts only a phase delay, it will con-

vert a Gaussian into a Hypergeometric Gaussian modes [133] and not a pure higher order

8Of course, a VPP transmits the beam without changing alignment, while a forked diffraction grating will

and any experimental setup will have to account for this
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Number of steps ∞ 32 16 8 4

uLG0,0 to uLG1,0 efficiency (%) 78.5 78.3 77.5 74.6 63.7

Table 2.1: The efficiency of converting a Gaussian beam to the first Laguerre-Gaussian

mode using a VPP of charge 1 when considering a discrete number of steps to produce the

azimuthally varying phase. For the continuous, ideal, case, this is π/4 ≈ 78.5%. This is

less than unity because a VPP converts a Gaussian to a hypergeometric-Gaussian mode and

not a pure Laguerre-Gaussian mode.

Laguerre-Gaussian mode.

ℓ =
h(n− 1)

λ
(2.8)

vortex phase plate can have higher fidelity than forked diffraction gratings. Ideally,

the VPP should smoothly vary the thickness of the material as a function of azimuthal

angle, but manufacturing limitations may prevent this. Efficiency of the transformation of

a Gaussian mode to a Laguerre-Gaussian mode (and vice versa) is limited by the discrete

number of steps of the vortex phase plate, like a spiral staircase [141]. Although not many

steps are required to get to maximal efficiency (See Table 2.1).

VPPs can also produce extremely high OAM modes and the highest demonstrated value

is at ℓ = 5050 [142] using a spiral phase mirror (SPM), a technology related to VPPs. A

SPM is a mirror with a milled spiral kinoform pattern [143]. The kinoform pattern, like a

Fresnel lens (Figure 2.10), the same idea can also be applied to regular VPPs which allow

for easier manufacturing of higher order plates [144]. The VPPs I use in my experiments

use this kinoform design produced by a lithographic process from RPC Photonics.

2.2.4 Q-plate

A Q-plate is a birefringent optic containing a topological defect of charge q caused by

a anisotropic orientation of the fast axis of the material [145]. This has the interesting

effect of converting a state with spin angular momentum of light (Left or Right circularly
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Figure 2.10: Two vortex phase plates with topological charge 5. The left VPP has a single

ramp with phase delay 0 to 5 × 2π, while the right VPP has a kinoform pattern and thus

has five ramps with phase delay 0 to 2π. The latter VPP is easier to mill. The steepness of

the ramps are greatly exaggerated for clarity.

polarized) into the other and exchanging ±q orbital angular momentum of light as shown

by Equations 2.9 and 2.10. If q = 1, then total angular momentum is conserved.

|L〉|ℓ〉 → |R〉|ℓ+ 2q〉 (2.9)

|R〉|ℓ〉 → |L〉|ℓ− 2q〉 (2.10)

2.3 OAM beam-splitter methods

This section is about OAM beam-splitter techniques, which consists of techniques that

efficiencies, in principle, could exceed 1/N where N is the number of OAM states to be

measured. This is analogous to the polarizing beam splitter situation, except now instead

of two orthogonal states limited by SAM, OAM can be any integer, limited only be the

Fresnel number of the system due to the maximum allowable transverse modes [146, 147].
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2.3.1 Dove prism

A Dove prism is an optical device that is sensitive to the ℓ value and can be used as part of

a OAM beam-splitter setup. The Dove prism was invented by Heinrich Wilhelm Dove in

the 1800s and it is used to rotate an image at an arbitrary angle because when the prism is

rotated at an angle θ, the image is rotated by 2θ (See Figure 2.11). This means for OAM

beams that have a phase term expiℓφ will pick up a phase 2ℓθ. This ℓ-dependent phase shift

can be used to differentiate the different OAM modes. However, it was later discovered

that Dove prisms will change the polarization slightly, therefore, an inverting prism can be

used instead to only affect OAM [148, 149, 150].

Figure 2.11: (Left) The Dove prism will have total internal reflection and thus rotate an

image at twice the angle that the Dove prism was rotated. (Right) The inverting prism does

the same, albeit without any change in polarization.

2.3.1.1 Rotational Doppler Shift

By shining light at a moving object and measuring the frequency shift, the speed of the

object can be determined. This is called the Doppler effect [124]. If a half-wave plate is
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rotating at some angular velocity Ω and circularly polarized light passes through the half-

wave plate, the light will experience a frequency shift of σΩ where σ = ±1 depending if

the light is left or right circularly polarized [151]. Courtial et al. demonstrated a frequency

shift Ωℓ for beams with orbital angular momentum ℓ when passing through a Dove prism

with angular velocity Ω. This is to be expected because if a fixed rotation produces a fixed

ℓ-dependent phase shift, then an angular velocity will produce an ℓ-dependent frequency

shift. It is akin to rotating a watch and noticing that the second hand moves faster (or

slower) [152]. Later that year, the group published an experiment with a Dove prism and

half-wave plate to show that the frequency shifts in OAM and SAM (polarization) could be

added to yield ∆ω = Ω(ℓ+ σ) [153]. However, these rotational Doppler shift experiments

with OAM were carried out in the millimeter wave regime where both the relative frequency

shift would be easier to measure and the alignment easier. At the time of writing, a similar

experiment has not yet been carried out at optical frequencies.

2.3.1.2 Cascading Interferometer

By using the ℓ-dependent phase shift from Dove prisms along arms of a Mach-Zehnder

interferometer (See Figure 2.12), constructive or destructive interference is possible for a

congruence class of OAM states at the two existing ports. By judiciously choosing the

relative angle between the Dove prisms the congruence class can be selected. By placing

additional interferometers with different judiciously chosen relative angles between their

Dove prisms, additional congruence classes can be additionally separated. For example,

the first interferometer separates even and odd modes. With the pre-selected even modes, a

second interferometer can additionally separated even modes into even and odd multiples

of 2 (e.g., 0, 4, 8 out one port and 2, 6, 10 out the other). A third interferometer would

then separated the states 1 and 3 (and modulo multiples of 4) from the pre-selected odd

modes. In all, the scheme would require 2N − 1 interferometers to separate 2N different

OAM modes; however, it is theoretically 100% efficient.
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Figure 2.12: The Mach-Zehnder Dove prism interferometer works by introducing an ℓ-
dependent phase shift. With a stabilized interferometer without the Dove prisms, the light

would constructively interfere out of one of the ports and destructively interfere with the

other. By introducing the ℓ-dependent phase shift, different congruence classes would inter-

fere constructively or destructively out of the exit ports. In the example above, the relative

angle of rotation between the Dove prisms is π/2, so there is an πℓ phase shift, sorting

between even and odd modes of ℓ.

The Glasgow group first came up with the idea in 2002[154], but then Wei and Xue

improved upon the original scheme by using additional glass plates to do phase shifts to

handle the odd cases [155]. In 2004, the Glasgow group further refined the scheme, using

total angular momentum [156]. In 2011, Lavery et al. further improved upon the design

by smashing together the optics directly and controlled the input beam direction to yield a

very good even-odd mode sorter for up to ℓ = ±40 with efficiencies as high as 93% [157].

The Mach-Zehnder Dove prism interferometer can be applied in reverse to merge N qubits

into N photons along the same spatial channel, or multplex N qubits into a single photon

[158].

2.3.2 Quantum Zeno Interrogator

The filtering techniques discussed earlier will absorb or scatter the mode if it does not

match the desired value for the filter. However, a quantum Zeno interrogator [159] can
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non-destructively probe the mode and determine if the mode will pass through the OAM

filter or not without losing the mode9. Therefore, by setting up a loop scheme and iterating

through the various filters, or more precisely, decreasing (or increasing) the OAM value of

the beam with each quantum Zeno interrogator, one can determine deterministically and

with arbitrarily high efficiency determine the OAM of a single photon by mapping it to

time [160]. This is my OAM beam-splitter that I invented and details will be discussed in

Chapter 5. A great advantage is due to the looping nature, only larger optics are required

to detect higher order OAM states. This was also the first method to use the time degree of

freedom to measure OAM.

2.3.3 Image reformater

In 2010, Berkhout et al. developed a scheme to measure OAM by converting the phase

twists into linear phase gradients that when focused through a lens will focus to different

regions [161]. This is achieved through an optical transformation, a technique first devel-

oped by Bryngdahl [162] that would convert the electric field in coordinates (x,y) to one of

(u,v) in the Fourier plane. To convert the helical phase twists into linear phase gradients, a

Cartesian to polar coordinate transformation would work, i.e., the unfolding of the donut.

However, there are various restrictions on the allowable transformations and the one chosen

in the end is given by Equations 2.11 and 2.12

u = −a ln
(

√

x2 + y2

b

)

(2.11)

v = a arctan
(y

x

)

(2.12)

Originally, SLMs were used to perform the transform [161] but they lacked efficiency,

over 70% light lost from the two SLMs. In a few years, the SLMs were replaced with

9With arbitrarily high efficiency
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custom refractive elements to both reduce loss and increase the total number of states to

be distinguished from 11 to 50 [163, 147]. In the same group, they also revised the image

reformater to sort Bessel beams, which also contain OAM, in which they sorted both the

azimuthal and radial modes [164]. This method is an OAM beam-splitter in the sense

that the channel capacity can be much greater than 1 bit per photon (the limit imposed by

polarization). However, due to the mathematical conversion from helical phase twists to

linear phase gradients, there is a fundamental limit on the efficiency due to diffraction. To

decrease this diffraction limit, and thus decrease crosstalk; skipping OAM states is possible.

Additionally, there is recent research upon improving the algorithm for transformation,

albeit the added complexity can also reduce efficiency [165].

2.4 Summary of Detection of OAM

This this chapter, I have presented a variety of methods used to detect and distinguish

different OAM states, from pattern recognition through diffraction or interference to special

OAM sensitive filters to perform a tomography of the state to full-fledge OAM beam-

splitters that are useful for single photon measurements. I have also briefly presented my

own work and my contribution to the field of OAM detection. Many other schemes require

increase experimental complexity to measurement more OAM states. However, due to

the loop nature of both my schemes, only larger optics, a requirement all OAM schemes

would need in order to support the higher order transverse modes, would be required to

detect more OAM states. In the following chapters, I will present in more detail my OAM

detection methods.
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CHAPTER 3

High Fidelity Detection of the Orbital Angular

Momentum of Light by Time Mapping

3.1 Introduction

In this chapter I will discuss the concept, design, experiment and analysis of a compact,

high fidelity measurement of the orbital angular momentum of light. The concept uses a

VPP as the filtering mechanism to measure OAM and an optical loop to measure an ar-

bitrarily high OAM value. With discussion with Hui Deng, I came up with a simplified

design of my earlier work [160] that could be more experimentally realized. Fellow stu-

dents Connor Roncaioli and Minho Kwon assisted in setup and optical alignment. Minho

Kwon also assisted in preliminary analyzed and developed the Fourier techniques to mea-

sure the phase of the light beams in real time. Support, discussions and funding for the

project was provided for by Hui Deng [166].

Here we demonstrate a simplified, and practical, OAM-to-time mapping scheme, which

achieved a record high extinction ratio among five OAM states at an operation speed

of 80 MHz. Since OAM is mapped to time, the same apparatus can be used to measure an

arbitrary number of unique OAM states. We note that a similar scheme was also adopted

in a recent experiment on time-division multiplexing of OAM, although the fidelity and

repetition rate were orders of magnitude lower than reported here [167]. We also note that,

without employing a quantum Zeno investigator, time-division schemes are not suitable for
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improving channel capacity in communication.

3.2 Principle of the OAM spectrometer

As shown in figure 3.1a, our OAM spectrometer consists of a single optical loop to per-

form time mapping, a vortex phase plate (VPP) of topological charge 1 as an OAM ladder

operator, and an SMF as a filter for the fundamental Gaussian mode with zero OAM. Con-

sider an incident pulse consisting of a fraction βℓ of OAM components with OAM value

ℓ, where ℓ is an integer and
∑∞

ℓ=−∞ βℓ = 1. The optical loop converts the pulse into a

sequence of pulses equally separated by the round trip propagation time T in the loop. The

loop needs an even number of reflections to maintain the same sign of OAM. Per loop, the

VPP decreases the OAM value of each OAM component by 1. Hence, after N loops, the

fractional βℓ of the original pulse will have OAM value ℓ − N . Only the component with

zero OAM value in each pulse can pass through the SMF to be detected. Thus, the OAM

component βℓ with OAM value ℓ in the original pulse will exit the spectrometer at a time

t = lT (figure 3.1b).
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Single-Mode Fiber
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(a)
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Figure 3.1: (a) Schematic of the OAM spectrometer, consisting of an optical loop that con-

verts an input pulse into a sequence of pulses equally spaced in time, a VPP that decreases

the OAM value by 1 per pass, and an SMF to filter out states with non-zero OAM. (b)

Showing how the OAM value changes in time for an example input state with ℓ0 = 3.
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3.2.1 Energy distribution

The distribution of the input-pulse energy among the sequence of pulses can be pre-

calibrated and controlled by the beam splitter with polarization optics. We control the

distribution with a polarizing beam-splitter (PBS) and half-wave plate (labelled as R in fig-

ure 3.1a) in the loop. The incident light is first set to be linearly polarized at an angle φ0

with respect to the vertical. The PBS splits off the fraction of sin2φ0 into the first time win-

dow and sends the rest, now vertically polarized, into the loop. The wave plate R, rotated

at an angle θ/2 with respect to the vertical, rotates the vertically polarized light by an angle

θ. The corresponding energy distribution is described below:

P (l) =































sin2φ0 if ℓ = 0,

cos2φ0 cos
2θ if ℓ = 1,

cos2φ0 sin
4θ cos2(ℓ−2)θ if ℓ ≥ 2,

(3.1)

Here ℓ represents the ℓth output pulse. Alternatively, the PBS and wave plate can be

replaced by a non-polarizing beam-splitter with a chosen splitting ratio for polarization-

insensitive measurements. This would allow for information to be encoded in the polariza-

tion degree of freedom.

3.3 Experimental implementation

We implemented an OAM spectrometer as illustrated in figure 3.1(a). To test its perfor-

mance, we used OAM eigenstates as input pulses and detected the output pulses using a

Hamamatsu streak camera.

The input pulse was generated by diffracting a pulsed Gaussian laser beam off fork-

diffraction patterns [20] on a Holoeye PLUTO LCoS spatial light modulator (SLM) with a

period of about 10 lines per millimeter and pixel pitch of 8µm. The initial laser beam was

from a Tsunami Ti-Sapphire laser centered at 730 nm, with a pulse width of 100 fs and
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repetition rate of 80 MHz, and collimated with a 10x objective lens from an SMF ensuring

an initial M2 close to 1 and a spot size within the frame of the SLM.

We first verify the input states by measuring its far-field intensity and phase distribu-

tions, as shown in figure 3.2. The intensity distributions were measured with a charge-

coupled device. The higher-order OAM beams show a larger spatial size as expected.

Inhomogeneity in the radial intensity distribution reflects the lack of purity of the OAM

value.

We measured the phase distribution by interfering the OAM beam with a reference

Gaussian beam from the original laser. This produces a forked interference pattern. From

this interference pattern we extract the phase front, as plotted in figure 3.2(f-j), by per-

forming a Fourier transform, selecting the first diffracted mode, centring and then applying

an inverse Fourier transform. The phase should twist about by 2πℓ for an ℓth-order OAM

beam. Deviation from this results implies impure initial OAM states from optical aberra-

tions or phase ripples from modulating the liquid crystals.

To calibrate the time-mapping and energy distribution of the OAM spectrometer, we

used the zero-OAM Gaussian state as the input and replaced the VPP by a flat glass plate

of the same thickness. The output from the SMF was detected by a Hamamatsu streak

camera with a time resolution of 0.02 ns. As shown in figure 3.1(b), the input pulse was

mapped into a sequence of pulses separated by T = 1.03 ns. The timing and dynamic

range of the streak camera allowed us to measure the first five output pulses, or, the first five

OAM states, at the laser repetition rate of 80 MHz. The experiment can also be redesigned

to allow the measurement of a larger number of pulses by using different laser repetition

rates, loop sizes or measurement devices.

The energy distribution among the pulses was calculated by integrating the intensity

over each output pulse. The results are shown in figure 3.3(a) (the ℓ0 = 0 curve). We

performed the same measurement with the input state ℓ0 = 1. The ratio of the two energy

normalization curves at each ℓT gives an estimate of the misalignment of the SMF-coupling
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Figure 3.2: (a-e) The intensity measured with a camera of the different initial OAM beams

from the SLM with ℓ = 0 − 4. (f-j) The phase fronts of the input OAM beams. They are

calculated from the interference patterns between the OAM beams and a reference Gaussian

beam, as explained in the text.

(figure 3.3(b)) for the ℓth output pulse, as will be discussed in detail in Section 3.4.2 later.

The uniformity of ratio among different ℓ confirms that the loop was well aligned.

Finally, we benchmark the performance of the OAM spectrometer by comparing the

correct versus incorrect detection of an input OAM eigenstate. Figure 3.4(a-e) show ex-

amples of the output pulse sequences for input states ℓ0 = 0 − 4. The integrated intensity

under each peak versus the input state ℓ0 and the output time bin ℓ is shown in figure 3.4(f),

where each row has been renormalized to the peak of the correct detection. We define the

crosstalk to be the ratios between the left and right adjacent incorrect detections versus

the correct detection, i.e.,
P (ℓ0=ℓ,N=ℓ±1)
P (ℓ0=ℓ,N=ℓ)

where P (ℓ0, N) refers to the intensity measured at

time NT with input OAM state ℓ0. For ℓ0 = 0 to 4 we measured crosstalk values: −12.3,

−18.8, −20.0, −21.1, −21.6, −23.2, −24.8 and −28.2 dB. The geometric mean of the

crosstalk is 7.47× 10−3 or −21.3 dB.

3.4 Analysis of the spectrometer performance

Below we simulate the performance of the spectrometer and analyze the main sources of

error. We model the laser pulses as a superposition of Laguerre-Gaussian (LG) modes,
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Figure 3.3: (a) Unnormalized power through the fibre versus the number of passes through

the loop without a VPP and different initial OAM values (ℓ0 = 0, 1) set by the SLM. (b)

Computed misalignment of SMF.

which are a complete orthonormal set of solutions to the paraxial wave equation. Each

optical element operating on the pulse maps each LG mode into a different superposition

of other LG modes. In particular, we focus on SMF, VPP and SLM. The remaining optics:

mirrors, beam splitters, waveplates, etc. are insensitive to the transverse mode of the beam

and thus preserve the LG mode. We then simulate the propagation of an input pulse through

the spectrometer, and the coefficients of superposition obtained after the SMF corresponds

to the measurement results.

3.4.1 Laguerre-Gaussian modes

The electric fields of LG modes can be described in cylindrical coordinates (ρ, φ, z) as [15]:

uℓ,p(ρ, φ, z) = 〈ρ, φ, z|ℓ, p〉 = 1

w(z)

√

2

π

p!

(p + |ℓ|)!

(√
2ρ

w(z)

)|ℓ|

exp

(

− ρ2

w2(z)

)

L|ℓ|
p

(

2ρ2

w2(z)

)

eiℓφ

exp

(

ik0ρ
2z

2 (z2 + z2R)

)

exp

(

−i(2p + |ℓ|+ 1) tan−1

(

z

zR

))

(3.2)

Here ℓ~ (ℓ ∈ Z) is the OAM per photon, p ≥ 0 labels the radial modes, w(z) is the

beam waist, zR is Rayleigh range, and k0 is the wave number of the fundamental Gaussian
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Figure 3.4: (a-e) Streak camera images for OAM eigenstates (ℓ = 0, 2, 4) normalized based

on (3.1). (f) Tabulated results of the OAM spectrometer up to ℓ = 4.

mode.

3.4.2 Single mode fibre

Ideally, an SMF selects only the fundamental Gaussian mode (ℓ = 0, p = 0) while all

the other orthogonal spatial modes do not propagate through. In reality, higher order LG

modes may still couple through the fibre due to finite apertures of optics and the fibre, im-

perfections of the fibre, mismatched beam waists between free-space and fibre-modes, and

transverse misalignment between the propagation axes of the free-space and fibre-modes.

In our experiments, the last effect, the transverse misalignment, is by far the dominant,

while the other effects were too small to be measured. Hence we restrict our discussion to

the transverse misalignment only. For a misalignment of ∆ (in units of beam waist) be-

tween the two optical axes, the coupling efficiency of the LG beam (ℓ, p) through the SMF

is given by (4.1.2):

|∆〈0, 0|ℓ, p〉|2 =
1

p!(p+ |ℓ|)!

(

∆2

2

)2p+|ℓ|
e−∆2

(3.3)
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Experimentally, the above misalignment of the SMF can be estimated using the data for

calibrating the energy distribution, as shown in figure 3.3(a). Nonzero output intensity from

an input pulse of ℓ0 = 1 modes implies a misaligned (or imperfect) SMF. The amount of

misalignment∆ can be calculated from the ratio of the two output intensities corresponding

to the two input modes ℓ0 = 0 versus ℓ0 = 1 via:

P (ℓ0 = 1)

P (ℓ0 = 0)
=

|∆〈0, 0|MVPP1|0, 0〉|2
|∆〈0, 0|0, 0〉|2

(3.4)

|∆〈0, 0|MVPP1|0, 0〉|
2 =

π

8
∆2e−

3
2
∆2

(

I0

(

∆2

4

)

+ I1

(

∆2

4

))2

(3.5)

The left hand side of (3.4) is measured experimentally. MVPP1 represents the operation

by the SLM to create the input beam with ℓ0 = 1 and in a superposition of different p-states

[133]. Equation (3.5) is obtained using (3.3) and (3.6) (See 4.1.3 for details). We plotted the

derived misalignments in figure 3.3(b). The misalignment is less than 10.1% for all loops

and converges to 3.7% for higher loop numbers, indicating only a minor accumulative loop

misalignment.

3.4.3 VPP/SLM

The VPP and SLM are used to change the OAM state. The SLM, when applying the forked

phase pattern, is mathematically equivalent to VPP for small diffraction angles [139, 140].

For a VPP of topological charge β, its operation on the laser beam can be described by

a four-dimensional tensor MV PPβ(z). We solve for the tensor elements mℓ1,p1;ℓ2,p2;β(z)
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analytically (4.1.1) in the LG-mode basis:

mℓ1,p1;ℓ2,p2;β(z) =

[
√

p1!p2!

(p1 + |ℓ1|)!(p2 + |ℓ2|)!

p1
∑

k=0

p2
∑

m=0

(−1)k+m (p1 + |ℓ1|)!
(p1 − k)!(|ℓ1|+ k)!k!

(p2 + |ℓ2|)!
(p2 −m)!(|ℓ2|+m)!m!

Γ

( |ℓ1|+ |ℓ2|
2

+ k +m+ 1

)]

[

exp

(

i(2(p1 − p2) + |ℓ1| − |ℓ2|) tan−1

(

z

zR

))]

[

exp[2πi(ℓ2 + β − ℓ1)]− 1

2πi(ℓ2 + β − ℓ1)

]

(3.6)

This equation consists of a product of three terms denoted by square brackets. The

first term with the double sum comes from the amplitude overlap between the different

LG modes. The second term, consisting of an exponential, describes the effects of Gouy

phases. The third term comes from OAM conservation and can describe the error in the

topological charge of the VPP. We discuss the effect of each term below.

3.4.3.1 Gouy phase effects

Different LG modes have different Gouy phases which also vary differently as the beam

propagates; therefore, whenever there is a superposition of modes, there can be interference

effects between the modes that varies under free space propagation [121] and can lead to the

loss of efficiency. However, the effect does not produce crosstalk between different ℓ-states,

as OAM remain unchanged. In our experiment, the effect of the Gouy phase accounts for

less than 0.05% loss in efficiency. This upper bound of 0.05% was calculated based on

distances between the optics in the experimental setup and using (3.6). In general, the

effect is negligible when the propagation distance is much smaller than the Rayleigh range

(z ≪ zR). When the size of the OAM spectrometer becomes comparable to the Rayleigh

range, the use of 4-f systems between all phase elements would eliminate any Gouy phase

effects.

49



3.4.3.2 Topological charge error

If the topological charge of the VPP is an integer, then the OAM of the beam is changed

by that amount. If the laser’s wavelength is different from the nominal wavelength of the

VPP, or if the beam comes at a skew angle to the VPP, then the VPP will appear thicker or

thinner. As a result, the OAM of the beam will be changed by a fractional value instead, or

equivalently, become a superposition of LG modes of many OAM values. This leads to a

loss in both the efficiency and fidelity of the OAM spectrometer.

Such topological charge error can be modelled by non-integer β in (3.6). In our exper-

iment, both the laser wavelength and the angle of incidence are tightly controlled. Even

if we consider a rather generous 0.5% error in the topological charge, it results in less

than 0.05% loss of efficiency and less than -34dB crosstalk. Therefore the error in the

topological charge is negligible.

3.4.3.3 Lateral misalignment

Although topological charge error will reduce the fidelity, it is, by far, not the leading

cause. If the optical axes of the beam and VPP are displaced relative to each other, the

VPP produces a superposition of not just p, but ℓ states [106] and thus reduces the fidelity.

Such lateral misalignment of the VPP affects all three terms in (3.6). To model it, we first

express the VPP tensor Mβ = eiβφ in a coordinate displaced from the common optical

axis of the spectrometer. We then numerically evaluate mℓ1,p1;ℓ2,p2;β(z) in a subspace of

ℓ, p = [−7, 7] × [0, 10]. This chosen subspace yields less than 2% error on theoretical

crosstalk.

To compare with the experimental result, we calculated the average crosstalk versus

VPP misalignment, assuming a transverse misalignment of the SMF of 3.7% to 10.1% as

obtained in 3.4.2. The results are shown in 3.5(a), where the x-direction corresponds to the

direction of SMF misalignment. The measured crosstalk of −21.3 dB (3.3) corresponds

to a VPP misalignment of 4.0% to 6.1% of the beam waist w0. A larger (smaller) VPP
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misalignment is allowed when its direction is aligned with (perpendicular to) that of the

SMF misalignment.

3.4.4 Limiting factors of fidelity

In short, we show that misalignments of 3.7% to 10.1% at the SMF and 4.0% to 6.1% at

the VPP are the leading causes for the loss of fidelity in our experiment, with an average

crosstalk of -21.3 dB. Gouy phase effects do not affect fidelity and topological charge error

contributes less than -34 dB to crosstalk.

The fidelity of the spectrometer can be further increased by improving the optical align-

ment at the VPP and SMF. We show in figure 3.5(b) the average crosstalk as a function

of the VPP misalignment alone, neglecting SMF misalignment, and as a function of the

SMF misalignment alone, neglecting VPP misalignment. It is more sensitive to VPP mis-

alignment than to SMF misalignment, but decreases superlinearly with the reduction of

either misalignment. With a VPP (SMF) misalignment of < 1%, the crosstalk is reduced

to < −34.4 dB (< −43.4 dB). When including both SMF and VPP misalignments, the

crosstalk varies depending on the relative angle between the directions of the two misalign-

ments. The crosstalk is the greatest when the misalignments are in perpendicular directions

from each other. We show this upper bound crosstalk in 3.5(c). When the misalignments

are in opposite directions, we generally see a reduction in crosstalk, sometimes up to 20 dB.

Curiously, if the SMF is misaligned, crosstalk can be decreased by introducing some VPP

misalignment, and vice versa. This is because with multiple elements misaligned, they can

compensate each other. However, zero crosstalk is reached only when both misalignments

are exactly zero.

As misalignment is reduced, other subtle effects will need to be taken under consid-

eration. Such as imperfections in the surface roughness or other aberrations in the optics,

which could further reduce efficiency and fidelity. Eventually, the fidelity will be limited

by overlap in time between adjacent pulses. We did not include these effects in our model.
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Figure 3.5: Calculated the geometric mean of crosstalk (in dB) as a function of the lateral

misalignment of the SMF and VPP (normalized by w0). (a) Crosstalk (in dB) as a function

of the lateral misalignment of the VPP. SMF misalignment (measured in 3.3(c)) is taken

along the x direction for convenience, since only the relative angle between VPP and SMF

misalignment is important. The measured crosstalk of −20.9 to −21.6 dB corresponds

to the values between the two black lines. (b) The crosstalk versus VPP misalignment

with no SMF misalignment (green solid line), and the crosstalk versus SMF misalignment

with no VPP misalignment (blue dashed line). (c) The upper bound of crosstalk (in dB) as a

function of the SMF and VPP misalignments. The upper bound corresponds to when the di-

rections of the SMF and VPP misalignments are perpendicular to each other. The crosstalk

can be significantly reduced if the directions of the SMF and VPP lateral displacements are

anti-parallel to each other.

3.5 Conclusions

In summary, we present a practical OAM spectrometer that can map OAM to time up to

arbitrarily large OAM values. We have shown an average nearest neighbor crosstalk of -

21.3dB among 5 OAM states, limited mainly by optical misalignment. The high fidelity

of the demonstrated OAM spectrometer may enable accurate measurements of topological

properties of objects such as in spiral imaging [94] and the angular momentum of black

holes, which is encoded into the OAM spectrum of light from the accretion disc due to

strong gravitational effects predicted by general relativity [113]. We also demonstrated

speeds (80 MHz) orders of magnitude faster than the switching times of SLMs. Miniatur-

ization of optics could allow for GHz detection rate.
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CHAPTER 4

Effects of misalignment on Orbital Angular

Momentum

This this chapter, I will provide additional mathematical background for working with

OAM states. This is mostly derived from the appendix from the paper fellow students

Minho Kwon and Connor Roncaioli assisted with. Additional support and funding pro-

vided by Hui Deng [166].

4.1 Define overlap integrals

In this appendix section we seek to derive the various actions and overlaps between the

LG modes and optics. We first derive the action of the VPP in the LG basis. Then we

derive the overlap of any LG mode with a misaligned SMF. Lastly, we derive the overlap of

OAM states created by a VPP with a misaligned SMF. This is done by explicit integration

and definitions of various special functions. We use the inner product between Laguerre-

Gaussian modes defined in 3.2 in cylindrical coordinates:

〈ℓ1, p1|ℓ2, p2〉 =
∫ ∞

0

ρdρ

∫ 2π

0

dφ〈ℓ1, p1|ρ, φ, z〉〈ρ, φ, z|ℓ2, p2〉

=

∫ ∞

0

ρdρ

∫ 2π

0

dφu∗ℓ1,p1(ρ, φ, z)uℓ2,p2(ρ, φ, z) (4.1)
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4.1.1 Derivation of VPP tensor

We derive the four dimensional tensor of the action of a VPP in the LG basis as seen

in (3.6). We start by explicitly writing down the overlap integral:

〈ℓ1, p1|MVPPβ|ℓ2, p2〉 =
∫ ∞

0

ρdρ

∫ 2π

0

dφLG∗
ℓ1,p1(ρ, φ)e

+iβφLGℓ2,p2(ρ, φ) (4.2)

The LG functions are given by (3.2). Due to separability of variables, we will solve the

φ-integral first:

∫ 2π

0

dφe−iℓ1φe+iβφe+iℓ2φ =
exp (2πi (ℓ2 + β − ℓ1))− 1

i (ℓ2 + β − ℓ1)
(4.3)

In the limit where β is an integer, the φ-integral yields the OAM conserving solution of

2πδℓ1+β−ℓ2,0, where δa,b is the Kronecker delta. The remaining ρ-integral is found by ex-

panding the rest of the LG modes and the generalized Laguerre polynomials given by (4.4).

This yields a finite polynomial of degree |ℓ1|+ |ℓ2|+ 2p1 + 2p2 + 1 (the +1 is from the Ja-

cobian) multiplied by the Gaussian function exp
(

−ρ2

2w2
0

)

. This integral can be easily solved

by using one of the definitions of the Gamma function as shown in (4.5) to yield the result

in the text (3.6).

Lk
p(x) =

p
∑

m=0

(−1)m
(p+ k)!

(p−m)!(k +m)!m!
xm (4.4)

∫ ∞

0

dxxke−x2

=
1

2
Γ

(

1 + k

2

)

(4.5)
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4.1.2 Overlap between fundamental Gaussian and Laguerre-

Gaussian

We first derive the overlap between a misaligned fundamental Gaussian mode and generic

higher order LG modes. This is (3.3) in the text. We start with the fundamental Gaussian

mode defined in cylindrical coordinates (ρ, φ, z) with an origin shifted by w0∆ along the

φ = 0 direction. The propagation direction is along the z-axis.

∆〈0, 0|ρ, φ, z〉 =
1

w0

√

2

π
exp

(− (ρ2 + 2ρw0∆cosφ+ w2
0∆

2)

w2
0

)

(4.6)

If the origin were shifted along a different φ angle, the only change would be the overall

phase which does not affect the intensity. These calculations are performed at the beam

waist since the beam should be focused on the fibre to have any substantial coupling. With

a change of variables x =
√
2ρ

w0
the complete overlap integral is now:

∆〈0, 0|ℓ, p〉 =
∫ ∞

0

∫ 2π

0

xdxdφ
1

π

√

p!

(p+ |ℓ|)!x
|ℓ| exp

(−x2
2

)

L|ℓ|
p

(

x2
)

eiℓφ

exp

(

−
(

x2

2
+
√
2x∆cosφ+∆2

))

(4.7)

The φ-integral is related to the well known Bessel integral (4.8), so (4.7) becomes (4.9).

Jn(z) =
1

2πin

∫ 2π

0

dφeiz cos φeinφ (4.8)

∆〈0, 0|ℓ, p〉 =
√

p!

(p+ |ℓ|)!

∫ ∞

0

xdxx|ℓ|e−(x
2+∆2)L|ℓ|

p

(

x2
)

2i−|ℓ|(−1)|ℓ|J|ℓ|

(

i
√
2∆x

)

(4.9)

The Bessel function can be converted into an infinite sum of generalized Laguerre poly-

nomials as given in (4.10) below with
√
w = i∆/

√
2. Using (4.10) and the orthogonality
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relationship between generalized Laguerre polynomials (4.11). Equation (4.9) magnitude

squared surprisingly reduces to the rather simple expression of (3.3) in the text.

∞
∑

n=0

Lk
n(x)

Γ(n+ k + 1)
wn = ew(xw)

−k
2 Jk

(

2
√
xw
)

(4.10)

∫ ∞

0

dxe−xLk
n(x)L

k
m(x) =

(n+ k)!

n!
δm,n (4.11)

4.1.3 Overlap between fundamental Gaussian and vortex phase plate

mode

We create states with OAM by passing a Gaussian beam through a VPP. This state can be

expressed as a sum of Laguerre Gaussian modes as given in (4.12), which is a special case

of the more general equation solved in section 4.1.1. In the previous section, we calculated

the overlap of a shifted fundamental Gaussian mode and any Laguerre Gaussian mode.

Therefore, by combining these two calculations, we can derive the overlap of a shifted

Gaussian mode and an OAM mode created by a VPP (4.13), here z = ∆2

2
.

MVPPN|0, 0〉 =
∞
∑

p=0

m0,0;N,p;N |N, p〉 (4.12)

where m0,0;N,p;N =
N

2

√

1

(p+N)!
Γ

(

p+
N

2

)

∆〈0, 0|MVPPN|0, 0〉 = e−zz
N
2 (−1)NN

2

∞
∑

p=0

(−z)pΓ
(

p+ N
2

)

(p+N)!p!
(4.13)
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Equation (4.13) can be written in the form of a regularized confluent hypergeometric

function (4.14) which can be evaluated using (4.15)1 to yield the result in (4.16), where

Iα(x) is the modified Bessel function of the first kind. The expression can be further sim-

plified by noting Iα(−z) = i2αIα(z). In the case of N = 1 and taking the magnitude

squared, this reduces to the form in the text (3.5).

1F̃1(a; b; z) =

∞
∑

k=0

Γ(a + k)

Γ(b+ k)Γ(a)

zk

k!
(4.14)

1F̃1

(

N

2
;N + 1; z

)

=
e

z
2
√
π

2Γ
(

N
2
+ 1
)z

1
2
−N

2

(

IN
2
− 1

2

(z

2

)

− IN
2
+ 1

2

(z

2

))

(4.15)

e
−3∆2

4 ∆2
√
π

2
√
2

(

IN
2
− 1

2

(

∆2

4

)

+ IN
2
+ 1

2

(

∆2

4

))

(4.16)

1http://functions.wolfram.com/07.21.03.0011.01
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CHAPTER 5

A Compact Orbital Angular Momentum

Spectrometer Using Quantum Zeno

Interrogation

In this paper, we present a compact OAM-spectrometer comprising of only one inter-

ferometer nested within an optical loop (Figure 5.1). It uses a Quantum Zeno Interrogator

(QZI) [168, 169, 159] (shaded region in Figure 5.1) to perform counterfactual measure-

ments on the OAM state, and thus maps different OAM components of an arbitrary input

light pulse into different time bins at the output. It can achieve very high extinction ratios

between different OAM states and can work for arbitrarily high OAM orders limited mainly

by optical losses. Funding and support provided for by Hui Deng [160].

5.1 Setup

We illustrate now how the spectrometer works by tracing, as an example, a horizontally

polarized input pulse with an OAM value l = l0 ≥ 0, noted as |ψ(0)〉 = |H, l0〉. The

input pulse first transmits through optical switches S0 and S1 1, and enters the QZI. The

1S0 and S1 are optical switches that can be switched from been transmissive to reflective. S0 needs to

transmit the initial incident light, and be switched to be reflective by the end of the first outer-loop cycle.

A high repetition rate is not required and it can be implemented either mechanically or opto-electrically.
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Figure 5.1: A schematic of the compact OAM spectrometer. The Quantum Zeno Interroga-

tor (shaded region) distinguishes between zero and nonzero OAM states. The outer loop

decreases the OAM value of light by one per round trip. All the beam splitters are polariz-

ing beam splitters (PBSs) that transmits horizontally polarized light and reflects vertically

polarized light. The OAM filter transmits states with zero OAM, but blocks states with

non-zero OAM. S0 and S1 are switching mirrors that either transmits or reflects incident

light. R1 and R2 are fixed polarization rotators, which can be half wave plates. P1 and P2

are fast polarization switches, such as Pockels cells. When activated, P1 and P2 switches

horizontal polarization to vertical and vice versa. When de-activated, they are transparent

to light. The shaded region is a Quantum Zeno Interrogator which separates OAM com-

ponents with l = 0 and l 6= 0 into different polarizations. Hence at PBS3, zero OAM

component is sent to the detector while the none-zero OAM component is sent back into

the outer-loop. The outer loop decreased OAM by one per round trip via, for example, a

vortex phase plate.

polarization rotator R1 rotates its polarization by ∆θ = π/(2N), and the state becomes

|ψ(0)
1 〉 = cos

(

π
2N

)

|H, l0〉+sin
(

π
2N

)

|V, l0〉. If l = 0, the horizontal and vertical components

of |ψ(0)
1 〉 passes through the lower and upper arms of the interferometer, respectively. They

recombine into the same state |ψ(0)
1 〉 at the polarizing beam splitter PBS2 (neglecting an

overall phase factor). S1 is switched to be reflective at the end of the first QZI loop, and the

combined beam continues to loop in the QZI. The polarization is rotated by ∆θ = π/(2N)

each loop. After N loops, the light becomes vertically polarized and enters only the upper

path of the interferometer. At this point, the polarization switch P1 is activated and switches

Alternatively it could also be a static high-reflectance mirror, if the one-time transmission loss at the very

beginning can be tolerated. S1 needs to be switched every QZI loop cycle (∆T ) and need to be polarization

insensitive.
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the polarization into horizontal. Hence the light transmits through both PBS2 and PBS3,

and arrives at the detector at time T0.

If l0 6= 0, however, the vertical component is sent to the upper path at PBS1, and

is then blocked by the OAM filter. Only the horizontal component emerges after PBS2,

the state collapses into |H, l0〉 with a probability cos2
(

π
2N

)

. After N loops, a fraction

p = cos(π/(2N))2N of the light remains in the horizontal polarization in the lower arm of

the interferometer, while a fraction 1 − p of the light is lost (blocked by OAM filter). At

this point, the polarization switch P2 is activated and switches the polarization to vertical,

and the light reflects off both PBS2 and PBS3, and enters the outer loop. By this time, S0

is switched to be reflective. As the light cycles in the outer loop, the polarization in rotated

back to horizontal by R2, and the OAM value is decreased by ∆l = 1 per cycle by a vortex

phase plate (VPP) [137]. After l0 cycles, l = 0. When the light enters the QZI again, it will

exit the spectrometer to the detector, at a time T (l0) = T0 + l0(NLQZI + Lout)/c. Here

LQZI and Lout are the optical path lengths of the QZI loop (from S1 to PBS2 back to S1)

and the outer-loop (from S1 to PBS2, to PBS3, to S0, back to S1). The detected fraction of

the light intensity is P (l0) = pl0 = cos
(

π
2N

)2Nl0
.

In short, the OAM spectrometer sorts different OAM components into different time

intervals separated by ∆T = (NLQZI + Lout)/c with a perfect extinction ratio. The total

transmission efficiency of the spectrometer is P (l0) for the component with OAM of l0~.

P (l0) → 1 for all l0 as N → ∞ due to the quantum Zeno effect [170], as shown in the

Figure 5.2(a).

In practice, optical components introduce loss. Assuming high quality, but commer-

cially available optical components, we estimate a round trip transmission of |α|2 ∼ 0.96

per cycle2 for both the outer loop (αout), the QZI loop (αQZI) and initial and final optics

(αinit,final). Hence the total transmission efficiency of the OAM spectrometer becomes

2Technically, each |α|2 is slightly different, but the difference is well within 1%. The |α|2 that matters

most is the one corresponding to the QZI loop (including S1), which, without any optimization, consists of

4 beam splitters, 5 mirrors, 1 waveplate and up to three Pockels cells. Assuming all optics are anti-reflection

coated so that loss is 1% at each Pockels cell and 0.1% at each other component, we have |α|2 ≥ 0.96.
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Figure 5.2: The probability of detecting the correct OAM value as a function of the number

of loops (N) in the QZI using a perfect OAM filter. (a) Neglect optical loss. (b) Assume

|α|2 = 0.96 based on commercially available optics. When optical loss is included, there

exists an optimal N for higher order OAM states, due to the compromise between the

quantum Zeno enhancement and optical loss.

P (l0) ≈ α(2N+2)(l0+1) cos
(

π
2N

)2Nl0
for the l0-th order OAM component. We plot in Fig-

ure 5.2(b) the P (l0) vs. N for OAM components l0 = 0 − 10. With increasing N , the

quantum Zeno effect leads to an increase in P (l0), while loss leads to a decrease in P (l0).

As a result, an optimal N is found at about 7 − 8 for high order OAM components. Note

that the extinction ratio between different OAM states remains infinite even in the presence

of loss. Crosstalk would only take place when the OAM filter is not completely opaque to

nonzero OAM states.

5.2 Imperfect OAM Filters

To take into account imperfect OAM filters, we derive below the general expression for the

transmission efficiency and extinction ratio, with finite N and optical loss. We consider

the OAM filter having a complex transmission coefficient
√

T (l)eiφ(l) for the lth OAM

component. If the state |ψ〉 = |H, l0〉 enters the QZI, after N cycles, it exits the QZI loop

in a polarization superposition state pH |H〉+ pV |V 〉 [171], where pH and pV are given by:
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(5.1)

The pulse re-enters the outer loop at PBS3 with probability |pH |2, corresponding to a suc-

cessful interrogation by the QZI (if l0 6= 0). With probably |pV |2, the pulse exits toward the

detector, corresponding to an error (if l0 6= 0). The total loss of this QZI interrogation is

|loss|2 = 1− |pH |2 − |pV |2. In the outer loop, the OAM value of the pulse is lowered by 1

via the VPP, and the intensity of the pulse is reduced by a factor |αout|2 per loop. Therefore,

the probability of detecting the OAM eigenstate l0 in the lth time interval (or, measured as

with OAM l~) is given by:

P (l; l0) = |αinit,final|2|pV (l0 − l)|2
l0
∏

m=l0−l+1

(

|αout|2|pH(m)|2
)

. (5.2)

And we define the extinction ratio η as:

η(l0) = P (l0; l0)/
∑

l 6=l0

P (l; l0). (5.3)

With an imperfect OAM filter, light with nonzero OAM has a finite probability of trans-

mitting through the filter in vertical polarization after the N th QZI-loop. It will then be

switched to horizontal polarization by P1 and exit at a time interval corresponding to com-

ponents with a lower OAM. Consequently, the extinction ratio is reduced. If the light is

transmitted through the filter before the N th loop, it will results in a larger loss. An imper-

fect OAM filter may also partially block light with zero OAM, which which also results in

loss.

Figure 5.3(a) shows, per quantum Zeno interrogation of light with OAM of l~, the prob-

abilities of the light exiting toward the detector (|pV |2), re-entering the outer-loop (|pH |2)
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Figure 5.3: The probabilities of different outcomes of a QZI interrogation as a function of

the transmission of the OAM filter, neglecting optical loss. The blue solid line represents

detecting OAM=0, the red dashed line is detecting OAM 6= 0, and the orange dotted line,

loss. (a) N = 8. (b) N = 2− 10.
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Figure 5.4: Transmission of the pinhole spatial filter (a) as a function of the normalized

aperture size a0, for OAM components with l0 = 0 − 3 and (b) as a function of l0 with

a0 = 0.8.

and being lost (1 − |pV |2 − |pH |2). These probabilities are plotted as a function of trans-

mission T (l, a0) and N . The crossing of |pH |2 and |pV |2 separates the regimes when the

interrogation result is more likely (to the right side) or less likely (to the left side) to be

correct than incorrect.

5.3 Pinhole spatial filter

As a practical example of an imperfect OAM filter, we consider a pinhole spatial filter.

Light with OAM of l~ 6= 0 has zero intensity at the center of the beam, while light without
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Figure 5.5: (a) Extinction ratio η as a function of the number of loops N for various losses

|α|2. Solid symbols are for l0 = 1 and open symbols are for l0 = 3. l0 > 3 are essentially

indistinguishable from l0 = 3. For the l0 = 0 case, the extinction ratio is over a 1000

for all |α|2 values because no premature measurements are possible. The additional green

crosses labeled as |α|2 = 0.95∗ represents |α|2 = 0.96 but including misalignment of the

OAM filter and VPP as discussed in the text. (b) Extinction ratio η as a function of the

normalized aperture size a0 for l0 = 6, ∆l = 1 − 3, N = 8, and |α|2 = 0.96. Skipping

OAM states increases the extinction ratio by orders of magnitude.

OAM has maximum intensity at the center. Hence a very simple pinhole efficiently dis-

tinguishes light with and without OAM. The intensity distribution of a Laguerre-Gaussian

beam, a paraxial beam possessing OAM l~, is given by [6]:

ILG(l; ρ) =
I0

∫∞
0
duu|l|e−uL|l|(u)

(√
2ρ

w0

)|l|

L|l|

(

2ρ

w2
0

)

e
− ρ2

w2
0 (5.4)

Where Ll(x) is the lth order Laguerre Polynomial. Thus the transmission T (l) through a

pinhole with a radius a0 (normalized by the waist of the l0 = 0 Gaussian beam) is:

T (l, a0) =

∫ a0

0

∫ 2π

0

ρdρdφILG(l; ρ)

/∫ ∞

0

∫ 2π

0

ρdρdφILG(l; ρ) (5.5)

Figure 5.4(a) shows T (l, a0) vs. a0 for l = 0 − 3. The transmission decreases sharply
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Figure 5.6: (a)The probability of measuring an OAM value l for a given input state l0
(Equation 5.2), using pinhole as the OAM filter, N = 8, |α|2 = 0.96, and misalignment of

10% and 1%, respectively, at the pinhole filter and VPP. Despite the decrease in probability

for the diagonal elements at large l0, the off diagonal elements decrease much faster, as

implied by the large extinction ratios. (b) The diagonal elements of (a) as a function of N
for l0 = 0− 10.

with increasing l when a0 is smaller than ∼ 0.8. Choosing a0 = 0.8, we show in Fig-

ure 5.4(b) the nearly exponential decrease of T (l, a0) with l. These values are also marked

by the red vertical lines in Figure 5.3(a). Due to the fast decrease of T (l, a0) from l = 0 to

l ≥ 1, a large extinction ratio is readily achieved, which is very well approximated by:

η(l0) = P (l0; l0)/
∑

P (l 6= l0; l0) ≈
αout|pV (0)|2|pH(1)|2

|pV (1)|2
. (5.6)

η is essentially the same for all OAM components, and it is mainly determined by how well

the QZI can distinguish between states with OAM values l0 = 0 and l0 = 1. We plot in

Figure 5.5(a) η vs. N for |α|2 = 0.9 − 1. In general, η increases with N but decreases

with |α|2, resulting in an optimal N for each |α|2 < 1. Even for |α|2 = 0.9, η > 70 can be

reached with N = 7. For |α|2 = 0.96, η peaks at ∼ 180.
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5.4 Discussion of results

An additional source of error is due to the misalignment of the beam through two OAM-

sensitive components: the OAM filter (e.g. a pinhole) and the VPP. Misalignment at the

pinhole filter leads to reduced coupling efficiency of the zero OAM state, increased trans-

mission of non-zero OAM states, and thus reduced extinction ratio. Misalignment on the

VPP changes the desired OAM state into a superposition with neighboring OAM orders.

However, these neighboring orders have very small amplitudes (e.g. < 1% with 1% mis-

alignment) [106], and they are further filtered out through the QZI loop, resulting in negligi-

ble reduction in the extinction ratio. The main effect of misalignment at VPP is the slightly

reduced transmission of the correct OAM state, hence reduced overall detection probabil-

ity. We illustrate the effects of misalignment on the extinction ratio in Figure 5.5(a) (the

green crosses), assuming conservatively 10% misalignment of the focused beam waist at

the pinhole and 1% misalignment of the collimated beam waist at the VPP. Extinction ratios

over 100 are still readily achieved.

The extinction ratio can be increased by many orders of magnitude if we only need to

measure every other order, or every third order of OAM (Figure 5.5(b)). Correspondingly,

we can choose smaller aperture sizes and a VPP that reduces the l by ∆l = 2 or 3 per

passing. A smaller aperture size also introduces extra loss, but only in the final QZI on the

zero OAM state, and thus only decreases the detection probability by about a factor of two.

To evaluate the overall performance of the OAM spectrometer, we plot in Figure 5.6(a)

P (l; l0) vs. l and l0 on the log scale, including loss and misalignment. The diagonal

elements P (l0; l0) correspond to correctly detecting an OAM component. They are two

orders of magnitude higher than neighboring off diagonal elements, consistent with the

high extinction ratios calculated before. In Figure 5.6(b), we show P (l0; l0) as a function

of N for different l0. N ∼ 8 gives the highest probability for detecting high order OAM

components, while still maintaining an extinction ratio of above 100.
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5.5 Conclusions

In summary, we present a compact OAM spectrometer that disperses light of different OAM

values in time. Loss is significant for high order OAM components with commercially

available optical components. However, the high loss doesn’t have an appreciable effect on

the signal to noise ratio; extinction ratios of > 100 are readily achieved even after taking

into account optical loss and misalignments. The extinction ratio can be further improved

by many orders of magnitude by skipping OAM orders, or by using a better OAM filter

than a simple pinhole.
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CHAPTER 6

Generalized Quantum Zeno Interrogation

6.1 Original Quantum Zeno Interrogation

The original quantum Zeno interrogator (QZI) was created and demonstrated by Kwiat et

al. to detect the presence of an absorbing object without directly interacting with it [159].

The concept of the original QZI was used in Chapter 5 [160]. In this introductory section, I

will discuss operation principle of the QZI in more detail, in preparation how to generalize

it.

The original QZI requires the light to have at least a two dimensional Hilbert space in

order to non-destructively probe the state of an object (transparent versus opaque). Because

the dimension is only two, and unambiguous results as desired, only a single bit of infor-

mation can be discerned from the object — either the object is opaque or it is not. In the

case of partially transparent objects [171] the final result will be a superposition of the two

orthogonal states of the Hilbert space.

The quantum Zeno interrogator works by creating an optical loop for a set number of

iterations (N). The input beam is horizontally polarized and the polarization is slowly

rotated by θ = 1
2N

from horizontal to vertical. As seen in Figure 6.1, the beam continues

onward to a polarizing beam splitter with object to be probed in the vertical arm. If there

is not an object (or the object is transparent), then the system will cycle for N times and

the collective rotations will build up and the light will end up vertically polarized. Vertical
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R PBS

PBS

Figure 6.1: This is the original quantum Zeno interrogator using polarization to non-

destructively probe the state of a single bomb. If the bomb is working (opaque, absorb

photon), then the photon will be horizontally polarized with some chance of loss. If the

bomb is a dud (transparent), then the photon will be vertically polarized with no chance of

loss (assuming perfect optics). The chance of loss can be made arbitrarily small.

polarization will be an indicator that there is no object (or the object is transparent). If

there is an object (and it is opaque), then the photon, which is in a superposition of vertical

and horizontal polarization after the first polarizing beam splitter will collapse to one of the

two paths. There is a sin2
(

π
2N

)

probability that the photon is absorbed by the object, and

the remaining probability that the photon simply “resets” to horizontal polarization (hence

the name Quantum Zeno). After N cycles, there is a 1 − cos2N
(

π
2N

)

chance of absorption,

otherwise the photon is horizontally polarized - which will be used as an indicator that

there is an object (and it is opaque). Note, as N becomes arbitrarily large, the probability

of absorption tends to 0. For amplitude transmission t with N loops, the probability of

vertical (PV ) and horizontal (PH ) polarization is given in Equation 6.11. Note, if the object

is perfectly transparent or perfectly opaque, while there is a chance for complete loss, in

the event of no loss, then the result is completely unambiguous. Moreover, in the event of

no loss, it is possible to determine if the object is opaque without losing the photon.
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1This is a slightly different version is given in Chapter 5 with Equation 5.1
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The number of loops need to be controlled. In the original work by Kwiat et al. in using

the optical loop, Pockel cells were used to rotate the polarization by π
2
, which effectively

swaps the polarization along each of the arms. The Pockel cells were dormant during

the entire operation except for the final N th loop. To understand propagation through the

system, let us consider the vertical polarization path. During the previousN loops, the light

would reflect at the second polarizing beam splitter; however, at the N th loop, the Pockel

cell would change the vertical polarization to horizontal polarization which would transmit

through the second polarizing beam splitter which would leave the loop, and vice versa for

the horizontal polarization path. This has the overall effect of allowing the photon to leave

the setup after a controlled number of loops and encode the presence or absence of the

object in the polarization degree of freedom albeit with the roles described above reversed

due to the Pockel cell flipping.

It should be stressed, that QZI allows for the unambiguous non-destructive, non-

interacting detection of an object with arbitrarily high fidelity and efficiency. But the

original QZI is only limited to probing the binary state of a single object — either the

object is present or not. To generalized the quantum Zeno interrogator I am interested in

using a single photon to determine a multi-faceted property of a single object, or the state

configuration of a collection of objects. Therefore, I need to use OAM, which has an ar-

bitrary large Hilbert space. For the remainder of this chapter, I will discuss three different

approaches I invented. I will discuss working or dud bombs like Elitzur and Vaidman did in

their original non-demolition measurements [169] in order to explain the operating princi-

ple behind each of the generalizations. A working bomb will always absorb a single photon

and then detonate while the dud bomb will be completely transparent. Each scheme, in the

limit of infinite loops, will unambiguously determine the state configuration2 of M bombs

(which are working versus duds) with arbitrarily high fidelity and efficiency, whereas the

state configuration is encoded in the OAM degree of freedom of a single photon.

2In the case of weak parallel QZI there is a slight restriction
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6.2 Serial Binary QZI

The basic operating principle of the serial binary QZI is to use a series of original QZIs for

each bomb with using OAM to encode the information. The original QZI can determine

the state of a bomb and encode that information into polarization. This information can

then be transferred over to the OAM degree of freedom. Because the OAM Hilbert space is

arbitrarily large, each OAM value can be uniquely assigned to any combination of working

and non-working bombs.

The more detailed operating principle is as follows. The photon is initially prepared

as a horizontally polarized Gaussian (ℓ = 0) |H, 0〉. Since the original QZI is agnostic to

OAM, ℓ is unchanged. After passing through the first QZI the state with either vertically

or horizontally polarized depending if the bomb was a working or dud3. If the bomb was

working, then the photon would leave the QZI vertically polarized. The third polarizing

beam splitter (PBS) (as seen in Figure 6.2) sends the photon down the lower path and passes

through a wave plate and then the VPP with topological charge 2M−1, where M is the total

number of bombs. The wave plate resets the polarization back to |H〉 in preparation for

the second QZI and the VPP encodes the state of the first bomb to the OAM degree of

freedom with ℓ = 2M−1 (the (M − 1)th binary digit). If the bomb was a dud, then the

photon would leave the QZI horizontally polarized and pass through the PBS. To merge

these two possibilities, a reverse Mach-Zehnder Dove prism interferometer [155, 158] is

used as shown in Figure 2.12. The relative angle between the Dove prisms is chosen so

that there will be a relative phase delay of π
2M−1 ℓ. If states with ℓ = k2M−1 is sent in from

the right (See Figure 6.2), then states with even k will be sent at the top, while states with

odd k is sent towards the bottom. Therefore, when operated in reverse, if the even-or-odd

k value condition is true then the states will merge along the same path. By construction,

this situation is always true.

3Recall, if a Pockel cell is used to terminate the QZI after N loops, then the output polarization is actually

reversed
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Figure 6.2: One complete unit of serial binary quantum Zeno interrogator is divided into

three sections. The first section is an ordinary QZI in which the input photon will now be

encoded with the configuration state of the bomb in the polarization degree of freedom.

The second section will convert the polarization information into a binary digit of OAM,

and then the third section, which is a reverse Mach-Zehnder Dove prism interferometer,

allowed the photon to move to the upper path regardless of the OAM value in preparation

for the next QZI in sequence.

For the second QZI the initial state is either |H, 0〉 or |H, 2M−1〉 depending if the bomb

was a dud or not. Once again, the QZI is agnostic to OAM so the value is unchanged and

the state of the second bomb is encoded in the polarization and passes through a similar

setup as the previous QZI except with a VPP with a reduced topological charge of 2M−2

and a Mach-Zehnder Dove prism interferometer with relative phase π
2M−2 ℓ between the two

paths. Table 6.1 shows the combinations of possible ℓ values after two bombs. Note, in

all four cases, if the photon is entering at the top of the second interferometer, it will have

ℓ = k2M−2 where k is even, and k is odd, when entering from the bottom. Therefore,

there will be a successful merger for any of the four combinations of bomb status with four

unique ℓ values.

This process will continue for the M QZIs for the M bombs in which the VPPs topo-

logical charges will decrease by a factor of 2 each time, until having topological charge 1

for the last QZI and bomb. The final OAM value will have ℓ ∈
[

0, 2M − 1
]

to handle all

2M possible combinations of M bomb configuration states. In fact, the binary encoding of

ℓwill easily determine the bombs’ configuration state. For example, for three bombs, ℓ = 5

or ℓ = (101)2 will mean that bomb 1 is working, bomb 2 is not and bomb 3 is working.

Technically, if the bomb was active, there would be a small chance of loss, but as the

number of loops increase, the probability of loss becomes arbitrarily small. In fact, the
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Bomb 1 Bomb 2 ℓ Path entering second interferometer

Dud Dud 0 top

Dud Working 2M−2 bottom

Working Dud 2M−1 top

Working Working 2M−1 + 2M−2 bottom

Table 6.1: This table lists all the four possibilities of configuration states of the first two

bombs and the OAM value shortly before the second Mach-Zehnder Dove-prism interfer-

ometer multiplexer. If the second bomb is a dud, it will enter the multiplexer on the upper

path and will only successfully multiplex if the OAM value is an even multiple of 2M−2. If

the second bomb works, it will enter the multiplexer on the lower path and only success-

fully multiplex if the OAM value is an odd multiple of 2M−2. These conditions hold for all

the four possibilities. A similar table can be constructed for M = 3 bombs and will have

eight possible configuration states and successful multiplexing still happens.

chance of loss is contingent upon the number of working bombs. If all are not working;

there is no chance for loss because nothing will absorb the photon. For R working bombs,

the probability of loss is given below:

Ploss = 1− cos
( π

2N

)2NR

(6.2)

6.3 Weak Parallel QZI

For the next two parallel methods, it is important to revisit to the original QZI and determine

what each component is abstractly and how to generalize. For the original QZI, a single

object is probed and the state is encoded in polarization. The setup is a controlled loop with

the polarization states spread out spatially by a PBS in order to selectively block one of the

paths (in this chapter, we consider blocking the vertical path). A wave-plate is used to

rotate the state from horizontal to vertical. Mathematically, this is just a rotation in SO(2).

Therefore, in order to probe all bombs simultaneously, or to probe a multi-faceted state, the

PBS is replaced by an OAM beam-splitter as discussed in Chapter 2 and the wave-plate is

replaced by an “OAM-rotator” that performs rotations in SO(M+1) or SO
(

2M
)

for weak

and strong parallel QZI respectively. Note, 2M different states will be required to uniquely
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identify all possible combinations of M bombs.

The first parallel scheme to be discussed is called “weak parallel QZI” because it only

uses M+1 different states, as opposed to the full 2M , which is reserved for “strong parallel

QZI”. If we consider the case of M bombs and know a priori at most one of the bombs is

defective and the goal is to identify that bomb, then only M + 1 states are required. This

may seem contrived, but could be useful to probe a multi-faceted state that is sensitive to

only a single OAM value from the set of OAM values chosen.

The scheme works by considering an M + 1 subset in OAM space. Without loss of

generalization, the subspace is ℓ ∈ [0,M ]. With this subspace taken, the state, before

entering the weak parallel QZI setup as shown in Figure 6.3, is initialized to be |ℓ = 0〉.

The |ℓ = 0〉 state is known as the control state, as was horizontal polarization in the original

QZI. The state then passes through the “OAM-rotator” which is just a rotation in SO(M +

1), as given by Equation 6.3. The symbol RK
ℓ1,ℓ2

(θ) is a rotation in SO(K) between axes

ℓ1 and ℓ2 by an angle θ. Note, the dimensions start at ℓ = 0 and thus the axes go from

0 to K − 1. The full form is given in Equation 6.4 and explicit examples are given in

Equations 6.5 and 6.6. δi,j is the Kronecker delta. For the original QZI the waveplate

would do the operation R2
H,V

(

π
2N

)

. In consistency with previous terminology, N is the

predetermined number of loops.

RM+1
weakQZI

( π

2N

)

= RM+1
0,1

( π

2N

)

RM+1
0,2

( π

2N

)

· · ·RM+1
0,M

( π

2N

)

(6.3)

[

RK
ℓ1,ℓ2 (θ)

]

i,j
= δi,j + δℓ1,ℓ1 (cos θ − 1) + δℓ1,ℓ2 (− sin θ) + δℓ2,ℓ1 (sin θ) + δℓ1,ℓ1 (cos θ − 1)

(6.4)
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WR GBS

GBS

Figure 6.3: This is the weak parallel QZI setup forM = 3 bombs. For this particular setup,

the second path has been arbitrarily selected to be free (bomb is a dud, thus transparent

or not present). WR OAM-rotator which mathematically operates by the rotation matrix

given be Equation 6.3 and GBS is an OAM beam-splitter which separates the states ℓ =
0, 1, 2 and 3, to probe for the missing bomb. The curved paths are illustrative only. After

N loops, the final output state will be mostly in ℓ = 2.

R3
0,1 (θ) =













cos θ − sin θ 0

sin θ cos θ 0

0 0 1













; R3
0,2 (θ) =













cos θ 0 − sin θ

0 1 0

sin θ 0 cos θ













(6.5)

R4
1,2 (θ) =



















1 0 0 0

0 cos θ 0 − sin θ

0 0 1 0

0 sin θ 0 cos θ



















(6.6)

After the “OAM-rotator” the state is now in a little bit of every OAM value, but still

mostly in |ℓ = 0〉 as long asN is relatively large. The photon now passes through the OAM

beam-splitter which converts the OAM superposition into a superposition of all the paths.

The path that ℓ = 0 travels will always be empty, exactly like how the horizontal path was

always empty in the original QZI. The otherM paths will each contain a bomb with at most
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one bomb a dud4. Like in the original QZI the presence of a working bomb will collapse

the wave function into the transparent paths which is either the control (ℓ = 0) if all bombs

are working, or a superposition of the control and the bomb-free path. The actual state is

given by the equation below:

|ψ〉N loops; 1 pass
weakQZI;M = Diag [1, δ1,d, δ2,d, · · · , δM,d]R

M+1
weakQZI

( π

2N

)



















1

0

...

0



















(6.7)

The first element is a diagonal matrix where d refers to the index for the dud bomb. If

there is no dud bomb, then d = 0. The final column vector represents the original input

state which was |ℓ = 0〉. Therefore, after N loops, the final state will be:

|ψ〉N loops; N passes
weakQZI;M =

[

Diag [1, δ1,d, δ2,d, · · · , δM,d]R
M+1
weakQZI

( π

2N

)]N



















1

0

...

0



















(6.8)

In the limit as N → ∞, becomes |ℓ = d〉 as suggested from numerical analysis.

6.3.1 Reduction to original QZI (M = 1 bomb)

In the case of M = 1, Equation 6.8 reduces to the original QZI and we can solve for the

state exactly:

4Or missing — whatever makes the path effectively transparent
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|ψ〉N loops; N passes
weakQZI;1 =













1 0

0 δ1,d













cos π
2N

− sin π
2N

sin π
2N

cos π
2N













N 





1

0






=







δ0,d cos
N
(

π
2N

)

δ1,d







(6.9)

If there is no dud (d = 0), the probability that the state will be in ℓ = 0 (analogous

to horizontal polarization in the original QZI) is given below. There is also no chance for

ℓ = 1 (vertical) and loss is 1− P2(ℓ = 0).

P2(ℓ = 0) = cos2N
( π

2N

)

(6.10)

If there is a dud (d = 1), then there is no chance for ℓ = 0 (horizontal) and 100%

for ℓ = 1 (vertical) and no chance for loss. This once again, is what is expected from the

original QZI. The limit of N → ∞ P2(ℓ = 0) → 1. The derivation is given in A.

6.3.2 M > 1 bombs

For M > 1 bombs, the general form of Equation 6.8 is quite complicated and not very illu-

minating; therefore, results as a function ofN (number of loops) andM (number of bombs)

will be plotted. In the original QZI (M = 1, single bomb case), there is no crosstalk, only

loss. For the weak parallel QZI withM > 1, there is crosstalk due to the non-abelian nature

of the rotation matrices. The crosstalk quickly vanishes as N increases (See Figure 6.5).

Numerical approximations up to M = 150 and N = 10000 (See Figure 6.4 and 6.5) is

highly suggestive that the final result will be |ℓ = d〉 where d represented which bomb was

a dud as defined earlier.

The purpose of weak parallel is not to identify the complete configuration state of all

bombs, but to determine which of the M bombs, if any, is a dud. For other quantum

systems, weak parallel QZI would be useful for anything with many states in which all but

one act differently and trying to probe for the difference without disturbing any of the other
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Figure 6.4: Weak parallel QZI is successful in the limit of large number of loops (N);

however, even for a small, but non-trivial number of bombs (e.g., M = 5), only about 10

loops are required to have a greater than 50% chance of detecting the dud bomb. For a

larger number of bombs, say M = 150, the number of required loops in on the order of

hundreds for better than 50% success; however, will still be perfectly successful in the

limit of infinite number of loops, like the original QZI. In the limit of small loop numbers

(N), the results are chaotic due to the non-abelian nature of SO(N > 2). However, after

a reasonable number of loops, all M possible dud bomb’s configurations coalesce to an

asymptotic limit of cos
(

π
2N

)2N M−1
2 . The line set apart is the case in which there are no

dud-bombs and the result will return the control ℓ = 0. The probability of that is exactly

1− Equation 6.2 for all N . For fixed M and N the loss with no dud-bombs is greater than

the loss with at least one dud-bomb. This makes sense because there is a greater of loss if

there are more working bombs (chance to be absorbed).
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Figure 6.5: (Left) The chance for misleading QZI, which is defined as returning the control

state ℓ = 0 when there was actually a dud bomb, starts out small, reaches a peak value a

little over 2.5% and then vanishes to zero in the limit of large number of loops. This peak

position increases for increasingly large number of bombs. The reason the misleading rate

starts out low is because the loss rate dominates. (Center) The ratio between the probability

of a successful QZI and a false one for M = 5 bombs for each possible bomb. Once again,

due to the non-abelian algebra of SO(N > 2), the order of rotation matrices matters until

the angles become insignificant (largeN) and then results coalesce. (Right) The same ratio,

but with M = 50 bombs. In both cases, plotting starts after N = 10 because the ratios are

extremely small due to high loss.
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states.

6.4 Strong Parallel QZI

Strong parallel QZI, as the name suggests, is like weak parallel QZI but determines full

configuration state of allM bombs (or objects) and therefore requires 2M orthogonal OAM

states to encode the information. Strong parallel QZI operates very similarly to weak par-

allel QZI except with a few key differences. The initial state for both parallel schemes is

|ℓ = 0〉 and the output state, in the limit of infinite number of loops, will exactly 5 tell

the information about the bombs. There is still an OAM rotator required; except now that

rotations are done in SO(2M) and is a bit more complicated. An OAM beam-splitter is also

required, but will separate the 2M states along 2M paths instead of M + 1. ℓ = 0 will still

be the control, and the M bombs will now have to block multiple paths in such a way that

uniquely determines the configuration state of the bombs.

To better conceptualize how strong parallel QZI works, let us first discuss the M-

dimensional hypercube. The first three hypercubes are drawn in Figure 6.6. An M-

dimensional hypercube is embedded in M-dimensional space. Each dimension has a one-

to-one relationship with each bomb. There are 2M vertices in this hypercube. Each vertex

can be uniquely identified by the coordinate vector in R
M whereas the sides of the hyper-

cube are length 1 and one of the corners is affixed to the origin. That vector has a one-to-one

relationship with the 2M different bomb configuration states by the relation that a 0 in index

K indicates that bombK works. Each vector can easily be mapped to a binary number and

will be any number between 0 and 2M − 1. This is the same as in the serial binary QZI

case, except now with the roles of 0 and 1 reversed.

On the same M-dimensional hypercube, there are M2M−1 edges. Each edge is con-

nected to two vertices and each vertex is uniquely determined by an integer between 0 and

5Numerical approximations suggest this.
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Figure 6.6: The first three hypercubes, also known as line, square and cube. The vertices

are labelled twice by a binary vector as explained in the text and the decimal representation

of the binary vector, which will also be the logical OAM value attached to that vertex.

The hypercubes are not necessary to understand strong parallel QZI, but are rather used as

an analogy to give an intuitive understanding for the equations and algorithms. Note, the

logical OAM values need not be sequential as seen by M = 3 in which vertices associated

with the the principle axes are labeled ℓ = 1, 2 and 4.

2M−1. Consider a rotation in R
2M between the axes defined by the integer representing the

two vertices at the ends of a particular edge by an angle π
2N

. Each of these rotation matrices

are an element of set Q. The set Q spans all the edges of the hypercube. The total rotation

matrix required for successful strong parallel QZI is the product of these matrices in set Q.

Like in the weak parallel QZI, due to the non-abelian nature of SO(N > 2), the exact order

of the rotations will change intermediary results; however, in the limit of infinite number

of loops (N) the effect or order is negligible. The equation for this rotation matrix is given

below and an algorithm to calculate these rotation matrices of set Q is given in Section B.

R2M

strongQZI

( π

2N

)

=
∏

(i,j)∈Q
R2M

i,j

( π

2N

)

(6.11)

Since there are 2M OAM states, the OAM beam-splitter will separate these states into

2M paths. However, there are only M bombs; therefore, each bomb will be set to block

multiple paths. Of course, if the bomb is a dud, the bomb is transparent and will not absorb
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the photon along its assigned path(s). The first6 path (ℓ = 0) is always unblocked because

it is the control. The next M paths7 are each blocked by a single bomb. The next
(

M
2

)

paths

are blocked by two bombs and so forth. Recall
∑M

i=0

(

M
i

)

= 2M so there are the correct

number of paths. Given a path L, in order to determine which bombs block said path,

convert L into binary and if the ith digit is 1, then the ith bomb blocks that path; otherwise

not. It can be clearly seen that the control path ℓ = 0 is (000 · · ·000)2 and thus no bombs

block its path; while 2M − 1 is (111 · · ·111)2 and all bombs block its path. Consider

the configuration state of the bombs (working versus non-working) as an M-dimensional

vector ~d, we can define 2M different matrices PM,~d that is a diagonal matrix, with a 1 in

the (i, i) position if the ith path is open (all bombs assigned to that path are duds). An

algorithm to calculate these matrices is given in Section B. Note, because of the binary

mapping, the numbers may not be consecutive. For example with M = 3, ℓ = 0 is the

control path, but ℓ = 1, 2, 4 will only have a single bomb assigned to its path. However,

these ℓ values denote logical OAM values and any set of 2M OAM values can be used and

they need not even be consecutive nor equally spaced. The arrangement is chosen for easier

mathematical mapping. In Figure 6.7 I show the arrangement for M = 2 and M = 3.

We can now explicitly calculate the outcome state from the strong parallel QZI for any

number of bombs (M) and any number of loops (N) by using Equation 6.8 and replacing

the weak parallel elements with the strong parallel ones. The equation is given below:

|ψ〉N loops; N passes
strongQZI;M =

[

PM,~dR
2M

strongQZI

( π

2N

)]N


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(6.12)

As in the weak parallel QZI case, if there is only a single bomb; the above equation

reduces to the original QZI case which has already been discussed in Section 6.3.1. For

6One path is
(

M

0

)

7
(

M

1

)
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WR GBS

GBS

WR GBS

GBS

Figure 6.7: Strong parallel QZI setup for 2 (Left) and 3 (Right) bombs. As in the weak

parallel case, WR is a OAM-rotator that performs the action of Equation 6.11. GBS is an

OAM beam-splitter that now separates 2M different OAM modes. Because there are now

more paths than bombs, bombs have multi triggers for multiple paths. In the case where

there is more than one triggers on a single path, the order of the triggers does not matter

because if the path was going to be blocked by any of the bombs, then the path would be

blocked; it need not be the first bomb. By strategically positioning the triggers along all the

paths, which state the photon evolves into will uniquely determine the bomb configuration.

For M = 3 bombs (right image), the different bomb to path mappings are color coded as

such: cyan (dashed), green (solid) and purple (dotted).

M > 1 bombs, the expression in Equation 6.12 has no simple closed form, but numerical

results tell a similar tale as weak parallel QZI.

Once again, as the number of loops (N) increase the probability of success approaches

unity (See Figure 6.8) while the probability of misleading results (wrong result) or loss

reaches as peak not immediately at low N , but shortly thereafter until tapering off as the

probability of success approaches unity (See Figure 6.9) of the form 8 below, where D is

the number of dud bombs:

cos
( π

2N

)2N(M−D)

(6.13)

There will be
(

M
D

)

9 states that approach each limit, since the more working bombs there

are, the more likely a loss can occur.

8Except for D = M .
9
(

M

D

)

=
(

M

M−D

)
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Figure 6.8: Except for the first few loops, the probability of success starts low and then

asymptotically approaches unity in a form similar to 1-Equation 6.2. With one exception,

the asymptotic limit is cos
(

π
2N

)2N(M−D)
whereM is the total bombs and D are the amount

of duds. In the case of no duds, this answer is exact except for N = 1. This is the expected

control (ℓ = 0) solution. The exception is where D = M in which no simple expression

matches the asymptotic limit.

6.5 Conclusions

I have developed and described three generalizations for the original quantum Zeno in-

terrogator developed by Kwiat et al. [159]. The first, serial binary QZI keeps the use of

polarization for the actual QZI probing, but then shifts proved information into the arbitrar-

ily large Hilbert space of OAM. The downside is that the amount of objects scales with the

number of bombs and fast, high-fidelity optical switches may be too impractical to chain

more than a few serial binary schemes together. The other two generalizations probe the

information in parallel by using the OAM degree of freedom to probe the state(s) directly.

In the case of M = 1, both parallel schemes simplify back to the original QZI, since there

will only be 2 OAM states. ForM > 1, the size of the Hilbert space exceeds 2, and thus the

algebra of the rotation matrices is non-abelian. In the limit of large number of loops, the

various states coalesce to an asymptotic term that is associated with the number of working

bombs, and not the order of the rotation in the rotation matrices 6.3 and 6.11. In future

work, I hope to definitively prove I get the state |ℓ = ~d〉 where ~d is either the number

of the dud bomb (weak parallel) or the vector associated with the bomb’s state configura-
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Figure 6.9: (Top Row) These results are different from the weak parallel QZI case where

the only misleading value would be getting ℓ = 0 when there was a dud bomb. In the strong

parallel QZI case, if there are multiple dud bombs, the union of ℓ states assigned to any of

those bombs has potential to be a misleading error. The correct result is only the intersect,

which is always a single ℓ value. (Bottom row) The ratio between getting a successful QZI

versus any other result misleading or lost, steadily increases as the number of loops (N)

increases; which is expected.

tion (strong parallel). These three schemes demonstrate a unique quantum algorithm only

available to high dimensional states, systems that orbital angular momentum of light can

reach.
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CHAPTER 7

Conclusions

In 1992, Allen et al. realized that light contains a well defined orbital angular momentum

(OAM) in the paraxial approximation [6]. This ushered in a burgeoning new era of optical

research and researchers worldwide have used OAM for a variety of applications. However,

in order to use OAM for any of these applications, one must first need robust methods to

create, transmit and detect OAM. The first part of my thesis focused on the detecting, or

measuring, OAM, while the second part presents an application of OAM using the higher

dimensional states it provides.

In this thesis, I give a history of previous methods by other researchers used for measur-

ing OAM. Many of them measure OAM by mapping to some other degree of freedom and

then making a measurement. Often, the different OAM states will go along different paths

or ports. Therefore, in order to measure more OAM states, more paths, ports or experimen-

tal resources will be required. Additionally, larger optics will be required to support the

larger spatial extend of higher order transverse modes.

My schemes differ from all previous schemes by using an optical loop device in order to

map OAM to the temporal degree of freedom. My OAM measuring devices accomplished

several goals:

1. Due to the optical loop design, the same number of optical elements can be used

to measure any number of OAM states. Many other schemes require more optical

elements to measure more OAM states. My methods were the first to use the optical
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loop design.

2. Both devices have high fidelity. Additionally, the overall concept of the optical loop

does not require a specific OAM filter, so any future OAM filters with better fidelity

can be easily incorporated into either of my schemes.

3. The devices are fast and due to the optical loop design are compact.

The first scheme I presented is a projective OAM spectrometer that has average nearest

neighbor crosstalk of less than −21.3 dB for 5 different OAM states, which is among the

highest reported fidelities in the literature. The second scheme is an extension of the first,

but is an OAM-beam splitter, which means that it can determine the OAM value of a single

photon. The second scheme achieves this by inserting a quantum Zeno interrogator that

can non-destructively determine if a photon of a certain ℓ value would pass through a filter

or not. This allows the mapping of OAM to time-binning with arbitrarily high efficiency

while still maintaining high fidelity.

In the second part of my thesis, I discuss a particular quantum algorithm that uses the

high dimensionality of OAM that I call the generalized quantum Zeno interrogator. In

the original scheme by Kwiat et al. [159], they use the polarization degree of freedom

to non-destructively probe the 1-bit state of an a single object. In the experiment, they

can determine if the object is transparent or opaque without directly interacting with the

object. I extend this to use the OAM degree of freedom to non-destructively probe higher

dimensional states. This has not been discussed in the literature.

I present three different generalizations:

Serial Binary QZI: This uses the original polarization-based QZI but transfers the infor-

mation to the OAM degree of freedom to non-destructively probe and store the full

configuration of M objects.

Weak Parallel QZI: This uses OAM as a generalization of polarization from two dimen-

sions to M dimensions to non-destructively probe an object (or set of objects) and
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discern from M+1 possibilities.

Strong Parallel QZI: This extends the weak parallel case, but can determine the full state

configuration ofM objects using only the OAM degree of freedom of a single photon.

These schemes shows a concrete example of how the higher dimensionality of OAM

can solve problems inaccessible to polarization. These schemes also demonstrate that not

only does OAM have increased bandwidth for communication purposes, but can extract

higher dimensional information from quantum systems.

The OAM measurement schemes presented in this paper can allow for better mea-

surement of OAM states for communication and imaging purposes. In the future, higher

fidelities can be achieved be controlling the misalignment. Additionally, when optical el-

ements continue to improve, in the limit of perfect optics, the Quantum Zeno-based OAM

spectrometer provides the only scheme that can measure an arbitrarily large OAM value

with arbitrarily high fidelity and efficiency of a single photon.

The generalize QZIs presented in this dissertation allows for non-destructive characteri-

zation of higher dimensional states. Future work could involve the experimental realization

of the first non-trivial example with weak parallel QZI with two objects and three OAM

states. This could be achieved with today’s experimental equipment. All these schemes

allow access to higher dimensional states via the exploitation of OAM.
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APPENDIX A

Mathematical Derivations

Original QZI proper limit

For the original QZI, or any of the generalized QZI in the limit of a single bomb, the

probability of detecting the presence of the bomb, if there is a working bomb is given by

Equation 6.10. In Kwiat et al., [159] they state that this cosine probability will go to 1 in

the limit that N approaches infinity; however, they do not derive the expression.

In this section, I will rigorously provide that derivation. First take the natural log of

both sides of Equation 6.10

lim
N→∞

log (P2(ℓ = 0)) = lim
N→∞

2N × cos
( π

2N

)

= lim
N→∞

cos
(

π
2N

)

1/(2N)
(A.1)

This expression is indeterminate (0/0) so invoke l’Hôpital’s rule [172] yielding the ex-

pression below:

lim
N→∞

log (P2(ℓ = 0)) = lim
N→∞

π
2
tan π

2N
1
N2

− 1
2N2

= lim
N→∞

−π tan π

2N
= 0 (A.2)

lim
N→∞

(P2(ℓ = 0)) = e0 = 1 � (A.3)
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APPENDIX B

Programs

Strong QZI programs

Determine Rotation Matrices for Strong QZI

In this section, I will describe how to generate the strong parallel QZI rotation matrix in

Equation 6.11, or more precisely derive the pair of indices in set Q. As discussed in the

text, the rotation matrix is a product of rotation matrices in R
2M between the axes i and

j, which are the vertices at the endpoints of an edge of the hypercube. Iterate over all the

edges and one will have the matrix.

To understand how to iterate over all the edges, first consider a unidirectional graph of

the vertices of the hypercube.

The algorithm is to simply traverse the graph. However, this process will have dupli-

cated entries. The version that I coded checks to see if the node was already visited. The

code is two functions. The main function strongRotList.m and a helper recursive function

strongRotListHelper.m. The code is not optimized for efficiency, but not important since

the number of dimensions used is small (only went up toN = 7 in thesis). The source code

is included below:

f u n c t i o n s t r o n g L i s t = s t r o n g R o t L i s t ( numDim )

s t r o n g L i s t = s t r o n g R o t L i s t H e l p e r ( numDim , z e r o s ( 1 , numDim ) , 0 ) ;

s t r o n g L i s t = s t r o n g L i s t ( 1 : end −1 , : ) ;

89



(0)

(1)

(00)

(10) (01)

(11)

(000)

(100) (010) (001)

(110) (101) (011)

(111)

(0000)

(1000) (0100) (0010) (0001)

(1100) (1010) (1001) (0110) (0101) (1011)

(1110) (1101) (1011) (0111)

(1111)

Figure B.1: These are the unidirection graphs of the vertices and edges of the first four hy-

percubes. This is also a two-dimensional representation of these hypercubes. The vertices

are labelled with their coordinates in R
N where N = 1, 2, 3, 4.

end

f u n c t i o n s t r o n g L i s t = s t r o n g R o t L i s t H e l p e r ( numDim , c u r r e n t B i n , c i , s t r o n g L i s t )

i f ( c i ==0)

s t r o n g L i s t =[−1 ,−1];

end

f o r i =1 :numDim ,

i f ( c u r r e n t B i n ( i ) == 0)

newBin = c u r r e n t B i n ;

newBin ( i ) = 1 ;
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%check f o r d u p l i c a t e s

s k i p =0 ;

f o r ak =1: s i z e ( s t r o n g L i s t , 1 ) ,

i f ( s t r o n g L i s t ( ak , : ) == [ b i 2 d e ( c u r r e n t B i n ) , b i 2 d e ( newBin ) ] )

s k i p =1 ;

break ;

end

end

i f ( s k i p ==0)

s t r o n g L i s t = [ b i 2 d e ( c u r r e n t B i n ) , b i 2 d e ( newBin ) ;

s t r o n g R o t L i s t H e l p e r ( numDim , newBin , 1 , s t r o n g L i s t ) ] ;

end

end

end

end

Determine Path Matrix for Strong QZI

In this section I will provide the algorithm to calculate PM,~d for strong parallel QZI. This

is a straight-forward program that takes the input binary vector ~d, or openPath in the source

code which states which of the M bombs are duds. This outputs a 2M × 2M matrix.

f u n c t i o n pathMat = s t r o n g P a t h ( numDims , openPath )

pathMat = z e r o s ( 2 ˆ numDims , 2 ˆ numDims ) ;

c u r P a t h = z e r o s ( 1 , numDims ) ;

t e s t P a t h = z e r o s ( 1 , numDims ) ;

f o r i = 0 : 2 ˆ numDims−1,

t e s t P a t h = d e 2 b i ( i , numDims ) ;

i s L e g i t =1 ;

f o r j =1 : numDims ,

i f ( t e s t P a t h ( j )==1 && openPath ( j )==1)

i s L e g i t = i s L e g i t * 1 ;

e l s e i f ( t e s t P a t h ( j )==1 && openPath ( j )==0)

i s L e g i t = i s L e g i t * 0 ;

end
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end

i f ( i s L e g i t ==1)

pathMat ( b i 2 d e ( t e s t P a t h )+1 , b i 2 d e ( t e s t P a t h ) + 1 ) = 1 ;

end

end

end
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[65] Heisenberg, W., “Über den anschaulichen Inhalt der quantentheoretischen Kine-

matik und Mechanik,” Zeitschrift für Physik, Vol. 43, No. 3-4, March 1927, pp. 172–

198.

[66] Weyl, H., “Quantenmechanik und Gruppentheorie,” Zeitschrift für Physik, Vol. 46,

No. 1-2, Nov. 1927, pp. 1–46.

[67] Robertson, H. P., “The Uncertainty Principle,” Physical Review, Vol. 34, No. 1, July

1929, pp. 163–164.

[68] Franke-Arnold, S., Barnett, S. M., Yao, E., Leach, J., Courtial, J., and Padgett, M.,

“Uncertainty principle for angular position and angular momentum,” New Journal

of Physics, Vol. 6, Aug. 2004, pp. 103–103.

[69] Barnett, S. M. and Pegg, D. T., “Quantum theory of rotation angles,” Physical Re-

view A, Vol. 41, No. 7, April 1990, pp. 3427–3435.

[70] Jha, A. K., Jack, B., Yao, E., Leach, J., Boyd, R. W., Buller, G. S., Barnett, S. M.,

Franke-Arnold, S., and Padgett, M. J., “Fourier relationship between the angle and

angular momentum of entangled photons,” Physical Review A, Vol. 78, No. 4, Oct.

2008, pp. 043810.

[71] Jha, A. K., Leach, J., Jack, B., Franke-Arnold, S., Barnett, S. M., Boyd, R. W., and

Padgett, M. J., “Angular Two-Photon Interference and Angular Two-Qubit States,”

Physical Review Letters, Vol. 104, No. 1, Jan. 2010, pp. 010501.

[72] Vaziri, A., Weihs, G., and Zeilinger, A., “Experimental Two-Photon, Three-

Dimensional Entanglement for Quantum Communication,” Physical Review Letters,

Vol. 89, No. 24, Nov. 2002, pp. 240401.

[73] Gibson, G., Courtial, J., Padgett, M., Vasnetsov, M., Pas’ko, V., Barnett, S., and

Franke-Arnold, S., “Free-space information transfer using light beams carrying or-

bital angular momentum,” Optics Express, Vol. 12, No. 22, Nov. 2004, pp. 5448–

5456.

[74] Bennett, C. H. and Brassard, G., “Quantum cryptography: Public key distribution

and coin tossing,” Proceedings of IEEE International Conference on Computers,

Systems and Signal Processing, Vol. 175, No. 0, 1984.

[75] Shor, P. W. and Preskill, J., “Simple Proof of Security of the BB84 Quantum Key

Distribution Protocol,” Physical Review Letters, Vol. 85, No. 2, July 2000, pp. 441–

444.

98



[76] Shor, P., “Algorithms for quantum computation: discrete logarithms and factoring,”

, 35th Annual Symposium on Foundations of Computer Science, 1994 Proceedings,

Nov. 1994, pp. 124–134.

[77] Bourennane, M., Karlsson, A., and Björk, G., “Quantum key distribution using mul-

tilevel encoding,” Physical Review A, Vol. 64, No. 1, June 2001, pp. 012306.

[78] Cerf, N. J., Bourennane, M., Karlsson, A., and Gisin, N., “Security of Quantum

Key Distribution Using d-Level Systems,” Physical Review Letters, Vol. 88, No. 12,

March 2002, pp. 127902.

[79] Bruß, D. and Macchiavello, C., “Optimal Eavesdropping in Cryptography with

Three-Dimensional Quantum States,” Physical Review Letters, Vol. 88, No. 12,

March 2002, pp. 127901.

[80] Durt, T., Kaszlikowski, D., Chen, J., and Kwek, L. C., “Security of quantum key

distributions with entangled qudits,” Physical Review A, Vol. 69, No. 3, March 2004,

pp. 032313.
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